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SUHMARY 

The singular value decomposition is a mathematical operation on a matrix. 
"~en this procedure is applied to the matrix that is made up of samples 
of the measured potentials on the skin, a basis of independent components 
is constructed. About nine of these components define the skin potentials 
within the noise margin. They contain practically all information avail
able on the skin. 
When the singular value decomposition is performed on the transfer matrix 
that relates potentials on the heart surface to potentials on the skin, 
components are found that can be interpreted as basic potential distri
butions over the heart surface that cause a potential distribution over 
the skin. The relative contribution of each basic heart pattern to the 
total skin potentials is a measure for the observability of that basic 
distribution over the heart surface. The distributions with the worst 
observability cause skin potentials that can hardly be measured as they 
lie mostly under the noise level. For this reason, when calculating 
inversely the potentials on the heart surface from measured skin poten
tials, the worst observable distributions must be ignored. In this way 
it appears to be possible to compute more reliable potentials on the 
heart surface as a solution for the ill-conditioned inverse problem. 
It would be interesting to investigate ,in the future to what extend the 
nine relevant components of the skin potentials overlap the found 34 
potential distributions over the skin caused by good observable basic 
heart potentials. 
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1. INTRODUCTION 

Many investigations have already been performed trying to identify from 
measurements of electrical potentials on the skin (electro cardiogram = 

ECG) of both human and animal subjects the electrical phenomena that 
precede the heart contraction. The significance of these investigations 
is that if the sources of the electrical heart activity would be known, 
this would present a good indication for the condition of the heart and 
a help to diagnose diseases of the heart where these electrical sources 
are disturbed. 

The exact calculation of the electrical sources in the heart is hindered 
by a fundamental lack of information in the measured skin potentials. It 
is not possible to calculate from the two dimensional potential distri
bution over the skin a three dimensional distribution of the sources in 
the heart. This elementary property is illustrated by the electrical 
field of a point charge and a charged sphere in an unbounded homogeneous 
medium. The field outside the sphere is the same as the field of the 
point charge. An observer outside the source area cannot establis·h the 
amount of concentration of the source. 
A second lack of information is caused by the inevitable noise on the 
measured skin potentials. Source areas in the heart which produce a 
potential distribution on the skin with a small amplitude are obscured 
by the noise. 

The problem that a three dimensional source distribucion cannot be 
evaluated from the skin potential measurements leads to two approaches 
that will be applicated in this report: 
1. concentration of all sources in a point somewhere in the heart leads 

to an equivalent source that produces the same skin potentials as 
the real heart. A mUltipole series is such an equivalent source. The 
multipoles will be used in chapter 5. 

2. change the aim from calculating a three dimensional source distri
bution over the heart into calculating epicardial potentials, i.e. 
into identifying potentials caused by the electrical heart activity 
on the outer surface of the heart. Then a two dimensional epicardial 
potential distribution is calculated from the two dimensional skin 
potential rlistribution. 

It is possible to calculate epicardial potentials via an equivalent 
source. In that case the simulated or estimated epicardial potentials 
are restricted by the properties of the equivalent source. . 

In this report the methods to calculate epicardial potentials will not 
be described in full detail, as these methods have been employed rather 
than developed in this study. More details can be found in the litera
ture (see e.g. lit.2, 3, 12, 13). 

The epicardial potentials can be calculated if the electrical properties 
of the body are known. In this report the body will be supposed to be 
a linear, homogeneous and isotropic volume conductor, having on the 
outside exactly the geometry of a real torso. The extremities have been 
ignored in this body model. The inhomogeneities such as lungs, liver, 
bones, etc., have not been accounted for in the model. Although more 
reliable and realistic calculated epicardial potentials will be found 
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if the inhomogeneities are taken into account, they are neglected for 
the time being to keep the calculations limited and because of the fact 
that it is hard to measure the size and the electrical properties of 
these inhomogeneities especially for each individual subject. 

In order to use the possibility of numerical calculations on a digital 
computer, the skin potentials were digitised as a function of the 
position on the skin and the time. For the position about a hundred 
points were chosen allover the body (see chapter 2, fig.l) where an 
ECG was measured by taking samples with an interval time of 3 ms. 
On the epicardium potentials at 66 points distributed evenly over the 
surface represent the potentials as a function of the position. This 
number of points is less than the number of points on the skin as the 
potentials over the epicardial surface cannot be more detailed than 
the skin potentials from which they are derived. 

The noise on the measured skin potentials will play an important part 
in this study. A part of the information needed to calculate reliable 
epicardial potentials is obscured by the noise. When no precautions 
are taken, the noise will be interpreted as relevant information by 
the mathematical procedures to calculate epicardial potentials. An 
example in chapter 7 will indicate that this effect can cause unrealis
tic epicardial potentials. For this problem the singular value decompo
sition (abbreviated s.v.d.) may well provide a solution. The s.v.d. is 
a mathematical operation on a matrix. The decomposition will be treated 
in chapter 3 as a mathematical technique. 

The s.v.d. can be applied to the matrix which contains the samples of 
the measured skin potentials. Doing so, the skin potentials will be 
split up in a number of independent components. A part of these com
ponents contain almost all relevant information. The rest account for 
the noise for the greater part. As the noise level is lower, more 
components will be found that carry relevant information. This explains 
why a practical measure for the information in the skin potentials will 
be defined here as the number of components that are found above the 
noise level. Besides a way is found to separate to some extent the sig
nal from the. noise. 

The s.v.d. can be used to decompose the transfer matrix, that relates 
epicardial potentials to skin potentials. This matrix can be calculated 
from data on the torso geometry. The decomposition results in components 
that can be interpreted as independent basic potential distributions 
over the epicardial surface and over the skin surface. The singular 
values, that result from the sov.d., will appear to be a measure for 
the contribution of a basic distribution on the heart to the total 
skin potentials. Thus a quantification of the observability of the 
found epicardial potential distribution is possible: the observability 
of an epicardial potential pattern is defined here as the RMS value of 
the skin potential distribution resulting from that normalised epicar
dial potential distribution. As the noise level is standard, an epicar
dial normalised potential pattern with a smaller observability will 
result in a lower signal to noise ratio on the skin. When the indepen
dent potential distributions on the heart and the skin together with 
their observability are known, they can be used to reject those 
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independent distributions on the epicardium that cause skin distribu
tions below the noise level. 

The relation between the epicardial potentials and the skin potentials 
will be described briefly in chapter 5. The multipole model will be 
used as an illustration to demonstrate a few properties of the transfer 
function from epicardial potentials to skin potentials. 
A short chapter (ch. 6) will inform about the results of an experiment 
employing the s.v.d. on the matrix that consists of calculated samples 
of the epicardial potentials. 
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2. DATA ACQUISITION AND DISPLAY 

The data that will be used fo~ the calculations p~ovide information 
about the body geomet~y and the ECG at a large number of points on the 
body. These points have been defined in the following way: 
The origin of a Cartesian coordinate system is chosen to be in the 
center of the heart. Define an octahedron in such a way that the angular 
points all lie on the axes. On each edge of the octahedron points are 
chosen that divide the edge into N pieces of equal length. Connecting 
the points On different edges of oRe triangle, each triangle of the octa
hedron is divided into N~ congruent triangles. In this wayan the octa
hedron BN; congruent triangles and 4N;+2 angular points are defined. 
The points a're numbered, starting at. the top vertex, moving spirally 
down to the bottom vertex. In this report No will be equal to 5, hence 
the points I through 102 are defined. 
The points on the skin where measurements will be made are the points 
where lines connecting the origin with the points on the octahedron 
intersect the skin.x) 

This definition of the points implies that the point-density on the skin 
becomes higher as the points lie closer to the heart. As the ECG is more 
reliable and has higher space frequencies at points close to the heart, 
the defined distribution of points is a favourable one. 

In spherical coordinates the angles e and ~ of the skin points are fixed 
by the definition described before. The geometry of the body is now 
quantified by measuring the radius of every point by means of a special 
construc.tion. 

The ECG was measured at the points on the skin defined before with an 
ECG amplifier having a bandfilter with slopes of 6 dB/oct., flat response 
from O. I to 500 Hz. 
The ECG signal is supposed to be periodic. Groups of six ECGs were recor
ded simultaneously on a seven trace analog recorder. One trace was used 
to record a strong ECG signal as a reference. The signals were read into 
a computer by a ten bit AD-converter with a sample time of Ims. The sig
nals were corrected for baseline drift using the silent periods between 
the complexes. Finally per measuring point one complex was averaged out 
of ten complexes and was punched on cards. This signal will.be the input 
for the calculations in this report. 

For a display of the results a two dimensional projection of the three 
dimensional skin surface is necessary. To do this the octahedron is 
opened along the four posterior edges. The four back triangles are unfol
ded until they lie in the same plane as the front triangles to which they 
are attached. Then all points of the opened octahedron are projected 
perpendicularly on the y-z plane (the axes are defined in fig.I, see next 
page). The octahedron is thus projected into a quadrate. The vertices of 
the quadrate are 'the projection of one vertex of the octahedron, viz. 
the vertex On the back side. In the center of the quadrate lies the pro-

x) The description given here is simplified. A small correction should 
be introduced to ensure that the directions are more evenly distribu
ted. See fig.1 on the next page. 
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z 

Figure I. The defined points on the torso. 

RA and LA 
H 
A 

right arm side and left arm side. 
head side. 
abdomen. 

jection of the octahedron vertex at the front side (Ree fig.2). 

The heart surface is modelled as a sphere tightly around the heart. The 
radius of this sphere was chosen to be 7 cm. The center of the sphere 
lies in the origin of the coordinate system. This origin is'defined: from 
the lower end of the sternum: 4 cm upwards, ·3 cm to the left shoulder 
and 7 cm backwards. 
On the sphere a distribution of points is defined with an octahedron in 
the same way as described before for the torso surface. On the heart 
No=4 was chosen, hence there will be 4No2+2=66 points distributed evenly 
over the heart sphere. 
For display of the calculated epicardial potentials the same projection 
via the octahedron on a plane is used as for the skin potentials (see 
fig.2). 

An example for the display of a potential distribution on the skin Dr 
the epicardial surface is fig.3. The square is the projection of the 
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Figure 2. Projection of torso surface and epicardial surface. 

B ~ backside CS " coronary sulcus 
R ; right side IS " interventricular sulcus 
L " left side RA " right atrium 

LA " left atrium 
RV " right ventricle 
LV " left ventricle 

closed surface of the torso or the heart. Here isopotential lines are 
drawn for five equidistant potential levels. As the potential belonging 
to an isopotential line is not indicated. it is impossible t·o recon
struct the potential distribution from these plots. The plots of iso
potential lines do not give complete information on the potential distri
bution over the surface. 

Figure 3. A potential distribution 
over the skin surface 
marked by isopotential 
lines. 
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3. THE SINGULAR VALUE DECOMPOSITION 

For any rnxn matrix A the s.v.d. exists, given by: 

A = U D vT 
(1) 

where: 
U is a rnxr matrix consisting of r orthonormal columns u., 

-J 

r 
D 

so: T 
U U = I 

r 

is the rank of the matrix A. 
is a rxr diagonal matrix: 

(J1 :: (J2 :: .,. >" a· > 0 
- r 

V is a nxr matrix consisting of r orthonormal columns V., 

so: T 
V V = I 

r 

The (J. are called singular values. 
J 

-J 

The proof that the s.v.d. exists for any matrix A can be formulated as: 

ATA is a symmetric nxn matrix, hence it has n real orthonormal eigen
vectors vI' v

2
' ... , v (see e.g. lit. 4, pp. 35,36 and 50 ... 54). 

- - -n 

For the real eigenvalue A associated with an eigenvector v it is found 
that: 

so: 

T T T 
v A Av = AV v 

From which can be concluded that the eigenvalues of ATA are positive or 
zero; they are zero only if: 

x) The norm of matrix A is defined as: 

2 
a .. 
1,J 

T T 
tr(A A) = tr(AA ) 

The norm of a vector follows from this definition in the case that A 1S 

a mx} matrix. 
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or: Av = 0 (2 ) 

As the rank of A is r, the vectors v that satisfy (2) span a n-r 
dimensional ·space. n-r orthoeonal eIgenvectors of ATA constitute a 
basis for this space. From (2) it can be seen that the n-r associated 
eigenvalues will be zero. The remaining r eigenvalues of ATA must be 
non zero thus positive. 

Proof has been g1ven now that ATA can be written in a Jordan canonical 
form: 

where: 

v 

vTV = I as the eigenvectors are orthonormal. 
r 

j) .= diag(a 1 ,a
2

, , •• ,ar ), a rxr matrix. 

a. = ,r:;:: 
J J 

(3) 

The a. s are the 
order~d in such 

T square roots of the eigenvalues A. of A A. They can be 
a way that: J 

a
l 

:: a2 > > a > O. 
r 

Now define: U = A V D- 1 

Then because of (3): 

UTU = D-1 VT T -I AAVD =1. 
r 

The columns of U are orthonormal. 

With (3) it follows that: 

thus: 
ATA = ATA V VT 

:1<) 

(I - V VT) ATA (I - V VT) = 0 

A (I - V VT) 12 = 0 

A (I - V VT) = 0 

x) The null vector will be denoted as ~. 
the null matrix as 0. 

(4 ) 
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With (4): 
A V U D 

So: 
A = U D VT 

by which the existence of (1) has been proven. 

3.3.1. 
From: 

AT A DT UT U D VT DT V V D V
T 

V D2 vT 

and: 
A AT D vT V DT U

T DT UT D2 U
T 

U U D = U 

it follows that the diagonal elements of D2 are the eigenvalues (as far 
as they are unequal to zero) of ATA as well as of AAT. 
The columns of V respectively U are the eigenvectors of ATA respectively 
AAT, associated with the non-zero eigenvalues. 

Note the symmetry of the s.v.d. as may become even more obvious from: 

The derivation given in section 3.2 can just as well start from the 
eigenvectors ~j of AAT instead of the eigenvectors ~j of ATA. 

3.3.2. 
If the mxn matrix A (with m>n) and the m vector z are given, the solu
tion for the least squares problem: 

find' the n vector x that minimises z - Ax 

lS found to be: 

(see e.g. lit.5). A+ is the Moore-Penrose pseudo inverse of A. If the 
s.v.d. of A is given by (1), the pseudo inverse A+ of A will be: 

(5) 

+ -1-1 The singular values of A are: a a 
r ' r-1' 

-1 
,a 1 • 

3.3.3. 
With the s.v.d. and the orthonormality of the columns of V it follows 
that: r 2 

E a. 
j = 1 J 

(6) 
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3.3.4. A lea·st squares fit. 
In the next chapter it will appear to be desirable to limit the rank 
of a matrix. This must be done with a minimal effect on the matrix. 
So if A is the original rnxn matrix with rank(A)=r the task is, given 
an integer k with 0 ~ k ~ r, to find the mxn matrix B with rank(B)$k 
1n such a 'My that I A-B I is minimal. 
In other words: find a B with a limited rank and a difference between 
A and B that is minimised with a least squares criterion. 
As before (cf. (I» the s.v.d. of A is given as: 

It will be derived in the appendix that the B asked for is found to be: 

B = U (~ vT 
= Uk 

T 
Dk vk 

(7) 

Uk contains the first k columns of U, 

Vk contains the first k columns of V, 

Dk = diag(G
1 

,G
2

, ... ,Gk)· 

So the B is found by setting the smallest r-k singular values in the 
s.v.d. of A to zero. 
Furthermore it is demonstrated in the appendix that with this B the 
RMS error is: 

With (6) the relative 

=\~J~ V ~ jei,j V j=~+IUj 
error is found: 

r 2 
E G. 

j =k+ 1 J 

r 
[ 

j=1 

2 
G. 

J 

3.3.5. The numerical calculation of the s.v.d •. 

(8) 

The ALGOL procedure used to calculate the s.v.d. of a matrix was writ
ten by Golub and Reinsch (lit.6). The program consists of. two parts. 
The first part reduces the matrix to a bidiagonal form by Householder 
transformations. The second part uses a QR-type method to calculate 
the singular values. 
The procedure s.v.d. was implemented on the Burroughs B7700 computer 
of the Eindhoven University of Technology. 
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4. THE SINGULAR VALUE DECOMPOSITION OF THE SKIN POTENTIALS 

52 " ZO 10 • 1 • 10 '0 

V y- V 
S3 35 21 11 5 , , 9 19 

V V-- V 
" " 22 1Z " 5 , B 18 

V 
~5 " 23 2< Zt; r, " "-

15 18 17 

I 

55 3. 3:1 " "- " " lr- 27 " 
28 29 

V rv 
: 57 >S S':I " 51 4Z " .. ",,-
,V V \J V 

55 " 
,. 

" 77 5Z " 54)\. ·'A 
IV V -V ~ 

55 " ., ., .. 7. ':;\. .'A ., 
V 
" 72 .5 95 9' 90 91 92 ., 
V v 

~J 71 " 
., 01 .:::- 9' 93 SJ 

IV V- v 

!:iZ 70 S' S< 00 " 00 s. S' 

IV V- i'! 

Figure 4. The measured skin potentials. 
The potential at point 91 is zero because this 
point was used for the reference electrode. 

.. 5l 

V-

I" ' >1 

V-

3l ., 
-v--

3i " V-

30 " 

",,- " 

., '" " r-

67 " ~ 

" SO 

I""-' -v--

I" 51 

V-

70 5l 

V-

Fig. 4 shows a set of measured skin potentials. In each square a QRS 
complex is plotted, total duration: 150 ms (51 samples, intervaltime 
3 ms) as measured at one point on the skin. The total enveloping square 
is the projection of the skin surface, as described in chapter 2. 
It can be seen that the ECG was not measured at seven points. So the 
set consists of 95 complexes. 
To enable mathematical operations on the skin potentials, they were 
ordered in a pxt matrix which will be called S. The character p stands 
for the number of positions on the skin where an ECG has been measured 
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and t is the number of points of time on which a sample is taken. 
In the example of fig.4 p equals 95 and t equals 51. 

position! p 

time 
--+ 

c 
S 

A row of S gives the potential at one point on the skin as a function 
of the time. A column of S gives the potentials at one point of time 
as a function of the serial number of the points on the skin. 

The s.v.d. of S yields (cf.(I»: 

where: 

S pxt U D V
T 

pxr rxr rxt 

r = rank(S). 

( 10) 

The matrix U can be regarded as not to depend on the time, but only on 
the position, whereas V can be regarded as not to depend on the position 
but only on the time. A column Vj of V can be interpreted as a timesignal 
wi th "energyll: - . 

t 2 
1: v . 

T=I T J 

because VTV = I . 
The timesignalsrare "uncorrelatedll as: 

t 
Ev.v.=O 

T=I T1 TJ 
for i f j, 

again because VTV = I r • 

.In fig.s the first 16 columns of V are displayed. The r orthonormal 
columns of V span up a r dimensional time space. They are a basis for 
the time space spanned by the p time signals of S. 
Each time signal ~j has its own weighting factor OJ in D, which is 
smaller for higher values of the serial number j (note that when multi
plying matrix D with matrix VT each column of V is multiplied by the 
corresponding OJ), The logarithm of each singular value OJ (logoj) is 
plotted as a function of j in fig.6. 

Each singular value belongs as well to one corresponding column ~j 
of U. A column ~j can be interpreted as a position signal. A posit10n 
signal is a function of two variables, viz. the coordinates of the 
position on the two dimensional skin surface, although a position sig-
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Figure 5. The first 16 
columns of the matrix V 
of the s.v.d. of the 
skin potential matrix 

of fig.4. 
12 

~~N' 
14 1S------- 1 f) ---~--I 

,_----L-~Wvr.___'_\; -----'-- ,~~v~11W1 

Figure 6. The logarithm of the 
singular values OJ as a function 
of the serial number j, for the 
singular values of the skin 
potentials plotted in fig.4. 

4 

3 ·5 
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1 2 3 4 

5 6 7 8 

9 10 11 12 

0 
00 DoD c::=. 

~~6> 
13 14 15 16 

Figure 7. Contour lines for the function on the skin given by 
the first 16 columns of U of the.s.v.d. of the skin 
potentials given in fig.4. Each map gives contour 
lines at five equidistant levels. 

<J 

0 

nal can be given by a one dimensional vector ~j, as a result of the 
serial numbering of the points on the skin. 
Fig.7 shows ·contour lines for the first 16 columns ~j of U. Each square 
is a projection of the skin surface. Note that the positions on the 
skin that were not measured (see fig.4) were not represented in the 
matrix S and will therefore not be represented in the matrix U either. 
A column of U gives no values at the not measured points. Consequently 
the contour lines in ~ig.7 cannot be reliable around these points, as 
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they were interpolated by hand. 
Alike the time signals the position signals of U are uncorrelated and 
normalised because UTU = I. 
The r orthonormal columns of U span a r dimensional position space. 
They constitute a basis for the position space spanned by the t posi
tion signals of S. 

In fig.5 and fig.7 it can be seen that the 16th component has high time 
respectively high spatial frequencies. This might prompt the idea that 
this signal contains merely noise. This idea is not altogether wrong, 
but the noise cannot be discriminated from the signals produced by the 
heart j liS t on the frequency contents. How can it be understood that s ig-· 
nals having a high serial number and thus a small singular value can be 
supposed to contain noise for a major part? 

To answer this question some theory on the s.v.d. be remembered. Suppose 
the skin potentials would be calculated from a limited basis of the k 
strongest components. For this purpose define: 

where: 

k integer, 0 $ k ~ r, 

r = rank(S), 

Uk respectively V
k 

consists of the first k columns 

of U respectively V. 

( I I ) 

As a result of the theory of section 3.3.4 (a least squares fit) it can 
be concluded here that Sk is the best approximation for S according to 
a least squares criterion, when the rank of Sk is limited to k. 

The signals on the skin caused by the heart and measured at one point 
will correlate strongly to the heart originated si"nals at the neigh
bouring points. The noise signals measured at these neighbouring points 
will not show much correlation. Thus it is supposed that the density of 
the m;aBuring points on the skin is higher than strictly necessary for 
the determination of the heart originated skin potentials. 

Let k in (II) be equal to One. Then only one position signal ~I and one 
time signal vI constitute the best adaptation to the t position signals 
or the p tim;signals of S. These normalised signals ~I and ~I show the 
highest possible correlation with all signals in S. The influence of the 
noise of the signals S on ~I and ~I will be small because the influence 
of the uncorrelated noise signals will average out to a large extend. 
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If only a small number of k independent time and position signals is 
used to approximate S, the noise on S will have a reduced influence 
on the independent signals !:OJ and ~. for the same reason. As more 
position and time signals are included, for growing values of k in (II), 
the adaptati.on becomes more detailed and the noise on S will be more and 
more present in the added position and time signals ~ and ~. 

The smallest: orthogonal components !:OJ lind ~ of S in the position and 
time will contain for a major part only noise signals. These components, 
that carry hardly any information can be left out by setting the smal
lest singular values to zero as was done in (II). In section 3.3.4 also 
an expression for the error was found. The RMS error between Sk and S 
can be stated now as: 

(12) 

In fig.s the function: 

as derived f.rom the singular values of fig.6, has been plotted. 
The measured signals have a maximal signal to noise ratio of about 50 dB *) 
The maximal signal to noise ratio is defined here as the quotient of the 
maximal possible signal level and the established RMS noise level. 
The maximal signal level, neglecting the noise, was found to be: 

max(ls .. I) = S.16 xI02 (arbitrary units) 
1,] 

Since S is a 95x51 ,matrix the maximum lsi of lSi will be: 

I slM = s~. = 95 X5I x (S.16 X I02)2 
j 1,J 

,I?IM = 5.68xI0
4 

The noise level is 50 dB below the maximum signal level, sO'for the 
noise: 

INsl = 10-2.5xlsIM 

IN I = 1.8x102 
s 

In fig.S it can be seen that: 

e(IO) < IN I s 

so for k=9 expression (12) yields: 

*) see lit.16. 
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Figure 8. log(e(k» as a function of k. 

e(k) = \ ~ , the error function as: V j:k U j 

ISk - sl = e(k+I), Sk defined by (II). 

d 9' is a measure for the approximation of S by 9 components 

This means that if all singular values except the first nine are set 
to zero, the error made will be less than the noise level. This fact 
makes it acceptable to presume that the left out components contain 
for a major part noise. 
The nine remaining independent signals define a basis for the set of 
ECG signals. Any ECG signal can be calculated as a linear combination 
of the nine basic position and time signals. It will be clear that the 
number of independent signals is a measure for the amount of information 
that can be found above the noise level in a set of ECG signals. 
A plot of the ECG signals reconstructed from the nine dominant time and 
position components does not differ visibly from the original ECG sig
nals in fig.4. 
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Observe again the s.v.d. of the skin potential matrix: 

(10) 

The rxt matrix: 

(14 ) 

contains the same uncorrelated time signals in the rows as V contains 
in the colunms, with the exception that the "energy" of the time sig
nals in P is equal to or: 

p pT = D vT V DT = D2 

so: 

t 2 2 
E p. = a. 

T=I l,T J 

The time signals given by a row of P are known in the literature as 
principal components or intrinsic components of the set of measured 
signals given by S. The principal components form an orthogonal basis 
for the time space spanned by the signals S. 
Substituting (14) in (10) gives: 

S = u P (15) 

~ith the property of s.v.d.: UTU = I it is found that: 

P=uTS (16) 

with this expression P can be found without the use of the s.v.d. if 
U is known. Section 3.3.1 states that the colunms of U are the eigen
vectors of the matrix SST. This matrix is known in the literature as 
the correlation matrix H. Each element of H=SST is equal to the "corre
lation" between two time signals of the set of time signals s: 

t 
h .. = E s. s. 

1,J '[=1 1,1 J ,T 

Articles on principal components ot the ECG are: lit.I,8,9 and 10., 
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5. THE TRANSFER FUNCTION FROM SKIN POTENTIALS TO EPICARDIAL POTENTIALs 

BY MEANS OF A MULTI POLE SERIES. 

In this chapter the object will be to demonstrate some principles and 
properties of the determination of potentials on a sphere that tightly 
encloses the heart. 
As it is permitted to suppose quasi- stationarity of the field produced 
by the electrical heart activity, (lit.II) all time dependence can be 
eliminated. 
The body is modelled electrically as a linear medium so that the trans
fer function from epicardial potentials to skin potentials can be given 
by a matrix, the transfer matrix A: 

where: 

<l>. = A <l> 
s e 

<l> is a vector with p elements, the potentials at the 
s p points on the skin. 

<l> is a vector with q elements, the potentials at the 
e q points on the heart sphere. 

A is consequently a pxq matrix. 

( 17) 

The matrix A can be evaluated from data on the torso geometry if the 
body is modelled as a homogeneous, isotropic and linear volume conduc
tor. The evaluation of the matrix can be done with the help of a multi
pole series (lit. 2, 7)ordirectlyfrom Green's second identity (lit. 12, 
13). The multipol"e series will be used now to demonstrate some proper
ties of the transfer function which relates epicardial potentials to skin 
potentials. 

If all sources that produce an electrical field can be found in a 
bounded region, the field outside a sphere, enclosing 
this region can remain exactly the same when the sources in the region 
are replaced by a set of mUltipoles all located at the center of the 
afore mentioned sphere. A multipole series can be used as an equivalent 
source for the electrical heart activity. The multipoles are supposed in 
the center of the heart sphere. 

The potential <l> produced by a multipole series in an unbounded 
homogeneous medium with specific conductivity a, when all mUltipoles 
are located at the origin of a spherical coordinate system (r,8,~) is: 

where: 

N 
<l> = -- ~ 

4na n=I 

n 
~ 

m=O r 
pm(cos8)(a cos(m~)+b sin(m~» 

n+ I n urn nrn 

n is the order of the multipole, 

N 's the maximum order of the set of multipoles, 

(18 ) 
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a and b are the multipole coefficients (abbreviated 
nm nrn 

m.p.cs), 

@]~~ 
b l ,3 a 44 b44 

Figure 9a. 

Isopotential lines on a spherical 
surface in the center of which a 
set of mUltipoles is placed. 

=a~M C$ ~ -

b43 a44 b44 
Figure 9b. 

Isopotential lines on the skin 
of a torso model, when a set 
of multipoles is placed in the 
heart. 

In each square only one m.p.c. is not equal to zero. 
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In fig.9a isopotential lines are drawn for the potential distribution 
on a sphere (the heart sphere) in the center of which the multipoles 
are placed. The familiar projection of a spherical surface on a square is 
used. In each square the multipole has only one m.p.c. unequal to zero. 
In the tOP.row succe~sively alO' all' and bll are non zero. ~hen on the 
next rows 1n succeSS10n aZO, aZI' b21' aZ2, a30 etcetera unt11 b44. 
In each square contour lines were drawn for five equidistant potential 
levels. The potential values of the corresponding levels differ, how
ever, from one square in fig.9 to another. 

It can be seen in fig.9a that the higher order multipoles have higher 
space frequencies than lower order multipoles have. 
In fig.9b in the same way as in fig.9a equipotential lines are shown 
for the potential distribution per m.p.c., but now the potentials were 
calculateJ on a torso. Comparison of fig.9a with fig.9b induces to make 
some remarks further on in this chapter. 

A multipole series can be used to calculate the epicardial potentials 
from the measured skin potentials using the following strategy. 
A certain maximum order of the multipole series is chosen on grounds 
that will be explained at the end of this chapter. Then the m.p.cs are 
calculated in such a way that the difference between the resulting cal
culated skin potentials*~nd the measured skin potentials will be mini
mal in the least squares sense. The heart sphere potentials can subse
quently be calculated using formula (18). 

The heart lies eccentrically in the body, closer to the chest than to 
the back. Hence the strongest ECG potentials can be measured on the 
chest, in front of the heart. From previous research (lit.2) a second 
property can be derived, which will be explained here with the help of 
some multipole theory. 
From formula (18) it follows that the potential is inversely proportio
nal to the radius to the power n+l. The field of higher order multi
poles decrea'ses faster than the field of lower order multipoles as the 
distance between the point of observation and the multipoles is larger. 
As higher order multipoles have higher spatial frequencies,these higher 
spatial frequencies can only be observed close to the heart, in the pre
cordial region. This can be seen in fig.9. Low order multipoles produce 
potential distributions having low space frequencies (fig.9a) observable 
allover the skin (fig.9b), whereas high order multipoles c~use skin 
potentials with high space frequencies only in the precordial region. 
The backside of the heart lies far away from any point on the skin. The 
electrical activity of this part of the heart will produce a signal on 
the skin that has only a small high space frequency contents. 

The medium between the heart and the skin acts as a low pass filter for 
space frequencies. The filter will attenuate the high space frequencies 
especially for the regions of the skin far from the heart and the regions 
of the heart far from any point on the skin. Trying to solve the inverse 
problem, i.e. the calculation of heart potentials from skin potentials, 
difficulties arise because of the unavoidable noise on the measured skin 
potentials. This noise. has a high spatial frequency contents. The low 
pass filter property of the medium between the heart and the skin will, 
when acting inversely, amplify the high space frequencies and give rise 

*) The effect of the bounded torso is incorporated. 
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to unrealistic calculated epicardial potentials. The noise on the skin 
potentials far from the heart is amplified the most. The signal to 
noise ratio .on the backside of the heart will be the worst. 

When the multipole model is used to calculate epicardial potentials, 
the high order multipoles will have very high valued m.p.cs in order 
to adapt to the potential distribution with high space frequencies due 
to the noise at points of the skin far from the multipole. These strong 
high order multipoles, that almost compensate each other at points in 
the precordial region, produce very unrealistic epicardial potentials, 
especially on the backside of the heart. Better results can be obtained 
if the maximum order of the mUltipole series is limited further to say 
the order four. In this case, however, there is more information avail
able in the precordial region than i.s used to evaluate this set of 
multipolc5. Furthermore, the estimation of the set will be biased~) 
In chapter 7 a method will be proposed to perform a specific filtering 
action, in order to obtain a better signal to noise ratio while all 
measurable information of the skin potentials is used. 

Equation (17) states that the skin potentials can be calculated from 
the epicardial potentials by: 

<l> 
s 

A <l> 
e 

( 17) 

Inversely the epicardial potentials can be found in principle from the 
measured skin potentials. As A is not a square matrix, the inverse of 
A does not exist. The epicardial potentials can be computed using the 
Moore-Penrose pseudo inverse A+ (see section 3.3.2) of the transfer 
matrix A: 

+ 
<l> = A <l> 

e s 

Introducing again the time dependence of ~e and ~s results in: 

where: 

+ 
E = A S 

S is the pxt matrix of the skin potentials introduced 
before in chapter 4, 

E is the qxt matrix of the epicardial potentials. 

(19) 

(20) 

In fig. 10 epicardial potentials are plotted that were calculated from 
measured skin potentials via a rnultipole series with a maximum order 
four. A maximum order four implies that the multipole series is given 
by 24 m.p.cs (see formula (18)). The set of multipoles, used as an equi
valent heart generator, is determined by 24 time functions. When the 
matrix A is evaluated via this multipole series, the rank of A will be 
limited to 24, as the multipole series has only 24 degrees of freedom. 

~) A necessarY condition for unbiasedness is a torso shape of a concentric 
sphere. It will be clear, that the real torso shows a lot of devia
tions from that sphere. 
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Figure 10. Epicardial potentials calculated from the skin potentials 
given in fig.4 with a multipole series having a maximum 
order equal to four. The rank of the transfer matrix is 
therefore limited to 24. 
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6. THE SINGULAR VALUE DECOMPOSITION OF THE EPICARDIAL POTENTIAL MATRIX. 

As a conclusion of the preceding chapter epicardial potentials were 
calculated via a mUltipole series of the order four (see fig.IO). 
For these potentials the s.v.d. has been calculated in exactly the same 
way as has b"en done for the skin potential matrix in chapter 4. 
The s.v.d. for the epicardial potential matrix E yields: 

where: 

E qxt U qxr D rxr VT 
rXt 

D = diag(ol ,°2 , ••• ,or) 

(21) 

r = rank(E) (The rank of E needs not to be the rank of S). 

The first 16 columns of V (orthonormal functions of the time) and the 
first 16 columns of U 0rthonormal functions of the position) are dis
played in fig. II and fig. 13 respectively, in the same way as for the 
skin potentials in chapter 4. The logarithm of the singular values OJ 
has been plotted as a function of the serial number j in fig.12a. 

Figure II. The first 16 columns of the matrix V of the s.v.d. of 
the matrix containing the calculated epicardial ooten
tials plotted in fig.IO. 

The number of non-zero singular values (see fig.12a) is equal to 24 as 
the rank of the matrix E is 24 here (see the last paragraph of the pre
ceding chapter, rank(A) = 24 implies that rank(A+) = 24 and with (20) 
and rank(S) > 24 it follows that r"nk(E~ = 24 to 
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Figure 12. a. The logarithm of the singular values 
and 
b. The logarithm·of the error function 

e(k) = V ~\? \ 
j=k J 

for the matrix of the calculated epicardial 
p·otentials (fig. 10). 
d9 is a measure for the approximation of S by 9 components. 

Analogously to the skin potentials the matrix Ek is calculated from the 
k strongest components of E. cf. (II) in chapter 4. Then the RMS error 
between Ek and E will be (cf. (12) in chapter 4): 

r 

l a? 
j =k+ I J 
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Figure 13. The first 16 columns of the matrix U of the s.v.d. 
of the matrix containing the calculated epicardial 
potentials plotted in fig.IO. 

The error function: 

e(k) = \ ry:; V j~kVj 
which is calculated from the singular values of fig.12a, is plotted in 
fig.12b. 
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Again like in chapter 4, the number k of components that are needed to 
calculate the epicardial potentials Ek so that the error made is less 
than the noise level, is a measure for the ~nformation in the epicardial 
potentials E. It has been explained in chapter 5 that the noise level on 
estimated signals in the anterior region of the epicardial surface will 
beless than the noise level on signals in other parts of the epicardial 
surface. The noise level depends on the position on the epicardial sur
face, which was not the case for the sign~ls measured on the skin. 
The information, i.e. the number of independent components that define 
the skin or epicardial potentials in the presence of a certain noise 
level, found for the epicardial potentials cannot be more than the in
formation found in the skin potentials from which they are calculated. 
Remember that on the skin the information was contained in nine ortho
gonal components, Compare the error function e(k) for the epicardial 
potentials in fig. 1 1b with the same for the skin potential matrix 
in chapter 4, fig. 8. The approximation of t~e potentials by the first 
9 components, as denoted by dg, is better on the skin than on the 
epicardium. The remaining deviations are due to the noise and conse
quently the ·noise level on the epicardium (fig. 10), is higher than the 
noise level on the skin (fig.4). This amplification of the noise has 
been explained in chapter 5. 

Comparison of the orthogonal time signals on the heart (fig.11) and on 
the skin (fig.S) shows clearly that the components one through five on 
the epicardium are strongly correlated to the respective components on 
the skin. No.te that some of the corresponc!ing components have an opposite 
sign. Comparing the orthogonal position signals on the epicardial surface 
fig. 13, and on the skin surface, fig. 7, the correspondence of the first 
five components is not so evident. 
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7. THE SINGULAR VALUE DECOMPOSITION OF THE HEART-TO-SKIN TRANSFER MATRIX. 

Expression (17) states that the skin potentials at one moment 
can be calculated from the epicardial potentials via a transfer matrix A. 

where: 

w = A w 
S e 

( 17) 

w is the vector with skin potentials, having p elements, 
S 

w is the vector with epicardial potentials, having q ele
e 

ments, q.s p. 

This transfer matrix can be subjected to the s.v.d. which yields: 

with: 

A = U D V pxq pxq qxq qXq 

>a ?O - q 

Substitution 1n (17) leads to: 

w 
s 

U D V
T 

W 
e 

(2 I ) 

(22 ) 

On the basis of this expression an interpretation can be found for the 
matrices U, D and V. 

T The multiplication of V and we gives a vector with q elements: 

T 
X' = V w (23) 

e e 

Each element Xej of Xe is a projection of ~e on the respective column 

v. of V. As VTV=I these columns are orthonormal. 
-] 

The columns of V can be interpreted as basical, independent potential 
distributions over the heart sphere. The potential distribution ~e is 
unraveled in its basic distributions. An element of Xe gives the strength 
of the respective basic distribution in the epicardial potentials ~e. 

For the length of the vector Xe it is found that: 

Ix 12 = T w T V vT ~T = ~ T~ = I~ 12 e Xe Xe = e e e e e 

as it follows from VTV=I and the fact that V is a square matrix having 
full rank that: 

VT = V-I thus V VT = I 
q 
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so: 

Ix I = 1<Ii I e e (24) 

<Ii and Xe are the same vectors in a different coordinate system. 
T5e basic vectors for Xe are given by Yi in the coordinate system of <lie' 
The interpretation of the matrix U may be clear when, with the help of 

UTU=I, (22) is written as: 

U
T <Ii = o VT 

<I> s e (25 ) 

U
T 

transforms into a vector with q elements: 

Xs = UT<ji 
s (26 ) 

The columns u. of U can be considered to be those basic potential distri.
butions over-the skin that can be caused by the heart sources. An element 
Xsj of Xs gives the strength of the basic distribution over the skin ~ 
in the total skin potentials <lis' 

Substitution of (23) and (26) in (25) yields: 

x = Ox s e 
(27) 

or per element: 

for j=1,2, ... ,q. 

From this expression it can be seen that o. can be interpreted as a 
transfer coefficient relating a basical dihribution on the epicardial 
surface with the corresponding basical distribution on the skin. 

From (22) and (23) it is derived that: 

il> = U 0 x 
s e 

With this relation it follows that: 

= 

so: 

l<li s l
2 = x! 0 2 Xe 

With (27) it is found that: 

Ix 12 = XsT X = xT 02 X 
sse e 

(29) and (30) lead to the conclusion that: 

(28) 

(29 ) 

(30) 

<lis and Xs are the same vectors in a different coordinate system. 
Suppose that the potential distribution over the heart is equal to a 
basic distribution ~j' With the orthonormality of the columns of V and 
expression (22) it follows that: 

<li 
s 

cr.U. 
J-J 

(32) 
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One basic potential distribution over the heart ~j produces via the 
transfer coefficient OJ a basic potential distribution over the skin 
surface ~j' As the singular values OJ are ordered according to diminishing 
values, the first basic potential distributions oVer the heart will 
give a stronger contribution to the skin potentials than the last ones. 
The observability of the distributions over the heart on the skin is 
better as the singular value belonging to this distribution is larger. 
So a measure for the observability of the potential distributions over 
the heart is found in the singular value. 

An example of the results of the s.v.d. of a transfer matrix is given 
in figs 14, 15 and 16. The transfer matrix A was evaluated by Vermeulen 
(lit.13) on 'the basis of a set of data on the torso geometry and a 
spherical heart surface. By means of Green's second identity for a two
fold bounded homogeneous, isotropic and linear medium with a specific 
conductivity 0, the discretised relation ~s ~ A~e can be obtained. 

In fig.14 the basic potential distributions over the heart, given by 
the columns ~j of V, have been drawn. Again each square is the projec
tion of the heart sphere surface. In each square equipotential lines 
have been drawn for five equidistant potential levels. The potential 
distributions in fig.14 that have the best observability are the first 
ones and they have the highest amplitudes on the anterior side of the 
heart sphere, at points on the heart close to the skin. As the observa
bility decreases, the highest amplitudes will be found more and more 
outside the region on the anterior side of the heart surface, i.e. out
side the center of the square. Besides, the first, best observable 
distributions have lower space frequencies than the distributions with 
a higher serial number. These results agree with the properties of the 
transfer function derived with the mUltipole model in chapter 5. 

The logarithm of the singular values OJ as a function, of the serial num
ber j has been plotted in fig.IS. The ratio between the largest and the 
smallest singular value is over 10,000. 

Fig.16 shows in the same way as fig. 14 the columns ~ of U, the basic 
potential distributions over the skin surface. Note that the first 
distributions over the skin are predominant in the precordial region 
and have low space frequencies compared with the rest of the distribu
tions. These subsequent distributions show decreasing amplitudes in the 
precordial region, though this tendency is less clear than on the heart 
surface. Even the posterior side of the heart can better be observed 
precordial then e.g. at sides near to the extremities. 

As (19) states the epicardial potentials are calculated from the skin 
potentials using the Moore-Penrose pseudo inverse A+ of the transfer 
matrix A: . 

+, 
,~ ~ A ~ ( 19) 

e s 

In section 3.3.2 A+ was given with the help of the s.v.d. of A (see (21». 
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Figure 14. 
Maps showing isopotential lines for the basic potential distri
butions on the epicardial surface as given by the respective 
columns of the matrix V of the s.v.d. of a transfer matrix. 
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Figure 15. 
The singular values of a transfer matrix. 

As cr.qFO for the transfer matrix used here (see fig. 15), the pseudo 
inverse A+ is: 

and so (19) takes the form of: 

~ = V D- I uT ~ 
e s 

(33) 

(34) 

The potential distributions on the heart ~j with bad observability, the 
ones belonging to small singular values crj' produce on the skin a weak 
signal cr.u. (cf. (32»). As we have no a priori information, we are 

J-J 
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Figure 16. 
Maps showing isopotential lines for the basical potential distri
butions on the skin surface as given by the respective columns of 
the matrix U of the s.v.d. of a transfer matrix. 



- 36 -

obliged to suppose that the different basic distribution ::Cj have an 
equal chance of occurrence in the epicardial potentials ~e. (The a post
eriori conclusion will be that the assumption of an equal chance of oc
currence of the different basic distributions is incorrect.) The ratio 
between the largest and the smallest singular value is more than a fac
tor 10.000. The skin potentials can be measured with a maximal signal to 
noise ratio of about 50 dB, wich equals a factor 300. This means that the 
components of the skin potentials corresponding to the smallest singular 
values can never be measured because the noise will be much stronger than 
these potentials. 

Calculating inversely the heart potential distribution of a basic skin 
potential distribution ~j with (33) leads to: 

iP = V n- I uT 
u. = <J~I v. (35) 

e -]] -] 

As ~j is a relative small number, <Jjl will be a relative large number. 
The weak signal on the skin, produced by the distribution on the heart 
which is not well observable, will be multiplied with a large factor 
according to (35). As the noise is much stronger than this component of 
the signal on the skin, the multiplication with a relative large factor 
in the inverse calculation of the epicardial potentials will cause a 
high amplif{cation of the noise. This noise will be found at those parts 
of the heart surface where the basic epicardial potential distributions 
belonging to small singular values have high amplitudes. In fig.14 it 
can be seen that these distributions are strong in the region outside 
the anterior side of the heart surface. The conclusion that calculated 
epicardial potentials on the backside of the heart surface will be 
corrupted by noise has been reached before in chapter 5 via the multi
pole model. 

Fig.17 shows the calculated epicardial. potentials. They were calculated 
from the skin potentials displayed in fig.4. In fig.17 the calculated 
potentials are corrupted by noise especially at the points 66, 65, 60 
and 51. Note that the exposed time signals at these points are all 
similar. No" observe distribution number 66 in fig. 14. Notice that this 
distribution belongs to the smallest singular value (see fig .. 15: 
a66~10-4). So calculating inversely the noise will be amplified the most 
by a6~' and the noise on the heart surface will be the strongest at 
points where this distribution has the highest amplitude. In distribution 
66 in fig. 14 the large amplitude in the points 66, 65, 60 and 51 can be 
recognized •. 

As the basic distributions belonging to small singular values cause the 
noise in the calculated epicardial potentials, it can be expected that 
these potentials will improve if the distributions mentioned will not 
be added to the calculated epicardial potentials. This can be done by 
setting: 

-1 -1 a-I 
<Jk+ I ' ak+2 , , 

q 

in (34) to zero. From (29): 

liP 12 = 
s 

T D2 
Xe Xe (29) 
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Figure 17. The calculated epica~dial pote~tials using a transfer 
matrix evaluated hy Vermeulen (lit.I3) and the 
measured skin potentials sho~ in fig,4. 
These potentials a~e ~learly corruPted by noise. 

it follows that: 

l,Te have supposed that aU hllste di8t~ibutions Yj on thll hea:rt have nn 
equal chance of occul'I.'ence in the epi~a:rclial potentiilla $/i!' In S~l!tis •. 
tical terms this can be statlld aSI 

!: {Xe } -Q E'{Xej 2}.0 E:{XeiXej}-O 

whe:re E: stands for expectation. 
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t,hen: 

(36) 

.Let 4> sk be the vector of skin potentials calculated from epicardial pot\!n
tials $e via a transfer matrix ~ derived from the s.V.d. of the transfer 
matrix !by, setting the ~~allest singular vall.les to zero. So: ' 

(37) 

We want to set the small;!st, singular values to zerQ until the differellce 
between 4ls and 4>sk remains, just within the noise margin ,on the meiJ,sured 
skin potentials 4>s. The, nu.mber of remaining: singular values k must be 
the smallest number that satisfies: 

€ {1'4> - 4> 1.2}< In 12 (38) 
s sk -s 

where I~I stands for the noise level on the measured skin potentials. 
(36), (37) and (38) result in: 

r a~ 
j =k+ I J 

(39) 

where k is the smallest number that satisfies this inequality. 

In.chap~~r 4 it was found that: 

For a column ~ of Ns this means: 

In 12 = (I.8x 10
2

)2 = 6.4x102 
-s 5.1 

as Ns has t=sl,columns. 

With the help of expression (6), chapter 3, it follows from the singular 
values of the skin potentials that: 

For an average column ~s of S this results in: 

€{I4>
s

I2}=. 6.;~f07= i~35~I06 

Substituting these values for I~ 12 , and€{1 ~ 12}and the sin~ular values 
of the transfer matrix (shown in fig. 15)" ill (39) yields a· vallIe of 34 
for k. So q-k=66-34=32 singular values can· be' set to,zero. 
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Figure 18. The calculated epicardial potentials starting from 
the same data as in fig.17 but here a3g through a6~ 
are set to zero when calculating the pseudo inverse 
of the transfer matrix. 
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In fig.18 the results can be seen when 32 basic distributions are left 
out. Fig. 17 and fig. 18 have a different vertical scale. The vertical 
sensitivity of the plotter was a factor 17 higher when plotting fig.18 
than when fig. 17 was plotted. As the height of a square is 16.4 mm, 
the full scale value of fig.18 (the height of a square) would be about 
I mm on the scale of fig.17. 

The potentials in fig.18 still do not look realistic, on the basis of 
what might be expected for a propagating depolarisation front over the 
ventricles. But a comparison with the epicardial potentials in fi~. 17 
shows a clear improvement. 
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We have prohibited, that the 32 remaining Xe' were defined by the noise, 
by setting them to zero. Nevertheless these 12 Xej can freely be chosen 
theoretically. A priori information about the depolarisation wave could 
supply the necessary restrictions here. (see also lit.17.) 
Even better results than the ones described above were obtained with a 
transfer matrix according to lit. 15. Here leaving out only the 
least relevant eight basic distributions produces epicardial potentials 
that have less complexes with an unacceptable relative high amplitude 
than the ones plotted in fig. IS. 

It can be concluded that the s.v.d. of the transfer matrix provides us 
with a tool to filter the measured skin potentials in such a way that 
the calculated heart potentials will show a better signal to noise 
ratio. However, more research must be done to investigate how many and 
which baoic distributions must be attenuated or even left out to find 
an optimal set of basic distributions to calculate epicardial potentials. 
In chapter 4 it is concluded that the information, contained in the skin 
potentials, can practically be given by about nine orthogonal time and 
position signals. The nine position signals span a subspace of the 66 
orthogonal basic distributions over the skin, found in this chapter. 
This means not that all 66 distributions can be found in the skin poten
tials. Based upon our assumption of equal chance for all epicardial 
basical patterns, we would expect, that the corresponding skin patterns 
show a variance of o!c. Therefore 32 skin basical patterns would be above 
the noise level. I-/e·only found a subspace of dimension 9. 
It is of interest to investigate in the future which of the 66 basic 
distributions are present in the nine dominant orthogonal components of 
the skin potentials. 

We conclude with a plot (fig.19) of the epicardial potentials calculated 
via the same transfer matrix as used to calculate the potentials shown 
in fig.17. The skin potentials from which the potentials of fig.19 have 
been calculated were calculated from the nine dominant orthogonal time and 
and position signals, found in chapter 4. The vertical scale of the plots 
in fig.19 is equal to the vertical scale in fig.17. From the plots of 
fig.19 it can be seen. that the basic distributions on the skin that have 
small corresponding singular values are incorporated in the basis consis
ting of the nine orthogonal skin potential components. For instance: the 
strong signals, that are much alike, on the points 66, 65, 60 and 51 
indicate the presence of the orthogonal pattern number 66 in the nine 
orthogonal components of the skin potentials. 
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Figure 19. The epicardial potentials calculated via the same 
transfer matrix as used to calculate the potentials 
displayed in fig.17. Here only the nine dominant 
orthogonal components of the skin potentials found 
in chapter 4 have been used. 
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8. CONCLUSION, SUGGESTIONS FOR FUTURE RESEARCH. 

The s.v.d. of the measured skin potentials reveals the functions of 
the position and the time that carry most information. About nine 
functions of the time together with nine functions of the position 
contain practically all relevant information of the measured ECG's, 
taking the estimated noise level into account. 

The s.v.d. of the transfer matrix that relates epicardial potentials 
to skin potentials, yields a measure for the observability of basic 
epicardial potential distributions. The skin potential distributions 
belonging to them are found as well. These results agree qualitatively 
with conclusions resulting from research with the multipole model as 
an equivalent heart generator. The merit of the s.v.d. of the transfer 
matrix lies in the quantification. This permits discrimination between 
better and worse observable potential distributions on the epicardium. 
Because of this property the s.v.d. supplies the opportunity for a 
filter action on the measured skin potentials. The skin potential 
patterns corresponding to epicardial potential patterns with good 
observability can be selected. With the transfer matrix used in this 
report about 34 different potential distributions on the epicardial 
surface may be observed on the skin above the noise level . 

• 
Further research should be carried out to discover to what extent the 
functions of the position that contain allmost all information of the 
skin potentials (found with the s.v.-d. of the skin potential matrix) 
overlap the potential distributions on the skin caused by epicardial 
potential patterns with good observability (found by the s.v.d. of the 
transfer matrix). 

Future research on the qualities of the methods proposed in this report 
should include the use of the string model for the depolarisation wave 
over the ventricles developed in previous studies.(lit.14) 

We are confronted with three numbers respectively 24, 34 and 9. A little 
comment is desirable. 

- Overall observability is given by the maximum order 4 and of an equivalent 
multipolar series, i.e. 24 heart generators. 

_ S.V.D. applied to the transfermatrix ultimately leads to a theoretical 
set.of approximately 34 independent, observable, epicardial. potential 
patterns. These patterns are uniquely related to 34 skin patterns. 

-S.V.D. applied to the matrix of measurements results in a set of approxi
mately 9 practical components in time or space. 
The first number 24 is based upon-a-theoretical transfer function as well 
as practical measurements. A derivation of a maximal observable space 
frequency for all sides of the heart was our goal. As the observability 
of the posterior parts is very bad, the order 4 is the limit. The fact, that 
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still 24 independent heart generators could be distinguished, is due 
to the limitation, that a multipole equivalent is not well adapted to 
the thoracic boundaries and to the eccentric position of the heart in 
the thorax. In other words, an equivalent multipole set is not suited 
to constitute a minimum of observable heart generators. 
The 34 independent patterns are found exclusively on the basis of the 
theoretical transferfunction. Mainly two aspects have to be taken into 
account therefore: 

It is very likely, that the number of observable patterns increases 
as the discretisation of the surfaces is improved. It is e.g. very 
well possible, that the distribution of electrodes on the precordial 
side is not yet fine enough. So, theoretically, the number 34 may 
grow as higher space frequencies are allowed. 
It is not to be expected, however, that such high spatial frequencies 
are present in the epicardial surface. This contradicts our assumption, 
that all found 34 independent patterns have an equal chance of occur
rence. The last set of 9 independent skin patterns shows us in fact, 
that there isn't such a wide variety of 34 patterns to be found on the 
epicardium. 

Finall~ this is the reason, that we are working now to combine the re
sults of the S.V.D. applied to the transfermatrix and the matrix of 
measurements. 
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APPENDIX: A LEAST SQUARES FIT ON A MATRIX. 

The problem is formulated 
given a mXn matrix A with 
find a mXn matrix B with 

as: 
rank r and an integer k, with 
rank S k by minimisation of 

o ::; k ::; r , 
IA - BI «) 

The solution of the problem will make use of the theory of the orthogonal 
projector. An orthogonal projector E is defined by : 

F,2 = E and ET = E (AO) 

Solution: 
For any B with rank::; k an orthogonal proj ector E with rank k excists 
so that: 

and so it is valid that: E B = B. 
Suppose that B (rank ~ k) minimises IA - BI. 
Because: 

IA - BI2 = 1(1 - E)A + (EA -B)12 

(AI) 

tr({(I - E)A + (EA - B)}T{(I - E)A + (EA - B)}) 

(because of AD and A~ tr({(I - E)A}T{(I - E)A} + (EA - B)T(EA - B») 

= 1(1 - E)AI2 + lEA - BI2 

" I (I - E)AI2 

it follows that the minimum of IA - BI is greater than. 1(1 - E)AI or 
equal to it when lEA - BI = D, so B = EA. 
On the other hand is EA (with E an orthogonal projector with a rank·$ k) 
a subset of the set of matrices B with rank(B) $ k • The minimum of 
I (I - E)AI can therefore not be less than the minimum of IA - BI. 
It must be concluded that: 

min{IA - Bll = min{I(I - E)AIJ (A2) 

where E is an orthogonal projector, rank(E) = k. If E mlnlmlses the right 
part of (A2). then B = EA minimises the left of (A2). 

Because: 
IAI2 = lEA + (I - E)AI 2 

= tr({EA + (I - E)A}T{EA + (I - E)4J) 

*) The norm of a matrix is defined by: 

= L La? . = tr(ATA). 
• • 1. , J 
1 J 
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I (I - E)AI, and so IA - BI as well, will be minimised if lEAl is maxi
mised. Furthermore (A3) yields: 

Suppose A has the s.v.d. (cf.(I)): 

with: 

A = U D V
T 

D = diag(a I ,a
2

, ... ,ar ), 

a l ! a
2 

! ..... ! ar > 0, 

r = rank(A). 

For any orthogonal projector E it holds that: 
r 

= IE U D vT
I2 = IEUDI2 = L la. 

j=1 J 
E u.12 

~J . 

r 
IEAI2 = I a. a? 

j = I J J 

As: 

and: 
I u·12 = 
-J 

it follows that: 

° ::; a j ::; 

With (AI) it· can be derived that: 

r 
I a. = IEUI 2 = IEI2 = tr(ETE) = tr(E) = rank(E) 

j= I J 

r 
L a. ~ k 

j= I J 

Putting (A5), (A7) and (AS) together yields: 

r 
IEAI2 = I a. a? with ° ~ a j ~ I 

j= I J J 

r 
and l: a. ~ k 

j= I J 

(A5) 

(A6) 

(A7) 

(AS) 
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As ln addition a. > a. I 
J - J+ 

it is concluded that: 

k 
L cr. 

j = I J 

This maximum is reached when: 

a.. = 
.J 

for I :: j :: k and 

Combining these results with (A6) gives: 

lEu. I -J 
= I for :: j s k 

ct. = 0 
J 

(A9) 

for k+ I sj::r 

Because I u·1 = I -J 
and E is an orthogonal projector it can be stated now 

that: . 

Bes ides: 

and so: 

Eli. = u. for 
-] -J s j S k 

IE~j I = 0 for k+1 < j S r 

Eu. = 0 for k+1 S j :: r 
-J ~ 

As B = EA substitution of the s.v.d. of A results in: 

B = E U D vT 

which can be rewritten using (AIO) and (All) as: 

B = U" D V
T 

with: 

U" o 

This is equal to: 

where: 

Uk is a roxk matrix containing ~1'~2' .. ·'~ 

Vk is a nxk matrix containing ~1'~2""'~ 

(AIO) 

(All) 



- 47 -

Equation (6). section 3.3.3. states that: 

Substituting this and result (A9) in expression (A4) produces: 

r 

I o? 
j =k+ I ) 

This result is known as the theorem of Eckart - Young. 

(6) 
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