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List of symbols 

A cross sectional area 

Ai amplitude of Yll in i-th section 

a length suspension string 

a* nondimensional a; a"' = af L 

CT transversal wave speed; cT = ('F/m)112 

C£ longitudinal wave speed; CL = (EA/m)112 

D sag 

E energy 

E Young's modulus 

Ekin scaled nondimensional energy 

Ekin time-averaged Ekin 

Fu suspension string tension (reaction force) 

fu scaled nondimensional instationary part of Fu 

g gravity acceleration 

H horizontal component of stationary tension vector 

k wave number; k = wof Vii 
L length of cable in absence of tension (per span) 

local cable coordinate; arclength in absence of tension 

m cable mass per unit length 

N number of sections 

n integer 

S span size (distance between supports) 

S"' nondimensional S; S* =Sf L 

s nondimensionall; s =If L 

T scaled r*; r* = e:2T + O(c4
) 

To stationary part of T; T = To + r 

dT (dimensional) instationary part of tension 'F 

t . time cnordin ate 

t* nondimensional t; t* =teL/ L 

t ·scaled t*; t = cr 
t' t normalized on fundamental frequency; t' = wt 

V vertical component of stationary tension vector 

Vo = V(O) 

w nondimensional cable weight or relative elasticity; w = mgLf EA; assumed O(c:3 ) 

X scaled horizontal displacement; x"' = s + e:2 X+ O(c:4
) 
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Xo 

x* 

y 

Yo 

dY 

fj 

y* 

y 

Yii 

z 

r" 

r 

w 

stationary part of X; X = Xo + x 

horizontal component of position vector of cable element 

nondimensional x; x* = X I L 

instationary part of X; X = Xo + x 

coefficient of 5i in 8-series expansion of X 

j-th harmonic of X£ 

scaled vertical position y* = e:Y + O(e:3 ) 

stationary part of Y; Y = Yo + y 

(dimensional) instationary part of vertical position fj 

vertical component position vector of cable element 

non dimensional fj; y* = fj I L 

instationary part of Y; Y = Yo + y 

coefficient of 8i in 5-series expansion of y 

j-th harmonic of Yi 

-s-1 - 2 

non dimensional amplitude of first harmonic; assumed rather small 

non dimensional sag; e: = D I L; assumed small 

scaled nondimensional cable weight or relative elasticity; p. = wl8e:3 

= 3.14159265 ... 

tension in cable 

nondimensional 'f'; r" = 'f'/ EA 

instationary T; T = T0 + r 

coefficient of 8i in 6-series expansion of r 

j-th harmonic of Ti 

= r/p. 

angle between suspension string and vertical 

angle between cable tangent and horizon 

angular frequency 

scaled nondimensional w; w = wLicL£ 

coeffieient of 5i :!1. 8-series expansion of w 

[Q]± jump of quantity Q across support; [Q]± = Q( +) - Q(-). 
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1. Summary 

The problem of free in-plane nearly harmonic vibrations of elastic suspended cables is considered. A 

systematic asymptotic theory is developed for various configurations of single spans, and multiple spans 

coupled via suspension chains. Two types of motion may be distinguished: elasto-gravity modes and 

gravity modes. In a gravity mode the basic motion (first harmonic) is inelastic; however, the second 

harmonic shows internal resonance effects owing to the coupling between gravity and elasticity. The 

results are used to analyse some full scale, model, and numerical experiments, and the results vary from 

good to excellent. 

2. Introduction 

Although the linear theory of vibrating tensed strings is a classic and well established part of theoretical 

mechanics [1], the related theory of a heavy elastic suspended cable is relatively new [2,3]. This is even 

more so for non-linear extensions (4-7]. All these analyses consider a cable with a small sag to span ratio, 

and then apply the observation that the stationary shape of the cable is approximated very well by a 

parabola with a tension constant along the cable. As far as we are aware, no attempt is made in these 

studies to introduce a suitable set of small parameters to develop systematically a consistent asymptotic 

theory for the stationary and instationary cable. The relatively simple linear problem can be tackled 

by these ad hoc approaches, but it is clear that more care should be taken with the more vulnerable 

nonlinear extensions where one is interested in more subtle higher order effects. Indeed, we believe that 

for example the nonlinear theories of [4,5] based on a one term Galerkin approximation are questionable 

as far as the higher order terms are concerned, partly because the equations considered contain terms 

which are asymptotically as large as others ignored, and partly because the shape function assumed have 

only little in common with the shape of the higher order solution. 

In the present report we will derive systematically a consistent asymptotic theory, by introducing the sag 

to span ratio as the small parameter in such a way, that for the stationary problem the well established 

parabolic shape results. Instationary, with amplitudes of the order of the sag, a reduced set of nonlinear 

equations remain: the basic asymptotic problem. The equations are then solved by a perturbation series 

for small amplitudes (yielding a series of harmonics) around the harmonic linear solution (a variant of 

the Lindstedt-Poincare method; ref. [8]). 

The practical motivation to investigate the free vibrations of an elastic cable is the problem of galloping 

overhead transmission lines (ref. [9]). With certain weather conditions, when snow and ice rain adds a. 

profile to the cable cross section and when the wind is right in magnitude and direction, an aero-elastic 

instability may develop resulting into a (more or less) vertical nearly harmonic vibration of the cable, 

driven by the wind. This galloping phenomenon is known for more than 50 years but still not fully 
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understood. (For example, there still seems to be no general agreement about the role of torsion.) The 

main reasoncthis galloping should be prevented is the damage done to the cables and the electricity 

transport facilities in general when two neighbouring cables touch and cause short circuit. 

Model and full scale measurements were performed by PLEM [10] of cable tension variations during gal

loping, with the intention to deduce from the tension the corresponding vertical displacement. However, 

very little appeared to be known in the literature about this relation between tension and displacement. 

Numerical experiments may be of some help in case of a small number of coupled spans ([11]), but this 

becomes very difficult (without further analysis and assumptions) for a larger number of spans, and, 

moreover, the results are very sensitive to the unintentionally generated modes and propagating waves, 

possible in a system with so many degrees of freedom. 

Therefore, we propose here our analytical theory to provide a tool for the above experiments, both 

quantitatively and qualitatively. It is not necessary to include the driving force, since it is relatively 

small, so the generated motion must be practically a free vibration. Furthermore, it is indeed known 

to be nearly harmonic. The geometries considered are the single span with symmetric and asymmetric 

modes, and coupled systems of a (semi-)infinite series of spans, 3 spans, and an even number of spans. 

In addition, for all these configurations several secondary quantities as energy and tension induced to the 

suspension chains are given in detail. 

3. Model: differential equations and boundary conditions 

a. General 

We consider a linearly elastic cable, with negligible bending stiffness and friction effects, of uniform 

undeformed cross-sectional area A, mass per unit length m, and Young's modulus E, and with a length L 

(per span) when the cable is free of tension. We parametrize the position along the cable by the variable 

I E [0, L] (i.e., per span), such that this is just the arc length when the cable is unstretched. The time 

variable is denoted by t. The cable is supposed to move in a vertical plane provided with a Cartesian 

coordinate system orientated such that the gravity vector points into the negative "y" -direction. Hence 

we can denote the cable's position by (x(l, t), y(l, t)), with a corresponding tension F(l, t). 

The span is suspended from either rigid end supports, or inextensible and perfectly. stiff suspem::ion 

strings of negligible mass and length a, allowing the cable end to move along a circle of radius a, and 

thus providing a coupling between neighbouring spans. The supports are separated by a distanceS (span 

size). 

The equations determining x, y and Fare Hooke's law relating stress and strain, together with equations 
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of motion which may be derived from Hamilton's principle [4], via the kinetic energy (per span) 

(3.1) 

and the potential energy (per span) 

(3.2) 

or, more elementary, from equilibrium of internal and external forces on a cable element dl (figure 1): 

82-
(r + ar) cos( 1/J + dt/J) - r cos 1/J = m · dl · 8t~ 

82-
(r + dT) sin( 1/J + dt/J) - r sin 1/J = mg · dl + m · dl · 8t~, 

where 1/J denotes the angle between the tangent and the horizontal, and g the gravity acceleration. With 

Hooke's law, the length of element dl is (1 + rf EA)dl, so 

8x 8-
lif = (1 + r/ EA) cos 1/J, 8~ = (1 + rf EA) sin 1/J. 

The resulting equations are 

8 ( r ax) 82x 
81 1 + r/EA 81 = m 8t2 

8 ( r 8y) 82y 
81 1 + r/ EA 81 = mg + m 8t2 

(ax)2 (8-)2 ( - )2 ()~ + 8~ = 1 + ;A 

(3.3) 

(3.4) 

(3.5) 

The origin of the coordinate system is chosen such that the boundary ( c.q. coupling) conditions are: 

(i) rigids supports 

at I= 0: := 0, ~= 0} 
at I = L : x = S, y = 0 

(3.6) 

(ii) suspension strings (figure 2) 

at 1 = o : x2 + (fi- a)2 = a2 
} 

at I = L : (x- 8)2 + (fi- a)2 = a2 
(3.7) 

and: 

[rcos(t/>- 1/J)]± = 0 

or, equivalently, 

(3.8) 

The brackets [·]± denote the difference between the value of the quantity at the right and the left side of 

the support. t/> is the angle of the suspension string with the vertical. 
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Practically important is the reaction force at the supports. This is the force applied by the support to 

maintain the cable end at its position. At fixed ends this force is just equal to the tension 'f, directed along 

the tangent of the cable. At coupled ends, the force necessary to maintain the cable end at its position 

has two orthogonal components. One, tangential to the circle described by the suspension string, is 

balanced by its counterpart of the neighbouring span (coupling condition (3.8)), and does not give rise to 

a reaction force. The other, however, is directed along the string, and is, together with the corresponding 

component of the neighbouring span, balanced by a reaction force in the string: 

(3.9) 

b. Non dimensional 

Since it will be crucial to distinguish between smaller and larger terms, we turn to non-dimensional 

variables, and introduce: 

x= Lx*, y= Ly*, a= La*, l = Ls, S = LS* 

t = L(m/EA)tt•, 

mgL=EAw. 

Now equations (3.3-5) become 

a [ r* ox*] a2x* 
as 1 + r* as = at•2 

a [ r* ay*] a2y* 
os 1 + r* os = w + at•2 

( a:S*) 2 + ( o%s*) 2 = (1 + r*)2 

The boundary conditions at rigid supports (""' (3.6)): 

at s = 0 : x"' = 0, y* = 0 } 

at s = 1 : x"' = S*, y* = 0 

The coupling conditions (......, (3.7),(3.8)): 

at s = 0: x*2 + (y* - a*)2 = a*2 
} 

at s = 1 : (x* - S*)2 + (y* - a*)2 = a*2 

and 

[ r* (ox* oy* )] 
1 + r* as cos~+ OS sin~ ± = 0 

c. Geometrical configurations and modes of vibration 

{3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

To investigate the major effects of coupling, and compare coupled spans with fixed end spans, we selected 

a number of typical configurations. In a similar way we will consider only certain modes of motion. This 

is not a limitation of our solution, but just a way to further define the problem and find order between 

various types of solution. 
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The geometrical configurations we will consider are depicted in figure 3. In all cases we assume for all 

coupled spans the cable properties to be identical. The first configuration consists of a semi-infinite series 

of spans, starting with a dead end support, and further on all coupled via identical suspension strings. 

This configuration will be called "multispan". Next we consider the finite configuration of an even number 

of spans. Slightly more different is the 3 span configuration, and the configuration which differs most of 

all is the single span. 

Our interest practically is to study the wind-driven motion (galloping) of suspended high-voltage elec

tricity cables. Unfortunately, this appears to be very difficult because, among other things, we know 

very little of the actual aerodynamic processes and parameters involved. However, the wind is only a 

relatively little force, so the resulting motion has to be near a free vibration, of which the analysis, to be 

presented below, is much more feasible. Of course, to select the particular mode we need some additional 

information about amplitude and wave length, and the absolute amplitude cannot be predicted as this 

is the result of a balance between wind power and dissipation of vibrational energy, but we are able to 

support the interpretation of experiments and other observations. It is possible, for example, to relate 

observed tension to displacement, and to analyse physically certain details. 

From observations it is known that the common motion is one with a dominating single (near-) resonance 

frequency. Since the problem is non-linear, this first harmonic will generate higher harmonics. Also the 

wind force may contain higher harmonics, but these are even smaller than the first harmonic and will 

therefore not be considered here too. 

Based on these above considerations and from other experimental observations we will consider modes of 

vibration described by the following criteria: 

- the motion is primarily a linear mode (solution of the linearized equations), together with the higher 

harmonics generated by (only) this mode. A way to portray this criterium is that the system, 

supplied with a little damping, is driven near a resonance frequency by a source which is of very 

small amplitude and which is very slowly switched on. 

- in the configurations with coupled spans, the motion of neighbouring spans is in anti-phase ( .. -up

down-up-... , etc.). In the multispan geometry the motion tends, far from the end section, to a free 

field with all equivalent sections without energy radiated to or incident from infinity. Per section 

the mode is symmetric, without horizontal motion of the midpoint. Two neighbouring spans or 

~:~usyet1sion strings behave the same but in anti-phase, so the motion is periodic over two sections .. In 

the geometry with an even number of spans we assume all basic (i.e., first harmonic) amplitudes to 

be the same in magnitude (but alternating in sign). This yields also a periodicity over two sections, 

but now without symmetry per span since every even suspension string remains stagnant. In fact, 

we obtain just a repetition of 2-span solutions. In the 3-span configuration we cannot assume equal 

amplitudes, but we will require a left/right symmetry. 
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- in the fixed end single span configuration we will consider both the, essentially different, symmetric 

and anti.symmetric modes. 

4. Analysis and reduced problem 

a. Stationary solution 

Although the present non-linear problem is in its general, time dependent form very difficult, without 

exact solutions known, the stationary problem appears to be considerably simpler as it allows exact 

(implicit) solutions. This is quite fortuitous for a rather complex non-linear problem as we have here. 

The solution is found by integrating (3.3) and (3.4) immediately, to yield 

r ox 
1 + r/ EA 81 = H, 

:r aw 
1 + r/ EA 81 = V = mgl + Vo. 

Hand Vo are constants ofintegration; Hand V are the horizontal and vertical components of the tension 

vector, so 7"2 = H 2 + V 2 • After solving for 8xf81 and oy/81 we can further integrate, and find 

H H T'(l) + V 
x = EA + mg In r(O) + Vo' 

(4.1) 

V2
- V0

2 r(l)- r(O) 
y= 2mgEA + mg (4.2) 

where boundary conditions x(O) = y(O) = 0 have been applied. Since y(L) = 0, V 2 must be symmetric, 

so Vo = -~mgL. Finally, we solve x(L) = S, for example for L if His given, to determine the solution. 

At I= tL the tension vector is horizontal, with V 0, so we obtain for the sag 

(1 ) 1 2( 2 1 ) 
D = -y 2L = 8mgL r(O) + H + EA (4.3) 

which we denote non-dimensionally by: 

c:=D/L (4.4) 

This sag will be a very important quantity in the following, since in all overhead transmission line applica

tions e is a natural small parameter, usually in the order of 1/30. Together with another small parameter 

w, being typically of the order e:3 , it forms the basis of the asymptotic theory we will develop. The 

stationary variant of this theory is very popular and well-known: it provides the parabola approximation 

to the cable shape. However, in spite of the popularity of this approximation, an entirely consistent and 

systematic instationary variant does not seem to have been published yet. 

As the stationary problem is essentially dependent on two dimensionless parameters, it is possible to plot 

the solution for any parameter combination in one figure. This is done in figure 4, where contours of 

constant LfS and HfmgS are drawn in a (DfS, mgSfEA)-plane. Note that the line LfS = 1 is tangent 

to the D f S-axis at the origin. 
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b. Fundamental asymptotic problem 

Since "small" and "large" have only a relative meaning, we will turn now to the problem in non

dimensional form, (3.10-15). 

Appropriate to the present application is to consider e - 0 and w = O(e3
), say 

(4.5) 

If we further assume y* = O(e), and that weight is balanced by tensional forces and vertical inertial 

forces, we must haver* = O(e2 ) and t* = tfe, while a balance between vertical and horizontal elongation 

and tension requires x* = s + O(e2), and therefore s• = 1 + O(e2). So we introduce in (3.10-12) 

x* = s+t2X +0(e4
) 

r* = e2T + O(e4
). 

(4.6) 

(4.7) 

(4.8) 

(Also the relative error of O(e2 ) is, of course, an a priori assumption.) We obtain the reduced problem 

a 
-T=O 
OS 

-X+l -Y =T a (a )2 

OS 2 OS 

It is convenient to split these up into a stationary and instationary part: 

Y=Yo+Y 

X= Xo+x 

T=To+r 

with boundary conditions for the stationary part: 

Yo(O) = Yo(1) = 0, Yo(~)= -1, 

Xo(O) = 0, Xo(l) =So, 

where[;* 1 + e2So + O(e4 ). The solution is then the well-known parabolic shape 

To= JJ 

Xo = iJ ~(1 + (2s- 1)3
) 

So= iJ- i 
10 
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(4.10) 

(4.11) 

(4.12) 

( 4.13) 

(4.14) 

(4.15) 

(4.16) 

( 4.17) 

(4.18) 

(4.19) 



The way we have to consider the expression for So depends on which problem parameters are given. If, 

for example, Hand S are given, and L and D unknown, then D follows from To, giving L from So: 

D ~ tmgS2fH 

L ~ S (1 + i4 (mgSfH) 2
- H/EA) 

(4.20) 

(4.21) 

It is not difficult to check that these expressions indeed present the O(s2) approximation to the exact 

solution given in section 4a. 

If we substitute (4.16-19) in (4.9-11) we obtain for the instationary part our fundamental equations: 

OT = 0 
OS 

o2y o2y 
(Jl + T) os2 + 8r = ot2 

ox oy 1 (oy) 2 
os + 4(2s- 1) os + 2 os = T 

The boundary conditions at rigid supports follow readily from (3.13): 

x(O) = x(1) = y(O) = y(1) = 0 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

Some more care is to be taken with the conditions at suspension chains. The usual situation is that 

chain length a is large enough so that~ remains small. Therefore, a*~ = O(c:2 ) as it is of the order of 

magnitude of the a:-variations. If we assume then, specifically, 

a* = O(s) and ~ = O(s) 

we derive from (3.14) and (3.15) the conditions 

y(O) = y(1), [x]± == 0 ( 4.26) 

(r]± = 0 (4.27) 

An immediate consequence from (4.22) with (4.27) is that r is constant ins and the same in all spans. 

This is of course only true for a limited ( ........ 0(1)) number of spans. Sections, separated from each other 

by a number of 0(1/s) of spans will differ because of the accumulated error. 

Another way to look at it is to compare transversal and Icngitudinal ("sound") wave lengths: with typical 

frequencies w"' (EAfm) 112 Df L2 and a transversal wave speed CT = (f/m)112 we have transversal wave 

lengths cT/W'"' ...jjiL = O(L), but since the logitudinal wave speed C£ = (EA/m)112 is much higher, 

the longitudinal wave length C£/W ........ Lfs is much larger. So in the present asymptotic approximation 

with typical length scale L, longitudinal wave phenomena (like tension variations along the cable) travel 

infinitely fast, and we deal only with transversal waves. The larger scale O(Lfc:) of the longitudinal waves 

may be considered as an outer region in a matched asymptotic expansion terminology. 
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c. Instationary problem and series expansion 

The solution we will look for is a nearly harmonic free vibration, or: the natural non-linear extension 

of the harmonic solution of the linearized equation. The obvious way to construct this solution is to 

introduce another small parameter 8, which will act as the amplitude of the linear solution, and then 

build up the solution as a 8-power series. This is known as the Lindstedt-Poincare technique [8]. (To 

avoid a conflict between the e- and 8-asymptotics we assume any relevant power of 8 to be much larger 

than e2). Since we will look for periodic motion, there will be a fundamental frequency w. However, this 

w will also depend on 6, and it is therefore convenient to introduce 

t' = wt 

We now assume 

Y = 6y1 + l?y2 + 83 ya + .. . 

X= OX1 + 82
x2 + 83

xa + .. . 

T = CT1 + 62
T2 + 63

Ta + .. . 

W :::: WQ + CW1 + 82
w2 + .. . 

and introduce the notation 1
:: 8f8s, · :: 8j8t', to give 

II 8 2" 0} PY1 + Tt - WoYl = 

xi+ 4(2s- 1)y~ = Tt 

py~ + 8T2 + Tty'{ - w51i2 - 2woWtYi = 0} 

a:~ + 4(2s - 1 )~ + ~(YD2 = T2 

py~ + 8Ta + T2Y? +TtY~- w51i3- 2wow11i2- (wr + 2wow2)Yi = 0} 

x~ + 4(2s- 1)y~ + y~y~ = Ta 

(etc.) 

with T1> T2, ra, •.• constant ins. For harmonic solutions, we put 

Y1 = Yu sin(t'), x1 x11 sin(t'), T1 = r 11 sin(t'). 

(4.28) 

(4.29) 

(4.30) 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

(4.36) 

This induces, via the non-linear coupling, sub- and super harmonics in the higher order terms. Fur

thermore, it is to be expected, and indeed the case, that w should depend on 82 rather than 8, since a 

frequency shift should not depend on the sign of 6 (really nothing but a phase shift). So we write 

Wl:::: 0 

Y2 = Y20 + Y22 cos(2t') 

Ya = Yat sin(t') + Yaa sin(3t') 

12 
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and similarly for x and r. Substituting (4.36-39) into (4.33-35) and collecting the harmonics yields 

PY?t + Sru + w5Yu = 0 } 

xi 1 + 4(2s- l)y~ 1 = ru 

PY~o + 8r2o + !ruY?1 = 0 } 

x~0 + 4(2s- l)y;0 + t(y~d2 = r:!O 

P~2 + 8r22 - truyfl + 4w5Y22 = 0} 
x~2 + 4(2s- l)y~2 - !(y~ 1 )2 = r22 

PY~1 + 8ra1 + w5Yat + (r2o- tr22)Yf1 + ru(y';o- h~2) + 2woW2Yll = 0} 

x;l + 4(2s- l)y~l + Yt1 (Y;o - tYz2) =rat 

II 8 9 2 1 II 1 It 0} PYaa + Taa + WoYaa + 2r22Y11 + 2r11Y22 = 

X~+ 4(2s- l)yk + tUt1Y;2 = T33 

(4.40) 

(4.41) 

( 4.42) 

( 4.43) 

(4.44) 

The solutions finally selected are determined by the boundary and coupling conditions, and by conditions 

of symmetry which are fairly clear in their context. For example, in the multispan 2-periodic configuration 

we have x(O) = -x(l) and x(!) = 0, giving the tension that derives the end section. 

In the next chapter the solutions per configuration will be worked out in detail. The various configurations 

are grouped together according to a similar behaviour physically, which appear to be different from a 

geometrical ordering with increasing number of span. The multiple span 2-periodic geometry is obviously 

related to the multiple span end via the tension, and happens to be very similar to the configuration with 

an even number of spans. Slightly different is then the 3-span middle and end section, and the 1-span in 

antisymmetric mode, and very much different is finally the 1-span in symmetric mode. 

Solution 

5a. Multiple span, 2-periodic 

A most important observation here, and, in fact, in all the coupled configurations considered here, is 

the fact that to leading order the tension vanishes. The restoring force is primarily gravity rather than 

elasticity, and the waves are to be considered as basically gravity waves. Only in the single span symmetric 

mode elasticity is as important as gravity, and the waves are elasto-gravity waves. 

\Ve apply the conditions of symmetry, and ignore the eigt,1S0lutio~>S o:."the higher order equations which 

are only a multiple of the first order solution, or modes already i~nNed. Then we obtain by standard 

techniques 

r 11 = 0 (5a.l) 

Yll = sin(ks) (5a.2) 
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where k = w0 /..Jii= (2n + 1)11", (n 2:: 0). 

xu= -4(2s -1)sin(ks)- 8cos(ks)/k (5a.3) 

(5a.4) 

(5a.5) 

(5a.6) 

(5a.7) 

l/22 = 2r22(cos(2ks)- 1)/w5 (5a.8) 

x22 = r22s- 8r22(1 + (2s- 1) cos(2ks)- sin(2ks)/k)/w5 + lk2(s + sin(2ks)/2k) (5a.9) 

(5a.l0) 

l/31 = 0 (5a.ll) 

(5a.12) 

r33 = 0 (5a.13) 

(5a.14) 

X33 = -r22(i·k(2s -l)sin(ks) + fcos(ks) + icos(3ks))fpk (5a.15) 

The frequency shift w2 allowing a solution l/31 is 

(5a.16) 

The mode, usually of most interest, is the first, with n = 1. The solution in the neighbouring spans is, 

by symmetry, the same as above but in antiphase, sot':= t' + 1r, or 8 := -8. 

We will not discuss the solution here in detail, but one remark is to be made: when wo = 4 (for example if 

p = l6/1r2 ) the higher order terms become singular by the vanishing denominator 16- w5. This appears 

to occur in all cases when r 11 = 0. This most remarkable breakdown of the approximation may be 

interpreted as a resonance between first and second harmonic. Possibly, the assumption of a dominating 

(single-frequency) first harmonic does not allow a solution near w0 = 4. When w0 is not very far away 

from 4, the second harmonic is easily important, giving the vertical motion of the cable a strong up/down 

asymmetry. This is indeed observed in practice, but the present explanation has never been given. 
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Finally, we note that dimensionally the approximate frequency wo is particularly simple: if wo = 21ff0 , 

then fo == -:};(g/8D)112k, so for the first mode, where k = 1r, we have (if g = 9.80665 m/s2) 

fo = (u/32D)112 ~ 0.5536/VD Hz. 

5.b Multispan end section 

The semi-infinite multispan configuration, as we consider it here, has the conditions of symmetry and 

periodicity of the foregoing solution (paragraph 5a) at infinity which determines the solution entirely 

there. As a result, the tension is determined for all spans, as it is constant in s (in this approximation). 

So this tension drives the motion in the spans which are near the end. The solution for all sections 

is found by solving the coupled problems simultaneouly, with the tension given, and assuming that the 

motion tends to the foregoing "free field" solution as quickly as possible. It appears then that only the end 

section differs considerably from the 2-periodic solution. The other sections differ only in the horizontal 

displacement :I:. This will be further discussed in the next paragraph. The solution of the end section is 

given by 

ru = 0 

Yn = tsin(ks) 

J:u = -2(2s- 1)sin(ks)- 4(cos(ks)- 1)/k 

r2o = !wV(16 + 3fJ) 

Y2o == 4r2o(s- s2)/fJ 

:I:2o = T2os+ ~T'Jo(l +(2s-1)3)/JL- :f2 k2(s+sin(2ks)f2k) 

T22 = ~k2w~/(16- w~) 

Y22 = 2r22(cos(2ks)- 1)/w~ 

x22 = T22s- 8r22(1 + (2s- l)cos(2ks)- sin(2ks)/k)/w~ + :f2 k2(s + sin(2ks)/2k) 

T31 =: 0 

Y3l = 0 

T~=O 

Y33 = i2 T22 sin( ks )/ fJ 

X33 = -tr22(tk(2s- l)sin(ks) + ~cos(ks) + lcos(3ks)- 1ti )/JLk 

w2 == two(2r2o- T22)/fJ· 

Note the factor t in Yll· 
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(5b.l) 

(5b.2) 

(5b.3) 

(5b.4) 

(5b.5) 

(5b.6) 

(5b.7) 

(5b.8) 

(5b.9) 

(5b.l0) 

(5b.ll) 

(5b.12) 

(5b.13) 

(5b.l4) 

(5b.15) 

(5b.l6) 



5c. Other multispan end effects and underlying assumptions. 

If we are only interested in the tension and the vertical displacement of the cable, the previous paragraphs 

are sufficient to describe this all. It is possible to assemble a solution which is for all sections but the first 

the same (apart from the phase shift) in T and y. The horizontal displacement, however, varies along 

the sections and although this variable is not always important practically, it is a fundamental quantity 

since it is intimately related to the produced tension. In fact, it is far from obvious, as we will see, how 

the 2-periodic solution of 5a can be matched to the end section of 5b. Therefore we will study here the 

solution in some more detail. 

The general solution in the i-th section is given by 

ru = 0 

k = (2n+ 1)11' 

xu = B;- 4(2s- 1)A; sin(ks)- BA; cos(ks)/k 

B; = B(A; + 2(Al + A2 + · · · + A;-1))/k 

Y2o = 4r2o(s- s2)/p 

x2o = C; + T2os + ~T2o(1 + (2s- 1)3)/p- kk2 Ai(s + sin(2ks)/2k) 

C, = (i- 1)r2o(1 + 16/3p)- ~k2 (A~ + · · · + Al-d 

(5c.1) 

(5c.2) 

(5c.3) 

(5c.4) 

(5c.5) 

Y22 = 2r22(cos(2ks)- 1)/w5 (5c.6) 

x22 = D; + r22s- 8r22 (1 + (2s- 1) cos(2ks)- sin(2ks)lk) fw~ + kk2 Al(s + sin(2ks)/2k) (5c.7) 

D, = -(i 1)r22(16/w5- I)+ kk2(A~ +···+ALl) 

ra1 = 0 

Yat = 0 

xa1 = E; + A;(4kr2o(2s- 1) sin(ks) + (8r2o + r22) cos(ks) + ir22 cos(3ks)) I pk 

E; = -B;(r2o + kr22)/p 

Yaa = 1
1
6 r22A1 sin( ks) I p 

xaa = F,- T22A1(tk(2s -l)sin(ks) + icos(ks) + !cos(3ks))lpk 
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(5c.9) 

(5c.l0) 

(5c.ll) 

(5c.12) 

(5c.l3) 

(5c.I4) 



Now the sought solution for i ---+ oo (i.e., that of 5a) has: A; = ( -1 ); , B; = 0, C; = 0, and D; = 0 with 

r:m = ~w5/(16+3p) and r22 = ~Pw6/(16-w5). Ifwejust adopt these r2o and r22, and choose 

(i ~ 2) 

we have indeed the solution of paragraph 5b fori= 1, and with B; = 0 if i ~ 2, but 

will never become zero. The average position of the chain of spans that results is shifted in positive 

direction. Maybe not impossible, this is obviously not the type of solution we like to consider. Therefore, 

we have to introduce, instead, a more subtle limit. 

Assume the number of sections finite, say N. Then from the end condition at the N-th span, we have: 

while 

with 

If N is odd, we may choose 

T2o = ~wZA2 /(16 + 31') 

r22 = ~k2w5A2 /(16- w5) 

(2:::; i:::; N- 1) 

(5c.l5) 

(5c.16) 

(5c.l7) 

and r2o and r22 tend to the required values if N ---+ oo. If at the same time i is selected from the middle 

region, so i = tN + 0(1), then C;---+ 0 and D;---+ 0 with i---+ oo, and we have indeed obtained a match 

between the multispan end section and 2-periodic solution. 

The above solution, introduced here to give a sound footing to the infinite and semi-infinite configurations, 

is in fact the general solution for N spans (apart from eigensolutions sin(2ks) of Y22. sin(ks) of Ya1 and 

sin(3ks) of Y33), so we will refer to this solution in the next paragraphs on the geometries with an even 

number of spans, and 3 spans. 

5d. Even number of spans. 

In the previous paragraph we saw that a multitude of solutions is possible in N spans, even if we exclude 

the eigensolutions of Y22s ya1 and Y33· The only condition to be met is that the primary amplitudes (A; 

of Yll) sum up to zero. To bring more order into these solutions we have added conditions of symmetry. 

A particularly regular solution is now found if N is even. Then we can select A; = ( -1 )i, making r. and 

Y equivalent to the multispan values, independent of N. Furthermore, every even suspension string is 

stationary, so this solution is just a repetition of 2-span solutions. 
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Although the expressions for r and y are the same as in the multispan 2-periodic solution, we give, for 

reference, the complete solution here. 

r 11 = 0 

Yll = sin(ks), k = (2n+ l)1r 

zu = -4(2s- l)sin(ks)- 8(cos(ks)- 1)/k 

r:lO = ~wV(16 + 3JL) 

Y2o = 4r2o(s- s2 )/JL 

Y22 = 2r22(eos(2ks)- 1)/w5 

z22 = r22s- 8r22(l + (2s- 1) cos(2ks)- sin(2ks)/k) fw6 + ~k2 (s + sin(2ks )/2k) 

Tat= 0 

Yat = 0 

raa = 0 

Xaa -T22(tk(2s -l)sin(ks) + ~cos(ks) + icos(3ks)- 1i )/JLk 

(5d.l) 

(5d.2) 

(5d.3) 

(5d.4) 

(5d.5) 

(5d.6) 

(5d.7) 

(5d.8) 

(5d.9) 

(5d.l0) 

(5d.ll) 

(5d.12) 

(5d.l3) 

(5d.14) 

(5d.15) 

(5d.16) 

The present solution has x(O) = 0, so a neighbouring solution must have z(l) = 0. This solution is 

obtained by the transformations: Yll := -yu, xu(s) := xu(l- s), x2o(s) := -x2o(l- s), x22(s) := 

-x22(l- s), Yaa := -Yaa, Xat(s) := Zat(l- s), and xaa(s) := xaa(l- s). 

5e. 3-span middle section. 

As we have seen in paragraph 5c, it is apparently not possible with an odd number of spans to generate 

a solution of the present type (up/down etc., k = (2n + 1)1r) independent of the number of spans N. 

Although a solution for any N can be built up if we use the theory of paragraph 5c, we will do this here 

explicitly for N = 3, a relevant case in practice. Apart from the 1-span geometries, to be treated later, 

this configuration differs most from the cases studied before. 
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We start with the description of the middle section. 

ru = 0 (5e.l) 

Yu = sin(ks), k=(2n+l):7r (5e.2) 

xu= -4(2s -l)sin(ks)- Bcos(ks)/k (5e.3) 

(5e.4) 

(5e.5) 

(5e.6) 

(5e.7) 

Y22 = 2r22(cos(2ks)- 1)/w5 (5e.8) 

(5e.9) 

r31 = 0 (5e.l0) 

Y31 = 0 (5e.ll) 

(5e.l2) 

T33 = 0 (5e.l3) 

(5e.l4) 

Z33:::: -r22(tk(2s -l)sin{ks) + ~cos(ks) + ~cos(3ks))Jpk (5e.15) 

(5e.16) 

The dominating effect is that for the same verl.ical displacement amplitude of this middle section the 

tension is about half that of a multispan. So, results of 3-span experiments intended to simulate the 

infinite configuration should be very carefully interpreted. As we will see in the next paragraph, the 3-

span end sections have a vertical displacement of half that of the middle section (to leading order) with, 

of course, the same tension; so the surprising result is that with respect to the displacement/tension 

relation the 3-span end sections are more representative for the infinite situation than the middle section. 

19 



5d. 3-span end section. 

The solutiorr,for the end section, corresponding to the previous one for the middle section, is qua form 

not unlike the solution for the multispan end section of paragraph 5b. The leading order terms Yn and 

x 11 are exactly the same. The main difference is the factor t in the tension and related quantities. 

r 11 = 0 

Yu = tsin(ks), k=(2n+l)1r 

xn = -2(2s- 1)sin(ks)- 4(cos(ks)- 1)/k 

r2o = 1~w5/(16 + 3tt) 

Y2o = 4r2o(s- s2)/Jt 

X2o = r2os + ir2o(1 + (2s- 1)3
)/ Jt- 3

1
2k2(s + sin(2ks)/2k) 

r22 = l6 k
2w5/(16- w5) 

Y22 = 2r22(cos(2ks)- l)fw5 

X22 = T22s- 8r22(l + (2s -1)cos(2ks)- sin(2ks)/k)/w5 + :J2 k2
(s + sin(2ks)/2k) 

ra1 = 0 

Yal = 0 

xa1 = t(4kr2o(2s -1)sin(ks) + (8r2o + r22)cos(ks) + ir22 cos(3ks)- 8r2o- ir22)/ttk 

1"33 = 0 

Yaa = :J2r22sin(ks)/tt 

Xaa = !r22Uk(2s-l)sin(ks) + icos(ks) + icos(3ks)- 1J}/ttk 

w2 = !wo(2r2o - T22)/ Jt. 

5g. 1-span asymmetric 

(5£.1) 

(5f.2) 

(5f.3) 

(5f.4) 

(5£.5) 

(5£.6) 

(5f.7) 

(5£.8) 

(5f.9) 

(5f.10) 

(5f.ll) 

(5£.12) 

(5£.13) 

(5£.14) 

(5£.15) 

(5f.16) 

The asymmetric modes of a single span (the first mode is known as: 2-loop galloping) are gravity waves 

(to leading order no tension), which are reported to be more easily excited than symmetric (elastic) 

modes. This is probably due to the fact that the energy of the vibration is stored in motion (kinetic 

energy) rather than elastic tension, so that the coupling with the wind, which is primarily via the relative 

air motion along the cable, is better. 

These asymmetric modes are surprisingly similar to the periodic modes of an even number of coupled 

spans, as given in paragraph 5d. The only difference is the wave number k. Instead of an odd it is now 

an even multiple of 1r: 

k = wo/Vii = 2n1r, (n ~ 1). (5g.l) 

The other expressions (y11 , x 11 , ••• etc.) are exactly the same as in the even-span problem of 5d, and will 

therefore not be repeated here. 
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5h. 1-span symmetric 

The problem, considered most in the literature, is that of symmetric modes of a single span. Therefore, we 

will include it here too. The configuration is, however, both physically and mathematically considerably 

different from the other problems discussed up to now. The way the spectrum of harmonics emerges in 

the 6-expansion is similar, but otherwise the eigenvalue equation (determining k) is very different, as well 

as the fact that the inertial forces are balanced by both gravity and elasticity rather than gravity only. 

To reduce the complexity of the formula's a little bit, it is convenient to introduce the notations 

f = rfp,, and z = s-! 

where T stands for any r11 ,r20 , etc .. The solution up to third order is then found to be 

Yu = cos(kz)- cos(!k) 

where k = wo/ VJi is a solution of the equation 

zu = fup,z + 8 (sin(kz)- kz cos(kz)) /k 

Y2o = -!fu(cos(kz)- cos(!k))- f2o(4z 2 - 1) 

z2o = f2oP,z + S:f2oz3
- !kcos(!k)(sin(kz)- kzcos(kz)) + 116 k(sin(2kz)- 2kz) 

f2o = ~k2 (3sin{k)/k- 2 cos(k)- 1)/(16 + 3p,) 

Y22 = 2( f22 + ~f[1 )( cos(2kz) - cos( k)) / k2 cos( k) - ~fu (cos( kz) - cos( !k)) 

Z22 =f22P,Z- ifu(sin{kz)- kzcos(kz))/k -l6 k(sin(2kz) -2kz) 

+ 8(f22 + ~ff1)(sin(2kz)- 2kz cos(2kz))fk3 cos(k) 

.f22 = hk3 (5sin(k)- ?,tan(k)- 3k)f(w~- 16 + 16tan(k)/k) 

Yal =!k( 1
5
2fl1 - f2o + !f22 + 2w2/wo)(!sin{!k) cos(kz)- zsin(kz)cos(!k))/ cos(!k) 

+ (fal/fu- f2o- ~f22 ~ff1 - 2w:dwo)(cos(kz)- cos(!k)) 

+ iru(f22 + j-f[t)(cos(2kz)- cos(k))/k2 cos(k) 
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(5h.1) 

(5h.2) 

{5h.3) 

(5h.4) 

(5h.5) 

(5h.6) 

(5h.7) 

(5h.8) 

(5h.9) 

(5h.l0) 

(5h.ll) 



Xat =falJJ.Z + 4 [2+al/fu- 3f2o- ~f22- ~~f[1 - 6w2/wo 

+ ~ktan(!k)U'2 f{1 - f2o + !f22 + 2w2/wo)}(sin(kz)- kzcos(kz))/k 

+ 1: fu ( f22 + frf.)(sin(2kz)- 2kz cos(2kz))/ka cos(k) 

+ 4k{ 1
5
2 f[1 - f2o + !+22 + 2w2fwo)z2 sin(kz) 

- ~fnk(sin(2kz)- 2kz) + (f22 + frf1)(sin(kz)- ~sin(3kz))/kcos(k) 

fat= 0 

Y33 =!fu(f22- ~f[1 )(cos(kz)- eos(!k))/k2cos(!k) 

+ tfu(f22 + !-rf1)(cos(2kz)- cos(k))/k2 eos(k) 

+ (~f33- i~fn f22- io ft1)(eos(3kz)- cos(~k))fk2 cos(~k) 

xaa =faaJ-lZ + 4fu ( f22- ~fft)(sin(kz)- kz cos(kz))/k3 cos( !k) 

+ ~fu(f22 + irf1){sin(2kz)- 2kzcos(2kz))fk3 cos(k) 

- 4~fnk(sin(2kz)- 2kz)- (f22 + ~rft)(sin(kz)- ~sin(3kz))/keos(k) 

+ ~(~f33- i~fn f22- io fr1)(sin(3kz)- 3kz cos(3kz))/ka cos(~k) 

f33 = 1~0 fu [6+22(13 tan(ik) + 8 tan(k)- 55 tan( !k)) 

+ f{1 (27tan(~k) + 32tan(k)- 85tan(!k)- 30k/ cos2(!k))] 

/(tan(~k)- ~k(l- itw5)) 

(5h.12) 

(5h.l3) 

(5h.l4) 

(5h.l5) 

(5h.l6) 

The boundary condition xa1 = 0 at z = ! determines w2 , but fa1 remains unspecified as it is multiplied 

by a vanishing factor. We selected for convenience fa1 = 0. The value of W2 that resulted is 

w2 =fwofu cos(!k) [C5f22 + l8f2o + 1if[1)(2tan(!k)- k) 

- (3f22- 6f2o + 5f{t)ktan2(!k) + 4(f22 + fr[1)(tan(!k) tan(k) + !k)] 

/ka(2 + cos(k)- 3 sin(k)/k)) (5h.l7) 

6. Induced tension in suspension chain 

A quantity of practical interest is the reaction force Fu (eq.(3.9)) in the suspension chain (that is, in the 

configurations other than the single span). Introducing the dimensionless quantities of paragraph 3b, we 

have 

[ 
r'" (ax• ay* )] 

F •• = EA l +r* as sin<fo- as cos<fo ±. 
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With the asymptotic approximations of paragraph 4b this is with a relative error O(c:2) 

3 [8Y] Fu = -EAc: T 8s ± + · · · 

= EAc:3 8p. + EAc:3 (8r- (p. + r)[y']±) + · · · (6.1) 

The stationary part is just mgL, the weight of the cable. The more interesting instationary part is 

(scaled) 

fu = 8r- (p. + r)[y']± + · · · (6.2) 

We can apply the c5-expansion to obtain: 

f,. = -p.c[y~ 1 ]± sin(t') + 62(8r22 - p.[y;2]±) cos(2t') 

- 63 
( ( r2o- tr22)[y~d± sin(t') + ( tr22[Y;d± + p.[yk]±) sin(3t')) + O(c54

) (6.3) 

An important conclusion that can be drawn immediately, is that for configurations with antisymmetric 

first harmonics of neighbouring sections, like the multispan 2-periodic and the even numbered spans, the 

first harmonic of fu is absent, since [yitJ± = 0. Only between first and second section of multispan 

and 3-span, we have non-zero [Yid± = !ksin(!k) = ±!k, and we observe a reaction force with a first 

harmonic due to geometrical asymmetry and only the result of inertia rather than cable tension. 

For the various configurations the above expression becomes: 

- multispan 2-periodic, even number of spans 

- multispan between first and second section, 3-span 

fu =- tckp. sin(tk) sin(t') + 862r22 cos(2t') 

- tkc3 sin( t k) ( ( r2o - tr22) sin( t') + t6 r22 sin( 3t')) + 0( 64
) 

(6.4) 

(6.5) 

Note that as the tension in multispan is double the tension in 3-span, the tension-independent first 

harmonic will dominate most in 3-span. 

7. Energy 

A quantity of fundamental interest is the total energy per span due to the vibration. For example, 

if the amount of damping from internal and external friction is given, we know the power input from 

the (aerodynamic) source necessary to maintain the motion, and we can estimate realistic amplitudes. 

However, for the moment we will not further exploit this here, but restrict ourselves to derive, for future 

reference, the various expressions for the energy in the configurations considered. 
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The energy consists of three natural components: kinetic energy, gravitational potential energy, and 

internal (potential) energy due to elasticity (see equations (3.1) and (3.2)). Since we ignored friction, the 

sum of these three is constant, although not necessarily per span, as the energy may be transferred to 

and from neighbouring spans. Therefore, we will consider the energy per span averaged in time. 

The three energy components are in non-dimensional coordinates: 

&pot = mgL211 

[y* - Y;tatl ds 

Eint = ~EAL 11 

[r*2
- r;t!t] ds 

(7.1) 

(7.2) 

(7.3) 

where the index" stat" denotes the stationary value. With the order of magnitude estimates of( 4.6-8) we 

find that E = O(mgL2e). Therefore, we introduce the sealed energy E (where E stands for any energy 

component) by 

and obtain in the present e-approximation 

Epot = 11 

y ds + O(e2
) 

Eint = ~T + 1
1
6 r

2 
/ p. + O(e2

) 

Using the 6-expansion, we have the time-averaged formulation 

- 2 t 4 
Epot = 6 Jo Y20 ds + 0(6 ) 

Eint = 62(~r2o + i2 rltfp.) + 0(64
) 

Per specific configuration the total energv is (to 0(64 )) 

- multispan 2-periodic, multispan other sections than the first, even number of spans 

- multispan end section 

E _ 1 c2k2 
tot- 32 u 

E - ..JL.::2k2 
tot- 256u 
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(7.5) 

(7.6) 

(7.7) 

(7.8) 

(7.9) 

(7.10) 

.(7.11) 

(7.12) 



- 3-span middle section 

(7 .13) 

- 3-span end section 
- 3 2 2 Etot = 2566 k (7.14) 

- 1-span asymmetric 

(7.15) 

- 1-span symmetric 

E - 1 .:2k2(. 2(1k) 3 2 2(1k)) tot- 32u sm 2 + 64 w0 cos 2 (7.16) 

8. Examples and comparison with physical and numerical experiments 

To evaluate the present theory and to produce graphical representations, a computer programme was 

written of which we will present results here. In all examples the cable vibrates in its first mode. It 

should be noted that in practice cable properties are temperature dependent, whereas the relevant weight 

here is including the adhering ice and snow. Furthermore, suspension string tension is often given for a 

bundle rather than a single conductor as we assume here. 

The first series, presented in figures (5a-f), (6a-f), and tables (la-f) is based on the Koningsbosch test 

line, as described in [12]. The figures 5 show typical time histories of the cable midpoint, the figures 6 

relate tension and vertical amplitude, while in table 1 we have the same hut in numbers. The parameters 

of the geometry are: 

giving 

S=325m 

H = 13843 N 

D = 10.24m 

t = 0.0314 

m = 1.094 kg/m 

g = 9.80665 m/s2 

L = 325.65m 

Jl = 0.6515 

A= 280mm2 

E = 77000 N/mm2 

Vo = 1747N 

(The values given in [12] a!'-e: weight without ice mg 9.7 N/m and H = 12650 N. This deter-mines L. 

Furthermore, the accretion vf ice gives an increase of cable weight by 10.61%, from which the present 

values follow). Figure 5a shows tension variations dT in the suspension chain, with the corresponding 

vertical deflection dY of the cable at s = f· The choice 6 = 0.38 ensures a tension amplitude of about 

625 N, the measured value as reported in [12] (see table· la). This results into a deflection between 

-2.79 m and 4.92 m, a total amplitude of 7.71 m. As is readily clear from symmetry arguments, the 

tension varies symmetrically with a frequency twice the basic frequency of dY. Note that here w0 = 2.53 is 

smaller than 4, resulting into an asymmetry of dY upwards (a ratio of about 4:7) which is moderate since 
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wo is not close to 4; furthermore, the extremes of dY correspond to the minima of d:T. This asymmetry 

of dY is the result of the first harmonic modified by the second. The first harmonic is entirely due to the 

geometry (gravity wave), whereas the second harmonic is practically only related to the elastic tension 

variation (elastic wave; note the square root behaviour of dY(dT) near the origin in figure 6a). Therefore, 

the asymmetry of dY is further accentuated in the end section (figure 5b), because the first harmonic 

amplitude is half the free field value and the second harmonic is the same. 

A similar difference is shown by figure 5c and 5d for the 3-span configuration. However, the asymmetry of 

the first harmonic of middle and end section induces now a first harmonic variation of the chain tension. 

This first harmonic is entirely of geometrical origin, and has nothing to do with the cable tension itself, 

shown in figure 5d. (Note the absence of a square root behaviour of dY(dT) in figure 6c). 

Finally, we have the 1-span geometry in figure 5e and 5f. Since in the asymmetric mode (fig. 5e) the 

frequency is now twice that of the foregoing coupled configurations, also w0 = 5.05 is larger than 4, and 

therefore the asymmetry of dY (at s = t) is now downward, with the extremes of dY coinciding with 

the maxima of d:T. From figures 5f and 6f it is clear that the symmetric mode is really of another type: 

deflection and tension balance each other so they have the same frequency, and nonlinearities (i.e., higher 

harmonics) are less important. 

The next series displayed in tables (2a-c) and figures (7a-c) and (8a-c) is based on a Belgian test line, 

described in (13], with 

where 

S =361m 

H 35075 N 

D = 7.69m 

c = 0.0213 

m = 1.69 kg/m 

g = 9.80665 m/s2 

L = 361.089 m 

J1. = 2.121 

A= 620 mm2 

E = 58800 N/mm2 

Vo = 2992 N 

The original configuration was a single span in its first symmetric mode. Apart from this case we will 

also consider here the multispan 2-periodic mode, and compare both with numerical, finite element, 

experiments. These numerical results are obtained by releasing, in a finite element model, the cable from 

an almost horizontal, tensionless position, and tracing its motion as it gradually dies away by some small 

added damping. In case of the multispan quite a lot trial and error was necessary to manage the cable 

to get into the 2-periodic mode. This appeared to be rather difficult, owing to the variety of possible 

propagating and standing waves. 

In table 2a we have the extreme values of dT and dY occurring for the single span. We see that the 

measured dT between -14710 N and 12258 N corresponds to deflection amplitudes of about 1.75 m and 

-1.25 m, so a total amplitude of 3.0 m. The frequency of 0.36 Hz is in very good agreement with the 
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measured value. Figure 7 a shows a typical time history, very similar to the (nearly harmonic) fluctuations 

of figure Sa, obtained numerically. Furthermore, in figure Sa is plotted by the dotted lines the amplitudes 

corresponding to the numerically found tensions as predicted by our analysis. We see an almost perfect 

agreement, even for large amplitudes. 

A similar series is given by table 2b and figures 7b and 8b for the multispan, 2-periodic geometry with 

tension variation in the suspension chain, and in table 2c and figures 7c and 8c with the tension ofthe 

cable. Since the stationary tension H is relatively high, we have now w0 = 4.57 larger than 4, and the 

asymmetry in dY is downwards. (In practice this is rather unusual). This is clearly confirmed by the 

finite element results of figures 8b,c. Another point of interest is the very neat and nearly harmonic 

behaviour of both tensions in the numerical experiment (fig. 8b,c), in contrast to the rather irregular 

behaviour of the deflection dY. Apparently, the tensionless (gravitational) first harmonic modes are 

difficult to eliminate and contaminate this type of experiment easily. This is probably the reason that the 

amplitudes, predicted by the analytical theory from the numerically obtained tension (figure 8b,c), do 

not match the actual amplitudes as accurately as in the 1-span case. Nevertheless, the nearly harmonic 

tension confirmes the validity of the present analytical approach based on a limited sum of harmonic 

components. 

Finally, we will consider a comparison with two (scaled) model experiments, performed by P.H. Leppers at 

PLEM [10]. These experiments concerned a 3- and a 4-span configuration, with the second span excited 

by a harmonically varying electromagnetic force. This force was tuned into the resonance frequency of 

the lowest up/down etc. mode, and then the amplitude was chosen such that the total deflection was 

just equal to the stationary sag. In both cases the material of the cable was the same: 

m = 0.01325 kg/m A= 1.5mm2 

but the configuration of the 3-span was 

S=6m 

€ = 0.0331 

and of the 4-span 

S=15m 

€ = 0.0347 

H = 2.942N 

Jt = 0.0164 

H=7N 

Jt = 0.0353 

E = 110000 Nfmm2 

D = 0.199m 

D = 0.523 m 

The values of € = D f L are typical of transmission cables, and we see that both models are geometrically 

correctly scaled. However, the relative elasticity Jt was very difficult to scale. The density m/A had to 

increase, or the Young's modulus E had to decrease such that mL/ EA remained constant. But since no 

other material was used, the values obtained for Jt are small, instead of order 1. This implies that the 
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models are rather stiff, and the results may be biased towards the gravitational effects without displaying 

correctly the role of elasticity. Furthermore, in our analysis we assumed p. = 0(1), so it is not impossible 

that we leave with these examples the applicable parameter range of our theory. Fortunately, however, 

we will see that this appears to be not the case. 

Typical examples of tension measurements both in suspension chain (Ts) and in cable ('It) were kindly 

provided by P.H. Leppers; they are presented here in figure 9a (3-span) and figure lOa (4-span). The 

corresponding results of our theory are given by figures 9b and 9c of the 3-span, and figures lOb and 

lOc of the 4-span. In general, the agreement between theory and experiment is remarkable. For 3-

span, the tension fluctuations of chain 3 between -0.14 N and 0.08 N is reproduced with 6 = 0.52 

( -0.154 ::=; dT ::=; 0.094), resulting into a total amplitude of 0.206 m ( -0.088 ::=; dY ::=; 0.118), indeed equal 

to the sag D. Also the shape of the time history, with the second harmonic just tout of phase (figure 

9b), is correctly reproduced, as well as the frequency. Although the predicted cable tension (figure 9c) is 

slightly less than measured, it is still the right order of magnitude. Further differences may very well be 

due to experimental imperfections, the presence of which may, for example, be seen from chain tension 4 

(figure 9a), which should by symmetry be equal to number 3. 

For the 4-span configuration, the chain tension fluctuations between (about) -0.43 N and 0.43 N are 

obtained theoretically with li = 0.53, and then indeed yielding a total deflection of 0.54 m ( -0.19 :5 

dY :::; 0.35). The measured frequency of 0.8 Hz is in good agreement with the predicted 0.75 Hz. 

Similarly, the predicted cable tension between -1.08 N and 1.98 N (figure lOc) is in agreement with the 

measurements. In general, however, it is clear that a detailed comparison is difficult since the 4-span 

measurements show quite a lot scatter. This is an obvious result of the fact that the system has many 

degrees of freedom, and that it is driven asymmetrically. 

9. Conclusions 

A nonlinear, asymptotic theory is developed to describe the nearly harmonic free in-plane vibrations 

of single and coupled spans of elastic suspended cables. The approximation adopted to obtain the 

fundamental equation is based on the transversal wave length being of the order of the span, and on two 

small parameters: the ratio of the sag to the span, and the ratio of the span to the longitudinal (sound) 

wave length. Consistent with practice both are taken to be of the same order of magnitude. The resulting 

equation is solved by a three term Lindstedt-Poincare series expansion. 

Two types of vibrations can be distinguished: symmetric single span elasto-gravity modes where elasdcity 

and gravitational effects are equally important, and antisymmetric gravity modes where gravity is the 

primary restoring force and elasticity presents itself as a higher order effect via higher harmonics. As a 

result, the basic frequency of the tension is twice that of the vertical deflection. In the configurations 
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considered, the gravity mode is the most important one. It appears that the entirely gravitational first 

harmonic acts via a quadratic nonlinearity as a driving force to the second harmonic, and may be in 

resonance with it (then the solution breaks down), or below or above resonance with the solution +1r or 

-11" out of phase. The usual situation in the practice of overhead transmission lines is below resonance. 

Then the sum of first and second harmonic produces a cable motion asymmetric upwards, which can 

easily be quite pronounced if the configuration is near enough resonance. If the first harmonic is above 

resonance (not unusual for two loops galloping) the asymmetry is downwards. Note that this asymmetry 

due to internal resonance effects is completely different, both in amplitude and in character, from the 

slight and always upward asymmetry of a single span one loop mode, which is due to the hardening and 

softening of the equivalent spring stiffness. 

A large number of coupled spans (multispan configuration), starting at some end section, behave all the 

same in tension and vertical displacement, except for the end section. Something similar is also the case 

with 3 spans: the end sections are different from the middle section, but this is not the case with an even 

number of spans. Here all spans behave the same (apart from symmetry), and are only slightly different 

(only in the horizontal motion) from the 2-periodic multispan configuration. Furthermore, the motion is 

just a chain of equal 2-span modes. 

The multispan and 3-span end effect is basically the first harmonic amplitude being half of that of the 

other spans. An important consequence is that the tension of the suspension chain, induced by the 

motion, and in the symmetric case only dependent of the even harmonics of the cable tension, now has 

an important first harmonic component. 

Apart from qualitative insight into the dynamics of vibrating elastic cables, an important application of 

the present analysis is to provide a tool to relate quantitatively measured tension to the corresponding 

vertical deflection of galloping overhead transmission lines. This galloping, produced by an aero-elastic 

instability, is maintained by aerodynamic lift forces from air flowing along ice profiles at the cable, 

probably coupled with cable torsion (see Appendix). In the present context nothing is known about this 

driving force, but since it is only weak, we may assume that the motion is almost a free vibration, and 

nearly harmonic. This allows us to analyse the problem of the relation between tension and displacement. 

Numerical. and physical experiments have shown that our assumptions are valid, and that the present 

a.'1al:,rsis ir.deed provides an accurate relation between tension and deflection if the vibration. is not too 

much con~aminated by other modes. 
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Appendix. A relation for maximum amplitude based on similarity arguments 

In the above analysis we have only considered free vibrations without any implication to the actual 

amplitude occurring with galloping. However, if we make a few simple assumptions about this galloping 

proces it is possible to derive a relation, based on similarity arguments, for the amplitude occurring with 

the same cable as a function of span and sag in a coupled configuration. Since it is outside the scope of 

the rest of the report, we will present this relation here. 

First, we assume that the angle of incidence of the ice profile at the cable is optimal at any time, so the 

torsional frequency h is equal to the vertical frequency f'IJ: 

so D/L2 is constant, and hence His constant (eq. (4.20)). 

Furthermore, if we describe the vertical position as 

y =Yo+ Asin(f'IJt) 

then the vertical velocity is 

iJ = AftJ cos(fvt). 

If we now, secondly, assume that the optimal situation is obtained by locally the same conditions with 

the same incident wind speed, then the vertical velocity must be constant, so 

provided H is constant. The factor relating A and ../J5 is of course to be determined otherwise. 
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Figure 1. Equilibrium of forces on cable element dl 
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Figure 2. Coupling by suspension string 
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figure Ja Multi span 
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figure 3c. 3- span 

figure 3d. 1-span asymmetric 

figure 3e 1- span symmetric 
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9 
dY·dl : MUltispan, 2-pePiodic (dl in chain) ~ 
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Fig. 6a 

~--------~----~ 
dY-dT : MUltispan, end section 
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-------------
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9 
dY-dT : 3 span, Middle section (d! in chain) 

-----_____ ...--------

/ 
dY~------------------~------------------~ 

-9~------------------~------------------~ 
Fig. 6c 

5 
dY-dt : 3 span, end section 

dY~----------------------------------~------------------------~ 

-5~.-----------------~----------------~~ 
Fig. 6d 
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3 
dY-dT : 1 span, 2-loop (at x:~) 

dY~---------------------~----------------------------------~ 

Fig. 6e 

3 
dY·dT : 1 span, 1-loop 

Fig. 6f 
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multi span, 2-peric•dic <dT i 1'"1 chain) 

0 dT dY ft'q En 

0.0600 15.887 15.887 -0.5889 0.6420 o. 1725 39.80 
0.0900 -35.745 35.745 -0.8631 0.9826 o. 1724 89.56 
O.i200 -63.546 63.546 -1. 1236 1.3361 0.1721 159.21 
o. 1500 -99.291 99.291 -1.3703 1. 7023 0.1718 248.76 
0. 1800 -142.980 142.980 -1.6030 2.0812 0.1715 358.22 
0.2100 -194.611 194.611 -1.8217 2.4726 0.1710 487.58 
0.2400 -254.186 254. 186 -2.0262 2.8763 o. 1705 636.84 
0. 27(H) -321.704 321.704 -2.2163 3.2923 o. 1700 806.00 
0.3000 -397.166 397.166 -2.3920 3.7203 o. 1693 995.06 
0.3300 -480.570 480.570 -2.5531 4.1604 o. 1686 1204.02 
0.3600 -571.918 571.918 -2.6994 4.6122 o. 1679 1432.88 
0.3900 -671.210 671.210 -2.8309 5.0758 0.1671 1681.65 
0.4200 -778.444 778.444 -2.9474 5.5510 o. 1662 1950.31 
0.4500 -893.623 893.623 -3.0569 6.0375 o. 1652 2238.88 
0.4800 -1016.744 1016.744 -3. 1737 6.5354 0.1642 2547.35 
0.5100 1147.808 1147.808 -3.2982 7.0445 o. 1631 2875.72 
0.5400 -1286.816 1286.816 -3.4305 7.5647 o. 1619 3223.99 
0.5700 -1433.768 1433.768 -3.5706 8.0957 o. 1607 3592. 16 
0.6000 -1588.662 1588.662 -3.7184 8.6375 o. 1594 3980.23 

Table 1 a 

m•.1lt ispar,, end sect ior. 

6 dT dY frq Er, 

0.0600 -52.753 73.303 -0.2812 0.3343 o. 1725 24.88 
0.(1900 -118.695 1E.4. 931 -:-0.4016 0.5212 0.1724 55.97 
0.1200 -211.013 293.210 -0.5086 0.7212 0.1721 99.51 
0.1500 -329.708 458.141 -0.6021 0.9342 0.1718 155.48 
0. 1800 -474.779 659.723 -0.6820 1.1602 o. 1715 223.89 
0.2100 -646.227 897.956 -0.7481 1. 3990 0.1710 304.74 
0.2400 -844.052 1172.841 -0.8009 1.6507 o. 1705 398.02 
0.2700 -1068.253 1484.376 -0.8534 1.9151 0.1700 503.75 
0.3000 -1318.831 1832.563 -0.9121 2.1923 o. 1693 621.91 
0.3300 -1595.786 2217.402 -0.9770 2.4820 0.1686 752.51 
0.3600 -1899.117 2638.891 -1.0481 2.7843 o. 1679 895.55 
0.3900 -2228.825 3097.032 -1. 1255 3.0991 o. 1671 1051. 03 
0.4200 -2584.910 3591.824 -1.2090 3.4264 0. 1662 1218. '::15 
0. 45(H) -2967.371 4123.268 -1.2988 3.7660 (1. 1652 1399.30 
0.4800 -3376.209 4691.352 -1.3948 4.1179 0. 1642 1592.09 
0.5100 -3811.423 5296. 108 -1.4971 4.4820 0. 1631 1797.32 
0.5400 -4C."73. 014 5337.505 -1.6056 4.8583 o. 1619 2014.99 
0.5700 -4 ·u;o •. 982 £515.554 -1.7204 5.2467 0. 1607 2245. 10 
0.6000 -5275.326 733(>. 254 -1. 8414 5.6471 o. 1594 2487.65 

Table 1 b 
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3 spar., middle sect ic•n <dT in chain) 

6 dT dY fr•q En 

0.0600 -48.937 33.051 -0.6022 0.6288 o. 1726 29.85 
0.0900 -79.206 44.348 -0.8932 0.9530 0.1725 67. 17 
0.1200 -113.256 58.531 -1. 1774 1. 2837 o. 1724 119.41 
o. 1500 -151.026 76.767 -1.4546 1. 6207 0.1722 186.57 
o. 1800 -192.452 99.060 -1.7249 1.9640 0. 1721 268.67 
0.2100 -237.471 125.410 -1.9882 2.3136 0.1718 365.68 
0.2400 -286.019 155.820 -2.2443 2.6694 0.1716 477.63 
0.2700 -338.034 190.294 -2.4933 3.0313 (1, 1713 6(14. 50 
0.3000 -393.452 228.833 -2.7350 3.3992 o. 1710 746.29 
0.3300 -452.211 271. 441 -2.9695 3.7731 0.1706 903.02 
0.3600 -51't. 247 318.123 -3. 1966 4. 1530 0.1703 1074.66 
0.3900 -579.498 368.882 -3.4162 4.5387 0.1699 1261. 24 
0.4200 -647.899 423.722 -3.6284 4.9301 0.1694 1462.74 
0.4500 -719.388 482.648 -3.8330 5.3273 0.1689 1679.16 
0.4800 -793.901 545.667 -4.0299 5.7302 o. 1684 1910.51 
0.5100 -871.377 612.782 -4.2192 6. 1386 0.1679 2156.79 
0.5400 -951.750 683.999 -4.4007 6.5526 0.1673 2417.99 
0.5700 -1034.959 759.326 -4.5744 6.9720 0.1667 2694.12 
0.6000 -1120.940 838.769 -4.7402 7.3968 0. 1660 2985. 17 

Table 1 c 

3 spar., el'"td sect ic•r• 

6 dT dY fr·q EFt 

0.0600 -26.377 36.651 -0.2945 0.3210 0.1726 14.93 
0.0900 -59.347 82.465 -0.4317 0.4915 0.1725 33.58 
0.1200 -105.507 146.605 -0.5621 0.6684 o. 172'+ 59.70 
o. 1500 -164.854 229. 07(1 -!), 6858 0.8519 o. 1722 93.29 
o. 1800 -237.390 329.861 -0.8027 1. 0418 0.1721 134.33 
0.2100 -323.114 448.978 -0.9127 1. 2382 0.1718 182.84 
0.2400 -422.026 586.420 -1.0159 1.4410 (1. 1716 238.81 
0.2700 -534. 127 742. 188 -1.1122 1.6501 o. 1713 302.25 
0.3000 -659.416 916.282 -1.2015 1. 8656 o. 1710 373. 15 
0.330(1 -797.893 1108.701 -1.2838 2.0875 0. 1 "106 4:::.1.51 
0.3600 -949.559 1319.446 1.3592 2.3156 o. 1703 537.33 
0.3900 -1114.413 1548.516 1.4275 2.5499 o. 1699 630.62 
0.4200 -1292.455 1795.912 1.4887 2.7905 0. 1694 731.37 
0.4500 -1483.685 2061.634 -1.5429 3.0373 (1. 1688 83'::1. 5t:l 
(l. 't800 -1688. 104 2345.681 -1.5945 3.2902 o. 1684 955.26 
0.5100 -1905.711 2648.054 -1.6494 3.5492 (1.1€.79 1078.39 
0.54(1(1 -2136.507 2968.753 -1.70T1 3.8143 (1. 1673 12,.19. (l(l 
0.570(1 -2380.491 3307.777 -1.7693 4.0854 0. 1667 1347.06 
(1.6000 -2637.663 3665. 127 1. 8343 4.3626 0. 1660 1492.59 

Table 1 d 
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-~· 

1 span, 2-lc•C•P <at x=lft.) 

6 dT dY ft•q En 

0.0200 -108.708 117.841 -0.2113 o. 1993 0.3461 17.69 
0.0300 -244.593 2G5. 142 -0.3216 0.2947 0.3470 39.80 
0.0400 -434.832 471.364 -0.4351 0.3874 0.3484 70.76 
0.0500 -679.425 736.506 -0.5520 0.4773 0.3501 110.56 
(1.0&00 -978. 3"72 1060.569 -0.6722 (1.5647 0.3522 159.21 
0.0700 -1331.673 1443.552 -0.7959 0.6496 0.3547 216.70 
0.0800 -1739.328 1885.456 -0.9231 0.7320 0.3575 283.04 
0.0900 -2201.336 2386.280 -1.0539 o. 8121 0.3608 358 .. 22 
o. 1000 -2717.699 2946.025 -1. 1885 0.8898 0.3644 4'+2. 25 
o. 1100 -3288.416 3564.690 -1.3268 0.9654 0.3684 535. 12 
o. 1200 -3913.487 4242.275 -1. 4689 1. 0389 0.3728 63E..84 
o. 1300 -4592.912 4978.782 1. 6150 1. 1103 0.3776 747.40 
(1. 1400 -532E..E.91 5774.208 -1. 7E.51 1. 1798 0.3827 866.81 
0. 1500 -6114.823 6628.555 -1.9193 1. 2474 0.3883 995.06 
o. 1600 --6957.310 7541.823 -2.0776 1. 3148 0.3942 1132. 16 
0. 1700 -7854. 151 8514.011 -2.2402 1. 3865 0.4005 1278. 10 
o. 1800 -8805.346 9545. 120 -2.4072 1.4632 0.4072 1432.88 
o. 1900 -9810.894 1 OE.35. 149 -2.5785 1. 5448 0.4142 1596.52 
0.2000 -10870.797 11784.098 -2.7543 1. 6313 0.4217 17&8.99 

Table 1 e 

1 spar., 1-loop 

6 dT dY ft•q Ert 

0.0140 -930.432 1005.872 -0.2239 0.2354 0.4475 19.85 
0.0210 -1368.836 1538.577 -0.3316 (1.3576 0.4471 44.67 
0.0280 -1790.155 2091. 915 -0.4365 0.4827 (1. 4464 79.41 
0.0350 -2194.979 2666.479 -0.5387 0.6109 0.4456 124.07 
0.0420 -2583.900 3262.861 -0.6382 0.7422 0.4446 178.66 
0.0490 -2957.509 3881.650 -0.7351 0.8766 0.4434 243. 18 
0.0560 -3316.398 4523.439 -0.8293 1.0142 0.4420 317.62 
0.0630 -3661. 1~8 5188.819 -0.9210 1. 1550 0.4404 401.99 
0.0700 -3992.380 5878.382 -1.0102 1. 2990 0.4386 496.29 
0.0770 -4310.656 6592.718 -1.0968 1.4463 0.4367 600.51 
0.0840 -4616.578 7332.420 -1.1810 1. 5970 0.4346 714.65 
0.0910 -4910.736 8098. (178 -1.2628 1.7510 0.4323 838.72 
0.0980 -5193.721 8890.284 -1.3422 1.9084 0.4298 972.72 
(1.1050 -5466.12E. 9709.630 -1.4193 2.0692 0.4271 1116.64 
o. 1120 -5728.542 10556.706 -1.4940 2.2336 0.4242 1270.49 
0.1190 -5981.560 11432.105 -1.5666 2.4014 0.4211 1434.26 
o. 1260 -6225.771 12336.417 -1.6369 2.5728 0.4179 1607.96 
o. 1330 -6461.768 13270.233 1. 7050 2.7478 0.4145 1791. 59 
o. 1400 -6690. 140 14234.146 -1.7710 2 .. 9265 0.4109 1985. 14 

Table 1f 
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1 span, 1-loop 

6 dT dY frq Er. 

0.0225 -3128.398 3169.407 -0.3372 0.3440 0.3650 75.28 
0.0338 -4679.646 4771.917 -0.5042 0.5196 0.3647 169.37 
0.0450 -6223.556 6387.593 -0.6706 0.6980 0.3643 301. 1 (I 
0.0563 -7761.099 8017.405 -0.8368 0.8796 (1.3638 470.47 
0.0675 -9293.244 9662.326 -1.0033 1.0648 (). 3531 677.48 
0.0788 -10820.965 11323.327 -1. 1703 1. 2540 (1.3624 922.12 
0.0900 -12345.232 13001.378 -1.3382 1.4476 0.3615 1204.40 
o. 1013 -13867.016 14697.451 -1.5075 1. 6460 0.3605 1524.32 
0.1125 -15387.289 16412.516 -1.6785 1. 8494 0.3594 1881. 88 
o. 1238 -16907.021 18147.546 -1.8516 2.0584 0.3582 2277.07 
o. 1350 -18427.184 19903.511 -2.0271 2.2733 0.3568 2709.90 
o. 1463 -19948.749 21681.383 -2.2055 2.4945 0.3553 3180.37 
o. 1575 -21472.687 23482.133 -2.3872 2.7223 0.3538 3688.48 
0.1688 -22999.969 25306.731 -2.5725 2.9571 0.3521 4234.22 
0.1800 -24531.567 27156. 150 -2.7617 3.1994 0.3503 4817.60 
0.1913 -26068.452 29031.359 -2.9554 3.4495 0.3483 5438.62 
0.2025 -27511. 594 30933.332 -3.1538 3.7077 0.3463 6097.28 
0.2138 -29161.966 32853.038 -3.3573 3.9745 0.3441 6793.58 
0.2250 -30720.538 34821.448 -3.5664 4.2502 0.3419 7527.51 

Table 2a 

m1.11 t i span, 2-per i c•d i c <dT i Y1 chairt) 

6 dT dY frq Er. 

0.0400 -23.742 23.742 -0.3183 0.2976 (1. 1997 22.73 
0.0600 -53.420 53.420 -0.4853 0.4388 0.2000 51.14 
0.0800 -94.969 94.969 -0.6577 (1.5750 0.2004 90.92 
o. 1000 -148.389 148.389 -0.8355 0.7062 0.2009 142.06 
o. 1200 -213.680 213.680 -1.0187 0.8326 0.2015 204.56 
0.1400 -290.842 290.842 -1.2074 0.9541 0.2023 278.43 
0.1600 -379.875 379.875 -1.4017 1. 0709 0.2031 363.66 
o. 1800 -480.779 480.779 -1.6017 1.1829 0.2041 460.26 
0.2000 -5'33.555 593.555 -1.8073 1.2903 0.2051 568.22 
0.2200 -718.201 718.201 -2.0187 1.3931 0.2063 687.55 
0.2400 -854.719 854.719 -2.2358 1. 4914 0.2076 818.24 
0.2600 -1003. 10"1 1003. 107 -2.4589 1.5852 0.2090 960.29 
0.2800 -1163.367 1163.367 -2.6878 1.6749 0.2105 1113. 71 
(l, 3000 -i335.498 1335.498 -2.9227 1. 7681 o .. a121 1278.50 
0.3200 -1519.500 1519.500 -3. 1637 1. 8677 0.2139 1454.65 
0.3400 -1715.373 1715.373 -3.4107 1. 9739 (1.2157 1642. 16 
0.3600 1923.117 1923.117 -3.6€.38 2.0867 o. 2177 1 A41, 04 
0.3800 -2142.732 2142.732 -3.9232 2.2059 0.21'38 2051.28 
0.4000 -2374.218 2374.218 -4. 1888 2.3318 0.2220 2272.89 

Table 2b 
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Mlll t i spar., 2-peric•dic 
--

6 dT dY fr•q EYt 

o. 0'+00 -129.944 148.533 -0.3183 0.2976 0.1997 22.73 
0.0600 -292.374 334. 199 -0.4853 0.4388 0.2000 51. 14 
0.0800 -519.776 594. 131 -0.6577 0.5750 0.2004 90.92 
0.1000 -812.151 928.329 -0.8355 0.7062 0.2009 142.06 
0.1200 -1169.497 1336.794 -1.0187 0.8326 0.2015 204.56 
0. 1400 -1591.815 1819.525 -1.2074 0.9541 0.2023 278.43 
o. 1600 -2079. 106 2376.523 -1.4017 1. 0709 0.2031 363.66 
o. 1800 -2631.368 3007.787 1. 6017 1. 1829 0.2041 460.26 
0.2000 -3248.603 3713.317 -1.8073 1. 2903 0.2051 568.22 
0.2200 -3930.810 4493. 114 -2.0187 1. 3931 0.2063 687.55 
0.2400 -4677.988 5347.177 -2.2358 1.4914 Cl. 2076 818.24 
0.2600 -5490.139 6275.506 -2.4589 1. 5852 0.2090 950.29 
0.2800 -6367.262 7278. 102 -2.6878 1. 6749 0.2105 1113.71 
0.3000 -7309.357 8354.964 -2.9227 1. 7681 0.2121 1278.50 
0.3200 -8316.423 9506.092 -3. 1637 1. 8677 0.2139 1454.65 
0.3400 -9388.462 10731.487 -3.4107 1. 9739 0.2157 1642. 16 
0.3600 -10525.473 12031. 148 -3.6638 2.0867 0.2177 1841.04 
0.3800 -11727.456 13405.075 -3.9232 2.2059 0.2198 2051.28 
0.4000 -12994.412 14853.269 -4.1888 2.3318 0.2220 2272.89 

Table 2c 

52 


