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Chapter 1 Introduction 

The goal of the project is to estimate a dynamical model from a chaotic time series 
that is obtained experimentally. The time series is measured from a piecewise linear 
beam. The beam is known to have a chaotic solution. Chapter 2 gives some insight 
about how the beam looks like and how it behaves. The experiment needed to obtain a 
time series and its results are also described in chapter 2. The model estimation 
method used to estimate a model can be divided in two parts. The first part consists of 
estimating the order of the model and is described in chapter 3. The theories used in 
this part are those of mutual information thzt was suggested by Fraser 2nd Swirney 
(ref 2)  and false nearest neigliboiii-s that was siiggesied by Xeme! et al. (ref 3 j. The 
information obtained from the orders estimation is used in the second part to estimate 
a model. This part is carried out with an Extended Kalman Filter. The theory of the 
EKF is explained in chapter 4. In chapter 5 a model is estimated for a time series that 
is created numerically. This is done to illustrate the usage of the theories. In chapter 6 
the estimation of a model for the beam system is carried out. Finally in chapter 7 the 
conclusions made are summarised and some recommendations are being made. 



Chapter 2 The Experiment 

Before the model estimation can take place a chaotic time series has to be found. First 
a system will be described that experiences chaotic behaviour. After that the 
experiments on that system will be described and the results will be given. 

tj 2.1 The piecewise linear beam system 

The god of the project is to estimate a model for a chaotic time series that is found 
experimentally. A piecewise linear beam system is known to experience chaotic 
behaviour (ref 4). Experiments are carried out on the beam to obtain a chaotic time 
series. Before the experiments are described in chapter 2.2 something will be 
explained about the beam system. 

The beam consists of three main components: the beam itself, the exciter and the one 
sided linear spring. The beam is supported at its both ends by leaf springs. The beam 
has a length of 1332 mm, a height of 100 rnm and a width of 10 mm. The excitation 
force is applied to the centre of the beam. The one sided linear spring stops the beam 
oscillations with impacts that will generate nonlinear behaviour. 
A one degree of freedom impact oscillator is an oscillator (like a mass-spring system) 
that experiences sudden colliding events, and behaves as a free oscillator in between 
collisions. In the very idealized situation of an inelastic collision, the relative 
velocities of the two colliding bodies is reversed in direction, but unaltered in 
magnitude. Energy is then dissipated both in impacts and during the motion between 
impacts, hence the need to bring energy into the system to keep oscillations alive. 
The beam itself is of no direct use, but it is a system that shows many peculiarities 
with many other systems in the engineering practice, giving the ubiquity of impacts in 
real life systems. The beam system is a good benchmark in engineering practice. Ref 
5 shows that this is true for suspension bridges, gearboxes and atomic force 
microscones. 

Figure 2.1 The piecewise linear beam system. 



a The linear one sided spring (local nonlinearity) 
b The beam 
c The exiter 

2.2 The experimental setup 

It is clear from the former paragraph that a piecewise linear beam is used to obtain a 
chaotic time series from. In order to do that experiments have to be carried out. In 
these experiments it is important to ensure a periodic excitation. For the 
measmemcmts itself it is iEportm? ?h& enough infomatior? is measured m d  that the 
measuring tiXe is long enough. This is in close relztion with the equipment used in 
the experiment. When these things are assured it is possible to start the 
measurements. These measurements are done in frequency ranges that cause chaotic 
behaviour of the beam system. 

By mounting a mass-unbalance to an axis that is parallel to the beam and drive it by a 
tacho-controlled electro-motor a sinusoidal excitation is realised. The tacho-controlled 
electro-motor assures a constant rotational speed. This setup for the mass unbalance 
ensures that the excitation is perpendicular to the beam. The axis is coupled to the 
beam on the place where the mass unbalance is mounted. To be able to measure a 
time series an induction position sensor is placed on a quarter of the length of the 
beam. The excitation force is measured at the centre of the beam where the axis is 
coupled to the beam. A problem in this setup is that the force transducer also 
measures mass influences of the exciter. The force measured is not equal to the acting 
excitation force. 

I 

Figure 2.1 The experimental setup 

a = one sided leaf spring 
b = an induction positionmeter 
c = mass unbalance 
d = a force transducer 
e = tacho-controlled motor with driving shaft 

Other equipment used is an amplifier to amplify the signal provided by the force 
transducer, one Siglab box to process the signals and make them compatible for use in 
Matlab and one cpu to control the data acquisition with the Siglab program. 
Figure 2.2 makes clear that two quantities are measured: the force acting on the 
middle of the beam and the position of the beam at a quarter of the length of the 
beam. 



The force transducer sends its information to the amplifier that supplies a signal that 
can be adequately handled by Siglab. The amplifier will amplify the signal in a way 
that its information is 50 NNolt. The positionmeter directly sends its signal to siglab 
with a sensitivity of 1.57 mmNolt. Siglab is a data acquisition tool whose information 
can be processed in Matlab. In Siglab it is possible to measure 4 quantities for each 
Siglab box, 4 boxes can be used so 16 quantities can be measured at the same time. 
Only two quantities are measured namely the position of the beam at a quarter of the 
length of the beam and the excitation force at the centre of the beam. 

A problem while obtaining measurement data was choosing the sampling frequency. 
It was a trade off problem because Siglab can only measure up to 8 192 samples. If the 
sampling frequency is high the measuring time would be very small. On the other 
hand with a high sampling frequency it is possible to measure high frequencies that 
are present in the signal. According to Nyquist, the sampling frequency should be two 
times higher than the highest frequency to be measured. In siglab an anti-aliasing 
filter is used to filter frequencies that are higher than the highest frequency that can be 
measured according to Nyquist's theorem. An ideal anti-aliasing(as shown in figure 
2.3a) is not physically realisable. Therefore siglab uses a sampling frequency that is 
2.56 times higher than the highest desired frequency that has to be measured (see 
figure 2.3b). 

Amplifying factor Amplifying factor 

x*fS frequency fs* ll(2.56) frequency 

Figure 2.3 An unrealisable anti-aliasing filter (left = a) and the anti-aliasing filter used (right=b) 

A sample frequency of 1280 hertz is chosen. The measuring time is 111 280* 8 192=6.4 
seconds what will be sufficient. On the other hand the highest frequency that will be 
measured correctly is 1280/2.56= 500 hertz. This should be sufficient. Because the 
highest excitation frequency possible is 1 10 hertz because that is the fastest the motor 
can perform. These quantities are starting point values. During the experiment these 
values will be changed with the calculations above in mind. So when a lower 
frequency is measured the sampling frequency can be lowered, this means a longer 
measuring time. 

Following the numerical suggestions from (ref 4), chaotic behaviour can be detected 
at the frequencies 12 Hz, 47 Hz and in the frequency range 69-71 Hz. 



Because the order of the ranges is 0.1 Hz it is not sure that the solutions can be found 
experimentally. These ranges can be enlarged by increasing the stiffness of the one 
sided spring. The attempts to detect chaotic behaviour start at the 12 Hz region. The 
region has a width of 2 Hz. So the experiments start at a frequency of 11 Hz. The 
frequency of the axis driven by the motor can be adjusted with a resolution of 0.2 Hz. 
So the attempts for the 12 Hz region start at 11 Hz and finish at 13 Hz with a step size 
of 0.2 Hz. If chaotic behaviour is found in this region, the experiments can stop 
because the data needed for the project is available. The measurements taken are 
inspected by vision to determine whether the measurements are results of chaotic 
behaviom or not. 

5 2.3 Experimental results 

The experiments are carried out as pointed out in the former paragraph. The 
measurements start at 1 1 Hz. At this frequency a periodic solution is found. This is 
the case until a excitation frequency of 12.4 Hz is reached. On visual inspection the 
behaviour at 12.4 Hz seems to be chaotic. The results can be found in figure 2.4. The 
time series of the chaotic solution is the only time series used in the rest of the project 
to estimate a model. In figure 2.5 an experimentai resuit is given for a periodic 
solution. 

measurement of chaotic solut~on at excitation frequency of 12.4 hz 
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Figure 2.4 Time evolution of the position of the beam at a quarter of the length (see b in figure 2.2). 



time evolution of the position of the beam 
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Figure 2.5 Time evolution of the position. Periodic time series. 



Chapter 3 Theory on order estimation 

Ordinary differential equations as found in equation (3.1) are able to describe the 
behaviour of dynamical systems. This behaviour can be seen as the time evolution of 
the system in phase space. 

The phase space of the system is multi-dimensional (x  E Rn ) and is spanned by the 
states of the system. In this report an ordinary differential equation as equation (4.1) 
has to be found that could have produced an output ( z = h(x), z E R' ). This output can 
be seen as a sequence of observations of a state of a system. The idea of the project is 
to estimate a model like equation 3.1 without having any knowledge of the system. 
Only two things are known: a measured time series of the position and a measured 
time series of the forcing. The first step in estimating a model is estimating the order 
(n) of the model. The time series (output) consists of scalar values that do not properly 
represent the multi-dimensional phase space of the system, because it is only a 
measurement of one state, so n is unknown. In order to obtain information about the 
order of the system from the output, the method of delays can be used. This method is 
capable of reconstructing multi-dimensional phase space representations from a scalar 
time series. 

tj 3.1 The method of delays 

Using this method, vectors in a new space are created. This space is called the 
embedding space and is spanned by a number of vectors of time delayed vectors of 
the output. It is possible to provide a one-to-one image of the original phase space 
using the time delayed embedding. 
This means when z = h(x), z E R' is given that the phase space can be reconstructed 
by equation 4.2. The space that is created is called the delay space. 

Delay space: z(t), z(t - z), z(t - 2z) ,......., z(t - (n - 1)z) (3 -2) 

The number of vectors in the embedding space (n) is called the embedding dimension. 
The time delay (z) used for every vector is called the delay or lag. To determine what 
the minimal embedding dimension is, a software package called Tisean is used (ref 1). 
The minimum embedding dimension is the minimal order of the system that could 
have produced a certain time series. To obtain an embedding space that represents the 
original phase space it is important to determine what delay to use. In the package the 
program mutual is used to find a delay. The quality of the embedding space depends 
on the choice of the delay. In 5 3.2 will be explained what mutual is based on. The 
delay determined with the mutual program is used in the falsenearest program to 
determine what the minimal embedding dimension is. The program is based on the 
method of false nearest neighbours that will be explained in 5 3.3. The usage of the 
programs can be found in appendices A and B. The programs are applied to the 
output. 



5 3.2 Mutual information 

Mutual information is used to determine the time delay value (z ). When a very small 
delay is chosen the first vector in the delay space and the second one differ very little. 
This implies a strong correlation between the first vector in delay space and the 
second. When the delay is even more decreased the vectors will become 
indistinguishable. The autocorrelation function can be chosen to determine what time 
delay causes a small dependence between variables. However the autocorrelation 
fmctio-n- gives ~ I I  indic~tion of the linear dependency between variables and a general 
dependence has to be measwed. A method that measures the general dependence 
between two variables is called mutual information. In (ref 2) suggests Shaw that the 
first minimum of the mutual information gives a good estimate for the delay time. 
Here the general dependence of the variables is lowest. The mutual algorithm 
determines the mutual information for a by the user defined region of time delays. In 
this project the time delay at which the mutual information experiences its first 
minimum is taken. The usage of the algorithm can be found in Appendix A. 

5 3.3 False nearest neighbours 

To determine the minimal order of a system that could have produced a certain output 
the false nearest algorithm is applied to the output.The falsenearest algorithm is 
based o;the method of false nearest neighbours. The idea behind the algorithm is 
very intuitive. Suppose the order of a system is two and the embedding dimension is 
chosen to be 5. The representation of the five-dimensional space will show a certain 
structure. When the embedding dimension is lowered to the four-dimensional 
representation will be the same as the five-dimensional representation because the real 
order of the system is two. The embedding dimension can be lowered without a 
change of the representation, until an embedding dimension of two is reached. When 
the representation becomes one- dimensional points that were neighbours in the two- 
dimensional space will still be neighbours in the one-dimensional representation. But 
those neighbouring points will have neighbours in the one-dimensional case that were 
not neighbours in the two dimensional case. Those 'false' neighbours can be counted 
by increasing the embedding dimension. The neighbours are counted within a certain 
neighbourhood. The difference between the neighbours in the lower dimensional 
representation and the higher dimensional representation is called the number of false 
nearest neighbours. Once the number of false nearest neighbours becomes zero the 
minimal order of a system that could have produced the output is determined. The 
idea of the algorithm can easily be seen in figure 3.1. In the one dimensional case 
three neighbouring points are indicated by the arrows. When of the same system a 
two-dimensional representation is made two of the indicated points are still 
neighbours but the other one is not. The point that is not in the neighbourhood in the 
two-dimensional case is called a false neighbour. Suppose the system that is 
represented by the figures is two-dimensional than a three-dimensional representation 
will give zero false neighbours because the portrait will not change. 



phase space representation of Chaollc system 

Figure 3.1 One-dimensional representation (left), two-dimensional (right) 

The usage of the algorithm can be found in Appendix B. 



Chapter 4 Theory on model estimation 

Once the theories of chapter four are applied to the output z E R' . The minimal order 
of a system that could have produced the time series is known. This gives a first 
indication what the model of the system looks like. In this project it is assumed that 
the models that are estimated are of canonical form. Without any knowledge of the 
correct model a model is proposed that might have produced the output. This 
proposed model has unknown but constant parameters. A continuous Extended 
Kalman Filter is used to estimate the parameters of the proposed model. The proposed 
model probably is unable to produce the o'ttp'tt becaase the proposed model is a 
guess. After running the filter once, the filter gives infomation abo;;t vvhat terns the 
proposed model is missing and what terms are present in the proposed model that are 
not present in a model that could have produced the output. This information is used 
to propose a better model. This model is used in the next run of the filter. 

An EKF is an estimator that is able to estimate the state of a time-controlled process 
that is governed by a non-linear difference equation. The EKF is used to estimate the 

1 parameters of a proposed model on basis of an otitp'cit. The o'c:tpi z E R car, be 
described with a measurement function h ( z = h(x) ). This output is produced by an 
unknown system (equation 4.1). The system is dependant of the states and of constant 
parameters that determine the contribution of the states. 

Now a model is guessed that might be able to produce the output. The guess can be 
described by equation 4.2. The objective is to find g such that g -+ f . 

The filter will try to find parameters such that lz - 21 -+ O,lO - 61 -+ 0 for t -+ w . 

Equation 4.2 is the proposed model in the filter. When the structure of the proposed 
model is capable of producing the output, the parameters are estimated in a way that 
the innovation term will become zero. In that case is g = f . When a model is 
proposed that does not have a structure that could have produced the output the 
innovation term will not become zero and will represent the missing model terms. In 

that case is g + inno = f . Still lz - 21 + 0, I @  - 61 -+ 0 for t + m is satisfied. The 

innovation term is responsible for updating the estimates of the states (as seen in 
equation 4.2) and updating the estimated parameters (see equation 4.3). 

A o = inno (4-3) 

An EKF is a statistical estimator, this can be seen from the P-matrix. The innovation 
term is based on the P-matrix. P is the covariance matrix of the states and estimated 
parameters. The diagonal values can be seen as the confidence interval of the 
corresponding state or parameter. (See figure 4.1 .) The P(1,l) element describes a 
confidence interval for state 1, the P(2,2) element describes a confidence interval for 
state 2 and so on. The non-diagonal terms are set to zero in this report. The aim of the 



filter is to minimise the P-matrix in case to minimise the confidence regions and by 
doing this estimating the states correctly. The confidence regions are gaussian 
distributed. In figure 4.1 are the confidence intervals for a state indicated at t l  and t2. 

Amplitude 

* 
Time 

Figure 4.1 Confidence regions for a state at time t l  and t2 

Because a continuous EKF is implemented the P-matrix changes with respect to time 
and can be given in the form of a differential equation (see equation 4.4) 

An EKF linearises about the current mean and covariance of the states and the 
parameters. This is done with the Jacobian df. df is the Jacobian of partial derivatives 

of the proposed model with respect to i and 6 . Here immediately follows that the 

size of the Jacobian is squared with size xand6 .. H is the measurement function. In 
this project output is a time evolution represented by one state. This means that one 
state is measured. That leads that the corresponding value of that state in H is equal to 
one and the rest of the column of H is zero. R can be seen as the noise level of the 
measurement and is a scalar value because a scalar time series is used. Q can be seen 
as the confidence in the proposed model. The lower the confidence in the proposed 
model the higher the value for Q. Q is added to the corresponding terms in the P- 
matrix. 

The states and the parameters are updated with the innovation term that is a function 
of the Kalman gain matrix that can be described as equation 4.5. 

Kap = PH' R -' (4.5) 



The innovation term is responsible for the updates of the states and the parameters. 
The innovation term is described by equation 4.6. 

The innovation term is determined continuously. H and R are constants. z - 2 
represents the error of the estimated state by the filter and the output of the system. 
The Kalman gain matrix (Kap) is a vector with the same size as H and Q. The 
iraovztiofi tern is of the same size as $he Kalmatl gain matrix. 

Now a brief summary of the algorithm is given. 
A model of the order as determined with the theories of chapter 3 is proposed to the 
filter. The output has to be tracked by the filter. When this is true the parameters will 
be estimated. When a parameter is estimated to be zero the term with that parameter is 
not present in the model that could have produced the output. When the innovation 
term is plotted versus the states it is possible that a structure is recognized. This 
structure is used to retrieve information about the missing model terms. On basis of 
the information provided by the estimated parameters and the innovation term a new 
model is proposed. The signal must be tracked again. The same reasoning as in the 
former iteration applies. When the signal is tracked and the innovation term is very 
small and no structure can be recognized. A model is found that could have produced 
the output. 



Chapter 5 Model estimation of artificially created time series 

Before the model estimation algorithms are applied to a time series for which the 
model is unknown (that is the model of the beam system), the algorithms are applied 
to a time series that is created numerically, thus the model is known. This is done to 
illustrate how the algorithms work. It is assumed that the excitation is known and that 
the no noise is present. 

An example of a nonlinear system that experiences chaotic behaviour is the dynamical 
system of ecpation (5.1). This system can be seen as a lightly damped, sinusoidal 
excited mecha~ica! structure undergoing large elastic deflections. This chaotic system 
was found in Slotine and Li (ref 7) 

In state space notation: 

XI = X* 

x, = -0. lx, - x: + 6 sin(t) 

Withx, = x (position), and x, = x (velocity). The initial conditions for the position 
are set to zero and for velocity set to 1. This results is the response of figure 5.1. 

pos~tion of chaotic system 
2 5 I I I I I I 1 I I 

I I I I I I I I I 

0 10 20 30 40 50 60 TO 80 90 100 
time in seconds 

Figure 5.1 Chaotic response of the nonlinear system. 

The model given by equation 5.2 will be estimated to illustrate the algorithms. 



tj 5.1 Order estimation 

The model estimation is divided in two parts. First the order of the system will be 
estimated using the methods described in chapter 3. First the mutual information will 
be used to get estimate a time delay. The time delay will be used to estimate the order 
of the system. 

The position is used as input in the mutual algorithm that is used in the Tisean 
software. The default delay is too low so that is changed to 50. The result is that the 
first minimum takes place at a delay of 10. In figure 5.2 the mutual information is 
plotted versus the delay in samples. 

mutual information 
I I I I I I I I I 

I I I I I I I I I 

5 10 15 20 25 30 35 40 45 
delay in number of samples 

Figure 5.2 Mutual information of position 

The delay of 10 samples corresponds to a delay of 0.5 13 seconds. This delay will be 
used in the false nearest algorithm to estimate the order of the model. The results can 
be found in table-5.1. 

Table 5.1 Output of falsenearest 

Average of the 
squared size of the 
neinhbourhood 

Average size of the 
neighbourhoods 

Embedding 
dimension 

Fraction of false 
nearest neighbours 



Because the fi-action of false nearest neighbours is zero at an embedding dimension of 
3, the minimal embedding dimension is 3. One of the dimensions goes to the 
excitation so the model that has to be estimated is of order 2. Because the excitation is 
known can the model be written like equation 5.3. 

5 5.2 Model estimation 

To start the estimation a m d e l  has to be proposed. This cm be secn as 2~ illtelligent 
guess for the model. The Extended Continuous Kalman filter (see appendix C) will 
estimate the unknown parameters of the proposed system. Off course will this first 
guess for the model not be the actual model that has produced the signal. When the 
time series is tracked by the signal produced by filter then the innovation term in the 
Kalman filter will represent the missing model terms. That term is the basis for the 
proposed model in the next iteration. The parameters that are estimated to be zero can 
be omitted in the next iteration for they have no influence. 

5 5.2.1 Iteration 3 

In iteration 1 the model of equation 5.4 is proposed. It is possible that the solution for 
this system will explode because of the x2 term. The parameters are chosen relatively 
close to the real parameters for the system. If the parameters were chosen very 
differently from their true values the chance that the solution explodes is much bigger. 

The parameters GI,, are the parameters that are estimated. 

In state space notation: 

As initial guesses are taken 6,,, = (-5,l). The differences with the true model are: (1) 

in the true model is no quadratic term in the velocity, (2) in the estimated model there 
are no terms in the position, (3) in the true model there is (x5)  and (4) there is a small 
difference between the true parameters and the initial guesses for the parameters. 

The Kalman filter uses the notation as used in equation 5.5. As explained in chapter 4 
Q is a measure for the confidence in the proposed model. Because the first line of 
equation 5.5 can be said to be true, only the (2,2) element of the P-matrix has to be 
added by a Q-value. The (2,2) element is the part of the P-matrix that corresponds 
with that part of the differential equation that contains the parameters that are to be 
estimated. 



The R-value that represents the confidence in the measurement is taken to be (0.001) 
that is very small. This implies that there is hardly any noise present in the 
measurement. This implies also that the filter will try to track every little bump in the 
position, because the bumps cannot be a result of distortions or noise. The diagonal 
elements are defined to be of the same order as their corresponding values in the 
proposed model. These values represent the confidence in the initial value of the 
parameters. In figure 5.3 can the tracking of the signal produced by the filter be found. 
It is obvious that the signal is almost perfectly tracked. This means that the signal is 
tracked and that the parameters are estimated (they do not have to be converged 
however). 

position of the model (red) and pos~tion of the measurement (blue) 
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tune in sec 

Figure 5.3 The tracking of the signal generated by the filer 

The estimated values for the parameters can be read from figure 5.4. The parameters 

are 6,,, (t = 200) = (-0.7,O). In the real model the parameters are el,, =(-0.1,O). So the 

parameters are not converged to their real values. This can also be seen in figure 5.4 

when looking at 6, . The parameter value is still changing at the end of the filter. 
Another way of deciding whether the parameters are converged or not is inspecting 
the evolution in time of the trace of P. P is the probability matrix. P represents the 
confidence interval of the parameters. The filter is designed to minimise that interval. 
Only the diagonal elements are given a value so only the diagonal elements are 
interesting. When the trace of P is close to zero the parameters are certain to be the 
estimated value. In figure 5.5 can be seen that the parameters have not yet been 
converged by inspecting the trace of P. 
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Figure 5.4 Evolution of the estimated parameters (only 1 and 2 are used) 

evolut~on of the trace of the p matrix 

1 6 1  

Figure 5.5 Evolution of the trace of P 



After convergence would have been reached it is possible to see what the missing part 
of the proposed model is with respect to the 'real' model. This can be read from the 
innovation term. It is assumed that the terms that have to be added to the model are a 
function of the velocity or the position. The correlation between the missing model 
terms and both position and velocity can be found in figure 5.6. Normally something 
can be said about the missing model terms after the parameters are converged, 
however the value of the trace of P is only 0.2 so it is a reasonable assumption that the 
information provided by the innovation term is valuable. When no structure can be 
found from the innovation term and the value is very low, the proposed model could 
very well be representing the dynamics of the system that has produced the time 
series. 
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Figure 5.6 Correlation between the innovation term and both position and velocity. 

The innovation term seems very small. This is deceptive because the difference 
between the 'measured' position and the position of the filter is very small. This is 
because the innovation term represents the missing model terms very well. In the 
correlation of the innovation term with the position a term that is x3 or x5 can be 
recognised. Because of the length of the horizontal part the additional term is chosen 
to be x5. This term will be added in iteration 2. In the correlation with the velocity no 
structure can be recognised because the innovation term for one value of the velocity 
can be both positive and negative. 

§ 5.2.2 Iteration 2 

Iteration two exists of the same model as iteration one but with one term added. This 
is the x5 term. The new system can be described by equations (5.6) and (5.7). It is not 



necessary to include the 6,i2 term because 6, is estimated to be zero in iteration 

one. But it does not harm the algorithm. This value will be the initial value for 6 , .  

In state space notation: 

The initial conditions for position and velocity are the same as the initial position and 

velocity of the time series. The initial conditions for the parameters are 6,,,,, = (- 

0.5,0,-5).The value for 6, in iteration one has not converged. The initial guess for that 

parameter is a bit higher than the estimated value. The value for 6, is a guess. For 
this iteration the time was taken 1000 seconds because theta 1 converged very slowly 
in iteration one and is expected to do the same in iteration two. The initial guesses for 
the probability matrix were chosen of the same order as the initial guesses for the 
parameters. 
The time series is again tracked by the signal generated by the filter. This gives the 
same figure as figure 5.3. The evolution of the parameters can be found in figure 5.7. 
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Figure 5.7 Evolution of the parameters (theta 3 is switched off) 



Figure 5.7 shows that 6, still is not converged. The other parameters seem to be 
converged. The estimated values for the parameters are be 

6,,,,, (t  = 1000) = (-0.12,0,-1) . This makes a small difference with the real values of 

the model which are be O,,,,, = (-0.1,0,-1). From figure 5.8 can also be concluded that 

the parameters have not converged. However the value for the trace of P is very low. 
It is a bit higher than the trace of P in iteration one, but now there is one parameter 
more to be estimated so there are more diagonal terms in the P-matrix. 

evolut~on of the trace of the p matrix 
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Figure 5.8 Trace of P for iteration 2. 

Interesting is to see whether there are missing model terms. The correlation between 
the innovation term and both position and velocity can be found in figure 5.9. In this 
figure can be seen that the amplitude of the innovation term is much lower than the 
amplitude of the innovation term in iteration 1. Because of this very low amplitude it 
is possible that when convergence has been reached no structure can be found in the 
innovation term except for a horizontal line that has a value for the innovation term of 
zero. For the correlation with the velocity this is already showing, for the position 
however it is not. It should be noted that the time is 1000 seconds. In the beginning of 
the iteration the innovation term is higher than it is for example after 500 seconds. 

The difference between the estimated term 6, and its real value is higher in the 
beginning of the iteration and thus the dynamics for the proposed system in the 
beginning differs more than at the end of the iteration. This means that more attention 
should be paid to the correlation in figure 6.9 for the end of the iteration. There the 
innovation term shows almost no structure and it can be concluded that the structure 
of the proposed model is good. In iteration three convergence can be reached with 

A 

@,,,,, = (-0.12,0,-1) as initial values, but that iteration is illustrative. 



l o 8  correlat~on between innovation term kap2*(z-h) and posrtion of the model 
h 

4 I I I I I I I I I 

.- 
-4 1 I I I I 1 I I I 

-2; 0 0  5 1  1.5 2 
poslt~on of the model 

, l o a  correlation between innovation term kap2*(z-h) and pos~tlon of the model 

>'r 
4 

= 
8 - 

2 
a, 
5 
L. e 
E 
& - 
6 
x= -2 

2 
CI: 
s .- 

-4 
-6 -4 -2 0  2 4 6 

velocity of the model 

Figure 6.9 Correlation between innovation term and the position and velocity for iteration two. 



Chapter 6 Model estimation of beam system 

8 6.1 Order estimation 

To be able to estimate a mode it is necessary to estimate the order of the system first. 
The result from the experiment in chapter 2 can be found in figure 2.4. 
The time series is used in the mutual algorithm as discussed in chapter 3. The result 
will give an indication of the delay that has to be used to estimate the embedding 
dimension of the piecewise linear beam system. The mutual information is shown in 
figure6.1. 

mutual ~nformat~on of chaotic solutlon (deltat=7 8125e-4) 
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Figure 6.1 Mutual information of the measurement 

In figure 6.1 can be seen that the first minimum is experienced at a delay of 18. In 
chapter 4 is said that the first minimum is a good estimate for a delay. To estimate the 
order of the model the false-nearest algorithm is used. The output of the algorithm is 
presented in table 6.1. 

Dimension m 

Table 6.1 indicates that the minimal embedding dimension is 4. One dimension goes 
to the excitation so the order of the model should at least be of order 3. This is the 
minimum order of a system that could have produced the time series. 

1 
2 
3 
4 
5 

Fraction of false 
nearest neighbors 

Table 6.1 Output of falsenearest for measurement 

6.790380e-01 
6.3 17336e-02 
7.605527e-04 
0.000000e+00 
0.000000e+00 

Average size of the 
neighborhood 

Average of the squared 
size of the 

1 .05 1909e-03 
3.847695e-03 
9.104239e-03 
1.194881e-02 
1.337835e-02 

neighborhood 
1.106917e-06 
2.193 133e-05 
9.804957e-05 
1.573735e-04 
1.9 168 17e-04 



5 6.2 Model estimation 

To use an EKF, a model has to be proposed before the filter can estimate the 
parameters for the model. The order estimation made clear that the proposed model 
should be of order 3. First must be said that despite of many attempts the time series 
was not tracked by the signal generated by the filter. It is clear that when the time 
series is not tracked the parameters for the proposed model are not estimated 
correctly. There are several possible reasons that the filter does not converge. It is 
well known that EKF is very sensitive to initial conditions. Many initial conditions are 
tried, including large initial conditions for the parameters with large values for the P- 
matrix. Also an iterative approach did not work. Here the parameters found after one 
iteration were substituted for the next iteration. Another problem is that the excitation 
force is not known. There is a measurement for the force on the beam but this 
measurement suffers from influences of the excitation mass (as seen in chapter 3). 
Because the input is part of a term in the model it is important to know the correct 
input. Except for the measured force is a sinusoidal signal with an excitation 
frequency of 12.4 Hz tried. A third problem may be the proposed model. The model 
could become instable by choosing incorrect initial conditions for the parameters. So 
different initial conditions have been tried. Also different models are proposed 
although they all are of canonical form. Linear models in the states were proposed and 
a non-linear term that could represent the spring was added. 



Chapter 7 Conclusion 

For the artificially created signal in chapter 5 was shown that the model estimation 
was successful. Order estimation was carried out with the help of the software 
package Tisean. In the method of delays a minimal order of the model can be found. 
This was obtained by first using the algorithm mutual to find a first minimum in the 
mutual information. The time delay found at this minimum was used in the 
false-nearest algorithm to find the minimal embedding dimension. This algorithm is 
based on the false nearest neighbours method. The order found by the false nearest 
neighbows method -NZS used to propose a model. The parmeters far the model, with 
h i e x  aid  qiiadrz$ic terms in the states, were tried to fit -vii';th ~ i i  Exteiided Kzlmzn 
Filter. The first iteration showed that a model term was missing and that a model term 
could be left out of the model. This was the second model to be proposed. The 
parameters for this model were fit. The result showed that a model was found that 
could have produced the output. 

The same procedure was used to find a model that could have created the time series 
that was obtained experimentally from a piecewise linear beam. The order estimation 
gave a result that was used for the model estimation with an Extended Kalman Filter. 
The model estimation was not successful. This could be due to poor knowledge of the 
input, poor initial conditions or a proposed model that was too big or was not close to 
a model that could have produced the time series. This makes clear that the Extended 
Kalman Filter is an Ad Hoc method to estimate a model. 

In the future it may be advisable to look for other methods to estimate models only 
fi-om experimental data. If the Extended Kalman Filter is used for the application of 
model estimation it is important to know the input force. In the future a better 
measurement of the excitation force is needed.Also it is important to get an idea of the 
structure of the model that is proposed in the filter. In time series analysis methods are 
available to retrieve information from time series about specific dynamical behaviour. 
This information could be used to propose a better model. 



Appendix A Usage of the Tisean program mutual 

The Tisean programs can be used in the MS-DOS prompt that runs under windows. 
The usage in the prompt is: mutual [options]. 
The options have a default value that can be changed to satisfy the users purpose of 
the program. The options, the description of the options and the defaults of the options 
can be found in table A. 1. Everything that is not an option will be interpreted as a 
datafile name. 

oation / Descri~tion I Default 
-1 # 
-x # 

I aartition I I 
-c # 
-b # 

Number of data to use 
Number of lines to be ignored 

Verbosity level 
0: only panic messages 

'Whole file 
0 

Column to be read 
Number of boxes for the 

-D 
-0 outaut.txt 

1 
16 

Table A. 1 Options of mutual. 

Maximal delay 
Outmt file name 

-h 

The first line of the output contains the number of occupied boxes, the second one the 

20 
Stdout.txt 

shannon entropy (normalized to the number of occupied boxes), the last D lines the 
mutual information (first column: delay, second column: mutual information). 

1 : add inputloutput messages 
Show these oations none 



Appendix B Usage of the Tisean program false - nearest 

The Tisean programs can be used in the MS-DOS prompt that runs under windows. 
The usage in the prompt is: false-nearest [options]. 
The options have a default value that can be changed to satisfy the users purpose of 
the program. The options, the description of the options and the defaults of the options 
can be found in table B.2. Everything that is not an option will be interpreted as a 
datafile name. 

I -h#  
Table B.2 Options of falseneare 

Descri~tion 1 Default 
Number of data to use 
Ignore the first # rows 

delav vectors I 

Whole file 
0 

Column to be read 
Minimal dimension of the 

1 
1 

Maximal dimension of the 
delay vectors 

0: only panic messages 
1 : add inputloutput 
messages 
2: add information about 
the current state of the 
program 

5 

Ratio factor 
Theiler window 

Delav of the vectors I 1 
10 
0 

Show these options None 

Output file name 
Verbosity level 

The first column of the output contains the embedding dimension, the second column 
the fraction of false nearest neighbours, the third one the average size of the 
neighbourhoods and the fourth column the average of the squared size of the 
neighbourhood. 

Stdout.txt 



Appendix C EKF for artificial time series (Chapter 5) 

Ekalcont. m 

%Number of equations (order of system) 
%Number of parameters 
%Number of variables that are updated 

pO=zeros (1, Nvar-Neq-Npar) ; %p is size Neq+Npar*Neq+Npar 
%p is the covariance estimate matrix 

%Here the diagonal components of the p-matrix that correspond to the 
%estimated parameters are given an initial value 

%Here the initial values for the estimated parameters are given 

%The first four values are two initial values for the 'measured' 
%system and for the two initial values for the proposed model 
%theta and pO are already specified above 

xO= [0 1 0 1 theta PO] ; 

%this is the integrational part that is specified in eqcont2.m 

figure (1) 
title('evo1ution of the estimated parameters') 
subplot(2,2,l),plot(tIx(:,5)); 
title ( 'parameter thetal ' ) 
xlabel ( 'time in sec' ) 
ylabel('amp1itude of thetal') 
subplot(2,2,2),plot(t,x(:,6)); 
title('parameter theta2') 
xlabel('time in sec') 
ylabel('amp1itude of theta2') 
subplot (2,2,3) ,plot (tIx(: , 7) ) ;  

title('parameter theta3') 
xlabel('time in sec') 
ylabel('amp1itude of theta3') 
subplot(2,2,4) ,plot (tIx(:/8)); 
title('parameter theta4') 
xlabel('time in sec') 
ylabel('amp1itude of theta4') 

figure (2) 
plot(t,x(:,3),'r',tfx(:,l),'b'); 
title('position of the model (red) and position of the measurement 
(blue) ' ) 
xlabel ( 'time in sec' ) 
ylabel('position in metres') 



function [xdot] = eqcont2 (t, x) 

Neq=2; %Number of equations 
Npar=4 ; %Number of parameters that are estimated 
Nvar=27 ; %These are the number of variables that are integrated 

sig=0.001; %standard deviation of the noise level 

%initialisin9 the matrix of derivitaves of the system to the 
%parameters and states 

%derivitaves of the proposed model to the states 

%derivitaves of the proposed model to the parameters: 

%constructing the P1 matrix which is the lower part of the covariance 
%matrix P2 is used for updating in the differential equations and P1 
%is the result of the update 

ii=l; 
for k=l : 1 : (Neq+Npar) ; 

for l=l:l:k; 
Pl (k, 1) =x (ZtNeqtNpar*) ; 
ii=iitl; 

end 
end 

for k=l: 1: (NeqtNpar-1) ; 
for I= (k+l) : 1: (NeqtNpar) ; 

Pl (k, 1) =Pl (1, k) ; 
end 

end 

%now the covariance matrix P1 is symmetric 

%this is the matrix that indicates what state is measured 

%Q is confidence in the model 



%here the P-matrix is made a vector that can be used by the ode 
%solver 

ii=l; 
for k=l : 1 : (Neq+Npar) ; 

for l=l:l:k; 
xder (ii) =P2 (k, 1) ; 
ii=ii+l; 

end 
end 

%Here the Kalman gain matrix is updated 

Pp=x(l) ; %position of the real system 
term=kap* (Pp-x (3) ) ; %the innovation term 

%equations true model 

xdot (1) =x (2) ; 
xdot (2) =-0. l*x (2) - ( (x (1) ) "5) +6*sin (t) ; 

%equations proposed model 

xdot (3) = x(4)+kap(l) * (Pp-x(3) ) ; 
xdot (4)= 
x(5) *x(4)+x(6) *x(4) "2+x(7) *x(3)+x(8) *x(3) "5+6*sin(t)+kap(2) * (Pp- 
~ ( 3 ) ) ;  

%equations theta 

for b=l:Npar; 
xdot (b+2+Neq) =kap (b+Neq) * (Pp-x (3) ) ; 

end 

for k=l:l: (Nvar-Neq-Npar); 
xdot (k+2+Neq+Npar) =xder (k) ; 

end 



Appendix D EKF' for the beam system (Chapter 6) 

Beamkalcont. m 

load 124.mat %loading the experimental data 
pos=posl24d; %time series for position 
force=forcel24d; %time series for the force 
tim=timel24d; %time vector corresponding with time series 

%Number of equations 
%Number of estimated parameters 
%Number of variables in integration 

%Here the diagonal components of the p-matrix that correspond to the 
%estimated parameters are given an initial value 

%initial values for the parameters 

%initial values for the states xl x2 and x3 and for the parameters 
%and the P-matrix 

x0= [O .O238 -7.7176 -673.5330 theta PO] ; 

%the ode integration 

[t,xl = ode23 ('beamqcont', [O,max (tim) ] ,xO) ; 

%interpolating the time series so that the times series has values on 
%the same times as the ode file has created 

%plotting part 

figure (1) 
title('evo1ution of the estimated parameters') 
subplot (2,3,l) ,plot (t,x(:,4)); 
title('parameter thetal') 
xlabel ( 'time in sec' ) 
ylabel('amp1itude of thetal') 
subplot(2,3,2),plot(t,x(:,5)); 
title('parameter theta2') 
xlabel ( 'time in sec' ) 
ylabel('amp1itude of theta2') 
subplot (2,3,3) ,plot (t,x(:,6)); 
title('parameter theta3') 
xlabel ( 'time in sec' ) 
ylabel('amp1itude of theta3') 



subplot(2,3,4),plot(t,x(:,7)); 
title ( 'parameter theta4 ' ) 
xlabel ( 'time in sec' ) 
ylabel('amp1itude of theta4') 
subplot (2,3,5) ,plot (t,x(: , 8)); 
title ( 'parameter theta5 ' ) 
xlabel ( 'time in sec' ) 
ylabel('amp1itude of theta5') 

figure (2) 
plot(t,Pp, 'rV,t,x(:,1) , '13'); 
title('positi0n of the model (blue) and position of the measurement 
(red) ' ) 
xlabel('time in sec') 
ylabel('position in metres') 

beamqcont. m 

function [xdot] = beamqcont (t, x) 

load 124.mat 
pos=posl24d; 
force=forcel24d; 
tim=timel24d; 

%interpolating the time seriesf to time values of the integration 

Pp=interpl(tim,pos,t); 
Ff=interpl (tim, force,t) ; 
Ppp=Pp (max (size (t) ) ) ; 
Fff=Ff (max(size(t) ) ) ;  

%this is the R value 

%making non linear term to use in the model 

if x (1) <=O; 
dnl=O ; 
nl=O; 

else 
dnl=x (8) ; 
nl=x (1) ; 

end 

%initiate the df matrix 

%derivitaves of the proposed model with respect to the states 



%derivitaves to parameters: 

%constructing the PI matrix which is the lower part of the covariance 
%matrix 

ii=l; 
for k=l : 1 : (Neq+Npar) ; 

for l=l:l:k; 
Pl (k, 1) =x (Neq+Npar+ii) ; 
ii=ii+l; 

end 
end 

for k=l : 1 : (Neq+Npar-1) ; 
for l=(k+l) :1: (Neq+Npar); 

Pl(k,l)=Pl(l,k); 
end 

end 

%now the covariance matrix Pl is symmetric 

%the H vector 

%describe P term to use in update 

%make differential equations from P 

ii=l; 
for k=l : 1 : (Neq+Npar) ; 

for l=l:l:k; 
xder (ii) =P2 (k, 1) ; 
ii=ii+l; 

end 
end 

%Kalman gain matrix used in differential equations 



%equations model 

xdot (1) =x (2) +kap (1) * (Pp-x (1) ) ; 
xdot (2) =x (3) +kap (2) * (Pp-x (1) ) ; 
xdot (3) =x (4) *x (1) +x (5) *x (2) tx (6) *x (3) +x (7) *Fff+kap(3) * (Ppp- 
x(1) )+x(8) *nl; 

%equations theta 

for b=l:Npar; 
xdot (b+Neq) =kap (b+Neq) * (Ppp-x (1) ) ; 

end 

for k=l:l: (Nvar-Neq-Npar); 
xdot (k+Neq+Npar) =xder (k) ; 

end 
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