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Thermal Conductivity from Power and Centre Temperature 
of an Arc 

D .  TH. J. TER HORST a n d  H.  M .  PFLANZ* 

Technische IZlogeschool Te Eindhoven, The Netherlands 
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By means of the energy balance equation for a cylindrically symmetric arc an ex- 
pression is derived which shows the thermal conductivity of an arc plasma to be equal 
to the product of the so-called form factor and the derivative of el. power input with 
respect to the centre temperature. The form factor is a measure of the radial distribu- 
tion of the el. conductivity and can vary theoretically between 0 . 5 < 2 n  Fe l<oo .  
Practical reasoning confirmed by experimental evidence limits the upper value to 1.5. 

In the case of an arc in nitrogen the form factor was found to vary between 0.77 and 
1.23 over a range of arc current from 10 to 200 Amps, the peak value occurring at 
30 Amps. 
Variation of the form factor with core formation is explained with a two channel 
arc model. In an appendix to this paper J. BOERSMA shows that  it yields maximum 
form factors, while the single channel model is to be associated with the minimum 
form factor 2n / ; ' e l=  ~. 
The new method permits to judge the influence of the radiation losses on the deter- 
mination of thermal conductivity as well as an estimate of the error of the results. 

The method is illustrated for the case of Nitrogen. 

1. Introduction 

Over the years a number of investigators have reported results of 
computations and/or measurements of the thermal conductivity of arc 
plasmas. The highlights of some of this information are summarized in 
the literature 1. 

The foundation of the experimental technique of determining the 
thermal conductivity of high temperature gases is formed by the energy 
balance equation 2, 3 of a constant pressure cylindrically symmetric arc. 

* Department  of Electrical Engineering, Technological University, Eindhoven, 
The Netherlands. H. M. PFLANZ on leave of absence from Allis Chalmers, Boston, 
Mass. (U.S.A.). 

i ED~LS, H., and J. D. CRAGGS: The coefficients of thermal and electrical con- 
ductivity in high temperature gases. Progress in dielectrics, 5, Reprint. London:  
Heywood & Co. Ltd. 1962. 

2 TER HORST, D. TrI. J., H. BRINKMAN, and L. S. ORNSTEIN : Physica 2, 652 (1935). 
3 TER I-IORST, D. TH. J. : Boogontladingen met wisselstroom. Thesis Utrecht 1934. 
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The steady state form of this equation with radiation losses included is 
given by 

a(T)E2_u(T)= 1 d (rtc* dT~ 
-TAW\ -dr] (1) 

where o- =electrical conductivity, 
E=potential gradient, 
u =spec. radiated power, 
T= temperature, 
r =radial variable, 

~c* =thermal conductivity including diffusion. 

To illustrate this, two methods will be outlined: BURHORN 4 obtained the 
thermal conductivity of Nitrogen from measurements of the radial tem- 
perature distribution of a steady state arc burning within the bore of the 
well-known "cascade" arrangement s. From the temperature distribution 
the temperature gradient was derived graphically. The electrical con- 
ductivity as a function of electron density was computed utilizing ap- 
propriate collision cross sections and converted to a function of the arc 
radius. These data together with the measured potential gradient of the 
arc column yielded the thermal conductivity according to the formula 

E 2 fa(r) rdr 
~*= o dT (2) 

r dr 

(This result follows from Eq. (1) when radiation is neglected.) Despite 
uncertainties in the collision cross sections and inherent inaccuracies in 
the computation of the particle densities and the graphical differentiation, 
BURHORN'S semi-experimental thermal conductivity agrees reasonably 
well with his theoretical results. 

More recently SCHMITZ and PATT 6 published the so-called Polygon 
method. From measured radial temperature distributions split up into 
a number of discrete intervals, and corresponding arc current and radiated 
power, polygon approximations of a(T) and u(T) are obtained. Upon 
substitution of these data into the integral form of the energy balance 
equation, integration yields the thermal conductivity. The computational 
procedure of this method appears rather elaborate, but the results are 
claimed to be very accurate depending mainly on the exactness of the 
temperature measurement. 

4 BURHORN, F.: Z. Physik 155, 42 (1959). 
5 MAECKER, H.: Z. Naturforsch. lla, 457 (1956). 
6 SCHMITZ, G., and H. J. PATT: Z. Physik 171, 449 (1963). 

35 Z. Physlk. Bd.198 
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2. Thermal Conductivity by Means of Form Factor 

In the following a new and simpler method of determining the thermal 
conductivity will be proposed. It requires measurement of the el. power 
input, of the radiation loss and of the centre temperature of a cylindrically 
symmetric arc. 

It is observed that for every assumed cylindrical arc model solutions 
of the energy balance equation of the steady state arc presuppose or 
yield an equation for the electrical conductivity in terms of the arc 
radius r. UHLENBUSCH 7 gives an excellent summary of some of these 
models, found elsewhere in the literature. From his thesis we quote the 
following examples: 

Channel model 
a(r) = a o = const 0_< r < 1"1, (3 a) 

Parabola model 
(r) = cr o = const 0 < r_< rl ,  (3 b) 

Bessel model s 
a(r)=aoJo(2or/rl) O<_r<_r I (3c) 

with 2 0 = the first zero of the zero order Bessel function Jo. 

Exponential model 

8 AB 
a(r)=-~2 E2AB+fi)~ O<_r<_R (3d) 

where A, B and fl are constants. 

Any of these preceding functions a(r) satisfies the energy balance 
equation (1). Conversely any particular function or(r) must produce via 
the energy balance equation a particular arc model. Accordingly we assume 
there is a general function a = aof(r ) which describes the spatial distribu- 
tion of the electrical conductivity of a cylindrically symmetric, steady 
state arc burning within a cylinder of radius R. At r = R  the temperature 
is maintained at Tw (generally T w is put equal 0). For  r = 0  a second 
boundary condition is given by dT/dr = 0. A general solution of the energy 
balance equation (1) (radiation will be neglected initially) 

aE2= 1 d ( x ,  dT ) 
---r- d---f r ~ (4) 

is sought for 
= ~o f(r). (5) 

7 UHLENBUSCH, J. : Zur Thcoric und Bcrcchnung station/ircr und quasistation/ircr 
zylindrischcr Lichtb6gcn. Thesis Aachen 1962. 

s See also EDELS, H., and F. H. FENLON: Brit. J. AppL Phys. 16, 219 (1965). 
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Integrating Eq. (4) once, using the boundary condition dT/dr =0 at r =0, 
and replacing the variable r by t gives 

, ( ,er t aOr E2 o ~ tf(t) d t = - \ d r ]," 

The variable r is now replaced by s and after a second integration with 
respect to s there results 

oS ;j " O'o E2" tf(t) d t = - o  ~ \(~c* dT~ds ]d  s 

or with modified limits 

r = R,  T = T w = 0 (wall temperature) 

r = 0, T = T c (centre temperature) 

a 0 E 2 tf(t) dt= ~* dT. 
0 

Next the order of integration in the left-hand member is interchanged 
and the inner integration carried out giving 

R e Tc 

aoEZ~otf(t)ln dt= f ~:*dT. (6) 
0 

Using (5) the electric power input per unit arc length Pe! is given by 

R R 

P~l=27r 5 a E21dt =2~z ao E2 ~ tf(t) dt. (7) 
0 0 

Substituting 0"o E2 as given by (7) into (6) we are led to 

R 

~rf(r) l n R  dr To 
Pel o r R --S tc*dT 

2 n ~ rf(r) d r o 
0 

(8) 

where we have replaced the variable of integration t by the original 
variable r. Finally, differentiation of (8) with respect to the centre tem- 
perature Tc yields the thermal conductivity 

d (/'el F~,) 
dT~ = ~* (To) (9) 

35* 
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where the form factor Fel is defined by 

~rf (r )  In d r 
R 

2rc Fel = o r (10) 
R 

r f (r )  d r 
0 

Strictly speaking F~ is not constant with respect to the centre temperature. 
But if we restrict application of (9) to a small region of a Pe~ vs. Tr plot 
for which the radial a distribution is reasonably fixed in form, then the 
corresponding Fe~ is nearly constant. Thus for piece-wise application of 
formula (9) we have the important relation 

~c, (To)= Fel dP~l (11) 
ate 

for the determination of the thermal conductivity as a function of the 
centre temperature. 

3. Form Factor of Known Arc Models 

As will be seen in the following it is justified to consider Fel as a 
constant, at least in first approximation, because it is only weakly 
dependent on the radial distribution of the electrical conductivity. For 
example for the previously cited arc models (3a) to (3c) 2z Fol can be 
shown by direct computation using (10) to be 

2~z Eel = 0.5 (channel and parabola model), (12a, b) 

2 n Fel = 0.8 (Bessel model). (12c) 

The exponential model is an exception and will be treated later in this 
paper. 

The weak dependence of Fol onf ( r )  is further demonstrated by con- 
sidering the function 

f ( r ) =  1-- with 0 < m <  oo. (13) 

By means of (10) we obtain 

m + 4  
2re Fel = 2 ( m  +2) " (14) 

In the special cases m =0, 1, 2, 0o the results of Table 1 follow from (14) 
(but note that (df/dr)r = o # 0 when 0 < m < 1). 



Thermal Conductivity from Power and Centre Temperature of an Arc 513 

Table 1 

2~ Fel f(r) 

m--~0 1 I J  
R 

m=l  0.833 / 

m=2 0.750 

m--+ oo 0.5 

#- 
\ 

Summarizing the preceding results the form factor 2n Fel for f ( r ) =  
1 -  (r/R) m is found to be bounded by the limits 

oo > m>O 

0.5<27r Fe~< 1. (15) 

This result does not change when we consider a third order power 
series approximation of the radial distribution of the electrical con- 
ductivity of an arc. Thus letting 

f ( r ) = b o  + b  1 r + b  2 rZ +b3 r 3. (16) 
With the conditions 

f(O) = 1 (d f /d  r) r = o = 0 
(17) f(R)=0 (df/dr)r=R= - K  

function (16) becomes 

f ( r )  = 1 - (3 - K R )  + ( 2 -  K R )  (18) 

Substituting this expression into (10) integration gives 

9 3 
2 zc Fo~ =-~--~ 6 + 2 K R  " (19) 

With the additional condition that f ( r )  (Eq. (18)) is decreasing from 
r = 0  to r = R ,  i.e. df /dr<O,  it is readily verified that 

O<KR<=3 and hence 0.95>2zcF~>0.7. (20) 

Again the form factor is within the limits of inequality (15). 
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As stated earlier the exponential arc model (3d) is an exceptional 
case in as far as the electrical conductivity does not vanish until the arc 
radius approaches infinity. If we rewrite expression (3 d) in the form 

a = ~o f (r)  (21) 
where 

1 
f ( r )  = (r z + b2)Z (22) 

and substitute (22) into (10) one obtains 

R 2 

At the arc boundary and the arc centref( r )  assumes the values 

1 1 
f ( g )  = ~ ,  f(0)  - - p  = L (24) 

We define now R to be a fictitious arc radius such that the corresponding 
el. conductivity is very much less than at the arc centre, then 

f(0)  _ (R z + 1) z _ N 2 >> 1. (25) 
f (R )  1 

If we express R in terms of N, viz. R =]//~-Z_ 1, then (23) can be written as 

t N 
2re F~I- 2 N - ~  In N. (26) 

The right hand side of (26) is an increasing function of N when N >  l, 
hence the lower limit of the form factor 2• F~I is given in this case by 

lira 2~z F~I= lira 1 N In N=21-- (27) 
N-~I N-~I 2 N - 1  " 

To estimate roughly an upper limit of the form factor we consider a 
high current arc in Nitrogen with a centre temperature of T >  15000 ~ 
The corresponding electrical conductivity is of the order of a(Tc)~ 
100 (Ohm cm)-  1 ref. 9. Assume that at the fictitious arc boundary the elec- 
trical conductivity has decayed to a value of o-(R)=l ,  then N Z=  100/1. 
Using (25) the not completely unrealistic arc radius becomes R = 3 cm, 
while (26) yields 2re F~1=1.28. Accordingly also the exponential arc 
model gives values of 2~z Eel of the order of 1, when use of a fictitious 
arc boundary is made. However, when no restrictions are imposed on R, 
the form factor does not  have a finite upper bound. 

9 EDGES, H.:  Proc. I.E.E. (London) A 108, No. 37, 55 (1961). 
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So far we have considered particular radial distributions of the elec- 
trical conductivity and found 2~ Fel's between 0.5 and appr. 1. In the 
following an attempt will be made to estimate the form factor in case of 
core formation of an arc, how it depends on the diameter of the high 
temperature core and on the ratio of el. conductivities of the arc boundary 
and the centre. 

4. Influence of Core Formation on the Form Factor 

A cored arc is defined to consist of a high temperature inner cylinder 
and a lower temperature outer shell. If we transform such a radial tem- 
perature distribution into el. conductivity as a function of the arc radius 
the term cored arc applies as well. Fig. 1 shows the idealized function 
a(r)/a o =f(r)  of such an arc specified by the conditions 

i for 0=<r<R 1 
! = f ( r )  = for R ~ < r < R  (28) 
a~ for R < r .  

For  this a distribution we shall use in the following the term "two channel 
arc model". 

Substitution of function (28) into (10) yields 

2 (29) 
2~z F* ' -  2 ( l _ p )  (~_~L_I) + P  

Formula (29) is plotted in Fig. 2. 

As an illustration assume a low current arc of fixed normalized 
electrical conductivities of core and shell of 1 and p=0 .1  resp. Let the 
radius of the core be R1 =0  initially. The form factor is then 2re Fe~ =0.5. 
As the diameter of the core of constant electrical conductivity ~/O'o = 1 
grows with increasing current the form factor rises to a maximum value 
of 1.05 at a core radius of R 1 =0.35 R. Increasing the current further 
until the entire arc cylinder is filled with highly conductive plasma a 
form factor of 2~ Fol=0.5 is obtained again. The configuration of the 
two extremes - entirely low or completely high conductivity mode - 
correspond to the single channel model, described earlier (see also Fig. 5). 

Next assume an arc of fixed core and shell radius. At a certain low 
current, core and shell should have the same normalized a/a o. Now as 
the current is increased let the conductivity of the core only increase. 
This means that the ratio p is decreasing from the initial value of 1 
while the form factor is increasing from 0.5. In the limit as p approaches 
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zero i.e. when the shell becomes negligible with respect to the core for- 
mula (29) changes to 

2 n F e l = l [ l + l n  R 2 . 

If in addition the core diameter approaches zero the form factor grows 
beyond limit. On the other hand if we take the two previous limits in 
reversed order the result is independent of p 

lim 2nFel=�89 (p arbitrary). (31) 
RI/R~O 

In conclusion the form factor of our two channel model has a lower 
limit of �89 whereas mathematically no finite upper limit exists (see e.g. 

f(r) 

F i g .  1 

R 
- - - - -~  I" 

P . . . . . . . . . .  i 
1 

i 
1 

_ _  I 
R~ 

Fig.  1. I dea l i zed  r a d i a l  d i s t r i b u t i o n  of  the  
e lec t r i ca l  conduc t iv i t y  of  a c o r e d  a rc  ( two  

c h a n n e l  a r c  m o d e l )  

Fig .  2. P l o t  of  f o r m  fac to r  of  two  c h a n n e l  
a r c  m o d e l  ve rsus  r a t i o  o f  c o r e  to  shel l  r a d i u s  

wi th  p a r a m e t e r  p 

1.9 
8 

1.7 

I6  

1.5 

Z3 

1.o 

ao 

r 

0,7 

o.6 I 
O . a l  1 1 I I I I ~ ] T I 

' 0  0,2 O..q O.6 0.6 ZO 
nl 
R 

Fig .  2 

Fig. 2). This uncertainty of the magnitude of the form factor can be 
overcome by practical reasoning, which excludes the above extreme 
limits as experimentally unfounded. Consider for example the nitrogen 
arc for which a large amount of experimental data is available. Typical 
centre temperatures of a high current arc are of the order of 15 000 to 
20000 ~ Because of saturation the electrical conductivity is about 
100 (Ohm cm)-1 at these temperatures. Near the arc boundary the tem- 
perature decays very rapidly from about 7000 ~ to ambient. The cor- 
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responding a varies f rom about  5 (Ohm cm)-1 to essentially zero. If we 
take these two extreme values as the mean conductivities of the core and 
the shell resp., their inverse ratio is p =0.05 giving according to Fig. 2, 
the maximum of 2n Fo1=1.26. For  intermediate and low current arcs 
similar typical values are found. They are also listed in Table 2. 

Table 2 

A r c  c u r r e n t  H i g h  I n t e r m e d i a t e  L o w  

T ~ T ~ T cr 

Core 18000 ~ 100 13000 ~ 65 10000 ~ 25 
Shell 7 000 ~ 5 6 500 ~ 2 6000 ~ 1 
p 0.05 0.03 0.04 
(2n F.l)ma x 1.26 1.43 1.33 

It  is readily seen f rom this table that even in extreme cases the form 
factor remains below 1.5. If instead we would have drawn approximate 
mean temperature lines for the core and the shell a form factor of 
appr. 1 would have been obtained in all 3 cases. 

More careful evaluation of the radial distribution of a of nitrogen 
arcs burning within the bore of the cascade arrangement and subsequent 
determination of the form factor according to (10) produced the data of 
Table 3. In this analysis Figs. 2 and 4 of ref. 6 were utilized. 

Table 3 

I (Amps) 10 15 20 30 100 200 

2nF.l 0.95 1.19 1.02 1.23 0.89 0.77 

Suppose now we would use the value 27z Fel = 1 then the max. relative 
error in the computat ion of the thermal conductivity according to (11) 
would be 23 70 due to the form factor plus an error contribution due to 
the derivative dP, JdTc. Relative to the spread of published thermal 
conductivities this appears to be quite an acceptable result, particularly 
in view of the simplicity of the method, which does not really require 
knowledge of the electrical conductivity a (T) or a (r) nor measurement of 
the entire temperature distribution, although the outcome can be im- 
proved thereby. 

Similar results can be expected for other gases, for in cases of extreme 
coring (oxygen and SF6 arc) the lowest possible form factor is in agree- 
ment with Eq. (31) 2n _1 F , l - z ,  while an upper limit of 2n Fe l= l .8  is 
obtained for an unlikely high ratio of mean electrical conductivities of 
core and shell of 100/1 with RI/R=O.163 (see Fig. 2). 
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5. Extreme ~ Distribution - -  Extreme Form Factor 

It remains to verify that the two channel model and not some other 
configuration yields extreme values of the form factor. This proof is 
carried out in detail in an appendix to this paper, where it is shown that 
max. form factors (2~ Fc~)max =2 are given by the implicit relation 

-2~.  
e 

(32) 
P=  2)~+e-2~_ l 

As before p is the ratio of the normalized electrical conductivities of the 
shell and the core. Form. (32) represents the peak values of Fig. 2. The 
associated core radii R 1 are 

R I = R e  -~. (33) 

The extrema of (32) are readily recognized. For p ~ 0  there results 
2--r ~ .  Although in general p < 1 the largest value it can assume is one, 
i.e. the electrical conductivity at the arc boundary can at most become 
equal to that of the centre. In this case the single channel model (Fig. 5) 
with 2~ Fe~=�89 is obtained, which is shown in the appendix to be a 
minimal a distribution. 

We conclude therefore that all arc models yield form factors between 
�89 and (2n Fcl)max corresponding to the single and two channel arc 
models respectively, Earlier it was found by practical reasoning and 
analysis of published data that the maximum form factor is limited. 
More particularly it does not exceed 1.5 in the case of the cascade 
stabilized arc in Nitrogen. 

Although we can be quite content with the accuracy of the thermal 
conductivity obtained in the described manner it is desirable to determine 
the form factor more precisely. Work is proceeding in this direction. 

6. Effect of Radiation on Determination of Thermal Conductivity 

In deriving the form factor we have assumed a general radial distribu- 
tion of the electrical conductivity a=aof(r), which made direct integra- 
tion of Eq. (4) possible. If in addition we assume a general radial distribu- 
tion of the specific radiation of an arc u(r) =u o g(r) also Eq. (1) can be 
integrated directly. Rewriting (1) in terms off ( r )  and g(r) we have 

aof(r)E2_uog(r)= 1 d {rtc, dT] (34) 
r dr \ dr ]" 

Proceeding similar as in section 2 (c.f. formulas (5) to (8)) we obtain 
after double integration, introduction of the total electric power (Eq. (7)) 
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and the total radiated power given by 

R 

P.= 2n Uo ~ r g(r) dr (35) 
o 

the same simple result as before (compare formula (8)) 

R R 

Irf(r) lnR  dr ~rg(r) lnR  dr ro 
Pel o r o r R P" R -~  to*dr. 

o 
27rSrf(r) dr 2nSrg(r)dr 

o o 

(36) 

Introducing in addition to the electric form factor F~I (form. (10)) a 
radiation form factor F~, viz. 

R 

Srg(r)InR dr 
2 n F . -  o t" (37) 

R 

~rg(r) dr 
0 

relation (36) becomes 
T~ 

P~IF~I-P,F,, = S ~c* dT. (38) 
o 

Assuming that both form factors are reasonably constant as was justified 
earlier for F~I, differentiation with respect to the centre temperature 
results in 

dP~l dP,, , 
F~t~ -F . - - - -= , r  drc (39) 

from which the thermal conductivity can be obtained. In view of the 
foregoing discussion it is to be expected that both form factors are 
approximately equal. Then with Fol = F  u = F  o 

d 
Fo ~ (eo~-P . )  = ~*. (40) 

a l e  

Since even at relatively high temperatures (Nitrogen arc with To= 
16000 ~ the radiated power P,<0.1Pe~ (see e.g. Fig. 3 of ref. 6) its 
effect on the thermal conductivity is generally negligible, certainly at 
lower temperatures. 
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Fig. 3. Thermal conductivity vs. temperature, a) Obtained with form factor method, b) after KING 10, 
c) after UHLENBUSCH 11 

7. Practical Application 

To demonstrate our method of obtaining the thermal conductivity 
we have in absence of own measurements differentiated the power vs. 
T c curves of Fig. 3, ref. 6 and multiplied these results with a form factor 

1 
F 0 =-~-~-. These data are plotted in Fig. 3. Assuming that the errors due 

to the form factor and of the power curves are 20% and 10% resp. and 
that differentiation increases the latter somewhat, a total relative error 
of 30% of i~* is not unlikely. Nevertheless the thermal conductivity 
obtained in this manner agrees reasonably well with other published data 
for Nitrogen (see e.g. lo, 11). Of particular interst in Fig. 3 is of course 
the confirmation of the first ionization peak near 15000 ~ derived 
theoretically first by KING lo. Equally well compares the location of the 

lo KING, L. A. : Colloquium spectroscopiUm internationale, p. 152. London and 
Amsterdam: Pergamon Press 1956. 

11 UHLENBUSCrI, J.: Z. Physik 179, 347 (1964). 
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first min imum,  while the dissociation peak could no t  be obta ined because 

of the l imited range of the available measurements .  
Besides demonst ra t ing  the simplicity of the form factor method  it is 

seen that  also the error of the thermal  conduct ivi ty  obtained in this 
manne r  can be estimated. This is part icularly impor t an t  when more 

exotic gases are evaluated for which no other references as in the case of 
Ni t rogen are available. 

The authors wish to record their gratitude to Prof. G. SCHMITZ and Dr. H. J. PATT 
(Dept. of Physics, T. H. Aachen, Germany) for supplying an enlarged Pc1 vs. T c curve 
of the Nitrogen arc. 

Appendix 
J. BOERSMA* 

In this appendix a mathematical investigation is made into the extrema of the form 
factor 2n Fel as given by (10). 

As before the function f(r) describes the radial distribution of the electrical con- 
ductivity of a cylindrically symmetric arc. We impose the following conditions on 
the function f: 

(i) f(r) is decreasing from r = 0  towards the arc boundary at r=R; 
(ii) f (0)= 1,f(R)---p~ 1. 

The set of all funcfionsf satisfying these conditions is denoted by F. 
For convenience we write form. (10) as 

P 
2 n  e o , = ~ -  (A.I)  

w h e r e  
R R 

P = I r f ( r ) l n R  dr and  Q = S r f ( r ) d r .  (A.2) 
0 r o 

To every f~F there corresponds a pair of values P, Q which can be represented by 
a point in the (P, Q) plane. When f runs through F the corresponding points (P, Q) 
fill up a convex domain D which has been drawn in  Fig. 4. In the following we first 
determine the boundary of D. Then the maximum and minimum values of P/Q are 
obtained by drawing the tangents through the origin to this boundary. The coordinates 
of the tangent points immediately yield (2n Fel)rnax, (2n Fel)mi n- 

In order to determine the boundary of D we intersect D with the parallel lines 
P - 2 Q =  C where 2 > 0  and C are constants. Two of these lines are tangent to the 
boundary of D i.e. these lines have only one or more points on the boundary in common 
with D. It is clear that the tangent which touches the boundary to the "right" corre- 
sponds to max (P-2Q), i.e. the tangent point (Pz, Qz) corresponds to a function 

f ~ F  
fz(r)~F for which P-LQ becomes maximal. Similarly the tangent which touches 
the boundary to the '"left" corresponds to rain (P-2Q). 

Let us first determine fe e 

m a x ( P - 2 Q ) = m a x S  r f ( r )  In - 2  d r .  (A.3) 
f ~ F  f e F  0 

* Department of Mathematics, Technological University, Eindhoven, The Nether- 
lands. 



522 D. Trt. J. TER HORST and H. M. PFLANZ : 

We notice that 

> 0  w h e n  O < r < R e  -~ 

l n R - 2  = 0  w h e n  r = R e  -~ (A.4)  
r 

< 0  when Re-a<r<R. 

The functionf(r) being positive when 0 -  < r-< R, it is clear that the interval 0~< r-< R e -~  
yields a positive contribution to the integral (A.3), whereas the contribution of the 
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Fig. 4. Region D of a P--Q plot 

interval R e - ' ~ -  < r < R to (A.3) is negative. In order to maximize (A.3) we make the 
positive contribution as large as possible and the absolute value of the negative con- 
tribution as small as possible. Hence we choosef(r) as large as possible in the interval 
O<r<Re -x and as small as possible in the interval Re-a<r<R.  In view of the 
conditions imposed on f viz. f is decreasing with f ( 0 ) =  1, f(R)=p, these largest and 
smallest possible values are 1 and p respectively. Hence, we arrive at the following 
maximizing function 

1 w h e n  O<_r<Re -~ 
fx(r) = - (A.5)  

p w h e n  R e - X < r < R .  

The radial distribution f~ corresponds to the two channel are model as it has been 
drawn in Fig. 1. The core radius is now RI=R e -~. 
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The tangent point (P2, Q)t) is found by a simple integration 

R 

Pz=S rye(r)In R dr=�88 [ ( l _ p ) ( l + 2 2 ) e _ 2 Z + p  ] (A.6) 
0 ~" 

R 

Qz=S r fz (r  ) dr=�89 2 [(1 - p )  e -2  z + p-]. 
0 

Substitution of 2=0,  2=o0  yields the points 

(Po,Qo)=(�88189 e) and (n~o, Qo~)=(�88189 (A.7) 

In the point (Po, Qo) (2=0) the tangent to the boundary is parallel to the Q-axis, 
in the point (Poo, Qoo) (Z= o0) the tangent to the boundary is parallel to the P-axis. 
Eliminating ). in (A.6) we obtain 

2 P = Q + ( Q - � 8 9  2) In ( 1 - p ) R 2  (A.8) 
2 Q - p R  2 

which is the equation of the "right-hand half" of the boundary of D. 
Secondly, we determine 

m i n ( P - 2 Q ) = m i n S  r f ( r )  In - 2  dr .  (A.9) 
f e F  f e F  0 

This minimum will be obtained by choosing f(r) as small as possible in the interval 
0 < r < R e -~- (where In R/r-- ~. > 0) and as large as possible in the interval Re -x < r < R 
(where In R/r-- Z < 0), Suppose f(R e - z) = q with p < q <= 1, where q is still unknown 
for the moment. Then, in view of the functionf being decreasing the smallest possible 
value for f in the interval 0 <  r<R e -~ is equal to q. Similarly, the largest possible 
value fo r f  in the interval R e -'~ < r < R is also equal to q. Hence, we obtain the mini- 
mizing function f *  given by 

1 when  r = O  

f * ( r ) =  q when 0 < r < R  (A.10) 

p when r = R .  

A graph of the functionf~* is drawn in Fig. 5. The figure corresponds to the single 
channel model. 
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Fig. 5. Normalized distribution of the el. conductivity of single channel model  
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hence 

The values of P and Q corresponding to f *  are obtained by integration 

R 

P=I rf~(r)In R d r = � 8 8  2 
0 r 

R 

Q=~rf~(r)dr=�89 2 
0 

(A.11) 

P-2Q=�88 (A.12) 

The value of q has to be chosen in such a way that P-2Q as given by (A.12) becomes 
minimal. This choice depends on the sign of 1--22. 

If 2<~, we have to choose q=p. The corresponding point in the (P, Q) plane 
is just the point (Poo, Qoo). Any line P-2Q=C with )l<�89 through this point is a 
tangent to the boundary of D. 

If 2 > �89 we have to choose q=  1. In the (P, Q) plane we obtain as the corresponding 
point the point (Po, Qo)" Any line P - - 2 Q =  C with 1 > ~ through this point touches 
the boundary of D. 

If 2=~ any choice of q in the interval p=< q=_< 1 leads to the minimum value of 
P--  2Q. The corresponding points (P, Q) fill up the line segment connecting the points 
(P~, Q~) and (P0, Q0)- This line which has the equation 2P=Q forms the "left- 
hand half" of the boundary of D. 

In conclusion, when f runs through F the corresponding points (P, Q) fill up the 
domain D which is bounded by the curves 

(1 - p)  R 2 
2P=Q+(Q-�89 2Q_pR2 a nd  2 P = Q .  (A.13) 

Hence, the domain D can be characterized by the inequalities 

Q~=�89189 z 

Q+(Q-�89 2) In ( 1 - p ) R ~ < 2 P < a "  
2 Q _ p R . =  = 

(A.14) 

In order to obtain the maximum and minimum values of the form factor 2n Fel= 
P/Q we draw the tangents through the origin to the boundary of D. One of these 
tangents viz. the line 2P=Q coincides with the "left-hand half" of the boundary 
yielding the minimum value 

P 1 
(2zCFel)min Q 2"  (A.15) 

The minimum is attained when f=f~ as given by (A.10) where q is arbitrary with 
p=  q=< 1. Hence, the minimum corresponds to the single channel arc model. 

The second tangent through the origin touches the boundary of D to the "right". 
The equation of a tangent to the "right-hand half" of the boundary can be written 
as P-2Q=P~-2Q,~ where the tangent point (Pz, Q~) is given by (A.6). Now, 
2 has to be chosen in such a way that the tangent passes through the origin, hence 

p z - 2 Q z - - 0  (A.16) 
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or, using (A.6) 

525 

� 88  2 [ e  -2z-p(22+e -2z-I ) ]=0 

e - 2 ~  (A.17) 
P=22+e-2~_l  �9 

The latter relation is to be considered as an equation for 2. It is clear from Fig. 4 
and it can also be shown analytically that this equation has a unique solution 2o= 
20(o )>0  which depends on p. The maximum value of the form factor is given by 
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( 2  ~ Eel)max __ Pko Q;~o -ko.  (A.18) 

The maximum is attained when f = f z o  as given by (A.5). Hence, the maximum corre- 
sponds to the two channel arc model with a core radius RI=R e-ko. It can easily 

moo - 41,o = ~. oo  
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Fig, 6. Regions D of a P- -Q  plot with p as parameter 

be verified that the same result is obtained by maximizing the expression (29) for 
2zE Fel which holds for the two channel model. By differentiating (29) with respect 
to R 1 it is immediately clear that the equation dFel/dRl=O is similar to (A.17) and 
has the solution RI=R e-go. 
36 Z. Physik. Bd.198 
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In conclusion we have derived the following bounds for the form factor 

l < 2 n F e l < 2 o ( p ) .  (A.19) 

The lower bound corresponds to the single channel model, the upper bound corre- 
sponds to the two channel model. 

Let us finally investigate how the upper bound )10Go ) depends on p. The lower 
bound is independent of p. Unfortunately Eq. (A. 17) cannot be solved in closed form. 
We now write (A.17) in the following form 

(2 2--  1) e 2 ~ = 1 _  1. (A.20) 
P 

Because the left-hand side of (A.20) is an increasing function of 2 when 2 > 0, the 
solution 2o(p) will be a decreasing function of p. Consider the limit of Eq. (A.20) 
when p~O and p ~ l  respectively, then it is clear that lim2o(P)=Cxg, lim 20(p)= �89 

p-+O p-~l 
Hence, we have the inequality ) ~  20(p)< 00. The lower bound ~ which is assumed 
when p =  1, corresponds again to the single channel model. The same result can also 
be visualized from Fig. 6 where a number of domains D have been drawn corre- 
sponding to different values of p. 

In casep=0 the P-axis itself is tangent to the boundary of D and passes through 
the origin. The corresponding upper bound for the form factor is P/Q = 00. In case 
p- -  1 the domain D consists of only one point viz. the point (~R 2, )R 2) in agreement 
with the set Fconsisting of only one ftmctionf viz. the functionf(r)~- 1 when 0~  r ~  R. 
The corresponding form factor is �89 which is at the same time the upper and lower 
bound. 


