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CHAPTER 1 

On the complexity of the r ~ b - ~ i s t  stability problem 
for linear parameter varying systems 

In this chapter, it is shown that the problem of checking robust stability of linear 
parameter varying (LPV) systems is NP-hard,  and therefore it is rather unlikely to 
find polynomial time solution procedures for this problem. In the frequency domain 
structured uncertainty case, it is known that the robust stability problem is NP-hard 
[19, 20, 19, 16, 31, but allowing the uncertain blocks to be time varying gives a com- 
putationally tractable problem [17, 161 , which can be solved by convex optimization 
techniques. In the parameteric uncertainty case, NP-hardness of the robust stability 
problem has been shown in [19, 161. The results of this chapter show that,  allowing the 
uncertain parameters to be time varying, does not give a computationally simplier prob- 
lem, i.e. it remains NP-hard,  and hence it is rather unlikely to  find computationally 
tractable solution procedures for this problem. On the other hand, as far as the existence 
of an algorithm is considered, there is still no known (non-polynomial time) algorithm 
for the robust stability problem of linear parameter varying systems [13], and the well 
known Tarski’s theorem [20] does not provide a solution procedure [12]. Recently, there 
has been some developments in the direction of constructing non-polynomial time algo- 
rithms for a related problem, called the joint spectral radius (JSR) computation problem 
[13]. We also comment on the use of these results for developing a non-polynomial time 
algorithm for testing robust stability of linear parameter varying systems. 

3 



i Introduction 

In this chapter, linear parameter varying systems are considered, and it is showri that 
the problem of checking robust stability is an NP-hard problem. Based on this result, 
it is rather unlikely' to find polynomial time solution procedures for this problem. For 
the frequency domain structured uncertainty case, it is well known that the problem of 
checking robust stability is UP-hard.  However, recently it has been shown that allowing 
the uncertain blocks to be time varying gives a computationally simpler problem which 
can be solved by convex optimization techniques 117, 161. Furthermore, NP-hardness of 
the robust stability problems for the parameteric uncertainty case is also known [is, 161. 
Therefore, it is natural to consider the computational complexity of this problem when 
parameters are allowed to be time varying. The results of this chapter shows that, this 
does not give a computationally simpler problem, i.e. the problem remains NP-hard.  
Based on this result, it is rather unlikely to find polynomial time solution procedures for 
the robust stability problem of linear paramater varying systems, however in the rest of 
this chapter, we also comment on the recent results towards developing non-polynomial 
time algorithms. 

In this chapter, we consider linear parameter varying systems of the form, 
/ n \ 

~ ( k  + 1) = [ Ao + E ri(k)Ai ) z ( k ) ,  
\ i=l / 

where TI ,  . . . , T, E B ( P ) .  By Theorem la  of [ 11, the following conditions are equivalent: 

The linear parameter varying system of (1) is said to be stable, iff one of the above equiv- 
alent conditions hold. Note that, this stability definition corresponds to the boundedness 
of the state for all possible initial conditions. Similarly, by Theorem l b  of [i], the fol- 
lowing conditions are equivalent: 

'In this chapter, all of the statements of the form "it is rather unlikely ..." can be replaced by "it is 
impossible ..." under the assumption P # NP, [li] 
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(AS2) lim sup 
p+co 7-1, ..., 7 - n € B ( P )  

P n 

II j = i  (Ao + c.i:J!ii) i=l = O, 

n 

(AS3) 3M > O, and p < 1, such that Vr1, ..., rn E B ( P ) ,  
j=i 

The linear parameter varying system of (1) is said to  be asymptotically stable, iff one 
of the above equivalent conditions hold. Note that, this stability definition corresponds 
to the convergence of the state to  O (as time goes to  infinity), for all possible initial 
conditions. 

The main result of this chapter is the NP-hardness of the stability, and asymptotic 
stability problems for linear parameter varying systems. Therefore, it is rather un- 
likely to find polynomial time solution procedures for these problems. The well known 
Tarski’s theorem [2O] does not provide a (non-polynomial time) solution procedure for 
these problems. Recently, Lagarias and Wang proposed an algorithm based on the so 
called Finiteness Conjecture [13, 91, and computational experiments support their con- 
jecture [7]. If the Finiteness Conjecture is proved, this will provide a non-polynomial 
time solution procedure for the joint spectral radius computation problem, which also 
can be used to  test robust asymptotic stability of linear parameter varying systems. 
Furthermore, the proposed algorithm will be a non-algebraic decision test, and this is 
consistent with the recent results of Kozyakin [ia] which basically says that,  if there 
is an algorithm, it should be non-algebraic. But, to  best of the author’s knowledge, 
the Finiteness Conjecture is still open, and there is still no known non-polynomial time 
solution procedure for the above stability problems. 

2 NP-hardness of robust stability and robust asyrnp- 
totic stability problems for LPV systems 

In this section, NP-hardness of stability and asymptotic stability problems for linear 
parameter varying systems, are proved. Our results are based on some observations from 
[16] and [lo]. 

Lemma 1 ([14]): For a given a E Zn,  the problem of checking the existence of t l ,  ..., tn E 
{-1, +i} such that aiti = O ,  is NP-hard.  

Lemma 2 ([lo]): For a Hermitian matrix A E Mat(n, a), p(A)  = IlAll 
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Proof of Lemma 1 is based on the NP-hardness of integer Knapsack problem [li], 
and Lemma 2 follows from llA1I2 = p(A*A) = p(A2) = P ( A ) ~ .  

In [16], it is proved the problem of checking whether each member of an interval 
matrix has spectral norm 5 1, is NP-hard. In the following, a similar result is proved 
for structured perturbations of Hermitian matrices. 

Theorem 1: For given matrices Ao, ..., A, E Mat(m, Q ) ,  checking robust stability and 
checking robust asymptotic stability of the LPV system 

are both NP-hard  problems. 

Proof Consider the problem of Lemma 1 with the same notation, and define B = 
(In - E ~ u u ~ ) - ~ ,  E = 1/(1 + 1011a112), p = n - it2, and 

similar to the definitions given in [16]. Then Mz is positive definite iff zTB-'z < p. 

has no solution, we have zTBP1z 5 n - ~ ~ l u ~ x l ~  5 n - e2. On the other hand, if the 
problem of Lemma 1 has a solution, then 3x E IR", IIxll.. I 1 with zTB-Iz = n > p. 
Therefore, if the problem of Lemma 1 has no solution, then all of the matrices 

Furthermore, zTB-'x = .'(In - e2uuT)z 5 n - E 2 T 2  la zI , and if the problem of Lemma 1 

are positive definite. Otherwise, 32 E IR", I]zlloo 5 1 such that Mz has a negative 
eigenvalue. 

Note that, Mz is Hermitian, and for x E IRn,x0 E IR we have 
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Then, if the problem of Lemma 1 has no solution, M, is positive definite for all z E IR” 
with IIzlloo 5 1, and p(N,) = I/N,II < 1. Otherwise, 32 E IR”, llzllco 5 1 such that Adz 
has a negative eigenvalue, and hence p(N,) = IIN,II > 1. 

Hence, if the problem of Lemma 1 has no solution, then the LPV system 

ic(k + 1) = N,X(k) 

is robustly stable, and robustly asymptotically stable (because llNzll < 1 for all z E IR” 
with IIxlloo 5 1). Otherwise, 3x E IR”, ( ( z ( ( ,  5 1 such that p(N,) > 1, and the above 
LPV system is not robustly stable. The theorem follows by the NP-hardness result of 
Lemma 1. o 

Theorem 1 implies that, both robust stability, and robust asymptotic stability prob- 
lems, are NP-hard for LPV systems. In fact, it shows that, even if we restrict out 
attention to  only Hermitian matrices, these robust stability problems still remain NP- 
hard. Hence, i t  is rather unlikely to find polynomial time solution procedures for these 
problems. In the case of structured frequency domain uncertainty, it is known that the 
robust stability problem (p-analysis) is NP-hard (19, 201 (See also [3, 19, 161). However, 
if one allows the uncertainty blocks to be time varying, the problem becomes significantly 
easier to solve [17, 161. The NP-hardness of the robust stability problem for the struc- 
tured parametric uncertainity case is also well known [19, 161, but the results of this 
chapter show that, allowing the uncertain parameters to  be time varying does not give 
a computationally simpler problem (i.e. the problem remains NP-hard) . 

In the next section, some recent results in the direction of developing non-polynomial 
time algorithms are discussed. But to best of author’s knowledge, there is no known 
non-polynomial time algorithm for these problems. 

3 The Finiteness Conjecture 

In this section, we summarize some recent results in the direction of developing non- 
polynomial time algorithms for checking robust stability and robust asymptotic stability 
of LPV systems. 

First of all, for a given set of matrices C = {A,, ..., An}, define 

- p k ( C )  sup{p(Ai1...Aik) Aij E C, j = 1, ..., IC}, 



and 

m ( C )  = SUP{IIA~~.. .A~~(I : Aij E C, j = 1, ..., i k } ,  

as in [13]. Then, 

and 

(See [13]). In [i], it is shown that 

Recently, Lagarias and Wang conjectured the following: 

Finiteness Conjecture (1131): For each finite set C of n x n matrices, there exists 
some finite kc such that 

Remark: Kozyakin’s results [ ia]  show that, the above Finiteness Conjecture is false if 
ik= is not allowed to  be dependent on C. Similarly, in [13] an example is provided to 
show that kc can be arbitrarily large, and hence for the Finiteness Conjecture to be 
true, kc must depend on C. 

In [13], it is shown that the Finiteness Conjecture is equivalent to the so called normed 
Finiteness Conjecture, and the normed Finiteness Conjecture is proved for piecewise an- 
alytic norms. Furthermore, computational experiments support this conjecture [7]. But, 
to best of author’s knowledge, the Finiteness Conjecture is still an open problem. If the 
Finiteness Conjecture is proved, than this will also prove that the following “program” 
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is an algorithm for checking whether ?(E) < 1 or not, [13]. 

(Step i) Let k = i. 

(Step 2) Compute p k ( E ) ,  and jjk(z). 
(Step 3) If pk(C)  2 1, then the condition “p^(C) < I” does not hold. STOP. 

(Step 4) If &(E) < 1, then the condition “p^(C) < 1” does hold. STOP. 

(Step 5) Increase k by 1. Go to  (Step i). 

It is not known whether the following “program” stops for all possible inputs E, or 
there exists an input C for which the “program” runs forever. But, if the Finiteness 
Conjecture is proved, this will also imply that the above “program” stops for all possible 
inputs C, and hence is an algorithm for checking whether p^(C) < 1 or not. At this point, 
we would like to  mentione that the well known results of Brayton and Tong [3 ,  41 does 
not provide an algorithm for this problem. They suggest an iterative approach together 
with some conservative decision tests, but do not provide any non-conservative decision 
test that can be used as a stopping criterion for their iterative approach. 

The Finiteness Conjecture based algorithm proposed by Lagarias and Wang, can be 
used to check the robust asymptotic stability of LPV systems of the form 

Because, robust asymptotic stability is equivalent to 

for 

[7]. Hence, if the Finiteness Conjecture is proved, then this will provide a non-polynomial 
time algorithm for checking robust asymptotic stability of LPV systems. But, to best of 
author’s knowledge the Finiteness Conjecture is still open, and there is no known non- 
polynomial time algorithm for checking robust stability and robust asymptotic stability 
of LPV systems. 
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4 Summary 

In this chapter, it has been shown that, stability and asymptotic stability problems 
for linear parameter varykg systems, are NP-hard.  Therefore, it is rather unlikely to 
find polynomial time solution procedures for these problems. Some recent results in the 
direction of constructing non-polynomial time algorithms, has also been discussed. 
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CHAPTER 2 

On the conservatism ~ f ~ p p e r  - hound tests 
for structured singular value analysis 

Because of the well-known difficulties of exact real/mixed p computation [19, 16, 31, 
efficiently computable upper bound tests are of great importance for both p analysis 
and synthesis. However, another important issue is the introduced conservatism, and 
in this chapter, we consider the worst case conservatism of these efficiently computable 
upper bound tests for real/mixed p analysis. It shown that any upper bound test, p, 
satisfying the condition p ( M )  5 p ( M )  5 C dim(M)’-‘ p ( M ) ,  must itself be HP-hard 
to compute. In other words, unless “P # ,UP” is false, for any efficiently computable 
upper bound test, p ,  the worst case gap between the upper bound and the exact p 
is not bounded by O(dim(M)’-‘). Therefore, unless “P # NP” is false, no matter 
which efficiently computable upper bound test we choose, there will be examples with 
arbitrarily large p / p  ratios, i.e. with arbitrarily large conservatism. 
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1 Introduction 

In this chapter, we consider the conservatism of eEciently computable2 upper bound 
tests for real/rnixed p analysis [18, 9, 101. It is already known that exact real/mixed p 
computation is NP-hard [19, 16, 31, and therefore efficiently computable upper bound 
tests are of great practical importance for real/mixed p analysis. The focus of this 
chapter is the conservatism of such efficiently computable upper bound tests, and our 
main result is the following: Unless “P # NP” is false, for any efficiently computable 
upper bound test, p, define 

: p ( M )  # O ,  dim(&!) = n  , 1 
then 

= 00, sup - 
n nl-‘ 

9&> 
(3)  

i.e., the worst case gap between the upper bound and the exact p, is not bounded by 
O( dim ( M )  l-‘). 

An alternative statement of our result is the following: No matter how large C E IR’, 
and how small E E IR+ are chosen, any upper bound test, p, satisfying the condition 

must itself be NP-hard to  compute. 

Note that, standard upper bounds for real/mixed ,LL are efficiently computable [18, 9, 
101. Therefore, these results also show that, unless “P # NP” is false, the worst case gap 
between standard upper bounds and the exact p, is not bounded by O(dirn(M)’-‘). The 
conservatism of standard upper bound tests has also been discussed in 121, 9, 4, 8, 171, 
however our approach is to  investigate the worst case conservatism using some tools 
from the theory of computation. 

As a related result, we would like to mention that, in [15], it has been shown that 
the worst case gap between complex ,LL and its standard upper bound grows no faster 
than O(dim(M)), i.e., 

2i.e. required computation time is bounded by a polynomial of the problem size. 
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Based on these results, two natural questions are “What are the best achievable conser- 
vatism levels by efficiently computable upper bound tests for real, mixed, and complex 
p ?’,, and “DO standard upper bound tests have any optimality property with respect 
to the introduced conservatism ?”, but to best of the author’s knowledge these are still 
open problems. 

As another related result, we also would like to mention that, in [6], using the PCP 
Theorem, it has been show that there exists an E > O such that, approximating real p 
with conservatism bounded by (1 + E )  is NP-hard. However, the results of the present 
chapter are proved without using the PCP Theorem (See [l], and references therein), 
and hence are more accessible compared to [6]. 

The rest of this chapter is organized as follows: In Section 2, some approximation re- 
sults about Legendre series expansions are presented, in Section 3, the main result of the 
chapter, the conservatism theorem is proved, and finally in Section 4, some concluding 
remarks are made. 

2 Legendre series expansion 

In this section, we consider uniform approximations of C([-1, i]) functions by poly- 
nomials. By Weierstarss theorem, it is known that the set of polynomials is dense in 
C([-i, i]), and hence for any f E C([-i, l]), and E > O, there exists a p E Q[t] such 
that 

Note that, in the above formulation, there is no constraint on the degree of p .  However 
if we fix the degree of p ,  then we obtain a completely different approximation problem. 

Fact 2.1 ([13]): There exists a constant L > O such that, for any f E C([-i, l]), and 
any positive integer d ,  there exists a pd E Q[t] of degree d such that 

where the function wf is called the modulus of continuity of f ,  and is equal to 
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Fact 2.2 ([13]): In the statement of Fact 2.1, the L value cannot be chosen arbitrarily 
small, i.e., there exists an Lo > O value such that the statement of Fact 2.1 is not true 
for L = Lo. 

Namely, by a dth order polynomial, we can guarantee O(wf  (5)) uniform approxima- 
tion, and in some sense this is the best that we can obtain (Fact 2.2). 

In the proof of the conservatism theorem, we need a similar strong result on approx- 
imation of C([-1, 11) functions by fixed order polynomials. However, because of the 
techniques used in the proof, we need a constructive result, rather than an existence 
result. In the following, we discuss some approximation results about Legendre series 
expansions [13]. This will provide a constructive (infact a polynomial time computable) 
O(log(d) wf ( i ) )  approximation, and will be sufficient for the proof of the conservatism 
theorem. 

Define LI, E Q[t] ,  k 2 O as, 

Lo@) = 1, L&) = t ,  (7) 

and 

(8) 
1 

k t l  Lk+&) = ~ ((2- + l)tLI,(t) - kL,-,(t)), k 2 1. 

The set of all Lk ' s  are called Legendre polynomials, and satisfies the following inner 
product relation [13]: 

i.e. they form an orthogonal set in C([-l, 13). Furthermore, by Weierstrass theorem, 
and the recursion relation (8), the set {LI, k 2 O} is dense, and hence forms an 
orthogonal basis in C([-1, i]). 

: 

For a given f E C([-i, i]), the dth order Legendre series expansion is defined as: 

d 

Sd(t) = a k L k ( t ) ,  where U I ,  = 7 
L J - 1  k=O 

The Legendre series expansions have the following approximation properties [13] : 

lim sd(t) = f ( t ) ,  for all t E [-I, i], 
d t w  
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and 

where H is a universal rational constant. The inequality (12) will play a key role in the 
proof of the conservatism theorem. 

Note that, it is not guaranteed that s d  converges uniformly to f on the interval 
[-1, i]. As a final remark, note that if Pd is the dth order Legendre series expansion of 

then 

therefore by using this Legendre series based method, we obtain a simple construction 
for an O(log(d) wf (2)) approximation. 

The above approximation results will be sufficient for the proof of the conservatism 
theorem. For further approximation results which are not discussed here, we refer the 
reader to [13] and references therein. 

3 The conservatism theorem 

In this section, we prove the results stated in Section 1. The proof is based on the 
,UP-hardness of the maxcut problem: It is shown that, if there exists an efficiently 
computable upper bound test j!ï satisfying the conservatism conditions stated below, 
then for any given graph G, one can construct in polynomial time a rational matrix 
MG, such that the decision version of the maxcut problem is equivalent to  checking 
whether ‘‘$MG) < 1” holds or not. The construction of MG involves several steps, 
and the polynomial approximation results of the previous section will be used in this 
construction. 

After the above discussion to motivate the main idea of the proof, we now state and 
prove the conservatism theorem: 
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Theorem 3.1 (The conservatism theorem): In the context of real/mixed p analysis, 
unless "P # NP" is false, for any efficiently computable upper bound test, p, with 

then 

i.e., the worst case gap between the upper bound and the exact p, is not bounded by 
O(dim(M)'-'). 

In other words, no matter how large C E IR', and how small E E IR+ are chosen, if 
an upper bound test, p, satisfies 

then, ;u itself must be NP-hard to compute. 

Proof Let C > 2, and 1 > E > O, be fixed rational numbers. We will first show that, if 
an upper bound test, p, satisfies 

then, p itself must be NP-hard to  compute. Note that, this proves the second statement, 
as well as the first one. 

Let G = ( N , E )  be a (undirected) graph with n nodes, and e branches ( n , e  > i), 
and let m G  denote the maxcut of G. Furthermore, let k be an integer 2 2. We have 
either m G  2 k ,  or m G  5 k - 1, but the problem of deciding which one holds is NP-hard 

In the rest of the proof, we outline a polynomial time3 construction of a rational 
matrix MG. Each step presented below is a polynomial time operation, and at the end 
we explain how checking whether  MG) < 1" holds or not, can be used to  solve the 
above decision version of the maxcut problem. By the NP-hardness of the maxcut 
problem, we will complete the proof of the above statement (13), and hence the first 
and second parts of the conservatism theorem. 

1111. 

31n this Section, polynomial time means polynomial time with respect to the number of nodes of G. 
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Now, we start the construction of MG: As in [6], define A G  E Mat(n, Z) as 

if i # j ,  and { z , j )  E E 
if i # j ,  and { i , j }  $ E  
if i = j 

(AG)i , j  = 
C { i , k } E E  1 

then, 

sup X ~ A ~ X  = m G  Ir1 - r2I2 
XE[rl ,rz]n 

It is possible t o  generate in polynomial time, rational numbers 6, qi , q2 satisfying 

O < 6 < f 3 (E - J- k - 1  ) , 

Let H be the universal rational constant defined in (12) of Section 2 ,  and e, = :. Note 
that, this choice for e, will guarantee the condition 

It is possible t o  generate in polynomial time, an integer d ,  and a rational number K ,  
such that, 

and 

Define @O : IR IR as 
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where m = ( 4 2  - 6 - ql) / (K - i). Furthermore, define al, : IR + IR as 

1 
2 @&) = @o(x) + 6, @(x) = -(%(x) + Q > o ( l c ) ) .  

Let Sd(x) be the Legrendre series expansion of 4 ( x )  := @(2Kx) of degree d [13]. Then, 

where w4 is the modulus of continuity [13] of 4((c). Since wo(:) 4 4K@d-', it follows 
that 

d 8K42H 
(17) >- 

logd - 6 

implies 

Note that, by our choice of d and K ,  the condition (17) holds, and we get 

where &(x) := Sd(x/2K). 

Now, define, 

Then by a very simple geometric argument and (15), it follows that 

and 
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1 K 

Figure 1: Sd(x) lies between @,(x;), and Q(z) 
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Note that 

where A y  = diag(Yl12d, - 
and diag(Sd(X) 

det(1- M22Ay) # O, and 

, Yn12d). This is because, &(Y) is an LFT with A = YId, 

Furthermore, the LFT on the right hand side of (19) is always well posed, therefore, 

+Sd(Yn)) is an LFT with A = diag(Ylld, + . . , YnId). 

[ I  ;fi22Y 4 2 1 1  

I '  

is singular iff I - (M.2 - M12M21)Ay is singular. Therefore, 

where MG = M22 - M12M21. Note that, dim(MG) = 2nd. 

Now, let be an upper bound test satisfying 

If we use this upper bound test for the above p(MG) computation, we get 
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and hence, 

1 
7 G  2 T G  K V G .  

Therefore, 

m~ 2 k * (O VG : 

and 

where TG := l / p ( M ~ ) .  By our choice of d and K ,  we have 

1) 7 

Hence, 

mG _< k -  1 u ~ ( M G )  < 1. 

Since the whole construction from G to MG is polynomial time and the maxcut problem 
is NP-hard,  the computation of p must be NP-hard too. This completes the proof. 0 

4 Summary 

In this chapter, we investigated the conservatism of efficiently computable upper bound 
tests for real/mixed p analysis. It was shown that any upper bound test, p, satisfying the 
condition, p ( M )  5 p ( M )  5 C dim(M)'-' p ( M ) ,  must itself be NP-hard to compute. 
In other words, unless "P $: NP" is false, for any efficiently compgtable upper bound 
test, p ,  the worst case gap between the upper bound and the exact p, is not bounded 
by O(dim(M)'-"). 
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