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Abstract 
A Eulerian approach is applied to the finite element modelling of 

neo-Hookean rubber material. Two major problems are encountered. The first 
problem is the construction of a n  algorithm to calculate stresses in the rubber 
material from velocities instead of displacements. This problem is solved with a n  
algorithm based on the definition of the velocity gradient. The second problem is 
the convection of stresses through the finite element mesh. This problem is solved 
by adapting the so-called Taylor-Galerkin technique. Solutions for both problems 
are implemented in a finite element program and their validity is shown by test 
problems. Results of these iinplementations are compared with results obtained 
by a standard Lagrangian approach finite element package and good agreement 
has been found. 
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O, General Introduction 

Magnetic tapes and discs are very important data storage media; Magnetic 
recording is used for a broad range of applications, such as thc storage of music, 
TV-images, pictures and coniputcr dala. Thc main advantagcs of magnetic media 
are the high density of information, which can be stored on tape or disc, their low 
costs, and their excellent reusability properties. 

Philips has been, and still is, spending much effort on the research on 
magnetic recording. Video recording is one of the most important research topics 
on magnetic recording. In this general introduction, the basic principles behind 
video recording are 
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A schematic layout of a regular VHS video recorder is depicted in figure i. As 
can be seen in this picture, the tape path in a videorecorder is much more 
complicated than the path in an audio cassette recorder. The tape is taken out of 
the cassette and guided by pens and rollers along several units. The guidance 

dimensional tape path. The main unit in the tape path is the scanner. This is a 
complex high precision rotating drum, containing the magnetic heads, which read 
and write the video signal on the tape. In general, the tape is driven by two reel 
motors, above which the tape cassette is positioned, and by the so-called capstan 
drive. An enlarged picture of this capstan drive is presented in figure 2. 

e!en?ents lift thc t29e i W t  Gf its cassette p!une, which resu!ts I t ,  2 true three 

TAPE 

RIGID 
CYLINDER 

Fig.2. Capstan Drive 

The capstan drive consists o f  a rigid metal shaft (capstan), driven by a 
DC-motor, and a pinch roiler, which is pressed against the capstan by an elastic 
spring. This pinch roller is a rigid metal cylinder, covered by a rubber coating. 
In the metal cylinder one or two roller bearings or sliding bearings are installed. 
The tape is placed in the nip between capstan and pinch roller. Due to frictional 
forces in the contact areas, the tape is transported 

Important trends in modern video recording are, amongst others, a strong 
increase of the information density on tapes and the introduction of new features. 
A higher density of information is obtained by the application of smaller track 
widths on the tape and by a reduction of the tape thickness. Smaller track widths 
require a more precise tape traction. A thinncr tape requires a reduction of tape 
forces; tape strains must be restricted to about O.So/’n, to avoid damage of the 
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magnetic tape coating. New features can, for example, introduce a dynamic 
component in the tape forces. 

To be able to predict, for example, tape forces and the traction accuracy, a 
numerical model of the tape path in a video recorder is necessary. At Philips’ 
Resrarch Laboratc?rics Eindhoven, a number of research projects are aimed to 
obtain such a numerical model. One of these projects is the the modelling of the 
capstan drive. This project is carried out in cooperation with the section of 
Engineering Fundamen tak of the department of Mechanical Engineering, 
Eindhoven University of Technology. Its ultimate goal is a three dimensional 
Finite Element model of the capstan drive, verified by experiments. 
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1. Introduction: Statement of the problem 

In this section, some charactcristics of the capstan drive are discussed. Based on 
these characteristics, a strategy is presented for the setup of a computationally 
efficient FEM model. 

Experiments have shown that thrce dimensional phenomena can play an 
important role in thc performance of the capstan drive. A good example of such 
a phenomena is the (assumed) self-adjusting property of the pinch rollcr, if it is 
constructed with one central roller bearing. To be able to investigate these 3D 
phenomena, the nmdel of the drive will have to be a three dimensbna! mode!. 

Important phenomena occur in a restricted part of the capstan drive: Only 
in small surrounding area of the contact zone, stresses and dcformations will exist 
in the rubber coating. The major part of the pinch roller is without stresses and 
deformations. 

In a model of the capstan drive, at  least two components, the rubber coating 
and the tape, will have to be modelled as elastic bodies. In a regular VHS-recorder, 
the indentation of the rubber coating is about 100/0, so this deformation has to 
be taken into account and even has to be modelled as a geometrically nonlinear 
deformation to obtain reliable results. The tape strain, though restricted to about 
0.5%, plays an important role in the finally obtained accuracy of the capstan 
drive. 

A Finite Element model of the capstan drive will be highly nonlinear, due to 
three nonlinearities. The geometrically nonlinear deformation of the rubber 
coating is already discussed. Previous investigations have shown that the rubber 
coating material can very well be modelled by the neo-Hookean constitutive 
equation, a simple, though nonlinear, constitutive equation for incompressible, 
is0 tropic, elastic material behaviour. Finally, the rolling contact bctwcen tape and 
capstan, tape and pinch roller, and (for wide pinch rollcrs) capstan and pinch 
rollcr is inhcrent highly nonlinear. 
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The characteristics, mentioned above, indicate that a computationally 
efficient FEM model can be obtained if it is possible to model only the small, 
interesting part of the drive near the contact zones. This will lead to a strong 
decrease of the amount of degrees of freedom in the model, especially if mesh 
refinement iíì thz cûïìtcici 

A standard Lagrangian (materiai) approach can not be used for such a 
model: In a Lagrangian approach all finite elements at the coating surface will 
ultimately pass the contact zone. To obtain accurate results, a fine, tangentially 
equidistant finite element mesh, covering the total coating geometry, has to be 
applied. Particularly in 3D calculations, this will lead to extremely high 
computation times. 

An alternative approach, suitable for a model as mentioned above, is the 
so-called Updated Eulerian approach. According to this approach, in the 
tangential direction of the coating a Eulerian (spatial) approach is followed. Under 
the assumption that the solid neo-Hookean material "flows" in and out  of the 
finite element mesh in a state of zero stress aná deformation, obeing the gIobaí 
balance of mass, this enables us to model only the interesting deforming part of 
the elastic roller. In  the radial direction an algorithm has to be formulated for the 
updating of the finite element mesh, in order to trace the deforming surface and 
to adapt the finite element mesh in a correct manner. 

As part of the research program on the modelling of the capstan drive, in this 
report the first step to obtain an ated Eulerian formulation for the 
neo-Hookean rubber coating is treated. 

First, the neo-Hookean constitutive equation is introduced. Then, a Eulerian 
approach to this constitutive equation is presented. Doing this, two major 
problems are encountered. First of all, in a Eulerian approach velocities rather 
than displacements are state variables. Therefore, an algorithm has to be proposed 
for the calculation of stresses using velocities instead of displacements. Such an 
algorithm is presented. It is based on the formal definition of the velocity gradient. 
Its objectivity and accuracy aspects are discussed, and the importance of property 
of incremental objectivity is shown by some numerical experiments. The second 
problem encountered is the convection of stresses, which has to be taken into 
account. The Taylor-Galerkin method is used to solve this problem. The solutions 
for both problems are implemented in a finite element program and some 

implementation aspects are discussed. Finally, a test problem is presented, which 

can Ge applied. 
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compares the results of our implementations with the results of a standard 
Lagrangian oriented calculation. Good agreement has been found. 
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2. Balance laws and the neo-Hookean constitutive 
equation 

Each particle of an incomprcssible body, subjectcd to an isothermal 
deformation process, has to satisfy the following three local balance laws, 
assuming no external volume forces or inertia effects are present: 

2 

Balance of mass: v.Ti = o ( 1 )  

Balance of momentum: V . a C = O  (2) 
a 

Balance of angular momentum: a =cTc (3) 

The symbol denotes the gradient operator, with respect to the current 
configuration, vector 6 is the velocity vector and tensor a is the Cauchy stress 
tensor. A conjugate tensor is denoted by a superindex c. 

Furthermore, a constitutive equation has to be satisfied. Since rubberlike 
materials mostly behave highly elastic and (nearly) incompressible, for the 
modelling of such a material often perfectly elastic isotropic isothermal 
incompressible behaviour is assumed. Then, the existence of a strain-energy 
function (or stored energy function), which fully characterizes the rnechanjcal 
properties of the rubberlike material, can be postulated. The most common form 
of strain-energy fiinctions for incompressible rnateria!s is a series in terms of the 
first and second invariant ii and I2 of the right (or left) Cauchy-Green strain tensor 

P 4  

i - O j - O  

ci ~ ~ 3 1 :  
IY= cq(Ii -3)’(I2 -3)j ; c,=o (4) 

Two well-known members of this class of strain-energy functions are the 
Mooney-Rivlin strain energy function (only material paramctcrs Ci0 and Coi 
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unequal to zero) and the neo-Hookean strain energy function (only C,O unequal 
to zero). A remarkable aspect of the latter energy function is the fact that it can 
also be derived applying Gaussian statistics to a simple model of a network of long 
chain molecules [4] . For moderate deformations, as occuring in rubber rollers, 

function. In that case the Mooney-Rivlin form only gives marginally better results 
[SI . That is why the more simple neo-Hookean function is frequently preferred 
above the Mooney-Rivlin function. 

The constitutive equation given by the neo-Hookean strain energy function 
can be denoted as 

(5) 

b"V.4 onnd fi+c 1.- to ex9erimentaI k data can he c?btair?ed using the ri.eo-Hookea?? efiergy 

1 
3 

CT = -PI + 2C(B - - t i (B)  I] 

In this equation the Cauchy stress tensor (T is decomposed into a hydrostatic part, 
given by the hydrostatic pressure p, and a deviatoric part, depending on the left 
Cauchy Green strain tensor B. This strain tensor depends on the position vector 
field 2 as follows: 

B = F.FC with F = (GG)c (6) 

Tensor F is the deformation tensor, equal to the conjugate gradient of the position 
vector field, with respect to the current configuration. 

Due to the incompressibility of the material, an arbitrary constant pressure 
can be applied to the body under consideration, contributing to the Cauchy stress 
tensor without causing any deformation. So, pressure p is determined up to a 
constant term. This term follows from the boundary conditions applied 
body. 
For the sake of convience Equation (5) is rearranged into 

a = - ( p + 2 C (  1 
3 
- tt(B) - I ) )  I + 2C(B- I) -p*I + z (7) 

Pressure p* now depends not only on the boundary conditions, but also on the left 
Cauchy Green strain tensor. The evaluation of the extra stress tensor 
z = 2C(F.FC - i) Îor a known velocity history is the subject oÎ the next section. 
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3. The Eulerian approach: Derivation of the 
velocity-stress algorithm 

Both the original and the rearranged form of the neo-Hookean constitutive 
equation express the Cauchy stress tensor in terms of pressure and position. In a 
Eulerian formulation we must relate the Cauchy tensor to pressure and velocity. 
In  this section an algorithm for the calculation of tensor z using the velocity vector 
field is constructed, based on the definition of velocity gradient L. This gradient 
is related to the deformation tensor and its time derivative: 

A 

L = (VU)" = F.F-] L.F = E 

Furthermore, time discretization is applied. Three distinct configurations are 
used. We will distinguish between the reference configuration at time to and the 
intermediate configuration at time tn . We assume that stresses and deformations 
in these configurations are fully known. At  time the configuration is called the 
current configuration. At this time the stress tensor, just like the deformation 
tensor, is assumed to be unknown, but an estimate of the velocity field is assumed 
to be solved previously. 

Symbol (Ffof)n denotes the total deformation, starting from the reference 
configuration to to the intermediate configuration tn. The total deformation from 
to to the current configuration tM is denoted by (Ffof)nt . Tensor F,, represents 
the deformation from t, to tnti and is called the incremental deformation tensor. 
These deformation tensors are related to each other: 

A subindex (nt-a) with ( O < a  i 1) is used to indicate a configuration at tn+. , 
t n  I t v + ,  I tnr  I - 
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For small time steps A t (  = tnbi - tn) it is allowed to interpolate the position 
vector of a particle of the body linearly: 

Based on this linear interpolation the following estimation for the total 
deformation tensor at tn+a can be derived using Eq.(9): 

= X(F'"),t 1 + ( I  - E)(F'"')~ = [@F,+ 1 + ( 1  - c~)I].(F'")~ ( 1  1 )  

Integration of Equation (8) from time t, to tn+i using Eq.(9) leads to the following 
rel at ion: 

The left hand side of Eq.(12) is approximated by 

f n "  L.Fdt F.Z sf"'' Ldt.(Ffof),+. (O I a 
tn  t n  

where subindex (n + a) deiiotes the tensor a t  cording to the Mean Value 
Theorem there even must be a value of a for which this approximation is exact. 
The integral in the right hand side of Eq.(l3) is approximated by (L,,+] At),  which 
is allowed for small time steps At. After substitution of Eq.( 1 1 )  into ( I  3), the right 
hand sides of Eqs.( 12) and (1 3) are equated: 

L n +  I At . [aFnt 1 + ( I - ü)I].(F"')n = (Fn+ 1 - I).( Ft@'), (14) 

By rearranging this equation the incremental deformation tensor is found to be 
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According to constitutive Equation (7), stress tensor z a t  time t, and a t  time 
tnti is equal to respectively: 

T ,  = 2C [(F'o')n.(Fto')$ - I] 

Tensor 7 ,  is known from previous calculations while z,+~ has to be cafcufated. 
Using Eq.(9), an expression for tensor zncl  can be decuced, which depends on T ,  

and F,+i: 

Z ~ + I = ~ ~ , + I . Z , . F ~ ; ~ ~ I + ~ C ( F , , ~ . F ~ , I -  I} (18) 

Now, with Equations (IS) and (18), stress tensor z,, can be estimated if the 
velocity gradient L,, is known. Equation (15) approximates the incremental 
defoi-mation tensor F,, I and Equation (!8) uses this approximation d ~ r  the 
calculation of stress tensor T,,  1. Parameter cc can be regarded as an interpolation 
parameter. The proper choice for the value of this parameter is the subject of the 
next section. 
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3.1 Jïzcwïizentnl objectivity of the algovitAm 

Pinsky, Ortiz, and Pister [6 J investigated the objectivity properties of 
algorithms showing some similarity with the algorithm presented in the previous 

hold: 
sectien. an  u!gerithrr? is ca!!ed iEcw??entQl!y nbjertiYe if the fn!!^wing cnnditinns 

condition A: 
If the incremental deformation tensor F,, represents a symmetric stretch tensor, then 
the rate of rotation tensor SZ at time tnt has to equal the null tensor and vice versa. 

condition B: 
!f the iizcrenientul defoiwntiorz tensor F,, 1 represents an orthogonal rotnfioii tensor, 
theii the rnte of strain tenstir D at time t,,b I has to equal the null tensor and vice versa. 

The rate of strain and rate of rotation tensor are defined as the symmetric 
and skew-symmetric part of the velocity gradient respectively: 

( 19b) 1 
Q n + 1  = 7 { L n + i  - Lgi i} 

In Appendix A it is proven that the proposed velocity-stress algorithm is 
incrementally objective if and only if parameter a is chosen equal to a half. Some 
numerical experiments, using the computer program PC-MATLAB [7], have been 
performed to illustrate the property of incremental objectivity. These experiments 
are presented in the next two subsections. 

3.1.1 Rigid body rotation 

An initially undeformed body, made of neo-Hookean material with material 
parameter C =  I N/mrn2 , is subjected to a homogeneous rigid body rotation over 
360 degrees. This rotation lasts for a total time of I s. In the reference 
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configuration a zero stress condition holds. Using a Cartesian reference system 
(ei,ez,e3> the axis of rotation is the &-axis. 

The deformation tensor, describing such a rotation with respect to this 
reference system for ail material points, can be denoted as a sum of dyadic 
products: 

- - A  

F ( t )  = cos(2nt) ;ICi - sin(2nt) 6 2 2  + sin(2nt) Z2Zl + cos(2nt) && + &e3 (20) 

According to Eq.(8), for the velocity gradient holds 

This velocity gradient is assumed to be known. 

c\I 
N 
I- 

- 
7 

I- 

L 

4 16 64 256 1024 
~ - ~ @ 3 3  OF INCREtviENTS 

Fig.3. Results of calculations on rigid body rotation: component z l l  or 722 

+ alpha=O.ûû 

* alpha=0.25 

- theoretical 
value 

Stress tensor z at t = 1 s. is calculated incrementally using the derived 
algorithm. This is done foor several values of the interpoiation parameter (a = O, 
0.25, 0.5, 0.75, 1). The number of increments N is also varied (N = 4, 8, 16, 32, 
64, 128, 256, 512, 1024). 

For this deformation process, the algorithm, given by Eqs.(l5) and (18), is 
implemented in a PC-MATLAB file. This file is imbedded in Appendix B.I. 
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In Figure 3 results for stress component zII  are presented. Component 2 2 2  

turns out to be identical to this component while both z12 and z21 remain equal to 
zero for all calculations. Theoretically, no stresses may occur due to a rigid body 
rotation. The computations show that this is only true for a equal to 0.5, the value 

0.5 extremely high stresses have been found, particularly for a low number of 
increments. 

fer which the algûrithm is incrementally ûbjective. For values ûf ii smaller thaii 

3.1.2 Uniform isovolumetric elongation 

Under the same conditions as used for the rigid body rotation now the body 
is subjected to a homogeneous isovolumetric elongation. After 1 s. all material 
particles have reached an elongation of 100Y0 in the &direction. In the 
&-direction the body does not deform, so, due to the property of incompressibility, 
the elongation factor in the &-direction is equal to 0.5 . 

A deformation tensor which realizes the desired end configuration is 

F( t )  = 2' elel  + 24 2 2 2  + & e 3  

This deformation tensor results in a constant velocity gradient: 

ut) = ( In 2) (elel - &&> 

Theoretically only the zll and 722 components of the extra stress tensor z are 
unequal to zero. In the end configuration component 711 is equal to 6.0 N/mrn2 
and component 7 2 2  is equal to -1.5 N/mm2. The PC-MATLAB file for this 
problem is given in appendix B.2. 

Some resuits OF the sirnuiations are shown in Figures 4 and 5. As can be 
expected, only the components T~~ and 222 are unequal to zero. Again better results 
have been found for these components if cc is chosen equal to a half. This is a 
strong indication that for GI equal to a half the algorithm is not only incrementally 
objective, but also more accurate even if rigid body rotation is completely absent. 
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alpha=0.00 

alpha=025 

alpha=0.50 

alpha=0.75 

alpha= 1 .o0 

theoretical 
value 

4 16 64 256 1024 
W E R  OF INCREMENTS 

Fig.4. Resirlts of calculations on isovolumetric elongation: contponrnt t i  I 

Fig.5. 

aipha=0.00 

alpha=0.25 

alpha=0.50 

alpha=0.75 

theoretical 
value 

m R  OF INCREMWTS 

Results of calculations on isovolumetric elongation: component t22 
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4. The Eulerian approach: Convection of stresses 

The velocity-stress algorithm, given by Eqs.( 15) and ( I  S), requires the 
knowledge of the velocity gradient L,, I at time tnt1 and of stress tensor Z, at time 
t, and position 2,. The current stress tensor z,+~ however, is evaluated at  time 
tn+l and position 

A straightforward method to determine tcnsor Z, is by tracing it along the 
trajcctory of the particle that passes through Xnei at time t,+, This method is rather 
cumbersome to implement in  a Finite Element-code and is not without numerical 
difficulties E83 . 

A particularly attractive way to reconstruct tensor Z, is by a method 
proposed by Löhner, Morgan, and Zienkiewicz [9] . Essentially their technique, 
known as the Taylor-Galerkin method, approximates Z, a t  particle position 2, and 
time t, by quantities known a t  position & + I  . If we denote a component, with 
respect to a Cartesian reference system, of stress tensor z a t  position and time 

There are several ways to calculate tensor Z,. 

by T(.?, : 5) , the value T(T3Ci : tj) is transported using the transport equation 

--- - DT 
Dt at 

According to this equation the following relation holds: 

q x n  : t n )  = 7(%+1 : ~ 1 )  

For an ~ipproximatlon of the iright-haod side of' Eq.(25) a Taylor series is used: 



-20- 

For the spatial derivative of T holds, according to the transport equation, 

--- aT - U.?T 
at 

aT - 
-- a2T --( a - = - au .CT- Û.?[ at ] 
at2 at at 

Now, we assume that (&/af) equals to the null vector during the transport step. 
Using the equality 

U.V(U.VT) = ?.(Ulr.?T) - U(V.U).VT 

for q.?n : tn) can be found 

(30) 
I 
2 + - (At)2 [?.(i&. ? T) - ;(v. U). ?fl I - Xn+l : in + . ~ .... .. 

Due to the incompressibility of the neo-Hookean material, the divergence of the 
velocity equals to zero, so the last term in brackets disappears. 

The attractiveness of the Taylor-Galerkin method is displayed nicely if 
Eq.(30) is posed in a weak form. Using partial integration and the Divergence 
Theorem, in this weak form only first order derivatives of T occur: 

d u7 
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where [ .  , . ] and < . , . > denote the scalar inner product on respectively the 
domain and the boundary and 2 denotes the unit outward normal vector of the 
bo u 11 da ry . 
The use of Eq.(31) avoids tedious tracing of particles along the characteristics; 
vnly values at the cürreiit partkle positioris are required. 
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5. Implementation aspects 

Both the solution for the calculation of stresses using velocities given by 
Eqs.(l5) and (18) and the solution for the convection problem according to 
Eq.(31) are implemented in the finite element package SEPRAN [IO] for the plane 
strain case. For each time increment, typically the following three steps are taken: 

Step 1. Averaging of stresses 
As indicated by the weak form (31), the Taylor-Galerkin technique only works for 
continuous fields. Yet, the extra stress tensor Z, is evaluated at the element 
integration points. From this, a piecewise continuous field may be constructed, 
with discontinuities at the element interfaces. By averaging at the nodal points, 
continuous approximations of z(?,+ I : t,) and z(?, : tn) are obtained. 

Step 2. Solution of the convection problem 
The continuous fields z(?,+~ : t,) and z(?, : tn) are used to apply the derived weak 
form, given by Eq.(31). Linear triangular elements are implemented. 

Step 3. Solution of 6 and p 
After obtaining an approximation for z,, the velocities and pressure are solved. 
This is done using the well-known triangular 7-node Crouzeix-Raviart element, 
which satisfies the Brezzi-Babuska condition [i i]. I t  has three nodes at  the vertices 
of the triangle, three nodes at the mid-sides, and one node in the centre. All nodes 
have two velocity ûegrees of freedom, while st the centroid the pressure and two 
pressure derivatives are also unknown. An important advantage of this element is 
the possibility to eliminate the velocity unknowns a t  the centroid on element level. 

In combination with the Crouzeix-Raviart element a penalty method is used. 
Penalty methods are known to be computationally efficient. The penalty method 
perturbs the continuity equation by a small term consisting of a penalty parameter 
E timcs the pressure p: 
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EP + v.u = o (typically 10~ < E p < 10- 8, (32) 

Doing this, the pressure can be eliminated from the momentum equations and the 
veiocities can be soiveci seperateiy from the pressure unknowns. The pressure is 
simply calculated using the perturbed continuity equation. 

Both the elimination of the velocity unknowns a t  the element centroids and 
the use of a penalty method reduce the computational burden considerably 
compared to mixed or integrated methods. 

A Picard iteration scheme has been implemented. The resulting system of 
equations to be solved iteratively is given by Eqs. (33) and (34). 

Qib (34) - - - ( D ' n k l ~ ~  ; - p*,\I + 4CAtDg,'l) = - (Vn+ ]W ; Hh+ I )  + < G, i > 

with Hii = Fn, l.~;.(Fc)i+l - 4CAtDi+l + 2C(F;+i.(FC), I - I) 

In this system of equations a subindex denotes the time a t  which the tensor, vector, 
o r  scalar has to be evaluated. A superindex denotes the iteration number. A 
semicolon in between parentheses ( o ; . ) represents the tensor inner product on the 
domain. Scalar q and vector @ are respectively a weighting function and a 
weighting vector. Vector t' is the surface traction vector. 

in the Picard iteration scheme. The Neo-Hookean constitutive equation may be 
written as = 4CD , where e) denotes the Truesdell rate. An implicit 
approximation for this relation is: z,,+] = Fn+l.~n.F$+l  + 4CAt Dnel. I t  can be 
shown that for small At, the term 4CAt Dn+l x 2C(Fn+1.F$+1 - I). This motivates 

The rate of strain tensor D, multiplied by 4CAt, is chosen as a 1 

t D, as a linearisator. 
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6. Test problem 
In Figure 6 the geometry and the kinematic boundary conditions of a test 

problem are presented. The symbols u and v represent the velocity components in 
+direction and &-direction. The neo-Hookean material parameter is chosen 
equal to I N/mm2. Incremental objectivity of the velocity-stress algorithm is 
obtained by choosing the interpolation parameter equal to a half. The maximal 
total prescribed displacement at the outlet side is taken equal to 0.4 mm. 

We have compared our computations to simulations done using the MARC 
finite element package [12]. I n  this package, a Lagrangian approach is applied to 
the modelling of neo-Hookean material. For the MARC calculations linear 
quadrilateral S node elements are used, with two velocity unknowns at the vertices 

2 

ure unknown at the center node. 

v = o  

v=Q 
umax=1mm/s 
v =o 

Fig.6. Geometry and kinematic boundary conditions of the test problem 
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The results are presented in Figures 7, 8 and 9. To compare the MARC 
Lagrangian results with our results the MARC Cauchy stresses are presented on 
the deformed geometry. Then the stresses in an arbitrary spatial point should be 
comparable for both the MARC computations and our computations. 

8 contains the resulting Cauchy normal stresses in & -direction, and in Figure 9 
the Cauchy shear stresses are shown. Stresses are given in MPa. Good agreement 
is  found. 

. -  Figure 7 mntains the resultifig Cauchy i,o:mz! stre9ses I:: Pj -Uirectim, Figure 



0.0 1 .o 2.0 3.0 4.0 

Lag ra ngiait 

Fig. 7. Cauchy normal stresses in ;,-direction 



Euierim 

0.0 O. 8 1.6 2.4 3.2 

2 

Fig.8. Cauchy normal stresses in e2-direction 



-2.5 -2.0 -1.5 -1.0 0.5 

Lag Tangian 

Fig.9. Cauchy shear stresses 
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7. Conclusions 

The neo-Hookean constitutive equation for incompressible elastic material 
behaviour can be used in  a Eulerian approach. 

The presented algorithm to obtain stresses from the velocity field is sensitive 
to the choice of the value for the interpolation parameter a. If this value is chosen 
equal to a half the algorithm is incrementally objective and gives the best results, 
especially for deformations with large rotations. Even for deformations, where 
rigid-body rotation is completely absent, better results are found. 

To obtain a complete Eulerian formulation the convection problem is solved 
by a fairly simple algorithm based on a Taylor series for the tensor to be 
calculated. This algorithm is efficient and reliable. 

The results of calculations on a test problem, performed by the 
FEM-implementation of both algorithms, show good agreement with the results 
obtained using the MARC finite element package, which applies a Lagrangian 
approach. 

To expand the formulation to an Updated Eulerian approach, an algorithm 
will have to be proposed for the tracing of moving mesh boundaries. 
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Appendix A: Incremental objectivity of the stress 
algorithm 

Definition 
The proposed stress algorithm is incrementally objective if the following 
conditions are satisfied: 

Condition A .  I 
If the incremental deformation tensor F,,, is symmetric, then the rate of 
rotation tensor an, = (L,, - Lc+ [)/2 must be equal to the null tensor. 
Condition A.2 
If the rate of rotation tensor 
incremental deformation tensor F,, must be a symmetric stretch tensor. 
Condition B. I 
If the incremental deformation tensor F,+i is orthogonal, then the rate of 
strain tensor D,, = (Lnk I + LF, 1)/2 must be equal to the null tensor. 
Condition B. 2 
If tensor Dn+l is equal to the null tensor, then tensor F,+i must be an 
orthogonal rigid body rotation tensor. 

equals to the null tensor, then the 

Proposit io It 

Fer al! tensors A and B f ~ r  which 

holds 

(i> (I + B) is regular 
(ii) A- l .  B = B. A- 

(A) M = (I + A).(I + B)-' = (I + B)-'.(I + A) 
(B) M is  orthogonal (M-I = M3 if and only if 

A + A" + A".A = B + Bc + BC.B 
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PWO$ (A) (I + A).(I + B)-' = (I  + B).' + ((I + B).A-')-' 
= (I + B)-I + (A-' + B.A I ) - '  = (I + B)-' +(A-' + A '.B)-' 
=(I  + B)- 

M-' = M" ¢j 

+ (I + B)-'.A = (I + B)-'.(I + A)  
(B) M-' = (I + B).(I + A)-' ; MC = (I + B)-C.(I + A)' 

(1 +R)".(I -+ R) = (1 + -A)".(! + A) 
B + BC + BC. B = A + AC + AC. A ¢j m 

Theo rent 
The stress algorithm is incrementally objective if and only if the interpolation 
parameter 01 is chosen equal to 1/2. 

Proofi 
The theorem is proven using the proposition above and the following equations 
for L,, and F,, based on Eq.(15): 

Condition A.1 
If F,+i is symmetric then also L,+' is symmetric: 

-- (I - F,, 1).(1 + - a F,, = i,,+ , (proposition A) - ( 1  - ajAt 1-ix 

So, Cl,, I vanishes and condition A.l holds for all values of a. 
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Condition A.2 
If L,, is symmetric then 

F$+! = (1 + (i - a)L$ !At).(I - EL?+ !Af)-* 
= ( I  + ( I  - a)L,tlAt).(I - aLnt lAt)-' 
= ( I  - ~tL,,+,At)-~.(l  + ( 1  - a)L,+ iAr) = Fnti (proposition A) 

So, F,+l is also symmetric. Condition A.2 holds for all values of a. 

Condition B.1 
If F,, is orthogonal then Fiji = F$+ l .  Tensor Fn+ equals 

Using A = ( 1  - a)L,iA,t and B = -aL,+lAt 
Fnt1 must hold 

according to proposition (B) for 

( 1  - a)ARt(L,+I + L?+i)+(l -a)2Af2(L$+i.Ln+i)= 

= -aAt(Ln+l + L$+l) + a2At2(L$t;.L,+1) 

(L+l + L $ + l ) = ( a 2 - ( l  -a)2)At(LSl.L,t1) 

Tensor D,, = (Lt + Lc+ 1)/2 only vanishes if a2 - ( I  - a)2 = O 

So, to satisfy condition B.1, a has to be chosen equal to 1/2 
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Condition B.2 
If Dn+l is equal to the null tensor, L,+i is equal to -L$+l. For F;!I and F$+I holds 

Tensor F,+l is orthogonal if F;jI equals F$+l and this is only true if a equals 1/2. 
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Appendix B: PC-MATLAB files 

B.I Rigid body votatiort 

% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 
% 

% 
% 
% 

o, O 

constitutive equation: Neo-Hookean equation 

* 
sigma = -p I + tau 

* 
with: p = (pseudo) hydrostatic pressure, 

sigma = Cauchy stress tensor 
I = Unity tensor 
tau = 2C*(B-I) 

C = material parameter 
B = left Cauchy-Green strain tensor 

calculation of taii(n+l), with tau(n) and L(n+l) given . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

varied parameters: 
- interpolation parameter alpha 
- number of increments 
(alpha = 0.5 -> incrementally objective) 

-> N resp.: 4 ,  8, 16, 32, 64, 128, 256, 512 
-> alpha resp.: 0.00, 0.25, 0.50, 0.75, 1.00 

deformation: in N increments a rigid body rotation over 
360 degrees is realized 
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parameters : 
PHI 
T = total time in which the end 

dt = time step = T/N 
M = E m b e r  !?f increrner?ts 
aipha = interpoiation parameter 
C = material parameter 
TO = initial tau matrix 

= total rigid body rotation angle 

configuration is reached 

PHI 
T 
C 

TO 
% 

= 2*pi 
= 1.0 
= 1.0 

= [ O  O 
O 0 I ;  

% 

% 
% 

I = eye(2); 

aa = [ 0.00 0.25 0.50 0.75 1.00 1 ;  
NN = [ 2 4 8 16 32 64 128 256 512 1024 1 ;  
fprintf('\nPC Matlab calculation of tensor Tau I )  

fprintf('\nl) 

fprintf('\ntotal angle rotation : %5.2f rad. ',PH 
fprintf('\nmaterial parameter : %5.2f N/mm2 ',C) 
fprintf ( I\n\n\n\nl) 

% 

fprintf(l\n-----------------------------------f ) 

fprintf('\ntotal elapsed time : %5.2f S .  ',T): 

O 6 
O 6 

for iii=l:S; 
alpha=aa(iii); 

for ii=l:lO; 
% 

N = NN(ii); 

input of incremental L matrix 
O 
/o 
O 6 

% ............................. 
o/ O 

% 
% 
% 
% 

% 
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% 

% 
% 
% 
e -0 

Fnl = (inv(1 - alpha*dt*L))*(I+(l-alpha)*dt*L); 

Tn = TO; 

for i=i:N; 
% 

% 
% 
% 
% 

% 
% 
% 
% 

Tnl=Fnl*Tn*Fnl'+ 2*C*(Fnl*Fnl'-I); 

Rn = [cos(PHI*dt/T) -sin(PHI*dt/T) 
cin(PHI*dt/T) cos(PHI*dt/T)]; 

Tn = Rn'*Tnl*Rn; 

end; 

fprintf ( 
fprhtf ( 
fprintf ( 
fprintf ( 
fprintf ( 
fprintf ( 

Tn 
% 

end ; 
fprintf('\n') 

end; 
end. 
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Example 2: numerical integration using the stress-velocity 
algorithm, applied to an isovolumetric elongation 
of 100% . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

constitutive equation: Neo-Hookean equation 

* 
sigma = -p I + tau 

* 
with: p = (pseudo) hydrostatic pressure, 

sigma = Cauchy stress tensor 
a = Unity tensor 
tau = 2C*(B-I) 

C = material parameter 
B = left Cauchy-Green strain tensor 

calculation of tau(n+l), with tau(n) and L(n+l) given 
----------------^------------------------------------ 

varied parame ters : 
terpolation parameter alpha 

(alpha = 0.5 -> incrementally objective) 
- number of increments 

-> N resp.: 4, 8 ,  16, 32, 64, 128, 256, 512, 1024 
-> alpha resp.: 0.00, 0.25, 0.50, 0.75, 1.00 

deformation: in N increments an elongation of 100% is realized 

parameters : 
LABDA = 
T - - 

dt = 
N 
alpha = 
C 
TO = 

- - 

- - 

LABDA = 2.0 
T = 1.0 

total elongation factor 
total time in which the end configuration 
is reached 
time step = T/N 
number of increments 
interpolation parameter 
material parameter 
initial tau matrix 
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C = 1.0 I 

TO = [ O  O 
O 0 I ;  

I = eye(2); 

% 
aa = [ 0.00 0.25 0.50 0.75 1.00 3 ;  
NN = [ 2 4 8 16 32 64 128 256 512 1024 1 ;  

% 
fprintf(I\nPC Matlab calculation of tensor Tau I )  

fprintf(I\n-----------------------------------I 1 
fprintf('\n') 
fprintf('\ntotal elapsed time : %5.2f s .  I ,TI; 
fprintf('\ntotal elongation factor : %5.2f [ - ]  ,LABDA); 
fprintf('\nmaterial parameter : %5.2f N/WII~ ' ,C) ;  
fprintf('\n\n\n\n') 

% 
% 
% 
% 

% 
% 
% 
% 

for iii=l:5; 
alpha=aa(iii); 

for ii=l:lO; 
N = NN(ii); 

Input of incremental L matrix ............................. 

L = log(LABDA)* [ 1 O 
o -1 1 ;  

Approximation of the incremental deformation tensor 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

dt = T/N; 

Fnl = (inv(1 - alpha*dt*L))*(I+(l-alpha)*dt*L); 
Tn = TO; 

Calculation of tau(n+l) ....................... 
for i=l:N; 

Tnl=Fnl*Tn*Fnll+ Z*C*(Fnl*Fnl'-I); 
% 

Tn = Tnl; 
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end; 
% 

Tn 
% 

end ; 
fprintf('\n') 

end ; 
end. 




