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Summary

This report is a survey on stability of hybrid systems. The closed-loop systems under
consideration are restricted to a certain class. Within this class, the plant is assumed to
be linear, non-hybrid and continuous-time. The controller, however, is hybrid and
might be non-autonomous.
A hybrid system is a system in which a given state-space is partitioned, having con
tinuous dynamics, extended with a switching strategy.

This formulation consists of three parts:
1. The state-space has to be partitioned in subsets. This partitioning can be performed
according to different criteria. The following state-space partitioning methods are de
scribed,

• Random partitioning;
• Iterative partitioning;
• Partitioning according to eigenstructure analysis/assignment; and
• Partitioning by design.

2. Per subset continuous dynamics have to be described.
3. The system has to be extended with a switching strategy.

The to be stabilised system is described by the last two parts. This is why the main fo
cus of this report is on stability methods. With respect to non-perturbed systems, the
following stability methods are discussed,

1. Single Lyapunov function;
2. Multiple Lyapunov functions:

• Global Lyapunov function consisting of multiple local Lyapunov
functions; and

• Multiple Lyapunov functions based on the partitioning of the state
space.

3. Vector analysis.
Using these methods one might render an invariant set (or equilibrium point) to be uni
formly, asymptotically and/or exponentially stable.
With respect to perturbed systems, the following stability methods are discussed,

1. In the time-domain:
• Hamilton-Jacobi inequality;
• Optimal control and game theory; and
• Small gain theorem.

2. In the frequency-domain:
• Popov's criterion; and
• The circle criterion.

Using these methods, the input-output-behavioUf is studied. Quantifications like

bounded-input-bounded-output (Billa), Lz- or L= -stability are considered.

With respect to applications, an example of a non-linear controlled CDIDVD-player is
considered in which several stability concepts appear.

Summary
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Introduction

1.1 OBJECTIVES OF THE LITERATURE STUDY

In this report a structured overview is given on stability methods, which can be applied
to investigate stability of hybrid systems. Stability methods categorise the existing lit
erature regarding hybrid systems. The references do not only constitute the stability
methods, but also broaden them.
Within the scope of this report, the focus will be on a linear, non-hybrid, continuous
time plant. The controller, on the other hand, is hybrid and might be non-autonomous
(delay, timer, perturbations, etc.). For information on other classes, that are excluded
due to this restriction, the reader is referred to [1], [2], [3], [4], [10], [17], [20], [23],
[24], [27], [31] and [34].

1.2 OVERVIEW OF THE REPORT

The report is structured as follows. In chapter 2, a definition of hybrid systems and
some qualitative characterisations are given. Furthermore, possibilities for state-space
partitioning are provided. In chapter 3, the focus lies on the available stability methods
for hybrid systems. These stability methods will be explained and discussed in detail. A
division is made between non-perturbed systems and perturbed systems, hence, the
presence of a perturbation largely determines the applicability of a certain method. For
reasons of clarity, an example is introduced for each method. Finally, the stability
methods are compared. In chapter 4, an example of a CDIDVD-player case is given
originating from industry, which deals with the circle criterion. In chapter 5, conclu
sions are given.

7
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Hybrid systems

In this chapter a definition is given for hybrid systems, on which the remainder of the
report is based. One part of the definition addresses the partitioning of the state-space;
more detail on state-space partitioning methods is given in paragraph 2.2. Moreover, an
example of a hybrid system is given (which is also used in chapter 3 to illustrate the
stability methods). Furthermore, qualitative characterisations of hybrid systems are
given, which do not differ from the characterisations commonly used for discrete-time
or continuous-time dynamical systems. This can partly be explained, because hybrid
systems can be embedded into dynamical systems. Finally, a summary is given at the
end of this chapter.

2.1 HYBRID DYNAMICAL SYSTEMS

In this work, the following definition of a hybrid dynamical system will be used:

Definition 2.1: A hybrid system is a system in which a given state-space X is parti-
m

tioned with partitioning X =U X i having continuous dynamics
I

i=!i(X,t) on Xi with iE{1,2, ... ,m} and m>O, extended with a

switching strategy.

Definition 2.1 consists of three parts. First, the state-space is partitioned in subsets;
second, each subset entails continuous dynamics; and third, a switching strategy is
added to describe the transition from one subset to another. Paragraph 2.2, deals with
the first part, i.e. with state-space partitioning methods. The second and the third part

construct the hybrid system. Furthermore, if two subsets overlap, i.e. Xi (1 X j -:f:. 0 ,

with i -:f:. j , then the switching strategy decides which subset (controller) will be used.

In principle, it is easy to construct examples of two globally exponentially stable con
tinuous dynamical systems and a switching strategy that sends all trajectories to infin
ity (see appendix A, for an example). In chapter 3, the main focus will, therefore, be on
the stability of hybrid systems.
The difference between a discrete-time or a continuous-time dynamical system and a
hybrid dynamical system can also be found in definition 2.1. A discrete-time or con
tinuous-time dynamical system can be described by a single set of dynamic equations
(i.e. m =1). A hybrid dynamical system, on the other hand, is described by two or
more sets of dynamic equations (i.e. m > 1), plus a time- and/or state dependent
switching strategy.

9
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The following closed-loop system is an example of a hybrid system in which the con
troller is responsible for the hybrid character of the system. The plant, on the other
hand, is linear and continuous-time. An additional switching strategy is applied.

Hybrid systems

j

X(t) + i(t) +x(t) =u(t) + w(t)

u(t) = {if Ixl > £ then u(t) = -csign(x) ,
if Ixl S; £ then u(t) =-x

(2.1)

with w(t) a bounded disturbance or perturbation, i.e. W(t)E W =[- w, w]. A non

perturbed system yields w(t) = 0 . The input u(t) is also known as the negative satu

ration-function; see figure 2.1.

u(t) ~

.....
x(t)

2002-02-26

Figure 2.1: Negative saturation-function.

It can be seen that the input is continuous and non-smooth at ± £ . In figure 2.2 a pos
sible physical realisation is shown, which is representative for the given example.

+x

I • w

RS u ....~ u....' r ...
( 2 t x

~
... ... s ms +kds+kp

t--

m=l
w I L..-1

kd =1 I s I....

Figure 2.2: Left, possible mechanical realisation for the hybrid system given by
equation 2.1. Right, closed-loop system.

This example is used in chapter 3 to illustrate different stability concepts.

2.1.1 Qualitative characterisations of hybrid dynamical systems

For a proper definition of hybrid dynamical systems (HDS), the following characteri
sations are given:

• A set M C X is said to be invariant with respect to a HDS if for any initial

condition X(to)E M it follows that X(t)E M \It ~ O.

• If in particular M ={xe } for an invariant set M , then xe is called an equi

librium.

• An equilibrium xe is stable if for every £ > 0 and initial time to' there exists

8 = 8(£,to)> 0 such that Ix(t ~ < 8 for all t ~ to' whenever Ix(to~ < £; see

figure 2.3.
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• An equilibrium x e is uniformly stable if 8=8(c) ; see figure 2.3.

• If an equilibrium xe is stable and if for to there exists an 1] = 1](to)> 0 such

that lirnx(t) =0 for all X(to)E X , whenever Ix(to~ < 1] , then xe is said to
t--'>=

be asymptotically stable.

• An equilibrium xe is uniformly asymptotically stable if xe is uniformly stable

and if there exists a 8 > 0 and for every £ > 0 there exists a r =r(£ ) > 0,

such that Ix(t ~ < £ for all t E {to: t ~ r} and all X(t)E X, whenever

Ix(to~ < 8 ; see figure 2.4.

• An equilibrium xe is exponentially stable if there exists a> 0, and for every

£ > 0 and to' there exists 8 =8(£) > 0, such that Ix(t ~ < ce -ap(t,to) for all

t ~ to and for all X(t)E X , whenever Ix(to~ < 8 .

• An equilibrium xe is unstable if xe is not stable.

,
\
\
\
\
\ ,,,

,
;,,,.-

,,,,,,,,,,,
: 8
I

I,,
\
\
\
\
\

\
\ ,,, ...

' ........... ---

-------
""",- ------, ,, ,, ,, ....------, ,

I ... " ......... \
I / ,,\

" i" ", \" \ \I I \ \

: 8 / \ \
I I , I

I I x(t) J !
" , I,\ "
\ \ I

\ \ "
\', I
\, ,
\ I

\ ,, ,, ,, '
"........ -"" ......

........- ---------

Figure 2.3: A trajectory x(t) starting in

£ stays in 8.
Figure 2.4: A trajectory x(t) start

ing in 8 enters £ for
t -----7 00 •

These characterisations will be used in the remainder of this report. Furthermore, these
characterisations do not differ from the ones for continuous-time or discrete-time dy
namical systems.

2.2 PARTITIONING OF THE STATE-SPACE

Because of the hybrid character of a system, the state-space is partitioned in different
sets; see also definition 2.1. This partitioning can be performed according to different
criteria. In this section, four state-space partitioning methods are described:

• Random partitioning;
• Iterative partitioning;
• Partitioning according to eigenstructure analysis/assignment; and
• Partitioning by design.

2002-02-26 11
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Since the plant under consideration is linear, non-hybrid and continuous-time, the con
cept of discrete-event partitioning (partitioning according to discrete events, introduced
by plant constraints) will not be addressed; for discrete-event systems, the reader is
referred to [1], [2], [3], [10], [23], [24], [27], [31] and [34].

Hybrid systems

2.2.1 Random

The state-space is randomly partitioned. This method is often used for systems of
which the behaviour is not exactly known. The model of the system can now be ap
proximated for each subset. Each subset might have a different input. A possible appli
cation is that for each subset the system might be linearised, such that a piecewise lin
ear approximation of the system is found. This might simplify the investigation of the
stability of the system.
In [18], a 3-dimensional state-space is partitioned into cubes, with some cubes as target
spaces. This article introduces the concept of a modular, block-oriented modelling
framework for hybrid systems. In [17], two sorts of random partitions are formulated,
1) into rectangular blocks in a 2-dimensional state-space, and 2) into a non-grid-like
partitioning. After the state-space partitioning, one uses the best available control strat
egy for each obtained subset and extends the system with a switching strategy.

2.2.2 Iterative methods

2002-02-26

Iterative methods for state-space partitioning [6] are based on a backward procedure.
The algorithm is presented as follows:

1. Start with the target set, defined by X 0 c X (X is the whole state-space) and

denote by X_I the set of all states X(t)E X for which there exists ui (t)E U

such that the future states are included in X 0 for all possible disturbances;

2. The obtained subset X -I is the new target set, for which step 1 is performed;

3. Repeat step 1 and 2 until the whole state-space, X , is covered.

In figure 2.5, the procedure is explained graphically for a 2-dimensional state-space.

12
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Figure 2.5: 2-dimensional graphical explanation of the iterative state-space parti
tioning. The state-space, X , is bounded, in this case, by the dashed cir
cle.

Hybrid systems

2.2.3 Eigenstructure analysis/assignment

For state-space partitioning according to eigenstructure analysis/assignment the avail
able control strategies ought to be known. The method is based on the invariant sets
(see also the first bullet in section 2.1.1) of the closed-loop systems (each control strat
egy has its own closed-loop system).
The invariant manifolds (which partition the state-space) for each closed-loop system
are to be determined. This can be done, solving the following equation:

~ (x(t ),u(t ),t)
dx2 (t)

i 2 (x(t ),u(t ),t) in (x(t ),u(t ),t)'
(2.2)

for a system defined by: Xi = l (x(t ), u(t ), t), with i E {1,2, ... , n} .

It should be noted that the proposed approach does not intend to address problems that
involve continuous controls. For the investigation of stability of the hybrid system, the
reader is referred to paragraph 3.2.3, and [17] or [33].

2.2.4 Partitioning by design

2002-02-26

In this method, design considerations induce a state-space partitioning.
For example, a control strategy might be changed whenever a certain threshold value is
exceeded by the input or the state, and, thus, the state-space is partitioned according to
the value of the threshold. Such a system is given in chapter 4.

13
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2.3 SUMMARY

A definition is given for hybrid systems (definition 2.1), which, requires a state-space
partitioning. Several state-space partitioning methods are addressed:

1. Random partitioning;
2. Iterative partitioning;
3. Partitioning according to eigenstructure analysis/assignment; and
4. Partitioning by design.

Hybrid systems

2002-02·26 14
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3 Stability methods

Stability methods

Classical systems theory provides efficient methods for analysing and controlling cer
tain classes of continuous-time systems and certain classes of discrete-time systems.
However, equally efficient generalisations are not available even for the simplest
classes of hybrid systems, i.e. for the analysis of hybrid systems regarding stability,
there is no general algorithmic procedure (for further research on this topic the reader is
referred to [8]). This is why in recent years, a lot of research-effort has been put into
this class of control systems. In this chapter, a structured overview is given on stability
methods.
First, Lyapunov's stability theorem is presented. A division is made between stability
methods that handle non-perturbed systems only and stability methods that consider
fully perturbed systems. With respect to non-perturbed systems, uniform, asymptotic
and/or exponential stability is considered (behaviour of the system with respect to in
variant sets and/or equilibrium points). With respect to perturbed systems, the system

behaviour is qualified with concepts like bounded-input-bounded-output (BillO), L2 -

or L~ -stability (input-output-behaviour). Throughout the treatment of the stability

methods, the example given by equation (2.1) is used for reasons of clarity. Finally, a
comparison between the stability methods is provided.

3.1 LYAPUNOV STABILITY

Before stating the Lyapunov theorem, some basic notions on set theory and the defini
tion of a class K function are addressed.

Sets [16]: "A subset S eRn is said to be open if, for every xE S , one can find an
£ -neighbourhood of x

(3.1)

2002-02-26

such that N(x, £) C S . A set S is closed if, and only if, its complement in R n is

open. Equivalently, S is closed if, and only if, every convergent sequence {x k }

with elements in S converges to a point in S. A set S is bounded if there is

r > 0 such that Ilxll S; r for all XES . A set S is compact if it is closed and

bounded. A point p is a boundary point of a set S if every neighbourhood of p

contains at least one point of S and one point not belonging to S . The set of all
boundary points of S , denoted by as, is called the boundary of S . A closed set
contains all its boundary points. An open set contains none of its boundary points.
The interior of a set S is S - as .An open set is equal to its interior. The closure

of a set S , denoted by S ,is the union of S and its boundary. A closed set is equal
to its closure. An open set S is connected if every pair of points in S can be joined
by an arc lying in S . A set S is called a region if it is the union of an open con
nected set with some, none, or all of its boundary points. If none of the boundary

15
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points are included, the region is called an open region or domain. A set 5 is con
vex if, for every x, yE 5 and every real number e, 0 <e<1, the point

ex + (1- e)y E 5 . If XE X eRn and yEYe R m
, it is said that (x, y) be

longs to the product set X X Y eRn X R m
."

Definition 3.1 [16]: A continuous function x: [0, x)~ [0,00) is said to belong to class

K if it is strictly increasing and x(0) =0 .

Definition 3.2 [28]: A motion x(t) ofa dynamical system (DS) definedfor t 2 to is

said to belong to class W (i.e. X(t)E W, in which x(t) might

even be discontinuous) if x(t) is differentiable w.r.t. t E Q x - Ex

and differentiable from the right at every point in Ex where Q x is

the domain ofdefinition of x(t) and is ofthe form [to' 00) and Ex
denotes an unbounded, discrete, closed set which is determined by

the particular motion x(t) being considered.

It is assumed that for a given DS, 5 (the family of possible motions x(t) consists

only of motions that belong to class W , i.e. 5 C W .
Now, the most important theorem (theorem 3.1; Lyapunov's theorem) of this report
can be formulated. Theorem 3.1 enables one to see whether a subset M or equilibrium

point xe (i.e. M E {xe }) of a DS can be rendered invariant and uniformly stable, uni

formly, asymptotically stable and/or exponentially stable according to Lyapunov. In
paragraphs 3.2 and 3.3, it is explained how Lyapunov's theorem can be used in the
case of hybrid dynamical systems.

Theorem 3.1 [28]: Given a DS defined on the real time-space t 2 0 ( R+ ) and let
M C X be a closed set. Assume there exists afunction

V: X X R+ ~ R+, which satisfies the following conditions:

1. For every motion X(t)E 5,V(x(t),t)E W with Ev(x) c Ex

where Ex = {to =1'O,1'l'1'2'''·':0~1'O <1'1 <1'2 < ...} is the set

ofdiscontinuous points of x(t), which is assumed to be un

bounded, discrete and closed; and

2. There exists Iffl , Iff2 E K (class K functions) such that

Iffl (x(t ),t) ~V(x(t ),t) ~ 1ff2(x(t),t) for all X(t)E X and

tE R+.
Then the following statements are true:

a. Iffor any X(t)E 5, V(x(t ),t) is non-increasing for all

t 2 to 20, then (5, M) is invariant and uniformly stable.

b. If there exists Iff3 E K, which is defined on R + such that for all

X(t)E 5, V(x(t ),t) ~ -Iff3(x(t ),M), 1'k ~ t ~ 1'k+1

16



Stability of hybrid systems, a literature sUNey Stability methods

2002·02·26

V(X(t ),t) ~V(x(r ),r), t =r k+l , kEN, and t- < t, then

(5, M) is uniformly, asymptotically stable.

c. If in particular in part (b) lfIi (x(t)) = a i x(t),8, a i > 0, f3 > 0,

i =1,2,3, then (5, M) is exponentially stable.

The proof of theorem 3.1 can be found in [28].

If, in particular, M ={O}, then the conditions in theorem 3.1 require that V (x(t ),t) is

positive definite and decrescent, that V(x(t), t) be less than or equal to zero, for all

t E (rk ' rk+l ), k E {O,1,2, ...}, and that at the points of discontinuity, jumps in

V (x(t ), t) be in the "downward" direction.

Since there is no general algorithmic procedure to find a Lyapunov function, it might
be hard to find one for a particular system. A frequently used method to start with,
however, is based on the energy function of the system.
Lyapunov's stability theorems do not say whether the given conditions are necessary.
There are theorems, however, that guarantee, at least conceptually, that for many Ly
apunov stability theorems the given conditions are indeed necessary. Such theorems
are usually called converse theorems. Since the converse theorems are not available for
all classes, the following hypotheses will be required.

Hypothesis 3.1 [28]: Given a DS defined on R+ and assume that:

1. For any X(t)E 5 (with initial conditions (xo,to)) there ex-

ists a X(t)E 5 (with initial conditions (XI ,tl )) with tl ~ to
and XI = x(tl ) such that x(t) = x(t) for all t ~ tl .

2. For any two motions Xi (t)E 5 (with initial conditions

(XOi,t,)J, i =1,2, t2 > tl' if X02 = XI (t2 ), then there exists

X(t)E 5 (with initial conditions (XOI ,tl )) such that

x(t) =XI (t) (with initial conditions (X01 ' to)) for t E [tl' t2 )

and x(t) =x2 (t) (with initial conditions (X
02

' t2 )) for t ~ t2 •

Hypothesis 3.2 [28]: Given a DS defined on R+ and assume that every X(t)E 5 (with

initial conditions (xo,r o)) is continuous everywhere on

[r0 ,00), except possible on an unbounded, closed, discrete set

Ex ={ro,rl' ...,ro <rl < ...} (where E, depends on

X(t)E 5 ), and that I = inf {rk+1 - r k } > 0, and that
kEN,XES

L =. sup {rk+1 -rJ< ex>.

kEN ,xES

17
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Theorem 3.2 [28]: Given a DS defined on R+ and let MeN be a closed, invariant

set, where N is a neighbourhood of M . Suppose that system S
satisfies hypotheses 3.1 and 3.2, and that for every

(Xo,to)E N XR+ , there exists a unique motion X(t)E S (with

initial conditions (xo,to) ). Let (S, M) be exponentially stable,

then there exist neighbourhoods N 1 and X I of M such that

N l C X leN, and a mapping V: X X R+ --7 R+ , which

satisfies the following conditions:

1. There exist Iffl ,1f/2 E K (class K function, defined on R+)

such that Iffl (x(t ),t) ~ V (x(t ), t ) ~ 1ff2 (x(t ),t) for all

(x(t ),t)E Xl xR+.

2. There exists a constant C > 0 such that for every

X(t)E S (with initial conditions (xo,to))'

DV(X(Tk ),Tk)~ -CV(X(Tk ), Tk ) (with initial conditions

(xo,To))for kE {O,l,2, .. .}, where Xo E N l and where

1
DV(X(Tk),Tk ) == [V (X(Tk+1 ), Tk+I )-V (X(Tk ),Tk )]

Tk+1 -Tk

3. Thereexistsafunction hE ClR+,R+ Jwith h(O)=O and

lim h(B) / Bq =0 for some constant q > 0 such that
8---tO+

V(x(t ),t):S; h(V(x(l'k ),Tk )) (with initial conditions

(Xo,To))' for every X(t)E S, tE (Tk,Tk+I ), Xo E N j and

To E R+.

For the proof the reader is referred to [28]. For other stability concepts the reader is
referred to [36].

3.2 NON-PERTURBED SYSTEMS

As mentioned before, stability methods can be divided according to their ability in
handling perturbations. In this section, stability will be considered in the absence of
perturbations. Within this subclass, three methods are distinguished:

1. Single Lyapunov function;
2. Multiple Lyapunov functions; and
3. Vector analysis.

3.2.1 Single Lyapunov function

2002-02-26

One method to prove stability of a hybrid system is given by the use of a single Lyapu

nov function V(x(t ),t). This Lyapunov function covers the whole state-space, and,

therefore, is globally applicable. Stability analysis is performed using theorem 3.1.
If no single Lyapunov function for the non-linear hybrid can be found, one might try
the following method (which uses the concept of linearisation).

18
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In [19], a linear system (which is an appropriate linearisation of the non-linear system)
is used to prove asymptotic stability for a non-linear hybrid system. Both systems (the

linear and the non-linear hybrid system) should be of class C I on R n , which implies

that both the systems are locally Lipschitz continuous on R n
. Consequently, existence

and uniqueness of solutions of both systems is guaranteed (which will be defined as
property 1).

Lipschitz continuous [30]: The function f is said to be locally Lipschitz continuous in

x if for some h > 0 (h is the radius of the ball Bh ' in which f is said to be lo

cally Lipschitz) there exists a I ~ 0 such that

(3.2)

2002-02-26

for all XI' x 2 E Bh , t ~ o. The constant I is called the Lipschitz constant. A defi

nition for globally Lipschitz continuous functions follows by requiring the given

equation to hold for XI' x 2 ERn. The definition of semi-globally Lipschitz con

tinuous functions holds as well by requiring that the given equation hold in Bh for

arbitrary h, but with I possibly a function of h. The Lipschitz property is by de
fault assumed to be uniform in t .

Aside from satisfying the local Lipschitz condition, the linear system should be homo
geneous of order zero, i.e. the vector field of the linear hybrid function is continuous on

R n (which will be defined as property 2). Figure 3.1 clarifies this property.

H 2

x= f2(X)~ ~x

Figure 3.1: The state-space is split into two closed half spaces HI and H 2 . Fur

thermore, each half space has its own non-linear dynamics and appro
priate linearisations.

As can be seen in figure 3.1, there are two closed half spaces, HI and H 2' divided by

a plane L. Each closed half space has its own continuous non-linear dynamics,

Xi = .t; (x). The linearisation of the non-linear systems is given on the origin

fl (0) = f2 (0) = 0 by ~x and ~x, respectively. Property 2 states that for all

X E L, Al X =~x (this does not imply Al =~). Considering properties 1 and 2,
[19] states that if the piecewise linear system is asymptotically stable, then the non
linear hybrid system is also asymptotically stable. The proof uses the notion of one
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unique Lyapunov function. For a more detailed discussion, the reader is referred to
[19].

EXAMPLE REGARDING A SINGLE LYAPUNOV FUNCTION

For the following system (already defined in chapter 2, equation (2.1)), stability is
proven with the aid of a single Lyapunov function.

/

X(t)+ x(t)+ x(t) =u(t)+ w(t)

u(t) = {if Ixl > Ethen u(t) = -csign(x)
if Ixl ~ Ethen u(t)=-x

Here, the concept of energy is used to derive a candidate-Lyapunov a function,

V(x,x)= ~X2 + ~ x2+ ~ ~2 -£5~xl-EY }~a

£5 = {a if Ixl ~ E

1 if Ixl > E

(3.3)

(3.4)

which is positive definite, decrescent and continuous. The first derivative of V(x) with

respect to time, being

!
V(X,X)= {x+ 2x-£5~xl-E )}x = _x2~ a

£5 ={a if Ixl ~ E ,

1 if Ixl > E

(3.5)

is negative semi-definite. The Lyapunov function has rendered the system to be uni
formly stable; see theorem 3.1.
According to La Salle's theorem (see [16], [30]), system (3.3) is asymptotically stable

with respect to the invariant set given by x(t) =a,since it is reached for t ~ 00 •

(DIS-)ADVANTAGES REGARDING A SINGLE LYAPUNOV FUNCTION

In general, it is difficult to find a Lyapunov function;
Only sufficient, and no necessary conditions, can be derived; and

+ Switching strategies do not appear to be a problem, since they are integrated in
the system.

3.2.2 Multiple Lyapunov functions

2002·02-26

Stability methods related to multiple Lyapunov functions are subdivided into two
classes. One class according to the set of available controllers, and the other class ac
cording to state-space partitioning methods. In this section both classes are considered.
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A. GLOBAL LYAPUNOV FUNCTION CONSISTING OF MULTIPLE LOCAL LYAPUNOV

FUNCTIONS

This method uses a finite set of available controllers. Each controller produces a
closed-loop system, and, might have its own Lyapunov function.
This finite set of Lyapunov functions covers the whole state-space (it should be noted
that it might be possible that one, or more, of them are global). The global (continuous,

possibly non-smooth) Lyapunov function V(x(t ),t) is constructed of several other

Lyapunov functions, i.e. V(x(t ),t) = {VI (x(t ),t ),v2 (x(t ),t ), ...,VJx(t ),t)}. The

choice for the controller on a particular part of the state-space is based on the choice of

the Lyapunov function Y; (x(t), t) ,with i ={1,2, ... ,n}. Different criteria for the choice

of the Lyapunov function can be used to guarantee stability of the system.
In [12] and [26], a so-called min-switching strategy is used. The idea behind this strat
egy is to use the controller corresponding to the Lyapunov function, of the individual
closed-loop system, with the lowest value, i.e.

V(x(t ),t) =min{VI (x(t ),t),V2 (x(t ),t), ... ,Vn (x(t ),t)}. The statements regarding sta

bility denoted above are true if the following assumptions hold [26]:

Assumption 3.1: Qi' with i ={1,2, ... ,n} (n is the number of controllers) are open

subsets;

Assumption 3.2: For each pair (¢Ji' Q i ), with ¢Ji the control strategy for subset Qi'

there is a (C I
) Lyapunov function Vi (x(t ),t), i.e. every subset, Qi'

has continuous, stable dynamics;
n

Assumption 3.3: The separate Q; 's cover the whole state-space Q, i.e. Q = u Q.;
i=1 I

and

Assumption 3.4:At any forced transition from ¢Ji to ¢J j the corresponding Lyapunov

functions are equal, i.e. Vi (x(t ), t) =Vj (x(t ), t), thus, the transition is

continuous, but might be non-smooth.

Within this method chattering (here, very fast switching between two or more control
lers having the same value of their Lyapunov functions, respectively; see also [38]
about Zeno executions, which are solutions of the system having infinitely many dis
crete transitions in finite time) is a serious problem. One possibility to avoid chattering
is to add a constant !i to the Lyapunov functions for the controllers that are not in use,
and subtract (i.e. return to the original value of the Lyapunov functions) !i from the
Lyapunov function for the controller that are in use. Basically, this implies some kind
of hysteresis loop.

B. MULTIPLE LYAPUNOV FUNCTIONS BASED ON THE STATE-SPACE PARTITIONING

This method uses a pre-defined partitioning of the state-space. For each obtained subset
a Lyapunov function is formulated. Hence, the Lyapunov functions are local by defini
tion. To establish stability for switching schemes, definition 3.3 and corresponding
theorem 3.3 is given.
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Definition 3.3 [9]: Given a strictly increasing sequence of times T in R+, it is said

that V(x(t ),t) is Lyapunov-like for function f(x(t ),t) and tra-

jectory x(-) over T if:

• V(x(t),t)::;O VtE T; and

• V(x(t ),t) is monotonically non-increasing on X.

Theorem 3.3 [9]: Suppose there exist candidate Lyapunov functions Vi (x(t ), t),
i E {1,2, ... ,m}, with m > 0 and the vector fields x= f (x(t ),t)
(respectively, difference equations x[t +1] = f (x[t ], t)) with

f i (0) =0 for all i. Let S be the set ofall switching sequences as

sociated with the system.

Iffor each Si E S ,for all i, ~ (x(t ),t) is Lyapunov-like (see defi-

nition 3.3)for fi(X(t ),t) and x(·) over S, then the system is stable

in the sense ofLyapunov.

For the proof, the reader is referred to [9].
In the remainder of this paragraph, some stability concepts, based on Lyapunov theory,
are introduced for more restricted classes of systems.
In [15], a piecewise quadratic stability concept based on Lyapunov theory is proposed
for hybrid systems. The systems, that can be investigated using this concept, should be
of the form,

{
x(t) =Ai (t )x(t) + ai
iE {1,2, ... ,m} and m>O

(3.6)

In [5], temporal characteristics of a scheduled linear parameter varying (LPV) system,
controlled by switching from a finite collection of set-point amplitude controllers, are
derived and used to construct timed automata models of the switched system.
The LPV plant is given by

{
X=Al (O(t ))x(t) + BI (O(t ))w(t) + Bz(O(t ))v(t)
y(t) = CI x(t)+ DIZ v(t) .

(3.7)
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In both [11] and [35], the Lyapunov stability method is used to find stabilising sliding
mode controllers. Per sliding surface a Lyapunov function is defined. In particular in
[35], an example is formulated regarding wind turbine aerodynamics, in which con
trollers are designed for both sufficient- and insufficient wind regimes (for each of
these regimes a sliding surface is designed).
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EXAMPLE REGARDING MULTIPLE LYAPUNOV FUNCTIONS

To prove stability of system (2.1),

j

X(t)+ X(t)+ X(t) =U(t)+ W(t)

U(t) = {if IXI > E then u(t) = -Esign(x) ,

if Ixl s: E then u(t) =-x

(3.8)

Stability methods

first the state-space is partitioned into three regions, according to the control strategy,

namely: x < -E , Ixl s: E and X> E.
Now three subsystems can be defined, each with their own candidate-Lyapunov func
tion:

X < -E : X+ X+ X - E =0 ,
with its Lyapunov function

11,( .) 1,2 1 2 1{ 2 2} 0X X =-x +-x +- - Ex-E ~ ,
l' 2 2 2

and

Ixl s: E: X+ X+ 2x =0 ,
with its Lyapunov function

11,( .)_1'22>0
2 x,x --X +x - ,

2
and

X>E: X+X+X+E=O,
with its Lyapunov function

V3(X,X)=~X2 +~X2 +~{2Ex-E2}~0,
222

and

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

2002-02-26

As can be seen the validity of the Lyapunov functions is restricted to the given domain,
and thus, the Lyapunov function is local. For instance, if X =E is substituted into
equation (3.10), the Lyapunov function might become negative (depending on the
value of the first time derivative of x), and therefore it does not fulfil the conditions to
be a global Lyapunov function.
In this example, the local Lyapunov functions, given by equations (3.10) and (3.16),
establish convergence to the switching surfaces X = -E and X = E, respectively. At
these points in the state-space (x = ±E), the local Lyapunov function, defined by
equation (3.13), takes over, resulting in uniform stability.
Also, according to assumptions 3.1 to 3.4, stated in section 3.2.2, stability is guaran
teed.

23



Stability of hybrid systems, a literature survey Stability methods

Since this example state-space partitioning is established according to design (implied
by the control strategy), it can be incorporated in both the method described in para
graph 3.2.2.a, and in the method described in paragraph 3.2.2.b.

(DIS-)ADVANTAGES REGARDING MULTIPLE LYAPUNOV FUNCTIONS

Before stating some (dis-)advantages, first the phenomenon of chattering is explained.

Chattering [16]: Due to imperfections in switching devices or computational delays,
the control has fast switching fluctuations across the switching surface.

In general, it is difficult to find a Lyapunov function;
Only sufficient, and no necessary conditions, can be derived;
Chattering might occur; and

+ Local Lyapunov functions are easier found than global Lyapunov functions.

3.2.3 Vector analysis

Stability on the basis of vector analysis, exploits the flow regions of the system under
consideration. Phase-portraits are an important tool with respect to this method, but
they usually perform up to a 2-dimensional state-space.
In [33], a methodology is presented to design the partition of the continuous state-space
based on the natural invariants of the closed-loop system; see also paragraph 2.2.3. By
analytically solving the differential equations, which describe the system dynamics, the
invariant hypersurfaces are found.

Assume that for each fixed input U(t)E U and time t E R the function

fe u(t), t): X -t X is continuous and satisfies the Lipschitz condition on X . The

concept of flow is given by Fk : X X R -t X , where x(t) = Fk (x(to),to)' The flow

represents the state of the plant after an elapsed time t, having an initial state x(to),
and constant input Uk (t). The flow can be extended in the state-space over time. This

approach results in the following algorithm:

1. If X o (= starting region, X o eX) eXT (=targetregion),stop;

2. Identify the region, Fk-(XT ) = Fk(x(r ),r)= x(r), \luk E U ;

3. Let X T =U
tER

- Fk-(XT );

4. Go to 1.

Subsets of Fk- (XT ) are common flow regions (CFRs). CFRs are bounded by invariant

manifolds hi (~) and an exit boundary.

CFR: B ={~E X: hi (~) < 0, he (~) > 0, \Ii E I B}'
hi (~) can be found by solving

dX1(t)
f1 (x(t ),t)

dxn (t)
in (x(t ),t)'

(3.18)
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To establish convergence (with respect to the target set), the control strategies employ
switching. If convergence is reached, the hybrid system is rendered stable. Further-
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more, it should be noted that the proposed approach does not intend to address prob
lems that involve continuous controls.
Since in system (2.1) the control strategy is chosen to be continuous, and since the
switching moments have not been chosen with respect to the closed-loop invariant
manifolds, but according to the state-space variable x, system (2.1) can not be used as
an example for this methodology. [33], however, presents examples regarding double
and triple integrators.
If the invariant manifolds cannot be found, one might use another state-space parti
tioning; see also paragraph 2.2. In [18], the concept of a modular, block-oriented mod
elling framework for hybrid systems is introduced. In this paper, two methods are de
scribed to find the trajectories in the state-space; 1) forward cell trajectory; and 2)
backward cell trajectory. In the case of forward cell trajectory, one starts with an initial
point and follows the trajectory in the forward direction. The idea is to use those con
trollers, that ensure reachability of the target set in finite time. In the case of backward
cell trajectory one starts at the target set and follows the trajectory in the backward di
rection.

EXAMPLE REGARDING PHASE-PORTRAITS

To prove stability of system (2.1),

l
X(t) + x(t)+ x(t) =u(t)+ w(t)

u(t) ={if Ixl > £ then u(t) = -csign(x) ,
if Ixl ~ £ then u(t) =-x

(3.19)
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a phase-portrait is used. On the horizontal axis, the displacement, x, is plotted where
on the vertical axis its time-derivative, x, can be found. The vector field is shown at

each point, by means of arrows, provided w(t) =0. For this purpose, the system is

implemented in MATLAB whereas the quiver-command is used to generate the phase
portrait; see figure 3.2.
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Figure 3.2: Phase-portrait regarding system (2.1).

In figure 3.2, a single stable equilibrium point (x, x) =(0,0) can be identified.
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(DIS-)ADVANTAGES REGARDING VECTOR ANALYSIS

Information about the system trajectories ought to be known;
It might be hard to cope with disturbances;

+ Relatively easy methods can be used; and
+ It allows for state-space visualisation.

3.3 PERTURBED SYSTEMS

Stability methods

Before stating stability methods for perturbed systems, the concept of absolute stability
is defined for the system,

{

X(t) =Ax(t) + Bu(t)
y(t) =Cx(t) ,
u(t) =-t/J(t, y)

where t/J(t, y) equals a memoryless sector-bounded non-linearity.

(3.20)
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Absolute stability [16]: Consider the system (3.20). The system is absolutely stable if
the origin is globally asymptotically stable for any non-linearity in the given sector.
It is absolutely stable within a finite domain if the origin is uniformly asymptoti
cally stable.

In the time-domain, the Hamilton-Jacobi inequality, optimal control and game theory,
and the small gain theorem are considered. In the frequency-domain, Popov's criterion
and the circle criterion are considered. The concept of absolute stability, which is able

to deal with perturbed systems (i.e. w(t) 7= 0), is related to a specific domain of appli

cation, being the frequency-domain.
Using these concepts, the input-output-behaviour can be regarded with respect to

bounded-input-bounded-output (Billa), Lz- or L~ -stability.

3.3.1 Time-domain

Within the time-domain, the following methods will be addressed.
1. The Hamilton-Jacobi inequality;
2. Optimal control and game theory; and
3. The small gain theorem.

HAMILTON-JACOBI INEQUALITY

Before stating the stability theorem regarding the Hamilton-Jacobi inequality, first, the
concepts of causal non-linear operators, for which the introduction of Lebesgue spaces
is required, and finite-gain L -stability are defined.
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Lebesgue spaces [16]: The Lebesgue space L; for 1~ e < 00 is defined as the set of

all piecewise continuous functions U : [0,00) ----7 R m such that
I

IIul1 4 =Ollu(t~I'dtr <=

Causal non-linear operators [30]: A mapping A: L; ----7 L~ is said to be causal if for

every input U(-)E L: and every time t >°it follows that (A(un=(A(u( ))( , i.e.

the truncation of the output (A(u ))( to uO up to time t is the same as the output

(A(ut))t to uJ) up to time t.

Causality means that only the history of a function is involved regarding the function's
present state, and not its future. It is stressed that causality is an intrinsic property of
physical systems represented by state-space models.
In the finite-gain L -stability concept, the input-output relation is represented by

y(t) = h(u(t ),t). (3.21)

Definition 3.3 [16]: A mapping h: L; ----7 L~ is finite-gain L -stable if there exist

nonnegative constants rand fJ such that

(3.22)

VU(t)E L; and tE [0,00).

If the input u(t) belongs to a space of signals, which is the space of piecewise con

tinuous, square integrable functions ( L; )with the norm

=

IlullLz = fuT (t )u(t )dt < 00 ,
o

(3.23)

then finite-gain L -stability can be restricted to the subclass of finite-gain L2 -stability.

Stability using the Hamilton-Jacobi inequality will now be formulated by theorem 3.4.

Theorem 3.4 [16]: Consider the non-linear system

{
i(t) = f(x(t)) + G(x(t ))u(t) ()
y(t)=h(x(t)) ,xO =xo (3.24)
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where f(x(t)) is locally Lipschitz and G(x(t)) , h(x(t)) are con

tinuous over R n
• The matrix G is n X m and h: R n

----7 Rq. The

functions f and h vanish at the origin; that is, f (0)=°and

27



Stability of hybrid systems, a literature survey Stability methods

2002-02-26

h(0) ::::: 0 . Let y be a positive number and suppose there is a con

tinuously differentiable, positive semi-definite function V (x) (which

might be a Lyapunov function) that satisfies the Hamilton-Jacobi
inequality

de! av 1 aV {aVJT 1H(V,j,G,h,y):::::-j(X)+-2 -G(x)GT(x - +-hT(x)h(x)sO
ax 2y ax ax 2

(3.25)

for all xE R". Then, for each X oE R". the system (3.24) is finite

L 2 -stable and its L 2 -gain is less than or equal to y.

In case of a perturbed system, the bounded disturbances can be regarded as bounded
inputs. This substitution will influence the parameter y (to be specified), and therefore

the L 2 -gain.

For more transparency on behalf of the Hamilton-Jacobi inequality, the reader is re
ferred to the proof of theorem 6.5 in [16].

OPTIMAL CONTROL AND GAME THEORY

To guarantee stability, in the presence of disturbances, the design problem is casted as

a zero sum dynamic game; see [30]. The two players in this game are the input u(t)
and the disturbance w(t), they compete over cost functions that encode the safety

(specifications that have to be met) and efficiency (specifications that should be met if
possible) specifications. The best possible control action for the worst possible distur
bance (worst-case scenario) should be found. This method can be considered as being
an extension to the Hamilton-Jacobi inequality.
Summarising: for a given system, a cost function (here, based on the Hamilton-Jacobi

equation) can be defined. This cost function results into a dynamic
game: which controller (lowest costs) can handle the worst disturbances
(highest costs).

In [25], examples of this method are proposed regarding a steam boiler and a flight
vehicle management system.

SMALL GAIN THEOREM

The small-gain theorem simply states that the feedback connection of two input-output
stable systems, as in figure 3.3, will be input-output stable, provided that the product of
the system gains is less than one. Many robustness results, that can be derived using
Lyapunov stability techniques, can be interpreted as special cases of the small-gain
theorem.

U...ll---'__--1'----~~
Figure 3.3: Block diagram illustrating the small-gain theorem.
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(3.27)

(3.26)

Theorem 3.5- small-gain theorem [30]:
Consider the feedback system as shown in figure 3.3.

Assume that the systems Gj : L; ----7 L; and G2 : L; ----7 L; are both

causal and finite gain stable, that is, there exist k j , k 2 , /3j' /32 such that

IGj(ej~T~kjlejIT+/3j V ejEL~e

IG2(eJT ~ k2 hlT + /32 V e2 E L~e
Further, assume that the loop is well posed (see [29}) in the sense that for

given uj E L;, u2E L; there are unique ej,Y2 E L; .. e2, Yj E L; sat

isfying the loop equation namely

e j =u j -Gz(ez)'Yj =Gj(ej )

ez =U 2 - Gj (eJ, Y2 =G2 (e 2 )

Then, the closed-loop system is also finite gain stable from U j ' U 2 to

Yl' Yz if k jk2 < 1.

In [14], a hybrid controller is proposed, which uses the small-gain theorem to validate
whether the individual controllers are finite gain stable. These controllers are able to
cope with noise, disturbances and unmodelled dynamics. Furthermore, it is mentioned
that under certain conditions the unmodelled dynamics are strictly bounded. [13], uses
the notion of a supervisory controller in which the number of switchings are bounded
by scale-independent hysteresis, i.e. after a switch, the system is constrained to the ob-

tained controller for a certain dwell-time, T D. The concept of dwell-time leads to

switching that is slow-on-the-average. The dwell-time is a design parameter chosen to
ensure that the non-linear system remains stable, under the assumption that both distur
bance inputs and noise on the output signal are bounded. [21], elaborates on this con
cept and states that under a large enough average dwell-time a switched system is ex
ponentially stable.

EXAMPLE REGARDING THE HAMILTON-JACOBI INEQUALITY

To guarantee stability of system (2.1), which is rewritten since it is related to equation
(3.25),

2002-02·26

1

2(t)+ i(t)+ z(t) =v(t)+ w(t)

u(t) ={if Izi > E then v(t) =-~ign(z),

if Izi ~ E then v(t) =-z

extended with an output,

y(t) =i(t),

the Hamilton-Jacobi inequality is used. First, the system is rewritten into,

{[i] [ i ] [0 °][u(t)]2 = -z-i + E Iwl w(t) ==f(x(t))+G(x(t))u(t),

y(t) = i(t) == h(x(t))

29
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For the Hamilton-Jacobi inequality under consideration, a continuously differentiable,
positive semi-definite function is defined,

()
1. 2 1 2

V X =-z +-z .
2 2

Substitution of these equations in the Hamilton-Jacobi inequality yields,

{
e2 +Iwl2 I} .2

H(V,J,G,h,y)= -1+ 2 +- z ~O.
2y 2

Which results in,

(3.31)

(3.32)

(3.33)

System (3.30) is finite L2 -stable if its L2 -gain is less than or equal to ~e2+Iwl2

(DIS-)ADVANTAGES REGARDING FINITE GAIN STABILITY

Hamilton-Jacobi inequality-based approaches become practically unfeasible
when the dimension of the state increases;
The Hamilton-Jacobi inequality is usually based on Lyapunov functions, which
are hard to find in general;
Only sufficient conditions can be derived;

+ Disturbances can be integrated in the system;
+ The control problem might be optimised using game theory; and
+ The small-gain theorem is able to cope with noise, disturbances and unmodelled

dynamics.

3.3.2 Frequency-domain

Popov's criterion and the circle criterion belong to the so-called absolute stability con
cept. These criteria are used in the frequency-domain.
For the following theorems, the transfer function matrix, for system (3.20), is of pri
mary importance,

G(s) = Y(s) =C(sI - AtB.
U(s)

(3.34)
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In [22], the constructive theory of the linear complementary problem is used. Condi
tions are given for uniqueness of solutions employing both the circle- and Popov's cri
terion for linear relay systems. In [7], delay-independent versions of both criteria are
presented for systems with sector bounded non-linearities. In the following sections,
both criteria are explained based on their theorems.
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MULTIVARIABLE POPOV CRITERION

Before the multivariable Popov criterion is stated, first, the concepts of a Hurwitz ma
trix and positive realness are defined.

Hurwitz matrix [16]: When all eigenvalues of a matrix A satisfy Re Ai < 0, A is

called a stability, or a Hurwitz, matrix.

Positive realness [30]: Given a Hurwitz matrix A E R nxn , and bERn, cT
E Rn and

dE R such that the pair A, b is controllable, then there exist positive definite

matrices P, Q E Rnxn , a vector q E Rn, and scalar £ > 0 satisfying

AT P+ PA =_qqT -£Q

1 T ,-;
Pb--c =",dq

2

if the scalar transfer function,

(3.35)

(3.36)
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is strictly positive real, i.e., h(s) is analytic in C+ and Re hUm) > 0, 'ifmER.

Theorem 3.6- multivariable Popov criterion [16]:

Consider the system (3.34), where A is Hurwitz, (A, B) is controlla-

ble, (A, C) is observable, and ~(.,.) is a time-invariant non-linearity

that satisfies the sector condition

~T(y)[~(y)-Ky]sO, 'ifyE rcRq (3.37)

globally with a positive definite symmetric K. Suppose that Kf/J(y)
is the gradient ofa scalar function and

y

f~T (0' )KdO'?- 0, 'ify Ere Rq (3.38)
o

is satisfied globally. Then, the system is absolutely stable if there is

17 ?- 0 , with -lj17 not an eigenvalue of A such that

Z(s) =1+ (1 + 17s )KG(s) (3.39)

is strictly positive real. If
f/JT (t, Y)[~(t, y) - Ky]s 0, 'ift?- 0, 'ifyE r c Rq (3.40)

and equation (3.38) is satisfied only on a set r c R q , then the same

condition on Z(s) ensures that the system is absolutely stable with a

finite domain.

Remark 3.1: Popov's criterion can only be usedfor autonomous systems.

To overcome this problem (remark 3.1), it is possible, for certain classes of non
autonomous systems, to define the time as a state-space variable.

Theorem 3.6 defines only sufficient conditions.
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In figure 3.4, a graphical representation of Popov's criterion can be found.

Figure 3.4: Nyquist plot, which graphically illustrates Popov's criterion.

Stability methods

System (3.20) is rendered absolutely stable according to Popov, if (in figure 3.4) the

transfer function G(s) (given by equation (3.34)) is on the right of the line with slope

1]-1. For more background on this graphical representation, the reader is referred to

[16].

MULTIVARIABLE CIRCLE CRITERION

The circle criterion allows the investigation of absolute stability using only the Nyquist

plot of G(jw). Given the Nyquist plot of G(jw), permissible sectors can be deter

mined for which the system is absolutely stable.

Theorem 3.7- multivariable circle criterion [16]:

Consider the system (3.34), where (A,B) is controllable, (A,C) is

observable, and ¢(.,.) satisfies the sector condition

[¢(t, y) - K min YY[¢(t, y) - K max y]~ 0, 'Vt ~ 0,

VyE r c R q

globally. Then the system is absolutely stable if
G.(s) =G(s)[I + KminG(s)t

is Hurwitz and

Z. (s) = [I + KmaxG(s )][1 + KminG(S)]-1

(3.41)

(3.42)

(3.43)
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is strictly positive real. If the sector condition is satisfied only on a set

r c Rq, then the conditions given on G. (s) and Z. (s) ensure that

the system is absolutely stable with a finite domain.

Remark 3.2: If Kmin =-00, then Kmax ;f::. 00, and if Kmax =00 , then KInin ;f::. -00 •

In figure 3.5, a graphical representation of the circle criterion can be found.
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Stability methods
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Figure 3.5: Nyquist plot, which graphically illustrates the circle criterion for all
possible bounds of the applied non-linearity.

System (3.20) is rendered absolutely stable according to the circle criterion, if (in fig

ure 3.5) the transfer function G(s) (given by equation (3.34)) stays, 1, within the circle

if K min < 0 (see the left part of figure 3.5); 2, on the right if K min =0 (see the mid

dle part of figure 3.5); and 3, outside of the circle and doesn't encircle the point

(- K~n'O) counterclockwise (see the right part of figure 3.5). For more background

on this graphical representation, the reader is referred to [16].
In chapter 4, an example is given, in which the circle criterion is applied to guarantee
the existence of a globally, asymptotically stable, steady-state solution for a piecewise
linear control strategy. This strategy is implemented in a CD/DVD-application.

(DIS-)ADVANTAGES REGARDING POPOV'S AND THE CIRCLE CRITERION

Only sufficient conditions can be derived;
Popov's criterion can only be used in the case of autonomous systems;

+ No complex functions have to be found; and
+ Stability can be derived from a graphical presentation.

3.4 COMPARISON OF STABILITY CONCEPTS

In previous sections, (dis-)advantages have been mentioned regarding the various sta
bility methods. In table 3.1, these conclusions, with respect to hybrid dynamical sys
tems are summarised and can be compared. In this way, a well-founded choice can be
made for the stability method to be used for the system under investigation.
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Table 3.1: Companson between the stablhty concepts.

Concept: Global Lyapunov func- Multiple Ly- Vector analysis Hamilton-Jacobi inequality / Popov's criterion Circle criterion
tion apunov func- optimal control and game

tions theory / small gain theorem
Stability Sufficient conditions Sufficient con- Sufficient condi- Sufficient conditions, but opti- Sufficient conditions Sufficient condi-

ditions tions misable using game-theory tions
Complexity Almost impossible to Hard to find Increases when Hamilton-Jacobi inequality- No complex functions have to No complex

find a global Lyapunov local Lyapunov the number of based approaches practically be found; functions have to
function functions dimensions of the unfeasible when state dimension Its power is in its graphical be found;

state-space in- increases; presentation Its power is in its
creases Usually based on hard to find graphical presen-

Lyapunov functions tation
Usability System trajecto- Autonomous systems

ries should be
known

Domain Time Time Time Time Frequency Frequency
Perturbation Not integrated Not integrated Not integrated Integrated Integrated Integrated
Chattering Does not occur, since Might occur Will usually not Can be coped with using the

this should be integrated occur small-gain theorem
in the system.

Noise Worst-case scenario in Worst-case sce- Can be coped with using the
plant nario in plant small-gain theorem

Unmodelled Can be coped with using the
dynamics small-gain theorem

. .

Remark 3.3: Under certain hypotheses the sufficient conditions ofLyapunov's principal theorem can be translated into necessary conditions.

Remark 3.4: A disturbance might be regarded as an undesired, unknown input.
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4 Piecewise linear control of a
CD-player; a case study

To conclude this literature survey, as being part of a master's thesis project, a case
study regarding the piecewise linear control of a CD-player, using some of the stability
methods found in literature, is presented.
To handle both internal- and external disturbances in a CD-player, it has been sug
gested to add an additional stiffness (negative and positive, respectively) in the radial
control loop, once the radial error exceeds a certain pre-defined level. Consequently,
two linear regimes can be distinguished each related to a particular control design. The
overall control design, however, becomes non-linear.
Three types of piecewise linear control will be examined: 1) the hardening spring case
(to tackle external disturbances); 2) the softening spring case (to tackle internal distur
bances); and 3) the hardening damper case (to suppress the influence of large vibration
levels).

4.1 THE HARDENING SPRING CASE

Under the assumption that a CD-module suffers from an external excitation, the radial
error might exceed a pre-defined level. Then, special effort is applied to reduce the ra
dial error. For this reason, a so-called deadzone function is introduced. This continu
ous, non-smooth increase of the gain may be viewed as a hardening spring. The overall
spring force F as a function of the radial error x is defined as

with

F(x) = kpiX + k p2 e(x)x - kp2 e(x)&ign(x),

{
I . Ixl;::: 0

e(x) = ,If I I .o X <0

(4.1)

(4.2)
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Herein, k 1 and k 2 represent the piecewise linear stiffness constants and 0 the ra-
p p

dial error bound, beyond which additional stiffness k 2 is applied. Equation (4.1) is
p

depicted graphically in figure 4.1.
With this spring characteristic, the equation of motion of the controlled system under
harmonic disturbance becomes

mX + kdx + k pI X + k p2 e(x)x - k p2 e(x)&ign(x) =wcos(27ift) (4.3)
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Figure 4.1: Graphical representation of the hardening spring case (spring character
istic).

To conclude whether there exist coexisting, steady-state solutions, the following rea
soning is applied. Suppose, two arbitrary solutions X and y (y of:. x) coexist at time

instant to' then the difference between both solutions, i.e. e =x - y, is described by

the following equation

(4.4)

with

<t>(e) =k 7 [E(x) - e(y)]e - k 7 8[e(x)sign(x) - e(y)sign(y)] (4.5)
p' p'

If it can be shown that e = 0 is a globally, asymptotically stable equilibrium point of

(4.4), i.e. e~ 0 for t ~ 00, then this will result in y ~ x , which prohibits the co

existence of two steady-state solutions x and y (y of:. x) for t ~ 00 •

Furthermore, since it can be shown, for the system at hand, that a periodic solution

with period time T = j-1 should exist for any perturbation w(t) =w(t +T), by ap

plying Yoshizawa's theorem [37], the system converges globally, asymptotically to
this solution whenever satisfying the circle criterion constraint. To show global as
ymptotic stability of (4.4) with the circle criterion, two properties of (4.4) will be ex
ploited. First, the linear part of (4.4), represented by the transfer function

2002-02-26

1
G(s)= 2 '

ms + kds + k I
P

is Hurwitz for m> 0, kd > 0 and k I > 0, i.e. all poles of G(s)
p

real part. Second, the non-linearity <t>(e) is sector bounded, i.e.

a -.;, <t>(e) -.;, fJ , a =0, fJ =k 2 > O.
e P
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The latter property results from the fact that the potential energy of the overall piece
wise linear spring force F is bounded by

1 2 1 () 1 ( ~2- k I X -:;, - F x x -:;, - k 1 +k 2 for k I > 0 and k 2 ~ 0 ,
2 P 2 2 P P P P

or

with

¢(x):::k 2c(x)x-k 2c(x)&ign(x).
P P

This yields

(4.8)

(4.9)

(4.10)

(4.11)
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In view of these properties, global asymptotic stability of e ::: 0 can be proven using a
graphical interpretation of the circle criterion such as depicted in figure 4.2.

Figure 4.2: Graphical representation of the circle criterion.

If G(jm) (see figure 4.2 and equation 4.6) lies on the right of the vertical line defined

by - k-~ , then, for the given system, the circle criterion guarantees global asymptotic
P-

stability of e::: e::: 0, i.e. the considered I-periodic solutions are globally asymptoti
cally stable.
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4.2 THE SOFTENING SPRING CASE

Piecewise linear control of a CD-player; a case

study

Under the assumption that a CD-module suffers from an internal error, the lens might,
follow the internal error, i.e. a scratch. For this reason, it is desired to decrease the
bandwidth of the radial controller, i.e. to decrease the gain. This decrease of the gain
might be compared with a softening spring. Similar to the hardening spring case, (4.4)
can be used, but now with

ep(e) = -k 2 [e(x) - e(y)]e + k 2 o[c(x)sign(x) - e(y)sign(y)]
p p

(4.12)

Again, global asymptotic stability will be proved on the basis of the circle criterion and
will be used to exclude the coexistence of steady-state solutions. Since the linear part

(in (4.4) ) is not changed, i.e. GUw) is still given by (4.6), the only part that can af-

fect the former stability results is presented by the non-linearity ep(e). However, for

(4.13)

it follows that

(4.14)

So, it can be concluded that the sector condition as given in (4.11) is satisfied. For the

given GUw), it can be verified that 0:$ k 2 < k I' yielding global asymptotic sta-
p p

bility based on the circle criterion.

4.3 CONCLUSION

• In both the hardening and the softening case, the change in stiffness is bounded by

0:$ k 2 < k I for the given GUw). This, however, only gives a sufficient con-
p p

dition; and
• To avoid instability of the system, due to the switching strategy, there should only

be switched between the hardening- and the softening spring in the area where

only k I is active.
p
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Conclusion

A structured overview on stability proving methods regarding hybrid systems, avail
able nowadays, is given. A major drawback on the stability methods, however, is that
only sufficient, and no necessary conditions, can be derived. A division, in stability
methods, is made regarding methods that can cope with perturbations and methods that
can not.
Aside from stability methods, also stability concepts and state-space partitioning meth
ods have been addressed.

5.1 NON-PERTURBED SYSTEMS

• Methods regarding non-perturbed systems often use Lyapunov stability concepts.
A drawback is that Lyapunov functions might be hard to find. A frequently used
method to start with, however, is based on the energy function of the system;

• Another method regarding non-perturbed systems is vector analysis, which allows
for state-space visualisation. Two drawbacks, however, are 1) information on the
system trajectories ought to be known, and 2) the complexity increases when the
number of state-space dimensions increases.

5.2 PERTURBED SYSTEMS

Methods for both the time- and the frequency-domain are found for perturbed systems.

In time-domain methods, the Hamilton-Jacobi inequality, optimal control and game
theory, and the small gain theorem can be distinguished.
• The Hamilton-Jacobi inequality becomes practically unfeasible when the state

space dimensions increase;
• Optimal control and game theory minimises the control effort, that is used to cope

with worst-case disturbances. Often, the Hamilton-Jacobi inequality is applied for
the so-called cost function;

• The small gain theorem can cope with noise and unmodelled dynamics.

In frequency-domain methods, Popov's criterion and the circle criterion can be distin
guished. Both criteria have two advantages; 1) no complex functions ought to be
found; and 2) it allows for graphical representation. Popov's criterion, however, can
only be applied for autonomous systems.
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a
b
c

d
e

f

h

i
]

k

m

n

p
q
s
t
u

v
w
x

y

constant vector or scalar
constant vector or scalar
constant vector or scalar; or
mapping (if mentioned)
constant vector or scalar
error

function; or

frequency [Hz] (if mentioned)

output function;
invariant manifold (if mentioned); or
scalar transfer function (if mentioned)
index number
index number

nonnegative integer; or
constant (if mentioned)

damping-constant

stiffness-constant

Lipschitz constant
positive integer; or
mass (if mentioned)
positive integer

boundary point

constant vector or scalar

frequency
time
input

modified input
disturbance
state-space variable

equilibrium point

state-space variable; or

output (if mentioned)
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A

B

c

F

G

H

K
L

M
N

p

s
as
s
T

u

v
w

x

matrix; or
mapping (if mentioned)
matrix; or
ball-shaped subset (if mentioned)
controller; or
matrix (ifmentioned)
matrix

unbounded, discrete, closed set in [to' 00), determined by the motion x

flow region; or
overall spring force (ifmentioned)
matrix; or
transfer function
Hamilton-Jacobi (in)equality;
closed half space (ifmentioned); or
boundary-space
space of switching sequences

subset, which might even be an invariant set
neighbourhood; or

real integers, i.e. N ={0,l,2,...} (if mentioned)

plant; or
matrix (if mentioned)
real space

real nonnegative space, i.e. R+ =[0,00)

subset
set of boundary points

union of S and its boundary as
time space; or
period time (ifmentioned)
input-space

Lyapunov function
disturbance-space;
class of subsets (if mentioned); or
stability preserving mapping (ifmentioned)
state-space; or
subset (ifmentioned)
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ex
fJ
8
E

¢J

y
17
A
e
T

w

Q

Q
x

constant
constant

constant, which might depend on a variable
constant
input function

constant, which might depend on a variable

constant, which might depend on a variable

Lagrange multiplier
constant, which might depend on a variable
constant, which might depend on a variable

frequency lrad. S-l J
alternative state-space variable

boundary function

constant
non-linear part of an equation
output-space; or
diagonal matrix with positive entries

state-space consisting of open sets Q i

time-space, with its domain of definition of x, Q x = [to' 00)
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MATHEMATICAL NOTATIONS

Nomenclature and mathematical notations

The variables, functions, etc. in this section fulfil a general purpose and might not be
defined as in nomenclature.

f(x) f is a function depending on a variable x

IXI =.[;2 absolute value of x

Ilxll=M

sign(x) =I:' 'if x=0 , then sign(x)=0

initial condition

equilibrium condition

.dxx=-
dt

av
ax

first derivative of x with respect to time t

second derivative of x with respect to time t

first partial derivative of V with respect to x

second partial derivative of V with respect to x

av av avvv(x)=-+-+ ...+-
ax! aX2 aXn
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G(jm)

G(s)

frequency response function

transfer function

n -dimensional space
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Appendix A

In chapter 2, it was stated that: "it is easy to construct examples of two globally expo
nentially stable continuous dynamical systems and a switching strategy that sends all
trajectories to infinity". In this appendix such an example is shown.

Two continuous dynamical systems are introduced,

Appendix A

i = A;x, iE {1,2} (A.I)

[
-1

with Al = -100 10] [-1and ~ =
-1 -10 100].

-1

Since both systems satisfy

(A2)
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with a > 0 and A = -1 ±32i , both systems are rendered globally exponentially sta
ble. This can also be seen in figure AI.

Figure AI: Left, system (AI) with i = 1 and initial conditions (x, y) = (1,0); and right,

system (AI) with i = 2 and initial conditions (x, y) = (0,1). Both systems

converge exponentially to the origin.

First, a switching strategy is applied such that i = 1 is used in the first and the third
quadrant, and i = 2 in the second and the fourth quadrant. As can be seen in figure A2
at the left, the hybrid system is globally exponentially stable.

Second, a switching strategy is applied such that i =1 is used in the second and the
fourth quadrant, and i =2 in the first and the third quadrant. As can be seen in figure
A2 at the right, the hybrid system becomes unstable, and, thus, all trajectories are sent
to infinity.
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Figure A2: Left, system (AI) with i =1 in the first and the third quadrant, and i =2 in

the second and the fourth quadrant, and with initial conditions (x, y) =(1,0);
and right, system (AI) with i =1 in the second and the fourth quadrant, and

i = 2 in the first and the third quadrant, and with initial conditions

(x, y) =(10-6,0).

--0--0--0--

Appendix A
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