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ABSTRACT 

The transmission of digital signals over multiple channel systems is 

considered and the paper is restricted to linear receivers. Several 

algorithms for the computation of the tap coefficients of the multiple 

tapped delay line, such that the output signals are optimized with respect 

to some criterion, are given. Two criteria are considered, namely the 

minimum peak error distortion criterion and the minimum mean square 

error criterion. By means of examples these optimum criteria are 

compared with suboptimum criteria and it follows that the suboptimum 

criteria ask for much less computing time at the cost of only a slight 

degradation of the performance of the system. 



1. 
INTRODUCTION 

In this paper we deal with the synchronous transmission of digital 

information over multiple channel systems. A multiple channel system is 

a communication system, capable of transporting several data sequences 

at the same time. Let us assume that the system has M inputs and M 

outputs. Then a data sequence EZ ajZo(t - ZT), with Z integer, is supplied 

to each input terminal j. The input symbols ajZ are chosen from a certain 

input alphabet and transmitted the symbol time T apart. It is desired to 

detect the input sequence {ajZ } at the corresponding output j of the trans

mission system. Apart from intersymbol interference (lSI), interchannel 

interference (ICI) can be one of the major problems in such a multiple 

channel system and the combined effect of lSI and ICI is called multi-

dimensional interference (MOl). The problems concerning MDI have initially 

been studied in [1] and [2]. In [3] , [4] and [5] optimum receiver 

structures are derived for both linear receiving filters followed by bit-

by-bit detection [3,5] and maximum likelihood receivers [4,5]. The results 

are obtained in a way that is very much alike the monochannel approach 

thanks to a matrix description of the channel and receiver. Here we consider 

only linear receiving filters. In [3] and [5] it is shown that these filters 

consist of a multiple matched filter (MMF) followed by a multiple tapped 

delay line (MTDL) (see Fig. 1). 

1 1 1 
I I I I 
I I I 

MMF I MTDL 
I 

I I I 
I I I I 
I I I I 

I I M I I M M 

Fig. 1. The structure of the optimum linear receiver. 
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As in [3] the transfer of the cascade connection of channel and MMF is 

described by means of the matrix D-transform V(D) , whereas the MTDL is, 

in a similar way, given by C(D). The product of C(D) and VrD) is denoted 

by F(D) and gives the overall transfer of the communication system from 

the inputs to the samplers. 

The purpose of this paper is to derive algorithms for the computation of the 

tap coefficients of the MTDL, such that the output signals at the samplers 

are optimized with respect to some criterion. Two criteria will be considered 

namely the minimum peak error distortion criterion and the minimum mean 

square error criterion [6]. Moreover, in order to save computing time, these 

optimum criteria will be compared with the suboptimum criteria. 
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II OPTIMIZING THE FINITE LENGTH MULTIPLE TAPPED DELAY LINE BY MEANS OF 

THE PEAK ERROR DISTORTION CRITERION 

In practice the length of the C(D) sequence has to be finite and in 

this case the multi-dimensional Nyquist criterion [3] cannot be satisfied 

exactly. If the MTDL is of length 2N+1 the question arises how the tap 

settings, given by the matrices C-N •••.• CN have to be chosen to minimize 

the worst-case MDI peak error distortion as given by 

.I n 

M 
l: l: 

f1 Z i =1 
If .(ZT) I - If (0)1 n1- nn 

where f .(ZT) is the n.i th element of the Zth matrix of F(D). 
n1-

The following method is closely related to that in [6, Section 6.1.1.]. 

From Fig. 1 and [3] it follows that 

N 
FZ = l: 

j=-N 
C .V" .• 

J v-J 

For the sake of simple notation we assume 

where .I is the MxM identity matrix and 

fnn(O) = 1. n=l~ ••• ~M. 

If VoI.I it can be made equal to the identity matrix by following the 

multiple matched filter (MMF) by a multiple channel system with transfer 

(1) 

(2 ) 

(3) 

(4) 

-1 -1 
Va . This presupposes the existence of Va . However, we have to require 

our systems to satisfy this requirement, because otherwise it is impossible 

to recover even a single-input vector from the sampled MMF outputs. From (2) 
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it follows that 

N M 
f .(IT) 

n1-
= 1: 1: 

j=-N k=l 
a kj. Ok· ·Z n 1-J. 

(5) 

where a
nkj 

is the n,kth element of the jth matrix of C(D) and 8
kijZ 

is the 

k.i th element of Vz .. The equations (3) and (4) lead to 
-J 

N M 
= 1 l: l: 

j=-N k=l 
(1-0. 

J o k) a k· 8k ·0 ' n n J nJ 

where OJ and 0nk are Kronecker delta functions. 

By means of (6) Equation (5) is rewritten as 

f .(ZT) = 
n1-

N M 
l: l: 

j=-N k=l 
(1-0. 

J o k) a kj (8k · ·Z-8k .08 ·OZ)+8 ·OZ • n n 1-J. nJ n1- n1-

According to (1) and (7) the worst-case MDI distortion at output n 

becomes 

M 
1 = l: l: (1-oZ o .) I f .(ZT) I = n 

Z i=l 
n1- n1-

M N M 

( 6) 

(7 ) 

= l: l: (1-0 Ii .) l: l: (1-0.0k) a k. (8kijZ-8knj08niOZ) + 
l i=l Z n1-

j=-N k=l J n n J 

+ 8 
niOZ I = 

N M M 
- l: l: (1-0.0 k) C kj [l: l: (l-0 Z0ni ) (8kijZ-Sknj08niOZ) -

j=-N k=l J n n Z i=l 

sgn { fni (ZT)}] + 

where 

sgn {f . (ZT)} !J. 
n1-

+1 , 

-1 , 

[l: 
Z 

M 
l: (1-oZ ani) 

i=l 

f .(ZT) < 0 • 
n1-

8 .OZ sgn {f .(ZT)}] nt. n-z.. • 

. 

(8 ) 

(9) 
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The function given by (8) is well defined, if it is assumed that the r . . (t) 
1-J 

(being the impulse response from channel input j to channel output i) are 

square integrable and of finite duration. Observe from (8) that.I is a n 

continuous, piecewise-linear function of the tap settings {Cnkj }. Along a 

complete similar reasoning as in [6, Section 6.1.1] we arrive at the 

conclusion that at least (2N+l)M-l output samples f .(tT) must be zero at 
n1-

the minimum. Those (2N+l)M-l equations together with (6) are sufficient to 

determine the tap settings· {Cnkj }. The question remains which set of 

(2N+l)M-l output samples has to be taken to achieve minimum worst-case MDI 

distortion at output n. Linear programming techniques can be used for 

solving this problem. That for each optimization of a I there are (2N+l)M-l 
n 

of the {Cnkj } determined is seen as follows. Writing In as a function of 

the {c k'} for fixed n, the expression is summed over the index j from-N 
n J 

to N and over the index k from 1 to M, where k=n is excluded. So, each time 

a In is minimized (2N+l)M-l of the {Cnkj } are determined and we have to 

optimize M times to find all I . Insight in this problem is also gained if n 

a look is taken at the structure of the receiving MTDL (see Fig. 2 for M=3) . 

If a certain output terminal is considered, the signal path that terminates 

for instance at output 1 only includes the tap coefficients that belong to 

summer 1 and not the tap coefficients that are connected to the summers 2 

and 3. 

r 
0 0 

2· 
0 0 

3· 
0 0 

( ( 

'< > 

I 
, . . , . , . , , , , , , , , , , , , , : , , , , , , , , , .. 

L , , , , , , , , , , , , , 2·· 

I 3" 

Fig. 2 The multiple tapped delay line for M=3; 



In situations where all Vz are circulant matrices [7], all worst

case MDI distortions at the outputs of the MMF will be equal to each 

other. From symmetry considerations it follows that the Cz and thus 

all Vz matrices must also be circulant matrices in those cases. Thus 

all worst-case MDI distortions at the outputs of the receiving filter 

have the same value. Now the worst-case MDI distortion at the outputs 

of the MMF is represented by Ei l Ivll 100 , where (see [8, Chapter 1]) 

max 
i 

d . h . . th an VijZ ~s t e ",J== element of VZ' The worst-case MDI distortion 

at the outputs of the receiving filter is represented by 

n 1, .•• ,M • 

In the situations described above linear programming can often be 

avoided, thanks to the following theorem. 

THEOREM 1 

Assume that! 

1/ V = I o 
2/ Lz'l IVzl 100 represents the worst-case MDI distortion at the 
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( 10) 

(11 ) 

output of the MMF (as is the case if all the Vz are circulant matrices) 

3/ Lz'lIvzlloo<l 

4/ Lz'l IFzl 100+1 IFo-II 100 represents the worst-case MDI distortion 

at the output of the receiving filter. 

Then the worst-case MDl distortion at the output of the receiving 

filter is minimal for those tap settings which cause FO=I and 

F Z=O, ·1 il ~ N, ZIO ,'where 0 is the'MxM:ali zero matrix. 



This theorem, the proof of which is given in the Appendix is a 

generalization of a theorem derived by Lucky for lSI [6, p. 138]. 

The condition LZ'!!Vl!!=<l means that in the binary case (a!ZE{O.l}) 

the eye at the MMF o~tputs is not closed. 

The tap settings as follow from Theorem 1 are calculated in the 

following manner. Define the composite matrices 

C £1 
T 

V ~ 

and 

C T 
-N 

C-N+1 

C T 
N 

Va 

V_1 

V_2 

o 

o 

[ 

o 

o 

T 

• 

V1 V2N 

Va V2N- 1 

V_1 Vo V2N- 2 

V..,2N+l 

7 

(12) 

(13 ) 

( 14) 



TO satisfy Theorem 1 we have the equation 

Here we like to point out a mistake in [3]. Namely, Equation (25) of 

this paper is in error. The C-matrices between the brackets should 

all be transposed, as in (12) of this paper. As is indicated in [3] 

Equation (15) is simplified to 

Matrix V is diagonally dominant, as follows from Assumption 3/ of 

Theorem 1. By applying the Gerschgorin theorem [9] 

it can readily be proved that, as a consequence, the matrix V is 

positive definite. Thus, .the solution of (16) always exists. 

An important property of the worst-case MDl at output n as a 

function of the tap settings {Cnkj } , is given by 

'rHEOREM 2 

The worst-case MDI distortion I given by Equation (8) ,is a convex n 

function of the (2N+l)M-l variables Cnkj, k=l, ... ,M, 

Ijl~N, kin u jlO • 

For the proof of this theorem two arbitrary tap settings of the MTDL 

are denoted by the {(2N+l)M-l} component vectors a and ~. The con-

vexity of I is proved if for any two settings ~ and ~ and for all n 

allowable A 

8 

(15) 

( 16) 



I [A~+(l-A)~] ~ AI [a] + (l-A)I [~]. n n n 

From (8) it follows 

M N M 
I [Aa+(1-A) S] n - - = L L (1-olo ·)1 L L (1-0.0 k)Aa k' . 

l i=l n~ j=-N k=l J n n J 

and 

M 
~AL L (1-0 7 0.)1 

l i=l v n~ 

M 

N M 

+ 8niOl } + 

N M 
L L 

j=-N k=l 
(1-0.0 k)a k .(8k · '7-8kn '08 '0 7 ) + J n n J ~Jv J n~ v 

+ 8niOl 1 + 

N M 

I [Aa + (1-A)S] ~ AI [a] + (1-A)I [8] . n - - n- n-

The most important property of convex functions is in our case the 

fact that they possess no local minima other than their absolute 

9 

(17) 

(18) 

(19) 



minimum. Thus any minimum of I found by whatsoever method must be 
n 

the absolute minimum of the worst-case MDI distortion at output n. 

If the noise is negligible and the MMF is omitted, the MDI 

correction circuit can also be inserted at the transmitting end, 

allowing a realization of the MTDL in the form of M shift registers 

with resistors. 

As a result the overall transmission now becomes 

F(D) = R(D)C(D) • 

where R(D) denotes the transfer of the channel. 

Consider again a finite length MTDL with C_N, ... ,C
N

. Then 

N 
E 

j=-N 
R

Z 
.C •• 

-J J 

From this equation it follows that 

f .(ZT) = 
n1-

th 
with PnkjZ the n,k== element of RZ_j ' At the minimization of one of 

the I of (8) only (2N+l)M-l of the weighting coefficients were n 

determined. Minimizing (1) by substituting (22), however, determines 

2 
(2N+l)M -1 elements of the set {Cnkj }. 

For this reason (4) is not valid now. There is only one degree of 

freedom and we take 

10 

(20) 

(21) 

(22) 

f
11

(O) = 1 • (23) 

Equation (3) is still valid, so that 



N M 
= 1 - L L (l-ok1 0j) P1kjOOk1j . 

j=-N k=l 

Substituting (22) and (24) in (1) we find 

1 
I =---[ 

n Ifnn(O) I 

1 
= 

If (0) I 
nn 

M 
L L 
Z i=l 

M 
[ L L 

Z i=l 

N M 

- Pn10z L L 
j=-N k=l 

N M 
L L (1-ok10i10j)okijPnkjZ+Pn10Z+ 

j=-N k=l 

(l-ok1 0 j) P1kjOok1j Il-1. 

If the In of (25) is minimized for one value of naIl 0nkj are 

determined, thus leaving no control over the remaining I . It makes n 

sense in this situation to minimize 

However, this minimization problem cannot easily be solved by means of a 

linear programming technique. Other computer minimization methods must be· 

looked for. It is easy to show that Theorem 1 is now also valid with 

Vz replaced by RZ and FZ given by (21). 

The use of circulant matrices in Theorem I is motivated by the 

following example. 

EXAMPLE 

We implemented the transmission of binary data over a multiwire cable, 

11 

(24) 

(25) 

(26) 

consisting of four identical wires which are symmetrically situated inside 

a cylindrical shield (see Fig. 3). Each wire was used as a transmission 

channel with the cylindrical shield as a common return. The cable has a 

length of 1 km and the bit rate is taken 5 Mbit/s for each channel. In 

this example the length of the cable, the bit rate and the transmitted 



dielectric 

Fig. 3 Cross section of the 4-wire cable 

signals are such that the noise can be neglected. We have measured the 

following matrices 

Rl = 
R2 = 
R3 = 
R4 = 

1 

0.24 

0.13 

0.24 

0.26 I • 
0.11 I • 
0.07 I • 
0.04 I 

0.24 

1 

0.24 

0.13 

0.13 

0.24 

1 

0.24 

0.24 

0.13 

0.24 

1 

It can be verified that El'l 1 RlRo- 11 1<1 and since the Rl are circulant 

matrices, Theorem 1 can be applied. The calculated Cr matrices are 

1 -0.21 -0.03 -0.21 

-0.21 1 -0.21 -0.03 
Co = 

-0.03 -0.21 1 -0.21 

-0.21 -0.03 -0.21 1 • 

12 

(27) 
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-0.31 0.12 -0.01 0.12 

0.12 -0.31 0.12 -0.01 
C1 = (28) 

-0.01 0.12 -0.31 0.12 

0.12 -0.01 0.12 -0.31 

Beacause all RZ and Cz are circulant matrices, ~z'l 1 RZRO- 11 1 represents the 

worst-case MDI at the channel output. Moreover, the filter output matrices 

FZ are also circulant matrices [7] and thus ~Z'I IFZI 1 represents the worst

case MDI at the filter output, which shows that the use of Theorem 1 was 

justified. In the relation of the MTDL tap coefficients equal to or smaller 

than 0.03 are omitted because these values do not give a substantial 

improvement of the eye opening. All elements of C
2

, C
3

, etc. are smaller 

than 0.03, hence, they are not given in (28). The MTDL is implemented with 

four shift registers at the transmitting end which are connected to the cable 

by means of resistors. Fig. 4 shows the eye pattern at the receiving end when 

all wires are excited. The fact that this eye is closed can be verified from 

-1 (28). Fig. 5 shows the eye pattern of the system characterized by R(D)RO 

which means that a multiple channel system with transfer RO- 1 is placed 

between the transmitter and the transmitting end of the cable. The eye pattern 

of this system is not closed, hence, ~z'l 1 RZRo- 11 1<1, which is also verified 

from (27) and (28). Finally, Fig. 6 shows the eye pattern of the equalized 

system which is quite satisfactory. 

Fig. 4 The eye pattern of the unequalized system of the example. 
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-1 
Fig. 5 The eye pattern of the system R(D)RO of the example. 

Fig. 6 The eye pattern of the equalized system of the example. 

III THE OPTIMUM FINITE LENGTH MULTIPLE TAPPED DELAY LINE USING THE 

MINIMUM MEAN SQUARE MDI DISTORTION CRITERION 

In this section we deal with the question how the tap settings C_N ••••• C
N 

have to be chosen to minimize the mean square MDI distortion as given by 

M 
{f .(ZT)}2 - {f (O)}2 E E 

A Z i=l 
nt- nn 

J n {f (0J}2 
nn 

Like in Section II we can choose 

f (0) = 1 • nn n=l • •• .• M . 

• n=1 • •• •• M • 

so that (7) is valid here too. Substitution of (4) into (29) leads to 

2 (1-0/; .).{f .(IT)) 
"nt- nt-

(29) 

(4) 

(30) 



J can be minimized by calculating its stationary point, 
n 

k=1, ••• ,M, j=-N, ••• ,N, kin U jlO , 

which leads to 

aJ M af • (Z.T) 
n 

2 L L (1-oZo .) f .(l.T) n'Z-
aO

nkj 
= 'ii°nkj L i=1 n'Z- n'Z-

M 

= 2 L L (1-oZo .) f • (l.T) (8 k · 'C8k • 8 'OL) =0 • 
Z i=1 n'Z- n'Z- 'Z-J nJO n'Z-

With (7) we have 

L L (1-0.0.) (8 k • •• -8
k 

'0 8 .• ). 
L i=1 " n'Z- 'Z-J" nJ n'Z-ov 

N M 
.{ L L (1-0 0 )0 (8. C8 0 8 ·OZ) + 8 .OZ} = 0, 

p=-N m=1 p mn nmp m'Z-p mnp n'Z- n'Z-

15 

(31 ) 

(32) 

kin U .#0 . (33) 

We can simplify equation (33) if we replace the pair of indices p,m by 

one index a (a = m+pM), the pair j,k by b (b ="k+jM) and the pair L,i 

by d (d = i+LM). With 

and 

x na 

~ L M 
- •• ·~1 (1-6.6 .) (8 k · .• -8 k '0 8 ·Oz.) (8 .• -8 08 ·oz.) • 

v v " n'1- 'Z-J" nJ n'Z- m'Z-p" mnp n'1- " 

M 
@ - L L 

Z. i=1 

Equation (31) reduces to 

(34) 

( 35) 

(36) 



or, using matrix notation 

z = Y'X • n n n 

In Z the element z is deleted, in X the element x and in Y n nn n nn n 
th 

row and the ~ column are deleted. 
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(37) 

(38) 

th 
the n= 

For each n Equation (38) represents a set of linear equations. The solution 

of these equations gives us the absolute minimum of I
n

• This follows from 

Theorem 3 

The mean square MDI distortion J , given by Equations (30) and (7), is a 
n 

convex fUnction of the (2N+l)M~1 variables cnkj' k=l, ••• ,M,· !j! < N, 

kin u jlO. 

Proof: denote two arbitrary tap settings of the MTDL by the {(2N+l)M-l} 

component vectors ~ and ~. Define 

Now, for all A satisfying O'A~l, We have 

AJ fa] + (1-A)I [B] - I [Aa + (l-A)B] = n- n- n - -

M 
= l: l: 

l i=l 

N 
+ (1-A) [ l: 

j=-N 

N M 

M 

l: B k.Tk' .• 
k=l n J 7-nJ" 

N M 
- [Al: l: ankj·T ki~';l + 

j=-N k=l '"" 
(1-"(.) l: l: 

j=-N k=l 

(39) 

B k .Tk • 'l + e . l]2} n J 7-nJ n7-0 



and 

M 
;:: I. 1: 

l i=l 

N M 
-2A!1-A)[ L L 

j=-N k=l 

= Ail-A) L 
Z 

~ 0 

M 
L 

i=l 

M 
L 

k=l 

N M 
akjTk' ,~],[L L 
n ~nJ" j=-N k=l 

N 

a kjTk' 'z - L 
n ~nJ j=-N 

J [Aa + !1-A)B] " AJ [a] + (l-A)J [5] , n - - n- n-

M 
L 

k=l 

2 
B kj,Tk "~ } 

n ~nJ" 

(40) 

(41 ) 

Because I n is a convex function of the tap settings, I n possesses no 

stationary pOints other than its absolute minimum, Thus the stationary point 

following from (38) must be the absolute minimum of J , n 

Like in Section II, the MTDL can be inserted at the transmitting end in the 

case of negligible noise, Equations (20), (21) and (22) will be valid then, 

Again, there is only one degree of freedom and we take 

(23) 

Minimizing I n for one value of n determines all Cnkj , thus leaves no control 

over the remaining Jno 

In this situation we minimize 

(42) 



with 

J n 
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(29) 

Because f (0) does not necessarily equal unity if nil, J has the form as nn n 

and indicated in (29). Thus J
O 

is not a quadratic function of the "nkj' 

differentiation with respect to the variables "nkj doesn't yield a set of 

linear equations. Some computer minimum search procedure must be used to 

minimize J o. 

Such a complicated procedure can be avoided if we are content with a sub-

optimum solution. For we obtain a set of linear equations if we apply the 

constraint 

F = I . o 

Then, from (21) it follows 

N 
I = r. R.C. 

j=-N -J J 

and 

N 
Co = R -1{I - 1:' R.C.} 

o j=-N -J J 

The prIme denotes exclusion of the term with j=O. 

Substitution of (45) in (21) yields 

N 

F Z = 1:' 
j=-N 

N, 
1: R.C .} 

j=-N -J J 

-1 
{R~ .-R~R R .}C. 

o-J 0 0 -J J 

(43) 

(44) 

(45) 

(46) 



From this equation it follows that 

N, 
f . (IT J = n '1 + I: 

n'1- n'1-v j=-N 

M 
E 

k=l 

19 

.th -1 th 
where nniZ is the n,'1-== element of RZRO and ~nkjZ the n,k-= element of 

(47) 

-1 
(R

Z 
• - RZR

O 
R .J. Using (42), (43) and (47) we can calculate the stationary 

-J -J 

point of JO' 

3JO 3 , M M 
{f • (IT)}2] = [I: I: I: 

3CJk • • ClCJ
k 

.• Z n=l i=l 
n'1-

'1-J '1-J 

M N, M 

= 2 E E {n 'Z + E I: 1;; ZCJ.} ~ kjZ = 0 , jlO . 
Z n=l n'1- p=-N m=l 

nmp Imp n 
(48) 

As was the case with Equation (33), (48) can be simplified by the replacement 

of indices: p,m by a(p < 0 : a = m+pM; p > 0: a = m+(p-l}M}, j,k by 

b(j < 0 : b = k+jM; j > 0 : b = k+(j-l}M} and Z,n by d(l < 0 : d = n+ZM; 

z > 0 : d = n+(l-l}MJ. Now (48) becomes 

(49) 

In matrix notation this equation reads 

V.U.=W. , 
'1- '1-

(50) 

where 

(51 ) 
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For each i we obtain a simple matrix equation which is more easily solved 

than the problem of minimizing J O in (42). As we shall see in Section IV, 

(50) gives us a near-optimum solution. 

IV An example 

As an example we have calculated the minimum worst-case and mean square 

distortion respectively, for a four channel system in which each channel 

corresponds with a distinct propagation mode [10] of a 4-wire cable. This 

cable consists of 4 identical wires, symmetrically situated within a 

cylindrical shield (see Fig. 3). For its modes the ratios of the wire 

voltages are given in Table 1. The cable has a length of 1 kin and the bit 

rate is taken 50 Mbit/s for each mode. At this bit rate the interchannel 

interference is rather severe, due to imperfections in the structure of the 

cable. 

~ 1 2 3 4 
Wire n e 

1 1 1 0 1 

2 1 0 1 -1 

3 1 -1 0 1 

4 1 0 -1 -1 

Table 1 

At an appropriate value of the sampling instant, we have measured the 

following response matrices. 
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0.000 0.000 0.000 0.000 -4.750 0.100 0.000 -0.100 

7.000 0.500 -0.150 0.400 0.000 -0.450 0.000 -0.050 

R_l = R3 -
0.500 -0.350 0.400 -0.650 0.500 0.000 -1.500 -0.150 

0.000 0.450 -0.250 0.550 , 0.000 -0.050 0.000 -0.200 , 

29.125 1.550 -0.100 1. BOO -2.750 0.100 0.100 0.050 

-5.625 15.250 -0.200 1.250 0.000 -1.150 0.000 0.000 

RO = R4 -
-5.000 0.200 16.000 1.300 0.250 0.000 -1.100 -0.150 

-2.000 0.200 0.350 7.400 , 0.000 0.000 0.000 -0.300 , 

7.875 -1.500 -0.700 -1.750 -1.625 0.000 0.100 0.000 

-3.000 6.B50 0.250 -1.200 0.000 -O.BOO 0.000 0.000 

Rl 
R -= 5 -

-1.B75 0.200 6.000 2.150 0.000 0.000 -0.750 -0.100 

-0.750 -0.550 0.950 4.050 , 0.000 0.000 0.000 -0.200 , 

-5.B75 -O.BOO -1.000 -1.100 -0.875 0.000 0.000 0.000 

-0.375 -0.900 0.000 -0.350 0.000 -0.450 0.000 0.000 

R2 = R6 -
0.375 0.050 -1.000 0.200 0.000 0.000 -0.350 0.000 

0.000 -0.150 0.150 0.500 , 0.000 0.000 0.000 -0.100 • (52) 

The length of the MTDL is limited to C_1, ... ,C6 and the signal levels are 

such that the noise can be neglected, so the MMF is omitted. 

The following cases are considered: 

1) To point out that theorem I does not apply here, we have calculated the 

-1 
worst-case MDl distortion in the case that a multiple filter RO is 

placed at the receiving end. Table 2 shows that 

(53) 
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2) MTDL at receiving end, minimum worst-case MDI distortion. 

In this case In of Eq. (8) is minimized, whereas 6kij I. is the k,~ 

element of R, " 
"-J 

3) In addition to 2) the solution of (16) is calculated, with Po = I, 

PI. = 0, I. = -1,1, ... ,6. 

4) MTDL at receiving end, minimum mean square MDI distortion J • n 

In this case (38) is solved. 

5) MTDL at receiving end, minimum mean square MDI distortion under the 

constraint Po = I. 

6) MTDL at transmitting end, minimum worst-case MDI distortion I O' see 

Eq. (26). 

7) MTDL at transmitting end, calculation of the solution of 

0, I. = -1,1, ... ,6. 

8) MTDL at transmitting end, mimimum total mean-square MDl distortion 

J 0' see Eq. (42 J • 

9) In addition to 8) we minimized J O under the constraint Po = I. 

In this case a set of linear equations has to be solved, analogously 

to ,4) and 5). 

( 54) 

The above mentioned calculations have been carried out on a Burroughs 7700 

computer and the results are gathered in Table 2. 



Case no. description I1 I2 I3 I4 J 1 J
2 

. J
3 

J4 J
O 

required 
computing time 
(sec. CPU) 

1 
-1 

filter RO at 1.1510 1.7704 1. 0013 1.3025 0.167705 0.461204 0.160946 0.321120 1.110975 < 10 

receiving end 

2 minimum I , MTDL n at 0.1307 0.0795 0.0842 0.1005 0.003037 0.000697 0.000626 0.001238 0.005598 120 

receiving end 

3 FO=I, FZ=O(Z=-1,l, •• ,6 0.1307 0.0801 0.0842 0.1005 0.003037 0.000665 0.000626 0.001238 0.005566 < 10 

MTDL at receiving end 

4 minimum J , f (0)=1 n nn 0.1822 0.0988 0.1044 0.1248 0.002651 0.000556 0.000554 0.001031 0.004791 < 10 

MTDL at receiving end 

5 minimum I n, FO=I 0.1802 0.0979 0.1033 0.1240 0.002652 0.000557 ·0.000554 0.001031 0.004794 < 10 

MTDL at receiving end 

6 minimum max{In } 0.1318 0.1318 0.1318 0.1318 0.002715 0.001609 0.001645 0.001760 0.007730 7000 

MTDL at sending end 

7 FO=I, FZ=O(Z=-1,1,.,6) 0.1581 0.0789 0.0560 0.0413 0.003582 0.000707 0.000303 0.000263 0.004854 < 10 

MTDL at sending end , 
i 

8 minimum JO' f 11 (O)=1 0.2028 0.0764 0.0618 0.0758 0.002953 0.000354 0.000230 0.000330 0.003867 5000 

MTDL at sending end 

9 minimum JO' FO=I 0.1958 0.0921 0.0657 0.0721 0.002919 0.000508 0.000299 0.000307 0.003963 < 10 

I 
MTDL at sending end 
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v. CONCLUSIONS 

This paper compares several criteria for the optimum tap settings of a 

finite length multiple tapped delay line. The following conclusions can 

be drawn. 

If the criterion of minimum mean square distortion is used, the required 

algorithm can be remarkably simplified by applying an extra constraint, 

namely 

F = I . a 

Comparison of cases 4) and 8) with respectively 5) and 9) of the given 

(43) 

example shows that this constraint yields a near-optimum value of the mean 

square distortion. 

If we use the criterion of minimum worst-case distortion, the minimization 

procedures can be avoided by means of the algorithm which is indicated in 

Theorem 1. The conditions of this theorem are sufficient but not necessary. 

In the given example these conditions are not satisfied (see case 1), but, 

as is seen from comparison of the cases 2) and 3), the indicated algorithm 

still yields optimum (see 1 1 , 13 and I 4) or near optimum (12 ) results. 

In general we can say that the algorithms yielding near-optimum results, 

require much less computing time (and programming) than the optimum 

algorithms, at the cost of only a slight degradation of the performance. 

Proof of Theorem 1. 

The proof of this theorem consists of two -parts. First of all we 

prove that Fa = I and then we can refer to Appendix I of [3], where 

it is shown that FZ = 0, Z = -N, ... ,-l,l, ... ,N, assuming that Fa = I. 
00 

Let {VZ} be given with Va = I and let 
l=-oo 



Let 

00 

~ , 
l=-oo 

N 

<1 • 

~ C.Vl_·· 
j=-N J J 

Assume that the diagonal elements of FO are all unity, so that 

N 
F 0 = I + Z = ~ C.V.. 

j=-N J-J 

where Z is a matrix with diagonal elements equal to zero. From this 

equation it follows that 

Let 

N 
Z = -I + ~ C.V. 

j=-N J-J 

N 
= ~' II ~ 

l j=-N 

N 

~' II ~ c/l_jl 1+1 IZII = 
l j=-N 

N 
c.vl_.II+II-I+ ~ C.V_·11 

J J j=-N J J 
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(55) 

(56) 

(57) 

(58) 

(59) 

Let A be minimal at (C_N, ... ,CNJ and let its value there be A*. Consider 

A at (C_N, ... ,CO+EO, .•. ,CNJ and let its value there be A. Now we must 

have 

-
A* :s A (60) 

From (59) it follows 



N N 

"E'II E 
Z j=-N 

CJ.*Vz_J.II+E'IIEOII.llvzll+ll-I+ E C.*V. 
Z j=-N J -J 

where 

Z* f1 -I + 

Choose 

N 
l: C.*V. 

j=-N J -J 

0<0:(1. 

By means of (63), Equation (61) becomes 

From (64) it follows that 

Ilz* II = 0 

because otherwise there is a contradiction with (60). The sequel of 

the complete proof is found in Appendix I of [3]. We take this 

opportunity to point out a few typographical errors in that appendix. 

The second summation of (40) and the second summation of the first 

line of (42) must be provided with a prime. The numerator of the 

second term between the brackets of the first line of (46) must be 

o instead of 1. 
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(61) 

(62) 

(63) 

(64) 

(65) 
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