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Abstract 

This report deals with model structure selection in linear system identifi-
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order tests for single-input single-output systems is given. Some selected 

methods for model structure identification in multi input - multi output 

systems are also presented. A complementary survey of the methods can be 

found in 1371. 
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methods which have been derived using an information theory approach. namely 

Akaike's information criterion (AIC), and Rissanen's criteria. 

The development of Rissanen's proposals is presented by de?cribing the 

following criteria: the minimum entropy criterion, the shortest data descript-

ion criterion and finally the minimum description length criterion. 
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I. Introduction 

System identification consists of three basic subproblems: model selection, 

parameter estimation,and model validation. Model structure can include such 

factors as the model order, the number of coefficients appearing in the various 

relationships that constitute the model, the nature of the interconnections 

between variables in the model, and possibly others. The choice of model struc

turet~ , can be dictated by various considerations. First of all, the object

ive of the model plays an important role. A model that will be used for 

regulator design is parametrized differently from a model which is determined 

to increase the physical insight into the process or to find some physical 

constants. The basic problem is then to choose a model structure that is 

flexible enough to allow a description of the true system t . Identification 

of mUlti-input multi-output (MIMO) dynamic system structure is closely related 

to the selection of the model order as well as in single-input single-output 

(SISO) case. The former is, however, much more complicated. A proper determinat

ion of the model order usually guarantees the successful application of the 

adopted model in different fields, like prediction, simulation or control. For 

example, as demonstrated by gstrOm and Eykhoff /11/ serious error may result 

if an incorrect order model is used for control. 

In this report we shall deal mainly with the model order selection. The problem 

o~ model order selection has received considerable attention in recent years 

and there are now a number of quite sophisticated systematic procedures. 

In section 2 the models for linear multivariable systems are briefly described. 

The canonical forms related with these models and their significance in struc

ture selection are discussed in section 3. The sketch of the maximum likelihood 

method is presented in section 4 while in section 5 the general structure 

selection problem is formulated. In section 6 we shall give a survey of the 

model order selection procedures while in section 7 we shall focuss on the 

structure selection criteria derived from information and coding theory. 
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2. Models tor multivpriable dynamical system description 

In this report attention will be focussed on the discrete-time, linear, constant 

coefficient, finite dimensional, dynamical systems. We are concerned with pure 

stochastic systems (inclusion of deterministic input is usually straightforward). 

The common known representations of such systems will be briefly described. 

The steady-state innovation representation 1 371 has a form 

x(t+l) = Fx(t) + Ke(t) 
(2. I ) 

yet) = Hx(t) + e(t) x(O) = 0 

Here yet) is the p-dimensional output vector at discrete time t, and e(t) 

is a sequence of independent, p-dimensional white noise vectors, with zero 

mean and covariance matrix A . x(t) is the n-dimensional state vector at 

time t. F, K, and H are matrices of proper dimensions. 

Let us introduce a k-dimensional vector e £ 0 of real-valued system parameters 

,made up of all components of the matrices F, K, and H. 0 denotes the parameter 

space. Thus, for given n, (2.1) is parametrized as follows 

x(t+l) = F(e )x(t) + K(e)e(t) 
(2.2) 

yet) = H(e )x(t) + e(t) x(O) o 

It is easy to see that k = n(n+2p). 

2.2. ARMA model 

Autoregressive moving-average (ARMA) model is given by the following difference 

equation 

yet) + Aly(t-I) + ..• + Am y(t-ma ) = e(t) + Ble(t-I) + .•• + 
a 

+ B e(t~) 
~ 

(2.3) 

In this case vector e , composed of all components of the matrices A., B. t 
1 1 

has the dimension 2 k = 2p (ma + ~). When in (2.3) Bi =0 we get an autore-

gressive (AR) model, and if A. = 0 we are dealing with a moving average (MA) 
1 

representation. The relation between scalar ARMA and AR models concerning 

the parameters as well as the orders has been discussed in 1291 

The representations (2.1) and (2.3) are equivalent in the sense that any 

system that can be represented in the form (2.3) can also be given as (2.1) 

with a certain u, and vice versa. There is, however, no direct relationship 
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between the numbers n and ma'~. 

2.3. The Hankel model --------
It is known 14s1 .13Slthat the Hankel matrix can be used for derivation of 

description of the system in both state space and ARMA representation. The 

Hankel matrix representation gives the relation from {e(t)} to{ yet)}. We 

have ISII • II sl 

y( t) 
'" E ~e(t-k) 
k=O 

H = I o 

where {~} are the impulse response matrices. Taking z-transformation 

over (2.4) we get the transfer function matrix from e to y 

2 
~(z) = I + Hlz + H2z + ••• 

From (2.3) it is easy to see that 

where A(z) = I + Alz + 

B(z) = I + BIz + ... 

m 
+ A z a 

m 

+ B az~ 
~ 

(2.4) 

(2.S) 

(2.6) 

(2.7) 

The block Hankel matrix (pNxpM) formed from the impulse response matrices 

{~} has a form 14s1 .161 

~+I (2.8) 

It is known 14s1 .1371.143Ithat if the process {yet)} has a finite n-dimen-

sional representation (2.1) or an ARMA representation (2.3), all matrices 

~.M for Nand M sufficiently large will have rank less than or equal to n. 

The n first linearly independent rows of H determine the Kronecker in-
-~.M 

variants. and they can be used as a basis for representations (2.1) or (2.3). 

The Hankel model has two important features, viz., it is based on input-

output data and has a clear physical interpretation because {~}(also call

ed the Markov parameters) are nothing but the impulse response matrices 

of the system. Defining y(t/t-r) as 
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y(t/t-r) L ~e(t-k) 

and 

we get from (2.4) 

YN(t) 

where H 
N,"" is obtained 

H 
N,"" 

k=r 

T 
= (y(t/t-I), ••• , y(t+N/t-I» 

rO'H'] H e(t-2) 
N,"" . 

from (2.8) as 

HI H2 
= H2 H3 

Note that y(t/t-r) can be considered as the prediction of y(t) based on 

(2.9) 

(2. 10) 

(2. II) 

y(t-r), y(t-r-I), ••. and as a matter of fact should be denoted y(t/t-r). 

2.4. Transfer function matrix model ---------------
The transfer function matrix incorporating the Markov parameters {~} is 

given by (2.5). For ARMA model it has a form of (2.6). Applying the z 

transformation to (2.1) we get 

~(z) (2.12) 

where I is a unit matrix of dimension (nxn). Comparing (2.5) and (2.12) 

we see that 

H(zI - F)-I K = Hlz + H2z2 + ••• 

Expanding the left hand side of this equation into a power series and com-

paring with the right hand side we get 

k = 1,2, ... 

This gives the relation between the state-space model and the Hankel model. 

The discussion of advantages and disadvantages of different kinds of models 

from different points of view is presented in 1371.We shall only briefly 

discuss the problem of uniqueness of the representations which is important 

in system identification. It is important to notice that state-space repre-

sentation is not unique because any nonsingular transformation x' Tx in 
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(2.1) leads to the same transfer function matrix $(z) in (2.12). In this 

regard it is easy to see that transfer function matrix is unique. Also the 

Hankel model description is unique as it is built up from response matrices, 

i.e., the Markov parameters. The ARMA model is not unique as there are several 

pairs of A(z) and B(z) in (2.6) giving the same transfer function matrix 

$(z). but it has an advantage that infinite series (2.5) can be represented 

by finite dimensional polynomials (2.7). 

In general. the unknown parameters consist of integer-valued structural para-

meters such as ma and ~. and real-valued system parameters e. 

Let the symbol s stands for a structure either in model (2.1) or (2.3) rang-

ing over some set. The number k = k depends on structure index s and remains 
s 

constant within one and the same structure. For example in case of ARMA 

model (2.3) s can be as the orders ma'~ of this model. so 2 k = p s = 
s 

= p2(ma + ~). i.e .• the dimension of e depends on structure (orders) s. 

Unified definitions of structural parameters for MIMO systems can be found 

in 1361 where the equivalence of different types of models through the real-

ization theory has also been discussed. Following this study we shall adopt 

some basic definitions of structural parameters. First, let~s consider again 

the Hankel matrix which has two important invariants. namely the realiza-

bility index and the ~. 

Definition I: The smallest integer r such that 

H . 
r+J 

r 

L 
i=1 

for all j~O (2.13) 

LS fulfilled is to be said the realizability index. Constants f .• i = 1.2 •..• 
L 

are inversed sign coefficients of the minimal polynomial of the F matrix. 

Furthermore, if we define 

HI H2 H3 H r 
H = H2 H3 H4 H (2.14) 
r.r r+1 

...................... 
H H r+1 H r+2'" H r 2r-1 
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then the rank of this finite dimensional Hankel matrix H equals n. 
r.r 

rank H = n 
r.r (Z.15) 

From linear dependance (Z.13) it follows that 

rank H N N = rank H = n r+ ,r+ r,r for all N} 0 

It can be shown 1651 that we need Znp numbers to generate the entire Hankel 

matrix and hence the system. Let~s write down the Hankel matrix as 

H 

................ 
Let M(n) denotes the set of all systems such that their Hankel matrix has 

rank n. For each such matrix H there exist p integers nl ••••• np such that 

the following rows form a basis for the rows of H 

r(u.j) • u = I, ... ,n. 
J 

j = I , ••• ,p En. = n 
J 

(Z.16) 

where r(u.j) is the j -th row in the U -th block of p rows. Then. all the 

other rows are linearly independent on these. In particular, we can write 

the rows r(n.+I.i) as 
1 

r(n.+I.i) + 
1 

n. 
P J 

L2::: 
j=1 n=1 

for some a .. (u). Let-s 
1J 

a .. (u)r(u.j) = 0 
1J 

write (2.17) for 

r(nl+I.I) + all(l)r(I.I) +a ll (2)r(2.1) + 

+a IZ (I)r(I.2) + a IZ(2)r(Z.Z) + 

i=I, ... ,p 

i = I , ••• ,p 

+a II(nl)r(nl.l) + 

+a 12(n2)r(n2.Z) + 

+ •••••••••••••••••••••••••••••••••••••••••••••••••• + 

+a
l 

(l)r(J.p) +a
l 

(2)r(Z.p) + .•• +a
l 

(n )r(n .p) = 0 p p p p p 

................................................................... 
r(np+l.p) +apl(l)r(J.I) +a pl (2)r(2.1) + 

+a pz (l)r(J.2) +a p2 (2)r(Z.2) + 

+apl(nl)r(nl·l) + 

+a p2(n2)r(n2.2) + 

+ •••••••••••••••••••••••••••••••••••••••••••••••••• + 

+a (l)r(J.p) +a (2)r(2.p) + ..• +a (n )r(n .p) = 0 pp pp pp p p 

(2.17) 

We have p equations, with n 1 + n2 + ••• + np = n numbers in each one; it 

means there are np numbers of h .. (u). where h .. (u) is the element in row i 
1J 1J 
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and column j of H(u). Then, we need 2np numbers to describe the whole system, 

and we may say that the numbers a .. (u), h .. (u) coordinatize a proper subset 
~J ~J 

of systems in M(n). Taking into consideration the above stated discussion it 

is easy to see that there must be some relation between rand n. This rela-

tion is of course expressed by equation (2.15). It can be proven that r is 

the degree of the minimal polynomial of the F matrix 1431, while rank H r,r 

is the dimension of the state space 1431. 

Definition 2: The order of the multivariable system will be defined as the 

minimal number of Markov parameters necessary and sufficient to reconstruct 

the entire realizable sequence of Markov parameters 1361,1381. In other 

words the multivariable system order is equal to the realizability index r. 

Alternatively for the state space description, the multivariable system 

order can be defined as the degree of the minimal polynomial of the state 

matrix F. For the transfer matrix description, however, the order definition 

in the general case is not possible. 

Definition 3: The dimension of the multi variable dynamical system is defi-

ned as the number n being equal to the rank of the Hankel matrix H for r,r 

this system, where r is the realizability index. Alternatively for the state 

space description it is the dimension of the state matrix F. And again for 

the transfer matrix description there does not exist a unique definition of 

the system dimension. Only in the case when all poles in the elements of 

the transfer matrix are either different or equal and common, the dimension 

can be determined as the degree of this matrix. It should be noted that 

many authors used other definitions which could be confused with the above 

mentioned ones. For example Isidori 1441states the order as the dimension 

of the state space. Also Tse and Weinert 1751understand order as dimension. 

Further, we shall use also the following notations: 

11 : The class of models within which an identification is sought. The class 

is parametrized by a (finite dimensional) vector 9£8. A particular model 

in the set I"l i corresponding to the parameter value 8 , i = 1,2, •.• , will 

be denoted by J'1. i • 
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8 : The true system. e* denotes the vector of "true ll parameters associa

ted with the true system .r . Often this vector has only conceptual 

significance. 
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3. Canonical forms and their significance for parameter and structure 

identification 

The fundamental problem ~n linear dynamic systems is how to parametrize 

them in some efficient way. This problem has been studied by many authors 

either explicitly or implicitly as the problem of finding canonical form, 

In the identification of multivariable systems from noise-corrupted data 

a very important role is played by the selection of a suitable structure 

for the model. The relevance of this problem is associated to the opportu

nity of performing the identification by means of representations with a 

reduced or minimal number of parameters like overlapping models or canonical 

forms based on the knowledge of some integer-valued parameters which define 

the model structure. Hence, the problem of model structure identification 

is concerned with the definition of a canonical form for the model structure 

which is uniquely identifiable from the data. Unlike the SISO systems case 

the corresponding canonical forms for MIMO systems are not unique. The pro

blem is how to determine the best form from several possible ones. Generally, 

the canonical form can be defined as transformation of the state vector to 

a new coordinate system in which the system equations take a particular 

simple form. The use of canonical forms in the identification of linear 

MIMO systems offers, as is well known /32/ , such advantages as minimal or 

unique parametrization, reduced storage and computing time, high efficiency 

of the associated procedures. Moreover, in order to get the best parameter 

accuracy, the model should contain as few parameters as possible/34/. This 

result is most natural and quite general. It holds for MIMO systems, for 

any experimental conditions and for general model structures. Hence, regard

ing the estimate accuracy aspect, the canonical forms containing the mini

mal number of parameters are of great significance in system identification. 

Most of the usual canonical forms are of the matrix triple (H,F,K), i.e., 

state space representation (2.1), and the parameters appear in these in a 

simple and explicit way. The situation is different, however, with the 
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canonical forms for transfer function representation (2.9). 1nl591 two types 

of canonical forms are constructed: the forms of the type (H,F,K),i.e.,the 

-1 
state space representation (2.1), and canonical forms of the type A (z)B(z), 

an AR}~ representation (2.6). The canonical forms generated from Hankel 

matrices, i.e., for the Hankel model (2.8) are discussed in 1371, where the 

observable and controllable canonical forms for the state space model are also 

considered. 

Usually, the identification procedure requires, as first step, the estimate 

of a suitable structure for the model (structural identification). This 

choice is irrevocable since once a model with an assumed structure has been 

estimated, a new model with a different structure can not be obtained by 

means of a new parametric estimation. This constraint can be considered as 

limitative in on-line identification procedure since the model structure, 

also if optimally chosen on the basis of the initial sequences, may require 

adjustements when new data become available. Since this requires new comput-

at ions of the model the past computations are entirely lost. To overcome 

this disadvantage Ljung and Rissanen 1511 and Rissanen 1651 have proposed 

to use overlapping models which exhibit a reduced hut not minimal parametri-

zation and can describe, within a given order, several structures according 

to the actual values of the parameters. Thus, more than one overlapping 

model can be associated to a given system with a well defined structure, 

enabling the passage to a model with a better parametrization by means of 

a change of coordinates. Moreover, if a model of this type is used in a 

recursive identification procedure, the periodic parameter adjustement will 

automatically, if necessary, update the model structure 1651. OVerbeek and 

Ljung 1561 investigated the criteria to switch from an assumed overlapping 

model to a better conditioned one. Wertz, Gevers and Hannan 1811 studied 

which parametrization among several overlapping ones leads to the best 

parameter estimate accuracy measured by the determinant of the Fisher infor-

mation matrix. They showed (for the state space model) that all admissible 

structures will give asymptotically the same value to this measure. However, 
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for finite data some structures may still be better than others. 

The general remarks on parametrization of MIMO systems can be found in 1391. 
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4. MaximUm likelihood principle 

The maximum likelihood estimation method (MLE) is one of the few generally 

applicable methods for parameter estimation. It seems that MLE is suitable 

for parameter identification of MIMO systems involving disturbances in the 

input as well as output, where the statistics of the disturbances are un-

known 1461 ,1281.The method can also be related to the principle of least 

squares and prediction error method. 

4.1. Likelihood function ----------
The maximum likelihood method can be defined as followsl281 

Definition 4: Given a parametric family,1> = { p(ole):e €: e}, of probability 

densities on a sample space n, then for given data y we can regard p(yle) 

as a function of 8 on e, where e is the parametric space. 

The maximum likelihood estimator (MLE) ~(y): n + e is defined by 

p(yI8) = max p(yI8) 
8e: e 

(4. I) 

The probability density function (p.d.f.) p(yI8) is called the likelihood 

function. It is often denoted as L(y;8). The likelihood function can be 

interpreted as giving a measure of the plausability of the data under dif-

ferent parameters. Thus we pick the value 8 which makes the data most 

plausible as measured by the likelihood function. 

4.2. !:.r£'p.~ . .r.!:. i~s_o! .!.h~ !!!."~i!!!.u!!!. .!.i.!:e.!. i!!.o~d _ e~ ti.m!.t~s _(MLE) 

As well known 1151,1461, the MLE under regularity conditions, yields a con

sistent estimate 8 of the true value e*. This means that the estimate will 

converge to the true parameter value as the number of observations goes to 

infinity. The strong consistency of the MLE of parameters 8 for Gaussian 

random processes given by (2.1) or (2.3) has been proven 1151. It is also 

known that under certain conditions the MLE is asymptotically normal and 

efficient. Considering model representations (2.1),(2.3) as well as the 

Hankel model the likelihood function L(y;8) is given by 1701, if e is Gauss-

ian white noise 

-In L(e,A) 
N 

1L: T -I 
e (t;e)A e(t;8) + INlndetA + !Npln2n (4.2) 

t=1 
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where N is number of observations and T denotes transpose. The function 

-lnL should be maximized with respect to A and the parameter vector S. As is 

well known. maximization of L with respect to A can be done analytically. 

The maximizing covariance matrix is given by 

A = 
N 

1 
N 

N 

L 
t=1 

Introducing the loss function 

VN(S) = detAN 

T 
e(t;S)e (t;S) 

and inserting of (4.3) and (4.4) into (4.2) will give 

(4.3) 

(4.4) 

-In max L(S.A) = !Np + !NlnVN(S) + !Npln2n (4.5) 
A 

The MLE e of the parameter vector S* is thus obtained by minimizing the 

loss function V(S). 

fication 

Using the ML principle for model structure discrimination a serious difficulty 

arises. namely the fact that several combinations of parameters in the models 

are capable of producing the same maximum. A way to overcome this difficulty 

is to represent systems by canonical forms. Unfortunately, there are no 

universal canonical forms for the models (2.1) and (2.3). Thus another 

problem is which one among the several possible ones best fits the data. 

The likelihood function is not suitable at all for selecting a correct 

canonical form in particular it is useless in determining structural para-

meters s. such as the order in ARMA processes 1601.1651.1411.1511. Many 

attempts have been made towards improving the ML criterion or constructing 

the new criteria incorporating an additional structure-dependent term which 

provides the parsimony in model estimation. For example Akaike 171,181 ex-

tended the ML principle using the information measure. An information and 

coding theory approach has been proposed by Rissanen 1611.1601.1651.1661. 

Thiga and Gough 1731 used the artificial intelligence approach to the order 

discrimination of MIMO systems. 
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5. General problem formulation 

Statistical estimation theory has been developed traditionally for estimation 

of real-valued parameters. As stated in section 2 any parametric represen-

tation must necessarily include certain integer-valued structural parameters 

in addition to the real-valued ones. The objective is to estimate 8 inclu-

ding some structural parameters on the base of output data Yn = {yl.y2 •.••• 

YN}. The models within which the estimation procedure is provided are those 

described in section 2. Moreover it is assumed that in (2.1) F is stable, 

(F,H) is observable, and (F,K) is controllable. We shall not discuss the 

problem of real-valued parameter estimation here, but we assume that the 

selected parameters are determined using a prediction error identification 

method. such as the maximum likelihood method. 

The problem of testing of a proper model structure s can be stated in several 

ways. For example, let us follow one of them presented in 1701. Consider 

two model structures ~I and J72 with kl and k2 independent parameters res

pectively. Assume that 

(5. 1 ) 

Relation J'4 1 € J'1 2 is well defined because a model structure can be 

Ai 
interpreted as a set of parameter vectors. Let eN (i=I.2) denote the MLE 

obtained in the model structure ./'1. i. Obviously e~ and e; have different 

dimensions. Let 

i = 1,2 (5.2) 

denote the minimum values of the loss function obtained in the model struc-

ture JIll i. The model JI1 i (e~) is considered as the best in the class of 

I1n IIA Al models "-, i. We want to compare the models v-( 1 (eN) and 

judge which of them is the best one. Since ~I is a subset of J1 2 the 

test will tell if the larger "degree of freedom" (larger number of indepen-

dent parameters) in ~12 gives a significantly better fit. The relevancy 

of such a problem statement is given in 1701 considering different cases 

of model structure ~2 identifiability. 
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6. Tests for structure determination - survey of methods 

There exist various well established methods for order testing in S1S0 as 

well as in MIMO systems. First, we shall focuss on the model structure deter

mination methods for S1S0 systems. Most of them can be extended for the multi

variable systems but the speciality of these systems make them unefficient. 

6. I. ~I~O _sx.s!.e!!!.s 

In 1771 the following different tests for order determination in a mixed 

ARMA model have been compared: 

- the behaviour of the error function 

- whiteness of residuals 

- the F-test 

- the pole-zero cancellation effect 

- the behaviour of the determinant 

Two types of tests, namely, the behaviour of the error function and behaviour 

of the determinant are shown to be suitable for determining the order of 

process and noise dynamics separately. In 1751 seven structure testing methods 

are thoroughly investigated 

- determinant ratio test; this test, proposed first by Woodside 1831, is 

only used to limit the number of possible model orders before starting the 

parameter estimation. 

- condition number test, where a special measure, a condition number, is 

introduced 

- polynomial test 

- test for independence, which is based on the behaviour of autocorrelation 

function 

- test for normality based on the construction of the probability function 

of the model error 

- the F-test 

test of signal errors based on comparison of the characteristic time res

ponse with the exact signals for all investigated model orders 

Models of different orders were estimated by the least-squares method and 
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maximum likelihood method under diverse working conditions with regard to 

their efficiency and reliability. Some rules for practical applications were 

formulated. In SBderstrom /70/ the following methods for testing model struc-

ture were discussed: 

- Akaike's criteria (FPE,AIC) 

- the F-test 

- Parzen~s criteria 

- methods based on singularity of the Fisher information matrix 

- methods based on pole-zero cancellation 

- test of residuals 

- plots of signals 

SoderstrBm used the model denoted by JIll (8), given by 

y(t) ~ G~(8)(z)u(t) + H~(8)(z)e(t;8) 

where the residuals e(t;8) form a sequence of independent, random vectors 

with zero-mean values and covariances A. The major part of the paper was 

devoted to a comparison and analysis of Akaike's criteria and the F-test. 

It was shown that these criteria are asymptotically equivalent. The F-test 

is a popular method for the testing of a model structure. One compares two 

models J1It I (e~) and J~12(e~) forming the quantity 

vI _ v 2 

f ~ ---~----~---
v2 

N 

N - k 
2 ------

N - k 
I 

(6. I ) 

with kl and k2 independent parameters for model structure ~I and ~2' 

respectively, see (5.1) and (5.2). Assume that ~I and ~2 both give para

meter identifiability. When N is large enough it can be equivalently stated 

that 

is asymptotically X
2

(k2 

VI _ v2 

--~----~-- N 
V

2 
N 

(6.2) 

k l ) distributed. The model JIi. I (§~) is then accept-

ed if f (or f') is smaller than a number specified by the significance level 

of the test. 

Two major recent efforts at system order selection are the FPE (final pre-
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diction error) and AlC (information criterion, and A indexed this as the 

first such one) proposals of Akaike Izl,lsl,171,ISI.The FPE is a method 

based upon minimizing a function 

(6.3) 

of the data size N, assumed model order k, and estimated mean-square one

step prediction error aZ(k) using the model of order k. The FPE criterion was 

Akaike-s first approach to the order selection problem. In the multivariable 

-Z -case a (k) should be replaced by VN(SN)' The model order giving the smallest 

value of FPE(~) is to be chosen. The AlC criterion based on information 

theory (this will be discussed in more detail in section 7) is proposed for 

selecting the best model structure out of two or more. The model structure 

giving the smallest value of 

AlC (J11) = - Zln [max L(S ,A) J + Zk 
S.A;S',M 

(6.4) 

should be chosen; k being the number of parameters. However. the AIC cri-

terion does not yield a consistent estimation procedure 1671.1481. 

The order estimator introduced by Par zen /57/ is based upon choosing the 

order k that minimizes a criterion CAT(J1) based upon an estimated AR transfer 

function. The CAT(~) is given in terms of estimated one-step prediction 

mean-square error estimates {aZ(j)} where aZ(j) depends upon assuming a true 

model order j 

k-I 
CAT(J1iL ) =L: (6.5) 

j=l 

As was the case with the Akaike's criteria, the Parzen;s estimator is not 

convergent to the true order. 

Schwarz 1691 proposed an estimator which is a modification of the AIC - based 

estimator. The model order k is determined by minimization of 

(6.6) 

This criterion has been derived assuming that the detailed prior knowledge 

that can yield the likelihood function is available. 

Chan et al. 1161 proposed a method for estimating the orders of ARMA and 
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ARMAX scalar systems of the form 

m ~ m a c 
y(t) + L: aiy(t-i) L b.u(t-i) + L: c.e(t-i) + e(t) 

i=1 il:aQ 1 i=J 1 

Note that if either {b.} = 0 or {u(t)} = 0 then the above given ARMAX model 
1 

reduces to an ARMA model. They elaborated two criteria which are the modifi-

cation of the FPE: FPEI(m ,m ) for an ARMA model and FPE2(m ,~,m ) for an 
a cab C 

ARMAX model 

and 

I + AI - 2BI + CI ~2 
FPEI (m ,m ) 

a c = ------------------- cr J - AI + 2BI - CI 

FPE2 (m ,~ ,m ) 
abc 

I + A2 + BZ - Cz - ZD2 - 2E2 ~2 

= ------------------------------ cr I - A2 - B2 - C2 + 2DZ + 2EZ 

(6.7) 

(6.8) 

where parameters A,B,C,D,E depend on the loss function V
N

(§) and the cross 

correlations between the sequences {y(t)},{e(t)} and {u(t)}. The latter only 

for FPEZ. Here e and e(t) denote the MLE of 8 and e(t), respectively. 

Chan et al. suggest the FPEI and FPEZ retain the advantages of the FPE test 

and yet show. greater reliability and higher consistency than both FPE and 

the F-test, as illustrated by the numerical examples. The criteria FPEI,Z 

are not so sensitive to the data length N, since they are not an explicit 

function of N as in the case of the FPE. Unfortunately, as shown by Soder-

strom 1701, Chan et al. made an error in their calculations, namely the im-

proper differentiation of e(t;8) w.r.t. 8, thus obtained a "new criterion". 

Moreover, since the FPE criterion can be stated independently of the model 

structure, as done by SBderstr8m 1701, it is clear that an extension to 

ARMA or ARMAX model as considered by Chan et a1., must give the same express-

ion for the criterion. 

Fine and Hwang IZ31 proposed a method for constructing a family of consistent 

estimators of model order. Fine and Hwang's approach shares with some other 

approaches the desirable feature of avoiding commitment of certain arbitrary 

choices (e.g. ,significance levels like in (6.1) or (6.Z) or arbitrary upper 

bound L to the true system order). It has also the advantage of robustness. 

The results of Fine and Hwang are primarily of a theoretical nature and as 



- 19 -

an illustration they have been applied to estimating the order of scalar MA 

and AR systems. 

Woodside IS31considered three tests for model order using 

- the near-singularity of the Fisher information matrix 

- a comparison of residuals 

- a likelihood ratio for model order 

He investigated a linear scalar system with a transfer function 
m 

a -I 
L a 2 '_l z 

_~i~2_ = _!:! __ = _________ _ 
u(z) m 

a _I 
1 - L a 2 ,z 

i=1 1 

with measurement noise both on input and output. 

z(t,m ) = s(t,m ) + ~(t,m ) a a a 

where z(t,m ) is the measurement vector, and 
a 

s(t,m) = [u(t-I),y(t-I), ... ,u(t-m ),y(t-m )]T 
a a a 

(6.9) 

and n(t,m ) is an error vector due to the measurement noise. As a result, 
a 

Woodside found out that the most promising test is the approximate residuals 

statistic which combines moderate computational effort with the best discri-

mination, in the experimental results. 

Hannan and Quinn 1401 provided an estimation procedure for the determination 

of an AR model order. The method is of the same type as the AIC, namely 

based on the minimization of lna2 (k) + kCN/N (in AIC, CN = 2) that is strong

ly consistent for k- (the true value of k) and for which eN decreases as 

fast as possible. In Schwarz criterion (6.6), for example, it is easy to see 

considering the form of L(6N) given by (4.5), that CN = logN. Hannan and 

Quinn~s proposal is to minimize 

c > 1 (6.10) 

-I -I 
N 2clninN introduced above decreases faster than N logN, it 

is evident that it will underestimate the order, in large samples, less than, 

for example, Schwarz~s criterion. The strong consistency of order estimates 

k has been proven when it is prescribed a priori kif.; L < 00. It follows 

that L may be allowed to increase with N and the result will still hold but 
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the question is how fast that rate of increase may be. 

Hannan and Rissanen 1421 proposed a recursive estimation of an ARMA model 

(2.3) order in scalar case. The order. (ma'~)' may be estimated by minimizing 

a criterion 

(6. II) 

with respect to rna and ~. where a2(ma'~) is the MLE of the variance of the 

innovations e(t). The procedure is shown to be strongly consistent for the 

true order as well as for the other ARMA parameters. 

It was shown in Hannan 1411 that for the criterion of the general type 

-2 -I 
lno (ma'~) + (ma+~)N eN (6.12) 

(ma'~) are weakly consistent to (m:.~) if 

... '" and lim 
N 

N"'''' 
o (6.13) 

Rissanen 1611 derived the criterion (6.12) using shortest data description 

(SDD) principle. which will be described later. 

In Wellstead 1791 a statistic-free order testing procedure for 5150 system 

representation given by 

y(t) a.y(t-i) + 
L 

b. lu(t-j-l) + e(t) 
J-

(6.14) 

where y(t) and u(t) are. respectively. the observed system output and input. 

and 1 is the lag has been introduced. The order testing task is to use 

input-output data to determine the integer-valued structure parameters m
a

, 

~ and 1. The essence of the procedure is the reformulation of the order 

selection problem. Thus the order and parameters of an unknown system may 

be simultaneously investigated in one dual purpose algorithm. The advantage 

of the method is that it can be used with any consistent estimator. and that 

it is suitable to recursive methods. 

This survey of approaches to structure (order) selection is not exhaustive 

(see also 1491.1801.1781) but including the methods described in section 7. 

seems to be representative of the different approaches to the structure 

selection in SISO systems. Needless to say that the corresponding methods 
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for M1MO systems can be used in S1SO systems case. 

6.2. ~1~O_szs~~s 
The structure identification of the MIMO dynamic systems is much more comlex 

from conceptual point of view and much more difficult to implement than in 

the case of S1SO systems. However, there exist a number of methods which 

were succesfully verified by simulation under different conditions. A survey 

of methods used for identification of the structure of the multivariable 

dynamic systems can be found in Hajdasinski 1371. This survey contains the 

methods proposed in 121, 141 , 151 , 171 , 130 I , 1321 ' 1731 , 1751 , 1721 ,1251 , 1271 , 13s1 . 
Perhaps the first attempt to arrive at a criterion which includes a structure 

dependent term was made by Akaike 171, on the other hand the Guidorzi~s 

method 1301 is the first coherent approach to the structural and parametric 

identification, based on the estimation of the Kronecker invariants. 

A review of order evaluation methods is given also in Isidori 144/. In his 

paper the numerical problems arising in the application of these methods 

are described and a comparison is made on the basis of suitable tests of 

performance. 

Fujishige et al. 1241 presented a system-theoretical approach to model re

duction and system-order determination (order being considered here as a 

state space dimension) using a state space representation 

x(t+l) = Ax(t) + Suet) 

yet) = Cx(t) 
t = ... ,-2,-1,0,1,2, ... (6.15) 

where u(t) is zero-mean Gaussian white noise vector with the unit covariance 

matrix, and A,B,C constant matrices of appropriate dimensions. The objective 

of their paper is to produce an effective algorithm for constructing a 

lower-order model as well as determining the order of the system. The approach 

adopted there is based upon the stochastic theory of minimal realization 

developed by Akaike lSi. They considered two possibilities: equations (6.15) 
may represent an exact real system in the problem of the lower-order model 

construction and an estimated model in the problem of the system order deter

mination. The first sub-problem can be solved via the minimal realization 
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theory 181. Let us define 

y(t+i/t) ~ E{y(t+i)/u(t-j)} 

Then, from (6.15) we have 

y(t+i/t) = CAix(t) 

j .. 1,2,3, .. . 
i = 0,1,2, .. . 

The linear space of finite linear combinations of the components of y(t+i/t), 

i = 0,1,2, ••• , is the predictor space. Akaike 181 showed that the minimal 

system can be realized by taking any basis of the predictor space as the 

state. By applying this result the minimal realization of system (6.15) is 

given in the form 

z(t+l) = Fz(t) + Gu(t) 
(6.16) 

where 

yet) = Hz(t) 

T 
z(t) = (zl(t)"",zm(t» • The components zi(t), i = 1,2, ••• ,m, are 

linearly independent and span the predictor space, and m is the state dimen-

sion of the minimal system realization. It has been proven that 

F TTSAT 

G = TTSB 

H CT 

(6.17) 

with T = (t l ,t2 , ... ,tm) where, eigenvectors tit i = I, ••• ,m, eigenvalues 

A. and matrix S satisfy 
1 

ESt. = Lt. 
1 1 1 

and T 0 .. t.St. = 1 J 1J 

with AI ) A2 ) ••• ~ A 

where S is the unique solution of the 

S = ATSA + eTe 

E is the unique solution of the linear 

E = AEAT + BBT 

i,j = I , .• . ,m 

> 0 m 

linear matrix equation 

matrix equation 

(6.18) 

(6.19) 

(6.20) 

(6.21) 

The integer m is the number of the positive eigenvalues, and 0 .. denotes 
1J 

Kronecker-s delta. It is easy to see (6.18) that A. and t. are respectively, 
1 1 

the eigenvalues and the eigenvectors of matrix ES. It should be noted that, 

if the integer m is smaller then n, the order of the original system, then 

the minimal representation (6.15) is itself a lower-order model and that 
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the model and the original system have the same impulse response. Now. the 

measure of reducibility Q(r) is introduced as to have an idea of to what 

extent we can make low the order of the approximate model without much deterio-

ration 

Q(r) 

n 
L A. 

1 = _!::L ______ _ 
m 

L 
i=1 

A-
1 

(6.22) 

If Q(r) is close to I for some r (I ~ r ~ m-I). then a good approximate 

model is obtained by taking the first r components of z(t) as the state of 

the model. With Q(r) defined by (6.22) the index [I - Q(r)] may be considered 

as the degree of deterioration of the r-th order approximate model. Since 

the measure Q(r) is monotoneously increasing in r. for a small positive 

number E the inequality 

- Q(r) < E (6.23) 

is satisfied for some r- ~ r , mt where r* is the minimum positive integer 

which satisfies (6.23) and E may be determined based upon the required 

accuracy of the approximated model. The integer r· is the minimum order. 

relative to E. of the approximate model without much deterioration. 

In the second subproblem one assumed that the real system has been estimated 

as the state space model (6.15). where the order of the estimated model 

exceeds the order of the true system which is both controllable and obser-

• vable. The order r of the controllable and observable part of the model 

(6.15) is determined as the one which satisfies the inequalities . ,. 
- Q(r ) < E ~ I - Q(r - I) (6.24) 

where E is small positive number appropriately chosen: if the true system 

is accurately estimated. then the number E may be sufficiently small and if 

it is badly estimated. then E should be taken to be a little larger. Though 

• there is no definite rule to choose £, the order r should be determined 

based upon the behaviour of Q(r). r = I ••••• m. and the a priori knowledge 
,. 

available. Here r is determined in the same way as previously but its mean-

ing is different. 

Overbeek and Ljung /56/ proposed the on-line model structure selection algo-
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rithm for state space models of the form (2.1) and (2.3) once the order is 

given. The algorithm receives as "input" a given system structure in a given 

parametrization. It is then tested whether this parametrization is suitable 

(well conditioned) for identification purposes. If not, a better one is selec-

ted and the transformation of the system to the new representation is per-

formed. The conditionning of a given model structure is tested by computing 

the stationary state covariance matrix Pi' which is the stationary solution 

of T T P(t+l) = F.P(t)F. + K.K. 
1 111 

(6.25) 

The matrices F. and K. come from the following reasoning. Invoking the 
1 1 

Hankel model (2.10) we suppose that rows il, ••• ,in of ~ form a row basis 

for this matrix. We denote this index set by I. = {il, ••• ,i } where subscript 
1 n 

i emphasizes that quantities refer to this particular basis. Extract from 

YN(t) the corresponding rows to form the column vector xi(t). Then, since 

xi(t) is a basis, all rows of YN(t) can be expressed as linear combinations 

of x. (t) 
1 (i.x.(t) 

1 1 
(6.26) 

In particular, the rows il+p, ••• ,in+p of YN(t) can be expressed as Fixi(t). 

The corresponding rows of YN(t+l) are of course xi(t+I), and since 

we find that 

y(t+k/t) = y(t+k/t-l) + ~e(t) 

x.(t+l) = F.x.(t) + K.e(t) 
111 1 

yet) = H.x.(t) + e(t) 
1 1 

(6.27) 

(6.28) 

The row basis Ii for ~, thus defines a unique parametrization for the 

state space representation. The parameters of F. are coordinates in the 
1 

chosen basis, and they are therefore unique, as long as the rows in I. indeed 
1 

are linearly independent. From (6.26) and (6.28) it follows that tr., in 
1 

fact is the observability matrix for (6.28): 

{}. = 
1 

F.H. 
1 1 

(6.29) 

The use of overlapping parameter identifiable parametrizations enables to 
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change parametrization if numerical problems are detected or expected.i.e., 

when ill conditionning of P. occurs. The answer to the question to which 
1 

parametrization one should change is given. 

Wellstead 1881 developed a test for model order based on the "instrumental 

product-moment" matrix (IPM). The following SI50 model was considered 

yet) = (6.30) 

where yet) ana u(t) are,respectively, the observed output and input, e(t) 

is a zero-mean, white noise input sequence with variance 02• A(z-I), B(z-I), 

C(z-I), O(z-I) are m-th order polynomials in the backward shift operator z-I 

.. 
We shall refer to m as the "true" model order and denote the estimated 

model order as ro, and to S'" as the vector of "true" parameters in A(z -I), 

B(z-I). The IPM matrix is defined as 

R_ = OT(u,z)O(u,y) 
m 

where n(u,z) is an INx(2m+I)1 data matrix of the form 

n(u,z) 

[

U(t)' ••• ,u(t-m), z(t-I), ••• ,z(t-m) 1 
u~t+N), •• ,~(t+N-m),z~t+N-I)"'Z~t+N-m) 

(6.31) 

(6.32) 

in which N is the sample size and z(t) is an instrumental variable (IV) 

sequence which is chosen to be highly correlated with the hypothetical noise 

free output of the system x(t), where 

x (t) (6.33) 

but completely uncorrelated with the noise of the system C(t), where 

C (t) (6.34) 

Wel1stead~s order estimation procedure is to generate R~ and to evaluate the 
m 

instrumental determinant ratio (lOR) 

10R(m) = detRm/detRm+J 

This quantity should increase rapidly when m '" = m • 

(6.35) 

If the lOR test is used 

with an iterative IV estimation algorithm, then the IV sequence x(t) generated 
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by the adaptive "auxiliary model" could be used to replace the more arbitra-

ry z(t) in (6.32). Order estimation can be based on the inverse of the IPM, 

which occurs naturally in the IV recursive estimation algorithm 1841 

or some equivalent 185/ " can be computed in a recursive way. P has statistic-

al interpretation, for example. in the refined IV estimation algorithm 1851. 
the matrix p~ is directly related to the covariance matrix of the parametric 

estimation error,P, in particular, it can be shown that,asymptotically 

(6.37) 

where - • ~ -2 e = e - e and a is the estimate of the variance of the e(t) seque-

nce in (6.30). Using the refined IV algorithm an estimate ~" can be obtained 

at each recursive step as 

(6.38) 

Young et a1. 1861 introduced an overall "estimation error variance normH 

(EVN) , 

Definition 5: The overall "estimation error variance norm" (EVN) is defined 

as follows 
2m+1 

EVN(m) = 2ffi.!:;:-j" L P'" = 2ffi.!:;:-j" Ele 112 (6.39) 
i=l 11 

which is nothing but the arithmetic mean of the diagonal elements of ~·(t) 

obtained from the refined IV algorithm. Similarly, we have 

Definition 6: The geometric error variance norm (GEVN) is defined as follows 

GEVN(m) 

Young et al. proposed also the following norm 

Definition 7: The eigenvalue error variance norm (EEVN) is defined as the 

.. f 1'-" maXlmum elgenvalue 0 . 

This norm can be useful in evaluating model order and it may have some advan-

tages over the EVN (which as a matter of fact represents the average of the -. eigenvalues of P ) in certain applications but will, of course, involve 

greater computational effort. Of course, the EVN, GEVN and EEVN could be 

based on a normalized p~ matrix, in which each element is scaled according 
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-'" --to p •. /e.e .• This should be an advantage where the estimates differ widely 
1J 1 J 

in magnitude. Young et al. introduced also another useful statistic: 

Definition 8: The total correlation coefficient or "coefficient of determina-

tion" ~ is defined as 

2 R.f = I -
10 

---------N 
L /(t) 

(6.40) 

t=1 

where 10 is the sum of the squares of the residuals e(t). 

Definition 9: The multiple correlation coefficients (MCC) are then defined 

as 

h R2 ,. were , = I, ... ,m, 

2 
Rb.-I 

J 

I -
I -------------

N 2 
p .. L: y (t) 
"t=1 

= I - -------1-----------
N 2 

p.+iii .+iii L: u (t) 
J oJ t-I 

(6.41) 

(6.42) 

is the multiple correlation coefficient for the i-th 
a. 

1 

parameter in A(z-I) and ~._I is the mUltiple correlation coefficient for the 
_I J 

j-th parameter in B(z ). Now, we can present the main steps of Young~s 

algorithm: 

(I) make use of any a priori information on the system to specify the range 

of model orders (and model structures in the multivariable case) which should 

be evaluated. 

(II) using either the IV or the refined IV recursive estimation algorithm, 

work systematically through the range of model structures specified in (I) 

and compute: 

(a) 

(b) 

EVN(n) from (6.39) 

2 R.f from (6.40) 

or equivalent measures such as EEVN and GEVN 

(c) the appropriate R~. and ~. from (6.41) and (6.42) 
1 J 

(III) select that model structure which yields the best combination of EVN, 

~,R~. and ~. in the sense explained below. Typically, in the case of model 
1 J 

order identification, there are requirements for the selection procedure: 

(a) the EVN attains or is close to its minimum value and increases sub-
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stantially for further increase in m 

(b) ~ should be consistent with the degree of model fit. Also for further 

incremental increase in model order, it should not increase substantial

ly and should tend to "plateau". 

(c) the MCC values should not be greater than 0.9 and should, preferably, 

be very much less than unity. 

(IV) ensure that the recursive estimates from (III) converge in a well-defined 

and non-ambiguous manner. 

(V) ensure that the estimated· stochastic disturbances ~(t) are purely sto

chastic in form and have no systematic components. Also check the statistical 

independence of ~(t) and u(t). 

(VI) finally, in the refined IV case, ensure that residual error e(t) has 

the required zero mean, white noise properties. 

It should be empfasized that the presented algorithm is completely heuristic 

and an additional theoretical work is required to further justify and pos

sibly improve the procedures discussed above. Young et al. gave in their 

paper many examples of practical significance. 

Furuta et al. 1261 proposed a method for structural identification of multi

variable systems based on the determination of the Kronecker indices. The 

idea of the method is as follows: 

(I) the records of input-output data are divided into several disjoint time 

intervals, and for each section of the data record, an input-output relation 

is identified 

(II) the several input-output relations identified for different time inter

vals are realized and the common time-invariant part in these relations is 

taken as the representation of the time-invariant system. 

In the first step, the identification ot the input-output relation is done 

by a modified version of Clarke-s generalized least squares method, where the 

identification of each row of the transfer function is done. This procedure 

is done with possibly larger values of observability indices, without speci

fying them a priori. In the second step the identified input-output relations 
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are realized in state space representation. The state space representation 

is E minimally realized by finding the time-invariant part of the identified 

input-output relations. The E minimal realization introducing E-controllabi-

lity and e-observability has been introduced by Furuta 1251. E-minimal real

ization is defined as both E-controllable and E-observable 1251; this defi-

nit ion has been modified in this method. The problem of how to choose E 

approximately is a key in order to succeed in the propose identification 

procedure. One way to choose £, i. e. J E , is done by choosing no which n 
0 

satisfies 
no n 

y(no) = ( L E.) I ( ~I E.) " (6.43) 
i==1 1 1 

where n is the state space vector dimension in the state space representation 

obtained in step (II), n = rank H , where H is the Hankel matrix of this o n n 

representation. Finally, the order is determined using the Bartlett statis-

tical hypothesis test via determination of E. 

El-Sherief 1191 used a correlation approach to multivariable system struc-

ture and parameter identification. He deals with the following canonical 

state space representation 1751 

x(t+l) = Ax(t) + Bu(t) 
(6.44) 

yet) = Cx(t) + vet) 

where x(t) is the n-dimensional state vector, u(t) is the q-dimensional 

input vector, yet) is the p-dimensional noisy output vector and vet) is the 

p-dimensional output noise vector. The sequences u(t) and vet) are assumed 

to be Gaussian, mutually independent with the following statistics 

E{u(t)} = E{v(t)} = 0 

E{u(t)uT(s)} = Ua 
t-s 

E{v(t)vT(s)} = Va 
t-s 

The matrices A and C have the form 

A = 

..... 

o 

A pp 



A .. = 
11 

A •• 
1J = 

i>j 
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o 

a .. (0) 
11 

I 
a .. (n.-I) 

11 1 

o ......•.......... 0 

a •. (0) 
1J 

a .. (n.-I) 
1J J 

c: = [0 ..... 010 ..... 0] 
1 

T 
c. 

1 

h . T.. 1 I tel 10 Ci 18 1n co umn + D1 + .•• + n i - t " 

if n. > 0 
1 

a .. I(n.-I) 0 ... 0] 
1,1- 1. 

if n. 0 
1 

(6.45) 

The matrix B has no special form. We can see from (6.44) and (6.45) that 

considered system is partitioned to a number of subsystems equal to the 

number of outputs p. The structural identification can be summarized so as 

to estimate the structural parameters n., i = I, .••• p, 
1 

p 
where L n. = n. 

i=1 1. 

From the definition of the structural parameters n. and the special form of 
1 

the matrices A and C, the following relations can be obtained for the i-th 

subsystem 

i 
n.-I 

T n i J T 1 
c.A = L L: a .. (l)c.A if n. > 0 

1 j=1 1=0 1J J 1 

(6.46) 

i-I n.-I 
T n i t:. T 1 

c.A = L a .. (l)c.A if n. 0 
1 j=1 1=0 1J J 1 

Let P denote the covariance matrix of the states of system (6.44). Then 

from equations (6.44) and using the assumptions about v(t) and u(t) we get 

P = APAT + BUBT 

Let R denote the correlation matrix of the output sequence defined as 

It can be shown, that for a > 0 and using (6.44) and the following relation 

[ T 1 0-1 E x(t+O-I)x (t) = A P 
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R(O) is reduced to a T 
R(o) = CA PC • Defining the correlation function r .. (o) 

lJ 

as the i.jth entry of R(O). we get 

r .. (n.+T) 
lJ 1 

T n i T 
= c.A A Pc. 

1 J 

Substituting from equations (6.46) we get 

r .. (n.+T) = 
lJ 1 

r .. (n.+T) 
lJ 1 

i = 
T = 

I , ••• , P 
I ,2, ..• 

if 

if 

n. > 0 
1 

n. = 0 
1 

Substituting again from equation (6.47) into equations (6.48) we get 

i n -I 
k 

r .. (n.+T) L L a ik (l)rkj (1+T) if n. > 0 
lJ 1 k=1 1=0 1 

i-I n -I k 
r .. (n.+T) = L: L: a ik (l)rkj (1+T) if n. = 0 lJ 1 k=1 1=0 1 

(6.47) 

(6.48) 

(6.49) 

For T = 1.2 •••.• L. where L is a large number and assuming the value of n. 
1 

is Ii' equations (6.49) can be rewritten in a matrix form for the i-th sub-

system as follows: r. (L) = HI (L)8. 

where 

Define the 

1 • 1 
1 

r.(L) = l[r .. (1.+I).r .. (1.+2) ..... r .. (1.+L)]T 
1 lJ 1 lJ 1 lJ 1 

e. = [a. I (O) ••••• a. l (n l -I) ••••• a .. (O) ••••• a .. (1.-I)]T 
1 1 1 lJ lJ 1 

I

r).(I) ......... r).(nl) ••••••••• r .• (), ••••••••• r .. (1.) 1 
J J 1J 1J 1 

· . . . · . . . · . . . 
r l . (L) •.•.•••• ,r l . (L+nl-I), ••• ,r .. (L), ••..•••• ,r .. (L+l.-I) 

J J 1J 1J 1 

matrix S(l.) as follows: 
1 

S(li) = Hi. (L)Hl . (L) 
1 1 

Because of the linear constraint of equations (6.49) we have 

detS(1.) > 0 
1 

detS(1.) = 0 
1 

if 1., n. 
1 1 

if 1. > n. 
1 1 

Thus the algorithm of estimating n. is as follows: 
1 

(6.50) 

(1) set i=1 and construct the matrix S(li) of dimension 11 where n
l 

is assumed 
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the value II . Increase the value of II (llc l •2 •••. ) and plot detS(ll) versus 

until det(l~)=O in which case is found to be n
l 

" II n l = II - I . 

(II) set i=2 and construct the matrix S(12) of dimension n
l
+1

2 
using the 

value n l estimated in step (I) and assuming n2=12. Increase the value 12(1
2

= 

=1.2 ••.. ) and plot detS(12) versus n2 until detS(I~)=O. in which case n2 is 

" found to be n2=12 - I. 

(III) set i=3 ••.•• p and repeat step (II) for each value of i. 

We may note that in practice detS(l.) for 1. > n. may not be equal to zero 
L 1 1 

as shown in equation (6.50) but to £ which is a small error. In this case 

detS(l.) will be plotted versus 1. until detS(l~) ~ £ in which case n
1
• is 

L 1 1 

found to be n. = 
1 '" 1. - 1. 

1 

Guidorzi et al. 1331 introduced a new simple test which allows to perform 

the structural identification without the drawbacks usually associated to 

singularity tests. The proposed range error test gives an a priori prediction 

of the model performance in order to avoid trial-and-error procedures in the 

determination of a suitable structure for the process to be identified. It 

can be used not only with reference to the canonical state-space and input-

output models. as considered in his paper but also with reference to over-

lapping models which can be particularly advantageous in on-line identifi-

cation procedures, see 1561. The basic notion of range error used in the 

structural identification test is given by definition: 

Definition 10: Consider a sequence of linearly independent vectors. v. , ... 
• 

•.• ,Vk , in the same space and the sequence of symmetrical matrices, SI' ..• 

.••• Sk. given by 

where 

The real positive number 

T S. = R.R. 
1 1 1 

Q. = detS./detS. I 
1 1 1-

will be called range error of S .. 
1 

i = 2 ••••• k (6.51) 

It can be seen that the range error is closely related to the instrumental 

determinant ratio (6.35) introduced by Wellstead. In Guidorzi-s test the 
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matrices S. are appropriately defined information matrices. The Fisher infor, 
matioo matrix is often used for measuring the accuracy of parameter estimates. 

Wertz et a1. ISII used for example determinant of this matrix. When several 

overlapping parametrizations are considered the question arises as to which 

structure leads to the best parameter estimates accuracy understood with a 

given measure of accuracy. They showed adopting the state space representation 

(see also 1561) that all admissible structures give asymptotically the same 

value of the determinant of the Fisher information matrix. However for finite 

data some structures may be better than others, and two heuristic structure 

estimation methods were analyzed. 
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7. Structure determination criteria based on information theory 

An information theory approach to structure determination has attracted 

much attention in recent years. This approach appears to be general and use-

ful in different problems of system identification including structure deter-

mination of the models. The basic notions of information theory like infor-

mation or entropy are adopted for identification purposes. It should be noted. 

however. that the concept of structure determination criteria based on these 

notions, while attractive in their generality, is often heuristic, and it is 

not always obvious how satisfactory entropy or information functions should 

be selected. 

Perhaps the first attempt to arrive at a criterion based on information 

theory approach including a structure dependent term was made by Akaike 171. 
This criterion was derived from the entropy maximization principle, which 

is stated as follows 191: formulate the object of statistical inference as 

the estimation of p(z) from the data y and try to find g(z;y) which will 

maximize the expected entropy 

where 

E B(p;g) = fB(p;g)p(y)dy 
y 

B(p;g) = fp(z)log(g(z;y)/p(z»dz 

(7. 1 ) 

(7.2) 

is the entropy of p(z) with respect to g(z;y) which serves as the measure 

of the goodness of fit of g(z;y) to p(z). Here y denotes data (yl ••••• yN). 

Let the true density function of y be specified by a density function p(z) = 

= P(zl •...• zN) and g(z;y) denotes an estimate of p(z). The neg-entropy 

-B(p;g) is the Kullback-Leibler mean information I(p;g) for the discrimination 

between g and p. 

I(p;g) = fp(z)logp(z)dz - fp(z)logg(z;y)dz (7.3) 

The first term in the right hand side of (7.3) is a constant which depends 

only on the form of p. The second term (with opposite sign) is the expected 

log likelihood of g(z;y) with respect to the future observation z. log g(y;y) 

can be used as a simple and natural estimate of the expected log likelihood. 

because g(y;y) is the present likelihood function at the present observation 
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y. If we specify a family ~ of possible g(z;y) the one with the maximum 

likelihood at y defines the MLE of p(z). Obviously the performance of the 

MLE of p(z) depends on both ~ and the statistical characteristic of 

logg(y;y) as an estimate of the expected log likelihood. Accordingly to the 

definition 4 we restrict to the case where g(y) - p(yISo)' Then following 

the Akaike's entropy maximization principle we try to find p(yIS) which 

will minimize E I(p;g), where I(p;g) can be written taking into consideration 
y 

the above mentionned assumptions and using the notation 1(80 ;8) = 1(p(zI8o); 

;p(zIS» 

(7.4) 

When 8 is sufficiently close to 80 , 1(80 ;6) admits an approximation 1501 

1(80 ;8+ 1I6) = !IIlI6l~ (7.5) 
2 

where II tl8 11M = (l'I 8) TM(l'I 8) , and M is the Fisher information matrix the 

(i,j) element, M .. , of which is given by 
1J 

M .. = E{(3logp(yle)/ae.)(3logp(yI8)/a8.)} 
1J 1 J 

(7.6) 

where E denotes the expectation operator and T denotes transpose. Suppose 

the true parameter,e*, lies in RL, the L-dimensional Euclidean space, and 

we construct from N independent observations of Y the MLE, kG,of 8- restrict-

.. k. 1 . 811 f h 1 8 ed to a lower dlmenslonal subspace R not lnc udlOg . I t at e ement k ' 

in Rk is sufficiently close to 8- then it is known 171that approximately 

(7.7) 

and for sufficiently large N, N times the second term on the right-hand 

side of (7.7) has approximately a chi-square distribution with k degrees of 

freedom. Then for N enough large we can write 

(7.8) 

It may be shown 1281 that kDL which is (-2) times the log likelihood ratio 

statistic, i.e., 

-210g 
N 

-2 f;; log 
p(Yilkfl) 

---------- (7.9) 
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where L8 is the unrestricted MLE of 8-, is for large N approximately a non-
2 

-central chi-square distributed with the non-centrality parameter Nil k6-8"'IIM 

and (L - k) degrees of freedom. Adopting (7.8) as a cost function then 

-I 
N (knL + 2k - L) is a suitable unbiased estimate of this cost function. 

Since Land N are fixed constants and for the purpose of model identification 

only the difference of AIC values is important it is easy to see from (7.9) 

and (7.10) that the following are equivalent forms of the cost function 

N A 

-2 L logp(Y·l k8) + 2k 
i=1 1 

(7. II ) 

(7.12) 

The bias (-2k) was the main impediment for the direct extension of the ML 

principle to cover those situations where log likelihood ratio tests were 

used instead and that is why in (7.11) and (7.12) the value 2k is added to 

compensate for this bias. As we shall see later this term induces some cri-

ticism from different authors. 

The adopted cost function has a very clear interpretation in model build-

ing. If too high order a model is used, then it may be expected that 
_ 2 

II k8 - e 11M tends to decrease while this decrease is achieved of the cost 

of an increasing kiN. On the other hand, if too low order a model is used, 
2 

then II k8 - 8'" 11M is expected to increase although kIN decreases in this 

case. The model yielding the most satisfactory compromise is the best 

approximating one. In this respect, we can see that in a real situation 

the notion of a true order is introduced only for conceptual convienience. 
N 

illIP(Yilk8) in (7.11) is classical maximum likelihood function calculated 

for kS. Thus the statistic (7.11) which is called an information criterion 

(AIC) , (A indexed this as the first such one) can be described as follows 

181 AIC = -210g (maximum likelihood) + 2 (number of independently 

adjusted parameters) (7.13) 

The value kO which gives the minimum of AIC is termed the minimum AIC estimate 

(MAlCE). Now we shall survey the AIC applications giving some comments and 

making some comparison analysis. 
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!strBm 1121 gives the following form of AIC: 

AIC(k) - -logL + 2k (7.14) 

where k is the number of parameters in the model. According to (4.5) it is 

easy to see (using scalar case for simplicity) that (7.14) is equivalent to 

AIC(k) = NlogO(k) + 2k (7.15) 

Obviously the form of AIC given by AstrBm differs from original one (7.13). 

Shibata 1671 used Akaike-s criterion for order selection of an AR model. 

The order for which 

AIC(k) = Nloga2 (k) + 2k k = O,i, .•. ,L (7.16) 

attains its minimum is selected. This form is different from (7.15) but, 

of course, is equivalent to (7.13) what is easy to prove using again (4.5) 

resulting in 

AIC(k) = -2logL + 2k 

Shibata demonstrated that AIC is not statistically optimal,i.e., that it 

yields the inconsistent estimates k. He suggested that the method balances 

the risk due to the bias when a lower order is selected and the risk due 

to the increase of variance when a higher order is selected. 

Tong 1741 applied the AIC criterion for the determination of the order of 

a Markov chain. He presented three numerical examples of different kind of 

application showing that the Akaike-s procedure runs well. 

Hannan and Quinn 1401 considered the determination of the order of an AR 

model by means of Akaike-s criterion of the form 

AIC(k) = Ina2(k) + 2k/N (7.17) 

This form is, of course, consistent with (7.13) and (7.16). 

For consistent order estimation in ARMA process, see Hannan 141 I and Hannan 

and Rissanen 1421. 

Kashyap 1491 gives the following form of the AIC criterion which should be 

maximized with respect to k 

AIC(k) 
~2 

-NIno (k) - 2k (7.18) 
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which is equivalent to the original one. He discussed the MAICE as used for 

comparing classes of AR models of different orders. He asserted that there 

is no particular reason for the factor 2 in Akaike;s criterion. He also 

pointed out that this criterion has no optimality and the question of the 

probability of error of chosen order kO is not solved. Recently 1481 he 

solved the latter problem showing the inconsistency of MAlCE for estimating 

the order of AR models. He investigated the statistic 

k:lll 1,2, ... ,L (7.19) 

where f is a positive constant. In the AIC rule f ~ 2. The probability of 

error in the estimate k, for large N, is proven to be 

(7.20) 

where E(x) is the error function 

(7.21) 

For the AIC rule f = 2. Hence 

(7.22) 

i.e., the AIC rule is inconsistent and the asymptotic probability of error 

is not insignificant. 

In 1471 Kashyap proved the consistency for AR models when the decision 

rule has a form 

(7.23 ) 

where feN) is any deterministic function of N satisfying 

f (N) > 0 feN) .,. 00 and f(N)/N'" 0 (7.24) 

The proof of this result is reported in Kashyap 1471 and it is consistent 

with Hannan-s result 1411. The decision rule given in 1491 belongs to the 

above family with feN) = InN and hence is consistent. 

Ponomarenko et a1. IsSI by making use of the measure of inaccuracy arrived 

at the following form of Akaike-s criterion 

N - r::: 10gp(y';k9) + k/2 
i=l 1 

(7.25) 

which is different from (7.11). 

Finally, we may conclude that the asymptotic estimate of an AR model order 
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!If 
given by AlC is not consistent but overestimates k • asymptotically. with 

probability 0.1562. Of course. this need not be a defect in the criterion. 

apart altogether from the asymptotic nature of consistency. for the data 

will not be generated. precisely. by an autoregression and the estimated 

autoregression may be fitted only as an approximation. 

The Akaike;g criterion was an important step towards improving the maximum 

likelihood criterion. But in view of the description of the models (2.1) 

and (2.3) and discussion given in section 3 and 6.2 not even Akaike~s 

criterion can make a distinction between canonical forms with the same 

number of parameters. And besides. the structure of a system is not determined 

by the number of its parameters. This means that Akaike-s criterion is not 

appropriate for the estimation of the internal description of the models. 

i.e •• models of type (2.1). (2.3) or (2.10). 

Rissanen /601 proposed a certain minmax entropy criterion, based on an entro-

py. which is aimed at supplying the missing structure dependent term. His 

derivation concerns the models (2.1) and (2.3). where for simplicity one 

assumes ma = ~ = m. We also keep in mind the parameter vector definition 

given in section 2.1 and 2.5. For a given structure (s.9) the corresponding 

model. say (2.3) defines the prediction error e(t). what defines a function 

T 
e(t.s.e.yt ) where Yt = (y(O) ••••• y(t» • then for each structure s. we have 

an estimator. e. of 9 based on observations Y
N 

If we insert (7.26) to e(t,s,e,Y
t

) we obtain the random variables 

e(t) s e(t.s'~S(YN)'Yt) 

E = (,,(0) •.• ""(t»T 
t 

(7.26) 

(7.27) 

(7.28) 

Here we consider Yt and YN as random variables rather than samples. To sum

marize. ,,(t) is obtained by first estimating the parameter vector 9. (7.26). 

with a chosen structure s, from the observations YN by some estimation 

method. like ML method. Then the prediction error (PE) ,,(t) is calculated 
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from (2.3). We shall now consider the joint random variables G and Et' 

which we shall treat on an equal basis, as they both, indeed, represent 

natural estimation errors about their mean values. The p.d.f. p of these 
s 

random variables can be factored as follows: 

(7.29) 

It should be noted that we do not assume h (0) to be an a priori given 
s 

p.d.f., so it is not Bayesian approach. We introduce the sample estimation 

of the covariance of e(t) corresponding to a parameter value 9 as a relevant 

statistic about e(t) 
N 

L (7.30) 
t=l 

We need also a second statistic about e. To do this we select a suitable 

estimate of the covariance of ~-m, where mmEe. We write 

(7.31) 

indicating that P (8) has been estimated with a function evaluated at the 
s 

parameters sand 9. Returning to (7.29) we may write the entropy 

H (~,Et) = H (Etl~) + H (G) s s s (7.32) 

This entropy depends on the unknown p.d.f. g and h . However, regarding 
s s 

K (9) and P (9) as the only relevant statistics about the random variables 
s s 

e and Et we may ask for the p.d.f. g and h which maximize the entropy 
• s 

Hs(~ - m,EN) subject to the natural requirement. that the covariances of 

e(t) and § - m equal the sample estimates. It is known, due to the Shannon's 

theorem, that such p.d.f. are normal and independent, then the corresponding 

entropies are given by 

max H (G - m,E
N

) = !N(logdetK (8) + p(1 + 10g2~» + !logdetP (8) + s s s 

+ !k(1 + 10g2~) (7.33) 

This maximization operation treats the e{t) process as uncorrelated. By the 

same token, we can also regard the components of ~ as uncorrelated. This 

results in 
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k 
I: 
i=1 

~s 
logp .. (e) + 

11 

+ ik(1 + 10g2n) (7.34) 

~s ~ 

where p .. are diagonal elements of P Eq.(7.34) should be used if some 
11 s 

pair (s,9) exist for which the components of 9 are uncorrelated. It is easy 

to see that the maximum of the entropy Hs(ENI9) is precisely the negative of 

the log likelihood function (5.5). The maximum entropy (7.33) is a function 

of the model parameters (s,9); the dimension k which gives the number of the 

adjustable real-valued components in 9 is determined by s and is therefore 

not a free variable in the expression (7.33). A minimization with respect 

to (s,9), leads to the following optimal structure and parametric selection 

of the model 

or equivalently 

min 
s,9 

min 
s,9 

1 + ---
N 

k 
L 
i=1 

10gp~.(9) + -~-(I + 10g2n)] 
11 N 

(7.35) 

(7.36) 

Now the problem is how to derive an expression for P (9). This term is to 
s 

give an estimate of the covariance of the estimation error ~ - m, which 

clearly depends on the statistic P (9) itself. The derived expression for s 

P (8) will therefore have the intended interpretation only when it is evalu
s 

ated at the minimizing point 8- of V
N

(s,9). Rissanen 1601 arrived at the 

~ " final form for P (8 ) 
s 2 ~ .. 

a logdetAs(a) _I 
{-------------- } a9. ae. 

1 J 
(7.37) 

For large sample size N, the dependence of VN(s,a) on 8 is dominated by the 

first "maximum likelihood" term. Therefore, P (a") may be replaced by Ii (8) 
s s 

and 
.. 

8 can be found iteratively. 

Qi~c~s~i~n~ The first term in the right hand side of (7.36) is determined 

by the impulse response of the model. Therefore, models in equivalent canon-

ical forms, i.e., structures, which have a common impulse response, produce 
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the same value for the first term and cannot be distinguished by it. Instead, 

they will be compared by the second and the third terms. Among the equivalent 

structures which moreover have the same number of parameters k the second 

term selects the one or, perhaps, ones whose parameters can be estimated with 

the smallest covariance. In the case of non-equivalent canonical forms, of 

which, perhaps, one represents the true system, the first term being dominant 

will favor the models which are capable of producing small values for the 

PE as measured by logdetA (9). But what happens if the first term is nearly 
s 

minimized by a model in a wrong canonical form? It can be shown that such 

a wrong canonical form gives a high value for the second term. This basically 

follows from the fact that the parameters in a wrong canonical form cannot 

be consistently estimated, hence, large entropy H (9) and the second term. 
s 

Finally, we remark that criterion (7.36) does not reduce to AIC criterion 

in the scalar case because of the second term. This term reinforces the 

third one and because of this one feels that Akaike-s criterion does not 

adequately capture the intended effect of the number of parameters on the 

criterion. Both Akaike and Rissanen-s criteria incorporate an idea that in 

estimation one should first fit the model to the data and then check the 

result by calculating the PE from another data. 

7.3. 2.h£.r.!:.e~t_d~t~ !!.e~cE.i.e.ti.0.!!. iSPPl £ri.t~ri.0.!!. 

In 161 I Rissanen proposed a criterion for estimation of both the integer-

-valued structural parameters and the real-valued parameters starting from 

shortest data description principle: the least number of digits it takes 

to write down an observed sample of a time sequence YN = (y(J), ••. ,y(N». 

Insofar as the estimation is a statistical one an appropriate measure of 

the fit between the model and the data is provided by Gibbs-theorem III: 
Let p. and q., for i = I, ... ,n, be non-negative real numbers such 

1 1 

Then, 

n 

L 
i=1 

p. = 
1 

n 
-LP·logp.' 

i=1 1 1 

n 
Lq· 
i=1 1 

n 
- LP·logq. 

i=1 1 1 
(7.38) 
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n 
LP.log 
i=1 1 

) 0 (7.39) 

where the equalities hold iff Pi = qi for all i. (Here, DIogO is taken as 0). 
n 

In case {p.} is a probability distribution, i. e. , LP. = 1 , (7.39) provides 
1 i-I 1 

a measure of fit between two distributions, it is so-called Kullback infor-

mation measure with opposite sign. This theorem can be used in estimation. 

Let the data y(i) be generated by an independent source with an unknown-

-symbol probability p. = P(y(i». If a model prescribes the probability q. 
1 1 

for y(i) then by (7.38) the true distribution {p.} would come out from mini-
1 

mization of 

- Lp.logq. 
. 1 1 

(7.40) 
1 

We cosider the model (2.3), where in general, 9 consists of integer-valued 

structural parameters such as m a 
and and real-valued system parameters 

~ with k = ma + ~ for scalar case, p=I, as to simplify the discussion 

(7.41) 

2 
where ~O' in particular, denotes the variance parameter 0 of the zero-mean 

normal distribution modelled for e(t). In order to get finite length descri-

ption of the data we agree to specify the numbers e(t) with an accuracy of 

~E/2 and the i-th component ~. with an accuracy ~o./2. Then, the approxi-
1 1 

mate per symbol length of the data YN = (y(I) ••••• y(N». is of the form 

(7.42) 

where the sequence EN = (e(I) •..•• e(N» can be described with about 

L(eI9) 
N 0

2 
= ---10g2rr---- + I 

2 E2 

N 

L 
i=1 

(7.43) 

units. the unit depending on the base of the logarithm. The integers m 2and 
t. 

~ require a non-negligible length; namely. about log(l~il/Oi) = jlOg(-~-) 
O. 

units each. so that the total parameter description length is about 1 

k 
L (9) - ! L 

i=O 
log (7.44) 
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Finally. the total description length of the sequence YN is now 

1;0 N 21'2. k e 
L(y.e) = L(YN'e) jNlog2"11---- + ! r: L ! + ! Elog--!-

e: 2 i=O 1;0 . 0 02 
1 m • 

(7.45) 

1 

When the length (7.45) is minimized with respect to the parameters 1; .• the 
1 

o optimizing values 1;. must be truncated to their accuracy :jo .• and the 
1 1 

truncated numbers are to be used to generate YN• We can see that the larger 

Q. is chosen the cheaper it is to describe the truncated component C. but 
1 1 

the further away 1:;. may be from thr true value 1;;-' . in the . with an increase 
1 1 

length (7.43) as a result. Hence, there is a balance. which can be determined 

• by assuming that the truncation errors 1;;.- 1;;. are uniformly distributed 
1 1 

within their range [I;;~ - 0./2.1;;-+ 0./2J. First. returning to (7.45) we ob-
1 1 1 

tain at the minimum 

aL N + 2 ~2 
0 -a~~ = -----(1 - a /1;0) = 21;; (7.46) 

aL N + 2 a82 
I 0 -a~:- -2~~- ------ + 

-~~ = 
al;;i 1 

i = I, ... ,k (7.47) 

where 
(7.48) 

Observe that for all values of s .. i = I ••••• k. the equation (7.46) holds 
1 

- -2 at the minimizing point 1;0 = o. We also need the second partials evaluated 

at the minimum I;;~. which can be obtained after some calculations as follows 
1 

-_£:1:,---
31;~31:;~ 

1 J 

where 0 .. 
lJ 

= 

o i > 0 (7.49) 

!L:_f a210 (;2 Q •• __ f __ __ 1 ___ _____ IL_ __!,L __ + i,j > 0 2 .. .. (1;;'")2 N + 2 I;;~I;;~ 31;.31;. 
1 J 1 J 

I for i = j, otherwise O. We next determine optimum accuracy 
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levels 0 .• assuming as stated before. the uniform distribution of the trun-
1 

. ~~ . f () • cat10n error E;. - ~ .. A Taylor ser1es 0 L y.6 around E; results. keeping 
1 1 

in mind (7.49) 

L(y.6) .. N + 2 
'" L(y.6 ) + 4 

I + -----
N + 2 

k 

L 
i .j=1 

t.~ 
1 -------

(E;? 
1 

(7.50) 

~ ••• 2 
where 6 = (rna.to..E; ). and ~. = (-0./2.+0./2). so ~. = O. and ~. = 

D ~ 1 1 1 1 

= 0~/12. The expected value of L(y.6) with respect to the uniform distribution 
1 

for t.. is within second order terms 
1 

EL(y.6) 

+ ---!!-----24(N + 2) 

This is minimised for 

o? 
1 

N + 2 {-----
2 

k 

1: 
i=1 

k 
+L 

i=l 

(7.51) 

(7.52) 

for i = I ••.•• k. Putting (7.52) into (7.51). the corresponding minimum is 

given asymptotically as 

U(y.6) = Nloga2(k) + (k + l)logN (7.53) 

* Strictly speaking (7.53) is valid only at the optimized parameter values ~ .• 
1 

and hence it should be used to optimize the numbers ma'~' or k, only. 

However. because for each ma and ~ the first term for large N is dominant 

in both (7.45) and (7.53) we may use (7.53) as a criterion to be minimized 
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over all parameters S. A non-real solution for o~ is an indication that the 
1 

parameter ~. is too small to have a noticeable effect on the dominant first 
1 

term in (7.53) for the given number of observations N, and we should then 

set that parameter to zero, and perhaps reduce k by one. 

Rissanen proved the consistency of order estimates yielded by SDD criterion 

(7.53) for an AR model 1631 as well as for an ARMA model 16zl. 

7.4. ~i~i~u~~e~c~i~tio~le~g~h_(~~)_c~i~e~i~n_ 

In Rissanpn 1661 the MDL criterion was derived starting from the premise 

that to obtain good parameter estimates, it is necessary to have a statistical 

model that permits a short description of the observed data with a suitable 

coding. The MDL criterion was shown to be invariant with respect to all 

linear coordinate transformations, so it is proof against the scale changes. 

In this regard the MDL criterion is superior over the less complete SDD one. 

If we deal with a fixed family of models such that the description of the 

family does not depend on the data y nor the parameters e, the cost of the 

complexity of a model may be taken as the number of bits it takes to des-

cribe its parameters. Clearly, when adding new parameters to the model, we 

must balance their own cost against the reduction they permit in the ideal 

code length, determined by the negative log likelihood -logL(yIS), (known 

in information theory as the self-information), and we get the desired 

effect in a most natural manner. Denoting the total number of bits required 

to encode the parameters S by L(e) we can write the total code length as 

L(y,e) = -logL(yle) + L(a) (7.54) 

where y is the data composed of N samples of pdimensional vectors yet), 

t = I, ..• ,N, and e is the parameter vector with k components. The formula 

(7.54) reminds us of Bayes'formula, written in a logarithmic way. In fact, 

if we write Q(S) for Z-L(S), then P(y,S) = Z-ZL(y,S) becomes a joint proba-

bility of y and S, provided that the prior Q(S) indeed is a probability, 

which in general it need not be. There are fortunately natural coding theoretic 

requirements that do make Q(S) a probability. 
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!x~m~l~~: Suppose the parameter is a single binary number such as 1011.11, 

written in two decimal places. By dividing this number by the precision I, 

we get the integer n(S) = 101111, which is seen to have the length I + 

+ floor(logn(S)) = 6, where floor(x) is the greatest integer not greater 

than x. Hence we conclude that to describe the scalar parameter S it takes 

about logn(S) bits, where nee) is obtained by dividing S by its precision. 

The case with a vector parameter is similar. 

The description length of the parameters may thus be reduced to calculation 

of the length required to describe integers, and it may seem that this 

-logn induces a natural prior distribution for them, namely, 2 = lIn. The 

inverses lIn, however, are not summable, and they therefore do not define 

a proper prior distribution. Rissanen defines a code, called universal re-

presentation of integers, if 

l:: L(i)/nlogn ~ 
i~n 

(7.55) 

as n goes to infinity. The following universal prior for the natural numbers 

n > 0 
(7.56) 

o • 
L (n) D log (n) + logc 

fulfill the condition (7.55), where 

• log (x) = logx + loglogx + (7.57) 

where the sum involves only the positive terms, whose number is clearly 

finite. It can be proven that 

• 
2-log (n) = c ~ 2.865064 (7.58) 

n=I,2, ... 

From (7.56) we see that Q(n) is given by 

Q(n) = (l/n)x(l/logn)x ..• x(l/log ••• logn)x(l/c) 

where the first term corresponds to improper prior I/n. The other terms redu-

ce this dominant factor just enough to make Q(n) a proper distribution. To 

extend this distribution to the set of all integers, add one to LO(n) , and 

put Q(-n) = Q(n). Having the universal distribution on the integers we can 
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calculate the length L(8) required to describe vector parameters with com-

ponents that are suitably truncated real numbers. In all cases of interest. 

the first term in (7.54) is dominant. and for each number of the parameters 

the minimizing parameter values are close to the MLE. 

7.4.2. Qp!i~a! £.r!.ci.si.o!!. 

The probl~ is now to decide on the precision to be used for the MLE of the 

vector 8. In SDD approach 1611. the optimal precision problem was solved 

in a manner which initially appeared to be adequate but which now can be 

seen to have the defect that the resulting estimation criterion lacks the 

necessary invariance properties. Let in the following discussion. e denote 

the MLE, this causes no confusion, because we do not need to discuss any 

other parameters values for the time being. and also let 8 be a vector in 

the Rk space. We partition the space Rk into equ~lly shaped half closed 

k-dimensional parallelepipeds with volume V. We enumerate them A(I).A(2) ••.• 

in a growing spiralic manner layer for layer. starting from A(I) centered 

at the origine. 

, we have 82 

· .. -f+ A14 Azs Au • • A, ~ ,fit Ail AlO 
• • 

'"'6 ""I ~2 I r>11 • 8 

As ~~ A3 I 
! 

••• 

The index n(8) of the parallelepiped A(n(8» which encloses e gives us coding 

of 8. If we denote by W(8) the total volume of all the parallelepipeds inside 

the layer of the parallelepipeds where 8 lies. then n(8) is approximately 

given by W(8)/V and n(8)V/W(8) ~ I as V ~ O. so that to describe 8 with pre-

.. 
cision V. it takes about log (W(8)/V) bits. As soon as we determine the 

parallelepipeds we can give a formula for W(8). The problem is how to select 

the shape and the orientation of the parallelepipeds in a certain optimal 

way. First. we would like the volume V to be large. because then the index 

nee) will be small. But the larger we pick the volume. the more the truncated 
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value of 6, say 6', may deviate from the optimum. Expanding -logL(yIS') to 

within second order term as 

-logL(yI6') = -logL(yI6) + !(o,M(6)0) (7.59) 

where ° 6' - 6, and (x,y) denotes the inner product. M(6) is the symmetric 

operator defined by the second partials of -logL(yI6) , (the Hessian matrix, 

which can be viewed as an approximation of the normalized information matrix 

times N, i.e., NI(6». 

We are then led to finding a parallelepiped R(V) centered at the origin 

with its volume V which minimizes the sum 

log*(W(6)/V) + max {!(o,M(6)0)/oin R(V)} (7.60) 

The maximum volume of parallelepiped is when it is a rectangle. The maximum 

volume of such a rectangle can be found to be 

V(d) = (4d/kl/z /ldetM(6)' (7.6') 

where d/Z ,s assumed to be the value of the second maximized term in (7.60). 

!x~m£l~ i: Let us consider the case for k = Z. Then we have 

(O,MO) = d 

where 0= (O"OZ)T, and M = [mij ) , i,j = ',Z. Our goal is to find 

max 0,°2 

where O,OZ is I of the surface of a rectangle on the parameter plane. 

Now we construct the function Q using the Lagrange multiplier A: 

The corresponding derivatives of Q are: 

aQ/30 Z = 0, + ZIOZmZZ + ZIO,m,Z = 0 

aQ/3.l. Z Z 
o,m" + Zo,oZm'2 + oZmZZ - d o 

Solving this set of equations with respect to O"OZ we get 
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02 = ________ 2 ___________ _ 

2 2(m22 + ml/m22/mll)' 

Finally, we have 

The total surface is 

which can also be derived from (7.61) putting k = 2. 

Now, we look for optimal value dO (first we replace log- by log) according to 

min [log(W(S)/V(d» + d/2l 
d 

Using the expression (7.61) for V(d) this minimization problem can be easily 

solved for 

a = I/loge (7.62) 

dO and M(S) completely determine the maximal rectangle A(I) enclosed by the 

surface (x,M(S)x) = ka. Having dO it remains to calculate W(S). The parameter 

S lies on the (k-I)-dimensional surface 1681 

(x,M(S)x) = (S,M(S)S) = D 

which also defines the norm Iii = II S IIM(S)' for S. The above equation defines 

an ellipsoide in 0 space. The volume of this ellipsoide is 1121 

where r is the gamma function. So, the total volume W(S) of all rectangles 

enclosed by this ellipsoide is proportional to 

Dk/2 !ldetM(S)' (7.63) 

so minimization (7.60) can be performed 

m1n [d/2 + 10g(W(S)/V(d)] = k/2log(S,M(S)S) + kc/2 + const (7.64) 

where c • a - 2 - loga (in Rissanen 1661 c = a/2 - 2 - loga). We drop 

the last two terms in (7.64) and add the remaining first term to the like-

lihood term to get the total code length as the criterion 

L(y,S) = -logL(yIS) + klogll S IIM(S) (7.65) 
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Normalizing this criterion by expressing the quantities per observation, 

which within terms of order kiN gives 

l(y,8) = -1/NlogL(yIS) + k/2NlogN + k/Nlogil S ~I(S) (7.66) 

where 1(8) = M(8)/N. 

We also calculate the criterion using log·x function instead of its first 

approximation, the logx function. The derivative of log*x is 

where 

g(x) = I/a + I/a2loglogx + (1/a21oglogx)(l/logloglogx) + ••• + 

+ (l/a2loglogX)(I/loglogloglogx) + ••• 

(7.67) 

It is easy to see that expression I/loglogx + (l/loglogx)(I/logloglogx) + ••• 

for x > 2 is never greater than 2. So we finally get 

I/a , g(x) , I/a + 2/a2 , 5 

" Hence, for large value x, it is easy to see that the derivative of log x 

is close to I/ax, and we get the optimum value for d as 

dO = ak + O(I/log(W/V(k» 

The resulting per observation length is within terms of order kiN as follows 

1*(y,8) = -1/NlogL(yI8) + I/Nlog"[N(S,I(S)S)k/2 (7.68) 

or 

.. 
1 (y,8) = -I/NlogL(yI6) + k/2NlogN + k/Nlogli 611 1(6) + k/2NloglogN + 

+ k/Nloglogil 6 /I 1(6) + ... (7.69) 

The criteria (7.66) and (7.69) are proposed to express an intrinsic property 

of the data and the given family of models~,then, clearly, the result 

ought to be independent of scaling of the parameters, and, more generally, 

of selection of coordinate systems. The intended use of these criteria is to 

succesively minimize them for each k = 1,2, ...• over the parameters e until 

a minimizing k and the associated parameters are found. 

~x~£l~ i: Consider a simple model given by 
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y(t) = ay(t-I) + e(t) 

where e(t) ~ N(O,02) and lal < I. The MLE for parameters a and 02 are 

;; = 
N N 2 
I~>(t-I)y(t)/ I> (t-l) 
t=1 t=1 

a2 
= I/N 

N 
.L [y(t) 
t=1 

The approximate value of I(a) is 

N 
I(a) '" (I/N)(l/a2)I::>2(t-l) 

t=1 

Using the formulas for ;; and a2 after some manipulations we get 

1(a) '" 
I ------

I - ;;2 

The negative log likelihood function times I/N is 

-1/NlogL(yla) = !logB2 

Then, the criterion (7.66) has a form 

l(y,a) 
2 .2 

= !loge + k/2NlogN + k/2Nlog--~--
I - ;;2 

Since k=1 we have the minimal value of l(y,a) in case of ideal estimation 

o 2 
1 (y,a) = Ilogo + 1/2NlogN + 

When N + 00 we get 

2 
a 1/2Nlog------

I - a 2 
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8. Conclusions 

In this report an attempt has been made to give a survey of methods used 

in model structure selection in linear system identification. Structure 

identification is mainly understood as an estimation of some integer-valued 

parameters like order, dimension or Kronecker invariants. An emphasis has 

been put on the criteria for structure selection which have been derived 

on the basis of information theory. In particular Akaike-s and Rissanen's 

criteria have been discussed. It has been shown that many authors used 

different forms of Akaike's criterion. This criterion does not yield con

sistent estimates but in spite of this many examples showed that it has 

practical significance. Rissanen~s criterion, derived from the minimum 

description length principle. is shown to be invariant with respect to all 

linear coordinate transformations. The method of Rissanen 1651.1661. as well 

as other methods proposed by Overbeek and Ljung 1561. Guidorzi et al. 1331 
and Wertz et al. 1811. seem to be attractive because they can be used also 

with reference to overlapping models. which is particularly advantageous 

in on-line identification procedures. 

The review presented in this report is not exhaustive but we may conclude 

that a number of methods can be proposed for structure selection in linear 

multivariable systems. However, the estimation of the structure of a model 

from an observed vector time series is still extensively investigated. 
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