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DESIGNING A STRATEGY FOR A MAGAZINE SELLER

1



1 Introduction 

1.1 Problem definition 

In this article we will develop a mathematical model to solve the following problem: 

Problem 
A weekly magazine is sold by a magazine seller from Monday till Saturday. Every 
Sunday the magazine seller has to inform the publisher how many magazines he 
wants to order. This amount is then delivered on Monday morning. 

The purchase price of each ordered magazine is hfll.OO. Each sold magazine yields 
the magazine seller hfl. 2.50; for each unsold magazine the publisher returns hfl. 
0.30. 

The goal is to design a strategy for the magazine seller to determine the amount of 
magazines he wants to O1'der on Sunday. 

1.2 About this article 

We will tackle the problem step by step. This will be done in a straightforward 
but somewhat heuristic way. We have written down the mathematics involved in a 
precise and concise wa.y. However, since this could leave the reader wondering what is 
actually stated in such mathematical exercises, summaries giving the interpretation 
of the results is presented at the end of the more theoretical sections 2 and 3. 

TIle remainder of this article consists of the following sections: 

• Section 2 gives a method of calculating the number of magazines to be ordered 
if we want to maximize our profit and the customer's demand is known. 

• Section 3 descri bes the Moving Average method which uses history data (de
mands) to predict the future demands. It also describes a more complicated 
method, the ARIMA model. 

• Section 4 gives some computer results for a set of test-data and using the two 
methods from the previous section. 

• Section 5 contains some conclusions about which method should be used and 
how the problem of missing data can be solved. 

3 

Rept[ 2] 



2 Maximizing the profit 

2.1 Calculation of purchase number using known demand 

In our mathematical model we will use. the following 

Definitions 
b number of purchased magazines 
v number of demanded magazines 
x(b,v) number of sold magazines (so x = min{b,v}) 
Pb purchase price (hfl. 1.00) 
Pv selling price (hfl. 2.50) 
Pt return price (hR. 0.30) 
p( v) probability density on v 
R( b) expected profit as a funtion of b 

Suppose that p( v) is known, so we know what the probabilities are that no magazines 
will be sold (p(O)), that one magazine will be sold (p(l)), that two magazines will be 
sold (p(2)), and so on. Can we then calculate b, the number of magazines we should 
purchase, to maximize R(b), the expected profit? 

For the expected profit R(b) = E(x(b, v)(Pv - Pb) + (b - x(b, v))(Pt - Pb)) it holds 
that 

00 

R(b) = 2: {.1:(b, v)(Pv - Pb) + (b - x(b, V))(11t - Pb)}P(V) 
v=o 

b 
= L {(v + b - b)(pv - Pb) + (b - v)(Pt - pb)}p(V) 

v=o 
00 

+2: b(pv - pb)p(V) 
v=b+l 

I::o~(V)=l b 

b(pv - 1)b) + (Pv - Pt) L( v - b )p( v) (1) 
v=o 

It is now possible to check when R(b + 1) $ R(b). 

6+1 6+1 

R(b + 1) = (b + 1)(pv - Pb) + (Pv - Pt){2)v - b)p(v) - LP(v)} 
v=o v=o 
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b 

R(b) = b(pu - Pb) + (Pu - Pt) I)V - b)p(v) 
v=o 

b+l 
=> R(b+ 1) - R(b) = Pu -1Jb + (Pv - pt){p(b+ 1) - LP(v)} 

v=o 

b 

= Pv - Pb - (PII - Pt) L p( v) (2) 
v=o 

We see that 

b 

R(b+ 1)::; R(b) ¢> LP(v) ~ ]}II - Pb (~0.682 in our case) (3) 
v=o PII - Pt 

So to obtain maximal expected profit, we should choose b* such that b = b* is the 
first b for which Eq. (3) holds. 
Note that 0 < ~ < 1 in practice. ~ = 1 only holds when Pb = Pt. In this 

- pu-p' - Pu-P' 
theoretical case the magazine seller could purchase as many magazines as he liked 
since he doesn't lose money on unsold ones. This corresponds with b = 00 in Eq. 
(3). 

2.2 Customer's demand probability density function 

In the preceding subsection we assumed the probability density p( v) on the demand 
v to be known. However, in practice we can only estimate such a quantity. 
E.g. we can assume the stochastic v to have a Poisson distibution, so 

All 
p(v)=e-'\., (v=0,1,2, ... ) 

v. 
(4) 

Here, A ~ 0 is a parameter which must be chosen. Since the expected demand 
E( v) = A and p( v) is also maximal in v = A if A is an integer, it seems wise to 
choose A as the predicted demand for a certain week. (How to predict demands, will 
be explained in detail in the next section.) 

Example 
Suppose we expect to sell 4 magazines in the coming week. How many magazines 
should we pur~hase to obtain a maximal expected profit? 

In Fig. 1 the Poisson distribution is drawn for A = 4. The discrete points are 
connected by a line to get a better view. 
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0.22,--------------------------, 

8.2 

0.19 

0.16 

0.12 
B 
a. 11.1 

0.08 

il.1l6 

b 

Figure 1: The Poisson distribution for)' = 4 

From Table 1, it is clear that b = 5 is the smallest b for which Eq. (3) is true. So, 
we choose b* = 5 as the number of ma.ga.zines to be purchased. 

N ate that the number of magazines we should purchase to obtain a maximal ex
p~cted profit, is higher than the expected demand! The reason for this is that a sold 
magazine will yield you hit 1.50 whereas an unsold one will only cost you hfl. 0.70, 
so it is more profitable to take a little risk and buy more magazines. 

In the computer calculations in section 4 we will use a normal distribution instead 

I b I p( b ) I L~-o p( v) I 
0 0.018 0.018 
1 0.073 0.092 
2 0.147 0.238 
3 0.195 0.433 
4 0.195 0.629 
5 0.156 0.785 
6 0.104 0.889 

Table 1: Da.ta for Poisson with), = 4 
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of the Poisson distribution. This is because the software we used is based on normal 
distributed deviations. 
The normal distribution is known to be a good approximation to the Poisson distri
bution. 

2.3 Summary 

We have given some definitions for the problem. 

Given a certain probability density on the demand, it is possible to maximize the 
expected profit as a function of the purchase number. 

It seems reasonable to take the familiar distribution for the demand. With this 
distribution a.n example was given from which we concluded that it is profitable to 
take a little risk when purchasing the magazines. 

7 

Rept[ 6] 



3 Predicting demands using the Moving Average method 
and the ARIMA model 

3.1 The Moving Average method 

3.1.1 Description 

Suppose that for each week i we know the number of demanded magazines v(i). 
Can we detect a trend in v( i)? What does this trend look like? For example, there 
might be an increase in the demand in linear fashion . 

Unfortunately, in many cases the trend will not be recognizable because of seasonal 
influences. For example, a ma.gazine about soccer may be very popular in summer, 
but not so in winter. So although there may be a general increase in demand for 
this particular magazine, the demand will always drop in winter. 

14 

8 

6 

o 100 150 200 250 

\I .. " (weeks) 

Figure 2: Moving average method for detecting a trend 

We will use the Moving Average method (MA) to rule out such seasonal fluctuations. 
1 This method consists of the following: 

Suppose we have a set of data v( i) for each week i. The average at week i is then 
defined as 

lSee e.g. R.S. Pindyck and n .R. Rubinfeld, Economic Model$ and Economic Forecast$, McGraw
Hill, Singapore (1981) 
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y(i):= v(i - 26) + ... + v(i - 1) + v(i) + v(i + 1) + ... + v(i + 25) (5) 
52 

The collection of y( i) is then the moving average. 

In Fig. 2 the demand v is shown over a period of three years. The moving average 
is also shown. It can be clearly seen that the trend is linear, so we can extrapolate 
it to predict future avera.ged demands. This is done using a dashed line. 

It should be noted that when using MA, not all data may be available or fit for 
usage. This problem will be dealt with in the last section. 

3.1.2 Predicting future demands 

Suppose that for week io we have a predicted averaged demand y(io). The problem 
is then of course to calculate the demand v( io). This can be done by taking into 
account the seasonal fluctuation again. We do this by calculating the following ratio: 

w(io) := ~. .L. ~~ ~~ where Vi3k E IN : lio - il = k ·52 
1=11,.··,tn 

(6) 

One could for example take a ratio covering the last three years, so the values 
i = io - 52, io - 104, io - 156 should be taken. 

Note that 52 values of w( i) should be calculated, one for each week of the year. We 
then set wei) = wei - 52) = wei - 104) = .... 
The demand v( io) can then be predicted by 

v( io) = w( io)y( io) (7) 

In Fig. 2 the predicted demands are drawn using a dashed line. 

3.1.3 Some remarks about the'MA method 

It would be consistent if the predicted demand v( i) in Eq. (7) is the same as the 
real demand if that real demand is known! In order to achieve that we define a 
somewhat different moving average than the one in Eq. (5). 
After having calculated the moving average, y( i), and the week indices, w( i), we 
define the corrected moving average as 
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. v( i) 
z(t) := wei) (8) 

This alternative definition has the nice property described above. It will be used in 
the computer experiments in section 4. 

The moving average can be extrapolated using techniques from regression analysis. 
One could for example try a linear fit or a quadratic fit. However, the user should 
be careful when interpreting output from regression analysis computer packages. 

Finally, the moving avera.ge method is sometimes called the index method. Both 
terms will be used in the remainder of this article. 

3.2 The ARIMA model 

3.2.1 Description 

The AutoRegr'essive Integrated Moving Average model (ARIMA), a term introduced 
by Box and Jenkins 2) is a rather g~neral class of (non stationary) linear noise 
processes. It is especially useful to analyze data that show seasonal behaviour which 
is perturbed by correlated noise. In this model the time series data are assumed to 
be generated by the difference equation: 

(9) 

Here B is the shift operator: BXt = Xt-t, and [t is a zero mean white noise process. 
The power d (the number of differences taken) corresponds to the degree of the 
polynomial trend of the data and p is the seasonality (period). The first factor 
ill the LHS of Eq. (9) is applied to remove the trend, i.e. Yt = (1 - BP)dXt is a 
stationary (non"evolutionary) process. It also removes the seasonal component. The 
second factor between parentheses in the LHS is the autoregressive (AR) part of 
the process. It describes the linear regression of Xt on its own past values. The 
factor between parentheses in the RIIS is the moving average (MA) part. This is 
a weighted average of a finite number of present and past values of the white noise 
process. 

The c/>i and OJ are real constants. The c/>i must be such that all roots of the polynomial 

2C.E.P. Box and C.M. "Jenkins, Time Sel'ie! Analy!i!, Forecasting and Control, Holden-Day, San 
Francisco (1970) 
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(which are real or complex) 
k 

a(z) = 1 + L <PiZi (lO) 
i=l 

are lying outside the unit circle. The values of i for which <Pi ¥= 0 and those of j 
for which OJ ¥= 0 are called the lags of the autoregressive and moving average part 
respectively. 

3.2.2 Fit and prediction using the software package AUTOBOX 

The software package AUTO BOX has been used to fit the time series data to an 
ARIMA model. As input it only requires the time series and the period p (e.g. 
52 for weekly data and 12 for monthly data). The program provides values of the 
appropriate number of differences d to be taken and the lags i and j. In addition, it 
calculates the corresponding coefficients cPi and OJ using the sample autocorrelation 
function of the time series Xt (t = 1 ... N). Also, various criteria for goodness 
of fit (coefficient of determination, AIC, DIC 3) are given. From the fitted model, 
predictions for XN+l, XN+2," . can be calculated by a recursive method (Box-Jenkins 
forecasting). 

3.3 Comparison of prediction methods 

To compare predictor performance we can withhold the last piece of a given time 
series and thus compute predictions, by both aforementioned methods, using less 
data items than available. The predicted part can then be compared to the last part 
of the actual time series, which is known. 

3.4 Summary 

"Ve have seen that the Moving Average method can be used to rule out seasonal 
effects and detect general trends. If such a trend is found, the average line can 
be extrapolated. The future demands can then be predicted by reintroducing the 
seasonal effects. 

The ARIMA model is a far more general method for describing stochastic time series 
with non-stationary behaviour. This model is implemented in the software package 
AUTOBOX. 

3See e.g. M.B. Priestley, Spectral Analysis and Time Series, Academic Press, London {1981} 
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Actual and Predicted 
Actu.ll 
Pr.dict.d "l~st 12 month, 
Tr.nd 

Mag. "80-' 92 Index-method 

"" '" 

2~---------------------------------------------------------

1.8 

1.6 

1.4 

~ 1.2 
x 

:: 1 .. 
V1 0.8 

0.4 

0.2~~T+~~~~~rrrrhrrrrh~~~~~~~~~~~T+TTTT~rTT 
o 10 20 30 40 50 60 16 80 90 10e 110 1 

Month 

figure 3: Actual and predicted data, trend line OllA method) 

4 COlnparison of the Moving Average method and the 
ARIMA model 

4.1 Data and software used 

The software package AUTOBOX comes with an example da.ta set which we have 
used for our experiments. A data. item is the number of passengers flying with a 
particular airline. 
In fact, these data are monthly instead of weekly. This is no limitation: in some 
formulas used in the MA method and the ARIMA model the number 12 (months) 
instead of the number 52 (weeks) should be used. 
Pa5senger figures of 119 consecutive months are available. See the solid line in Fig. 
3 or Fig. 5. 

4.2 Results for the MA method 

To judge the two methods we withhold the last 12 data for each method, so 107 data 
items are left, a.nd compa.re the predicted results with the (known) a.ctual data. 
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Magazines '80-'92 Index-method 

1.6·~~~~---------------------------------------------------' 

1.2 

1 

0.B 

0.6 

1 2 3 4 5 6 7 B 9 10 11 12 13 

Month 

Figure 4: Month indices (MA method) 

In Fig. 4 the months indices are shown. First, the moving average 

(
.) ~ v( i - 6) + v( i - 5) + ... + v( i) + ... + v( i + 5) + ~v( i + 6) 

Y z = 12 
(11) 

for the months 1, ... ,101 is calculated. The 12 month indices are then calculated 
by 

w(io) := ~ . . L . :~~~ where Vi3k E IN: lio - il = k ·12 (12) 
'=&J ,···ttn 

and using as much data as possible, so data for which both the demand and the 
moving average exist. 

Using these month indices, the corrected moving avera.ge according to Eq. (8), can 
then be calculated, d. the trend line in Fig. 3). 

We see that the moving average follows a linear trend. To determine this linearity we 
used regression analysis. The statistical computer package GLIM made the following 
linear fi t 

GLIM 
Y = ao + at X =} ao = 671.6, at = 4.293 (13) 
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Actu.l 

Actual and Predicted Pr.dictpd last 12 ~onth! 

Magazines '80-'92 Aulobox 

1.6-r------------''---;----.-----:---------:--

1.4 

1.2 

lSi 
'" 1 Q ... 
~ 
In 

0.8 " ';; 
II' 

Monlh 

Figure 5: Actua.l and predicted data (ARIMA model) 

where x is the month number and y the number or passengers. 

The coefficient of determination is given by R2 = 0.77. This is far from ideal since 
we want R2 > 0.9.5. However, trying other models, such as y = ao + alx + a2 x2 
didn't give much better results. 

The trend line was extrapolated for months 108 to 119, then the predicted numbers 
of passengers were calculated by multiplying with the months indices. The results 
ca.n be seen in Fig. 3. 

4.3 Results for the ARIMA model 

The AIUMA lllodel, used by the computer package AUTOBOX predicted the numbers 
of passengers for months 108 to 119 as shown in Fig. 5. 

AUTOBOX also gives a coefficient of determination, similar to the one common in 
regression analysis. Here, R2 = 0.97 (remember we want R2 > 0.95). 

The program's output also gives 95% confidence intervals for the predicted values. 
As ca.n be seen from Fig. 6 the actual data are indeed between the lower and upper 
bounds of these intervals. 
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Confidence Interval 
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Upper Magazines '80-'92 Autobox 

;; 
CS> 
CS> ... 
x 

\/I .. 
-;;; 
Ul 

loBi 

1.6 

1.4 

1.2 

1 

0.B 

0 . 6 

0'~+07~~1'0~8~~1+09~~1'1~0rT~1+1~1""11r2rT~1~1~3""11r4~~1~1~5~rrl+16~~1'1~7"TT11~8~~ 

Figure G: Actual data and 9.5% confidence intervals for the predictions 

However, please note that the confidence interval is rather large: about 200 passen
gers ill width. 

This can also be seen from Fig. 7 where the number of passengers is predicted 
for month 120 using both methods. The 95% confidence interval, or rather, 95% 
prediction interval is much larger ill the case of AUTOBOX than in the case of GLIM. 
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Figure 7: Predictions for the 120th month using MA and ARIMA. 



5 Conclusions and discussion 

From the calculated prcdictions shown in section 4, we can conclude that, for this 
particular time series, the ARIMA model is to be preferred to the MA method. 
However, this conclusion cannot be generalized and it must be remarked that both 
methods rely on some assumptions that do not necessarily have to hold. For example: 

• The normal distribution of the demand 

• Linear regression (on time and on past values respectively) 

• Linear or polynomial trend 

Practically, there is still another difficulty. Until now it has been assumed that all 
past valucs of the demand v(i) are known. However, in reality this is not the case. 
If x( i) is the number of magazines sold in week i, then 

.(.)_{ v(i) v(i)<b(i) 
x 1. - b(i) v(i) 2: b(i) (14) 

So rcally x( i) = min {v( i), b( i)} instead of v( i) is the known quantity. Data for 
which x(i) = b(i) (that is for which the magazines are sold out) should be treated 
differently. It scems preferable to omit them in the estimation of future values of v. 

In the first method this omission will give no difficulties. The only difference is that 
the calculation of the mean week indices will involve an average over fewer data. If 
the numbcr of recorded data is large enough, it is still possible to make a reliable 
prediction. 

In the second method however the missing data give rise to a problem, because the 
program AUTOBOX expects a complete time series as input. The empty spaces can 
be filled by estima.ting the missing data using AUTOBOX with a time series up to 
thc missing data item. In this way a complete data set can be generated. It is 
then possible to use AUTOROX on this set to make predictions. However, we do not 
recommend this technique if there are many gaps in the original data set. 
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A LAMINAR FLOW OF OIL AND WATER IN A PIPE 
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Abstract 

This report considers the problem whether a flow of oil surrounded 
by a thin water layer in a cylindrical pipe is stable against disturbances. 
The water layer is added to diminish the friction at the walls of the 
pipe, but should not emulse with the oil layer. Both the construction 
of the flow and the stability properties a.re discussed. It is shown that 
a flow as described above can always be constructed independent of 
the pressure and the water- and oil fluxes, and that it is stable against 
axially-symmetric disturbances. 
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1 Introduction of the problem 

Consider the situation where oil flows in a horizontal cylindrical pipe, pushed 
by a pump (figure 2.1). Since oil is a rather viscous fluid, one expects friction 
to occur specially at the walls of the pipe. Friction is an undesired property, as 
it demands a higher pump capacity for transporting the same amount of fluid 
through the pipe. A solution might be adding a thin layer of water between 
the oil and the wall, since the viscosity (and thus the friction) of water is much 
smaller than the viscosity of oil. This new flow, consisting of two separate 
fluids, causes a decline of the total friction. It is not clear a priori under which 
conditions it can be constructed, and when (in this case) it is stable against 
disturbances, so that the two fluids do not emulse. 

The equations of motion, which describe general fluid transport (Navier-Stokes), 
are derived in section 2. Section 3 uses these equations on our specific problem. 
It follows that it is always possible to construct a laminar flow of oil and water 
as described above, not depending on pressure gradients or fluid fluxes. Since 
the oil should leave the pipe without mixing with the water, the stability of 
this flow is a very important issue. On physical grounds a mixture of oil and 
water can never take place, but instability of small disturbances might cause 
undesireable emulsions of the two fluids. Section 6 handles the stability prob
lem, after that in section 5 the equations of interest are made dimensionless. 
It appears that axially-symmetric disturbances damp out, and thus that the 
flow is stable against this kind of disturbances. 

water 

oil 

water 

figure 2.1 Oil-water flow in a cylind1'ical pipe. 

22 

Rept[ 4] 



2 Derivation of the equations of motion 

We first derive the equations, which describe the behaviour of fluids in order 
to make a model for an oil-water flow. One starts from the conservation laws 
for mass and force, where the gravity force is neglected: 

1) Mass: ~ J p dv = ° dt ' 
(1) 

v(t) 

2) Impuls: ! J pv dv = J Tii da. (2) 
v(t) A(t) 

where p is the mass density, v the velocity of the fluid, T a stress tensor 
depending on the properties of the fluid, and ii the outward normal to the 
surface A(t). Then we apply the so called transport theorem, given without 
proof below: 

! J Fdv = J (~ + F \1 . v) dv, (3) 
v(t) v(t) 

where F can be a scalar, a vector or a tensor. With the transport theorem one 
writes the conservation equations (1) and (2) in the following way: 

J (d
p + p \1 . v) dv = 0, 

dt 
(4) 

v(t) 

J (d(pv) 
dt 

+ pv \1. v) dv J Tiida. (5) 
v(t) A(t) 

Applying the law of Gauss, assuming mass is constant and skipping integrals 
we yield: 

\1. v = 0, (6) 

av (.... '("'7).... '("'7T P at + p v . v V - v . (7) 
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For T we take Newton's stress tensor 

T = -p I + 2 TJ D, (8) 

where TJ is the viscosity (different for water and oil) and D is a tensor which 
has the following property: 

\7. (2D) = 6 v + \7(\7·)v = 6 v. (9) 

By substituting (9) in (8) and (8) in (7), we find the Navier-Stokes equations 
for an incompressible flow, where the gravity force is neglected: 

av (_~ )_ 
p at + P v v· v - \7p + TJ 6 v, (10) 

\7. v o. (ll) 

These equations together with suitable boundary conditions describe the mo
tion of fluids, and they form the basis of this paper. 
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3 Laminar flow 

The next two assumptions we make is that we search solutions of (10) and (11) 
for the velocity, which only have a velocity component in the axial direction 
of the pipe, and we consider the flow to be axially-symmetric. The Navier
Stokes equations are rewritten in cylindrical coordinates, where we consider 
thus axially-symmetric flows (One writes the velocity v as v = (u r , U19, uz ) and 
takes U19 = 0 and ajar; = 0). The axially-symmetric Navier-Stokes equations, 
(including the incompressibility condition) are given by 

r-component : 

(12) 

z-component : 

ap a2
uz ~ ~ (r auz ) 

a z + "7 ( a z 2 + r ar ar' (13) 

incompressibility: 
1 a au z --a (ru r ) + -a =0. 
r r z 

(14) 

We are interested whether a laminar flow consisting of the two separate fluids, 
oil and water, is possible to construct, but for the moment we assume that a 
laminar flow of the following form exists: 

v(r, z) = (0,0, U(r, z)f, (15) 

where U(r, z) is separated in an oil and a water part respectively: 

U(r z) _ {Uo(r,z) if 0:::; r:::; Rt, 
, - Uw(r,z) ifRl:::;r~R, 

(Uo stands for oil and Uw for water). Furthermore, U(r, z) should fulfill the 
following boundary conditions: 
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no slip Uw(r = R) - 0, 

symmetry oUo(r = 0) = 0, 
or 

no slip Uw(r = Rd - Uo(r = R1 ), 

shear stress 
oUo oUw 

: 'TJ0a:;(r = Rd 'TJwa;:-(r = Rd, 

where 'TJo and 'TJw are the viscosities for oil and water respectively. We remark 
that the last condition ( continuity of the shear stress) follows from the general 
condItion T ii = 0, where T and ii are given by 

T 

2
0Ur 
ar 

-p I + T/ ° OUr OUz + oz or 

.... _{ (I,O,Of 
n - (-I,O,Of 

° 
OUr 
oz 

2 
-Ur 
r 

° 
for oil, 
for water, 

+ 
oUz 
or 

° 
2

0uz 
oz 

and from (14) where one derives (since v only has a velocity-component in the 
z-direction) that 

U(r, z) = U(r). (16) 

Moreover, from (12) the pressure is found to satisfy 

p := p(z). (17) 

Hence, using (16) and (17) one reduces (13) to 

° 
dp 1 0 dU 
dz + T/ (;:- or (r dr )), (18) 

where 
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{
7]0 if U = Uo, 

7] = 'f U U 7]w 1 = w· 

Since p = p( z) and U = U (r) it follows that dp / dz is a constant, and we define 

(19) 

Then (18) is easily solved. In combination with the boundary conditions we 
obtain the following solutions: 

Uw(r) ~ (R2 _ r2), 
47]w 

(20) 

Uo(r) = ~ (Ri - r2 ) + ~ (R2 - Ri ). (21) 
47]0 47]w 

Hence, if laminar flow in a pipe exists, then the solution is given above. 

Now, we will check if a laminar flow can be constructed. Consider therefore 
the water- and oil fluxes given by 

R 

<1>w 211" J Uw r dr Cp 11" (R2 _ Ri )2, (22) 

Rl 
87]w 

Rl 

<1>0 .- 211" J Uo r dr cp 11" Ri ( Ri (7]w _ 2) + 2R2 ). (23) 
0 

87]w 7]0 

Assuming that <1>0 and <1>w are given known parameters (i.e. that the amount 
of water and oil which flows through the pipe is fixed and constant), then (22) 
and (23) provide solutions for arbitrary constants cp and Rl (with constant 
R, 7]w, 7]0) if and only if the following condition holds: 
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Evaluating this, one finds 

(24) 

Since 'Tjw « 'Tjo, this condition is always fullfilled for every value of cp and RIo 
We conclude therefore that laminar flow is always possible to construct not 
depending on the values of <Po and <Pw, the pressure and the radius RIo 

The issue of the following sections concerns the stability of such a laminar 
flow 0 In the next section the N avier-Stokes equations are made dimensionless, 
which makes it possible to compare all quantities of interest. 
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4 Dimensionless equations 

Before we proceed we should make the equations (12), (13), and (14) dimen
sionless, to get better insight in the size and influence of small parameters. 
Therefore, we define the following dimensionless variables: 

r 
r .-

R' 

z 
z 

R' 

l t 
.- , 

a 

[; U .-
0' 

P .-Po 13' 

where a and 13 still have to be determined and 0 is the average velocity 
calculated in the following way: 

Uw 

For calculating the derivatives, one uses the chain rule 

and so on. 

a at 
at at 
a aE 

aE az 
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Using the dimensionless variables and substituting (25) and (26) in the original 
Navier-Stokes equations (12), (13), and (14), one yields 

r-component: U
- (lOur U _ OUr U _ OUr) 

p ~ of + R Ur or + R U Z OZ = 

{J opo 1] - 02Ur 1 d _ OUr) - Ur 
- R or + R2 (U 0 z2 + f dr (r or - U r2)' 

z-component : 
- 1 oU z U _ oU z U _ oU z 

p U (a of + R U z 0 Z + R U r or ) = 

{J Opo 'T/ - 02u z 1 d _ OUZ ) 

- R Oz + R2 (U oz2 + f dr (r or ), 

1 d _ _ OU 
__ (rll ) + _z = o. 
f df T oz 

incompressibility: 

We further define 

ar.d the dimensionless numbers 

Reynolds: Reo 

Rew 

Strouhal: Sro 

Srw 

poRDo 
1]0 

pwRUw 

'T/w 

R 
aUo' 

R 
aUw · 

(27) 

(28) 

(29) 

By substituting these numbers in the equations (27), (28), and (29), we find 
the dimensionless equations (The tildes have been omitted for convenience): 

30 

Rept[12] 



r-component : 

_ opo + ~ (02Ur + ~ ~ (r OUr _ ur ) (30) 
or Re oz2 r or or r2' 

z-component: S 
oUz oUz oUz 

r ot + Uz oz + Ur or -

opo + ~ (02U Z + ~ ~ (r oUz ) (31) 
oz Re OZ2 r or or' 

incompressibility: 1 0 + oUz _ 0 
; 01' (r ur ) 0 Z - , (32) 

where Sr and Re stand for both oil and water, dependent on the region. 

The dimensionless expressions (20) and (21) for Uw(r) and Uo{r) respectively 
modify to 

Uw(r) 
c R2 

r2 ), (33) p (1 -
4TJwUo 

Uo{r) 
c R2 

(r~ - r2) + c R2 
(1 - r~ ), (34) p p 

4TJoUo 4TJwUo 

where 1'1 := Rd R. Additionally, the dimensionless equation for the pressure 
IS 

(35) 
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5 Perturbations 

In section 3 we have seen that a laminar flow is always possible to construct. 
In this section we examine whether this laminar flow is stable for small dis
turbances. We assume that the disturbances are axially symmetric. (The 
equations for non axially symmetric disturbances are given in the appendix). 
The flow can be written as below, where t is a small unknown parameter: 

= 
( 

t VI ( r, z, t) ) 

~(r) + t V3(r, z, t) , 

p( r, z, t) = Po (z) + t PI (r, z, t), 

with U(r) given by (33) and (34), and po(z) by (35). We substitute these 
expressions in (30) , (31), and (32), \vhich leads to . 

r-component: 

z-component : 
OV3 OV3 au ( r ) OV3 

Sr at + (U(r) + tV3) OZ + Vl-----a;:- + WI or = 

OPI + _1 (02V
3 + ~ ~ (r OV3 ) (37) 

OZ Re OZ2 r or or' 

incompressibility: ~ ~ (r vd + OV3 = o. 
r or OZ 

(38) 

We obtain linear equations if we neglect the O( t) terms. The oil-water separa
tion layer which is the boundary between the two fluids, however, is not fixed 
anymore since it moves along the flow. It has become a so called free-boundary. 
We describe this layer by introducing functions f(z, t) and S(r, z, t): 

The oil-water separation layer r is described by r = r-y, with 

r-y(z, t) = rl + t f(z, t), 

32 

Rept[14] 



where f(z, t) is an unknown function. If we define 

S(r, z, t) := r - r-y, 

then on r one derives the following equations 

S(r, z, t) = r - rl - f: f(z, t) = 0 ::} 

o = ~ S( r, z, t) = v· \1 S + ~~ ::} 

Vt - U(r) of oz (39) 

Hence, this gives an extra equation with unknown f next to (36), (37), and 
(38), which one has to solve simultanously. In the next section we shall assume 
that VI and V3 have a certain form, which simplifies the equations. 
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6 Fourier forms for the velocities 

For simplifying the equations (36), (37), (38), and (39), we make the assump
tion that the components of v and the pressure Pl have the following form: 

Vl .-

V3 

Pl .-

Vi(r) ei ( -wt + kz), 

Va(r) ei(-wt+kz), 

7r(r) ei(-wt+kz), with w,k E C. 

(40) 

(41) 

( 42) 

Neglecting the O(E) terms in (36), (37), and (38), and using the form of the 
velocities and pressure as above, we yield the following equations for Vi, V3 , 

and 7r(r) : 

orr 1 1 
iVi (-wSr + kU(r) ) = - or + Re ('Vi - r2 ) Vi, (43) 

iVa (-wSr + kU(r) ) + Vi ~~ = -ik7r + ~e 'V~ Va, (44) 

1 ol'l 
-;: (Vi + r or ) + ikV3 = 0, (45) 

with 

Furthermore, it is clear that from (39), neglecting again the O(E) term, it 
follows that 

where 

f(z, t) = F(r) ei ( -wt + kz), 

iVi (r) 
F(r) = (w _ kU(r)) 
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The boundary conditions for VI and V3 are derived in the following way. First, 
consider the continuity of Tn on the free boundary r. Since r is described by 
S(r, z, t) = 0, the normal n on r is given by: 

n = "VS = (l,O,-€izf. (47) 

The stress tensor T is determined up to order € and is given by 

T - To + € T I , ( 48) 

where 

0 0 
oU(r) 
--

or 
To -Po I + 7] ° ° ° oU(r) 

0 0 --
or 

and 

2
0VI 

° 
OVI OV3 -+-

or 
2 

oz or 
Tl -PI I + 7] ° - VI ° OVI OV3 

r 

2
0V3 -+- ° oz or or 

Continuity of T n must hold on the bounda.ry r. Therefore, r = rl + €j(z, t) 
is substituted in the above expressions. We use a Taylor expansion for T, 

Thus, for solving [TnJ = ° up to O(€), we find two conditions: 

and 
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~2UO ~ 0 ~ 0 

[J U () UVI () ~(rl) ] 
"10 or2 rl + OZ rl + Or = 

(51) 

Second, we also have continuity of the velocities, [V] = 0 on f. This yields 

[V'(rl + tJ(z, t))] = 0 '* 

[V'(rl,z,t) + tJ ~~(rl,z,t)] = 0 '* 

[t VI e-;' + (U(r) + t V3) e-;' + t J (t ~~1 e-;' + (~~ + € ~~3) e-;')] \rl,z,t 0 '* 

Finally, we derive equations for the oil- and water fluxes. We define Do and 
Dw as the oil- and water fluxes respectively, in the new situation with a free 
boundary: 

Tl +(j 

Do 211" j (Uo + t V~) l' dr 
o 

rl Tl+(j 

= 211" j(Uo + € v~) r dr + 211" j (Uo + € v~) r dr 
0 Tl 

cI>0 + [ " t 211" / v~ r dr + r, Uoh) f] + O(€2), (52) 
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1 

Dw - 21l" J (UW + t: V:') r dr 
Tl+(J 

1 

21l" J (Uw + t: vi") r dr -
Tl 

[ " <I>w + t: 21l" ! vi" r dr 

Of course the fluxes are constant I.e. <I>o 
derive two conditions: 

1 

Tl +(J 

21l" J (UW + t: V:') r dr 
Tl 

T, UW(T,) f] + O(t:2
). (53) 

Do and <I>w = Dw. Thus, we 

-rl UW(rl)f + f r vi" dr = O. 
Tl 

Adding the equations above, we derive one extra boundary condition from the 
fl ux-condi tions: 

1 

J r V3 dl' 
o 

o. (54) 

Collecting all the boundary conditions for r, neglecting the O( t: 2
) terms, and 

adding the conditions at r = 0 and r = 1, we have 
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no slip 

symmetry 

no slip 

shear stress 

flux 

vrr(l) = 0, 

vr'(l) - 0, 

v?(O) = 0, 

8vr' (0) = 0, 
8r 

1 

f r V3 dr 
o 

0. 

We return to the equations to solve. After elimination of V3 and 7r, equations 
(43), (44), and (45) are reduced to a single equa.tion: 

ikRe [ (U(r) - c)(L - k2) Vl - (~2r~ - ~ ~~) Vl 1 = (L - k2)2 Vl, (55) 

where a constant c and an operator L are defined in the following way: 

wSr 
c 

k 
, 

L 
82 1 8 1 
8r2 + r 8r 2' r 
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The expressions for Uw and Uo are given by (33) and (34), and it is easily seen 
that (55) simplifies to 

(56) 

which we can write separately for Uw and Uo: 

v w : 

Vo: 

Additionally, we see that the boundary conditions for Vi and V3 are the same 
as for VI and V3, and the conditions for V3 must be transformed into conditions 
for VI- Using equation (45), we derive: 

and 

These expressions are used to transform the boundary conditions for V3 into 
conditions for Vl- The final conditions for Vl are given by 
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· . 

V;w(1) = 0, 

oV;w (1) = 0, 
or 

V;°(O) = 0, 

oV;° (0) = 0, 
Or 

o2V,0 
or~ (0) = 0, 

02V;0 ( ) .,,0 oV;° () ( 1 .2) 10() "'okV;° o'2U
O 

( )_ 
."o~ r1 +-~ r1 -.,,0 -+k '1 r1 + kUo ~ r1 -

ur r1 ur r1 w - ur 

The flux condition gives no extra information. Equations (57) and (58) must 
be solved, using the boundary conditions given above. It is clear that this is 
not an easy work since wand k are unknown; it is an eigen-value problem, 
which is very similar to an Orr-Sommerfeld equation. The operator L however 
is different here with a singularity in r = 0, and this fact makes the analyses 
very difficult. It is beyond the scope of this paper to solve the whole problem. 
We refer to the literature (see also below) or one should use numerical methods. 

In literature one will often find alternative approaches to solve this kind of 
problems; one can introduce a stream function to derive the same eigenvalue 
problem with a different but easier operator. We indicate the approach of 
Drazin, where a streamfunction q,(r, z, t) is used, in terms of which we have: 
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· . 

laW 
VI ---, 

r az 
1 aW 

V3 
r ar , 

and for W we use the expression W = cI>(r )ei(-wt+kz ). 

Then it can be shown (by an analogous derivation as in the previous section) 
that cI> satisfies the next equation: 

where 

ikRe (U(r) - c)(L - k2
) cI> 

- fj2 1 a 
L= ----. ar2 r or 

(59) 

This equation is similar to the Orr-Sommerfeld equation, but there is again 
one important difference: The origin (r = 0) is a regular singular point of 
equation (59). We have a singular eigenvalue problem and must require that 
cI>/r and (Plr be bounded as r ---+ O. Equation (59) can be split up in two 
equations by defining a function f in the following way: 

(60) 

(L - e)f - ikRe (U(r) - c)f = O. (61 ) 

Drazin shows that the solution of these equations provides an unconditionally 
stable solution to our problem~ It is beyond the scope of this paper to go into 
details. We refer to the book of Drazin and Reid: "Hydrodynamic stability". 
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7 Conclusions 

This report proves that a laminar flow consisting of two separate fluids (oil and 
water) can always be constructed independently of the amounts of liquid or 
the pressure. The approach of investigating stability by using normal modes 
for the disturbances of the velocities in the linearized Navier-Stokes equations 
turns out to be very difficult. By a different a'pproach, using a stream function 
one can show that the flow is stable against axially-symmetric disturbances. 
For solving the whole problem, one must us,e numerical tools. 
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A Appendix 

For non axially-symmetric flows, the expressions for the disturbances are 

--v 

p( 1', cp, z, t) = Po ( z) + E PI ( 1', cp, z, t). 

vVe substitute these expressions in the original dimensionless Navier-Stokes 
equations, which leads to: 

r-component : 

cp-component : 

8V2 V2 8V2 VI V2 
EVI- + E-- + E--= 

81' l' 8cp l' 

_ ~ 8PI + _1 ( 8
2
v2 + ~ ~ (1' 8V2 ) 

l' 8cp Re 8z2 l' 81" 81' 

+ ~ 82
v2 + ! 8VI _ V2) 

1'2 8cp2 1'2 8cp 1'2' 

z-component: . 
8V3 8V3 

Sr 8t + (U(1') + E V3) 8z + 

8U(1') 8V3 V2 8V3 
VI-- + EVl- + E---

81' 81' l' 8cp 
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, . 

OPI + ~ (02V3 + ~ ~ (r OV3 ) + ~ 02V3 ) 
oz Re oz2 r or or r2 Oc.p2 ' 

incompressibility: 
1 OV2 1 a OV3 - - + - - (r vd + - = o. 
r Oc.p r or oz 

(62) 

We neglect again the O( t) terms. For simplifying the equations we suppose 
that the components of v and the pressure PI have the following form: 

VI Vi(r) ei(-wt + o:c.p + kz), (63) 

V2 V2(r) ei(-wt+o:c.p+kz), (64) 

V3 .- 1i:3(r) ei ( -wi + o:r.p + kz), (65) 

PI .- 7r(r) ei ( -wt + o:r.p + kz), with w, 0:, k E C. (66) 

By substituting the above expressions in the N avier-Stokes equations, we ob
tain the following equations: 

iVt (-wSr + kU(r) ) = _ 07r + _1 (~2 
or Re I 

(67) 

iV2 (-wSr + kU(r) ) = _ ZO:7r + _1 ((~2 _~) V2 + 2io: V; ) 
r Re I r2 r2 I, 

(68) 

iV3 (-wSr + kU(r) ) + Vi ~~ = -ik7r + ~e ~i V3 , (69) 

(70) 

with 

2 1 1 a 
~I = r2 + r or 

2 
~ _ k2 

2 • 
r 

In this report only axially-symmetric perturbations are considered, so we set 
0: := O. Then the equations show that the disturbance V2 is decoupled from 
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the rest. In this case, no generality is lost if VI and 11:3 are calculated as if the 
disturbances were axially symmetric without 112 • As a matter of fact, Synge 
showed that 112 will be damped, whatever the values of k, Re, and U(r) are. 
This is seen by multiplying equation (68) with rVi where Vi is the complex 
conjugate of 112 and integrating over the pipe radius: 

1 - 1- 121 
irV2 V2 (-wSr + kU(r) )dr = rV2 Re (v\ - r2) 112 dr. (71) 

The righthandside of this equation is real and reduces with the vanishing of 
112 on the wall to 

(72) 

Therefore, the real part of the lefthandside must be smaller than zero i.e. 

(73) 

We conclude that the imaginary part of w must be smaller than zero and 
therefore disturbances in the cp-direction will be damped out in time. 
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AN EFFICIENT STRATEGY FOR ANALYSING

LARGE GROUPS OF SAMPLES
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Abstract 

Sometimes a large group of samples has to be examined, to find out whether they are 
polluted or not. Instead of examining each sample separately, it can be advantageous to 
put portions of several samples together and analyse the mixture. If the mixture contains 
pollutants, then the group must be analysed further; if it does not, then all samples in 
the group are clean. 

Two strategies based on analysis of mixtures have been developed and evaluated by 
computing the expected number of measurements per sample. This number is used as 
the criterion for the efficiency of a strategy. Recursive formulas for these numbers have 
been derived and implemented. It is observed that, if the probability of pollution is small 
(say up to 10 %), the number of measurements can be reduced considerably. 
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Chapter 1. Determining polluted samples 
in a large group 

Rept[ 3] 

One often has to deal with a large group of samples, each of which has to undergo the 
same treatment. A typical example is a set of soil samples from rubbish dumps to be 
tested for pollution. The simple approach is to test all the samples separately. In that 
case, the number of tests needed to classify each sample is equal to the number of 
samples in the group. Since these experiments can be expensive or time consuming, it 
is worthwhile thinking of ways of reducing the number of tests while still obtain a 
complete classification. 

Assume a large group of unexamined soil samples is present. Each sample has to be 
classified as either polluted or clean. The two possible states are exhaustive and 
mutually exclusive. This means that the distribution of the number of polluted specimens 
in a random sample drawn from the large group is binomial. It is possible that none of 
the samples in the randomly drawn set is polluted. 

Suppose that small portions of all the samples in the set are blended. The mixture 
formed in this way can be tested. If pollution is detected, at least one of the samples in 
the set is polluted and the set has to be examined further. If, on the other hand, the 
mixture turns out to be clean, all the samples will be clean. In that case several samples 
have been classified by performing only one test. This observation is the basis of the 
reduction methods. 

The criterion for determining the efficiency of a reduction method is the expected 
number of tests per sample. This quantity can be computed if the probability p that a 
sample is polluted is known, for example, from previous experiments. The expected 
number is always larger than zero, because there is no information without any test. In 
the case of the simple approach of testing all samples separately it is equal to 1, so a 
larger value than 1 is superfluous. 

As an example, consider the following simple strategy: put portions of k samples 
together, and test the mixture. If the mixture is clean, proceed in the same way with a 
new set of k samples. If it is polluted, then test all k samples separately. See Fig.I. 
Using this strategy, the expected number of tests per sample is approximately 0.33, for 
the optimal choice k = 6, when the probability p equals 0.03. This example will be 
treated in more detail in Chapter 2. 

With this example it has been shown that already a simple and rigid mixing strategy can 
lead to a considerable "reduction of the number of tests. Therefore, we expect that a more 
advanced and flexible strategy will be even cheaper. In the next chapters we will derive 
such strategies and compare their efficiency. 
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Fig.1 Flowchart for the example strategy. 
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Chapter 2. Necessary probability theory 

2.1 The notion of expectation 

In Chapter 1 we announced the expected number of tests per sample as the criterion for 
efficiency of a reduction strategy. Most people have an intuitive idea of what 
expectation is. It turns out that this notion can be easily formulated in mathematical 
terms. Expectation is one of the basic concepts in probability theory. 

Suppose we perform an experiment with several possible outcomes, each giving a value 
for a characteristic you want to measure. Think for example of tossing a dice, with the 
number of dots showing as the value. The expected value, or expectation, of such a 
characteristic is defined as the sum of all possible values multiplied by the probability 
that it occurs. In formula this reads 

E(x) = L x P(x), 
tJll;r 

where x is the characteristic under consideration, and P(x) is the probability that it 
occurs. 

In the example of the number of dots showing on a dice this means the following. The 
possible outcomes (the x's) are 1,2, ... ,6. Each of these has probability 1/6; P(l) = ... = 
P(6) = 1/6. The expected number of dots is therefore (1+2+ ... +6)/6 = 3.5. This also 
shows that the expectation itself doesn't have to be a possible outcome. 

The expectation of some value can be seen as the theoretical average. We do not expect 
that the average of only a few measurements equals the expectation. However, in the 
long run the average of the measurements converges to the expectation. 

2.2 The criterion and a simple example 

Our aim is to find a cheap way of examining a large group of samples. This means that 
we want to do as few analyses as possible, while still classifying all samples. Since each 
sample is either polluted or clean, and we do not know which are the polluted ones, we 
have to work with expectations. For the calculations we only need to know the 
probability that a sarriple is polluted. 

Suppose we have a group of n samples which we examine by some strategy. When we 
know the probability that a sample is polluted, say p (0 < p < 1), we can compute the 
expected number of tests needed to classify all n samples, say F(n). A way of rating 
such strategies is the expected number of tests per sample. This number is F(n)ln. The 
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smaller this number, the cheaper the strategy. For very large n this quotient is almost 
constant. We will explain this criterion using the simple strategy mentioned in Chapter 
1. 

example 
We have a group of n soil samples (n is "large"). From previous experiments we know 
that each sample has probability p of being polluted. This means that the sample is clean 
with probability q = l-p. 

We use the following strategy: 
-Take k (k < n) samples out of the group of unclassified samples. 
-Mix portions of the k samples. 
-Analyse this mixture. 
-If the mixture is polluted, analyse each of the k samples separately. 
If the mixture is clean, put these k samples with the clean ones. 

-Repeat this procedure until all samples have been classified. 
Now we can calculate the expected efficiency of this strategy. 

First we have to examine nlk mixtures. Because each mixture is treated independently 
of the others, we can find the total expectation Fin) by multiplying the expectation per 
mixture by nI k. 

For each mixture we use one test to determine whether there is pollution among the k 
samples that went into the mixture. The probability that a mixture is clean is C/, because 
this only happens when all k samples are clean. In that case one analysis is enough. The 
probability that a mixture is polluted is thus I-c/. In that case we have to perform a test 
on each of the samples. Per mixture we therefore expect the number of analyses to be 

1 +q k·O+k(l-q ~ = 1 +k(l-q~. 

The total expectation is thus 

Fk(n) = ~(l +k·(l-q~) = ~ +n(l-q ~. 
k k 

The number of tests per sample equals 

Fk(n) = 1. +(l-q k). 
n k 

So far have not specified what k should be. The last formula contains k as a variable. 
We can this use this freedom to choose k in such a way that F,.(n)ln is minimal. For that 
choice of k the strategy is as cheap as possible. In order to make a good choice we need 
to know the probability p of pollution (at least approximately). For p = 0.03 the number 
of analyses per sample for several mixture sizes is given below in Fig.2. The graph 
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Fig.2 Expected number of tests per sample as a function of the groupsize. 
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shows that k = 6 is the best choice with p = 0.03. We expect 0.33 tests per sample. 

Instead of doing n tests, we can get the same information with approximately nl3 tests. 
It also shows that making large mixtures is not advantageous. One can also prove that 
when p is large, this strategy will not save any analyses. It can even be more expensive 
than testing all samples separately. 

The strategy in the example can be generalized. For example by making mixtures of 
subgroups of a group that is known to contain pollution, instead of analysing all its 
elements. To calculate the costs of such more general strategies we need conditional 
probabilities. This is the subject of the next section. 

2.3 Conditional probabilities 

In the last section we used probabilities where we had no prior knowledge. The mixtures 
we considered were of unknown nature. If we want to analyse mixtures of samples that 
were taken out of a group that contains pollution, we have to use this information. This 
situation can be described with conditional probabilities. 

Suppose that we want to know the probability that an event A occurs, given that an 
event B has occurred. This probability is denoted by P(AIB). This number is computed 
using the so called Bayes' Formula: 

P(A 111) = PeA A B) 
PCB) • 

where the numerator is the probability that both events occur simultaneously. 

When developing sampling strategies, we are dealing with the following typical 
situation. Let's say we have a group of size k that contains at least one polluted sample. 
We are interested in the probabilities that a randomly drawn subgroup of size m < k is 
clean or polluted. These events are complementary, so the sum of their probabilities 
equals 1. 

The probability that a subgroup of m from a group of k, that contains pollution, is itself 
polluted is computed as follows 

P(Lm pol/ILk poll) = p(1..m poll A 1..k poll) 
P(1..k poll) 

= p(1..m poll) = l-q m 

P(1..k poll) l-q k 

The probability that the subgroup is clean equals 
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1 III 

P(1..m clean II . .! poll) = 1-p(1..m poll I I..! poll) = 1- -q k 
l-q 

This probability can also be calculated directly. 
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Chapter 3. Derivation of examination strategies 

3.1 General remarks concerning examination strategies 

The strategies considered in this chapter are based on taking together groups of samples 
and putting a group aside if the mixture corresponding to it is clean. In this case the 
analysis of that particular group is finished. The size of a group is not yet determined. 
It will be used later to optimize the efficiency according to the criterion introduced in 
Sec. 2.2. 

The following three kinds of groups, or sets, can be distinguished: 
1. Clean sets: the corresponding mixture is clean, so all samples in it are clean. These 

sets do not have to be tested further. 
2. Polluted sets: the mixture is polluted, so at least one of the samples in the set is 

polluted. The analysis of a polluted set is finished when its size is equal to 1. 
3. Unknown sets. These are sets we know nothing about since they have not been 

tested and it does not follow that they are polluted from previous measurements. 
The concept of the "unknown" set is very important, because it is not always profitable 
to test a certain set as a whole. For example, consider the initial situation: If the total 
number of samples N is very big, then the probability that the whole group is clean, 
which equals (1-pt, is very small. A test of a mixture of all samples will almost 
certainly give no information. It is therefore necessary to start by analysing a subset of 
k « N) samples. 

If a polluted set of size n is investigated by taking a subset of k samples, then there are 
two possibilities: 
1. The subset is clean. The remaining set (k+ 1 , ... ,n) is polluted and has to be 

investigated further. 
2. The subset is polluted. Then nothing is known about the remaining set (k+ 1 , ... ,n). 

This set is called unknown. In this case both subsets have to be investigated 
further. 

The probabilities associated to these two possibilities are just the conditional probabili
ties calculated in Sec. 2.3. Of course, starting from an unknown set and taking I samples 
together, the remaining set (/+ 1, ... ,n) will always be unknown whether the subset (1, ... ,1) 
is polluted or not. 

It is obvious that a polluted set must never be tested with another set, whether polluted 
or unknown, since information is lost and efficiency diminished. Only two unknown sets 
can be taken together. 

3.2 Strategy 1: Successive division 

The strategy described in this section is based on splitting up the group in pieces and 
investigating each group exhaustively by continuing to split up in smaller groups. By 
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using the remarks on subdivision of groups of Sec. 3.1 and the conditional probabilities 
calculated in Sec. 2.3, the expected number of tests needed to analyse a group of n can 
be expressed in the expected number of tests needed to analyse two smaller groups. The 
expression enables us to calculate the expected number of tests per sample for a group 
of every possible size by recursion. 

In order to derive such an expression, it is necessary to use the distinction made in Sec. 
3.1 between the two possible sets to be analysed: the polluted set and the unknown set. 
The expected number of tests needed to analyse a polluted group of n samples will be 
denoted by F(n) and the expected number of tests needed to analyse an unknown group 
of n samples by F(n). If we begin with a large (unknown) group of N, the number we 
are interested in for determining the efficiency is F(N)IN. It is intuitively understandable 
that, for a small probability of pollution p and n not too big, F(n) is smaller than F(n). 
The reason is that, if nothing is known a priori, the probability (l-p)" that the mixture 
of all n is clean can be fairly big, so that only one test suffices, whereas, if at least one 
sample is polluted, one has to continue testing until one (or more) polluted samples are 
identified. For big n, F(n) and F(n) are approximately equal because it is almost certain 
that at least one sample in the group is polluted. 

Consider a group of size n that is polluted. A subset of k samples (1 ::;; k::;; n-l) is taken 
from it and tested. This requires one test to be done certainly. For the number of tests 
needed to analyse the two created subsets of k and n-k samples, there are two possibili
ties, as in Sec. 3.1: 
1. If the subset of k is clean, we only have to deal with the other group of n-k 

samples, which is then known to be polluted. The probability that this is the case 
is just the conditional probability P(l...k clean I L.n polluted), which was shown 
to be equal to (qk-q")J(l-q") in Sec. 2.3. The expected number of tests needed in 
this case is F(n-k). 

2. If, on the other hand, the subset of k is polluted, both sets have to be analysed 
further. This happens with probability (l-if)J(l-q"). Because nothing is known 
anymore about the remaining n-k samples, the expected number of tests needed 
is F(n-k) + F(k). 

The expression for F(n) becomes: 

q k qll 1 qk 
Fj;(n) = 1 + - F(n-k) + --- [Fa(n-k) + FCk)]. (1) 

l-qll l-qll 

The number k has not yet been fixed. We have the freedom to choose it in such a way 
that the RHS of this equation is minimized, so: 

F(n) = min Fk(n). (2) 
Id~-t 

The case of an unknown group is somewhat simpler. Because there is no knowledge a 
priori about the samples in the group, there are no conditional probabilities involved. A 
subset of I samples (l ::;; 1 ::;; n) is taken and tested. Again, one test is done certainly. 
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Table of subset sizes k(n,O) and k(O,n), used in strategy 2 

p = 0.030 

m,n k(O,n) k(m,O) n k(O,n) 

1 1 1 41 21 81 22 
2 2 1 42 22 82 22 
3 3 1 43 22 83 22 
4 4 2 44 22 84 22 
5 5 2 45 23 85 22 
6 6 2 46 23 86 22 
7 7 3 47 23 87 22 
8 8 4 48 24 88 23 
9 9 4 49 24 89 23 

10 10 4 50 24 90 23 
11 11 4 51 25 91 23 
12 12 4 52 25 92 23 
13 13 . 5 53 25 93 23 
14 14 6 54 25 94 23 
15 15 7 55 25 95 23 
16 16 8 56 21 96 23 
17 17 8 57 21 97 23 
18 18 8 58 21 98 23 
19 19 8 59 21 99 23 
20 20 8 60 22 100 23 
21 21 8 61 22 101 22 
22 22 8 62 22 102 22 
23 23 8 63 22 103 22 
24 24 8 64 22 104 22 
25 25 9 65 22 105 22 
26 26 10 66 22 106 22 
27 27 11 67 23 107 23 
28 28 12 68 23 108 23 
29 29 12 69 23 109 23 
30 30 12 70 23 110 23 
31 31 13 71 23 111 23 
32 32 13 72 23 112 23 
33 17 73 23 113 23 
34 18 74 24 114 23 
35 19 75 24 115 23 
36 20 76 24 116 23 37 20 77 24 117 23 
38 20 78 24 118 23 
39 21 79 22 119 23 
40 21 80 22 120 23 
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This subset of I has to be investigated further only if it is polluted. The probability that 
it is polluted is just (l-t/). The expected number of tests needed then is F(l). In any 
case, the remaining n-l samples have to be investigated, which will require an expected 
number of F(n-l) tests. This gives the following expression for F(n): 

F;Cn) = 1 + F*Cn-l) + Cl-q')FC1). (3) 

Again we can minimize over the subset size: 

F*Cn) = min F;Cn). (4) 
l~'u 

We have now derived recursive formulas which make it possible to calculate F(n) and 
F (n) for any n > 1. To do so, we need the initial conditions: 

(5) 
F(!) = 0, 

because a "group" of one sample that is polluted does not have to be investigated, and: 

F*(l) = I, (6) 

because a "group" of one sample that is unknown requires exactly one test. 

The calculation of F(n) and F(n) can readily be performed by a computer program. See 
Appendix B. For each group size n, the optimal values of k and I corresponding to it can 
also be recorded, because they are necessary for actually carrying out the strategy in 
practice. In Fig.3 the results of these calculations are shown for p = 0.03. As for the 
efficiency criterion F(N)IN, it can be observed that there is an optimal value of 0.2221 
for N = 21 and any multiple of 21. Also the subset taken from a polluted set is never 
bigger than 21. 
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3.3 Strategy 2: Division and collecting unknowns 

The strategy developed in Sec. 3.2 is already considerably better than the simple strategy 
considered previously in Sec. 2.2, because the expected number of test per sample is 
reduced by approximately 0.11. However, it contains a peculiarity concerning the 
unknown samples. In the fIrst strategy all selected groups are investigated "to the end". 
A consequence of this is that, during the analysis, there can be several groups of 
unknowns at the same time which are treated separately. 

For example: Suppose a group of n is present which is known to be polluted. A subset 
of k samples (1 $ k $ n-l) is investigated and found to be polluted. In the investigation 
of this subset of k, j samples (1 $ j ~ k-l) are tested together. If they are polluted, then 
nothing is known about the remaining k-j samples. The same is true for the n-k samples 
of the first step. In strategy 1 the groups of k-j and n-k are investigated separately. But 
it seems to be more profitable to take these two groups together and proceed with the 
situation: j polluted and n-j unknown. 

More generally, we want to take as many unknown groups together as possible. To 
accomplish this, we have to describe the present situation by two variables, say (m,n), 
where m is the number of samples in the polluted group and n is the number of samples 
in the unknown group. In particular, the initial situation is given by (O,N). The expected 
number of tests to get complete classifIcation from a situation (m,n) is denoted by 
F(m,n) . The number that determines the effIciency is now F(O,N)/N. 

There are three situations to be distinguished in working out this strategy: 
1. m = 0, n > 0 (for example the initial situation). 

In this case the procedure is as follows: Take k out of n together (1 $ k $ n) and 
test. If this subset is clean then proceed with the situation (O,n-k). If this is 
polluted then proceed with the situation (k,n-k). 

2. m = 1, n ~ O. 
In this case a polluted sample has been identified and we can directly proceed with 
the situation (O,n). 

3. m> 1, n ~ O. 
This is the general situation. In this case we have to focus our attention on the 
polluted group. Take k out of m together (1 $ k $ m-l) and test. If the subset is 
clean then proceed with the situation (m-k,n). If it is polluted then proceed with 
(k,n+m-k). 

In the third (general) situation it might seem possible to investigate the unknown group. 
But this would result in putting together the polluted group with new unknown groups. 
As we indicated at the end of Sec. 3.1, this procedure can not be profItable. 

The situation at a certain moment in the procedure can be represented graphically as a 
point in the (m,n)-diagram, a quarter plane with non-negative integer coordinates. The 
three cases described above correspond to the following possible movements, or 
transitions, in the diagram, illustrated schematically in Fig.4: 
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1. The n-axis. If the subset is clean: a downward movement of k units. If it is 
polluted: a movement of k units under 45° with the n-axis "down to the right". 
These transitions take place with probability t and (l-c/) respectively. 

2. The "half line" n = 1. Here there is a movement to the left of one unit. This 
transition takes place with probability 1. 

3. The rest of the quarter plane. If the subset is clean: a movement to the left of k 
units. If it is polluted: a movement of m-k units under 450 with the m-axis "up to 
the left". The associated probabilities of these transitions are the conditional 
probabilities calculated in Sec. 2.3 (with n replaced by m). 

Every initial situation can eventually be reduced to the origin (m,n) = (0,0) by a finite 
number of these transitions. The value of F(O,O) is of course O. 

Now we have all the tools needed to state the recursive formulas for F(m,n): 

F(O,n) = min {1 + q I: F(O,n -k) + (l-q ~ F(k,n -k)} (n > 0), (7) 
ld~ 

F(l,n) = F(O,n) (n ~ 0), (8) 

F(m,n) = min {I 
ld"",-l 

I: 11\ 1 I: } + q -q F(m-k,n) + ~ F(k,n+m-k) 
l-q'" l-q'" 

(m > 1. n ~ 0). 

(9) 

The initial value is given by: 

F(O,O) = o. (10) 

Using a computer program (see Appendix B), we can calculate F(m,n) for all values of 
m,n > O. Here the order of the recursion is as sketched in Fig.5. It can be found by 
checking in Eqs.(7)-(9) which values F(iJ) are needed to calculate F(m,n). For every 
(m,n) the optimal value of k (the value for which the minimum is attained) must be 
stored, because it is needed for carrying out the strategy. Table 1 shows the matrix 
k(m,n) for m+n :::;; 16. Clearly for m > 0, k is uniform in n. It is not difficult to 
understand that the optimal number of samples to be taken together from the polluted 
group does not depend on the number of samples in the unknown group. It is therefore 
sufficient to store only k(O,n) and k(m,O). Fig.6 shows graphs of k and F(O,N)/N for p 
= 0.03. 

It can be observed from Fig.6a that the maximal value of k(O,n) is 32. This means that 
the number of samples in the polluted group can never exceed 32. This knowledge is 
useful in performing the calculations for large values of N, because the. size of the 
matrix F(m,n), that has to be stored, is reduced significantly. It is also apparent that 
k(O,n) has a constant value of 23 for n ~ 107. This group size of 23 corresponds to a 
probability of approximately i for the group to be polluted (or equivalently clean). The 
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Fig.4 Schematic illustration of the possible transitions in the (m,n)-diagram, which 
represents a situation in the analysis of a group of samples by strategy 2. 
Situation 1 corresponds to examining an unknown group, situation 2 to 
identifying a polluted sample and situation 3 to examining a polluted group . 
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significance of this observation will be explained in Sec. 3.4. 

The value of F(O,N)/N decreases to approximately 0.1959. The expected number of tests 
per sample is thus reduced by 0.0262 with respect to strategy 1. 

Table 1 Optimal values of k(m,n) for m+n S 16. 

0 1 2 3 4 5 6 7 8 9 10 11 12 . 13 14 15 16 n 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

4 2 2 2 2 2 2 2 2 2 2 2 2 2 

5 2 2 2 2 2 2 2 2 2 2 2 2 

6 2 2 2 2 2 2 2 2 2 2 2 

7 3 3 3 3 3 3 3 3 3 3 
8 4 4 4 4 4 4 4 4 4 
9 4 4 4 4 4 4 4 4 

10 4 4 4 4 4 4 4 
11 4 4 4 4 4 4 
12 4 4 4 4 4 
13 5 5 5 5 
14 6 6 6 
15 7 7 
16 8 

m 
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3.4 Comparison of strategies 

After the calculations of Secs. 3.2 and 3.3, the efficiency of both strategies can be 
compared by using the criterion of Sec. 2.2. We already pointed out at the end of Sec. 
3.3 that strategy 2 is better than strategy 1 by 0.0262 test per sample. This means that 
the number of measurements is reduced by approximately 12 %. 

It would be nice to be able to compare the achieved efficiency to a theoretical lower 
bound (or optimum) for F(N)/N. To determine this lower bound we can use the 
following result from information theory [Shannon C.E and Weaver C., The Mathemati
cal Theory of Communication, lllinois Press, 1962]: The amount of information 
contained in N samples with probability p of being in a certain binary state is equal to 

H/N> = -N {ploihP + (1-p)log2(1-p)1. (11) 

This information corresponds to the minimal average number of binary questions that 
need to be asked to find out which of the 2N possibilities is the case. In our situation, 
the binary state is clean or polluted and the binary question corresponds to the test of 
a certain group of samples. For p = 0.03, Eq.(1I) gives H(N)/N = 0.1944. This is the 
theoretical lower bound for the average number of tests. Strategy 2 nearly reaches this 
lower bound, which suggests that it is not advisable to do much effort to try to find a 
better strategy. 

The optimal size of a subset taken from a large polluted group of k = 23 corresponds 
to arranging the experiment in such a way that the outcome of each test has a 
probability of (approximately) i. We have (l-p) 23 :;::: 0.4963 for p = 0.03. It has been 
checked by calculation that this result also holds for different values of p. The optimal 
value of k can be expressed by the formula 

k - _[ __ 1 __ ] 
- log2(1-p)' 

where [x] denotes the largest integer smaller than x. 

In addition to the theoretical benefits, strategy 2 also has an advantage of a practical 
nature. At every stage the analyst only has to deal with three groups of samples: the 
clean group (that can be put aside), the polluted group and the unknown group. In 
strategy I however there can be many groups at the same time. that must be analysed 
separately. So, although the procedure of strategy 1 seems to be straightforward, strategy 
2 would be mOie useful in practice. 
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Chapter 4. Conclusions and Recommendations 

The objective of this project, developing an efficient strategy for examining large groups 
of samples, has been achieved. The idea of analysing samples together has proven to be 
useful in the case of small pollution probabilities. The strategy reduces the experimental 
costs with more than 80 %. In addition, the cheapest strategy is not difficult to carry out 
in practice. 

The relative efficiency of 0.1959, achieved by the second strategy, is very close to the 
theoretical optimum. This deviation might be caused by the fact that it is not always 
possible to perform tests that provide maximal information. Since the deviation is small, 
it is not very likely that a better strategy, with comparable simplicity, can be found. 

The simplicity of the second strategy lies in the fact that only three groups of samples 
need to be distinguished, of which one is examined at any time. Furthermore, the group 
that is investigated is small, whereas the other two groups are generally large. 

In Sec. 3.3 we have described the strategy mathematically. In every situation the optimal 
subset sizes have been calculated. The strategy uses these numbers, which can be found 
in the table in Appendix A. Also a flowchart of the strategy can be found in Appendix 
A. 
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Appendix A. Flowchart and tables 

Flowchart of strategy 2, described in Sec.3.3 

put S with 
the polluted 

Yet. 
ones 

put S with 
the clean 
ones 

put S' with 
the clean 
ones 

I examine S 

_______ ._------lPut S' with the 

polluted ones 

List of used symbols: 

Uo 
U 
S 
S' 

: Initial group of unknown samples (of size N) 
: Current group of unknown samples 
: Subset of unknown set 
: Subset of polluted set 69 



Appendix B. Program listings 
pr"gr"m strategyl (input-output): 
fC"lculates the number of mea~uremcnts necessary to assess the 
'llnli t y of .. ach of a t otal of N samples (clean or polluted), 
" ,, ; ng stri'ltegy 1.} 

ty~~ real - e x tended; 

CO ll s t P 0 . 03; (prob"bility that one sample is polluted} 
1. O-p; 

' ... ,::) r 

q 
Nm"x 

NSamp , 
F,Fs 
[n, fsn 
G 

= 300; 

ksize, 1size longint; 
array [1 .. Nmax] of real: 

. ' real; 
text; 

f un" t. lon power(",h :real) :real; 
l..ng in 

power :- e xp(b'ln(a)); 

procedure ealefn(v"r fnree,fsnree :real;var kmin,lmin : 1ongint: n:1ongint) ; 
var fE, min, probl, prob1, probn, probk :rea1: k,l :longint; 
h'qin 

prohn :- puwer(q,n); 
kmin := 1; 
for k : = 1 to n-1 do 
b('gin 

probk 
probl 
Ef 

'= power(q,k); 
. ~ (probk-probn)/(l.O-probn); 
1 I· probl'F[n-kJ + 

e nd; 

(1.0-probl)' (F[k}+Fs(n-k]); 
if k=l then min := Ef ; 
it ff < min then 
be gin 

end; 

min := Ef ; 
kmin := k; · 

fnr'}e := min; 
lmin :-1; 
[ o r 1 :=1 to n-l do 
begin 

probl:~pow~r(q,l); 

ff: =HFs[n-l]+(1-probl)'F(l]; 
if 1 - 1 th .. " min ff; 

if f[ < min then 

end; 

min :- ff; 
Imin : = 1; 

end; 
ff:-l+[l - probn )*fnrcc; 
if ff < min then 

h <>g i n 

end; 

min := ff; 
1m in n; 

f s nr~c:=min 

b~gin 

end. 

.:lsgign (G,' protl.dat'); 
rewrite (G); 
writeln(G,'p = ',p:6:3); 

writel n (G, ' N k F (N) 1 F* (N) F* (N) IN' ) ; 
write1n[G) ; 
writeln(' N k F("N) 1 F*(N) F*(N)/N'); 
writeln; 
F[l] :- 0.0; 
Fs [1]:- 1.0; 
for NSamp :- 2 to Nma" do 
begin 

wdteln (NSamp); 
ca1efn(fn,fsn,ksize,lsize,NSamp); 
F[NSamp] := En; 
Fs[Nsamp]:- Esn; 
write1n(G,NSamp:6,ksize:6,F[NSamp] :12:4,lsize:6,Fs[Nsamp]:12:4,Fs[Nsa~ 
writeln(NSamp:6,ksize:6,F[NSamp]:12:4,lsize:6,Fs[Nsamp] :12:4,Fs(Nsamp}. 

end; 
clost'! (G) ; 
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I'co<Jcam strategy2{input,output); 
{C~1cu1ates the expected number of measurements necessary to assess the 
qu~lity of each of a total of N samples (clean or polluted), 
using strategy 2} 
{This program has the modification that the size of the matrices F and k are 
limited to Nmax x Ncut, where Ncut must be bigger than the biggest sample 
si~e k taken from a group of samples in the unlimited case. The reason 
for this modification is the limited array size. } 

type longint - byte; 

const p 
q 
tlma x 
Ncut 

V ~1 r: m,n, 
F 
K 
fmn 
G 

knm 

= 0.03 ; {pcobability that one sample is polluted} 
= 1.0-p; 
" 200; 

32; 

longint; 
acray [0 .. Ne ut,O . . Ntnax] of real; 
accay [0 .. Ne ut,O . . Nma x ] of longint; 
real; 
text; 

f.u,,("tion pow<?c(a,b :ceal) :real; ,. 
begin 

power :~ exp(b'ln(a)); 
0.nd; 

f'"lc·tioll minimum(nl, n2: longint) : longint; 
rr'lin 

if n1 < n2 then minimum n1 
nlRe Ininimum := n2; 

rtoeedure calcFK(var fnree :real;vaz: kmin : longint ; mm,nn:longint); 
v"r ff, min, probl, probnun, probk :real; kk, kbound :longint; 
he,!in 

if (nun=O) and (nn>O) then 
begin 

end: 

kbound := minimum(nn,Neut); 
foc kk:=l to kbound do 
begin 

pcobk:=powec(q,kk); 
ff:~1+pcobk'F{O,nn-kk]+(1-pz:obk)'F[kk , nn-kk]; 
if kk~l then b e qin min :-ff; kmin: - l; end; 
if ff<min then begin min: =ff; kmin:=kk ; end; 

end: 
fnrec : =min: 

if (mm-ll and (nn>~O) then 
begin 

end: 

fnz:ec : =F[O,nn]; 
kmin := l; 

if (nun>lI and (nn>=O) then 
begin 

procnun:-power(q,nun); 
kbound :- minimum(mm-l,Ncut); 
foz: kk:-l to kbound do 
begin 

end; 

pz:obk:=power(q,kk); 
probl:-(l-probk)/(l-probmm); 
ff:=1+prob1*F[kk,nn+mm-kk]+(1-probl)*F(mm-kk,nn]; 
if kk=l then begin min:=ff; kmin:-l; end; 
if ff<min then begin min:-ff; kmin:-kk; end; 

fnrec:=min; 
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end; 
end; 

h "'g in 
Gssign(G,'prot2var.dat'); 
rewr ite (G) ; 
writ.eln(G,'p = ',p:6:3); 
writeln (G) ; 
writeln (G,' N K(O,N) 
writeln (G); 
F[O,O] 0.0; 
K[O,O] 0; 
F[1,01 :~ 0.0; 
K[l,01 :~ 1; 
m:-O; 
n :-1; 
while (n<>Nm~x) or (m<>l) do 
begin 

calcFK(fmn,kmn,m,n); 
F[m,n] :-fmn; 
K[m,n} :-kmn; 
if m=O then 
begin 

F(O, N) F(O,N)/N'); 

Init<;!J.n(n:6, kmn :6, fmn:12:4, fmn/n:12:6); 
writeln(G,n:6, kmn :6, fmn:12:4,fmn/n:12:6); 

end; 
if m~ O then m:=l 
else 
begin 

if n~O then 
begin 

n:CIO'm;m:=O: 
I')nd 
else 
begin 

if m·Vcut then begin n:-n+m; m:-O; end 
else begin m : ~m~l;n:=n-l; end; 

end; 
end; 

end; 
writeln(G); writeln(G); 
for m:-O to Ncut do writeln(G,m:6,K[m,0] :6); 
writeln (G); 
close(G); 
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Abstract 

This report treats the problem of building a road between a village, wp.ich is 
situated in a swamp, and a city, which is situated at the edge of the swamp. 
Since the road price in the swamp is higher than the road price on solid ground, 
it may be profitable to build the road along the edge of the swamp for some 
distance, before going into the swamp. The swamp road price is not exactly 
known but by doing some investigations one can determine the price more 
accurately. The problem is to determine the maximum amount that can be 
spent for these investigations. This amount can not be more than the savings 
that. can possibly be derived from them. 
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1 Introduction 

1.1 Introd uction to the report 

In this section we formulate the problem, present the data and the assumptions 
and give the final result of the project. Next, in section 2, we show which 
computations led to this final result. In section 3 we end with some conclusions. 

1.2 Formulation of the problem 

A village, situated in a swamp, has to be connected by a road with a city which 
is situated at the edge of the swamp. The edge of the swamp is straight. Since 
building a road on solid ground is cheaper than building a road on swamp 
ground, it may be profitable to make the length of the road longer by building 
it along the egde of the swamp for some distance before going into the swamp. 

The price of the swamp road per kilometer is not exactly known. After some 
investigations, one ca.n determine this price more accurately which could lead 
to some profits. The aim of this project is to determine the maximum amount 
one can spend for these investigations, knowing that it can not be more than 
the savings that can possibly be derived from them. 

It will be clear that in this project a balance has to be made between the 
length of the road and the price of the road per kilometer. 

1.3 Data 

The geographical situation is depicted in Picture 1. 

• The distance from the villa.ge to the edge of the swamp is 8 kilometers. 

• The distance between the village and the city is 11 kilometers. 

• Building a road on solid ground costs f 66 000,- per kilometer. 

• Building a road on swamp ground costs between f 100 000,- and 
f 200 000,- per kilometer. . 
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Solid 
ground 

"
" " 

" " 11 km 

" "" 
8km 

Swamp 

" " - "';- I village I 

Picture 1: Sketch of the geographical situation 

1.4 Assumptions 

For ~olving the problem the following assumptions were made: 

• The swamp is homogeneous (there are no obstacles). This implies that 
the cheapest way of building a road through the swamp is building it in 
a straight line. 

• After investigations the swamp road price is known precisely. 

• After having built the road, its price is known precisely. 
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1.5 Recommendations to the city council 

Because the price of the swamp road is not known exactly, it can be profitable 
to first do some investigations. After these investigations it should be known 
what the exact price of the swamp road will be. From there it is possible 
to construct a road from the city to the village for which the total costs are 
minimal. By help of mathematical techniques it can be shown that it is worth 
doing some . investigations of the swamp road. But the total costs of these 
investigations may not be more than f 22 991,-. 

In the rest of this report one can read how we came to this result , 
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2 Computation of investigation costs 

2.1 Constants and variables 

We define the following parameters: 

II the price per kilometer for road on solid ground (= I 66 000,-); 
!2 the price per kilometer for road on swamp ground; 
a shortest distance between village and edge of the swamp (8 km); 
b shortest distance between village and city (11 km); 
x part of the final road that is built on solid ground; 
y part of the final road that is built on swamp ground; 
J( costs of the total road (may be a function of several unknown 

parameters) j 
I amount of money that can be spent for investigations. 

Solid 
ground 

"-
~ 

x ~ 

~ 
~ b = 11 km 

Swamp 

"'" "'" ~ 
~ 

---------
a = 8 km 

Picture2: Sketch of the geographical situation 
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2.2 Costs for the road when the prices per kilometer 
are known 

When both 11 and 12 are known, we can make a perfect balance between the 
length of the road and the road price. The cheapest way of building a road 
between two points is a straight road, because of the first assumption (see 
section 104). Therefore the best way is to follow the edge of the swamp along 
some distance x and from there a straight road to the village along distance y. 
The total costs of such a road can be written as a function of x. (see Picture 
2) 

I«x) = x· 11 + Y . /2 = 

= x·ft+Va2 +(Jb2 -a2 -x)2 ' /2 (1) 

The costs can be minimized with respect to x to determine the optimal point 
along the edge of the swamp for going into it. Differentiating I«x) and equal
izing it to zero yields: 

(2) 

The cost function (1) is convex so the costs are minimal when 

aft 
x = Xopt = Vb2 

- a2 
- t======= 

vrt-rt 
(3) 

a.nd this gives for the costs: 

(4) 

We can use this formula to compute the minimal costs after investigations have 
been done, because then we know /2 precisely. 

2.3 Conlputing the maximal amount that can be spent 
for investigations 

Suppose the council of the city decides to build a road without any investi
ga.tions done before. Not until afterwards, it is known what the total costs 
of this road are, so only then one can calculate what the optimal road would 
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have looked like. Because the number of options for selecting x are infinite, 
the chance that the cheapest road is built is very small. If the road was built 
with distance x on solid ground then the corresponding costs are J(x) with J( 
as defined in equation (1). When investigations would take place beforehand, 
12 would be known and the costs would be equal to J(xopt(h)). From this it 
follows that it would have been profitable to do investigations first if the costs 
of investigations are less than: 

(5) 

The aim of this project is to determine the maximum amount we can spend 
for investigations, knowing that this can not be more than the savings that 
can possibly be derived from them. The savings that can possibly be derived 
are J(x) - J(xopt(h)), with 12 running from I 100000,- to I 200 000,-. This 
means it is even possible to save max J(x) - J(xopt(h)) 

12 
The budget for investigations has to be less tha.n this amount, whatever the 
choice for x, so it is equal to: 

I = mill max {I(x, h) = J(x) - J(xopt(h))} 
x 12 

= mill max {x. 11 + Ja2 + (.jb2 - a2 - x)2. 12+ (5a) 
x 12 

-.jb2 - a2 
• II - aJ n - Jl } 

Differentation of I(x, 12) with respect to 12 gives: 

oI(x,I2) __ / 2 (_ Ib2 2 )2 ah --'----'- - V a + v - a - x - --;=::::=::::== 
ah In-Jl (6) 

By equalizing (6) to zero it follows that I(x, h) has an extremum if 

(7) 

where 

(8) 
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This extremum is the global minimum because 

(9) 

Therefore the I(x, h) has its maximum at one of the boundaries of the 12-
interval: 

max I(x, h) = max{I(x, 100 000), I(x, 200 ODD)} (10) 
12 

To obtain the maximal amount that can be spent for investigations we hav€; 
to Ininimize equation (10) over all possible values of x (0 $: x $: Jb2 - a2 ). 

From Figure 1 we see that max I(x, h) has its minimum at the point where 
the two curves I(x, 100000) and I(x, 200000), given by the dotted lines, cross 
each other: 

xlO~ 

2,---~--~--~--~----~--~--~---. 

1.2 

0.8 

0.6 

0.4 

0.2 

0 
0 2 3 4 S 6 7 8 

Figure 1: Maximal amount that can be spent as a function of x 

This point can be computed from: (writing p = 100 000) 

I(x,p) = I(x,2p) 

which is equivalent with 

K(x) - K(xopt(p)) = K(x) - K(xopt(2p)) 
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From equation (1) and (4) we get that the following should hold: 

x·Il + Va2 + (Vb2 - a2 - X)2. P - vb2 - a2 • 11 - aVp2 - R = 

x· it + Ja 2 + (Vb2 - a2 - x)2· 2p - Vb2 - a2 . it - aV4p2 - j'f 

Deleting the same terms at both sides and taking squares we get 

which gives 

- • _ Vb' , ~ (v'4p' - ff - VP' - ft)' 1 - 3226 k x - x - - a - a - -. m. p2 (11) 

Prom (5a) we conclude that the maximal amount that can be spent for inves
tigations is 

1= x* ·11 + Va 2 + (Jb2 
- a2 - x*)2 . P - Jb2 - a2 . it - aVp2 - j'f, (12) 

which gives I = I 22 991,-. 
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3 Conclusions 

In this report we treated the problem of building a road through a swamp. 

A village, situated in the swamp, had to be connected by a road with a city 
which is situated at the edge of the swamp. The edge of the swamp is straight. 
Since building a road on solid ground is cheaper than building a road on swamp 
ground, it could be profitable to make the length of the road longer by building 
it along the egde of the swamp for some distance before going into the swamp. 

The price of the swamp road per kilometer was not exactly known. After some 
investigations, this price could be determined more accurately which could lead 
to some profits. The aim of the project was to determine the maximum amount 
the city council could spend for these investigations, knowing that they did 
not want to spend more than the savings that could possibly be derived from 
them. 

In this project first a balance had to be made between the length of the road 
and the price of the road per kilometer. In section 2.2 we computed the cost for 
the road if the prices per kilometer were exactly known and the optimal road 
length could be determined. Next, in section 2.3 we computed the costs for the 
road when the length of the road was not necessarily optimal. The difference 
bet\veen the two costs can be seen as the savings that follow from knowing 
the road price exactly. After we minimized the largest possible savings, the 
budget for investigations immediately.followed: The city council can spend at 
most f 22 991,- for investigations. 
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1 Introduction 

A room is used during the weekends only. When it is used in the 
weekend the users would like the room to have a temperature of 20°C. So if 
it is too cold in the room it has to be heated. This is done by the manager 
of the room. He can use for this purpose an oil-heater which is installed in 

the room. 
The manufacturer of the heater has given the manager of the room a di
agram (see Figure 1), which describes the performance of the heater as a 
function of the oil-consumption. Here x is the rate of oil-consumption used 

c 
o 

10 ~/ Ii.. 
Figure 1: The performance of the heater 

by the heater expressed in liters per hour and 1'( x) is the amount of warmth
energy used to heat up the room expressed in a percentage. Therefore the 
total amount of warmth-energie q(x) produced by the heater to warm the 
room expressed in Joule per Second is: q(x) = J(x1'(x), where K is some 
constant which is used to transform the number of liters per hour in Joules 
per second. 
The manager of the room always adjusts the oil-heater such that it burns 
with maximum performance. This means that he always adjusts the heater 
at 5.5 I/h. The performance is then 80% (see Figure 1). This means that 
only 80% of the rate oil-consumption that flows into the heater is actually 
used to heat up the room and 20% is lost elsewhere, for example in pipes 
etc. 
The warming-up time depends on the outside temperature. The lower the 
temperature outside is, the longer the heater has to burn to obtain the de
sired temperature. 
The manager has carried out various experiments varying the temperature 
outside and keeping the rate of oil-consumption fixed (Le. x = 5.51Ih). He 
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measured the warming-up times corresponding to the temperature outside 
keeping the rate of oil-consumption fixed. The results are given in the fol
lowing table. 

outside temperature warming-up time 
15°e 2.5 h 
lOoe 5.5 h 
5°e 9.0 h 
ooe 13.5 h 

-5°e 20.0 h 

Table 1.1 The warming-up time (in hours) and the 
corresponding temperature outside (in degrees celsius). 

Our task is to investigate whether the heating up of the room can be done 
more economically. This means: we have to investigate whether a different 
adjustment of the heater will lead to a decrease in the amount of oil used. 
So our aim is to minimize the oil-consumption for given different outside 
temperatures. 

The organization of this report is as follows. In Section 2, we present 
a mathematical model for our system. First we describe, by means of a 
warmth-balance, the transport of the heat in the room. Secondly some as
sumptions are made. We derive a mathematical formulation for our system
model (Le. a differential equation is derived). Furthermore the distribution 
of the temperature in the room is expressed in some parameters. Two of 
them (which describe geometric quantities and the warmth-resistance of the 
room) are unknown and we will have to seek the numerical values for them. 
In Section 3 we present the numerical results for estimates of the unknown 
parameters using the data of the manager of the room. In Section 4 we 
investigate whether the heating up of the room can be done more economi
cally. We calculate the minimum of oil-consumption necessary for the differ
ent outside temperatures given in Table 1.1 to get the desired temperature 
(Te = 20°C) of the room. Further we compare these numerical results with 
those of the manager. Finaly some conclusions and remarks are drawn. 

88 

Rept[ 2] 



Rept[ 3] 

Table of nomenclature 

All symbols represent scalars. 

t The time. [s] 
x The rate of oil-consumption. [Ij h) 
i(X) The performace of the heater. [%] 
q(x) The total amount of warmth-energie used to heat the room. [Jjs] 
To The temperature outside of the room. [K] 
T(t) The temperature of the room at t. [K] 
Te The desired temperature of the room, 20°C. [K] 
t* The time needed to warm up the room to 20°C. [s] 
E The dissipation of warmth-energie. [J js] 
a A constant. [JjKs] 
(3 A constant which indicates the amount of warmth-energie 

in Joule that needed to heat up the room one Kelvin. 
v The volume of the room. [m3 ] 

p The density of the room. [kgjm3] 

cp The specific heat. [JjkgK) 

2 Mathematical model 

We consider a room with a volume v (in m 3 ), density p and specific 
heat cpo 

Once the heater is adjusted at a fixed rate of oil-consumption x, we can 
distinguish two kinds of flows of warmth-energy in the room: 
One flow of warmth-energy is produced instantaneously by the heater and is 
directed into the room. The other one is a flow of warmth-energy dissipated 
to the outside of the room due to difference in temperature inside and outside 
the room (see Figure 2). We suppose that the temperature inside is higher 
than the tern perat ure outside (law of Fourier). 

A room 
V,p, cp 

A heater 

~ 
Figure 1: A model of the heating up a room 
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In the sequel we take in our mathematical model the following assumptions: 

• The initial temperature To in the room is the same as the temperature 
outside. The outside temperature is fixed. 

• The dissipation of warmth-energie E to the outside is linear with 
the difference in temperature inside and outside the room (i.e, E = 
a(T( t) - To), where a is a constant parameter). This means that the 
flow of warmth-density ¢ (= -A ~;) is constant at the boundary of the 
room (law of Fourier), where A is a constant of conductivity of heat. 

• The temperature is measured only at one point in the room. Near the 
heater the temperature will be very high and near a wall the temper
ature will be very low. We assume that somewhere in the room there 
is a thermometer and when the thermometer says it is 20°C we say 
that the room has the desired temperature. 

The change of warmth-energy in the room, d(p~rT) (in Joule per second) 
(which depends on the warmth-energie q(x) produced by the heater (in Joule 
per second) and the warmth-energy E dissipated to outside the room) is 
given by a warmth-energy balance: 

dT 
(Jdi = q(x) - a(T(t) - To), where {J = pCpv. (1) 

(J is the amount of warmth-energy in Joule that is needed to heat up the 
room one Kelvin, and a is constant expressed in Joule per Kelvin and per 
Second. 
We make the temperature dimensionless by substituting a new variable 0 
given by: 

OCt) = T(t)-To 
To-To 

where Te is the desired end temperature. 
Then we get the following differential equation: 

dB q(x) a 
dt = (J(Te - To) - ~O. (2) 

This differential equation can easily be solved using the assumption that at 
t==O, the inside temperature is To, thus at t==O 0=0. 
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The solution of the equation is given by: 

q(x) -al 

8(t) = a(T
e 

_ T
o
)(l- e (j ). (3) 

So the expression of the temperature inside the room is given by: 

q(x) -al 

T(t) - To = -(1 - ei9) 
a " 

(4) 

From (4) we see that the temperature depends on five parameters (i.e, T = 
T(t, x, To, a, {3)). If we want to estimate the values of a and {3 then we need 
at least two equations with the two unknowns q: an {3. 
Once the heater is adjusted at a fixed x and we measure the warming-up 
times corresponding to different To's then we can easily calculate the values 
of a and {3 (for more details see Section 3). 

3 Esthnation of the parameters a and {3 

We can now use the data of the manager of the room to estimate a 
and {3. Because the manager adjusts the heater always such that it burns 
with maximum performance we are able to calculate q(x). We can do this 
as follows: 
We know x = 5.5 l/h. At this point the performance is 80%. Further we 
know that 1 liter oil weighs 1.2 kg and that 1 kg of oil delivers 41 * 106 J 
energy. In 1 hour there are 3600 seconds so we can now calculate q(5.5) in 
1.. 
3· 

q(5.5) = 5.5 * 0.80 * 3~OO * 1.2 * 41 * 106 = 6.0 * 104~. 
This means that the heater 'blows' approximately 60000 Joule per second 
into the room which is used to heat up the room. 
Because we have different data we can now calculate different values for a 
and {3. We can construct ten equations with the two unknows variables (a 
and {3) using the equation (4). So we can calculate at most ten numerical 
values for these parameters. The numerical results are presented in Table 
3.1. 
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ex {3 
1838 9.35 x 107 

1520 1.03 x 108 

1643 1.01 x 108 

1722 9.81 x 107 

1658 1.00 x 108 

1651 1.00 x 108 

1684 1.00 x 108 

1595 1.02 X 108 

1662 1.01 X 108 

1695 9.96 X 107 

Table 3.1: The numerical values of ex and {3 

Taking the average of the different values of ex and {3 we get: 

• ex = 1670 is 
• (3 = 1.00 * 10

8* 
The 10 different values of ex are really different from eachother. So the ques
tion raised if taking the average value is in this case a good strategy to obtain 
a estmation of the parameters. To check if the parameters are reasonable 
we calculated with the parameters given as above how much time would be 
needed according to our model to heat up the room when the heater would 
be adjusted at 5.5 l/h. The times calculated in this way should not differ to 
much from the ones given by the manager. 
In addition to this we note the following. We know that the data we got 
are not really correct. And if we look at equation (4) it is clear that a little 
change of ex and {3 does not change the solution much. So we concluded that 
our values of ex and {3 are good enough. 

4 Minimizing the oil-consumption 

Recall our model: 

(5) 
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Our aim is to minimize the amount of oil used. We do this in the following 
way. We assume that at time t = t" the desired temperature of 20°C is 
reached. Then: O(t*) = ~~:j:~ = 1. So we can write: 

q(x) ~t· 
1 = o(Te _ To) (1 - e fJ ) . 

We can now derive a formula for t": 

The amount of oil used is then equal to: t* * x. 
So the equation that has to be minimized is: 

t"x = -~x * In(1 _ o(Te - To)). 
a q(x) 

(6) 

(7) 

(8) 

We have estimated a function of q(x) with help from the diagram given by 
the manufacturer of the heater (see Figure 1.1) . With this function we can 
calculate the minimum of the given function above. Because the function 
is only depending on x we get the optimal adjustment of the heater as the 
answer. Note that the function is dependent on To, so with different outside 
temperatures we get different adjustments. 
A reasonable estimate of the performance of the heater is derived as follows: 
The first part of the function looks like a parabola. So from x=O to x=6 
we derived a quadratic function for the performance in terms of the oil
consumption. For x ~ 6 the diagram can be better approximated by two 
straight lines. With help of the least squares method we derived the two 
best fitting straight lines that would describe the performance. We got the 
following q(x): 

q(x) = - 320 x2 + 320 x, for 0 < x < 6 
121 11 - -

q(x) = -3.9x + 102.6, for 6 < x ~ 8 

q(x) = -7x + 127.7, for 8 < x ~ 10. 

(9) 

(10) 

(11) 

If we substitute the expressions of q(x) in function (8) for each interval 
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mentioned above we get three expressions; one for each interval. If we cal
culate the minima of the function (8) in each interval domain, we get the 
numerical results which are presented in Table 4.1. The results are computed 
with a matlab program, called 'fzero' 1. Here lnew indicates the minimum of 
the oil-consumption (in liters) derived with the help of our model and laid 

indicates the results of the manager for the different outside temperatures 
To. The same goes for told and t new • 

To x #lnew #lold t~ew t~ld 
15°C 5.71/h 13.7 13.75 2h 23m 2h 30m 
lQoC 5.91/h 29.6 30.25 5h 9m 5h 30m 
5°C 6.01/h 48.5 49.5 8h 5m 9h 
O°C 6.21/h 72.0 74.25 lIh 37m 13h 30m 

-5°C 7.11jh 100.9 110 14h 13m 20h 

Table 4.1: The minimum oil-consumption values and their corresponding 
warming-up times for different To. 

We see in this table that the amount of oil used to heat up the room can 
be decreased, especially when the outside temperature is low. Note that 
the optimal adjustment of the heater is not at the maximum performance. 
Further we see that not only the amount of oil used is decreased, but also 
the time needed to warm up the room. 
The question is: does the manager need to be very precize in adjusting the 
heater? Calculations show that the amount of oil used will not increase very 
much when the heater is adjusted 0.1 or 0.2 llh wrongly. 

After the heating of the room: 

Once the room has the desired temperature of 20°C we have to make sure 
that as long as there are people using the room. during the weekend the tem
perature will stay at 20°C. In this case, the temperature will be a steady 
temperature (i.e. T(t) = 20°C, for t ~ t*). This means that the amount of 
warmth-energy dissipated (caused by the difference temperature Te - To) to 
the outside of the room is equal to the amount of energy produced by the 
heater. So the warmth-energy balance in the room will be described by the 
following equation: 

1 It calculates a zero-point of the function. 
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q(x) = a(Te-To), for t*$t. (12) 

We can solve this equation to x. The results for the different outside tem
peratures are visible in the following table: 

To x 
15°C 1.61/h 
10°C 2.31/h 
5°C 2.91/h 
O°C 3.51/h 

-5°C 4.1ljh 

Table 4.2: The adjustements of the heater after the heating up or the room. 

So when the outside temperature is 15°C the manager of the room has to 
adjust the heater at 1.61/h during the weekend. Then the temperature in 
the room will stay at 20°C. 

5 Conclusions and remarks 

We have presented a mathematical model for our system concerning the 
temperature of the room, the dependence parameters of the temperature 
and the warming-up times for the desired temperature in the room. We also 
have presented some numerical results for an estimation of these parameters 
using the experimental results of the manager. Further we have studied 
whether the heating up of the room can be done more economically to 
achieve our aim for different temperatures outside. We have compared this 
model with the experiments of the manager. It turned out that the numerical 
results of our model are beter than what is written in Table 1.1. This can 
be suported by the information of Table 4.1. Furthermore we have studied 
how the heater can be adjusted after the heating up of the room to keep 
the temperature at 20°C fixed during the weekend. If now we examine the 
behaviour of the results of our model we conclude the following statements: 

95 

Rept[ 9] 



• The strategy that the manager of the room follows to heat up the room 
is not the optimal one. The strategy we found leads to a decrease in 
the use of oil. 

• When the outside temperature is very low is, it is worth while for the 
manager to change his strategy into our strategy. Then the profit of 
using another strategy is high. 

• It is not necessary to be very precize in adjusting the heater. A change 
of 0.1 or 0.2 does not effect the amount of oil used very much. A greater 
change is not good. 
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INFLUENCE OF A CERTAIN SUBSTANCE ON THE

DIVISION PROCESS OF BACTERIA
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Abstract:

Some species of bacteria show the following behaviour in their division process.
\Vhen some of them are put in a concentration of nutrients, the concentration
of bacteria grows, until a certain level is reached. \Vhen this bacterial cul
ture is thinned, by adding more nutrients, the whole process of division starts
again, until the same concentration level is reached. Repeated thinning shows
every time this same behaviour. Biologists try to explain this phenomenon
by assuming that there is a substance, produced by the bacteria, which works
against the division process of the bacteria. The question is: Can this as
sumption be valid? Four different mathematical models describing division
processes of bacteria are presented. They all result in a system of ordinary
differential equations, which will be analysed by considering the direction of
its vector field in the phase pla.ne. These four models will give partially good
answers to the question.

Key words:

Division processes of bacteria, ecological models, ordinary differential equa
tions, critical points in the pha.se plane.

98

Rept[ 2]



1 Introduction 

1.1 Problem introduction 

Bacteria are breeded by putting some of them in a concentration of nutrients, 
where they multiply by division. For certain species however, one observes 
that the process of division stops at a certain concentration level of the bac
teria. When one thins such a bacterial culture of bacteria, which has stopped 
growing, by adding more resolvent to it, it starts to divide again until the same 
concentration level is reached. Repeated thinning shows every time this same 
phenomenon. The division process stops at the concentration level where it 
has stopped the first time. 

Biologists try to explain this phenomenon by assuming that there is a sub
stance, produced by the bacteria, which stops the process of division, when 
the concentration of this substance is high enough. Via mathematical models 
of this division process, we say something about the validation of this assump
tion. It is important to say something a.bout the validation of this assumption. 
When mathematical models show that the assumption of the biologists can be 
true, this can be the reason for further biological research. 

We develop and analyse four different mathematical models for division pro
cesses of bacteria, where these processes are influenced by a certain substance, 
which is produced by the bacteria. These four models all result in a system of 
differential equations, which we analyse by considering the direction of its vec
tor field in the phase plane. These models give us answers to, and conditions 
for, the validity of the above assumption. 

For the development of these four models we make some main a.ssumptions, 
which are presented in the next subsection. Then there follow four sections on 
the four models, followed by a section with some conclusions. There are two 
appendices. The first appendix contains the figures which we use to analyse 
the four models. In the second appendix we derive attraction conditions for a 
critical point. 

1.2 Assumptions 

The four models are all based on some main assumptions which we present 
first. 

\,Ve assume that there are enough nutrients present. Hence we do not have 
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to take into account the amount of nutrients in the concentration during the 
process. 

A second assumption is that all the physical phenomena, which can influence 
the division process of the bacteria, can be kept constant, except the influence 
of the assumed substance. 

Another assumption is that the substance is only brought into the solution by 
the bacteria. 

Moreover we assume that at every moment it is possible to talk about the 
concentration of the bacteria in the solution. And that it is possible to talk 
about the concentration of the substance in the solution. This means that 
we only consider a (part of a) process, where the bacteria are homogeneously 
distributed in the solution. Hence we do not consider a start up of a division 
process, or we consider only a process where the solution is mixed at every 
moment, such that we can talk about the concentration of the bacteria. This 
implies that the concentration of the bacteria and the concentration of the 
substance are only dependent on time t. 
Therefore we introduce two concentrations x and y, which are only dependent 
on time. The value of x is the number of bacteria, present in the solution, per 
volume. The value of y is the concentration of the substance in the solution, 
which influences the division process of the bacteria., and which is produced 
by the bacteria. 

The final assumption is that the initial values at t = 0 for x and yare very close 
to zero. It is best to think of x(O) = 0 and y(O) = 0, because at the beginning 
of the process only a small amount of bacteria are put in the solution. 

\Vith these main assumptions we are well prepared to step into the modelling 
part of this report. 
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2 The exponential model 

In this section we present a model which is called the exponential model, 
because we assume an exponential division process for the bacteria. In the 
first subsection the model is presented, in the second subsection the model is 
analysed and in the third subsection a comparison is made with the practice. 

2.1 Presentation of the exponential model 

vVe assume that the growing rate of the bacteria concentration is proportional 
to the bacteria concentration itself. This is called an exponential growth for 
the bacteria concentration. This assumption reflects that the bacteria do not 
influence each other's division process. It can be expressed by the ordinary 
differential equation 

;1; = o:x. (1) 

To describe the influence of the substance on the division process, we take a 
to be dependent on the concentration y of the substance. vVe assume that 
the division process will become slower, when there is more substance in the 
solution. This is modelled by restricting 0: to be a strictly decreasing function 
of y. That means 

(2) 

Furthermore it is reasonahle to assume that 0:(0) > O. 

For the change in the concentration of the substance, the assumption is made 
that the change of it is proportional to the concentration of the bacteria. This 
is a reasonable assumption, because we assumed that the substance is only 
brought into the solution by the bacteria. This all is reflected by the ordinary 
differential equation 

if = /3x. (3) 

It is likely however, that the substance does not only influence the division 
process of the bacteria, but that it also influences the production of the sub
stance by the bacteria. It is possible, for instance, that the production of this 
substance by the bacteria is related to the division process of the bacteria. 
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And because this division process is influenced by the substance, the change 
of the concentration of the substance is then influenced by this concentration 
itself. Therefore we take {3 to be dependent on y, where it is likely to assume 
that {3(0) > O. 

To summarize, we end up with a system of ordinary differential equations for 
x and y, which is given by 

x 

y 

O'.(y)x 

f3(y)x 

(4) 

(5) 

where a is a strictly decreasing function of y, with 0'.(0) > O. Furthermore 13 
is a function with 13(0) > O. 

For the analysis of the model we will assume a and {3 to be continuous. 

2.2 Analysis of the exponential model 

In this subsection we analyse the system of ordinary differential equations (4), 
(5). For this analysis we assume a and ,8 to be continuous. 

Note that the slope of the trajectories (i.e. solutions) of system (4), (5) in the 
(x, y)-plane is not depending on :1.:, the concentration of the bacteria .. This can 
easily be seen by 

dy dy/dt f3(y) 
dx - dx/dt - a(y)' 

(6) 

Hence the trajectories of (4), (.5) in the positive quadrant of the (x, y)-plane are 
horizontal translations of each other. This also means that when Xl(t) ---+ A 
as t ---+ 00 for a solution (Xl(t),Yl(t)), we do not have X2 ---+ A as t ---+ 00 for 
an other solution (X2(t),Y2(t)). This yields that in this model there is no fixed 
final concentration A of bacteria for every solution of the system. 

Using the above remarks we try to answer the question: can this model 
show the same behaviour as the bacteria'? Therefore we consider a solution 
(.'r(t), y(t)) of our system, where the initial values x(O) and y(O) are small, and 
x(t) ---+ A. Then there are two possibilities. The first possibility is that A is the 
first coordinate of a critical pointl (A, B) of the system (4), (.5) and y(t) ---+ B. 

1 A critical point is a point in the (x, y)-pla.ne where .i; = 0 and iJ = O. Hence it is a 
solution of the system. 
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This situation is depicted in figure 1 which can be found in the first Appendix 
on page 20. 

Thinning of the bacterial cultUl'e is now reflected by, for large t, going back 
from the point (x(t), y(t)) along a straight line in the direction of the origin 
(0,0). And to start again with a point of this straight line as initial value for 
the system (4), (5). 

Due to the remarks made before and because of the fact that the initial start 
is almost in the origin, this model only shows the behaviour of the division 
process of the bacteria, when the straight line from (0,0) to (A, B) is a solution 
of (4), (5). When this is not the case, it is possible to find a point on this 
straight line which is part of an other trajectory and so x will not tend again 
to A. Physically this means that it is possible to thin the culture such that 
the growth in concentration of bacteria stops at an other concentration level. 
Notice that in figure 1 the straight line from (0,0) to (A, B) is not a trajectory 
of the system. 

The condition that the straight line from (0,0) to (A, B) should be a trajectory 
of system (4), (5) can be translated as: for all 0 < y < B we should have that 

(7) 

Furthermore (A, B) should be a critical point of the system, which means the 
conditions 

o:(B) = f3(B) = o. (8) 

When these conditions are not fulfilled, the model does not show, in this case, 
the behaviour of the bacteria. 

The other possibility for a solution (;r(t),y(t)) of our system, where x(O) and 
y(O) are small, and x(t) --+ A, is that y(t) --+ (X) as t --+ 00. This situation is 
depicted in figure 2 which can be found in the first Appendix on page 20. The 
solution now has a vertical asymptote. It can be easily seen that by thinning 
one always jumps over to an other solution, which means that we do not have 
the same final concentration A anymore. Hence we see that the model does 
not show, in this case, the same behaviour as the bacteria. 
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2.3 Comparison of the model with the practice 

We conclude that the exponential model can describe the division process of 
the bacteria. However it describes this process only in the case when there is 
a critical point and a linear relation between Q and /3. Physically this means 
that there should be a relation between the production of the substance by the 
bacteria and the division process of the bacteria. This can be the case when 
the substance is produced during division of bacteria. 
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3 The logistic model 

In this section we present a model which is called the logistic model, because 
we assume a logistic division process for the bacteria. In the first subsection 
the model is presented, in the second subsection the model is analysed and in 
the third subsection a comparison is made with the practice. 

3.1 Presentation of the logistic model 

\Ve assumed in the previous section that bacteria do not influence each other's 
division process. This was expressed by an exponential growth with a y

dependent growing rate 0:. 'vVe now drop this assumption and assume that 
the bacteria influence each other's division process in the following way. When 
the concentration of bacteria is higher, the rate of growth will become smaller. 
Therefore we assume that the division process of the bacteria is exponential, 
with a growing rate depending on both ;1; and y: 

x = f(x,y)x. (9) 

The influence of the substance on the division process is modelled by restricting 
us to an f which is strictly decreasing in y. The assumed influence of the 
bacteria on each other's division process leads us to the restriction that f 
should also be strictly decreasing in ;r. For f we will take the expression 

f(x,y) = o:(y) - '")'(y):r. ( 10) 

Which means a division process for the bacteria population which we call 
logistic. In literature one often meets such a growing process for populations, 
but in such processes the coefficients 0 and f3 are just constant. 

The restrictions on f imply some conditions on 0 and AI. Because f should 
be strictly decreasing in y, f(O,y) = o:(y) should be strictly decreasing in y. 
Furthermore it is again reasonable to take 0(0) > O. 
The function f should be strictly decreasing in x, which means that for every 
y 2: 0 \ve should have A/(Y) > O. 
For a fixed x > 0, f(x, y) should be strictly decreasing in y; 

VYt < Y2 V1.: > 0: Q'(Yl) - A/(Yt ):r > Q'(Y2) - A/(Y2)X 

{:} VYl < Y2 Vx > 0: o(yt} - 0(Y2) > ,(yd:r - ,(Y2)X 
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Hence I should be a positive, non decreasing function of y. 

The change in the concentration of the substance is modelled as in the previous 
section. 

vVe end now up with the system of differential equations 

x 

y - /3(y)x 

(11) 

(12) 

where a is a strictly deCl'easing function of y, with 0'(0) > 0, Furthermore (3 
is a function with (3(0) > 0, and I is a positive, non-decreasing function. 

3.2 Analysis of the logistic lTIodel 

We are now going to analyse the system of differential equations (11), (12). 
For this analysis we assume a , (J and I to be continuous. 

Notice that, in contrast with the previous model, the slope of trajectories of 
system (11), (12) depends on both x and y 

dy 

dx 

(J(y) 
o(y) -,(y):r' 

We now first investigate, when x = 0 and when iJ = o. 
x=O {::? :r = 0 V o(y) - J(y):r = 0 

{::? x=O V 
o:(y) 

'1'---
, - A((Y) 

(13) 

Because 0:(0) > 0 and ,(0) > 0, we ha.ve for y small that ~~~J > O. Hence the 

curve x = ~~~J describes a (finite) part in the positive quadrant. This curve 

meets the y-axis, when 0: becomes O. Otherwise limy _ oo ~[~f exists and this 

limit will be nonnegative. This because ~{~: is a strictly decreasing function 
of y. 
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Moreover we have 

if = 0 ¢:} x = 0 V f3(y) = O. (14) 

For further analysis of system (11), (12) we distinguish between some cases. 

a a has no zero; a(y) > 0 for all y. 

b a has a zero. 

I f3 has a zero. 

2 f3 has no zero. 

So there are four different cases we should concern; aI, a2, bI and b2. We 
consider these four different cases by analysing the positive quadrant of the 
phase plane. Therefore we remark that when 0: has a zero, this is the only 
zero; a is strictly decreasing. \Nhen (3 has a zero we only have to consider its 
first zero; when f3(YI) = 0 the line Y = YI consists only of solutions of (11), 
(12). This because if = 0 on this line. That means that all solutions which 
start under this line, will stay under this line, because solutions will not meet 
each other. 

al For this case the positive quadrant of the phase plane is depicted in figure 3 
on page 21 in the first Appendix. In this fi.gure the direction of (~~, ~) is given 
in several areas. This to have an indica.tion of how the solutions look like. 
IVloreover we see that the line ,8 = 0 consists of solutions. There is a critical 
point; the intersection point of f3 = 0 and the curve :r = ~~~~. From the figure 

it is clear that all the solutions of (ll), (12) in the positive quadrant, which 
start under the line f3 = 0, tend to this critical point. Hence in this case, the 
model shows the same behaviour as the bacteria. 

a2 For this case the positive quadrant of the phase plane is depicted in figure 4 
on page 21 in the first Appendix. Again the direction of (~~, ~) is given 
in several areas to have an indication of how the solutions look like. We 
see that all solutions of our system in the positive quadra.nt tend to the line 
x = limy_= ~~~? That means that, when limy_= ~f~? > 0, the model shows 
the same behaviour as the bacteria. 

bI For case hI there are two possibilities. The first one is depicted in figure 5 
on page 22. For this figure we can draw the same conclusion as for figure 3. 
Hence in this case the model shows the behaviour of the bacteria. 
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The second possibility is depicted in figure 6 on page 22. The directions of 
(~~ , !!if) show that all solutions of the system tend to the y-axis. That means 
that in this case the model does not show the same behaviour as the bacteria 
do. 

b2 For this last case the positive quadrant is depicted in figure 7 on page 23 
in the first Appendix. We see that also in this case every solution tends to the 
y-axis. So the same conlusions can be made as for the previous figure. 

3.3 Comparison of the model with the practice 

We round up our analysis of the logistic model with the conclusion that in 
some cases this model shows the same behaviour as the division process of the 
bacteria. These cases are: 

• 0: has no zero and (3 has a zero. \\'hich means that there is a concentration 
value y at which the bacteria do not produce the substance anymore. 

• 0: and I:J. both have no zero and there is a 1 > 0 stich that Q((Y)l > 1 for all fJ I Y -
y. 

• both 0: and j3 have a zero, but 0: should be still positive, where j3 has its 
first zero. This means that the concentration value of the substance at 
which the bacteria stop producing the substance, should be less then the 
value where, for small bacteria concentrations, the bacteria stop their 
division process. 
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4 The exponential-vanish model 

In this section we present a model which is called the exponential-vanish model, 
because we assume an exponential division process for the bacteria and some 
vanishing of the substance, for instance due to disintegration of the substance. 
In the first subsection the model is presented, in the second subsection the 
model is analysed, and in the third subsection comparisons are made with the 
practice. 

4.1 the exponential-vanish model 

Instead of assuming that bacteria influence each other's division process, we 
use again the assumptions of the first model with respect to the modelling of 
the division process of the bacteria. 

However, we assume that there is an additional factor which influences the 
change in y. This factor is the concentration y itself. vVe assume that it 
influences the change in y in the following way: when there are no bacteria, 
the change in y is exponential with rate -k, k > O. This indicates that some of 
the substance vanishes. This might be due to consumption of the substance by 
another organism, due to evaporation of the substance, or due to disintegration 
of the substance. 

With the assumptions for the change in y which are already made in the 
previous sections, we now end up with the following differential equation for y 

if = j3(y)x - kyo (15 ) 

So the exponential-vanish model is described by the system of differential equa
tions 

0:( Y ):r 

/3(y)x - ky 

(16) 

(17) 

where 0 is a strictly decreasing function of y, with 0(0) > O. Furthermore, {3 
is a function with {3(0) > 0, and k > 0 is a positive constant. 
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4.2 Analysis of the exponential-vanish model 

vVe now analyse the system (16), (17). Therefore we a.ssume Q and f3 to be 
continuous. 

Again we first detect when :i: = 0 and when iJ = o. 

and 

:i: = 0 ¢:} x = 0 V Q(Y) = 0 

y=O ¢:} f3(y)x-ky=O 

y 
¢:} x = k {3(y) 

(IS) 

Because {3(0) > 0, (a part of) the curve x = ,,:~ is in the positive quadrant. 
It does not meet the y-axis, but it can have a horizontal asymptote depending 
on whether f3 has a zero or not. 

\Ve distinguish between some cases 

c {3 has no zero. 

d {3 has a zero. 

1 0: has no zero. 

2 0: has a zero. 

Again consider the positive quadrant of the phase plane for these cases, where 
the direction of (:~, *) is depicted in several areas to have an indication of 
how the solutions look like. Therefore we remark that when {3 has a zero we 
only have to take into account its first zero in the phase plane, which can be 
seen in the next figures. 

c1 For case c1 the phase plane is depicted in figure 8 on page 23 in the first Ap
pendix. We see that for all solutions in the positive quadrant the x-coordinate 
tends to infinity. So in this case the model does not shm.". the desired behaviour. 

c2 For case c2 the phase plane can be found in figure 9 on page 24. We see 
that there is critical point which is the intersection of 0: = 0 and the curve 
.1: = k~. When this critical point is a local attracting critical point, sllch that 
its area of attraction is large enough, the system has the desired behaviour, in 
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this case. When this is not the case we do not have the desired behaviour for 
our system. 

In more cases later on, we will meet critical points which need to be attracting. 
The worked out conditions for a critical point to be attracting with an area of 
attraction which is large enough, can be found in the second Appendix. When 
one applies these conditions on this system, one ends up with a condition in 
terms of a, f3 and k. 

dl For case d1 the phase plane is shown in figure 10 on page 24. One sees 
that for every solution in the positive quadrant, the x-coordinate will tend to 
infinity. Hence we conclude that the model does not show the desired behaviour 
in this case. 

d2 For case d2 we have two possible situations. The first one is shown in 
figure 11 on page 25. Again we see that there is a critical point which is the 
intersection of Q = 0 and the curve :I.: = ki3fu. That means that we can make 
the same remarks as in the case c2. Furthermore the conditions for the critical 
point to be attracting can be found again in the second Appendix. \Vhen one 
a.pplies these conditions on this system, one ends up \vith a condition in terms 
of a, f3 and k. 

The other possibility can be found in figure 12 on page 25. We now see that 
the x-coordinate of every solution, with sma.ll initial values, tends to infinity. 
Hence in this case we do not have the desired behaviour. 

4.3 Comparison of the model with the practice 

For this model \ve have in some cases the same behaviour as the division process 
of the bacteria. These two cases are: 

• f3 has no zero, but a has one . 

• both a and j3 have a zero, but where j3 has its first zero a should already 
be negative. 

Furthermore the critical points which appear in these cases should be attract
ing with an area of attraction that is lai'ge enough. These conditions are 
worked out in the second Appendix. 

We summarize that this model can show the behaviour of the bacteria. But it 
only shows this behaviour uncler some conditions, which are more severe then 
those of the previous two sections. 
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5 The logistic-vanish model 

In this section we present a model which is called the logistic-vanish model, 
because we assume a logistic division process for the bacteria and some van
ishing of the substance as in the previous section. Again in the first subsection 
the model is presented, in the second subsection the model is analysed and in 
the third subsection comparisons are made with the practice. 

5.1 Presentation of the logistic-vanish model 

In our second model \ve made assumptions for the change in :r \vhich left us 
with a logistic equation for x. In our third model we dropped this assumption 
and we made an other assumption for the change in y. For our fourth and 
last model we combine the assumptions of the second model for x with the 
assumptions of the third model for y. This means for the bacteria exponential 
growth, with a strictly decreasing rate in both x and y . This reflects influence 
of the bacteria on each other's division process and influence of the substance 
on the division process. The change in the concentration of the substance itself 
is influenced by the bacteria and by some vanishing of it. 

This leads us to the next system of differential equations 

x cr(y)x - ,(y):r2 

y = f3(y):e - "~!J 

(19) 

(20) 

where 0- is a strictly decreasing function of y, with cr(O) > o. Furthermore f3 is 
a function with ;3(0) > 0, ~f is a positive, non-decreasing function, and k > 0 
a positive constant. 

5.2 Analysis of the logistic-vanish model 

We now analyse system (19), (20). Therefore we assume again continuity of 
cr, /3 and , . 

Again we first detect when ;r = 0 and when if = o. 

(21) 
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and 

iJ = 0 {:> x = k
f3

ry)" (22) 

vVe distinguish between some cases. 

e 13 and a both have no zero. 

f 13 ha.s no zero, but a has one. 

g 13 has a zero, but a has none. 

h both 13 and a have a zero. 

This is done by looking at the positive quadrant of the phase plane, where the 
direction of (~~ ,1ft) is depicted in several areas, to have an indication of how 
the solutions of the system will look like. 

e For this case we have two possibilities. The first one is depicted in figure 13 
on page 26 in the first Appendix. We see that all the solutions tend to the line 
x = limy.-oo ~~~}. Hence when this limit is positive, the model shows, in this 
case, the sa.me behaviour as the bacteria. 

The other possibility is depicted in figure 14 on page 26. vVe see that we have 
a critical point which is the intersection of the curves ;1: = ~~:J and x = k$. 
This model only shows the behaviour of the bacteria when this critical pomt 
is attracting with an area of attraction which is large enough. \"lorked out 
conditions for this can be found in the second Appendix . When one applies 
these conditions to the system, one ends up with a condition in terms of a, 13, 
I and h~ . 

f, g, h For these cases the phase planes are depicted in the figures 1.5, 16 and 17 
on the pages 27 and 28. In all the three cases, in the phase plane there is a 
critical point, which needs to be attracting with an area of attraction which is 
large enough. For detailed conditions we refer to the second Appendix. 

Finally, we remark that in the figures for this section we assumed a "nice" 
behaviour for the curve x = h:trYi. For instance in case f we could also have 
had a figure like figure 18 on page 28. vVe did not take such cases into account, 
because it is just our aim to have an indication whether the logistic-vanish 
model can show a similar behaviour as the bacteria. 
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5.3 Comparison of the model with the practice 

We may conclude that the logistic-vanish model can show a similar behaviour 
as the bacteria. Some conditions however, have to be fulfilled. Most of these 
conditions are conditions for a critical point to be an attracting critical point 
with an attraction area which is large enough. These conditions can be found 
in the second Appendix. 
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6 Conclusions 

In this section we present some main conclusions. 

First we give an answer to the question: Can the behaviour of the division 
process of the bacteria be due to a substance which is produced by the bacteria? 
This answer should be a positive one. All the four models we presented can 
show a similar behaviour as the bacteria do in real world, although this is 
only the case when certain conditions are fulfilled. There are two types of 
conditions. The first type of conditions are the simple ones, like the conditions 
on 0: and f3 for the exponential model, or the conditions on 0:, f3 and 'Y which 
gave us the separate cases for the logistic model. The second type of conditions 
are conditions we need for a critical point to be a point of attraction with a 
sufficient large area of attraction. These conditions are fully described in the 
second Appendix. The first type of conditions are more easier and not so 
severe as the second type. Moreover for the conditions of the first type it is 
easy to translate them back to a physical condition in most cases, which is not 
so easy for the conditions of the second type. 

Secondly we want to give some recommandations to the biologist. By giving 
a positive answer to his question he must be able to do the next step. Which 
means doing research on how this mechanism of the division process exactly 
works. Maybe one or more of our described models can be helpful in his 
research. Therefore he has to keep in mind the assumptions that we made. For 
instance during his research it can become clear that a one dimensional attack 
of the problem is not a right one and that one has to work with concentrations 
which are not only time dependent, but also dependent on space coordinates. 
This can only be convenient, when one wants to have a closer look on the start 
up of the division process. 

The last thing that we want to mention is that for a biologist it will be hard 
to specify the functions which are used in the models. It will be quite difficult 
to determine formulas for 0', f3 and ,. We expect that when these functions 
are specified, the formulas will be quite simple ones (linear, quadratic). 
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A Figures 
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Figure 1: Trajectory of the system tending to a critical point 
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Figure 2: Trajectory of the system tending to a vertical asymptote 
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Figure 7: Positive quadrant of the phase plane for case b2 
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121 



y aC't) 
x=k-

I )(. 7(Y) 
Y '00 

I 
I 

~ 
I 
I 

~ I 
I 
I 
/ 

«(0) 
( X ) 

nO) 

Figure 13: Possible positive quadrant of the phase plane for case e 

y 

1 

a(Y) 
I )( = 1M 
I 
I 
I 

~i \ 
1/ 

) 
(1(0) f-( __ _ 
'Y(o) 

x 

Figure 14: Positive quadrant of the phase plane fot' case e 

122 

Rept[26] 



Rept[27] 

a(~ Y 
y )( = 1(0 

/ 
X:kpM 

1 ~ ~ 

) 
a (0) ~( __ _ 

-yeo) 

x 

Figure 15: Positive quadrant of the phase plane for case f 

I 
a(Y) 

~~ 
y x = 'Y(y) 

I 
I 

1 I / x=~l 

~: ~M 

~ 

) 
a(o) ~,l __ _ 

'YCo) ... 
x 

Figure 16: Positive quadrant of the phase plane for case g 

123 



y a(~ 
)( = -y(y) 

a(D) f-(-
-Yeo) 

x 

Figure 17: Positive quadrant of the phase pla.ne for case h 

y 
a(Y) 

x = 'Y(y) 
x=k L 

~(y) 

a(o) 
-Yeo) 

x 

Figure 18: Possible behaviour of the curve x = it'Yi 

124 

Rept[28] 



B Attraction conditions for a critical point 

In this section we derive conditions for a critical point of a system of differential 
equations, to be an attracting critical point. Such that its area of attraction is 
large enough to guarantee that this system of differential equations shows the 
same behaviour as the bacteria. 

We consider the system of differentia'! equations 

x = Il(X,y) 

if = 12(X,y) 

(23) 

(24) 

which has a critica.! point (A, B). That is II (A, B) = 0 and fz(A, B) = O. 
Furthermore the origin itself is a critical point; II (0,0)=0 and fz(O,O) = O. 
Because this systems focuses on the system of the exponential-vanish model 
and on the system of the logistic-vanish model, we have that the y-axis consists 
of solutions of the system. That means that h(O, y) = 0 for y > O. Further
more we have that h(x,O) > 0 for ;1: > O. because for both models this is 
valid. 

The question now is: when does this this system show the same behaviour as 
the bacteria? That is when will, for initial values quite near the origin, the 
solution tend to the critical point (A, B)? Such that after repeated thinning 
this is still the case. To answer this question we should have that the critical 
point (A, B) of system (23), (24) is a. point of attraction such that its area 
of attraction is large enough. Therefore we should work in polar coordinates 
around (A, B). Because only the ra.dius gives us information about attraction, 
we only have to focus on the ra.dius l', where 

r = J(a: - A)2 + (y - B)2. (25) 

This implies that 

r = 
(a: - A)i: + (y - B)y 

r 

(;1: - A) fd .1: , y) + (y - B) h ( :r , y) 
7' 

To have an attracting critical point (A, B), we must have that 7: is negative in 
a neighbourhood of (A, B). That means that 

(x - A) 11 (x, y) + (y - B) h (:1,:, y) < 0 (26) 
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is valid in a neighbourhood of (A, B). 

With the area of attraction of the critical point (A, B) we mean the subset of 
the plane for which every solution of (23), (24) with a point of this subset as 
initial value, will tend to (A, B). Formally the area of attraction equals 

{(xo, yo)l(x(t), y(t)) ~ (A, B) as t ~ oo} (27) 

where (x(t), y(t)) is a solution of (23), (24) with x(O) = Xo and y(O) = Yo. 

System (23), (24) shows the desired behaviour, when all the points in the 
positive quadrant which are in the neighbourhood of the origin, and the points 
which are in the neighbourhood of the line connecting the origin and (A, B) 
(because of thinning!), are in the area of attraction of (A, B). 

This is valid when the following set of points in the plane fulfil (26). 

{(x,y) I 0 < x:::; A + max(A,B),O:::; y:::; B + max(A,B) with 

(x - A)2 + (y - B)2 :::; max(A, B)2 or :r < A, y < B} (28) 

Applying now condition (26) on the subset (28) with for 11 and .f2 the expres
sions which appear in the systems of the two "vanish"-models, one gets the 
desired condi tions for a, f3, (-y) a.nd the consta.n t k. 
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REDUCTION OF POLLUTION IN

WASTE-WATER
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Abstract

A chemical company produces a constant amount of waste-water that contains
too much of a certain substance. The water flows into a basin, where the
substance falls apart into harmless chemicals. In this way the concentration
of the substance that flows from the basin into the river is beneath the legal
level. However, the company expects that the waste-water production will
increase. Therefore a solution is proposed in which the basin is split up into
compartments, such that the water can flow from a compartment over the
wall to the next compartment. In this way the dirty water that flows into
the first part cannot mix with the cleaner water in the other parts. Our task
is to investigate if, and how much, this method will decrease the outflowing
amount of the chemical. Therefore we have to construct a model for the
concentration distribution of the substance. Furthermore we will compute
the optimal position of the walls. vVe will also consider another method, in
which the compartments have no connection. Instead of having an overflow
connection, the parts are filled and emptied one at a time. vVe will compare
the two methods.
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1 Introduction and problem formulation 

The waste-water of a chemical factory deals with government regulation. The 
water contains a substance, of which the concentration should be under a 
certain level before it flows into the river or canal. 

Until now the factory has no problem. The water that comes out of the factory 
contains too much waste, but therefore it flows into a basin. In the basin the 
waste concentration is reduced, because the waste breaks down into harmless 
substances before it flows out of the tank. The water coming out of the tank 
meets the regulation, i.e. the concentration of the waste is just smaller than 
the allowed concentration. 

Figure 1-1: Existing basin 

For the future however, the firm expects an increasing production of waste
water. Then the concentration of waste in the water coming out of the basin 
will be too high. Another problem might occur when the allowed concentration 
will be decreased by the policy of the government. In that case the outgoing 
concentration will also be too high. 

One thinks this problem is solvable by splitting the basin up. Nowadays, the 
water in the basin is getting clean in time, but this cleaned water is continu
ously mixed with new dirty water. After it is split up into two parts, the basin 
consists of a 'dirty' part where waste-water comes in, and a 'clean' part where 
water of the first part comes in. The factory supposes, that this solution will 
improve the capacity of the cleaning basin. 

In the existing situation the following numbers describe the state of the basin: 
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• the production of waste-water (coming out of the basin) is 4 m3 a day, 
containing 2 kg waste, 

• the concentration of waste flowing into the tank is 3.06 kg m-3
, 

• the government allows 2.5 kg waste to be drained off in a day, 

• the sizes of the basin are 8 x 4 x 2 m 3
, 

• waste is breaking down with a half-time of 55 hours. 

The problem which we have to solve is the following. The chemical company 
wants us to investigate its proposed solution. We have to calculate the effect 
of splitting up the basin into two or more parts. Because you can split up the 
basin in several ways, the company also "vants to know the optimal division. 
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2 Modelling the situation where no walls are 
used 

Before we analyze the use of walls, we first consider the present situation. 
After making some assumptions in addition to the given information, we will 
model the concentration of waste in the basin. We will describe three possible 
models for the diffusion process and choose one. 

2.1 Assumptions on the basin and notations 

The general assumptions are: 

• the inflow volume per time unit is constant in time, 

• there is no change in volume of the basin, so the outflow volume per time 
unit is equal to the inflow volume per time unit, 

• the concentration of the chemical substance in the incoming flow is con
stant in time, 

• the process in the basin is stationary, so there is no change in waste 
concentration in the basin in time, 

• the chemical and its decay products do not occupy any volume, 

• when we divide the basin into more compartments, the thicknesses of the 
walls are negligible. 

First we introduce some variables which will be used in the model: 

Cin concentration flowing into the basin, 
Cout concentration coming out of the basin, 
min mass flowing into the basin per day, 
mout mass coming out of the basin per day, 
mmax allowed mass coming out per day, 
Vb volume of the basin, 
Q volume of water coming in per day, 
T half-time (in days), 
). exponential factor of decay process. 

We can fill in the given data: 
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Cin = 3.06 kg m-3 , 

mout 2 kg day-I, 

mmax 2.5 kg day-I, 

Vb = 64 m 3 , 
Q 4 m3 day-I, 

T = 55 d 
24 ays. 

With the given half-time and incoming concentration of waste and a model 
for the process in the basin, we can calculate the outflowing amount. Because 
we have not modelled the diffusion in the basin yet, we can use the given 
outflowing amount to check the model for the diffusion. 

The model in the basin deals with the flow of the water and the diffusion of the 
waste. We consider three ways to describe these two processes in the basin: 

1. diffusion and a non-uniform flow, 

2. no diffusion and a uniform flow from left to right, 

3. total diffusion. 

Case 1 is the general case and gives a mathematical physical problem. We 
deal with the flow of water in a tank and the diffusion of waste. The other 
cases are simplifications of the first model, achieved by making assumptions 
on diffusion and flow. 

2.2 Diffusion of the substance and a non-uniform flow 

For the general case the concentration of waste on a position in the basin is 
changing in time as a result of three influences: the process of breaking down, 
the flow of water and the diffusion of waste. We can see, that this will give us 
a partial differential equation with several terms. The incoming and outgoing 
water flow result in two boundary conditions. For our model the top of the 
left wall is the point where water comes in. The top of the right wall is the 
point where water flows out. Hence, we will get a PDE in a 3-dimensional 
state space with point-sources on the boundaries. 

This model will become too complex, so we have to simplify and come to cases 
2 and 3. These cases will be ha.ndled in the next subsections. 
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2.3 No diffusion of the substance 

The first simplification is the exclusion of diffusion. When we assume that 
there is no diffusion, we only deal with change in concentration by the flow of 
the water and the disintegration of the chemical. 

The next simplification concerns the flow. The flow now is assumed to be zero 
in vertical direction. This implies a flow from left to right (see figure 1-1) with 
constant speed, in volume equal to the incoming flow. The concentration in 
a small cube of water decreases from Cin to Cout, depending on the speed of 
breaking down and on the time that the substance remains in the basin. The 
assumption, that the breaking down only depends on the time length and the 
amount of waste, means for interval [t, t + ~tl: 

~C = ->. . c· ~t. 

With ~t ~ 0 we get: 

dc(t) 
~ = ->. . c(t) ====} c(t) = e-J.t . Cin. (1) 

If we define T as the half-time, then>. = ~ In(2) = ;~ In(2) day-I. 

With the given % and Q, the average time the water needs to flow through 
the basin is %/Q = 16 days, so: 

Cout = c(16) = e-16
J. . Cin = 0.024 kg 171-

3
, (2) 

and 
mout = Cout . Q = 0.0968 kg day-I. 

This conflicts with the given mout = 2 kg day-I, so this model does not 
correspond to the observed process in the basin. 

2.4 Total diffusion of the substance 

Instead of the previous assumptions concerning the concentration in the basin, 
we now assume that there is total diffusion. This means, that the concentration 
of waste is constant in the basin. If this assumption does not hold in practice, 
it is easy to make it valid by making use of mixers. By mixing the water, the 
concentration will become uniform. 

With the assumption above, the flow inside the basin has no influence on the 
concentration. Waste coming in is immediately distributed over the basin. 
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The concentration of the water coming out of the basin is equal to the uniform 
concentration in the basin. 

We model the disintegration of the substance in the same way as we did in the 
model with no diffusion. This means, that if we neglect inflow and outflow, 
the concentration c( t) of waste at time t is given by 

c(t) = c(O) . e-,\t . 

With a constant inflow of waste with high concentration and an outflow with 
low concentration, we assume that the basin itself is in balance. In other words, 
we consider the stationary case. Per time step, the amount of chemical coming 
in is equal to the amount going out plus the amount breaking down. The 
mathematical formulation of this equilibrium is in appendix A. The result is 
the concentration Cout and the mass mout coming out of the basin as a function 
of Cin: 

( '1.)-1 
Cout 1 + ,\~ . cin = 0.524 kg m-

3
, 

molLt = Cout· Q = 2.10 kg day-I. 

This is almost the same as the reported mout, which is 2 kg day-I. Hence we 
will use the total diffusion model. 
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3 Splitting up the basin 

In this section we investigate the improvement of splitting up the basin. The 
tank is split up into n compartments by n - 1 vertical walls. Water is flowing 
from tank to tank. The water can flow over the walls (as in figure 3-1) or 
through holes in the walls . In each compartment the water is mixed, so the 
concentration in each part is uniform. Hence we can use our total-diffusion 
model for each tank in the basin. 

For the first tank waste with concentration Cin comes in. The concentration of 
the chemical in this tank and in its outflow is denoted by Cl. Hence Cl is the 
concentration of chemical in the inflow of tank 2. The concentration C2 is the 
concentration of the waste in tank 2 and in its outflow. This can be repeated 
for the other tanks . 

Cout , Q--

Figure 3-1: The basin split up 

3.1 Two compartments 

First we consider a special case, where the basin is split up into two parts. 
The first part has volume x Vb and the other part has volume (1 - x) Vi" for a 
certain x E [0,1]. Then the outflow concentration is given by 

Minimizing this concentration is equivalent to maximizing the product 

p( x) : = (1 + A x ~) . (1 + A (1 -;) 1tb) . 
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Differentiation gives 

dp(x) 
dx 

(
A Vi) 2 
Qb . (1- 2x), 

so x = ~ is a maximum of the function p. This means, that the optimal 
division of a basin into two parts is the division into equally large parts. 

3.2 The general case 

We want to know the optimal volumes of the n tanks. These volumes only 
depend on the distances between the walls. We already assumed that the 
walls have no volume. If we denote h for the volume of tank k, then the 
concentration of the outflow is: 

n ( VI )-1 
Cout = II 1 + A Qk • Cin, 

k=1 

(3) 

and 
TI?out = Cout • Q. 

In appendix B we prove, that the optimal division of the basin into n compart
ments is division into equally large parts. For n tanks this gives Vk = 1~/n for 
k = l, ... ,n, so: 

(
Vb) -n 

Cout = 1 + A nQ . Cin (4) 

For practical use the optimal solution may be interesting to know, but difficult 
to use. When you want to place two walls in an optimal way, the distances 
between the walls have to be equal: VI = 112 = V3 = 1~. But when you: after 
that, again want to place two walls, you cannot reach the optimum anymore. 
The new optimum is to place four walls on equal distances, but you cannot 
reach this placement with two walls in three tanks of size 1~. 

Hence the optimum may be used for an improvement in one time. However, 
when you want to place walls in the basin more than once, you have to use 
another strategy. A simple strategy is to place a wall in the middle of a tank. 
One wall gives the optimal placement. The second is placed in the middle of 
tank 1 or tank 2. Because of the equal sizes of tank 1 and tank 2, and the 
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exponential breaking down, splitting the first tank gives the same result as 
splitting the last tank. You can find this characteristic in formula (3). 

After placing two walls we have two tanks of size ~ Vb and one tank of size ~ Vb, 
and the next wall is placed in the middle of the biggest tank. Then three walls 
give four tanks with volume ~ Vb. This strategy is easy to formulate: 

a wall has to be placed in the middle of (one of) the biggest 
tank(s). 

Hence we have two strategies for splitting up the basin: 

• optimal placing, which can be done only once 

• splitting tanks into two equally large parts (the halving strategy) 

3.3 A large number of tanks 

It is interesting to know what happens for large n. If there are many walls 
in the basin, diffusion is hardly possible. We expect therefore, that the out
flow concentration then approximates the concentration in the model with no 
diffusion. 

We let now n, the number of compartments, tend to infinity. We may as
sume that the concentration will be a strictly decreasing function of the index 
of the compartment. The lowest concentration will be obtained by optimal 
placement, so for the limit behaviour we consider this strategy. 

For n tanks and optimal placement the outflow concentration is: 

(
Vb) -n 

COlLt = 1 + AnQ . Cin· 

Taking the limit for n ~ 00, we get 

lim COlLt 
n-oo 

lim (1 + A Vb) -n • Cin 
n--+oo nQ 

= Cin' lim (1 + A Vb ~) -n 
n--+oo Q n 

_>.;:J,. 
= Cin' e Q, 
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SInce 

lim (1 + ~)n = ea. 
n--+oo 11, 

This is exactly the same a.s the outflow concentration in the no-diffusion model, 
see formula (2). 
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4 An alternative method 

Another possibility of dividing the basin into more parts is the following. The 
basin with volume Vi, is divided into n parts. Each part is only connected to 
the factory and to the river, so there is no connection between the different 
compartments. 

At every moment in time one part is filled, the next compartment is emptied 
and the other n - 2 parts are full. When the filling is completed, the empty 
part is filled again and the next one is emptied. When we consider one part, 
we see that first it is filled, then it remains full for n - 2 filling periods and at 
last it is made empty. 

4.1 The model for the second method 

We assume, that the parts are filled with a constant volume per day equal to 
Q. We are interested in the concentration in every part just before it is made 
empty, because at that moment the outcoming waste-water has the highest 
waste concentration. This means, that the only assumption we make about 
the process of emptying of a part is, that the part is already empty at the 
moment when the filling process of the previous part is completed. 

The assumptions about the disintegration of the waste, the thickness of the 
walls and the volume of the chemicals remain valid. The big difference is here, 
that the process is not stationary. 

We consider a part that is empty at time t = O. At that time the filling process 
starts. First we define some new variables and parameters. Every part has a 
volume V equal to ~. The time that is needed for filling a part is 

V l-'b 
T = Q = Qn. 

Let c(t) be the concentration of waste in the part, and let m(t) be the total 
mass of waste in it. We take a look at a little interval in time [t, t + ~t], during 
the process of filling. The following equilibrium holds: 

so 

m(t) . ~t .:... 1n(t + ~t) - Tn(t) 
CinQ~t + (e->'~t - 1) . m(t) 

....:... CinQ~t - >'~t . m(t), 

Tn(t) + >.m(t) = CinQ. 
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Of course we have m(O) = O. This ODE has the following solutioI.1: 

m(t) = ci~Q (1 - e-,xt) for t E [0, T], 

so 

At time T the part is completely full, so only disintegration will influence the 
concentration. This means, that at the beginning of emptying the concentra
tion is given by 

c( (n - 1 )T) = ¥T. (1 - e-W ) . e-,x(n-2)T 
. Q (_ >' ( n-2) \.'b ->.(n-l)vb ) 

- Sll.......!:. e Qn - e Qn - ,x~ • 

4.2 Limit case of the second method 

\Ve saw, that the outflow concentration of the second method (filling and 
emptying of 11 compartments) is equal to 

CinQn (_ >'(n-2 )Vb _ >.(n-l)\lb ) 
c((n - l)T) = --. e Qn - e Qn • 

)."'1, 

Taking the limit for n ---+ 00, we get 

. CinQn (_ >'(n-2)Vb _ >.(n-l)Vb ) 
lim c((n - l)T) = lIm --. e Qn - e Qn 

n-+oo n ..... oo ). "'I, 

c- Q >. v. ( >. v. ( 1 ) ~) ,n. --" ----'<. 1-- -·1 -- lIm n . e Qn. e Q n - e Q 

). 1"b n -+ 00 

-~(l-h) -~ . 1 
~ e Q -e Q 

lim e Qn • lim --------
n-+oo h!O h 

-~ Cin . e Q, 

which is the outflow concentration in the model of a basin with no diffusion. 
The same was true for the first method, as we saw before. This means, that for 
large n the two methods have a negligible difference in output concentration. 

140 

Rept[13] 



5 Results of the two methods 

In the previous sections we developed two methods to modify the basin. The 
first method is splitting up the basin into tanks where water flows through all 
tanks. We described two strategies for the splitting of the basin. The other 
method is to divide the basin into tanks and to fill the tanks sequentially. 
The results of these methods follow in this section. With the results we can 
compare the effects of the methods. 

5.1 Results of the overflow method 

For the number of tanks increasing from 1 to 10, we calculate the concentration 
of the outflow Couto First we consider optimal placement and we choose Q = 4 
m3 day-i. The decrease of Cout is visible in the second column of table 5-l. 
\Vith the maximum allowed mass 1nm ax = 2 kg per day, we also calculate the 
capacity of the 17, tanks. This is the maximal inflowing volume per day, Qopt, 

with Cout • Q = 1nmax . These capacities are shown in the third column. Note 
that for a fixed 17, the outflowing concentration also depends on the flow Q. 

# tanks Copt,out lnax. Qopt 

1 0.5240 4.406 
2 0.2617 5.808 
3 0.1715 6.486 
4 0.1283 6.879 
5 0.1037 7.136 
6 0.0880 7.315 
7 0.0773 7.449 
8 0.0700 7.551 
9 0.0637 7.632 
10 0.0591 7.698 

Table 5-1: Overflow method with optimal placement 

The calculations are repeated for the method of halving the tanks, see table 
5-2. The last column of this table contains the maximal flow as a percentage 
of the maximal flow with optimal placement. 

The differences in both methods are small. . When 17, is a power of 2, the 
methods give the same placement. For other 17, the concentration Cout resulting 
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# tanks Ch,out max. Qh max. Qh/ max. Qopt 

1 0.5240 4.406 100.00% 
2 0.2617 5.808 100.00% 
3 0.1832 6.372 98.24% 
4 0.1283 6.879 100.00% 
5 0.1101 7.057 98.89% 
6 0.0944 7.228 98.81% 
7 0.0810 7.392 99.23% 
8 0.0695 7.551 100.00% 
9 0.0658 7.600 99.58% 
10 0.0622 7.649 99.36% 

Table 5-2: Overflow method with halving the tanks 

from the halving-method is somewhat larger than the outflow concentration 
of the optimal placement, but the maximal flow is less than 2 percent smaller. 

In figure 5-1 both strategies are compared. The straight line is the maximal 
allowed concentration (with Cmax = mmax/Q = 0.625 kg m-3 ). One can see 
that the decline of the concentration is decreasing. It is clear, that for larger 
n the concentration has a 10\ver boundary. The maximal flow therefore has an 
upper boundary. 

# tanks Copt ,out max. Qopt 

10 0.059094 7.698 
102 0.027117 8.267 
103 0.024493 8.327 
104 0.024237 8.334 
105 0.024212 8.3:34 
106 0.024209 8.334 
107 0.024209 8.334 

Table 5-3: Overflow method with large number of tanks 

For Cout this lower boundary has to be the limit we found in subsection 3.3, 
which is Coo = Cin • e-Wb / Q = 0.024209 kg m-3 . For large n we see in fact 
that Cout tends to 0.02409 kg m-3 and the maximal inflowing volume Q to 8.33 
1n

3 day-I. Table 5-3 contains calculations for the optimal strategy, but the 
halving strategy gives the same asymptotic behaviour. 
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Figure 5-1: Comparison strategies 

5.2 Results of the filling method 

. 

10 

The method of filling n tanks gives results which differ from the previous 
results. First, this method has no meaning for one tank. According to the 
method of filling and emptying, the basin would be filled and emptied at 
the same time. When the inflowing water immediately flows out however, the 
outgoing concentration is far too high to meet the regulation: Cout = Cin = 3.06 
kg m-3

. Another possibility is, that at every moment in time the tank is full. 
Then we are in the situation of one basin with overflow. Hence, this is either 
a bad option or the same as a full basin in the first method. 

For two tanks the filling method also has a higher outflow concentration than 
the overflow method. With Q = 4 m3 day-l, a tank of 32 m3 is filled in 8 
days and then emptied in 8 days. This emptying period is rather large. Since 
the outflow concentration is measured at the beginning of an emptying period, 
there are only 8 days in which the concentration can decrease. In case of a 
division into a small number of tanks, the filling system will therefore have a 
worse performance. 
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# tanks Cout max. Q 
1 3.0600 -

2 1.1521 2.86 
3 0.3027 5.10 
4 0.1579 5.99 
5 0.1074 6.49 
6 0.0834 6.81 
7 0.0697 7.04 
8 0.0609 7.20 
9 0.0549 7.33 
10 0.0505 7.46 

Table 5-4: Filling method 

3.5 r-------r------r------r-----,------.... ----, 

overflow () 
3 + fil~in~ + 

limit ....... . 
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Figure 5-2: Comparison of the methods 
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Comparing table 5-4 with table 5-1, one can see, that the overflow method is 
better than the filling method for n ~ 5. When n 2 6, the filling method will 
be better, but the differences are small. The improvement for n 2: 6 is less 
than 15%, and tends to zero for large n. 
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6 Conclusions 

In the previous sections we described two methods for decreasing the outflow 
waste concentration of the basin. 

We saw that the first method (dividing the basin into a number of parts with 
an overflow connection between subsequent parts) gives a decrease in outflow 
concentration. Every further division gives a further decrease, but the concen
tration has a lower bound given by the model of no diffusion.This means, that if 
the inflow concentration becomes very high, there is no division which gives an 
outflow concentration that is lower than the maximum allowed concentration. 

The optimal way of dividing the basin into a given number of compartments 
is the division into equally large parts. If the basin is already divided into a 
number of compartments, the best way of adding one wall is to place it in the 
middle of the largest compartment. The following iterative strategy can also 
be followed . 

If the outflow concentration increases and exceeds the 
maximum legal concentration, add a new wall in the mid
dle of the largest part; repeat this until the outflow con
centration is low enough. 

Another possibility would be to build walls which can be moved if more walls 
are needed. Then we can still have the optimal division if we add new walls. 
These mobile walls will surely be more expensive than fixed walls. 'vVe saw be
fore, that for more than five compartments the difference between the optimal 
division and the iterative division is negligible, so it is sufficient to use fixed 
walls. 

The second method (filling and emptying compartments) is much more difficult 
to handle, because there ha.s to be a. machine or control system that fills and 
empties the parts in the right order. The difference between the first and the 
second method is not big enough to justify the large costs of such a control 
system. For this method we have the same limit case. If the number of parts 
tends to infinity, the output concentration tends to the output concentration 
of the basin without diffusion. This means again, that there is an upper bound 
for the improvement. 
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A Balance in total diffusion 

In this appendix we derive a formula for the outflow concentration. We assume, 
that there is a total diffusion of waste. Waste coming in is distributed over the 
basin, and therefore the concentration in the basin is equal to the concentration 
coming out of the basin: Couto 

Cout 

Figure A-I: Concentration in basin 

We consider the changes of waste in the time-interval [t, t + .6.t]. We already 
assumed that the process is stationary. The reason for this is, that the con
centration in the basin is bounded by Cin, so an equilibrium will appear after 
some time. The mass coming in with the inflow is CinQ.6.t. The mass that is 
lost by the outflow is Cout Q.6.t. 

We also have to consider the mass reduction by breaking down. In section 
2 we found in (1), that a concentration c( t) breaks down to c( t + .6.t) = 
e- ,\6.t . c(t) after a time .6.t. Thus the loss of mass in the basin, in time .6.t, is 
(1 - e->'6.t) . Cout . Vb. 

Ordering the terms gives the balance equation: 

so 

Here we used 

Cin - Cout Q 

Cout Vb 

1 - e->.6.t 
lim ----

6.t-O .6.t 

1 - e->'6.t 
lim = A. 

6.t-O .6.t 

_ d(e->'t) I = A. 
dt t=O 
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So (5) results into 

( Vb )-1 
Cout = 1 + ). Q . Cin. 
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B The optimal division of the basin 

We can find the optimal division of the basin into n parts in two ways. The 
first way is a very simple argument, showing that every division into unequal 
parts is not optimal. The second way makes use of a number of theorems 
from non-linear optimization theory. For most readers the first argument is 
sufficient, but it may be interesting to see how the optimization theory can be 
used in an example. 

B.l A simple argument 

Suppose we divide the basin into 11, compartments. Suppose further, that not 
all parts are equally large. Then there are two parts (say part j and j + 1) 
being next to each other, which are not equally large. Vie consider these two 
parts as a basin with one wall in it. 

The output concentration of this basin can be decreased if "ve remove the wall 
from the basin and replace it in the middle of the basin. This is shown in 
subsection 3.1. This leads to a decrease in the outflow concentration of the 
nth compartment. Therefore every division into unequal parts is not optimal, 
and the walls have to be placed at equal distances. 

B.2 Optimization theory 

\Ve will describe now some theory about non-linear optimization problems. 
After that we will use the theory to get the optimal positions of the walls in 
the basin. 

Consider an optimization problem of the following form: 

min! 
0, i E II 
0, i E 12 

where j, di : lRn ~ lR are continuous, and II and 12 are finite disjoint sets. 
The admission set n is defined as 
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A stationary point of (P) is an x E n such that 

U neighbour- x E n n U 
hood of x 

f(x) < f(x) :::} f(x) - f(x) = o(llx - xii)· 

Every local or global solution of (P) is also a stationary point of the problem. 
This means, that we first have to look for stationary points. A characterization 
for such points is given by the Kuhn-Tucker conditions of first order, which 
will come later. We will also see, that stationary points which fulfil second 
order conditions compa,rable with "having a positive second derivative", are 
local solutions of (P). 

If j, d; are continuously differentiable, we can define 

g(x) = (\1 f)(x) and ai(x) = (\1 di)(x) for i E 11 U 12 • 

For every x E n, the set of active indices is given by 

A(x) = 11 U 12(x), 

For every x E lRn , we can define the tangential cone of n in the point x in the 
following way: 

Rept[23] . 

T(x) = {sElRnl :I V Ilx + oks - xkll = o(ok)}. 
(okhEll~ 
Ok 10 

(xk)kElN 
xk E n \ {x},limxk = x 

For every x E n, we define the tangential cone of linearized restrictions as 
follows: 

T(x) = {s E lRnl aT{x)s = 0 for i E 11 , aT{x)s ::; 0 for i E Iz(x)}. 

Lemma: Let x E n, di E C 1 for i E II U 12 • If at least one of the following 
three conditions is fulfilled, 
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(i) the active restrictions d j , i E A(x) are linear, 
or 
(ii) the gradients of the active restrictions ai{x), i E A(x) are linearly inde
pendent, 
or 
(iii) (Mangasarian-Fromovitz-condition) the gradients aj(x), i E 11 are linearly 
independent and 

0=1 S := {s E IRn l a[(x)s = 0 for i Ell , a[(x)s < 0 for i E I2 (x) }, 

then T(x) = T(x). 

Theorem: Let f, di E Cl for i E 11 U 12 , X E n, T(x) = T(x). Then x is a 
stationary point of (P), if and only if there exist so-called Lagrange multipliers 
"X, such that x, "X fulfil the following system (Kuhn-Tucker conditions of first 
order): 

\7 xl:-(x, A) = 0 
di(x) = 0 

di(x) ~ O} 
Ai > 0 

Aidj(X) = 0 

with the Lagrange function I:- defined as 

for i E 11 

for i E 12 

I:-(x, A) := f(x) + L Ajdi(x). 
iEljuh 

The set of Lagrange multipliers in a point x E n is equal to 

A(x) = P ElRh U [21 (X,A) fulfil the K.T. conditions (6)}. 

We define the cone of critical directions in the point x E n as follows: 

C(x) = {s E T(x)1 gT(x)s ~ OJ. 

(6) 

vVith this cone we can prove a number of necessary and sufficient conditions 
for a point x to be a local minimum. vVe mention one that we can use for our 
problem of placing the walls. 
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Theorem: Let j, di E C 2 for i E II U 12 , X E O. If at least one of the three 
conditions of the lemma is fulfilled, A(x) # 0 and 

v 
s E C(x) 

solO 

V sT\7;.C(x, A)S > 0, 
A E A(x) 

then x is an isolated local minimum of (P). 

(7) 

Here \7;£ is the symmetric matrix that has at the position (i, j) the number 
();;()~j' An isolated local minimum is a local minimum such that there is a 

neighbourhood of it that contains no other local minimum. 

B.3 An application of the theory to the division prob
lem 

The particular problem we will consider now is the following: find a way of 
dividing the basin into n compartments, such that, given the incoming water 
flow and the incoming waste concentration, the concentration of waste flowing 
into the river is minimal. 

If we denote the lengths of the compartments by Xl, ••• ,Xn , with the assump
tion Xj > 0 for j = 1, ... , n, then the outcoming concentration Cn is given 
by: 

with a 
A \;b 24 Vb 
QL = 55 ·In(2) . QL' 

Minimizing Cn with respect to X = (Xl , ' .. , xn) is equivalent to minimizing the 
function 

n 

j (x) - 11 ( ax j + 1). 
j=l 

The restrictions for X are the following: 
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1 
do(x) := Xl + ... + Xn - L 

dl(x):=-Xl < 

dn(x) := -Xn < 

The gradients of f and do, . .. , dn are 

ao(x) (to (1, ... , If 

a, 
a, 

a. 

(a, ... ,a ,-l,a, ... ,af for j = 1, ... ,n. 
'--v-" 
j-l times 

The Kuhn-Tucker conditions of first order for a stationary point x of this 
minimization problem can be \vritten as follows : 
there are AO, ... , An E IR wi th 

-oJ(X) . (aXj + 1)-1 + AO - Aj a for j = 1, ... , 71" 

L, ,\,n X. 
Lj=l' J 

Xj 

Aj 
AjXj 

> a for j = 1, ... ,71" 

> 0 for j = 1, ... ,71" 

o for j = 1, ... ,n. 

Because we only look at positive dimensions of the compartments, we have 
Xj > 0 for all j and therefore Aj = 0 for j = 1, ... , n. For every j this leads to 
the following: 

af(x) 
aXj + 1 ' 

so Xl = X2 = ... = xn and Xl + ... + xn = L. This means that 

X=(L, ... ,L)T 
n 71, 
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is the only stationary point with Lagrange multipliers 

(
aL )n-l 

AO = -a' ----;; + 1 , Al = ... = An = O. 

The next step is to prove that this stationary point is a local minimum of 
the problem. We prove the condition (7). The tangential cone of linearized 
restrictions T := T(x) is now 

and C := C(x) T. 

A basis of C is formed by the vectors VI, ... , V n -l with 

Vk = (0, ... ,0 ,1,-1,0, . . . ,0)T for k = 1, ... ,n-l. 
'-v----' 

k-l times 

'vVe can easily calculate the second derivative matrix of j, which gives 

2 _ { ° if k = l, 
'\1 xj(x )kl = _a2 (anL + 1 r-2 else. 

We see that for i,j E {1, . . . , n} 

Tn2 "(-) Vi v xf x Vj ( 
L )n-2 

_0'.2 an + 1 . [0 ... ° 1 - 1 ° ... OJ· 

( 
L 

)
n-2 

2 a T 
+0'. . - + 1 . V· . I . V· n ,J 
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2 a T (L )
n-2 

o + a --;- + 1 . vi Vj 

if Ii - jl ~ 2, 

if li-jl = 1, 

if i = j. 

Let s E C, s =I- O. Then s = 2::7:11 {JiVi for {J1, ... ,{In-1 E IR and some (Jio =I- O. 

Then 

n-1 n-1 
sT . \7;J(x) . s = L L {Ji{JjvT\7;J(x)vj -

i=l j=l 

because s =I- O. We conclude, that condi tion (7) is fulfilled, so x is an isolated 
local minimum of (P). 

Now we have answered one question: suppose you want to divide the basin 
into n compartments. The division \vhich gives the lowest outflow concentra
tion is the division into n equally large compartments, independent of inflow 
volume Q and inflow concentration Cin. The outflow concentration of the nth 
compartment is equa.l to 

For n -7 00, the outflow concentra.tion tends to 

; . ( AVb) 
Coo := J.:..~ Cn = Cin' exp -Q ' 

so there is an upper bound for the improvement. 

155 

Rept[28] 



A collection of Modelling Problems carried out in the 

academic year 1993 - 1994 by the ECMI-students at the 

Eindhoven University of Technology 

Volume 2 

Karin Adam 
Peter Brand 

Marijke van der Burg 
Margarethe Dachs-Wiesinger 

Mariken Everdij 
Klaas Friso 

Jeroen Gaanhuis 
Marcel Grob 

Rene Haarman 
Dries Hegen 
Anh Hoang 
Jurgen Kok 

Robert Linders 
Peter Marissen 

Pim Meij 
Simone Meijer Brands 

Adri Mourits 
Hans Oltmans 

Paul Tijink 
Hamid Ualit 

Martien van Weert 
Jasper van der Werff ten Bosch 

BernD Wibbels 



Table of Contents 

Volume 1 

Designing a strategy for a magazine seller 

A laminar flow of oil and water in a pipe 

An efficient strategy for analysing large groups of samples 

Building a road through a swamp 

Heating up of a room 

Influence of a certain substance on the 
division process of bacteria 

Reduction of pollution in waste-water 

Volume 2 

Hydrographic data 

Optimal structure of a container around a rotating machine 

Modelling drying processes used to determine 
the diffusion coefficient 

Garbage 

The lunchbreak 

Strategy for a ferry boatman 

Car insurance: claim or don't claim? 

An ordering scheme for bolts 

1 

19 

47 

73 

85 

97 

127 

157 

177 

215 

233 

247 

259 

289 

305 



HYDROGRAPHIC DATA 

157 



Rept[ 1] 

Contents 

1 Planning our holiday 2 

2 Solution 4 

3 Assumptions 4 

4 The triangulation method 5 

4.1 An extra assumption . . 5 

4.2 Description of the method 5 

4.3 Discussing the method 6 

5 Worst Case Scenario 9 

5.1 Description of the Method . 9 

5.2 Discussing the method .. 9 

6 Finding a Smooth Solution 11 

6.1 Introduction .... 11 

6.2 Using Polynomials 11 

6.3 U sing regression analysis . 11 

6.4 U sing splines .... 12 

6.5 Choosing a method . 13 

6.6 Calculation of a polynomial surface . 13 

7 Conclusion 17 

159 



1 Problem description 

On earth there is still a small part of the sea where we know almost nothing about. 
The only information we have consists of a few depth measurements taken by low 
tide. 

We are thinking about taking our boat and travel in this undiscovered part of the 
world. Of course we \vant our boat to be still in a perfect state after this trip and 
we are wondering if there are parts in this region we must avoid because the depth 
is not enough for the draught of our boat. Therefore we take all the information 
we know about that region and we are going to answer the question: \Vhat regions 
should we avoid ? 

All the data we have is: 

1. Our boat has a draught of :) fcct. 

2. We are interested in the rectangle defined by all points (x, y) with 75 :S x :S 
200, and -so :S y :S 1.50 (ill yards). 

3. The measured water depths (z in feet) are in table 1. 

x 129.0 1"10.0 108.;") 88.0 185.:') 195.0 105.5 

Y 7.5 141.5 28.0 147.0 22.5 137 .. 5 8.5 .. 5 

z 4 8 G 8 G 8 8 

x 151 .. 5 107,;") 77.0 81.0 IG2.0 162.0 llT .. 5 

Y - G .. 5 - 81.0 3.0 ,")G.5 - GG.5 84.0 - :38.:) 

z 9 9 ~ '. 8 9 <1 9 
r fable 1: Depth meilSl1l'ClllE'nts tak{'ll at low tIde 

Putt.ing the depths ill a t\\'o dimensional pidtlJ'c givcs us more insight. see figure 1. 
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Figure 1: The position of the measure points 
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2 Solution 

'Vith our common sense we can directly gi\'e the solution: 

\Ye do not travel in that whole area with our boat. 

The argumentation is as follows: 
A boat with a draught of 1..5 metre must have a length of aproximately 10 metres. 
The region we are dealing with is 112.5 X 180 metres. Any traxelling deals with the 
whole area; it is not possible to stay in the neighbourhood of a save measure point. 

If we compare the numher of measure points with the possible change in depth per 
yard travelling, it is clear that we do not haye enough measurements. The argument 
for this solution is that we have not enough data ahout the region. This would not 
be a problem if the measured depths were much higher than the draught of our boat 
but they are wry close 10 the drangllt. We also know nothing ahout the material 
the bottom of the sea is made of. Are there rocks or ship wrecks? Even at the 
deepest measure point olle rock can llIal<=, the hoat sink. 

\Ye are not going to risk our boat ill l"'lt regioll. 

3 Assumptions 

Although the problem is soh'eel \\'E' \\'ant to gi\'e some useful answers about a very 
exceptional situation. This situation occnrs when the following assumptions hold: 

1. The measmements are correct. 

2. The bottom consists only of sand. 

3. We only travel at low tide. 
This seems to be a strange assumption hut skipping this assumption would 
also result in a. simple solution: 

• We wait until low tide and look if we can see regions with depth less than 
zero. 

• 'Ve mark these dry regions 011 our map. 

• \Ye wait until the water level raises .5 feet. 

• Now we can t.ravel everywhere except. the ma.rked places Oil our map. 

4. The weather has 110 influence on the depth. 
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5. We are willing to take (only a small) risk. 

'Vith these assumptions we can do a little hit more as can be seen in the following 
paragraphs. 'Ve will discuss SOllle methods which can be used to solve the problem. 

4 The triangulation method 

4.1 An extra assumption 

This method is simple awl predictable. It would also be safe if we had one extra 
important data: how fast can the depth decrease if we go from one point to another? 
In mathematical formulation: what is the maxilllum slope of the bottom? (Let's 
caU it a) 

It is clear that a is an important quantity. If WE' start for example in a point of 
depth 9 feet and we travel one yard in a certain direct.ion while a is for example 5 
feet depth per yard travelling. in the worst ca~e we will end in a point with depth 4. 

But we do not have a value for a. Also literat1ll'E' study did not give us useful data. 
Therefore we have to make an extra <lsslllnption. using the following definition: 
If we tra.vel from measure point i to anoliler one j the average slope is defined by 
the difference in depth. t:,::;ij, divided b~' the clirrerence in distance. t:,dij. 

Now the extra assumption is: 

The maximum slope of the bOt1.011l is the maximum of a\"erage slopes between all 
sets of two measure points. In a forJllul<l: 

~," .. 
({ := max~. i.j E {<lll measllre points}. 

i,j i:::"dij 

Using figure 1 we can casily see that i 
5 

a = J 2 2 = 0.16jeel/ yard. 
(28 .. 5) + (14) 

4.2 Description of the method 

The triangulation method works as follows: 

(1:29.0; 7 .. 5) so 

Use the measure points as corner points to divide the area in triangles, for example 
as shown in figure 2. 

It is not possible to triangle the whole area; a.t the boundaries are not enough 
measure point.s. In the 3 dimensional spa.ce the depth on each tria.ngle can now 

163 

Rept[ 5] 



being modelled as a flat. plain defined by the depths in the three corner points . In a 
three dimensional picture it would look like a landscape filled with pyramid shaped 
hills and valleys . 

The surface defined by this method can be used to mark the regions we should avoid 
within the triangles. Outside the triangles we can use the value of the worst slope a 
to find places with unsure depths. 

In mathematical terms we are looking for a contour of a certain dept.h. Although 
a depth of 5 feet is enough for our boat we take for safety the 6 feet contour, see 
figure 3. The unsafe areas are marked with lines. 

4.3 Discussing the method 

The advantages of t.his met.hod arC': 

• It is a simple method. 

• The solution doe,:; not contaill slra nge fiuct uations (compare wit.h the polyno
mial method). 

The disadvantages are: 

• On edges belonging to two triallgl cs sudden changes in the behaviour of the 
surface can appear; the surf<lce is not differentiable. 

• It is not a safe method on big triangles and also not at. the boundaries; on 
those places we have a lack of information. 

Notice that there is a rC'lation be1\\w'll a and the number of measlII'e points needed 

to give a precise solution; if (f grow s more JllcaSllrements ,He necessary. 
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Figure 2: Triangulation of the area 
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.y~~(~ya~r,ds~) ____________________________ --. 
150.,. 

o 

-50 +--------;.,----I---,-~~--_r__~,......+____._---.___l x (yards) 
75 200 

Figure 3: 6 feet contour found with the triangulation method 
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5 Worst Case Scenario 

5.1 Description of the Method 

Again we need a value for a: a = O.16/eet/yard. 
The method works as follows: 

Start in a measure point with a certain depth b. In the worst case the depth is 
decreasing in all directions with speed a. That means that in a circle with the 

measure point as midpoint and a radius of r = b - 5 the depth is guaranteed to be 

more than 5 feet. 
a 

If we proceed like this with each measure point we find a set of circles in which it is 
safe to travel, see figure 4. We have used the 5 feet contour because the method it 
self is safe enough. 

5.2 Discussing the method 

The advantages of this method are: 

• It is a simple method. 

• It is a safe method. 

The disadvantage is: 

• It does not really give us a solution in the sense of a surface; it only marks 
the safe places. Moreover, the safe places are isolated regions ! It is not really 
possible to travel. 
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y (yards) 
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,9 

Figure 4: 5 feet contour fOllnd with the worste case scenario 
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6 Finding a Smooth Solution 

6.1 Introduction 

It would be very nice if we could find a smooth surface fitting in all the measure 
points. This is also how we expect the bottom of the sea to be if the assumption 
holds that it consists only of sand. In the coming paragraphs we will look at three 
methods we can use. Then we will choose one of them and we try to find a smooth 
surface. 

6.2 Using Polynomials 

We can write the depth z as a function of x and y to different powers: 

n m 

Z = f(x, y) = L L CijXiyj, Cij E JR. 
i=Oj=O 

We can choose the constants Cij in such a way that the surface fits in all the measure 
points. For that we need at least 14 Ci/S. High powers of x and y give a lot of 
fluctuations in the resulting surface so we choose them as small as possible. If we 
choose n = m = 3 we can fit it in all the measure points and we still have two 
degrees of freedom. 

The advantages of this method are that it is a simple method; the fitting in the mea
sure points will result in a set of 14 linear equations which can be solved easily. Also 
the surface will really fit in the measure points (compare with the other methods). 

The disadvantage of this method is that we can expect a lot of fluctuations because 
of the terms with high powers of x and y. Especially at the boundaries where no 
restrictions are made on z. 

6.3 Using regression analysis 

This method works with a general function z = f(x,y).As an example we take a 
polynomial surface with low powers of x and y: 

1 1 

Z = L L CijXiyj, Cij E IR. 
i=O j=O 
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It is not possible to choose the 4 Cij'S in such a way that the surface fits in all the 
measure points. But with regression theory we can find those Cij'S for which the 
error in the measure points is minimal (in some sense). 

The advantage of this method is that probably no strange fluctuations will occur. 
This is because of the low powers of x and y and also because a regression method 
will flatten the surface: extremities will become less extreme. 

The disadvantages are that we loose a lot of information because of the flattening 
properties of a regression method. Especially when the depth measurements are this 
close to each other. If for example the occurring maxima (9) are made one lower (8) 
and the occurring minima (4) are made one higher (5) we could travel everywhere 
according to the resulting surface ! We would not risk our boat in this area if we 
only had a surface made with a regression method. 
Also it will take more time to find a nice regression method we can use. 

6.4 Using splines 

With splines we are not working with measure points but with control points Pij = 
(Pijx,Pijy,Pijz)' That means that these points are not used to be placed on the 
surface but to steer the surface (locally!) in the direction we want. 

To define the surface we use two parameters, U and w on the surface. For each 
dimension x, y, z we can define a special type of function, for example: 

3 3 

x(u,w) = LLPijxNi,3(U)Nj,3(W) 
i=O j=O 

3 3 

y(u, w) L LPijyNi,3( U)Nj,3( w) 
i=O j=O 

3 3 

z( u, w) L LPijz Ni,3( U)Nj,3( w), 
i=O j=O 

Where the spline functions Ni,3( u) and Nj,3( w) act as (local) blending functions in 
the u and w direction respectively. To find proper values for the Pij'S we have two 
options: 

• We can use the 14 measure points as control points. The disadvantages are 
that the surface is not going through the measure points and we must choose 
two extra control points our selves. (We also can use splines needing exactly 14 
points but with respect to the shape of the area this would be inconvenient.) 
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• We can define our own control points nicely spread over the area and change 
the z values of them in order to fit in the measure points. The disadvantage 
of this method is that it will cost a lot of trial and error procedures to find a 
nice surface. 

A more general disadvantage of a method based on splines is that it will take a lot 
of time to use them properly. 

The advantages of using splines are that no strange fluctuations will occur and after 
proper implementation it is rather easy to fit the surface at the measure points 
because the control points have only local influence. 

6.5 Choosing a method 

We would like to use splines to find a proper surface. But because of time problems 
we will only calculate a polynomial surface. 

6.6 Calculation of a polynomial surface 

The formula we use is: 
3 3 

Z = L L C;jXiyj, Cij E JR, 
i=O j=O 

where we can choose 16 Ci/S. If we use 14 of them to fit at the measure points we 
can still choose two of them. It would be nice if we could use these two degrees 

{)z 3 ~ . 1 . 
of freedom to control, e.g. to minimize, the slopes: - = L ~ Cij i x'- yJ and 

{)x i=Oj=O 

{)z 3 3 . . 
7) = L L Cij j x1yJ-l (with the convention x-I = y-l = 0). But minimizing this 

y ;=OJ=O 

function when 14 of the c;/s depend on the 2 remaining Ci/S is not easy. Therefore 
we just take two of the highest degree terms zero and hope the best of it. 

When we put the origin of the axis at the point (x, y, z) = (162,84,4) and we number 
the measure points from 1 to 14 we have to solve the following set of equations: 

3 3 

Zm - 4 = L L Cij(Xm - 162)i(Ym - 84)j, m = 1, ... , 14, (1) 
i=O j=O 

Coo = C23 = C33 = 0 (2) 

Coo = 0 means that the measure point (162,84,4) fits trivially in the surface, so we 
have 13 independent linear equations. Solving with MATLAB gives the following 
values for Cij: 
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i,j Cij 

0,1 2.8554 exp ° 0,2 3.92 exp -2 
0,3 1.3269 exp -4 

1 , ° 1.01339 exp 1 
1 , 1 3.71 exp -2 
1 , 2 -1.6 exp -3 
1 , 3 6.3708 exp -6 
2,0 2.699 exp -1 
2 , 1 -4.6 exp -3 
2,2 -1.2692 exp -4 
3,0 1.6 exp -3 
3 , 1 -6.5251 exp -5 
3,2 -1.2679 exp -6 

Table 2: Coefficients of t p Y he 01 nomial surface fitti ng all the measure points 

The surface corresponding to these Cij'S is shown in figure 5. 

Notice the very high fluctuations at the boundaries !! 
It is not possible to get useful information out ofthis picture. Also the 5 feet contour, 
see figure 6, is rather strange compared with the pictures of the other methods. The 
clearest picture is the one found with triangulation. 
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(200,150,-612) 

(200,-50,-4152) 

Figure 5: The polynomial surface fitting all the measure points 
with the coordinates of the four corners 
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Figure 6: 5 feet contour found with the polynomial surface 
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7 Conclusion 

We will not travel in the described area by boat. If we really have to do it we will 
use the results from the triangulation method. Implementation of a method based 
on splines will probably give a better view on the shape of the bottom of the sea. 

The crucial point of this problem is that we do not have enough measurements. 
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OPTIMAL STRUCTURE OF A CONTAINER AROUND A 

ROTATING MACHINE 
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Optimal structure of a container 

This report is written due to a 3-months modelling problem for the Modelling 
Colloquium of the post graduate education "Mathematics for the Industry" at 
University of Technology, Eindhoven, the Netherlands, january 1994. 

Abstract: 
A certain company owns a machine which rotates with a certain frequency. 
To avoid noise nuisance coming from this machine, the company wants to 
construct a container around the machine. This container will be a rectangular 
parallelepiped built up out of six rectangular steel plates. The machine will 
be completely enclosed by this container. The company has available steel 
plates, which are 5mm thick, and U-beams. In this report the question is 
answered what the most optimal construction of the container will be for the 
company. This is not only a matter of optimal structure, but also a matter 
of costs, since eventualy other materials should be bought by the company. 
To answer this question vibration modes of a single steel plate and vibration 
modes of the whole construction are considered. The eigen frequencies of these 
vibrations are compared with the frequency of the machine. This results in the 
conclusion that the company can construct a container around the machine 
with the available plates. But then it has to make use of U-beams. If the 
company does not want to make use of U-beams, it should buy thicker steel 
plates for the construction. 

Key words: 
Linear elastic media, vibrations of steel plates, vibrations of containers. 
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1 Introduction 

1.1 Problem introduction 

A certain company owns a machine which rotates with a frequency of 30Hz. 
One can think here for instance of a turbine motor. To avoid noise nuisance 
coming from this machine, a container will be constructed around the machine. 
This will be done in such a way that the machine will be completely enclosed by 
the container. The container will be a rectangular parallelepiped, see figure 1, 
and will be built up out of six rectangular steel plates. 

--- - ._-----------. '. 
~ » 

> 

Figure 1: Rectangular parallelepiped 

The bottom plate of the container shall be constructed on the floor . The 
dimensions of the container will be 

• length 1 = 1.5 m, 

• width w = 0.9 m, 

• heigth h = 0.9 m. 

In the company are available 

• steel plates which are 5 mm thick, 
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Figure 2: U-beam 

• so called U-beamsj beams which have a U-shape. See figure 2. 

When other materials are needed, these should be bought by the company. 

The problem is to give the company advice about the most optimal construc
tion of the container. Here not only the optimal structure of the container 
should be taken into account, but also the costs that are made by eventually 
buying new materials. The problem of the structure of the container will be 
that the container can start to vibrate due to the machine, which is enclosed 
by this container. 

To give the company a good advice, the following questions have to be an
swered: 

• Which vi brat ions modes for the container are the most critical ones? This 
is of interest, because one wants to avoid vibrations of the container, since 
this can be unpleasant for the company (think for instance of noise). 

• Can one make use of the steel plates which are available in the company, 
eventually by making use of the available U-beams? 

• Should one make use of other materials? Such as steel plates which are 
thicker than 5 mm. 
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1.2 Assumptions 

For considering the problem some main assumptions are made. 

• The machine will not be considered. It is inside the container and the 
only interesting fact of the machine is its frequency, which is 30Hz. Due 
to a start up of the machine the frequency can also be less than 30Hz. 

• The plates in the construction will be seen as linear elastic media (think 
of a spring). That means that small deformations will be assumed for 
these plates. 

• The U-beams however will be seen as stiff. They can not deform. 

In the next section some basic concepts of linear elastic media are given. This 
is done by first presenting an example of the vibration of a linear spring, which 
has similarity with the problem of the container. 
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2 Linear elastic media 

In this section some concepts of the theory for linear elastic media are intro
duced. This theory describes the deformation of such media. 

First however an example of the vibrations of a linear spring is given. A linear 
spring is an example of a linear elastic medium. Furthermore this example has 
similarity with the problem of the container. 

2.1 Linear spring 

Consider a spring that is hanging free, see figure 3. One end is fixed and on the 

///// 

Figure 3: Mass-spring system 

other end a mass m is hanging. When the free end of the spring is out of its 
equilibrium position, say with a distance x, the spring will react by a force F 
which is proportional to x, but which is directed opposite to this displacement; 

F = -ex. (2.1) 

Where c is the spring constant and the positive x-direction is taken downwards. 

For the dynamics of the mass, which hangs on the spring, one applies Newton's 
second law. This results in an ordinary differential equation for the displace-
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ment x of the mass, 

mx(t) + cx(t) = O. (2.2) 

When initial displacement and initial velocity of the mass are given by Xo and 
Vo, the solution of (2.2) is 

( ) 
vo . 

x t = Xo coswt + - SInwt, 
w 

where w is given by 

2 C 
W =

m 

(2.3) 

(2.4) 

Equation (2.3) is a harmonic motion with frequency ~. This frequency is 
called the eigen frequency of this mass-spring system. 

This eigen frequency can also be found with the help of energy considerations. 
The total energy of the mass has to be constant; 

T + U = constant. 

Where 

is the kinetic energy of the mass, and 

1 
U= -cx2 

2 

(2.5) 

(2.6) 

(2.7) 

is the potential energy of the mass. If one assumes now a harmonic motion of 
the form (2.3) with Vo = 0 for the mass, then one can write 

1 .2 1 2 1 2 
2'mx + 2'cx = constant = 2'cxo (2.8) 

Hence when x is equal to xo, the velocity :i: is equal to 0, and the energy of 
the mass consists of potential energy only. When x becomes equal to zero, the 
velocity has its maximum value and one has 

(2.9) 
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Because of the assumption of harmonic motion one has 

• 2 2 2 
xmax = w Xo (2.10) 

So with (2.9) one has again (2.4). Also when one takes Vo i: 0, these consider
ations will lead to (2.4). 

Consider now a forced vibration of the mass, see figure 4. A periodic force 

F 

'-' -....-1 ___ - ._-

Figure 4: Forced vibration 

F(t) with frequency ;11' and directed in the positive x-direction, is applied on 
the mass. This force is given by the equation 

F(t) = F cos vet - a). (2.11) 

Newton's second law now results in the equation 

mx(t) + cx(t) = F(t). (2.12) 

When again the initial displacement and initial velocity of the mass are given 
by Xo and Vo, the solution of (2.12) is given by 

x(t)= (:" 2)Cosv(t-a)+c1coswt+c2sinwt. 
m w -v 
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Where the constants Cl and C2 have the values 

F 
(2.14) Cl - Xo - m(w2 _ v2 ) cos va 

1 ( vF.) 
~ Vo - m(w2 _ v2 ) smva . (2.15) 

Hence when the frequency of the force is taken close to the eigen frequency of 
the system, v ~ w, Ix(t)1 will become very large, and the system will behave 
quite unpleasant. 

This example has similarity with the problem of the container. The container 
can vibrate in different ways, has different vibration modes, with different eigen 
frequencies. Within this container there is a machine rotating with a certain 
frequency. It is now the aim to detect the most critical vibration modes of 
the container. That are the vibration modes with eigen frequencies which are 
nearest to the frequency of the machine. 

First however, some basic concepts of linear elasticity are introduced. 

2.2 Basic Concepts 

Linear Elasticity Theory handles with the description of the deformation of 
linear elastic media. A general problem for a linear elastic medium (body) 8 
in 1R3 has 15 unknowns. These unknowns are 

. • the displacements Ul, U2 and U3, which are entries of the displacement 
vector u; u = Uiei • 

• the strains eij, i,j E {1,2,3}, which are entries of the strain tensor E. 
This strain tensor is symmetric, i.e. ET = E . 

• the stresses tij, i,j E {1,2,3}, which are the entries of the stress tensor 
T. This stress tensor is also symmetric, i.e. TT = T. 

In the equation for the displacement vector Einsteins summation convention 
is used. This means that over an index that appears twice in a formula should 
be summated. 

All these unknowns depend on the three spatial coordinates Xi and the time t. 
These spatial coordinates are the coordinates of 9T) which is the configuration 
of the medium B at t = O. Before the equations which should be fulfilled by 
these unknowns are given, more is said about these unknowns. 
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• With the displacement vector u the position of the point P of 8 at time 
t can be found. When x = Xiei E Or is the position of P at t = 0, this 
position is x + u. 

• In general during movement the medium 8 wilI deform (think of the 
spring). The strain tensor £ contains information about the deformation 
of the medium 8. For instance ell contains information about the change 
in length of a line element that at t = 0 in 9r was originally pointing in 
the xl-direction. 

• The interaction between neighbouring portions of the medium is de
scribed by the stress tensor T. On a part of the medium which is bounded 
by the surface S with outward pointing unit normal n, this interaction 
of the neighbouring part is described by a stress vector t. This vector is 
given by t = Tn. 

The 15 unknowns of a general problem for a linear elastic medium have to 
fulfil the equations 

(2.16) 

and 

tii,i + p/i = PUi on Or, t > 0 i = 1,2,3. (2.17) 

With ,i is meant the partial derivative to the xi-coordinate. Furthermore P 
is the density of the medium and p/i is a volume force (think for instance of 
gravity). Equation (2.17) is called the equation of motion. If one considers a 
static problem the right hand side of (2.17) is set equal to zero. 

For the material one takes the constitutive equations 

(2.18) 

Here bii is Kronecker's symbol. Furthermore G, the shear modulus, and v, 
Poisson's ratio, are material constants. Later on an other material constant 
will also be used. This constant E, where 

E = 2(1 + v)G, (2.19) 
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is known as Young's modulus. The constitutive equations (2.18) are known as 
Hooke's law. 

Equations (2.16), (2.17) and (2.18) are 15 equations for the 15 unknowns. For 
a complete problem however, initial and boundary conditions for some of the 
unknowns should be given. As an example for boundary conditions and initial 
conditions one can think of prescribing t or u on aQr, and u, u for t = O. 

The equations (2.16), (2.17) and (2.18) together result in three equations for 
the displacements u,' which are called the Navier equations; 

~u, + 1 ~ 2v ui.ii + ~!i = ~Ui on Qrl t > 0 i = 1,2,3. (2.20) 

With the concepts here introduced, vibrations modes of (parts of) the container 
will be considered. Therefore body forces are neglected; 

p!i=O i=1,2,3. (2.21) 

This is a correct assumption, because when one wants to take a body force 
into account, this will be gravity. Gravity however is a static force and will 
not influence vibrations modes of the container. 

Furthermore assumptions are made which will give the equations (2.16), (2.17), 
(2.18) and (2.20) a simpler form. 

To compute eigen frequencies, the values of the material constants for steel are 
needed. These are given by 

• E = 2.1 . 1011 N/m2 

• v = 0.3 
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3 Vibration modes of a single plate 

In this section vibration modes of a single steel plate are considered. This plate 
is in the xl-direction 2a long and in the x2-direction 2b long. Furthermore the 
plate has thickness 2h. See also figure 5. These vibrations can be subdivided in 

• vibrations in the plate, 

• vibrations perpendicular on the plate. 

These types will be considered in the next two subsections. 

~~.=---===-:=~~ ........ 
2.~ 

~ ~~----------~~----------.~ 

Figure 5: Single steel plate 

3.1 Vibrations in the plate 

For considering vibrations in the plate, a situation of generalised plane stress 
is assumed. This means that all the unknowns are independent of the X3-

coordinate (a~3 = 0), and 

(3.1) 

Such a situation can eventually be reached by averaging over the thickness of 
the plate. Then 8 fundamental unknowns for such a type of problem are left; 
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(3.2) 

Hence e33 is not a fundamental unknown. 

From (2.16), (2.17) and (2.18) it follows that these unknowns should fulfill the 
equations 

1 
eij - 2'(Ui,j+Uj,i) i,j=I,2 

t·· . tJ,J - PUi on - a < Xl < a, -b < X2 < b, t > 0 

tij - 2G(eii+I'::2v8iieklc) i,j=I,2. 

i = 1,2 

That is with (3.2), (3.3) and(3.5) one can write for the stresses 

E (aUI aU2) tn - -+v-
1- v2 aXl 8X2 

E (But 8U2) --v-+-
1- v2 8Xt 8X2 

E But 8U2 
t12 - 2(1 + v) ( 8X2 + 8X t) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

And these equations give with (3.4) for the displacements Ut and U2 that 

E A E 82UI 82
u2 

UUl + (- + ) - pUt 
2(1 + v) 2(1 - v) 8xl 8X18x2 

(3.9) 

E b. E 82Ut a2U2 
2(1 + v) U2 + 2(1- v) (8x 18x2 + aX{) - PU

2 
(3.10) 

on -a < Xl < a, -b < X2 < b. 

With these equations for a plate in a situation of generalised plane stress, 
different types of vibrations in the plate will be considered. 

3.1.1 Longitudinal vibrations in the xl-direction 

Vibrations are now considered where the displacements have the form 

Ul - U(xde ilNt 

U2 - O. 
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The function U has to be determined. As boundary conditions are taken 
tll = t12 = 0 for Xl = ±a, Ul = 0 for X = O. This reflects the situation where 
the plate is on two sides fixed for movement in the x2-direction and the other 
two sides of the plate are free. 

Equation (3.10) is automatically fulfilled, and (3.9) gives for U(XI) 

d?-dU(X
2

1) -_ _ ",,2U(XI) .... on - a < Xl < a, 
Xl 

(3.13) 

where 

(3.14) 

Equation (3.13) has solution 

(3.15) 

where the constant A should be determined out of an extra (initial) condition 
for UI. The restriction that tn = tl2 = 0 for Xl = ±a, gives with (3.6) and 
(3.8) that 

cosaa = O. (3.16) 

This is the case when aa = (n + ~)11", with n E IN. Hence with (3.14) the eigen 
frequencies of these longitudinal vibrations equal 

w 2n+1 ~ 
211" = 4a V ~ n E IN. (3.17) 

This yields that the smallest eigen frequency of such type of vibration is given 
by 

1~ 
4aV~ 

(3.18) 

One can also consider (3.11), (3.12) with UI = 0 for Xl = ±a. This reflects 
the case where the plate on every side is fixed for movement in the normal 
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direction. Then U also has to fulfil equation (3.13), which has the nontrivial 
solution 

U(xd = A cos QXl (3.19) 

The boundary condition for Ul is then again fulfilled when (3.16) holds. Hence 
for such type of vibration the eigen frequencies are the same as the ones found 
before. 

3.1.2 Longitudinal vibrations in the x2-direction 

From the previous part one can find the eigen frequencies of longitudinal vi
brations in the x2-direction by replacing a by b, resulting in the 

2n+1~ IN nE . 
4b p(1 - 1I2 ) 

This yields that the smallest eigen frequency is given by 

1~ 
4bV~ 

3.1.3 Shear vibrations in the Xl-direction 

Consider vibrations in the plate where the displacements have the form 

UI - U(x2)e iwt 

U2 - O. 

(3.20) 

(3.21) 

(3.22) 
(3.23) 

As boundary conditions are taken tl2 = t22 = 0 for X2 = ±b, UI = 0 for X2 = O. 
This reflects the situation where the plate is on two sides fixed for movement 
in the xrdirection and the other two sides of the plate are free. 

Equation (3.10) is automatically fulfilled, and (3.9) results in 

cf2U(X
2

2 ) -- -f.12U(X2) b fJ on - < X2 < b, dX2 

(3.24) 
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where 

(3.25) 

Equation (3.24) has solution 

(3.26) 

The restriction that t12 = t22 = 0 for X2 = ±b, gives with (3.8) and (3.7) that 

cos {3b = o. (3.27) 

This is the case when {3b = (n + t)11", with n E IN. With (3.25) one finds as 
eigen frequencies of these shear vibrations 

w 2n+l ~ lN 
211"= 4b V~ nE . 

Hence the smallest eigen frequency equals 

1 I:--E ---:-
4b V 2P(1 + v) 

(3.28) 

(3.29) 

One can also consider (3.22), (3.23) with Ul = 0 for X2 = ±b. This reflects the 
case where the plate on every side is fixed for movement in the tangent direc
tion. Then U also has to fulfil equation (3.13), which has now the nontrivial 
solution 

(3.30) 

The boundary condition for Ul is then again fulfilled, when (3.27) holds. Hence 
for such type of vibration the eigen frequencies are the same as the ones already 
found. 
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3.1.4 Shear vibrations in the x2-direction 

From the previous part one can find the eigen frequencies of shear vibrations 
in the x2-direction by replacing b by a, resulting in the frequencies 

w 2n+1 ~ IN 
21t"= 4a V~ nE . 

Hence the smallest eigen frequency of such a vibration is 

1~ 
4aV~ 

3.1.5 Order of the eigen frequencies 

(3.31) 

(3.32) 

Consider a vibration of the plate where all the sides are free of normal stress; 
tn = 0 for Xl = ±a and t22 = 0 for X2 = ±b. For the displacements one takes 

(3.33) 

(3.34) 

Equations (3.6) and (3.7) yield that the boundary conditions are fulfilled when 
al = O(~) and a2 = O(t). Furthermore (3.9) and (3.10) result in two equa
tions for the unknowns Al and A2 

(Cll - pw2
)AI + Cl2A2 - 0 (3.35) 

C12AI + (C22 - pw2
)A2 o. (3.36) 

The constants Cll, Cl2 and C22 are given by 

E E 
(3.37) Cll - a 2 _ a 2 

1 - v 2 I 2( 1 + v) 2 
E 

(3.38) Cl2 - - 2(1 - v) c~la2 

E a 2 _ E 2 (3.39) C22 - a 2 2(1 + v) 1 1 - v 2 

Hence (3.35), (3.36) has a non trivial solution when pw2 satisfies the equation 

2 4 ( ) 2 2 P w - Cll + C22 pw + CllC22 - Cl2 (3.40) 
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This implies that the eigen frequencies of such type of vibration are of order 
O((~ + th/~). 
Hence together with (3.17), (3.20), (3.28) and (3.31) one can conclude that all 
the considered types of vibrations in the plate have eigen frequencies of order 

O((~ + th/~). 

3.2 Vibrations perpendicular on the plate 

For vibrations perpendicular on the plate, one considers in Linear Elasticity 
Theory displacements of the form 

8w 
(3.41) Ul - -Za(Xl, X2, t) 

Xl 

8w 
(3.42) U2 - -Za(Xl, X2, t) 

X2 

U3 - W(Xt,X2' t). (3.43) 

Furthermore the equations of motion (2.17) are integrated over the thickness 
of the plate. Hence one is left with one fundamental unknown w, which has to 
fulfil the equation 

-D~~w = 2hpw on - a < Xl < a, -b < X2 < b, t > O. 

The plate constant D is given by . 

D = 2Eh
3 

3(1 - v2) 

As boundary conditions one can consider boundary conditions for 

• a plate which is simply supported, 

• a plate which is clamped. 

These two cases will be considered in the next parts. 
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3.2.1 Simply supported plate 

The boundary conditions for a plate which is simply supported are 

w = 0 for Xl = ±a 
w = 0 for X2 = ±b 

Mll = 0 for Xl = ±a 
M22 = 0 for X2 = ±b. 

When one assumes for w the expression 

the function W has to fulfil the equation 

on - a < Xl < a, -b < X2 < b. 

The boundary conditions for Ware 

a2w 
W=--2=0 

aXl 

W= cFW =0 
8xl 

for Xl = ±a 

for X2 = ±b 

(3.46) 

(3.4 7) 
(3.48) 

(3.49) 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

Equation (3.53) together with this boundary conditions has solutions of the 
form 

2n + 1 2m + 1 
W(Xl' X2) = Anm cos( 1I"xx) cos( b 1I"X2) n, m E IN, (3.56) 

2a 2 

when 

w2 = ~((2n + 1 .... )2 (2m + 1 )2)2 IN 
2hp 2a" + 2b 11" n, mE. (3.57) 
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Hence the eigen frequencies of such type of vibration are given by 

~ = ~((2n + 1)2 (2m + 1)2)/ D IN 
211" 2 2a + 2b 2hp n, mE, 

and the smallest eigen frequency has the value 

3.2.2 Clamped plate 

The boundary conditions for a plate which is clamped are 

aw 
w = - = 0 for Xl = ±a 

aXI 

aw 
w = - = 0 for X2 = ±b aX 2 

(3.58) 

(3.59) 

(3.60) 

(3.61) 

When one assumes for w the expression (3.52), the function W again has to 
fulfil (3.53). Only the boundary conditions for W change 

aw 
W = - = 0 for Xl = ±a (3.62) 

aXI 

aw 
W = - = 0 for X2 = ±b (3.63) 

aX2 

It is difficult to find a non trivial solution of (3.53) subject to these boundary 
conditions. Therefore one has to make use of Rayleigh's method to get an 
upper bound for the smallest eigen frequency of this type of vibration. 

As for the simple example of a linear spring, for this type of vibration the total 
energy of the plate has to be constant; 

T + U = constant. (3.64) 

Here U is the potential energy of the plate, and T is the kinetic energy. For 
(3.52) one can write, just like (2.8) in the case of the spring, 

(3.65) 
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(3.66) 

(3.67) 

Now (3.65) yields that the smallest w2 can be obtained by minimizing Q over 
all W which satisfy the kinematic boundary conditions (3.62) and (3.63). 

So one gets an upper bound for w2
, when this fraction is computed for a W 

which satisfies the kinematic boundary conditions. This is called Rayleigh's 
method. 

Two functions which satisfy these kinematic boundary conditions are 

(3.68) 

and 

(3.69) 

Of course also powers of these two functions satisfy these conditions. 

Hence one has for (3.68) 

(3.70) 

because 
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and 

A 2 9 9 2 4 6)2 
T = 4 Wo pha b (- - - - + -9 75· 

For (3.69) one finds 

because 

A 71'4 2 3 2 3 
U - TDWo ab(a4 + a2 b2 + b4 ) 

t - 9W02 phab. 

(3.71) 

Taking the square root of these two bounds for w2 and dividing by 271', will 
give upper bounds for the smallest eigen frequency of this type of vibration. 

3.2.3 Order of the eigen frequencies 

The frequencies (3.58) and the upper bounds that can be computed from the 
previous part both show that the eigen frequencies of the considered vibrations 
perpendicular on the plate, have order O( h( a12 + b\) If). 
If one compares this order with the order of the eigen frequencies of vibrations 
in the plate, the conclusion can be made that for thin plates, i.e. plates with 
~ < < 1 and % < < 1, the eigen frequencies of vibrations perpendicular on the 
plate are much smaller than the ones for vibrations in the plate. 

Because the company has available steel plates which are quite thin, one can 
conclude that the vibrations perpendicular on the plate are much more critical 
than the ones in the plate. 

3.3 Consequences for the available plates 

The previous subsection ended with the conclusion that for thin plates vibra
tions perpendicular on the plate are the most critical ones. Therefore (upper 
bounds for) the smallest eigen frequencies for the considered vibrations per
pendicular on the plate are computed for the longest plates which the company 
has available for the construction of the container. That means 
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• a=O.75m 

• b = 0.45m 

• h = O.0025m. 

When one uses these figures together with the material constants for steel in 
(3.59), one finds for the smallest eigen frequency the value 

11" 1 1 (D 
It = g(a2 + b2 )Y2:hP = 20.64Hz. (3.72) 

For the vibrations of such a plate when it is clamped, two bounds can be 
computed from (3.70) and (3.71). These give that 

f <v'63 141 1{D H 
2 - 211" a4 +"7 a2b2 + b4 V4rP = 39.89 z (3.73) 

and 

11" 32 3{7J 
h $ '2 a4 + a2b2 + b4 V 18hP = 41.02H z. (3.74) 

And because a simply supported plate is more free than a clamped one, the 
frequency II will be less than frequency h. Because such a plate, when it 
is part of the container, is actually not simply supported nor clamped, one 
expects that the lowest eigen frequency of a vibration perpendicular on the 
plate will be somewhere in between II and h. Hence since II is less than the 
value of 30Hz, it is likely that this eigen frequency is near 30Hz, the frequency 
of the machine. 

The value of II will exceed 30Hz, when h will exceed the value of O.0037m. 
For instance when h = 0.05m, II will have the value 

It = 41.28H z. (3.75) 

3.4 U -beams on a plate 

Because for the steel plates which the company has available the smallest 
frequency II for a vibration when the plate is simply supported is less the 
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30Hz. And because the company has U-beams available, it may be interesting 
to consider the problem of a single steel plate with U-beams constructed on 
this plate in the way shown in figure 6. We assume that where a beam is on 
the plate, no movement perpendicular on the plate is possible and a plate is 
taken which is simply supported. 

Figure 6: U-beams on a steel plate 

For a simply supported plate the equation and the boundary conditions have 
already been presented. In this case, where there are two beams constructed 
on the plate, there are two extra conditions, 

w(O, X2, t) = 0 - b < X2 < b, t > 0 (3.76) 

W(Xl' 0, t) = 0 - a < Xl < a, t > O. (3.77) 

If one writes again for w (3.52), then the function W has to fulfil equation 
(3.53) with the boundary conditions for a simply supported plate. Only there 
are two extra conditions for Wj 

W(O, X2) = 0 - b < X2 < b, t > 0 

W(Xl'O) = 0 - a < Xl < a, t > o. 
If one takes W of the form 

then W is a solution when 
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Hence the eigen frequencies for this type of vibration of the plate with U-beams 
constructed on it, are 

(3.82) 

So the smallest eigen frequency has the value 

(3.83) 

If one compares (3.83) with (3.59) then one can conclude that making use of 
U-beams in this way will give a lowest eigen frequency which is four times the 
lowest eigen frequency for the plate when there are no U-beams constructed 
on it. 

With the computations of the previous subsection this would mean for the 
plates which the company has available, that the eigen frequencies when U
beams are used, will be much greater than the frequency of the machine. 

Up to now only a single steel plate has been considered. However the steel 
plates will be part of the whole container. Therefore in the next section the 
whole construction of the container will be considered. 
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4 Vibration modes of the whole construction 

Consider now a container which is a rectangular parallelepiped, built up out of 
six steel plates. Four of these plates have length 2a and width 2b, and the other 
two have lent he 2b and width 2b. Furthermore all the plates have thickness 
2h. The container is shown in figure 7. In this figure also the numbering of 
the plates can be found. 

· · i 
• . ____ . __________ @l~ 

®". 

Figure 7: Container with numbered plates 

) 

We will consider this construction, where the bottom plate is not constructed 
on a floor. Keep in mind that the container in the company will be constructed 
with its bottom plate on the floor. This means that (the upper bounds for) 
the eigen frequencies that one finds can be a little bit too pessimistic. This 
assumption however, has the consequence that one may assume a symmetric 
behaviour for the container. 

Assume now for the vibration of this container that plate 5 and 6 are stiff. 
Furthermore during vibration the angles between the plates 1, 2, 3 and 4 will 
be at every moment 90 degrees. That means that a cross cut X3 = constant 
can have a shape shown in figure 8. 

A consequence of the assumption that plate 5 and 6 are stiff is that one can 
fully concentrate on the behaviour of the plates 1, 2, 3 and 4. 

In the previous section is already shown that vibrations perpendicular on a 
plate are the most critical ones. Therefore we focus here also on the vibrations 
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-_._----

Figure 8: Cross cut X3 = constant 

perpendicular on the plates. The displacements in the positive direction per
pendicular on the plates 1, 2, 3 and 4 will be denoted with Wt, W2, W3 and W4. 

These Wi'S will not all depend on the same coordinates; 

Wt Wt(X2, X3, t) 
W2 - W2(Xt, X3, t) 

W3 - W3(X2, X3, t) 
W4 - W4(Xt, X3, t). 

The displacements Wi perpendicular on the plates have to fulfil some condi
tions . 

• for X3 = ±a Wi has to fulfil conditions for a simply supported boundary 
or conditions for a clamped boundary, 

• the angles between the plates 1, 2, 3 and 4 should be 90 degrees at every 
moment. 

This last restriction leads to conditions like 

(4.1) 

This makes that the wi's are in some sense symmetric as can be seen later on. 
Furthermore the wi's are taken of the form 

(4.2) 
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and Rayleigh's method will be used to compute upper bounds for w2 • Because 
of the already mentioned symmetry it will be sufficient to apply Rayleigh's 
method only for one plate. 

In the next subsection Rayleigh's method is applied fur the container when 
there are no U-beams used in the construction. In the second subsection 
Rayleigh's method is applied when there are U-beams constructed on plate 1, 
2,3 and 4. 

4.1 Container without U-beams 

In this subsection with Rayleigh's method upper bounds will be computed for 
frequencies of vibrations of the container when there are no U-beams used in 
the construction. 

As already said for X3 = ±a Wi has to fulfil boundary conditions for a simply 
supported boundary or boundary conditions for a clamped boundary. 

4.1.1 Simply supported boundary 

When WI for X3 = ±a has to fulfil boundary conditions for a simply supported 
boundary the function WI has to fulfil the kinematic boundary conditions 

(4.3) 

Furthermore WI should be chosen in such a way that all the plates are per
pendicular. If one takes 

or 

and 

W2(Xt, X3) . -W1(XI, X3) 

W3(X2,X3) = -W1(X2,X3) 

W4(Xl,X3)- -W2(Xr, X3), 

206 

( 4.4) 

(4.5) 

(4.6) 
(4.7) 
(4.8) 

Rept[29] 



then the plates will be perpendicular at every moment. Here we see the sym
metry in the behaviour of the container. This makes that Rayleigh's method 
only has to be applied for one plate. 

For (4.4) the result is 

(4.9) 

And for (4.5) one finds that 

(4.10) 

4.1.2 Clamped boundary 

When WI for X3 = ±a has to fulfil boundary conditions for a clamped boundary, 
the function WI has to fulfil the kinematic boundary conditions 

WI(X2, ±a) - 0 
aWl 

0 a(X2,±a) -
X3 

for -b ~ X2 ~ b. 

Again the plates 1, 2, 3 and 4 should be perpendicular. 

If one takes 

or 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

and the Wi's as before, all the kinematic boundary conditions are fulfilled. 

For (4.13) one finds that 

(4.15) 
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And (4.14) results in 

(4.16) 

Notice that (4.15) and (4.16) are also bounds for a single plate, which is on 
two sides clamped and on two sides simply supported. 

4.1.3 Consequences for a container without U-beams 

The four bounds found in the previous part will now be computed for the 
container which the company has in mind, and where the plates are used 
which the company has available. That means 

• a=O.75m 

• b = 0.45m 

• h = 0.0025m. 

Then (4.9) and (4.10) give for the smallest eigen frequency FI , of the vibration 
in the case of simply supported boundary conditions, the upper bounds 

(4.17) 

and 

(4.18) 

Furthermore (4.15) and (4.16) give for the smallest eigen frequency F2 , of the 
vibration in the case of clamped boundary conditions, the upper bounds 

( 4.19) 

and 

w 1 63 30 15 fD 
F2 = 211" $ 211" a4 + a2b2 + biV4rP = 25.25Hz. (4.20) 
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Because all the upper bounds are below the frequency of the machine, it is in
teresting to consider a container where U-beams are constructed on the plates. 

4.2 Container with U -beams 

Consider a container where U-beams are constructed on plate 1, 2, 3, and 4 
to avoid certain types of vibrations. Just as for a single plate the assumption 
is made that where a U-beam is constructed on a plate, there is no move
ment possible of the plate. We consider three different possibilities for the 
construction of a U-beam on a plate 

• U-beams in x3-direction on the plates 

• U-beams in xI/x2-direction on the plates 

• U-beams in both X3- and xI/x2-direction on the plates. 

Furthermore as boundary conditions for X3 = ±a the conditions for a simply 
supported plate are taken and Rayleigh's method will be used again to compute 
upper bounds for the frequencies. 

4.2.1 U-beams in x3-direction 

Consider the case where on the plates 1, 2,3 and 4 in the x3-direction a U
beam is constructed such that the plates are divided into two equal parts. This 
means that WI now has to fulfil the kinematic boundary conditions 

WI(X2, ±a) = a for - b $ X2 $ b 

WI (0, X3) = a for - a $ X3 $ a. 

If one takes WI equal to 

and 

W2(Xl, X3) - WI(XI, X3) 

W3(X2,X3) - :-_WI (X2,X3) 

W4(xt, X3) - - W2(XI, X3), 
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then these conditions are fulfilled and the plates are perpendicular during 
movement. 

For (4.23) Rayleigh's method results in the upper bound 

2 (; 4( 1 4)2 D 
W ~ T = 7r a2 + b2 32hp (4.27) 

4.2.2 V-beams in xI! x2-direction 

Consider the case where on the plates 1, 2, 3 and 4 in the Xl- or xrdirection 
a U-beam is constructed such that the plates again are divided into two equal 
parts. Then the WI has to fulfil the same kinematic boundary conditions as 
in the part of a U-beam in the x3-direction, only condition (4.22) has to be 
replaced by 

For the WI given by 

and 

W2(Xb X3) = -W1(XI,X3) 

W3 (X2,X3) = -W1 (X2,X3) 

W4 (Xb X 3) = -W2(Xl,X3), 

these conditions are fulfilled. 

The result for this WI is that 

4.2.3 V-beams in both X3- and xdx3-direction 

(4.28) 

(4.29) 

(4.30) 
(4.31 ) 
(4.32) 

(4.33) 

In the case where the ,plates 1, 2, 3 and 4 are divided into four equal parts by 
two U-beams, which are constructed on the plate; one in the x3-direction and 
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one in the xI/x2-direction, the kinematic boundary conditIons for WI are 

WI(X2, ±a) 

WI (0,X3) 

WI (X2,0) 

= 0 for - b :5 X2 :5 b 

= 0 for - a :5 X3 :5 a 

= 0 for - b :5 X2 :5 b. 

(4.34) 

(4.35) 

(4.36) 

And of course the plates 1, 2, 3 and 4 still have to be perpendicular during the 
vibration. 

This is fulfilled for 

and 

W2(XI 1 X3) - WI(XI, X3) 

W3(X2,X3) - -W1(X2,X3) 

W4(XI,X3) - -W2(XllX3)' 

This will give us with Rayleigh's method the upper bound 

(4.37) 

(4.38) 

(4.39) 

( 4.40) 

(4.41) 

From this bound one gets an upper bound for the smallest eigen frequency 
which equals the eigen frequency (3.83) which was computed for a single steel 
plate divided into four parts by two U-beams which were constructed on this 
plate. 

4.2.4 Consequences for a container with U-beams 

The three bounds found in the previous part will now be computed for the 
container which the company has in mind, and where the plates are used 
which the company has available. Furthermore U-beams are constructed on 
plates. The same values for a, band h are used as before. 

Inequality (4.27) gives then for F3 , the smallest eigen frequency of the vibration 
when a U-beam is constructed in the x3-direction on the plates, that 

(4.42) 
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Furthermore (4.33) gives for the smallest eigen frequency F4 of the vibration 
when a U-beam is constructed in the xt/x2-direction on the plates that 

(4.43) 

And (4.41) gives as upper bound for the lowest eigen frequency Fs of the 
vibration when two U-beams are constructed on the plates that 

1!'1 1 rn 
Fs :5 2"( a2 + b2 )y 2hP = 82.56H z. ( 4.44) 

Hence we see that with the use of U-beams it is possible to increase the upper 
bounds for the lowest eigen frequencies of vibrations of the container such that 
they are much larger than the frequency of the machine. 
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5 Conclusions and recommendations 

With the previous two sections, where vibration modes were considered for a 
single steel plate and for a container, we can answer the questions raised in 
the problem introduction. 

• The most critical vibration modes for the container are the vibrations 
perpendicular on the plates in the construction. For thin plates the 
smallest eigen frequencies for these type of vibrations are much smaller 
than those for vibrations in the plates. 

• One can make use of the steel plates which are available in the company 
for the construction of the container. But then one has to make use of 
U-beams which should be constructed on some of the plates. This be
cause computations for a single steel plate and for the whole construction 
showed that when only the available steel plates are used, the smallest 
eigen frequency of a vibration of the container will be less than 30Hz, 
the frequency of the machine. Furthermore these computations indicated 
that when U-beams are constructed on some of the plates this frequency 
will be much greater than 30Hz 

• It is not necessary to make use of other materials, unless one does not 
want to make use of V-beams in the construction of the container. If 
this is the case one should buy thicker steel plates for the construction. 

Hence we would recommend the company to build the container with the 
available steel plates, where U-beams are constructed on the longest plates. 
These beams should be directed in the length direction of these plates, because 
computations indicated that this will give a significant increase in the smallest 
eigen frequency. 

If the company does not want to make use of V-beams it should buy thicker 
steel plates for the construction. Here we think of a thickness of lern. 
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1 Setting of the project 

The group of Professor Kerkhof is a part of the chemical department on the 
University of Eindhoven. They are mainly interested in the modelling of trans
port phenomena during drying processes. G.D. Mooiweer is a part time mem
ber of this group. He started a project with D.A. Overdijk. They arranged 
that groups of the post graduate program "Mathematics for Industry" inves
tigate a part of the drying processes as a subject in the modelling colloquium. 
This report is the result of the first group. 
We started by talking with G.D. Mooiweer, D.A. Overdijk W.J. Coumans, and 
noticed that they all had a different opinion about where we should focus on. 
We decided to start with a proper and (hopefully) clear derivation of the equa
tions describing the problem. We hope that this report is a good foundation 
for a continuing project. 
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2 Problem description 

Drying is a process used in a lot of industries. Here we focus on the drying of 
food products. Reasons to dry food products are: 

• It increases the conserving qualities; decaying processes slow down when 
the water concentration reduces. 

• It reduces the costs for transport; the volume and the weight are de
creased. 

• Sometimes the way the product is used makes drying necessary; for ex
ample milk powder. 

• It improves the manageability. 

Reasons to model the drying process are: 

• To control the characteristics of the product. 

• To choose the right machines for the drying process. 

• To predict the behaviour of the process on a larger scale. 

• To improve projects concerning energy savings and environmental strain. 

The diffusion coefficient is an important quantity in the modelling of drying 
processes. In paragraph 3.2 a definition of the diffusion coefficient is given. 

Values can be found by the experiment shown in figure 1. 

The diffusion coefficient of a certain material is measured in the following way: 
A slab of the material is placed in the bottom room of the experimental setup 
of figure 1. Initially, the slab is saturated with water. In the surrounding area 
the water concentration is minimized by a vacuum pump at the top room and 
indirect blowing of dry air just above the slab. A heater keeps the sample 
at a constant temperature. The weight of the slab is measured during a cer
tain period with the balance in the top room. With these measurements the 
water flux out of the slab can be calculated. The diffusion coefficient can be 
calculated with these data. 
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vacuum 

dry air 

Figure 1: Experiment for diffusion coefficient detection 

This method gives rise to the following questions: 

• How reliable is the value of the diffusion coefficient found with this 
method? 

• Can a value be found in a better way? 

These questions are not answered in this report, but can be subject of a con
tinuing project. 
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3 The model 

3.1 Introduction 

We start the description of the drying process with a pure convection-diffusion 
problem in a binary system. After that assumptions are made to simplify the 
modelling of the real problem, which is done in section 3.4. Here a differential 
equation describing the moisture transport is derived. Boundary conditions 
are considered in section 3.5. The obtained differential equation is transformed 
into a simpler one by introducing a special coordinate system. Finally we look 
at the one dimensional problem. 

3.2 The pure convection-diffusion problem in a binary 
system 

First we consider a very general convection-diffusion problem with respect to 
species a and b in three dimensional space. The continuity equations are (see 
[11): 

apa(x, t) ( ( ) ( » at = - \1. Pa x, t Va x, t , 

(1) 

where t is the time, x is a spatial coordinate system (Euler notation), p, is the 
mass of species i per volume unit and Vi is the velocity of species i, i E {a, b}. 
The mass flux of species i with respect to spatial coordinates is denoted by ni, 
and defined as 

(2) 

In a pure convection-diffusion system the flux of species i can be split in a 
convection part, Dconv", and a diffusion part, j,(x, t): 

(3) 

Convection is the flux of mass by a flow with velocity Vconv: 
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Vconv can not be measured directly. We demand that it is equal for both 
speCIes. 
All fluxes are defined as mass fluxes. According to [1] the diffusion flux must 
be related to the gradient of Wi(X, t), the mass fraction of species i. This is 
done by Fick's first law (see [1]): 

(4) 

where p(x, t) = Po. + Pb is the total density and D is the diffusion coefficient, 
dependent on the temperature and the species a and b. D is equal for jo and 
jb, and does not depend on the concentration of a and b. 
With these definitions Vconv must be the mass average velocity: 

PoVo + PbVb no + nb 
Vconv = - ---

Po. + Pb P 
(5) 

This can be shown by using VWo = v P - Pb = -VWb. Substitution of (4) in 
P 

(3) and writing the equations for the different species gives: 

nb = PbVconv + DpVwo. 

(6) 

(7) 

Addition of these equations gives the mass average velocity for V conv. Substi
tuting the mass average velocity in (6) and rewriting this equation gives 

(8) 

To be sure that a real problem can be modelled as a convection diffusion 
problem, it should be checked that the convective velocity is the mass average 
velocity in practice. This could be done by measuring the the quantities nO., nb 

and VWo. and see whether the vectors fit in equation (8). 

Remark In [1] convection and diffusion are introduced in the following way: 
choose the convection velocity you want to use. Then the diffusion term is 
given by Fick's first law. 
We have interpreted this as follows: choose the quantity you want to use for the 
fluxes. Then the convection velocity must be the average flux in this quantity 
and the diffusion term is coupled to the gradient of the quantity fraction. Once 
you have your fundamental equation you can rewrite it in the shape you like. 
This is also done in section 3.4, see formula (11). There it seems that the 
velocity of an other species is chosen for the convection velocity. One is free 
to interpret it that way, but the diffusion term can not be found directly with 
Fick's first law. 
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3.3 Assumptions 

To model the drying situation we start by making the following assumptions: 

• The temperature is constant; as a result energy balances are not neces
sary. 

• The influence of pressure gradients and external forces are neglected. 
The equation of momentum is not necessary. 

• It is a binary system consisting of moisture (m) and dissolved solids (s). 
Air transport is also involved, depending on the degree of shrinkage. We 
neglect the role of air, analogue to [2]. This is reasonable because mass 
transport of water is much higher than mass transport of air. 

• The medium is homogeneous at the start and all constitutive quantities 
do not depend on the direction: the medium is isotropic. 

• The moisture concentration on the boundary in contact with air is zero. 
This is reasonable if we wait until the initial effects are gone; we are in 
the Regular Regime (see [5]). 

• The plate on which the slab IS positioned IS isolated with respect to 
moisture transport. 

• Convection is only caused by isotropic shrinkage. 

• Besides convection a lot of mechanisms cause water transport such as 
molecular diffusion, capillary effects, evaporation and condensation, etc. 
We assume that all these fluxes can be modelled as - !(P.)p"Vwm , where 
f is an unknown, positive function of P •. This is shown in [4]. Summing 
all these effects gives: 

(9) 

with D dependent on u ! D can be seen as an effective diffusion coeffi
cient. This summing is reasonable because of the homogeneous starting 
situation and the isotropic behaviour. That ensures that all named mech
anisms will not have a preference for a certain direction, although the 
effective diffusion coefficient will be influenced. This only holds in the 
Regular Regime; when the sample is too dry the non diffusion effects are 
dominant. 
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Remark Our target was to calculate the diffusion coefficient; now we changed 
our D into a ID(p.) ! What is the real diffusion coefficient? 
Theoretically D is the real one. But in practice it has no meaning; it can not be 
measured and its influence can not be noticed between all other mechanisms. 
In practice ID can be measured and its influence can be noticed. That is why 
we call D "the" diffusion coefficient; D is the one we try to calculate. 

3.4 The differential equation 

For moisture we now have, according to equation (8): 

nm = (nm + n.)wm - DpVwm • (10) 

Convection can be related to the velocity of the solid particles v.; this is a 
function of time and place. Following [2] we rewrite this equation as: 

1 
---(wmn. - DpVwm ) 
1-wm 

= Pm n • _ ~DpV (_U_) 
P. P. 1 + U 

p2 Vu 
- Pmv. - -D( )2 

P. 1 + u 

(11) 

where we have used Wm = Pm and u = Pm several times. u is the mass 
P P. 

fraction on solid base. It has the same role as w but is more convenient in 
practice. This relation holds independent on the degree of shrinkage if the 
specific density of air is neglected compared to the specific density of water 
(see [2]). Using equations (1), (2), (8) and (11) we can write: 

aPm 

au _ P. = ~ (apm _ U ap.) 
at at P. at at 

1 - - ( - v e nm + u V e n.) 
P. 

_ ~ (-V. (Pm n. -DP.VU)+UVe n.) 
P. P. 

1 
- -(-n •. Vu - uV e n. + V· (Dp.Vu) + uV· n.) 

P. 
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1 
- - (-P.v •. Vu + v . (Dp. Vu)) 

P. 
1 - -v.· Vu + -V· (Dp.Vu). 
P. 

Finally we have: 
au 1 -a + v •. Vu = -V· (Dp. Vu). 

t P. 
(12) 

3.5 Boundary Conditions 

We consider a boundary surface split in two parts, r l and r 2 • r l is the interface 
between the slab and the air. On this boundary the water concentration is 
assumed zero, due to dry air. r 2 is the interface with the dish the slab lies on. 
On r 2 the water flux is assumed zero in the normal direction. Both r land r 2 

are free boundaries, because of shrinkage of the slab. In formula notation: 

u(x, t) - 0, x E rl(t), (13) 

au(x, t) 
(14) an - 0, 

where n is the normal vector on r 2 pointing outwards. 

3.6 Material coordinates 

Using a special coordinate system, equation (12) can be transformed into a 
simpler one. In this so called material coordinate system, which will be denoted 
by z, a coordinate (fixed in time) is attached to each solid particle. Otherwise 
stated: the particles are labeled by fixed coordinates z, given by: 

z = x(O). (15) 

The x position of a certain particle is a function of z and t. Reversely, the z 
coordinate can be calculated given the x position and the time t. We focus on 
the position of a solid particle with constant z coordinate and velocity v.: 

v.(t) = dx(z, t) = ax(z, t). 
dt at 

Notation: 
u(z, t) = u(x, t), P.(z, t) = P.(x, t). 
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Then, according to [3]: 

~t u(z, t) = :t u(z, t) - :t u(z, t) = ! u(x, t) 

dx(t) a 
- Vu(x, t). dt + at u(x(t), t) 

a 
- Vu(x, t) . v.(t) + at u(x(t), t). 

Now we define the shrink factor. 

( 

Xl(t) ) ( (Xl + c)(t) ) 
Consider point x(t) = X2(t) and point xc(t) = (X2 + c)(t) ,where 

X3(t) (X3 + c)(t) 
c > o. P. will be constant in the cube given by x an d Xc if c is small. Then 
the following solid mass balance can be given: 

P.(x, t) [(Xl + c){t) - Xl(t)] [(X2 + c)(t) - X2(t)] [(X3 + c){t) - X3(t)] = 

p,(x, 0) [(Xl + c)(O) - Xl(O)] [(X2 + c)(O) - x2(0)1 [(X3 + c)(O) - X3(0)] 

When c --. 0: 

( )
dXI(t)dx2(t)dx3(t) (0) 

P. x, t d d -d- = P. X, 
Zl Zz Z3 

Using that the medium is isotropic gives: 

1 1 

dXi(t) = (p,(X, 0)) i = (P:(Z, 0)) i, i E {I, 2, 3}. (16) 
dZi P.(x, t) P.(z, t) 

According to [6] the transformation from x to z has the following effect on the 
nabla-operator (V is with respect to x, V is with respect to z): 

1 

V ~ (PtI(Z,t))i V P.(z,O) , 
(17) 

V·y _ P.(z,t)V. ((P'(Z,t))-~ ) 
P.(z,O) P.(z,O) y, 

(18) 

for all vectors y. 
Equation (12) can be written in z coordinates using (17) and (18): 

au(z, t) = V . (lD(U) (~.(Z' t)) -~ vu) . 
at P.(z,O) 

(19) 
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Special case If the system is maximal shrinking, the volume balance reads 
(see [2]): 

Pm + P. = 1 
dm d. ' 

(20) 

where ~ is the specific density of species i. 
In that case we have the following formula for p.: 

(21) 

Substitution in (19) and skipping the tildes gives: 

au(z, t) = V. (D(U) (d.U(Z, t) + dm )} VU) . 
at . d.u(z,O) + dm 

(22) 

Remark Maximum shrinkage is realistic in this case and formula (22) can 
be used. A disadvantage is that with this formula only numerical methods can 
be used to determine D. In that case we do not gain insight in the problem. 
Schoeber tried to get more information about the behaviour of D by putting 
D and p. in a simple function (see [5]). Using maximum shrinkage may be 
possible at a later stage of the model. 

3.7 One dimensional problem 

In experiments a slab is used. We model this as an infinite flat layer. So there 
are only changes in the vertical direction, which we call the x-direction. The 
problem reduces to a one dimensional problem, and (19) transforms into 

au(z, t) = ~(ID( ) A28u) 
at az U P·8z ' 

(23) 

with 
A P.(z, t) 
P. = . 

P.(z,O) 
(24) 

Notice that the exponent of /J. changed from -~ in the three-dimensional 
model into 2 in the one-dimensional problem, because in this case shrinkage is 
one dimensional. 
To non-dimensionalize this equation, we define the following dimensionless 
variables: 

l/J=_Z_ (25) 
Zmaao 
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where 4> is the dimensionless material coordinate of solid particles, and Ztn4:11 

the maximum material coordinate. Zmo:ll is the thickness of the slab at t = O. 

Dot 
T=-

Z2tn4:11 

(26) 

in which T is the dimensionless time variable and Do is the constant diffusion 
coefficient on time t = o. 

U 
Ur = - (27) 

Uo 

with U r the dimensionless mass fraction on solid base, and Uo the constant 
mass fraction on time t = O. 

VA2 

D =-.!2 
r Do 

in which Dr is the reduced dimensionless diffusion coefficient. 

Substitution of these dimensionless variables in (23) gives 

OUr = ~ (D OUr) 
aT 84> r 04> . 

(28) 

(29) 

The slab contacts the dish at 4> = 0 and dry air at 4> = 1. Therefore the initial 
and boundary conditions are: 

T = 0 : 

4> = 0 : 

4> = 1 : 

U r = 1 
8ur = 0 
84> 

U r = 0 

For water Dr strongly depends on the mass fraction u. 
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4 Conclusion 

In this report we have developed a general, simple model for drying processes. 
This is done because now it can be used in further calculations. A very com
plicated model would result if all additional effects which have been neglected 
or simplified were taken into account properly. R. Kaasschieter and F. van der 
Ven are working on such an exhaustive model. A well defined simple model 
has more practical meaning: complicated models normally need a lot of input 
data which are difficult to obtain. 

To be sure that our model is well defined one has to check equation (8). 

The next step is to determine the diffusion coefficient from measurements of 
drying curves. It seems appropriate to use the one dimensional model of section 
3.7. 
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I 

Symbols Used 

Symbol Description Dimensionl 

d· • specific density of species i M j L-3 

D diffusion coefficient L2T-l 
[) effective diffusion coefficient L 2T-l 

[),. reduced diffusion coefficient 
Jj diffusive part of flux of species i . Mj L-2T-l 
ni total flux of species i Mj L-2T-l 
t time T 
u mass fraction on solid base M M-l 

m • 

u,. dimensionless mass fraction 
Vi velocity of species i LT-l 

Vconv convective velocity LT-l 

x spatial coordinate L 
z material coordinate L 

Zma: thickness of slab L 
P total densi ty ML-3 

Pi density of species i MiL- 3 

</> dimensionless material coordinate 
T dimensionless time 

Wi mass fraction of species i MjM- 1 

1 M: masSj L: lengthj T: time; subscript m: moisture; subscript s: solidj subscript i: a 
general species. 
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Chapter 1 

Current situation of collecting 
garbage and the problem 

1.1 current situation 

Rept[ 2] 

In a city garbage is picked up every day except for Sundays. This is done by the municipal 
cleaning department where 850 people are employed. Each of them has to work five days 
and has one free day. The free day of an employee shifts every week. So if it is Monday in 
a certain week, then it is Tuesday in the next week, and so on. 

The amount of garbage, that is put on the streets on each day is as follows: 

Monday 2700 tons 
Tuesday 2500 tons 
Wednesday 2350 tons 
Thursday 2000 tons 
Friday 2000 tons 
Saturday 2000 tons 

Every week all the garbage is exactly picked up. Each day the same number of employees 
is working, so the same amount is being picked up. Because there is more garbage in the 
beginning of the week than at the end, there will be some garbage left on the streets at 
the end of the first days of the week. By changing the number of persons, that work on 
each day, these remaining amounts may be reduced. The problem now is to find the best 
way to distribute the employees over the days. 
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1.2 Best way of collecting garbage 

Of course the department wants to have as little as possible garbage left on the streets in 
the evenings. But it also has to be taken into account, that all the employees are equal. 
So all the employees should be equally often free on Mondays, Tuesdays, etc. This means, 
that a schedule has to be made for the free days of the employees. The length of the 
period of this schedule should not be very long for practical reasons. So if the employees 
are divided in groups, then the free days for these groups must be scheduled, such that the 
garbage on the streets in the evenings is as little as possible and that the period for which 
the schedule is made is not very long. We will look for a solution in which every week the 
same number of people is working on each day. 
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Chapter 2 

Model for solving the problem 

In our model we assume, that all persons have the same capacity, i.e. everybody picks up 
the same amount of garbage on a working day. 

2.1 General idea of solving 

We are going to solve the problem by dividing the employees in groups of equal size. We 
will do this for any possible number of groups. The groups are distributed arbitrarily over 
the week, such that every group works five days. We will prove, that after the first week the 
amount of garbage that remains on the streets on a certain day is equal to the remaining 
amount on the same day in the next week. So no matter what the distribution of groups 
is, the situation will be stationary after the first week. Furthermore we will prove, that 
there is always one day in the week on which there is no garbage remaining at all. Finally 
we will determine the best distribution of the groups and after that we will compare the 
solutions that we found for all possible numbers of groups and we will determine the best 
number of groups. 

2.2 Notation 

For the model we introduce some notation. The number of employees is denoted by k (in 
our case this is 850). The number of groups will be n, so the number of people in each 
group is ~. The days are numbered modulo 5: O=Monday, ... , 5=Saturday. Furthermore 
the following notation is used: 
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mi number of groups working on day i. 
ti amount of garbage that is put on the streets on day i. 
ri amount of garbage on the streets on day i, that is left from the previous day. 
Ci amount of garbage, that can be picked up on day i 

So on day i there are ti + ri tons garbage to be picked up. For each day a penalty, Pi, 
is introduced per ton garbage that is left on the streets at the end of day i-I. We will 
use these penalties to determine the distribution of groups, such that the total penalty, 

5 
P := L: Pi . Ti, is minimal. Furthermore the capacity of one person will be denoted by C 

i::::O 
and the capacity of a group by cg • In our model we assume, that everyone works five days, 

5 k 
so L: mi . - = 5k. 

i=O n 

2.3 Properties 

In this section we will show that for any distribution of the groups the situation is stationary 
after the first week and that there is a certain day on which there is no garbage left on 
the streets. To do this we will show that from the second week on, there will be no 
overcapacities, i.e. it is not possible that in the stationary situation the total capacity of 
the groups working on a certain day exceeds the amount of garbage on the streets. 

Suppose that mi groups are working on day i and that these mi groups together have the 
capacity to pick up Ci tons of garbage, 0 ~ i ~ 5. If on a certain day i the amount of 
garbage on the streets, ti + Ti is less than the capacity Ci, then we say, that there is an 
overcapacity of Ci - (ti + Ti). If Ci < ti + Ti then we say, that there is an undercapacity 
of (ti + Ti) - Ci. We know, that every week all the garbage can be picked up exactly, so 

5 5 
L: Ci = L: ti. This means, that for every overcapacity there is an equally large amount of 
i=O i=O 
garbage, that is not picked up at the end of the week. Therefore at the end of the first 
week, where we start with empty streets, the amount of garbage, that is left on the streets, 
is equal to the sum of the overcapacities. This remaining amount at the end of the first 
week will be denoted by R. In the second week the overcapacities of the first week will be 
used to decrease R. If day j is the last day on which there was an overcapacity in the first 
week, then there remains no garbage on the streets in the second week on day j. This was 
also the case in the first week (because there was an overcapacity) and therefore the r;'s 
in the rest of second the week are equal to the T;'S in the first week. So at the end of week 
two there is again a remaining amount R on the streets. Therefore in the following weeks 
the situation is equal to the situation in the second week. Now we have shown, that the 
situation is stationary after the first week and there is a day on which there is no garbage 
remaining. 
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2.4 Model 

We will solve the problem by looking at all the six possibilities for the day 1 with rZ+1 = 0 
in the stationary situation. It will be proved later, that if in the optimal situation the 
streets are empty at the end of day 1, the number of groups that work on each day is such 
that the amount of garbage that they can pick up, is as close as possible to, but not larger 
than the amount of garbage that is on the streets. 

The capacity of one group is cg = ~ . C, so the m/s are such that: 

so 

Then ri+l equals the amount of garbage on the streets minus the amount, that is picked 
up: 

Since rZ+1 = 0 all mi's and ri's are uniquely determined. 

We have already seen, that in the stationary situation there are no overcapacities, so 
mi . Cg ::S ti + rio Suppose, that in a certain situation the number of groups on day i 
can be increased with one group such that the capacity on day i still does not exceed the 
amount of garbage on the streets. Take mi = mi + 1 and mj = mj - 1, where day j 
is the first day after day i for which mj > O. Then for this new situation it holds, that 
ri+1 = ri+1 - cg , • •• , rj = rj - Cg and rj+1 = rj+1' So in the new situation there is less 
garbage on the streets and therefore it is better than the old situation. This proves, that 
in a stationary situation, if there is no garbage remaining after day 1, the mi's and r/s as 
determined above are optimal. We still need to prove, that starting with these mi's, the 
streets are indeed empty at the end of day 1. If this is true, it follows, that the situation 
is stationary from day 1 + 1 on and therefore the distribution is optimal, if in the optimal 
situation the streets are empty after day 1. 

We can prove this by comparing the rests at the end of the days in the first week to the 
rests in the stationary situation. Suppose, that in the first week the rest from the day 
before day i is ri and that it is ri in the stationary situation, 0 ::S i ::S 1 + 1. We know, that 
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rl+l =0, and we need to prove, that rl+1 = O. First we will prove with induction to i, that 
r~ $ ri, 0 $ i $ 1 + 1: 

i = 0: ro = R /\ r~ = 0, so r~ $ ro 

Suppose r~ $ ri : 

So rl+I = o. 
Now the optimal distribution can be found by taking the 1 at which the total penalty is 
minimal. 

241 



Rept[ 8] 

Chapter 3 

Schedule for free days 

In the previous part the optimal distribution of groups is determined for all possible num
bers of groups. If the employees are devided in n groups and the optimal distribution for 
this n is such that mi groups are working on day i, then n - mi groups are free on day i, 
o ~ i ~ 5. We number the groups from 0 up to n - 1, and in the first week we distribute 
the free days as follows: 
Groups 0 up to (n - md - 1 are free on Monday. 
Groups (n - ml) up to (n - ml) + (n - m2) - 1 are free on Tuesday. 
Groups (n-md+(n-m2) up to (n-ml)+ (n-m2) +(n-m3) -1 are free on Wednesday. 
Etcetera. 
For the second week we change the numbering by increasing the numbers of all groups 
with 1 (mod n) and we again distribute the free days as in week one. This procedure is 
now repeated. After n weeks the situation is equal to the situation at the beginning, so 
the period of the schedule is n. 

Let GCD = gcd(n - mo, n -ml, ... , n - ms). Instead of increasing the groupnumbers with 
one each week, we can increase those with GCD. In this way the length of the schedule 
is decreased with a factor GCD. Figure 3 shows a picture of this way of distributing the 
free days. It is not practical to have a very long period of the schedule, because then the 
department would have to plan very long ahead and the situation might change in the 
meantime. So in order to find the best number of groups n, we look at all possibilities for 
which the period of the schedule does not exceed a certain maximum number of weeks. 
From all possibilities we take n, such that the total penalty is minimal. 
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grouP numbers , 
. n 1 2 3 

Figure 3.1: :;chcllule fOl' the free day:; 
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Chapter 4 

Optimal solution 

With the model we can calculate the total penalty for all possible numbers of groups. 
Since there are 850 employees, the largest number of groups is 850 (groups consisting of 
one person). 

4.1 Unrestricted period length 

If there are no restrictions to the period of the schedule, then the optimal number of groups 
is 849 and the total penalty is 4.76. The period of the schedule in this case is 849 weeks, 
which is more than 16 years. 

4.2 Restricted period length 

For practical reasons we impose a maximum period length of one year on the solution. This 
means that we look for the smallest penalty among those solutions with a period smaller 
than one year. 

The amounts of garbage, that are put on the streets, are as mentioned in Chapter 1. We 
choose the penalties to be Po = ... = P4 = 1 and ps=2. So there is a higher penalty for 
garbage that is left on Saturday evenings (and therefore on Sundays) than for the garbage 
that is left on the other days. A pascal program was written to determine the optimal 
number of groups. It turned out to be, that it is optimal to take 38, 76, 114, 152 or 190 
groups. In all these cases the total penalty is 35 and the period of the schedule is 38 weeks. 
Actually all five optimal solutions are the same. This is, because if there are 38· m groups, 
then 38 bigger groups consisting of m groups can be made, such that the schedule stays 
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the same. 

We choose the solution with 38 groups because a small number of groups provides the 
smallest overhead for management. The numbers of working groups and the amounts of 
remaining garbage at the end of the days are as follows: 

mj rj+1 

Monday 38 0.00 tons 
Tuesday 35 3.95 tons 
Wednesday 33 0.53 tons 
Thursday 28 3.68 tons 
Friday 28 6.84 tons 
Saturday 28 10.00 tons 

The sum of the r/s is equal to 25.00, because of the higher penalty for Saturday the total 
penalty is 35.00. 

To evaluate the model we make a comparison with the current situation. The following 
table shows the amounts of remaining garbage and the total penalty in the solution with 
38 groups and in the current situation. 

Monday 
Tuesday 
Wednesday 
Thursday 
Friday 
Saturday 

Total penalty 

38 groups 
0.00 
3.95 
0.53 
3.68 
6.84 
10.00 

35 

current 
442.67 
683.33 
775.00 
516.67 
258.33 
0.00 

2676 

Period length in weeks 38 6 

4.3 Conclusion 

From the previous section it can be seen, that the remaining garbage on the streets and 
therefore the total penalty can be reduced significantly by deviding the employees in 38 
groups. The cost of this is a greater period length, it is increased from 6 to 38 weeks. 
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1 Introduction 

The working day of employees of a certain company starts at 8.30 and finishes at 17.30 with 
a lunchbreak of 1 hour from 12.30 to 13.30. Investigations showed that the productivity of 
the employees depends on the length of the working-time in the following way: 

1 
P(l:.) 

The raise of the productivity after a break can be described by the following rule: during 
a break with length r the productivity raises to the value it had at time 3.5 * r before the 
beginning of the break . Our task is to determine if a better division of the day is possible. 
Interpreting what a better division means one can choose several aims. For instance one 
can keep the production constant and then maximize the total break-time or minimize the 
length of the working day. We chose to maximize the total production of a day. Therefore 
we look at the optimal length of a break, the optimal time for beginning the break and we 
determine if additional breaks lead to a better result . 
The solution should satisfy the conditions fomulated below. We will verify these conditions 
afterwards. If the solution does not satisfy those conditions we will adapt the solution. 

• The minimal length of the break is 15 minutes. 

• There has to be a lunchbreak between 12.00 and 14.00 with a minimal length of 30 
minutes. 

• The working periods last at least one hour. 

• The total break-time during the day is minimall hour. 

• We will restrict ourselves to 1, 2, 3 or 4 breaks. 

For our investigations we keep the begin- and endpoint of the working day constant, so we 
assume that the employees start working at 8.30 and leave at 17.30. 
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The organization of this report is as follows. In section 2 we formulate in a number of steps 
a mathematical model for the problem. In section 3 we solve the problem for several cases. 
The solutions we obtained appear to be not usefull in practice. So in the 4-th section we 
propose some solutions which can be used in practice. Finally we draw some conclusions in 
section 5. 

2 Mathematical model 

2.1 Introduction 

In this section we present a mathematical model for the problem. We are going to formulate 
the problem in a general way, so we use parameters instead of values. For this purpose we 
work with the following symbols. First of all we use a instead of the value 3.5. This a is 
assumed to be greater than zero. Secondly we assume there are n breaks instead of one. 
The length of the i-th break is denoted by bi and the length of the j-th working period is 
denoted by Wj. When there are n breaks, there are n + 1 working periods. The length of 
the working day is denoted by T. 
We assume the productivity function to be strictly decreasing. Furthermore the highest 
productivity an employee can reach is 5 products per hour, which is P(O). So if Wi < Obi 

then the productivity at the beginning of the (i + l)-th working period will be P(O). 
As already said in the previous section our aim is to maximize the total amount of products 
an employee can produce per day. The variables in our model are the length of the working 
periods and the length of the breaks. So denoting the amount of products that an employee 
produces by I, we can formulate our problem as follows: 

In this section we show that this problem can be written as a function of one variable only. 
The derivation of this result will be done in three steps in the following three subsections. 

2.2 The working periods 

In this subsection we show that in the optimal situation the working periods are equal to: 
Wi = Obi. This condition implies that the productivity raises up to its maximum P(O) again 
after each break. 

There are three cases ~ossible for all i: 

1. Wi = Obi 

2. Wi < Obi. 

In this case we have to prove that Wi = Obi leads to a better solution. 

3. Wi > Obi. 

In this case we have to prove that Wi = Obi leads to a better solution. 
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In the general case we can write the amount of products that an employee produces on one 
day as follows: 

where: 
Wn +l = T - WI - b1 - .... - Wn - bn , 

11 = 0 and 

I,' = { Ii-I, i.fwi_l- obi_l ~ 0 / . 2 + 1 
I b f b 0 

orl = , ... , n . 
i-I + wi-l - a i-1. 1 Wi-l - a i-I> 

(1) 

Suppose now first of all that there are one or more Wi'S for which Wi < Obi. Suppose further
more that the i-th period is the first period in which this is the case. So in previous periods 
only cases 1 and 3 occur. We keep Wi + bi constant. When we decrease bi and thus increase 
Wi we have only a change in upperbound of the integral which inteE£rates the wor~ing period 
Wi. When we decrease bi and increase Wi such that Wi + bi = Wi + bi and Wi = Obi, then the 
amount of products produced can be written in the following way: 

j w.+I. jtii.+I. 
J(Wl, . .. , Wi, bi , ... , wn + 1) = J(Wl, ... , Wi, bi, ... , Wn +l) - P(x)dx + P(x)dx. 

I. I. 

Now we can conclude: 

J(Wl, ... ,Wi,bi , ... ,wn+ 1) > J(Wl, ... ,Wi,bi , ... ,Wn+l), 

because P(x) > 0 for all x and Wi > Wi. 

So changing this special Wi into Wi leads to an increase in the amount of products produced . 
by one employee in one day. When there are more Wi'S for which Wi < Obi, the same pro
cedure can be applied. In the end it is clear that only cases 1 and 3 are left. 

What we have to do now, is prove that it is also better to change Wi > Obi into Wi = Obi. 
Recall the general case previously described (equation 1). Suppose now that the i-th period 
is the last period for which Wi > Obi. We know then that: li+l = Ii + Wi - Obi. We have 
eliminated cases where Wi < Obi, so in the remaining periods w" = ob", k = i+ 1, ... , n. Now 
we know that h = li+l , /or k = i+2, ... ,n+ l. 
What we do now is keep the periods i + 1, ... , n the same as they were, change Wi into 
Wi = Obi (this means a decrease in working time in the i-th period) and change Wn+l into 
Wn+l = Wn+l + Wi - Obi. This way the total working time remains constant; the decrease 
in working time in the i-th period means an increase of the same value in the last period. 
This can be seen as follows: Wi and Wn +l are the only two working periods that change, so: 
Wi + Wn+l = Obi + Wn+l + Wi - Obi = Wi + Wn+l. 
We show now that this means an increase in the amount of products produced. 
For period i : ii+l = Ii, so for k = i + 1, .. . , n + 1 we can derive the following: i" = Ii < 
li+l = Ie! This has the following concequence for periods i + 1, ... , n: 

because P(x) is a decreasing function and ii+l < li+l' 
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I(W1 1"'1 Wil bil "'1 Wn+1) > I(W11 "'1 Wn+1) - jWi+li P(x)dx + jWi+li P(x)dx 
Ii Ii 

where: 
li+1 = Ii + Wi - ab i 

4+1 = Ii and 
Wn+1 = Wn+1 + Wi - abi . 

So: 

I(W1"", Wi, bi"", Wn+1) > I(Wl , ... ,Wn+1)_j
W

i+
l
i P(X)dX+jabi+li P(x)dx 

Ii Ii 

_ jW"+l+
l
i+

W
i-

ab
i P(x)dx + jW,,+l+

l
i+

W
i-

ab
; P(x)dx 

I;+wi-abi I; 

I(W1 1"'1 W
n

+1) _lW
;+li P(x)dx + j,;+w;-ab; P(x)dx 

abi+li Ii 

> I, 

because the integration intervals are equal in both integrals I P(x) is a decreasing function 
and abi + Ii > Ii. 
So when we change the length of the working time of last period in which Wi > abi into 
Wi = abi and put the remaining working time in the last period we can increase the total 
amount of products produced. When there are more than one periods for which Wi > abi 

we can apply this procedure several times and find eventually that in all periods Wi = abi! 

Now we can conclude that in the optimal situation Wi = ab i for all i. 

2.3 How to find the optimal solution 

We know now that in the optimal situation it holds that Wi = abi for all i so that we can 
write the object function which we have to maximize as follows: 

We are now going to derive some conditions which we help us to find the maximum. 
In this section we assume that P(x) is a differentiable function. 
If we differentiate the integals with respect to bi we get: 

aI(b~~~ " bn
) = a * P(a * bi) - (1 + a) * P(T - (1 + a) * (b1 + ... + bn » 

The second derivatives are equal to: 
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• (differentiate twice with respect to bi :) 

(j2 I(b~b~··' bn) = 0 2 * P'(o * bj) + (1 + 0)2 P'(T - (1 + 0)(b1 + ... + bn» . 
• 

• (differentiate with respect to bi and bj with j =F i:) 

In all cases are these expressions less than 0 because P(x) is a decreasing function (so 
P'(x) < 0) and 0> O. 
Define now the (i,j)-th element of the matrix of Hesse H as [hij] = aflb; for all i,j. From 

theory we know that when the matrix of Hesse is negative definite and a~::) = 0 for all i, 
then b· is a maximum. 
A matrix H is negative definite when: 

for all y ElRn and y =F 0: y'Hy < O. 

We can write H as the sum of two other matrices: 

H = 0 2 A + (1 + 0)2 P'(T - (1 + 0)(b1 + ... + bn»B, 

where A is the matrix with elements [ajj] = P(obi) and [aij] = 0 for all i =F j and B is 
the matrix with elements [bjj ] = 1 for all i,j. 
We can write: 

y'Hh<O 

¢> y'(02 A + (1 + 0)2 P'(T - (1 + 0)(b1 + ... + bn)B) < 0 

¢> o2ylAy + (1 + 0)2 P'(T - (1 + 0)(b1 + ... + bn»y' By < O. 

We can easily calculate: 

y' Ay = 2:i:1 nyl P'(ob j ) 

y' By = (2:7:1 Yi)2. 

So: y' Hy = 0
2 2:7:1 yl P'(ob j ) + (1 + o?P'(T - (1 + 0)(b1 + ... + bn»(2:~:l Yi)2. 

Because P(x) is a strictly decreasing function we know that P'(x) < 0 for all x. Now 
it follows that y' H y < 0 for all y E lR n, y =F O. So H is negative definite. 
So if there is a point b· in the inner region at which 8~:;·) = 0, then it must be a maximum. 
Possible values for optimal points are either at the border of the interval for b or in the inner 
region. 
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2.4 The length of the breaks 

As already mentioned we are able to write the amount of products produced by an employee 
in one day as follows: 

l
ab1 lab.. I T -(l+a)(b1+ ... +b,,) 

1(b1 ,b2 , .•• ,bn )= 0 P(x)dx+ ... + 0 P(x)dx+ 0 P(x)dx. 

This means that after every working period the productivity raises up to its maximum P(O) 
again. 
In the previous section we showed that we can calculate the maximum of 1(b1 , ... , bn } by 
taking the first derivative with respect to all the hj's and set these equal to zero. Solving 
this set of equations will give the maximum, if the solution lies in the inner region. Because 
of the symmetry of 1 with respect to the bj's we get a set of symmetric equations which has 
only a solution if all the bj's are equal. This can be seen as follows: Taking the derivative 
of 1 with respect to bi and setting it equal to zero we get: 

P(ab j ) * a + P(T - (1 + a)(b1 + ... + bn» * (-(1 + a» = 0 

So what we get are n identical equations: 

(1 + 0) * P(T - (1 + a)(b1 + ... + bn» = 0* P(Obi), i = 1, ... , n. 

The left-hand sides of all the equations are equal and the right-hand sides of the equa
tions are functions of bj. Given this, we may conclude that: 
P(ab j ) = P(obi ) for all i,j. 
Hence,since P(x) is monotonically decreasing, for the solution of this set of equations it 
holds: bi = bi , for all i, j. 
For the next steps we may set bj = b > 0 for all i. We now have a function of one variable 
only which we have to optimize: 

l

ab IT-(l+a)nb 
maximize 1(b) = n * 0 P(x)dx + 0 P(x)dx. 

2.5 The parameters 

The parameters of the problem are P(x) (which is given as a graph) and a (which has the 
given value a = 3.5). 
We approximated P(x) as the following quadratic function: 

( ) 
4 2 22 

P x = -- * x - - * x + 5. 
105 105 
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3 Maximizing the breaklength 

3.1 Introduction 

As shown in the previous section we have to maximize: 

ra • 6 rT -n-(l+a).b 

I(b) = n * Jo P(x)dx + Jo P(x)dx 

over b > 0 and nb ~ 1. 
We substitute the parameters,calculate the first derivative and set it equal to O. When 
we solve the resulting equation the maximum is calculated. We have computed results for 
several cases. They are presented below. 
The optimal solution in these cases will be compared with the production per day per 
employee in the current situation which is given by: 

14 14.5 
P(x)dx + P(x)dx = 34.26. 

o 0 .5 

3.2 One break 

First we look at the current situation and see what we can say about it given the results we 
presented in the previous section. In the current situation there is one break; it lasts 1 hour 
and it begins at 12.30 h. We can directly conclude from our results in the previous section 
that this is not an optimal situation. It is better to start the break at 12.00 (with a = 3.5) 
so that WI = ab i = 3.5 * 1 = 3.5. The amount of products produced per day is then equal 
to: 34.89, which means an improvement of ±2%. 
Of course, we can also calculate the optimal break-length given that we have only one break, 
but letting the breaklength be variable. 
Using the approximated function P(x) and a = 3.5 we can maximize I(b) with n = 1. The 
optimal solution is b = 55 minutes, so there should be a break after approximately 3 hours 
and one quarter work. This means a break at 11.45 of 55 minutes. The amount of products 
produced per day is then equal to 34.96. This is an improvement of ±2%. 
One of our conditions was that the lunchbreak should start between 12.00 and 14.00. Fur
thermore the total break-time should at least be one hour . This is not the case in the 
optimal situation presented above. We therefore recommend that in the situation of one 
(lunch)break it is best to start the break at 12.00 and let it last for one hour. 

3.3 More breaks 

In principle it is very easy to calculate the optimal breaklength for more than one break 
with the expression of J(b) we have formulated. For a few situations we have done this . 

• Two breaks: 
For n = 2 the optimal breaklength is equal to: b = 0.54, thus approximately the breaks 
should last half an hour. The working day would then be as follows: one should work 

255 

Rept[ 7] 



for 1 hour and 50 minutes, then have a break of 30 minutes, work again for 1 hour and 
50 minutes, again a break of 30 minutes and then work for 4 hour and 20 minutes, 
without another break. This does not seem to be a very practical solution, although 
it leads to an improvement of ±5% . 

• Three breaks: 
The situation of three breaks could in practice be a very interesting one. One can 
imagine that one has in the morning and in the afternoon a coffeebreak and around 
twelve or twelve-thirty a lunchbreak. When we maximize I for n = 3 we get the 
following. The optimal break length is approximately 25 minutes. The division of the 
day would than look as follows: 

work from 8.30 to 9.50 
break from 9.50 to 10.15 
work from 10.15 to 11.35 
break from 11.35 to 12.00 
work from 12.00 to 13.20 
break from 13.20 to 13.45 
work from 13.45 to 17.30. 

This is a division of the day which the employees will not like very much. So, although 
this is optimal (with an improvement of ±6%), we will not recommend this option. 

3.4 The limiting situation 

When the number of breaks is increased the total amount of products produced during the 
day will also increase. It is interesting to look at what happens if one lets the number of 
breaks go to infinity. It is clear that when n -+ 00 that b -+ O. 
As previously shown we have to maximize: 

1

006 1T-no(1+0).b 
feb) = n * 0 P(x)dx + 0 P(x)dx 

over b > 0 and nb 2: 1. 
Furthermore we have shown that a maximum can be found by differentiating this expression 
with respect to b and setting it equal to zero. It can easily be seen that from 
f'(b) = o:P(o:b) - (1 + o:)P(T - (1 + o:)nb) = 0, 
it follows that 

P(ab} __ 0:_ ( ) 

peT - (1 + 0: )nb) - 1 + a 2 

Furthermore we know that: T - (1 + a }nb > 0 (because the length of the last working period 
should be positive), which means: 
b< T (l+o)n' 
Suppose now: 
b = ,8Lro + o(~) for n -+ 00 and,8 < 1. 

Substituting this in equation 2 and letting n -+ 00: P(T~~~~.B» = I¥ 
::} P(T(1 -,8» = °t}~)· 
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Using the parameters: T = 9, a = 3.5 and P(x) = -165 * x2 
- 1

2
0
2
5 * X + 5, we get: f3 = 0.63. 

We supposed: 
b = f3Lra + o(~) for n -+ 00 and f3 < 1 
so for n -+ 00 we get: 

b .1!L n -+ l+a = 1.26. 
So the upperbound for the amount of products that an employee can produce during one 
day is: 37.07, which is an improvement of ±8% comparing it with the original situation. 

3.5 Conclusions 

We have found an optimal division of the day for several breaks, but none of them are 
acceptable from a practical point of view. Most of the breaks are in the morning and at the 
end of the day there is a large working period. This is not the kind of solution that we can 
support. 
In the next section we will determine for several cases what will be the best solution satisfying 
the conditions we formulated in the first section. 

4 Practical solutions 

The only practical solution we have so far is the situation where there is one break. Be
cause we have made a restriction in the beginning that the lunch should not begin before 12 
o'clock, the real optimal solution (beginning a lunchbreak at 11.45 which lasts 55 minutes) is 
not one we can recommend. We therefore recommend our first solution namely: it is better 
to change the beginning of the lunch from 12.30 to 12.00. The amount of products produced 
in one day will than increase with ±2%. The optimal length of the break is then 1 hour. 

After this we looked at the above situation more closely. We investigated if it is possible 
to add more breaks given the one hour break at twelve. We did this in the following way. 
One can look at the morning and afternoon seperately, because an additional break in the 
morning will not influence the situation in the afternoon as long as we restrict ourselves to 
the condition: Wi = o:bi. The conclusion is that in the morning it is optimal to take a 2 
minutes break after 7 minutes working. That is really not worthwile. In the afternoon a 
10 minutes break is optimal after working for 35 minutes. This is also not a very practical 
solution. So we can conclude that in the situation of one lunchbreak of an hour starting at 
twelve it is not necessary to add more breaks. In practice it is likely that the employees take 
a coffeebreak in the morning and the afternoon. 

We tried to calculate several possibilities in the previous section. But none of the ideas 
led to a practical usefull solution. Because looking at this problem theoretically has so far 
not been very successfull for more than one break we will look at the problem in a more 
practical way. We just thought about a fair division of the day and calculated what will 
happen with the production. 
It seems important that the condition Wi = o:bi holds, especially in the beginning of the day. 
If you have a break which lasts shorter than ~, than you will never reach the productivity of 
P(O) per hour again (which is after all the maximum). This will influence the productivity 
in the future a great deal. So what we did is think about what is a logical time during the 
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day to have breaks and calculate with the relation bj = ~ how long the breaks should last. 
We thought about the following: 
one starts working at 8.30 and the first break should be at 10.00. It should last then for 25 
minutes, so at 10.25 the employee should go to work again. He will work then until 12.30 
and then he can have a lunchbreak until 13.05. At 15.00 there will be a coffeebreak af 30 
minutes and then he'll have to work from 15.30 until 17.30. If we calculate the amount of 
products that an employee will produce when working according to this schedule we get: 
35.66. This means an increase of 4%! In this situation the total break-time is one and a 
half hour. So with this division of the day the break-time is longer and still there is more 
production! 

5 Conclusions 

We tried to look at the problem in a general way. We wanted to achieve a solution which 
can be used in a general context, so also for other productivity functions (as long as they 
are decreasing and differentiable) and for other values for a. This did not lead to usefull 
solutions. We then tried to look at the problem in a more practical way and we came to the 
following conclusions: 

• If one wants to have one break then it is best to have a break from 12.00 to 13.00 . 

• For more than one break it is not very clear from a theoretical point of view how 
to divide the day optimally, when you want the solution to be of practical use. We 
thought about some division of the day which seemed logical to us. The only condition 
we wanted to satisfy was Wj = a * bj , because this condition is important. When we 
calculated the production per day when using our division we came to the conclusion 
that it is a better solution than the one with one break. So actually this is the division 
of the day we recommend . It looks as follows: 

(coffee)break from 10.00 to 10.25 
(lunch)break from 12.30 to 13.05 
(tea)break from 15.00 to 15.30 
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1 Introduction to the problem 

We cOllsider t.he following situation. A river divides a road into two parts. 
A ferry transports the traffic fr0111 one side of the river to the other side and 
reversely. The ferry can carry at most eight cars at a time. The time which 
the ferry needs to cross the river is approximately 3 minutes. 

Trafric arrives at each side with all illtcnsity which depends on the side a.nd 
the time of day. The arrival intensity can vary between 10 cars and 60 or iO 
cars per hour. The boatman has no fixed scheme for the crossings, but he can 
decide when to cross the river. 

The boatman wa.nts to minimize the expected waiting time per car. Our task 
is, to give t.he boat.man an advice which fulfils this aiIlL This advice may not 
be t.oo difficult to comprehend. Such all advice, or strategy, must describe 
when the boatman has to cross the river. 

\Ve aSSUl1le, that a working day call be divided into a number of periods in 
which the arrival int.ensities of t.he cars are constant. It is reasonable to consider 
a mathct1l<lt.ical model for the ani,"al and crossing process, in which the arrival 
itlt.ensit.ies are Ilot depcllding on t.he t.ime. For this model we will compute an 
opliltlal advice for the boatman. TIICI1 our advice for the non-stationary case 
will be as follows. for every pcriod of t.he working day the boat.man knows 
the arrival intcnsity at each side. For this pcriod the advice for the boatman 
is cqual to the advice which we comp"t.ed ill the stationary case for the given 
arri ,"al i lltCllsi lies. We ex peel, t.hat such a combination of stationary strategies 
will almost be opt.illl(1.1 in tlte nOIl-statiollary case. 

Tlte organization of this report is as follows. In section 2, some modelling 
assull1pl.iollS are made. III section 3, we presclIt a matheIllat.ical model for our 
systcm. first, we describe ollr system by lllcans of a semi-Markov decision 
model. Then wc determille t.he charllc\crist.ics of t.his model (the expected 
timcs betwccn two decisions, the expec\.cd costs incurred until the next decision 
epoch and the transition probabilities). furthermore, in section 4 we present a 
value-iteration algorithm which complltes an optimal strategy. In section 
5, we present some llumcrical results of t.his iteration method. Finally, some 
conclusions are drawn. In appendix 1\, wc give the listing of our Pasca.l program 
for t.he value-i tcration method. 
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2 Assumptions 

A first step ill const.ructing a mathclllat,iccd model for the arrival and crossing 
process is a list of as sumptions. They are formulated below. 

• Cars arri \·c at cach side accord i ng to Poisson streams. The arrival inten
sit.y A depcnds on t.he side, but not. on t.he queue lengths or the time of 
day. 

• There is an exception t.o thc previolls assllmption: if the number of 
wait.ing cars at a side is cqual t.o a cC:'rtain maximum, no new cars will 
arri\·c at. that side. 

• The cars which arrivc wait until t.ll(.'.)" arc transported to the other side. 

• \\Thcn t.he boatmall wallts to cross t.he river, he t.akes as many cars as 
possibk. 

• If the hoatlllan st.arts t.o cross t,11(' ri\"('r, he will fiui sh the crossing as 
<[uicklyas posssible (i.e . ill :3 IIlillllt.cS) . This mC(\.lIs for example, that, if 
t.he boat depart.s frolll t.he left, s ide illlel SOllle t.imE' later a new car arrives 
at the left side, thc boatllJan is !lOt. allo\\"C<1 to return to the left side to 
tclke the car with him. 

• The t.ime which the car drivers I)('('d to ent.er tile boat IS negligible in 
comparisoll t.o the crossing tillle. 

In the next section \\·e will describe it stoc1lastic model for t.he arrival and 
crossillg proc('ss which call be del' iw'd frolll t.hese asslIlIlptions. 
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3 Mathematical model 

3.1 Introduction 

In this section we describe our system by a decision model in which the times 
bet.ween consecut.ive decision epochs arc random. This means that the deci
sions are not made at fixed times. A possible model for such problems is the 
so-called semi-Markov decision model. 

A semi-l\larkov decision model is a model for a stochastic process in which a 
decision can be made ,vhen the state of the system has changed. The decision 
may only depend on the presellt. st.ate of t.he syst.em. The change of the system 
can t.c\.ke plClcc CIt. epochs which arc rClmlolll vClriables. The st.ate space of the 
system is Clssulllcd to be finit.c. 

If the system is in a certain st.at.e i, a finite set of possible decisions A(i) is 
available. As a result of the decision, cost.s are incurred and the state of the 
system mCl)' change. furthermore, the following l\larkovian property has to be 
satisfied. If at. a decision epoch a decisioll is chosen, then the state at the next 
decision epoch. t.he costs made and t.he t.ime unt.il t.he next decision ('1)och only 
depend on the present. st.ate and tile decision made. 

In a scmi-l\larkov decisioll model tile long-run average cost per unit time is 
taken as the optimality crit.erion. We will sec that we can model our ferry 
syst.em as a sCllli-l\larkov decision model. \\'e have to det.ermine the charac
teristics of the sys\.em. 

Let 1, t.he seL of possi ble states of our system model, be gi ven as follows: 

1 = {( 11, III, ]J) : 1/. E {I, . , , , h' o}, 111 E {O, ... , A" o}, pEP}, 

",here 1\"0 E IN is the llIaximal Illllllher of ",aiting cars at. each side and P is 
the sct. of possible positions of the boat. The set. P cOlltains two elements, 
hIt and I'ighl. This mCClIlS t.hat tile boat is at the left or at the right side of 
tllC rivet'. Ir t.he boat,l1liUI is crossing; t.he river, 110 decision needs t.o be ma,c\e 
because the boatlllall has t.o contilllle' crossing, Therefore we do not have to 
take this sit.uation into accoullt. 

If (N(t), M(t), p(t)) is t.he st.at.e of t.he systcm at decision epoch t, then N(t) 
denot.es the number of cars waiting at t.he left side of the river at time t, lI1(t) 
denotes the Ilumber of cars waiting at the right side of the river at time t, and 
p(t) is the position of the boat at time t. We denot.e the stochastic decision 
epochs of the system by To, 11, .... 
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The only timepoints when a decision has to be made are the points when the 
st.ate has changed. This means that at a decision epoch the boat is at one side 
of the river and a car has just anived a.t the left or right side of the river, or 
the boatman has just arrived at one of the sides. 

For each state i E I, a set A( i) of possible decisions or actions is available. In 
our system model, A( i) contains two elements. If the boat is at the left or at 
the right side of the river, the boatman can choose between crossing the river 
or staying at his position. Formally, one can write: A(i) is the decision set in 
state i, where 

i = (N(t),AI(t), left) => A(i) = {stay, cross}, 

i = (N(t),AJ(t),6ght) => A(i) = {slay, cross}, 

There is an exception t.o this rule. If the boat is at one of the two sides and 
at both sides the number of waiting cars is equal to the maximum /{o, then 
the decision llIust be cross. The reason for this is, that if the boatman stays 
where he is, 110 ncw cars will arrive amI t.he situation will rema.in the same in 
future. 

Our aim is to find an optimal stationary decision function D. This means, 
that the decision does not depend on the time t explicitly, but on the present 
state i only. 

So, we only consider decision functions D : I --+ 1'1..", where 

l\' := {stay, C7'OSS} 

is the set of possible decisiolls. 

We take the average waiting time per car as the optimality criterion. However, 
minimization of the average wa.iting tillle per car is equivalent to minimization 
of the average number of cars in t.he system. This can be concluded from 
Little's formula, which states [or our case, that the average number of cars in 
the system is equal to the total arrival intensity times the average waiting time 
per car. 

When we want to determine the expected costs between two decisions, it is eas
ier to consider the avera.ge number of cars in the system as the costs. Therefore 
we will minimize t.he following costs: 

lim ~. 18 ([t(N(s) + M(s))ds) . 
t-+oo t 10 
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Finally, for our semi-Markov dCC1sion model, the following characteristics have 
to be specified: 

• Ti(a) = the expected time until lhe next decision epoch if action a IS 

chosen in the present state i, 

• ci(a) = the expected costs incurred until the next decision epoch if action 
a is chosen in the present slate i, 

• pij(a) = tile probability that at the next decision epoch the system will 
be ill state j if action a is chosen in the present state i. 

3.2 Detern1ining the characteristics of the model 

Thrce possible quest.ions arisc if we cOllsider Ollr 8cmi-J'farkol' decision model. 

• \Vhat. is 1.11c expected lellgt.h 0[' a period betwecll two decisions? 

• \Vhat arc t.lle expected costs in a period betwe(,ll t\\'o decisions? 

• What are UJe irallsitioll probabilit.ies of the systelll ? 

It is well-knowll, tllat the limes between t.wo consecutive arrivals in a. Poisson 
arrival process (wit.h illt.ensity ,\) are Illut.ually independent exponent.ionally 
dist.ribul.cd random \"ariahks, each wit.h parallleter A. 

Suppose the state of the syst.em ilt the prescnt decisioll epoch 1, is i = (n, m,]J), 
with 11,111 < }\'o alld JI E P. Suppose that. the decisioll is (I. = stay" Let now 
Xl and X2 be t.he time it tClkes before t.he IICXt. car arri\'(:s at t.he left a1l(1 right 
side of t.he river, respectively. The IICXt. st.at.e will be j = (n + 1, m, left) or 
j = (n,m+ l,lcft). Now wc havc t.he rollowillg: 

Xl will be exponentially dist.ribu(.ccl wi\.h parameter ,\, and X 2 will be ex
ponent.ially distributed with parameter It. The time it takes before the next 
clecision is lllade, 11+1 - T

" 
is the minimum X of Xl and X 2 , so 

and 

18X = _1_. 
,\ + It 

Now suppose that the stat.e of the syst.em at the present decision epoch is 
i = (11.,1\'0' p), ,,"iib 11. < [\'0' Let a = $f(l,!J. The boatman has to wait until 
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a lIew car arrives. This new car can ollly arrive at the left side, because the 
right. side qucue has maximal Icngt.ll. TlJerdorc t.he time hetween the present 
and the Ilcxt decision will have an exponential distribut.ion with parameter >.. 
The case of i = (1\0, m,]J) is treated analogously. 

So, there are four possible values for Ti(a): 

Ti(cruSS) = T, 

Ti(slay} = 

Ti(stay) = 

Ti( ·slay) = 

1 
>.+~ 

1 
X 

1 
~ 

if i = (n,m,p), 1I,m < /{o, 

if i = (A'o, m,1»), 111 < go. 

In our syst.em l1Jodel, we defille the ('xpcct.ed costs et(a) in a period (for all 
i Eland (L E AU)) as t.he total IIlllllbcr of waiting cars times the expected 
t.illle Ti(a) between the decision (L and t.lIC next decision. 1\1oreover, if a car 
which arrives at a side has t.o leave because t.he side is fllll, we add a certain 
penalty J~en In Ihe cost.s. 'fhis pelli111..\' can be considered as the time it takes 
for thc car t.o traycl to tIle other side or the rivcr wit.hout using the ferry. 

Therefore, the cost.s during I.his int.erilrrivill period are given as follows: 

Ci(croSS) ~ [(n - 8)+ + m]. T + C;en(i) if i = (n, 111, left), 

Ci(croSS) ~ [II + (m - 8)+] . T + C;en(i) if i = (n, m, 7'ight), 

Ci($/(/!J) = [n + 111]' >.!~ ir i = (71,111,]») wit.h 1I,m < l\o. 

ci(",lay) = [7/ + 111]' i- + C;en(i) if i = (n, [{0,1») with 11 < ](0, 

ci(slay) = [II + '/1/]' ~ + C;en(i.) if i = (A'o, 1/1., 7» with m < ](0. 

The average cost.s for the decisioll a = cross are an approximation of the 
real average costs, because during the crossing period new cars can enter the 
queues. They increase the waiting tillle or the cars in the period. We neglect 
this increase, because the average lIumber of enterillg cars also depends on 
the maximal queue length /\'0 and the number of rema.inillg cars. TI?is would 
become quit.e difficult. 

The computation of the extra costs caused by leaving cars is a little bit more 
dilIicult. \Ve have to est.imate the lIumber of cars which have to leave in a 
period bet.wcen two decisions. For ilJst.allce, if the present st.ate is i and the 
decision is a(i) = stay, it can only occur t.hat cars have to lea.ve if one of the 
sides is full. Suppose, that the right side is full. Then the expected number 
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of leaving cars is equal to the arrival illt.C?nsit.y at the right side, It, times the 
expect.ed length of t.he period, 1. Therefore the extra cost.s are given by 

C2 (.) ft l' pen Z = ~. pen' 

A similar thing holds for the case when the left. side is full. 

Consider now the case when the decision is a( i) = C7'O.5S. Suppose, that 
i = (H, In, left). For every h: 2:: 1, the probability that k cars have to leave 
at the left side is equal to t.he Poisson probability that k + (1\0 - (n - 8)+) 
cars arrive at the left side during the crossing period. Likewise, the probability 
that k cars have to leave at the right side is equal' to t.he Poisson probability 
that h:+ (1\'0 - m) cars arrive at the rigId. side during the crossing period. This 
yields t.he following for1l1111a for th(' expected additional costs C;en during the 
crossing period: 

00 

Tpen' L 
I=Ko-(n-8)+ +1 

00 

+ 'j~n' L 
r=Ko-m+l 

\\'e C('Ill deri,'e a simil(lr for1l1ula for tIle expected ext.ra costs if the present 
st.ate is i = (H, III, ri!Jht), but we will lIot. ",rit.e it. down lwre. 

\\"e haw' seell, thilt at a decision epoch t.he boat is at. olle of the two sides. 
Therefore t.here arc t.wo decisioll possibilities: slay and CI'08S. Now we are able 
to construct t.he transition matrix (]!ij(a)) . 

Probability distributions Jlij(a): 

\Ve know, t.hat the position set P and tllc decision set 1\ := {siay,cl'oSS} 
are finit.e and the (lrrivaJ process is a Poisson process (with a maximum queue 
length). We have to study th(' following cases: we choose the st.ate 

i = (1/,111 , 1') E J 

at. a certain decision epoch TI , where II = left or ]J = 1'ight, and 1/. 2:: 0 and 
111 2:: 0 are the numbers of cars wa.iting at. t.he left and the right side of the river. 
We treat the two cases of decisions, a(i) = slay and a(i) = cross, separately. 

First case: a(i) = stay. 

III this case not-bing will happen to tIle sys(.em until the next arrival of a car. 
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Let i = (11,111,])) be the staLe of t.he syst('m at the decision epoch Td , for a 
certain dE IN. TllCn the probability distribut.iolls Pij(a) arc given by 

Pij(a) = JP[(N, M,]J)(Td+1) = j I(N, M,p)(Td) = i and a(i) = stay], 

so 

j1ij(a) = ~ if j = (1/ + 1,111,]1), 71, m < Ko, 
~+,.. 

]Iij(a) = -E- if j = (11,1/1 + 1,]1), n,m < Ho, 
~+,.. 

]Jij(a) = 1 if j = (11 + 1,J{ 0, ]I), 11 < ](o, 

Jlij(a) = 1 if j = (/\'0, 177 + 1,])), m < Ho, 

Jlij(a) = U o\.lH-'nyisc. 

Second case: aU) = C1"U$8 and J{i.) = lefl. 

\\'e SliPPOSE', thC'lt t.he prescnt stC'lle is i = (?I,m,leII), and the decision is 
a = (TU$$. Th(' ncxt decision will 1)(' Illilde when the boatlllC'lTl arrives at the 
right. side or t.he river. In this case t.1,(' expected tilllC until lire next decision 
epoch, Ti(a), is ('qllC'l) 1.0 t.he t.illle which the ferry needs to cross the river, so 
Ti(a) is approxilllCl\.cly :3 minutes. During this period many cars can arrive at 
both sides of t.he river. The ferry can carry at. most eight cars. This means 
that the st.at.e al the lIext decision epoch is 

j = ((1/ - ~q+ + 1,111 + r, right), 

where I and" arc tlte Hlimber or c(lrs wllich aHive in the crossing period at 
the lert and tlw right. side of tllc river, respectively. 

Let L(l) (res]>. nu)) be the lltlllJlwr or cnrs arriving at the left (resp. right) 
side in the til11e illt.erval [t, t + 'fl. where T is t.he crossing time, equal t.o 
:~ millllics. The random vari"bles Land R ill our model are not completely 
Poisson dist.ribut.ed, becCluse the number of arri"illg cars at. one side is bounded 
by the maximal Ilumber of waiting cars minus tlte number of remaining cars 
at that side. In mathematical notatiolJ we get: if in the state i the decision 
a = cross is made, t.he number of rClIlaining ca.rs at the left and the right side 
are (n - 8)+ aud/1/.. If I cars cl.lTi\"(~ at the len side amI r cars arrive at the 
right side, we know that 

The arrival processes at the left and right side are imk-']K'IHlent, so we can 
consider both sides separately. Therefore we first cOllsider the left side. 
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When 1 < ""0 - (7/ - 8)+, the probabilit.y that 1 cars arrive at the left side is 
given by the Poisson formula 

IP[L(Td) = 1] = (>.~)I e->'T, 

since in this case the boundary value [{o has ))0 influence at all. vVhen 1 = 
1\"0 - (n - 8)+ however, t.he probability that 1 cars arrive at the left side is 
t.he probability that in a real Poisson arrival process with parameter >"T the 
number of arriving cars is at least ""0 - (n - 8)+, so this probability is 

~ (>"T)·e->'T. 
IP[L(Td ) = 1] = ~ S' 

_=Ko-(n-8)+ . 

The same holds [or the arrival probabilities at the right. side. 

Now we can write down the t.ransit.ion probabilities [or t.he case ]J = left, 
a = C/'US$ , i = (n, Ill, leII), j = ((1/ - 8)+ + I, m + r, 1'ifJht): 

]lij( c/'oss) = IP[( N. M, p)(11+d = (( 1/ - ~q+ + 1,111 + r, 1'i9" t ) I 

(N.AI,j))(,li) = (1I./II,l cfl) illld (J. = cross] 

H) [ L ( :Ii) = I, ]Wli) = 1'] 

IP[L(ll) = fl· JP[UP,) = rl 
(>..T)l ( IT)r -)..T I -p.T --c --e 

I! r! 

if 0 ::; I < ]\'0 - (II - 8) +, u::; l' < ]\"0 - m, 

i r f = A'o - (II - 8)+, U ::; l' < A"o - m, 

(AT)l (00 ( IT)U ) 
() -)..T L I -"T lit' } ' cross - c e ~ - -[-,- " ' --,-

o u=Ko-m V. 

if I = f{ 0 - (11 - 8) +, r = !\" 0 - 111, 

o otherwise. 
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Third case: a(i) = C1'08S and 11(i) = ri,fjht. 

This case is similar to the sccolld casco Now the positions left and 1'ight are 
reversed, Furthermore, (11.-8)+ is rcplaced by 11. and m is replaced by (111.-8)+. 
\Ve will not \':rite down the formulas, 
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4 An algorithm for the optimal strategy 

Les us return to the goal of our prob!(,1Il which is: find a strategy [or the 
boatman which minimizes the average costs per unit time of our system. First 
\ve resume what we mean by a stationary strategy. Then we define the "optimal 
strategy" . 

4.1 Stationary strategies 

A stationary st.rClt.egy J) is a rul(' which prescribes t.he single action Di E A(i) 
whellevcr the syst.elll is o1>s('1"\'cd ill sf.at.e i at a decision epoch. This means, 
that. in the st.ationary case a strategy is just a decision fund-ion which only 
depends on the state. 

For a given stat.ionary strat.E'gy D, we defille g(D) as the expected average costs 
per unit t.ime when t.he st.rategy J) is applied . If Z(t) denotes the expected 
tot.al costs inclIrred from t.illlC 0 lip to tilllc I, then we have 

, Z(t) 
g(D) = llll! --. 

t-ooo t 

For two gin'lI statiollary stratE'gics D1 and D2, wc say D1 is better than D2 if 
g(D1) < g(J)2)' Therefore a stationary st.rategy J)* is said t.o be average cost 
optima! if g(D*) :::; g(D) for Clll st.at.iollcHY strat.egies D. 

Application to our problem: 

\\'e arc int.erest.ed ill t.he cxpect.cd aVC't'age 1ll1111bcr of cars in the system lip to 
a large period of tillle, say I.. In our problelll, Z(l) is represented by 

We see, that Z(t) can also be secn as I.lle expected tot.al waiting time of all cars 
in this period. \Ve can now formulate our purpose as follows: find a strategy 
D which minimizes the criterion function 

g(J)) = lim [~. II~ f\N(s) + M(s))ds] . 
t-oo t 10 

In lit.erature there are many iteration methods available which provide us an 
opt.imal strategy for a sCl1Ii-l\Jarkov decision model, for instance the IJolicy

iteration algorithm. and the liuwr jJrogmm.millg formulation. These methods 
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compu te an average cost. opt.imal stral,cgy i 11 a fi n i I.e 1lI1111bcr of iteration steps. 
A not her sui table iteration method ror Oll r systclll lllodel is the value-iteration 
mclhod, wIdell we will discllss Illore ill t.he lI<'Xt. slIhscct.ion. 

4.2 The value-iteration method 

For t.he discrete-time l\1arkov decision model, a value-iteration algorithm can 
be foulld in [1], p.1n. We will not. wri(.c it down here. We want to use a 
data t.ransformation for the charaderistics of the semi-Markov decision model, 
such that t.he value-it.eration of the discrete-time l\larkov decision model can 
be applied. 

Considcr no\\' (.he discre(.e-tiJllC J\lar].;o\' decisioll Illodel whose state space, ac
tion sets, expccted costs ovcr 011(' period and t.ransitioll probabilities a.re given 
by 

j 

..L(i) = 

c~( a) 

/)ij( a) 

jjij( a) 

J, 
.'I(i), 
~ 
T;(a) , 

T;(a) Pij( (/.), 
_T ) , '(a) + (1 _ _ T ) 
T;(a)/lJ T;(a) , 

",here "'e choose a llumber T with 

i E 1, 
oj E j alld a E ,;1(i), 

j i= i, i E j and a E i1(i), 

J = I, i E j all d a E A (i), 

o < T ::; I J] i 11 Ti ( a ) . 
l,a 

It can be proved (sec [lJ, p.210), tha(. 1.I1C cl\'Cl'<lgC cost. of a stationary strategy 
D in the discre(.e-time l\Iarkov decisioll model is equal to t.he average cost g(D) 
of the original scmi-l\larkov model. This IJ]CClIIS t.hal. we can solve the discrete
timc MarkO\' dccisioll Illodel with I.hc discrcl.e-tiulc vallie-iteration algorithm 
llIcn(.iolled be['ore. This leads to all <lti<lplal.ioll of (.he \'a.lue-it.eratioll algorithm, 
which is described below. 

The only rest.rict.ion which h(1$ to be fulriUcd is the so-called unichain assump
tion. This means, t.hat there has t.o be a s(.at.e i E J with t.he following property: 
for every state j E J, the probability that. st.arting in state j state i is reached 
after a finite llumber of decision epochs is positive. This is true in our model, 
because if 've st.art in all arbit.rary st.at.e j, t.he probahility t.hat the state at the 
next decision epoch is i = (J{o, J{o, left) is positive. 

Value-iteration algorithm for the semi-Markov decision model 

The algorit.hm ran he sUIlll1lari7,cd as l'ollows: 
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Structure of implementation: 

Start Choose Vo(i) such that. 0 ~ loti) ~ milia ~ for all i. 
Let. 1110 = U and lifo = 1. Choose [ > o. 
Let 11 = 1. 

\Vhile not 0 ~ (Mn - 1I1n) ~ WIn do 
begin 

end. 

COlllpute the function '/~(i), i E I, froll1 

Deterllline Dn as a statiollary strategy whose actiolls minimize 
the right side of the above eqllation. 

Compute the bounds 

Comput.e the CUlTCIlt. residual (A/n - 7IIn ). 

J lIe),('else II by onc 

TIle algoriilllll st.ops whclI U ~ (Aln - I/I n ) ~ [II/n, where c > 0 denotes the 
t.olerance for t.J Ie a ppl ica tion of the i terat . ion method. It stops after fini tely 
llIallY iterations II \\·itll a strategy Dn satisrying 0 ~ 9(Dn) - 9* ~ c 9* where 
9* dellotes t.hc llIillimal avcrage cost per unit t.ime. 
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5 Results of the value-iteration method 

\Ve implement.ed the semi-l\Iarkov value-iteration algorithm in Turbo Pascal. 
Our program computed the optimal decision function D)...~ for different pa.irs 
(A,p). We have chosen [\0 = 20. The optimal decision functions have the 
value D)...~(i) = stay only for a few st.ates; E I. These states are listed below. 
The number of iterations is denot.ed by ~. 

A 70 
if 7 = (n, m, left) 

= and n+m < 3 
Jt = 10 

U 158 
then (J. stay 
else (/. = cro.5S 

A 20 if (0,0, left) 

Jl = 10 then a slay 
ti 1G else (I cross 

if (0, U, 1';ght) 
or = (0, 1, 1'ighi) 
or (l, 0, righl) 

,\ or = (O,O,left) 
70 

or = (U, 1, left) 
JI = GO 

(l, 0, left) 
ti 254 

or 

or = (1,1, Left) 
or (2,0,lcfl) 

then (I slay 
else {f = CTu8S 

\\'e also cOlllPuted an optimCll st,ra(.egy for tlte case \vhere we chose the crossing 
lime equal t.o 15 instead of 3 millutes, We had t.o adapt the arrival intensities 
too, We Look ,\ = 10 and Jt = 5. This gave t.he following solution: 

,\ = 10 
if = (0,0, left) 

Jt = 5 

ti 70 
then (I. = stay 

= 
T 0.25 

else (/. C1'08S 
= 

These results show, that the boatman will cross the river in most cases, except 
some cases in which there arc only a few cars waiting and rela.tively many cars 
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are expected at the sidc where tile boat is situated. This seems to be rather 
logical. 

Taking other values for T and for A alld II. is cquivalent t.o rescaling the time, 
so we do not have to consider other values for T thoroughly. 

These results can quite easily be translat.ed to an advice for the boatman. 
Suppose the boatman knows the arrival intensit.ies (Ak' Ilk)' k = 1,2,3, for the 
three different part.s of the day. Then we can compute with our program in 
which states i E I the boatman has to decide stay. This will give three short 
lists of states. \ Vhen the boatman has t.o make a decision, he only has to look 
at the list corresponding to the time of day and check if the present state is 
on t.his list. This procedure is very simple. 
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6 Conclusions 

• \Ve were able to describe t.he systelll of the ferry 111 terms of a semi
Marl.:ov dcci.~iol/ model. 

• \Ve calculated most of the dlaracteristics of this model exactly, but we 
had to approximate some of the expected costs by lower bound values. 

• With the help of these characteristics, we implemented a semi-Markov 
value iteration algorit.hm. This algorithm computed for different (Ad t ) 

an optimal strategy, The result.s of the computations seem to be rather 
logicaL 

• The results provide us a V(-'I',Y silllple advicc ror tllc boat.man. If the 
boatlllau knows t.he arrival illl,cllsil,ies on the difrerent parts of the day, 
we can compute t.lle optimal strat,cg,y for !tim. 
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7 Appendix A 

Here is the listing of our Pascal program for the value-iteration 
method. 

Program Value_Iteration (uitvoer) ; 

{--------------------------------------------------------------} 
{ program which computes the optimal crossing strategy for the } 
{ semi-Markov process } 

{--------------------------------------------------------------} 
function imax(p,r:integer):integer: 
begin 

if (p > r) then 1max:=p 
else imax:=r 

end: 

function rmax(p,r:real):real; 
begin 

if (p > r) then rmax:=p 
else rmax:=r 

end; 

function imin(p,r:integer):integer; 
begin 

if (p < r) then imin:=p 
else imin:=r 

end; 

function rmin(p,r:real):real; 
begin 

if (p < r) then rmin:=p 
else rmin:=r 

end; 

{----------------------------------------} 
const lambda 

mu 
T 

= 20.0 
= 10.0 
= 0.05 { 3 minutes } 
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leftfirst = 0.667 
rightfirst = 0.333 
timepen = 0.5 
eps = 0.05 
maxrow = 20 
mreal = 1. OE38 

{----------------------------------------} 
var n,m,l,r,nleft,mleft,curr 

numb,old,i 
taustay,taucross,tau 
help1,help2,mindiff 
suml1,sum12,sumr1,sumr2 
maxdiff,helpdiff 
prod1,prod2,suml,sumr 
tauonlyl,tauonlyr 
factor1,factor2,sum 
enough 
poissl,poissr 
crosscostl,crosscostr 

staycost 

veeleft,veeright 

optactleft,optactright 

uitvoer 

integer 
integer 
real 
real 
real 
real 
real 
real 
real 
boolean 
array [1. .21] 
array [1. .21] 
array [1. .21] 
array [1. .21] 
array [1. .21] 
array [1. .2] 
array [1. .21] 
array [1. .21] 
array [1. .21] 
array [1 .. 21] 
text 

of real 
of 
of real 
of 
of real 
of 
of 
of real 
of 
of integer 

{-------------------------------------------------------} 
begin { main program } 

assign(uitvoer,lquicstr5.dat l ); 
rewrite(uitvoer); 

for 1:=1 to maxrow+1 do 
begin {l} 

{ fill the array with Poisson probabilities poissl[l]; } 
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if (1)1) then 
begin { 1>1 } 

prod1:=1; 
for i:=l to 1-1 do 
begin {i} 

prod1:=prod1 * exp(-lambda*T/(l-l)) * lambda * T / i 
end {i} 

end {l>1} 
else 
begin {l=1} 

prod1:=exp(-lambda*T) 
end; {l=1} 
poissl[l] :=prod1 

end; {l} 

for r:=l to maxrow+1 do 
begin {r} 

{ prod2:=exp(-mu*T)*(mu*T)··(r-1) / (r-l)! } 
if (r > 1) then 
begin {r>1} 

prod2: =1; 
for i:=l to r-l do 
begin {i} 

prod2:=prod2 * exp(-mu*T/(r-l)) * mu * T / i 
end {i} 

end {r>1} 
else 
begin {r=l} 

prod2:=exp(-mu*T) 
end; {r=1} 
poissr[r] :=prod2 

end; {r} 

{--------------------------------------------------------} 
{ define the expected time until the next decision epoch } 
taustay := 1.0 / (lambda + mu) 
taucross := T 
tau := rmin(taustay,taucross) 
tauonlyl := 1.0 / lambda 
tauonlyr 1.0 / mu 
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{----------------------------------------------} 
{ define the expected costs incurred until the } 
{ next decision epoch if action a is chosen in } 
{ state i } 
for n:=l to maxrow+l do 
begin 

nleft:=imax(n-9,O); 
sumll:=O.O; { sum of Poisson probabilities for the 

left side for the case i=(n-l,m-l,left) } 
sum12:=O.O; { sum of Poisson probabilities for the 

left side for the case i=(n-l,m-l,right) } 
for 1:=0 to maxrow-nleft-l do 
begin {l} 

sumll:=sumll+poissl[l+lJ; 
if (l<=maxrow-n) then 

sum12:=sum12+poissl[1+lJ 
end; {l} 

for m: =l to maxrow+l do 
begin 

mleft:=imax(m-9,O); 
sumrl:=O.O; { sum of Poisson probabilities for the 

right side for the case i=(n-l,m-l,right) } 
sumr2:=0.0; { sum of Poisson probabilities for the 

right side for the case i=(n-l,m-l,left) } 
for r:=O to maxrow-mleft-l do 
begin {r} 

sumrl:=sumrl+poissr[r+1J; 
if (r<=maxrow-m) then 

sumr2:=sumr2+poissr[r+1J 
end; {r} 
crosscostl[n] [m] :=taucross*(imax(n-9,0)+m-l) + 

timepen*((lambda*T-maxrow+nleft)*(1.0-sumll) 
+ poissl[maxrow-nleft+l]*(maxrow-nleft) 
+ (mu*T-maxrow+m-l)*(1.O-sumr2) 
+ poissr[maxrow-m+2]*(maxrow-m+l)) ; 

crosscostr[n][m] :=taucross*(imax(m-9,0)+n-l) + 
timepen*((mu*T-maxrow+mleft)*(1.0-sumrl) 
+ poissr[maxrow-mleft+l]*(maxrow-mleft) 
+ (lambda*T-maxrow+n-l)*(1.0-sum12) 
+ poissl[maxrow-n+2]*(maxrow-n+l)) 

staycost[n][m] :=taustay*(n+m-2); 
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if (n=maxrow+l) then 
staycost[n] [m] :=staycost[nJ [m]+(lambda/mu)*timepen; 

if (m=maxrow+l) then 
staycost[n] [m] :=staycost[n] [m]+(mu/lambda)*timepen 

end 
end; 

{--------------------------------------------------------} 
{ now start computing the V_numb(i)'s for a certain numb} 
{ and all i in I; } 
{ first define V_O(i) for all i in I } 
writeln(uitvoer,'lambda = " lambda); 
writeln(uitvoer,'mu = , ,mu); 
writeln(uitvoer,'crossing time = " 60 . 0 * T ' minutes'); 
writeln(uitvoer,'maxrow = " maxrow); 
curr:=l ; 
numb:=O; 
writeln(uitvoer,' '); 
writeln(uitvoer,'iteration number is ' ,numb); 
writeln('iteration number is ' ,numb); 
enough:=false; 
for n:=l to maxrow+l do 
begin 

for m:=l to maxrow+l do 
begin 
veeleft[curr] [n][m] :=rmin(crosscostl[n] [m]/taucross, 

staycost[n] [m]/taustay); 
veeright[curr] [n] [m] :=rmin(crosscostr[n] [m]/taucross, 

staycost[n] [m]/taustay) 
end 

end; 

while (not enough) do 
begin {not enough} 

{ curr is the index of the current arrays of } 
{ arrays 'veeleft ' and 'veeright', it switches} 
{ between 1 and 2 } 
numb:=numb+l; 
writeln(uitvoer,' '); 
writeln(uitvoer,'iteration number is ' ,numb); 
writeln('iteration number is ' ,numb); 
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old:=curr; 
curr:=3-curr; 
for n:=l to maxrow+l do 
begin {n} 

nleft:=imax(n-9,0); 
for m:=l to maxrow+l do 
begin {m} 

{ first we take i=(n-l,m-l,left); } 
{ helpl is the value for a=stay; } 
{ the only possible transitions are from (n-l,m-l,left) } 
{ to (n,m-l,left) or to (n-l,m,left) } 
if (n < maxrow + 1) then 
begin {n<ll} 

if (m < maxrow + 1) then 
begin {n,m<l1} 

helpl:=staycost[n] [m] / taustay + 
(tau/taustay)* (leftfirst*veeleft [old] [n+l][m] + 
rightfirst*veeleft[old] [n] [m+l]) + 
(1.0 - tau/taustay)*veeleft[old] [n] [m] 

end {n,m<l1} 
else 
begin {n<ll,m=ll} 

helpl:=staycost[n][m] / taustay + 
(tau/tauonlyl)*veeleft[old] [n+l][m] + 
(1.0 - tau/tauonlyl)*veeleft[old] [n][m] 

end {n<l1,m=l1} 
end {n<l1} 
else 
begin {n=l1} 

if (m < maxrow + 1) then 
begin {n=ll,m<ll} 

helpl:=staycost[n] [m] / taustay + 
(tau/tauonlyr)*veeleft[old] [n] [m+l] + 
(1.0 - tau/tauonlyr)*veeleft[old] [n] [m] 

end {n=l1 ,m<l1} 
else 
begin {n=m=l1} 

{ left and right 
{ must result 
helpl: =mreal 

side completely full, so a=cross } 
} 

end {n=m=l1} 
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end; {n=ll} 
{ help2 is the value for a=cross; } 
{ now there are transitions possible from (n-l,m-l,left) } 
{ to (max(n-9,0)+I,m-l+r,right ) for l,r at least zero } 
help2:= crosscostl[n] [m]/taucross + 

(1.0 - tau/taucross)*veeleft[old] [n][m]; 
{ first the normal Poisson case, so left side not full} 
sum1:=0.0; 
for 1:=0 to maxrow-n1eft-l do 
begin {I} 

sum1:=sum1+poiss1[1+1]; 
sumr:=O.O; 
for r:=O to maxrow-m do 
begin {r} 

sumr:=sumr+poissr[r+l]; 
help2:=help2 + (tau/taucross) * (poiss1[1+1] 

* poissr[r+l] * veeright[oldJ [nleft+l+lJ [m+r]) 
end; {r} 
{ now the last case for r, r=maxrow-m+l } 
help2:=help2 + (tau/taucross) * (poissl[l+l] 

* (1.0 - sumr) * veeright[old] [nleft+l+l] [maxrow+l]) 
end; {I} 
{ now the case l=maxrow-nleft, r less than maxrow-(m-l) } 
for r:=O to maxrow-m do 
begin {r} 
help2:=help2 + (tau/taucross) * ( (1.0 - suml) 

* poissr[r+l] * veeright[old] [maxrow+l] [m+r]) 
end; {r} 
{ at last the case l=maxrow-nleft, r=maxrow-(m+l) } 
help2:=help2 + (tau/taucross) * ( (1.0 - suml) 

* (1.0 - sumr) * veeright[old] [maxrow+l] [maxrow+l]); 
if (helpl > help2) then 
begin { optimal action is a=cross, denoted by 1 } 

veeleft[curr] [n][m]:=help2; 
optactleft[n] [m]:=l; 
writeln(li=(I,n-l,I,I,m-l,I,left), 

optimal action=cross l ) 
end { a=cross } 
else 
begin { optimal action is a=stay, denoted by 0 } 

vee1eft[curr] [n][m]:=helpl; 
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optactleft[n] Em] :=0; 
writeln('i=(' ,n-l,',',m-l,',left), optimal action=stayl) 

end; { a=stay } 
writeln(uitvoer, I i=( I ,n-l, I,' ,m-l, I ,left), 

a(i)=I,optactleft[n] [m]) 
end {m} 

end; {n} 

{ now we consider states with the boat at the right side} 
{ of the river } 

for n:=l to maxrow+l do 
begin {n} 

for m:=l to maxrow+l do 
begin {m} 

mleft:=imax(m-9,0); 
{ helpl is the value for a=stay; 
{ the only possible transitions are from 
{ to (n,m-l,right) or to (n-l,m,right) 
if (n < maxrow + 1) then 
begin {n<l1} 

if (m < maxrow + 1) then 
begin {n,m<l1} 

} 

(n-l,m-l,right) } 
} 

helpl:=staycost[n][m] / taustay + 
(tau/taustay)*(leftfirst*veeright[old] [n+l] [m] + 
rightfirst*veeright[old] en] [m+l]) + 
(1.0 - tau/taustay)*veeright[old] en] [m] 

end {n,m<l1} 
else 
begin {n<11,m=11} 

helpl:=staycost[n] Em] / taustay + 
(tau/tauonlyl)*veeright[old] [n+l] Em] + 
(1.0 - tau/tauonlyl) *veeright [old] [n] [m] 

end {n<ll,m=l1} 
end {n<l1} 
else 
begin {n=l1} 

if (m < maxrow + 1) then 
begin {n=11,m<11} 

helpl:=staycost[n] Em] / taustay + 
(tau/tauonlyr)*veeright[old] [n][m+l] + 
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(1.0 - tau/tauonlyr)*veeright[old] [n] [m] 
end {n=l1,m<l1} 
else 
begin {n=m=l1} 

{ left and right 
{ must result 
helpl: =mreal 

side completely full. so a=cross } 

end {n=m= 11} 
end; {n=l1} 
{ 

{ 

{ 
{ 

help2 is the value for a=cross; now there } 
are transitions possible from (n-l.m-l.right) } 
to (n-l+l,max(m-9,0)+r,left) for l,r at least} 
zero 

help2:= crosscostr[n] [m]/taucross + 
(1.0 - tau/taucross)*veeright[old] en] [m]; 

{ first the normal Poisson case, so left side} 
{ not full } 
suml:=O.O; 
for 1:=0 to maxrow-n do 
begin {l} 

suml:=suml+poissl[l+l] ; 
sumr:=O.O; 
for r:=O to maxrow-mleft-l do 
begin {r} 

sumr:=sumr+poissr[r+l]; 
help2:=help2 + (tau/taucross) * (poissl[l+l] 

} 

* poissr[r+l] * veeleft[old] [n+l] [mleft+r+l]) 
end; {r} 

{ now the last case for r, r=maxrow-mleft } 
help2:=help2 + (tau/taucross) * (poissl[l+l] 

* (1 . 0 - sumr) * veeleft[old] [n+lJ [maxrow+l]) 
end; {l} 

} 

{ now the case l=maxrow-n+l, r less than maxrow-mleft } 
for r:=O to maxrow-mleft-l do 
begin {r} 
help2:=help2 + (tau/taucross) * ( (1.0 - suml) 

* poissr[r+l] * veeleft[old] [maxrow+l] [mleft+r+l]) 
end; {r} 
{ at last the case l=maxrow-n+l, r=maxrow-mleft } 
help2:=help2 + (tau/taucross) * ( (1.0 - suml) . 

* (1.0 - sumr) * veeleft[old] [maxrow+l] [maxrow+l]); 

286 

Rept[27] 



if (help1 > help2) then 
begin { optimal action is a=cross, denoted by 1 } 

veeright[curr] en] em] :=help2; 
optactright[n] em] :=1; 
writeln('i=(',n-1,',',m-1,',right), 

optimal action=cross') 
end { a=cross } 
else 
begin { optimal action is a=stay, denoted by 0 } 

veeright[curr] [n] [m] :=help1; 
optactright[n] [m] :=0; 
writeln(' i=(' ,n-1,',' ,m-1,' ,right), 

optimal action=stay') 
end; { a=stay } 
writeln(uitvoer,'i=(',n-1,' ,',m-1,' ,right), 

a(i)=' ,optactright[n] em]) 
end {m} 

end; {n} 

{ check if the approximation is good enough, } 
{ then enough: =true } 
mindiff:=maxint; 
maxdiff:=-maxint; 
for n:=l to maxrow+1 do 
begin {n} 

for m:=l to maxrow+1 do 
begin {m} 

{ compute (V_numb(j) - V_(numb-1)(j)) for} 
{ j=(n-1,m-1,left) } 
helpdiff:=veeleft[curr] [n][m] - veeleft[old] [n][m]; 
mindiff:=rmin(mindiff,helpdiff); 
maxdiff:=rmax(maxdiff,helpdiff); 

for } 
} 

veeright[old] en] em]; 

{ compute (V_numb(j) - V_(numb-1)(j)) 
{ j=(n-1,m-1,right) 
helpdiff:=veeright[curr] en] em] -
mindiff:=rmin(mindiff,helpdiff); 
maxdiff:=rmax(maxdiff,helpdiff); 

end {m} 
end; {n} 
writeln(uitvoer,'mindiff= , ,mindiff); 
writeln(uitvoer,'maxdiff= ',maxdiff); 
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writeln(uitvoer,'maxdiff-mindiff= ',maxdiff-mindiff); 
writeln(uitvoer,'epsilon * mindiff= ',eps*mindiff); 
if ((maxdiff-mindiff) <= (eps*mindiff)) then 
begin 

enough:=true; 
writeln(uitvoer,'approximation good enough! !'); 
writeln('approximation good enough! !') 

end 
else 
begin 

writeln(uitvoer,'approximation not good enough'); 
writeln('approximation not good enough') 

end 
end; {enough?} 

close(uitvoer) 
end. { end of main program} 
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CAR INSURANCE: 

CLAIM OR DON'T CLAIM? 
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1 Summary 

When a driver suffers damage to his car, he needs advice with respect to 
making an insurance claim; if he claims. his future insurance may cost more 
than what he receives through claiming. In short: when should he claim and 
when should be not? 

We construct the best strategy to minimize the total amount of money to be 
paid by the driver. We only look at two cases: short-term (3 - 5 year) costs, 
which are finite horizon costs, and long-term (infinitely long) costs, which are 
so-called infinite horizon costs. Finally, we model the process showing how 
much the car driver has to pay for future insurance, as a Markov chain. 

The optimal claim rule (namely the best strategy) is found with a given 
distribution of past damage relating to the driver in. The claim rule changes 
when this distribution changes. We need a good estimation of this distribution. 
However that is not addressed in this report, but forms a recommendation for 
futher research. 
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2 Problem description 

At a certain insurance company, the basic premium for insuring a particular 
car is set at f 2000,- per year. This company has a certain 'bonus/malus
system' with 9 different classes. The actual premium due can, however, vary, 
based on that 'bonus/malus-system'. In class 1 you have to pay 120 % of the 
basic premium, whereas you only pay 30 % in class 9. You go one point up 
the 'bonus/malus-Scale' next year if you do not make a claim this year. If you 
do make a claim, you go down on the 'bonus/malus-Scale'. You can deduce 
all the rules and payments due from the following table. 

bonus/malus-Scale 

next insurance year: 
go to class 

class percentage of without with 
basic premium damage damage 

9 30 9 4 
8 40 9 4 
7 50 8 4 
6 60 7 3 
5 70 6 2 
4 80 5 1 
3 90 4 1 
2 100 3 1 
1 120 2 1 

Now suppose somebody insured his car with this insurance company under the 
conditions listed above. If his car is damaged, and he claims for the damage, 
he will have to pay a certain greater amount of money for his insurance next 
year, and it might be more economic not to claim. The problem is to give 
advice for him: when should he cla.im and when not? 

The first question that arises is: what do we want to know from the car 
driver? A 'history' of his behaviour (i.e. how many accident and what is the 
cost of damage he has suffered in the past?). 
Why is this so important? Because we want to make a probability distribution 
of the cost of damage in the future and because of that we are una.ble to say 
that our strategy will be a good one (or a bad one). This will be discussed at 
the end. 
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3 Assumptions 

Any car driver can have an accident, and will then need to decide whether to 
make an insurance claim or not . This problem is both realistic and general. 
To make it solvable, the following assumptions are made: 

• the driver suffers damage no more than once in a year* 

• the driver has sufficient 'history' 

• the insurance company always pays out when a claim is made 

• the history has no trend, i.e. the driver exhibits the same behaviour 
every year. 

4 Notation 

Before we discuss the actual modelling, we need to introduce some notation: 

cl [i] 
p[i] 

p 

v[i] 

r 

= 

= 

statet , (namely class) you are in , this year 
state you will be in next year, if you claim 
probability that you claim for damage to your car 
(transi tion probabili ties) 
transition matrix = matrix of all transition probabilities 
(wi th dimensions (# state) x (# state)) 
expected costs in the long run, starting in state i 
(here v has dimensions (# state) xl) 
expected costs in the next k years, again starting in state i 
unity matrix (with dimensions (# state) x (# state)) 
discount factor (in our case it presents interest losses per year) 
direct costs (as descri bed in section 6) 

·If he suffers damage more than once a year, then you can assume damage over a smaller 
time scale, such as a month ... 

tWe use 'state' in term of Markov chain theory. 
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5 Claim-process: a Markov chain 

When you see how you move from one class to another (on the bonus/malus 
Scale) every year, the change (or transition) depends only on the class you are 
in and whether you claim for damage (if there are any) or not. That is why 
we model the claim-process as a Markov chain. 

We construct the Markov chain as follows: there are 9 different possible states, 
namely the different class on the bonus/malus-Scale. P is the following 
transition matrix: 

p[l] 1 - p[l] 0 0 0 0 o . 0 
p[2] 0 1 - p[2] 0 0 0 0 0 
p[3] 0 0 1- p[3] 0 0 0 0 
p[4] 0 0 0 1- p[4] 0 0 0 

p= 0 p[s] 0 0 0 1 - p[S] 0 0 
0 0 p[6] 0 0 0 1 - p[6] 0 
0 0 0 p[7] 0 0 0 1- p[7] 
0 0 0 p[8] 0 0 0 0 
0 0 0 p[9] 0 0 0 0 

Defining p[i] as the probability that you claim for damage to your car, the 
following transitions (with probabilities) can occur: with probability p[i] you 
go from state i to state cl[iJ, and with probability (I-p[i]) you go to state i+l. 
All other possible transitions have probability zero. If you are in state 9 and 
you don't claim (with probability l-p[9]), you will stay there. Note that the 
probability of claiming can be different for every state. 
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6 Infinite horizon costs 

For computing the costs when looking at an infinite horizon, we use the 
theoretical results from Markov chains. 

The total expected discounted costs, which we call infinite-horizon-costs, on 
the time interval [0,00), are presented in the following formula: 

(1) v = r + {3Pv. 

From this, we get: 

(2) v = (I - (3p)-l r. 

Vector r has the same dimensions as v, and denotes the direct costs. To explain 
the meaning of these costs, we now look at a certain state i. We call s( i), the 
costs for staying for one period in state i. A transition from state i to state j 
will cost r(i,j) (per transition). Every time you are in state i, you will have 
to pay s( i) plus the average transition costs. Together these make up what we 
call the direct costs l' for state i. 

Expressed in a formula: 

#6tate. 

(3) 1'(i) = s(i) + L r(i,j)P(i,j). 
j=l 

In our case, s( i) is the premium due in state i. P( i, j) is 0 for all j, except 
for j = i + 1 and j = cl(i) (see also page 5). The transition costs 1'(i,j) are 
now defined as being zero for all transitions, except for those cases where you 
have damage, but do not claim. So only 1'( i, i + 1) (i = 1, .. ,8) and 1'(9,9) are 
non-zero: 

1'(i, i + 1) = 2: p/cdam/c. 
damk<claim amount 

Now, suppose we know a claim rule, denoted by J, and a probability function 
of the amount of the damage (where p(damage=O) is equal to the probability 
of having no damage). Then we know P and compute v(i), the infinite horizon 
costs when starting in state i and applying claim rule J. In practice, J will be 
a vector containing an amount for every state i. When you make a damage 
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claim for your car, which is higher or equal to this amount, you should claim. 
Typically, the amounts will differ, depending on the state you are in. 

Question arises. Is this claim rule a good one? Can it be improved? We 
implemented an iterative algorithm that will give an optimal claim rule as 
follows: 

• Initialization: set f( i) to zero for all i, fill in the coefficients of the various 
vectors and matrices 

• 1) compute v 

• 2) compute diff(i) = v(cl(i)) - v(i + 1) 

• 3) compute j(i) = f3 * diff(i) 

• 4) IF f(i) = j(i) for all i, THEN STOP 

• 5) recompute claim probabilities for every state (= p( damage 2: j( i)) 
i.e. recalculate matrix P, and set f := j 

• 6) GO TO 1) 

Why did we construct the algorithm in this way? Notice that it does not 
matter whether you start with 'never claim' as a claim rule (as we did) or 
with 'always claim'. The principle will stay the same. 

What is this principle? Suppose you know you will apply claim rule f all the 
time, starting next year. Then you know the expected costs from then on. 
When you are in state i this year, you have two choices: claim or do not claim. 
When you claim, you expect to pay v( cl( i)) in the future. 
When you do not claim, you expect to pay v( i + 1) in the future. Notice that 
v(cl(i)) > v(i + 1). The difference, which is calculated 'back' to this year, now 
indicates whether or not to cla.im. Assume you claim, your damage is paid for 
by the insurance company, but the 'price' you have to pay is this discounted 
difference. So, as long as your damage costs are smaller than (or equal to) this 
discounted difference, you will be better off not claiming. This means that the 
discounted difference will give you your new claim rule for the next iteration. 

We remark, as the results will be shown, that convergence is rather quick after 
4 to 5 iterations. And one solution, however, is oscillating. We think this is 
because we used a discrete damage probability function. The above solution 
shows that the claim rule f in state 2 is oscillating a.round 2000, making the 
claiming probability 0.2 (when amount of dama.ge cost> 2000) or 0.3 (when 
it < 2000). The other tests we performed did not show this behaviour. 
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7 Finite horizon costs 

Why are we interest.ed in looking at how much the driver has to pay in the 
futnre in 3 or 5 years? It depends on the interests of the driver. If, for example, 
the driver will be too old or his contract with this insurance company will be 
110 longer available, he is only int.erested in the payment in some later year. 
To show how we construct the claim rule, we give an example. Although this 
example is very simple, with a fixed amount of damage cost and a fixed 
probability of damage, it shows the essence of the algorithm we used. 

Suppose we are now 011 scale 6 with damage. Let an average damage cost, d, 
he gi,-en and let t.he probabilit.y of damage he equal to 11. Both values are fixed 
0\"('1' future years. We are looking at a three year horizon. This gives rise to 
t.he rollowing fref: 

9 

sL 4 

7 L4~ 5 

6( .5 

~4L :1 1 

1~ 2 

nO\\1 year 1 year 2 year 3 
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To determine the expected costs on scales 3 and 7 in the next year from which 
we determine the claim rule (which is the difference between them), we will 
look first at scale 8 during the second year. There are two possibilities: 

• damage: then there is a choice to be made: claim or not claim. Because 
these costs have an effect only in the short term (one year later), it is 
easy to make a choice. You only have to take the minimum of: 

(d+{3.Pg ) and 

({3. P4 ) 

• no damage: then you go up one scale next year, so the costs are: 

Therefore the average costs on scale 8 are: 

Cs = p. min(d + {3. Pg and (3. P4 ) + (1 - p)(3. Pg 

In the same way, we determine C4, and from C4 and Cs we determine C7. Once 
we have determined C3, we are able to determine the claim rule for state 6. 

So, if the probability of damage p and an average damage cost d are given, it 
is easy to determine the claim rule, by applying this algorithm for every scale. 
We have used it for one fixed amount of damage cost and fixed probability of 
damage. But we can also use a discrete distribution for the amount of damage, 
as we did in the previous case of an infinite horizon. An example of such a 
distribution is given (and used) in the next section. The only difference in the 
algorithm is that we have to work with the expected costs in the future instead 
of the known (fixed) costs we had in the example just described. 
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8 Results 

Results are shown according to the following distribution of the damage: 

damage p 
0 0.5 
1000 0.2 
2000 0.1 
3000 0.1 
5000 0.05 
10000 0.05 

• For an infinite horizon, we get the following claim rule f . We rounded 
all the amounts to multiples of 100. 

class claim rule 
1 1000 
2 2000 
3 3000 
4 4000 
5 3800 
6 3400 
7 2700 
8 2900 
9 2900 

The driver will look a.t this table, compare it with his damage cost and he will 
know whether he should claim or not. For instance, if he is now in class 6, he 
should claim when his amount of damage cost> f = 3400 Gulden. 
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• For a finite horizon, we have: 

class claim rule 
1 year 2 year 3 year horizon 

1 400 500 500 
2 600 800 800 
3 800 1000 1500 
4 1000 1500 2200 
5 800 1400 2000 
6 800 1500 2100 
7 800 1500 2000 
8 1000 1700 2100 
9 1000 1700 2100 

The results show clearly that when the period of time taken into account 
becomes larger, that is the horizon shifts more into the future, the claim 
amount gets higher as well. The reason for this is clear. The more you look 
forward into the future, the bigger the effect will be of the differences in the 
premium you have to pay. So the claim rule gets higher as well. 

We also look at what difference it makes when the distribution of the amount 
of damage is changed. 

First, we look at the following distribution: 

damage p 
0 0.3 
1000 0.1 
2000 0.1 
3000 0.1 
5000 0.2 
10000 0.2 

Note that the damage costs are the same, but there is a higher probability of 
higher damage costs. Then the claim rule for the infinite horizon is given by: 
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class claim rule 
1 500 
2 1000 
3 1600 
4 2400 
5 2600 
6 2700 
7 2400 
8 2600 
9 2600 

The result of the shifted probabilities is that you claim earlier, that is: you 
claim when the damage cost is lower. 

Secondly, if we use another distribution, where the probabilities are the same, 
but the damage costs are higher, as follows: 

damage p 
0 0.5 
2000 0.2 
4000 0.1 
7000 0.1 
10000 0.05 
15000 0.05 

then we get the following claim rule f: 

class claim rule 
1 700 
2 1500 
3 2300 
4 3300 
5 3400 
6 3200 
7 2700 
8 2900 
9 2900 

We see the same effect. The claim rule is again lower (compare this with the 
claim rule in the case of our original distribution) . 
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9 Conclusions and Recommendations 

• We are able to compute an optimal claim rule. 

• We stress that this claim rule depends strongly on the distribution of the 
damage costs. As shown in the previous section, where the changes in 
the distribution, either in the amount of the damage cost or in the 
probabilities of damage, this immediately led to changes in the optimal 
claim rule. 

• We need a good estimate of the distribution of damage if we want our 
results to be more meaningful. One solution for this could be to classify 
categories of drivers (say 'careful', 'average', and 'reckless') and make 
some sort of general distribution for each of category. We then have to 
determine to which class the driver belongs, to be able to give him a 
claim rule, which will not be optimal anymore, but can help as a guide 
in his decision whether to claim or not. 

• Data played a very important role in this assignment. As with all 
modelling and computer programs: 'rubbish in' leads to 'rubbish out'. 
The best thing that can be done when there is no available data (namely 
a 'history' of the car driver), is to look at the general distributions on 
damage costs and accidents, which may be available in the Netherlands 
through organizations such as ANWB or CBS. An extra possibility, as 
mentioned above, would then be to scale drivers' performance in the 
categories 'careful', 'average', and 'reckless'. An objective way to do this 
still has to be found. 
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AN ORDERING SCHEME FOR BOLTS 
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Executive summary 

A company needs to keep a stock of bolts in order to be able to produce its final product. 
Clearly, stock-keeping costs money. At the company the current costs for stock-keeping 
are found to be too high: it is suspected that the ordering and stock-keeping of bolts 
can be done in a more economical way. In this paper, a strategy for ordering and stock
keeping of bolts is proposed by which a decrease in costs of 31 % can be achieved. It is 
also quantitatively shown that the costs can be lowered even further if the supplier of 
the bolts becomes more reliable. 
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1 Introduction and goals 

In order to produce its final product, a company needs certain parts. These parts are 
usually kept in stock to prevent the production process from stagnating. 

Here, we take a look at the particular case of the stock-keeping of bolts. Every week 
a stochastic demand of about 2,400 bolts has to be satisfied. This totals an approximate 
120,000 bolts per year. The company currently places four orders of 30,000 bolts each 
year such that a minimal average stock of 5,000 bolts will be available. This minimal 
stock is usually called the safety stock and serves to guarantee supply in case of a delayed 
delivery of an order. 

Clearly, keeping a stock of bolts as well as ordering bolts costs money. Having to 
invest in a stock causes the company to lose interest over the invested money. Therefore, 
the company would want to keep a small stock. However, with few bolts on the shelf, 
orders would have to be placed more frequently to prevent stock-outs from occuring. 
As each order has a price due to transport and administration, we see that the total costs 
rise again. What is the ideal compromise? 

In the case of this company, it is suspected that the ordering and stock-keeping of 
the bolts can be done in a more economical way under the important condition that 
stock-outs do not occur too often. In this paper we will investigate whether this is possible. 
In other words: can the total costs of stock-keeping and ordering be minimized? 

If they can, then another interesting question comes to mind: are the costs being 
reduced even further when the supplier becomes more reliable? This will also be 
considered. 

In chapter 2 a technical procedure is presented and results are given. Because of its 
ra ther rna thema tical character, chapter 2 would be of interest to mainly technical readers. 
In chapter 3 conclusions and recommendations are given. This chapter is accessible to 
both technical and non-technical readers. 
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2 Technical procedure and results 

2.1 Mathematical formulation 

2.1.1 Terminology and ordering strategy 

The physical stock is defined as the number of bolts that are actually available. The 
economical stock is then defined as the physical stock, plus the number of bolts that 
have been ordered but not yet received, minus the backorders (where the backorders 
are the number of bolts the company is short due to a stock-out). 

We suggest the following '(B, Q)'- ordering strategy (see Figure 1): 

30000 ,....---,---........,...-__ .---......-----..-----,--"'T"""---r-----, 
physical stock --

economical stock ----. 
B······ 

B+Q 25000 " t, ~ 

B 

\ I \ : \ 

\ I \\ '\ 
\ I \ 20000 

15000 

10000 

5000 

0~_~_~_L-~_~ _ _L_~~_~ _ _L_~ 

400 405 410 415 420 425 430 435 440 445 
TIME (WEEKS) 

Figure 1: Typical stock behaviour 

The economical stock is checked weekly. Once it drops below level B an order of Q bolts 
is placed. At this moment, anticipating the delivery of Q bolts, the economical stock 
rises to level B + Q. The physical stock continues to fall due to the (stochastic) demand, 
until the order is actually delivered. At actual delivery, the physical stock rises to its 
current level plus Q. 

As stated in the introduction, it is of crucial importance that backorders, or stock-outs 
do not occur too often. For this purpose we introduce the service degree, SD, defined 
as the fraction of the demand that can be satisfied immediately from stock. 

Finally, we define an ordercycle. An ordercycle starts when an order is delivered and 
ends when the next one comes in. As the lengths of ordercyc1es are fully determined by 
stochastic delivery times, the ordercyc1e itself is a stochastic quantity. 
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2.1.2 Model data and assumptions 

Demand and delivery times data are supplied by the company (see appendices A and 
B). Both quantities appear to be stochastic and stationary. For the sake of our model, 
we assume both to be normally distributed, neglecting the small probability of either of 
them becoming negative. 

Taking a closer look at the delivery times data, we notice that the supplier of the 
bolts seems to be rather unreliable. This will obviously have a negative impact on the 
costs, since such unreliability forces the company to have a larger average safety stock 
of bolts. Later on in this paper, as mentioned in the introduction, we will look into the 
precise implications of greater reliability of the supplier. 

For other model data supplied by the company we refer to appendix C. 

2.1.3 The model 

We want to minimize the total average costs per week, with the restriction that the 
service degree is not affected. 

The costs depend on Band Q. If the level B is high, the stock-costs are high because 
the average number of bolts in stock is high. The amount of bolts ordered, Q, affects 
both order and stock-costs. If Q is high, we do not have to order too often and the costs 
of ordering are low. On the other hand, because Q is high, the average number of bolts 
in stock will be high. As a result the stock-costs will be high. 

We have to determine such Band Q that the total costs are minimized. 
If A is the cost of one order and E(D) is the mean weekly demand, the average order 

costs per week are: 

A. E(D) 
Q 

The average stock-costs per week are equal to the mean amount of bolts in stock times the 
price per bolt (c) times the interest rate per week (x). Assuming the stock is continuously 
monitored (see also Section 2.2.3), these costs are given by: 

1 
xc·(ZQ+B-J.lL) 

where J.lL is the mean demand during delivery time. Because the demand and the 
delivery times are independant stochastic quantities, both normally distributed, the 
mean demand during delivery time is: 

L 

J.lL = E(L: Di) = E(LD) = E(L)E(D) 
i=l 

where L is the delivery time and Di the demand in week i. E(L) and E(D) are available 
from appendices A and B, so we have J.lL fixed. 
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The total costs are now: 

(1 ) 

We will now involve the restriction on the service degree in our model. During an 
ordercycle the stock can become virtually negative due to a large demand. The expected 
shortage of bolts per ordercycle is: 

so = koo 

(y - B)JL(y)dy 

SO stands for "stock-outs". y, running from B to infinity, represents all demands greater 
than B in which case there will be a shortage. The magnitude of this shortage is obviously 
y - B. JL(y) is the probability density of the demand during the delivery time. JL(y) 
has a normal distribution with mean ilL (see above) and standard deviation (see [1]): 

VE(L)var(D) + E2(D)var(L) 

Now during an ordercycle the average demand must be equal to Q: at the beginning of 
each cycle Q bolts are delivered. We want to satisfy a fraction SD of that demand, thus: 

This can be rewritten as: 

SD= Q-SO 
Q 

1 {OO 
Q = 1 - SD . 1B (y - B)JL(y)dy (2) 

Expressions (1) and (2) are two equations in Band Q from which the optimal B* and Q* 
are to be found. 
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2.2.1 Analytical solution 

If we substitute Equation 2 in Equation 1 we obtain K as a function of only B: 
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A· E(D) (':>O 1 foo 
K(B) = 1 _ SD [1B (y - B)/L(y)dytl + xc· [2(1 _ SD) 1B (y - B)/L(y)dy + B - ilL] 

To find the minimal value of K (B), we would have to solve: 

K'(B) = ° 
Mainly because of the integral, this is an extensive bit of work which stretches beyond 
the scope of this paper. However, numerically a solution can be quickly approximated. 

2.2.2 Numerical method and solution 

The numerical method we apply is as simple as it is effective. For increasing values of 
B, from B = ° we descend along the curve of K(B, Q), with Q always calculated from 
Equation 2, until we reach the ''bottom''. As numerical tests clearly suggest that K(B) 
is a convex function, this position is assumed to be the unique minimum and yields 
the optimal B* and Q*. The calculation of Q from Equation 2 for a given B is done by 
the use of a simple trapezoidal rule for numerical integration. In this way we obtained 
the following results: B* = 13,645, Q* = 12,287, average costs = fi 54.11 per week. 
Comparing these results with the current ordering strategy of the company as described 
in the introduction, we note some significant differences: 

B 
Q 
safety stock 
average costs 
per week <tf) 

current 
13,882 
30,000 
5,000 
78.08 

optimal 
13,645 
12,287 
4,762 
54.11 

In the optimal case, the average costs per week decrease by 31 %! The optimal ordering 
strategy seems to be worth consideration. 

2.2.3 A closer look at the problem 

In the preceeding, we have omitted the fact that in reality the economical stock is only 
checked once a week. In our theoretical model we have assumed that the stock is always 
monitored. Whenever the economical stock reaches level B, theoretically, we immediately 
place an order. 
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However, in reality it can happen that the economical stock has already fallen below 
level B when we check it. In this case, the placement of an order comes a little later. 
This can be observed with a closer look at Figure 1 again. Neglecting this phenomenon 
in the theoretical model means neglecting the so-called undershoot. 

Incorporating the expected undershoot in our model leads to subtracting a term 

E(Jil) 
xC· 2E(D) 

from the total costs (Equation 1). Furthermore, Equation 2 has to be modified. However, 
we have found (see [1]) that taking the undershoot into account increases the complexity 
of calculations and does not lead to Significant better results. Therefore we continue to 
neglect it. 
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2.3 Simulation 

We have simulated the things that happen in stock, based on what happens in Figure 
1. Whenever the economical stock is at or below B, an order of Q bolts is placed and 
a normally distributed nonnegative delivery time is generated. For a given B, the 
magnitude Q is calculated from Equation 2, Section 2.1.3, in order to find out whether 
the actual service degree will remain close enough to its prescribed value (see Appendix 
C). The results are shown in Figures 2 and 3. 
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Figure 2: Theoretical model versus simulation 

We can see that the dotted and bold curves neatly overlap until a certain level of B. 
Apparantly, until this point our theoretical model predicts reality very well despite the 
neglected undershoot. At a certain level of B, the dotted and bold curves diverge. This 
can be explained as follows. From a certain level of B, orders will have to be placed more 
than once a week. In our theoretical model this is no problem, but in the simulation 
it is not pOSSible, since the stock is only checked once a week. For this reason, in the 
simulation the costs remain fairly constant, whereas theoretically they increase strongly 
because of the necessity to place more orders. As a consequence, theoretically the service 
degree is not affected. But in reality (the simulation) it decreases dramatically. This can 
be seen in the following figure. 
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Figure 3: Sevice degree behaviour in simulation 
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As can be seen in Figures 2 and 3, it is important that we do not choose level B too 
high. We can see that in the theoretical model for B slightly larger than B* the costs 
increase strongly. In practice, the service degree would decrease. 

It can also be seen from Figure 3 that, by using this ordering scheme, the (stochastic) 
service degree fluctuates very well around its prescribed value (see Appendix C) until 
it drops because of too little bolts being delivered. 
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2.4 Influence of delivery time 

We have tested the influence of the standard deviation of the delivery time on the costs. 
The influence can be seen in the following figure. 
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Figure 4: Influence of delivery time 

1.4 

We can see that as the standard deviation of the delivery time becomes less, the minimal 
costs decrease. For instance, if the standard deviation of the delivery time can be reduced 
to half of its current level (see Appendix B), the total costs reduce by approximately 11 %. 
Thus, it appears the that the costs are significantly further reduced if the supplier would 
deliver with more certainty. Decreasing the mean of the delivery times does not influence 
the costs as much, as can also be seen in Figure 4. 
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3 Conclusions and recommendations 

We proposed a strategy for the ordering and stock-keeping of bolts. This resulted in the 
design of a simple but effective mathematical model which enables us to minimize the 
total costs of ordering and stock-keeping. The model is also useful in the analysis of the 
impact that external factors (such as demand and supply of bolts) have on the costs. 

Considering the results at which we arrived in Chapter 2, we would recommend the 
company to practice the proposed ordering scheme as follows: given the model data as 
in Appendices A, Band C, and provided that the economical stock is monitored weekly, 
an order of 12,287 bolts is placed once the economical stock has fallen below an amount 
of 13,645 bolts. Compared to the costs of the currently practiced scheme, this will lead 
to a decrease in total costs of 31 %. 

Furthermore, we would recommend the company to encourage its supplier to deliver 
the bolts with more certainty since this too will lower the costs Significantly. 
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A Demand data 
week demand week demand 

1 1044 27 2523 
2 4121 28 3696 
3 1643 29 2936 
4 663 30 4007 
5 968 31 4435 
6 2492 32 1863 
7 956 33 2341 
8 2793 34 1462 
9 868 35 3400 
10 3224 36 1745 
11 658 37 2698 
12 4736 38 1922 
13 3539 39 3330 
14 1734 40 1997 
15 2995 41 3651 
16 2785 42 3708 
17 1307 43 2167 
18 791 44 1708 
19 3106 45 2821 
20 2481 46 3066 
21 1216 47 4319 
22 1925 48 1740 
23 3353 49 2234 
24 2572 50 1643 
25 3176 51 1397 
26 2058 52 2530 

This means: 
mean weekly demand: 2,433.55 
standard deviation weekly demand: 1,055.21 
probability that a fitted normally distributed demand becomes negative: 0.0104 
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B Delivery data 

delivery number of weeks 
1 5 
2 6 
3 4 
4 5 
5 1 
6 4 
7 3 
8 6 
9 2 

10 6 
11 3 
12 3 
13 2 
14 4 
15 4 
16 2 
17 3 
18 4 
19 2 
20 4 

This means: 
mean delivery time: 3.65 
standard deviation delivery time: 1.46 
probability that a fitted normally distributed delivery time becomes negative: 0.0062 
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C Other model data 

symbol 
x 
c 
A 
SD 

meaning 
rate of interest 
price per bolt 
price per order 
service degree 

value 
10% 
fl 0.036 
fl75.00 
0.98 
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