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Abstract 

The behavioral theory of dynamical system is used to 
address a deterministic system identification problem 
with a newly defined measure of misfit between data 
and linear time-invariant systems. An approximate 
model identification problem is formalized using this 
misfit criterium. In particular, Pareto optimal models 
are defined as feasible trade-offs between low complex
ity and low misfit models. The main result of this paper 
provides a complete characterization of bounded mis
fit and bounded complexity models. It is shown that 
this entire class of approximate models corresponds to 
the set of most powerful unfalsified models of reduced 
data sets. The reduced data sets are derived from Han
kel norm approximations of the data. The main result 
therefore emphasizes the relevance of the exact model
ing problem for the identification of approximate sys
tems. The set of all Pareto optimal models is charac
terized as a simple consequence of this result. 

Keywords 
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1 Introduction 

A fundamental problem in system identification is to 
optimally model observed data. The most common for
mulations of this problem involve the parametrization 
of a set of models whose quality is evaluated on the 
basis of a criterion which expresses the discrepancy be
tween data and modeL There is a well developed theory 
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in which the complexity of models is expressed in terms 
of the dimension and structure of the parameter space 
and in which the accuracy of models is expressed as a 
meaSure of how well the model predicts the outputs as 
function of the inputs. In such a setting, optimal mod
els correspond to optimal parameters and the system 
identification problem is basically a parameter estima
tion problem. 

Since model classes allow many different parametriza
tions, it is natural to ask the question whether it· is 
possible to separate the concept of optimal models , 
from the parametrization issue. It is the aim of this 
paper to introduce concepts of complexity and misfit 
of dynamical systems which do not depend on model. 
parametrizations. 

In this paper, by a model we will mean a linear time
invariant dynamical system. Optimal will mean the 
best possible trade-off between the objectives of low 
complexity and high accuracy. We will formalize these 
concepts for a class of £2 discrete-time dynamical sys
tems by introducing a notion of Pareto optimality. 
Roughly speaking, a Pareto optimal model is charac
terized by the property that every model of lower com
plexity is less accurate and every model of higher ac
curacy is more complex. It is in this sense that Pareto 
optimal models constitute a feasible compromise 'be
tween the desirable objectives of low complexity and 
high accuracy. 

The main result of this paper provides a characteriza
tion of Pareto optimal models. More specifically, we 
adopt the behavioral framework [7, 8, 9] to obtain a 
deterministic system identification problem in which 
system variables are treated in a symmetric way, with
out distinguishing between inputs and outputs. For a 
given data set, a key result of this paper (stated in The
orem 5.2 below) shows that the class of approximate 
models with bounded complexity and bounded misfit 
corresponds to the set of exact models for a related, 
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reduced data set. In particular, this result shows the 
relevance of the exact modeling problem for the identifi
cation of approximate systems. It is shown that Pareto 
optimal models are obtained as a simple corollary from 
this result (see Theorem 5.3 below). 

The paper is organized as follows. Some notation is in
troduced in the next section. A formal problem state
ment is presented in Section 3. Section 4 treats rep
resentations of i2 systems. The main results are pre
sented in Section 5 and further discussed in Section 6. 
In the latter section we also consider a number of gen
eralization~ of the misfit function treated in this paper .. 
Conclusions are given in Section 7 .. Be~ause df space 
limitatio~s we do not include proofs of the main results 
in this paper. We refer to [12] for the proofs and amore 
extensive discussion of the results of this paper. 

2 Notation 

For T C;; Z we denote by iz(T, IRq) the set of functions 
W : T -'> IRq for which 

II W II~ L II w(t) 112 
tET 

is finite. We write it for fz(Z+, IRq) and· f2 for 
fz(Z_, IRq). £.2 denotes the space of all complex val
ued functions which are square integrable on the unit 
disc II) := {z Eel Izi =·1}. The Hardy space Ht 
consists of all square integrable functions on Jl) with 
analytic continuation outside the unit circle (including 
(0). The orthogonal complement of Ht in £.2 is de
Il,oted Hi'. Ht, and H;' denote the Hardy spaces of 
complex valued functions which are bounded on the 
unit circle'with analytic continuation in Izl > 1 and 
Izl < 1, respectively. The prefix n is used to denote 
rational elements> of Hardy spaces. The canonical pro
jections from £.2 to Ht, and H2 will be denoted ·by II+ 
and II_, respectively .. 

3 The ideIitification problem 

Consider a finite set of real valued multivariable time
series 

(3.1) 

where N > 0 is the number of observed time-series and 
q > 0 is the dimension of the signal space. It will be 
assumed that Wi E ft for i = 1, ... ,N. U sing the 
Hilbert space isomorphism between ft and Ht it fol
lows that the data (3.1) can compactly be represented 
by the Ht function 

where Wi denotes the z-transform of Wi, i.e., 
00 

Wi(Z):= L Wi(t)Z-t. 

t=o 

Using the behavioral formalism (see [7, 8, 9]) a (discrete 
time) dynamical system isa subset B of the set of all 
functions W : Z + -+ IRq. Here, we will be interested in 
the class of f2 systems which is defined as follows. , 
Definition 3.1 (f2-systems) A dynamical system B . 
is an f2-system if B is a closedl subset of et .. 

An fz-system B is linear if B is a real linear subspace 
of ft, it is time-invariant jf ~B ~ B where [O'w](t) = 
w( t + 1) and it is said to be f2- complete if the collection 
of all finite truncations of system trajectories define the 
system, that is if ' 
" 

{ W E it, wl[o,t) E BI[b,tj, 'It E Z+} =? {w E B} . 

(d. [9]). Introduce the model class 

lRz :=' { B ~ ft I B is linear, time-invariant, 

. and .l2-complete }. 

Since f2-completeness implies cIosedness of subspaces' 
of f2 the set lRz defines a model class of f2 systems. 

The interest in this class of models stems from the fact 
, that elements in lRz admit simple repfesentationsin 

terms of rational ,operators (see Theorem 4.1 below) 
and, more importantly, elements in lRz can equivalently 
be considered in the frequency domain by defining, for 
each B E lRz, 

where W is the z-transform of w. 

The complexity of a system is indicated by the number 
of independen~ time series which a system can conceive 
in time windows of finite length. We formalize this as 
follows. . 

Definition 3.2 (Complexity) The complexity of a. 
system B E lRz is the pair of integers c( B) = (m, n) 
which satisfy 

dim(BI[o,t_lj) '= mt + n (3.2) 

for all t ~ n. 

The numbers m and n are well defined in this way 
([5,6,8]). m corresponds to the dimension of the input
space of the system Band n equals the state space 
dimension in any niinimal state space representation 
of B. 'A lexicographic ordering is imposed on system 
complexities. 

lclosed in the l2 topology. 
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Definition 3.3 (Misfit) The misfit between a model 
8 E lffiz and the data W is defined as 

. { (WA, v) A 1. 
d(8, W) := sup IIAI1211vl12 I v E 8 , 

A E Hi} (3.3) 

where the norms ai-e the standard norms in the Hilbert 
spaces Ht and Hi and 81. is the orthogonal comple
ment of 13 in Ht. 

This misfit function has the following interpretation. 
The set 

8 0 := span{(]'twi Ii = 1, ... ,Nj t E Z+} 
(3.4) 

defines a linear, time invariant e2-system which is un
falsified by the data (3.1) in the sense that the data 
Wi E 8 0 for i = 1, ... ,N. By associating with W a 
multiplicative operator W : Hi --+ .c2 , it is easily seen 
that 80 is the closure of II+ WHi and that the mis
fit d(80 , W) = 0. For any 8 E lffiz l the values of (w, v) 
with normalized elements w E 8 0 and v E 81. therefore 
indicate to What extent linear functionals implied by 8 
fail to explain the unfalsified model 8 0 of the data. The 
misfit (3.3) can therefore equivalently be viewed as a 
distance measure between the exact model 8 0 and the 
e2-system 8 E lffiz. To make this precise, consider 8 0 

and equip 80 with the data weighted norm 
\ . 

'II w Ilw:= iilf { II x III x E Hi, w = II+Wx}. 

Then it is easy to show that 

{ 
(w, v) 

d(8, W) = sup Ilwllw IIvl12 I wE 8 0 , 

v E 81. }. (3.5) 

The misfit therefore incorporates a weighting along the 
principal axes of the image of II+ Wunder 1ii and 
can be interpreted as a data-weighted distance measure 
between 8 0 and 8. 

Remark 3.4 It is interesting to point out the relation 
between the expression (3.5) and the gap- between the 
two closed subspaces 8 ~ et and· 8 0 ~ et. The gap 
[2, 3] is defined as 

{ 
(w, v) , 

9(8,80 ) := sup IIwll2 IIvll2 wE 8 0 , 

Compared with (3.5), the gap has therefore a different 
normalization of elements in 8 0 . 

Remark 3.5 We would like to emphasize the impor
tance of this data-weighting for applications of the mis~ 
fit (3.3) in system identification. Indeed, if we consider 

the example of an observed scalar valued time series 
w(t) = Ai + fA~, with t E Z+, IAil' < 1, i = 1,2 and 
f > 0, then w E et and the linear span of the time 
series Ai and A~ defines the exact model 8 0 in (3.4). 
It has complexity c(80 ) = (0,2). A lower order ap
proximate model obtained by minimizing the gap (3.6) 
over all 8 E lffiz with complexity c(8) = (0,1) would 
therefore result in a model which does not depend on 
the value of f .. That is, for small f > 0, the relative 
weight of the component Ai of the data sequence w is 
not discriminated by the gap criterion. However, in the 
misfit-criterion (3.3) it is. 

, 
Rem'ark 3.6 Clearly, d(8, W) ~ ° and d(8, W) = ° 
if and only if Wi E! 8 for i = 1, ... ,N. Further, it 
is immediate from Definiton .3.3 that 8 1 ~ 8 2 implies 
that d(81 , W) ~ d(82 , W). 

Definition 3.7 (Pareto optimality) A model 8 E 
lffiz is called Pareto 'optimal for the data W if for all 
8' E lffiz ~he implications 

c(8') ~c(8) :::} d(8') W) ~ d(8, W) 

d(8', W) ::s; d(8, W) :::} c(8') ~ c(8) 

hold simultaneously. 

Hence, a model is Pareto optimal with respect to the 
data (3.1) if all models of smaller complexity have 
larger misfit, and all models of smaller misfit have 
larger complexity. 

4· Kernel representations 

Before presenting the main results we address in this 
section the problem of representing elements of the 
model class lffiz. It is shown in [10, 11] that lffiz consists 
of those systems which can be represented as the kernel 
of a rational operator. We show here that the complex
ity and the misfit function introduced \rithe previous 
section admit simple characterizations in terms of ker
nel representations. 

Let 8 E RH;'. Then 8 defines a map 8 : Ht --+ 

.c2 defined by the multiplication [8w](z) = 8(z)w(z). 
Associate with each such 8 a model 

8k .. (8):={w E Ht I 8w E Hi} 

=kerII+8. 

Let 8 kcr (8) denote its inverse z-transform. It is then 
easy to see that 8 kcr (8) belongs to lffiz. In fact, the 
following result claims that every model in lffiz admits 
such a representation. 

Theorem 4.1 (Kernel representation theorem) 
8 E lffiz if and only if there exists 8 E RH;' such . \ 
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that B = Bke,(0).Moreover, every B E Imz can be 
represented as B = Bker(0) with 0 E R7-f;".:, co-inner, 
i.e. 00- = I where 0-(z):= 0 T(z-1). 

Proof.' See [10l or [11]. o 

The Hardy space R7-l;;'" therefore provides a 
parametrization of the model class B:!. The next 
results completely characterize the complexity and 
misfit.in terms of kernel representations. 

TheoreJ 4.2 Let 0 E R7-l;;'" be a co-inner kerneirep
resentation of B E B:!. Then the following statements 
are equivalent 

1. B has complexity c(B) = (m, n). 

2. m q rank(0) and n = deg(0), where deg(0) 
denotes the McMillan degree of 0. 

Proof. See [12]. o 

To characterize the misfit function, define the Hankel 
norm of G E Coo as 

IIGII '= IIII+GxI12 
H· sup II II 

zE1t; x 2 

Thus IIGIIH is the induced norm of the Hankel operator 
r G II+GII_ acting on 7-li as a multiplicative oper
ator. Using this definition, the misfit function defined 
in 3.3 is characterized as follows. 

Theorem 4.3 Let 0 E R7-l;;'" be a co-inner kernel rep
resentation of B E Imz. Then 

d(B, W) = II f?W IIH 

Proof. See [12]. o 

Hence, , thE! ,misfit is eq~al to the Hankel norm of the 
Coo function 0W. 

5 Main results 

The important notion of a most powerful unfalsified 
model was introduced by Willems (see e.g. [9]) and 

. plays a crucial role in the sequel to characterize both 
exact and Pareto optimal approximate models for a 
given data set. An element B E Imz is said to be an un
falsified, model for W E 7-li if d(B, W) = 0: It is called 
the most powerful unfalsified '{'todel for W if in addition 

. B' E Imz with d(B', W) = 0 implies that B ~ B'. The 
most powerful unfalsified model is unique whenever it 

exists and can be interpreted as the smallest £2 system 
that explains the data, i.e., the smallest covering of W 
by elements in Imz. If it exists, we will write 

B = mpum(W) 

to denote the most powerful unfalsified model corre
sponding to W. 

If the data W is rational then the most' powerful un
falsified model actually exists and is easily obtained: 

Theorem 5.1 (Exact models) If W E R7-lt then 
there exists a left coprime factorization W = 0 01 \l10 
over R7-l;;"'. For any such factorization there holds that 

,1. Bke,(0o) is the most powerful unfalsified model for 
W. 

2. Bo = Bke,(00 ). 

3. Bke,(0) is an unfalsified model for W if and only 
if0 = A00 with A E R7-l;;"'. 

Proof. See [12J or [1]. o 

Hence, all left-coprime factorizations of W define kernel 
representations of the most powerful unfalsified model. 
Moreover, all unfalsified models of Ware parametrized 
by left multiplication of a left-coprime factor of W with 
rational operators in R7-l;;"'. The second main result 
of this paper characterizes the set of all autonomous 
systems of given complexity and prescribed misfit level. 

Theorem 5.2 (Approximate models) Let B E Imz 
and (J' > 0 be given and assume that W E R7-lt. Let \ 
(J'1 ~ ••• ~ (J'n > 0 denote the ordered Hankel singu
lar values of W. Then the following statements are 
equivalent 

1. B has complexity c(B) :::;; (0, k) and misfit 
d(B, W) :::;; (J'. 

2. (J' ~ (J'k+1 and there exists Wk E R7-lt such 
that IIW Wk\\H:::;; (J', deg(Wk)' :::;; k. and B = 
mpum(Wk). 

Proof. See [12]. o 

Theorem 5.2 characterizes an entire set of feasible com
plexity and misfit combinations of dynamical systems 
for a given data set W. In words, it claims that the 
class of approximate autonomous models of the data 
set W is characterized as the class of exact models of 
data sets Wk which are obtained as Hankel norm ap
proximants of W. We believe that this result has con
ceptually interesting consequences. Instead of finding 
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approximate models directly from data, this result sug
gests to determine a related data set, Wk, whose most 
powerful unfalsified ~odel has guaranteed properties of 
complexity and misfit. 

Pareto' optimal models are easily derived using the 
characterization of Theorem 5.2. The following result 
shows that Pareto optimal models precisely correspond 
to the most powerful unfalsified models of optimal Han
kel norm approximants of the data W. 

Theorem 5.3 (Pareto optimal models) Let W E 
R1tt be given and let B E 1m:! bave complexity c(8) = 
(O,k) and misfit d(8, W) = (J. Assume moreover tbat 
tbe Hankel singular value (Jk{W) > (JkH(W), Tben 
tbe following statements' are equivalent: 

1. B is Pareto optimal for the data W, 

2. (J = (Jk+l, 

3. tbere exists ~n optimal Hankel norm approximant 
Wk of W of McMillan degree k such that 8 = 
mpum(Wd· " 

Proof. See [12J. o 

6 Discussion and generalizations 

Remark 6.1· The assumption on rationality of W may 
seem very restrictive at first sight. However, we. re
mark that this assumption is satisfied for important 
signal sets like polynomial:exponential data, impulse 
responses of linear time-invariant lumped systems, fi- . 
nite support time-series or any. finite set of frequency 
response samples. Also, the rationality of th.e Laplace 
transformed data is a common assumption in many 
problems in realization theory and the theory of ra
tional interpolation. 

Remark 6.2 In the presented setting no assumptions 
were made on noise characteristics. We emphasize that 
finite data sequences and finite number of frequency 
domain measurements always imply the rationality of 
W irrespective of noise models. Specific assumptions 
on noise are therefore not necessary. 

Remark 6.3 A conceptual and constructive proce
dure for the computation of bounded complexity and 
bounded misfit models can be derived from the results 
of Section 5 and the results of Glover in [4] as follows. 
Given W E R1tt, k > ° and a- > 0 one can compute 
the (ordered) Hankel singular values (Ji of Wand vei
ify whether (J ~ (JkH' If (Jk > (J > <TkH define the 
augmented operator 

W z ._ (W (z) 0) 
,.,.( ).- 0 <T(z+1)Jz' 

otherwise take W.,. = W. Let W; be an QPtim~1 Hankel 
norm approximant of McMillan degree k to W.,. (see [4]) 
and let Wk be the truhcation of W; to the augmented 
operator. W k will then satisfy I!W Wkl!H ~ <T. Next, 
let Wk = 8;.;-lWk be. a left-coprime factorization of W k 

over R1t-;;., and put B = Bkr(8k). Then 8 belongs to 
1m:! and satisfies the criteria stated in Theorem 5.2.1. 
Moreover, if <Tk is strict1y~largerthan <TkH then B is 
Pareto optimal if and only if <T = <TkH. 

Remark 6.4 In Theorem 5.2 and Theorem 5.3 only 
autonomous models in 1m:! are considered. Similar re
sults for non-autonomous systems h~ve not been de
rived yet. However, since the definition of misfit war
rants that d(81

, W) ~ d(B, W) whenever 8 <;: 8 1
, we 

have that (in the notation of Theorem 5.2) ,any unfal
sified model 8 1 of Wk .satisfies 

d(BI, W) ~ <T. 

Hence, any sUGh model has a guaranteed upperbound 
on the misfit. In particular, this Class of unfalsified 
models includes non-autono'mous systems. Precisely, if 
Wk = 8;.;-lWk is a left-coprime factorization over R1t-;;., 
of Wk~ then it follows from Theorem 5.1 and Theorem 
4.2 that for any A E 1t~ the system 

admits m = q-rank(A8d inputs while it has aguaran
teed misfit level d(BI, W) ~ <T. Note that such a system' 
may have a kernel representation with McMillan degree 
strictly smaller than k by chosing A appropriately. 

, Remark 6.5 The misfit function (3.3) is defined in 
terms of the standard inner product on £2 and involves 
normalization of ,\ and v in terms of their standard 
norms. As an alternative, consider the misfit criterion 

{ 
(W'\,v) A,.l 

doo (8, W) := sup 11,\1100 IIvl12 I v E 8 , 

,\ E 1t;;,}. (6.1) 

Here, 11·1100 denotes the 1t;, norm. In fact, if the data 
con~ists of one observed time series (N = 1), then the 
misfit criterion (6.1)is equal to the distance between W 
aDd B measured in the 1tt -norm. Precisely, if N = 1 
then 

doo (8, W) = inf .IIW - Wt1l2. 
W'EB ./ 

. . , 
The latter criterion has been investigated in [5, 6J for 
the purpose of system identification. 

Remark 6.6 As another generalization, we can re
place the £2 setting of the identification problem 
treated in this paper by an £00 framework. Let £00 ( 
denote the real normed linear space of all vector val
ued, magnitude bounded sequences w : Z+ --+ IRq. 
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Let Co denote the subset of £00 consisting of all se
quencesw E £00 which vanish in the limit, i.e. for 
which limt-'+oo w(t) = O. Assume that the data (3.1) 
belongs to Co 'and consider the model class Boo consist
ing of all linear time-invariant and complete subsets of , ) 

Co. The 'orthogonal complement' 81. of 8 E Boo is de-
fined as the set of all bounded continuous functionals 
which vanish at 8. Equipedwith its induced norm, 81. 
becomes a subspace of the normed linear space £1 and, 
we define the misfit function 

where W := [WI, . .. WN] is defined in the time-domain. 
,We claim that the misfit (6.2) is again characterized as 
the induced norm of a Hankel operator. That is, if 0 E 
£1 has norm 110111 = 1, then 0 defines a normalized 
kernel representation of a system 8 E Boo by' putting 

8 = 8 ker (0) := {w E Co I [0 *,w](t) = 0 

for all t E Z+}. 

In this setting, the misfit is characterized as follows. 

Theorem 6.7 For all WEco and 8 E Boo 

where II·IIH, denotes the £1 induced norm of the Hankel 
operator, i.e. if we associate with G E £l(Z, IR9 x q) the 
convolution operator Q : £1 ---+ £t deEned as 

, then 
· IIQ(u)111 

IIQIIH, := sup II II . 
uEl l u 1 

7 Conclusions 

For a model class of £2 dynamical systems we proposed 
definitions for misfit and system complexity which were 
shown to, have simple characterizations in terms of ra- ' 
tional kernel representations. These characterizations 
have been used to parameterize a class of optimal ap
proximate models as exact models of related data sets. 
Pareto optimal models were defined and it has been 
shown how a set of Pareto optimal models can be ob
tained by determining optimal Hankel norm approx
imants derived from the data. In particular, these 
Pareto optimal models are characterized as the most 
powerful unfalsifie'd models of Ha~kel reduced data 
sets. A conceptual procedure for the computation of 
these models has been given and various generaliza
tions of the misfit criterion were discussed. 

) 
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