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Chapter 1

Introduction

One of the most important steps in control systems development is experimental
validation of theoretical results. Several control strategies have been developed
and tested by performing simulations, but in most of the cases this is not su�cient
to prove the control strategy will work in real life. Experimental validation is
required to fully validate a new control strategy. In this report a Control Moment
Gyroscope (CMG) has been used as an experimental setup to validate di�erent
control strategies. This CMG is designed for demonstrations of multi degree of
freedom rigid body control and it is suitable for research on Multiple Input Multiple
Output (MIMO) systems with linear control to fully nonlinear control. In addition,
the plant may be used to emulate the control of satellite attitude.
To be able to design and validate di�erent control strategies by means of simula-
tions, a model of the CMG is needed. In Chapter 2 of this report the model will
be discussed and it will be shown that the CMG constitutes a remarkable example
of a nonholonomic system. A nonholonomic control system formulation is �rst
introduced for the restricted CMG dynamics. This model is then used to design
and test the di�erent control strategies, �rst for rest-to-rest maneuvers and later
for a tracking motion. The di�erent control strategies will be evaluated through
simulations and later on the experimental setup of the CMG will be used to test
the designed controllers in real life. At the end the results from the simulations
will be compared with those from the experiments.
Two di�erent control strategies will be used to perform a rest-to-rest motion. The
�rst controller is based on the geometric phase technique with bang-bang control
and will be discussed in Chapter 3. For the second control strategy the sigma-
process is applied to the CMG to perform a rest-to-rest maneuver. This method
will be discussed in Chapter 4. In Chapter 5 the backstepping technique is used
to design a state feedback control law for tracking of a desired trajectory with the
CMG. Finally in Chapter 6 conclusions will be drawn and recommendations will
be made.

1



2 CHAPTER 1. INTRODUCTION



Chapter 2

The Gyroscope

The gyroscope used in this research is a Control Moment Gyroscope (CMG), made
by ECP educational control systems. A �gure of the experimental setup can be
found in Figure 2.1. A schematic representation of the four degrees of freedom
gyroscope is shown in Figure 2.2. The unit consists of a rotor (body D) suspended
in an assembly with four angular degrees of freedom. The rotor spin torque T1

is provided by a dc motor (motor 1) whose angular position q1 is measured by
an optical encoder (encoder 1). The �rst transverse gimbal assembly (body C) is
driven by another dc motor (motor 2), which delivers torque T2 to a�ect motion
about axis 2. The rotation q2 is limited to around 180 degrees by two mechanical
stops and an optical encoder (encoder 2) provides feedback of the relative position
(q2) of bodies C and B. Body B rotates with respect to body A about axis 3 and
there is no active torque applied about this axis. A brake, which is actuated via
a toggle switch on the controller box, may be used to lock the relative position
of A and B and hence reduce the system degrees of freedom. The relative angle
between A and B, q3, is measured by encoder 3. Finally, body A rotates without
actively applied torque relative to the base frame about axis 4. The axis 4 brake
is controlled similarly to the axis 3 brake and optical encoder 4 provides position
feedback for q4. Inertial switches are installed on bodies A, B and C to sense any
overspeed. The initial orientation of the CMG, where q1 = q2 = q3 = q4 = 0, is
depicted in Figure 2.2, where body A is perpendicular to body B and body B is
perpendicular to body C. More information about the gyroscope can be found in
Appendix B and in the CMG manual [6].

2.1 Reduced full order equations of motion
For this system, the mass centers of all the bodies comprising the system are at
the center of the disk (body D), which is also the center of all the gimbal axes.
So only rotational dynamics are considered in the model and the e�ects of gravity
are neglected. The full order equations of motion of the CMG can be found in
Appendix B. To simplify the full model, gimbal axis 3 (see Figure 2.2) has been

3
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Figure 2.1: Control Moment Gyroscope

Figure 2.2: schematic representation gyroscope
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locked in its initial position, so:

q3 = ω3 = ω̇3 = 0. (2.1)

The reduced equations of motion now become:

T1 − JDcos(q2)ω2ω4 − JDω̇1 − JDsin(q2)ω̇4 = 0, (2.2)

T2 + JDcos(q2)ω1ω4 +
1
2
J1sin(2q2)ω2

4 − (IC + ID)ω̇2 = 0, (2.3)

T3 − J1cos(2q2)ω2ω4 + (JD − 2ID)sin(q2)ω1ω2−
(IC + ID)ω2ω4 − JDcos(q2)ω̇1 − 1

2
J1sin(2q2)ω̇4 = 0, (2.4)

T4 − J1sin(2q2)ω2ω4 − JDcos(q2)ω1ω2−
JDsin(q2)ω̇1 − (J2 + J1sin(q2)2)ω̇4 = 0, (2.5)

with:

J1 = JC + JD − ID −KC , (2.6)
J2 = ID +KA +KB +KC . (2.7)

Equation (2.4) will be disregarded from now, because this equation is associated
with the locked degree of freedom, hereby it is assumed that the static friction
from the brake is large enough to prevent any rotation about axis 3.
The equations of motion for the system can be further simpli�ed by applying
partial feedback linearization, to linearize the input output relation of the system.
Let η = q4 denote the unactuated degree of freedom and choosing T4 to be zero
(no input torque and no friction), after partial feedback linearization the following
expressions for the system remain:




q̈1 = ω̇1 = u1 ⇒ T1 = JD q̇2η̇cos(q2) + JDη̈sin(q2) + JDu1

q̈2 = ω̇2 = u2 ⇒ T2 = −JD q̇1η̇cos(q2)− 1
2J1η̇

2sin(2q2) + (IC + ID)u2

η̈ = ω̇4 = 1
J2+J1sin(q2)2 (−J1q̇2η̇sin(2q2)− JD q̇1q̇2cos(q2)− JDu1sin(q2))

(2.8)

The second order system as described in (2.8) is not fully controllable, because the
expression for η̈ is integrable to a �rst order nonholonomic relation:
∫ t

0

(
J1sin(2q2)q̇2η̇ + JDcos(q2)q̇1q̇2 + JDsin(q2)q̈1 − (J2 + J1sin(q2)2)η̈

)
dt =

JDsin(q2)q̇1 + (J2 + J1sin(q2)2)η̇ + c, (2.9)
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where c is a constant. The constant c is set equal to zero assuming there are
no initial velocities. Because of this nonintegrable velocity constraint the CMG
constitutes an example of a nonholonomic system, which arises as a consequence of
its symmetry properties. It is well known that if the motion of a mechanical system
exhibits certain symmetry properties, there exists conserved quantities. If these
conserved quantities are not integrable, then a class of nonholonomic systems is
thereby obtained. The restricted CMG has a cyclic rotation coordinate that gives
rise to a nonintegrable generalized angular momentum conservation expression and
therefore belongs to this class.
The system can now be written in the following state space equations:

q̇1 = ω1, (2.10)
q̇2 = ω2, (2.11)

η̇ = − JDsin(q2)
J2 + J1sin(q2)2

ω1, (2.12)

ω̇1 = u1, (2.13)
ω̇2 = u2. (2.14)

The system (2.10), (2.11), (2.12) with inputs ω1 and ω2 is locally controllable (see
e.g. [12]), because:

rank(span{g1, g2, [g1, g2]}) = 3,

with g1 = [1, 0, −JDsin(q2)
J2+J1sin(q2)2 ]T and g2 = [0, 1, 0]T . It can also be shown that the

above system is small-time locally controllable (see e.g. [5]), which is a stronger
condition then locally controllable.
There exist special conical forms used in the control design for nonholonomic sys-
tems. Two special forms are used in this report, namely the chained form and the
Chaplygin form, which are presented in the following section.

2.2 Conversion to the Chained- and Chaplygin Form
The general form of a system in chained form (see [12]) can be presented as:

ẋ1 = u1,

ẋ2 = u2,

ẋ3 = x2u1, (2.15)
...

ẋn = xn−1u1,

where [x1, x2, . . . , xn]T denotes the con�guration vector of the system and u1 and
u2 are the inputs.
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A system can be converted into the chained form if the following distributions are
all of constant rank and involutive:

∆0 = span{g1, g2, adg1g2},
∆1 = span{g2, adg1g2},
∆2 = span{g2},

and there exists a function h1(q) such that

dh1 ·∆1 = 0 and dh1 · g1 = 1.

For the nonholonomic kinematic equations of motion (Equations (2.10), (2.11) and
(2.12)) this results in:

∆0 = span








1
0

−JDsin(q2)
J2+J1sin(q2)2


 ,



0
1
0


 ,



0
0

C(q2)







, (2.16)

∆1 = span








0
1
0


 ,



0
0

C(q2)





 , (2.17)

∆2 = span








0
1
0





 , (2.18)

where
C(q2) =

JDcos(q2)(−J2 + J1sin(q2)2)
(J2 + J1sin(q2)2)2

, (2.19)

so a possible function is h1(q) = q1. Now a function for h2 independent of h1 may
be chosen so that

dh2 ·∆2 = 0.

A possible choice for h2(q) = η.
The next step to complete the transformation to the chained form is the input
transformation (or: feedback transformation), given by

z1 = h1 = q1,

v1 := ω1,

z2 = Lg1h2 =
−JDsin(q2)

J2 + J1sin(q2)2
, (2.20)

v2 := (L2
g1
h2)ω1 + (Lg2Lg1h2)ω2 = C(q2)ω2,

z3 = h2 = η.
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Note that this transformation is well-de�ned for −π/2 < q2 < π/2. In the new
coordinates and velocity variables the nonholonomic kinematic system is given by
the following chained form:

ż1 = v1,

ż2 = v2, (2.21)
ż3 = z2v1.

The system can also be converted to the Chaplygin form (see [9]). When describing
a system in Chaplygin form, the con�guration vector is divided into a base space
vector and a �ber space vector. This can be done by coordinate transformation
and appropriate feedback transformation. The base space x1 ∈ Rm contains the
directly controlled degrees of freedom and the �ber space x2 ∈ Rn−m contains the
variables that are controlled indirectly. A system in the Chaplygin form locally
takes the form:

ẋ =
[
ẋ1

ẋ2

]
=
[

I
A(x1)

]
u (2.22)

Here I is a m ×m identity matrix and A(x1) is a m × (n −m) matrix function.
Because the CMG system has already been written in chained form, it is easy to
convert the system to the Chaplygin form.



Chapter 3

Geometric Phase Technique

In the previous chapter a model of the CMG has been introduced. In this chapter
that model will be used to design and test a controller based on the Geometric
Phase technique. The controller will be evaluated, �rst by means of simulations,
later on experiments will be performed. Finally the results from the simulations
and experiments will be compared.
Geometric phase control can be used to transfer a system from any initial rest
con�guration to the origin. Let x0 = (x0

1, x
0
2) denote an initial con�guration,

where x1 = (q1, q2) represents the base space and x2 = η the �ber space variable
as described in Section 2.2. The next two steps describe the design of a control
strategy which transfers the initial state to the origin.
The �rst step is to �nd a control which bring the base space variables to the origin
in a �nite time, i.e. to (0, x1

2) for some x1
2 ∈ Rn−m, at time 0 ≤ t1 ≤ tf . The next

step is to traverse a closed path γ in the base space (or series of closed paths) to
transfer (0, x1

2) to (0, 0). This path starts and ends at the origin of the base space.
The closed path γ can be determined using the geometric phase integral, which is
given by:

−x1
2 =

∮

γ
A(x1)dx1, (3.1)

with A(x1) as described in (2.22). The geometric phase is re�ected in the fact
that traversing a closed path in the base space yields a non-closed path in the full
con�guration, which is shown in Figure 3.1.
More information about the geometric phase technique can be found in [5].

3.1 Geometric Phase technique using bang-bang con-
trol

A feedback algorithm is needed to bring the base space variables to the origin and
to traverse the closed path γ. The control algorithm has to bring the system to
the desired positions within a �nite time. Many di�erent controllers can be used
for this purpose, for example the �nite time controller described in [7], but the

9



10 CHAPTER 3. GEOMETRIC PHASE TECHNIQUE

Figure 3.1: geometric phase

fastest way to traverse the desired paths is using bang-bang control [13]. Hereby
the control input u varies between −k and k, where k satis�es 0 < k ≤ |u|, with
|u| the maximum control input.
Consider the second order system

q̈ = u. (3.2)

A time-optimal bang-bang controller which drives this system from any initial
condition to (q, q̇) = (qd, 0), is given by:

u =
{ −k sign(s) if |s| > 0;
−k sign(q̇) if s = 0,

(3.3)

where s = q−qd+ 1
2k q̇|q̇| is the switching function and sign(·) the signum function

de�ned as

sign(z) =




−1 if z < 0,

0 if z = 0,
1 if z > 0.

(3.4)

This bang-bang controller will be used with the geometric phase technique and
applied to the CMG in the following section.

3.2 The geometric phase controller applied to the CMG
The geometric phase controller is applied to the CMG which can be described as
(see Chapter 2.1):

q̈1 = u1,

q̈2 = u2, (3.5)
(J2 + J1sin(q2)2)η̇ + (JDsin(q2))q̇1 = 0.
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The closed path γ can be calculated by evaluating the geometric phase integral
(3.1), so integrating the last expression of (3.5) with respect to time:

−4 η = −(η1 − 0) =
∫ a

0

( JDsin(b)
J2 + J1sin(b)2

)
dq1, (3.6)

where η1 represents the initial value of η and a and b represent the corner points
of the rectangular closed path γ on the q1q2-plane. The relation between η1, a and
b is now known:

η1 = −
(

JDsin(b)
J2 + J1sin(b)2

)
a. (3.7)

3.3 Simulation with geometric phase control
The CMG model will be used to perform simulations with the control law based on
the geometric phase technique with bang-bang control. So bang-bang controllers
(of the form described in Section 3.1) are used to bring q1 and q2 to the origin and
to traverse the desired path γ. The control gains k1 and k2 are set to be k1 = 5 and
k2 = 4, so the input torques T1 and T2 (2.8) will be around 0.1Nm, which is far
below the maximum allowable input torques of 0.3Nm. Only one degree of freedom
is actuated at a time, except for the movement from point (q1, q2) = (a, b)⇒ (0, b).
A PD-controller −kp(q2−b)−kv q̇2 is used here with gains kp = 200 and kv = 40 to
prevent gimbal #2 from moving, because of the gyroscopic torque acting on it. A
PD-controller has been used here, instead of a bang-bang controller, because the
bang-bang controller caused unwanted vibrations during the experiments1, due to
the sign() function in the control law.
The initial con�guration of the CMG is given by (q10, q20, η0) = (37.69,−1.36, π)rad.
Because q2 is restricted to −π/2 < q2 < π/2, b is chosen to be π/4, so a can be
calculated using (3.7) as a = −23.1169.
The simulation results, created with the Matlab �les from Appendix C are shown
in Figures 3.2 and 3.3. This simulation points out a major problem. When the
rotor is accelerating/decelerating (q̈1 6= 0) q2 drifts away, resulting in an unwanted
change in η. This problem is caused by the gyroscopic torque acting on q2 and η
if q2 6= 0 and because it is only possible to bring q2 close to zero, there will always
be a small torque acting on q2 and η when q̈1 6= 0. There are two ways to solve
this problem. It can be solved by introducing a controller which prevents q2 from
drifting away when q̈1 6= 0, or it can be solved by introducing friction to the model
of the gyroscope. When the static friction is bigger then the generated gyroscopic
torque q2 will not drift away. The �rst idea is implemented to the simulation model
�rst by using, during the steps where q̈1 6= 0, for the input u2 (2.14) the bang-bang
controller u2 = −k2sign(q̇2). The results from this simulation are shown in the

1Unwanted vibrations were only a problem during step (q1, q2) = (a, b)⇒ (0, b) and were only
noticeable in q2. So only during this step a PD-controller has been used for u2, for all other steps
the described bang-bang controller has been used.
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Figure 3.2: q1, q2 and η (simulation)
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Figure 3.3: inputs T1 and T2 (simulation)

Figures 3.4 and 3.5 and are much better compared to the previous simulation,
because all variables are brought to the origin.
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Figure 3.4: q1, q2 and η (simulation)
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Figure 3.5: inputs T1 and T2 (simulation)

Even though the simulation results from the last simulation are satisfactory, the
other method, where friction is added to the model, is also implemented. This
has been done because the real gyroscope also possesses a fair amount of friction
and there are no problems of q2 drifting away when q̈1 6= 0 during experiments.
A Coulomb plus viscous friction model fi = µcisign(q̇i) + µviq̇i acting on the
ith axis (i = 1, 2, 4) has been used to model this friction. The values used for
µci and µvi for the di�erent axes have been found experimentally by �tting the
simulation results over the experimental results and are given in Table 3.1. The
new simulation results can be found in Figures 3.6 and 3.7. These results show that
the friction prevents q2 from drifting away, but it also causes a problem, because
η does not converge to zero anymore. In the following section the results from
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this last simulation will be compared to the experimental results, because the real
CMG also possesses a fair amount of friction.

Table 3.1: friction coë�cients coulomb-viscous friction
Axis µc [N ·m] µv [N ·m · s/rad]
1 0.035 0.0
2 0.017 0.0
4 0.005 0.1
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Figure 3.6: q1, q2 and η (simulation)
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Figure 3.7: inputs T1 and T2 (simulation)

3.4 Experiments with geometric phase control
Experiments were performed using the same settings as used for the simulation
(see Section 3.3) and a sampling period of 0.00884 seconds has been used. The
experimental results can be found in Figures 3.8 and 3.9.
The results from the simulation (depicted in Figures 3.6 and 3.7) and the expe-
riment (depicted in Figures 3.8 and 3.9) show a lot of similarities. The traversed
paths of the three degrees of freedom are approximately the same and also the
torque levels are comparable. The error in both directly actuated variables q1 and
q2 converges to zero, but the error in η remains relatively high in both the simula-
tion and the experiment. This problem is caused by friction and will be solved in
the following section.

3.5 Multiple geometric phase paths
The friction does not cause problems in the control of the directly actuated vari-
ables (q1 and q2), because of the use of bang bang control. But the closed path
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Figure 3.8: q1, q2 and η (experiment)
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Figure 3.9: inputs T1 and T2 (experiment)

γ, calculated with the geometric phase integral (3.1), does not bring the unactu-
ated variable η to the origin. This problem can be solved in two di�erent ways.
Theoretically it can be solved by calculating a new closed path γ, paying atten-
tion to the friction. Practically this is di�cult, because it is very hard to identify
every time a brake is engaged/disengaged exactly the friction pro�le, necessary to
achieve high accuracy.
Another solution to the friction problem is to repeat the geometric phase technique
by calculating a new closed path γ, by substitution the current reached value of
η in (3.7) and repeat this process until η has reached the origin. This process is
implemented in the simulation model and now η approaches zero as can be seen
in Figures 3.10 and 3.11. The di�erent traversed geometric phase paths γi with
i = 1, 2.., 5 are depicted in Figure 3.12.
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Figure 3.10: q1, q2 and η (simulation)
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Figure 3.11: inputs T1 and T2 (simulation)

Also an experiment with multiple geometric phase paths has been performed. The
results of this experiment are given in Figures 3.13 and 3.14.
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Figure 3.12: geometric phase paths γi

0 5 10 15 20 25 30 35 40

−20

0

20

q 1 [r
ad

]

0 5 10 15 20 25 30 35 40
−2

−1

0

1

q 2 [r
ad

]

0 5 10 15 20 25 30 35 40
0

2

4

time [s]

η 
[r

ad
]

Figure 3.13: q1, q2 and η (experiment)
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Figure 3.14: inputs T1 and T2 (experiment)

The results from the simulation and experiment with multiple geometric phase
paths show that this controller can be used to perform rest-to-rest maneuvers with
a high accuracy, but it can take a lot of time before all variables reach their �nal
desired values. A faster way to perform rest-to-rest maneuvers will be discussed
in the following chapter.
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Chapter 4

The Sigma-Process

4.1 Introduction
In the previous chapter the geometric phase technique with bang-bang control
has been used to perform rest-to-rest maneuvers with the CMG. This method
delivered good results with respect to accuracy, but it is not a very fast method.
In this chapter the sigma(σ)-process technique will be used to perform rest-to-rest
maneuvers with the CMG. The idea behind the σ-process technique is the use of a
discontinuous coordinate transformation to map the initial system into the space
of discontinuous systems. In such a space the system can be stabilized by the use
of a simple linear control law. The obtained controller is then transformed back to
the starting coordinates system resulting in a discontinuous control. The obtained
controller will be tested �rst by means of simulations and later on experiments will
be performed.

4.2 The σ-process (see [4])
As many physical systems are continuous/smooth1, in this section the problem is
addressed of transforming a smooth system into a discontinuous one. Such a task
can be performed by applying a discontinuous coordinate transformation to the
original (smooth) system , i.e. a σ-process. The σ process has been introduced in
the theory of dynamical systems to study the behavior of a system near a given
point. Mainly, it consists of a rational (discontinuous) coordinates transformation,
possessing the property of increasing the resolution around a given point.
Consider a nonholonomic system described by the following equations:

ẋ1 = g11(x2)u1

ẋ2 = g21(x1, x2)u1 + g22(x1, x2)u2, (4.1)

1This is not the case for systems which contain nonsmooth e�ects, such as friction, collisions
or contact

17
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with x1 ∈ Rp, x2 ∈ Rn−p, x = [x1, x2]T ∈ Rn, u1 ∈ Rp, u2 ∈ Rm and m + p <
n. Assume that g11(x1) = Ip and that the matrices g12(x1, x2) and g22(x1, x2)
have smooth entries. Consider, moreover, a coordinate transformation (σ-process)
described by equations of the form:

ξ1 = x1

ξ2 =
Φ2(x1, x2)
σ(x1)

, (4.2)

where Φ2(x1, x2) is a smooth mapping in the neighborhood U0 of x = 0 and σ(x1)
is a smooth function in a neighborhood W of x1 = 0 and is such that σ(x1) = 0.
The transformed system is described, in the new coordinates, always by equations
of the form (4.1), but in general the matrix g21(ξ1, ξ2) is not de�ned at ξ1 = 0. Thus
it can be concluded that the σ process maps smooth systems into discontinuous
ones.

4.3 The σ-process applied to the CMG
For the design of a σ-controller for the gyroscope, the following kinematic model
is used:

ż1 = v1,

ż2 = v2, (4.3)
ż3 = −z1v2.

The variable z2 is used as the scaling variable in the σ-process, so z2 can be
stabilized by a simple linear controller ż2 = v2 = −kz2. The σ-process is now
applied on the remaining variables of (4.3):

ξ1 = z1,

ξ2 =
z3

z2
. (4.4)

The time derivatives of (4.4) can be written in the following linear form:

ξ̇ =
[

0 0
k k

]

︸ ︷︷ ︸
A

ξ +
[

1
0

]

︸ ︷︷ ︸
B

v1, (4.5)

hereby ξ = [ξ1, ξ2]T . This system is fully controllable, because rank(B,AB) = 2,
so there exists a constant gain vector l = (l1, l2) such that the matrix A − Bl is
Hurwitz. The inputs v1 and v2 can now be written as:

v1 = −l1ξ1 − l2ξ2,

v2 = −kz2. (4.6)
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4.4 Derivation of the control law for the full system
In the previous section a control algorithm for v1 and v2 is derived to stabilize
z1, z2 and z3. The next step is to convert this kinematic controller to the real
controller for the CMG, i.e. convert v1 and v2 to the control inputs u1 and u2 from
the actual system as stated in (2.8).
First, two new variables are introduced:

v̄1 = v1 + l1ξ1 + l2ξ2, (4.7)
v̄2 = v2 + kz2 (4.8)

with time derivatives:

˙̄v1 = v̇1 + l1ξ̇1 + l2ξ̇2, (4.9)
˙̄v2 = v̇2 + kż2. (4.10)

The variables ˙̄v1 and ˙̄v2 can be stabilized by:

˙̄v1 = −G1v̄1, (4.11)
˙̄v2 = −G2v̄2. (4.12)

The relations between v̇1, u1 and v̇2, u2 can be found, after some rearranging and
di�erentiating of terms, from Chapter 2.1:

v̇1 = u1, (4.13)
v̇2 = Ċ(q2)q̇2 + C(q2)u2, (4.14)

with:
C(q2) =

JDcos(q2)(−J2 + J1sin(q2)2)
(J2 + J1sin(q2)2)2

The last step is combining (4.7), (4.9), (4.11) and (4.13) to �nd an expression for
u1:

u1 = −G1(v1 + l1ξ1 + l2ξ2)− l1ξ̇1 − l2ξ̇2. (4.15)
And an expression for u2 can be calculated by combining equations (4.8), (4.10),
(4.12) and (4.14):

u2 =
1

C(q2)
(−G2(v2 + kz2)− Ċq̇2 − kv2). (4.16)

4.5 Simulation with the σ-process controller
The theory behind the σ-process controller, as discussed in the previous section, is
implemented in the Matlab-�le given in Appendix D. The control gain k is set to
be k = 2. The gain vector l = (l1, l2) can now be calculated using pole placement.
With both poles placed on −1, this results in l = (4, 4.5). The gains G1 and G2
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Figure 4.1: q1, q2 and η (simulation)
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Figure 4.2: inputs T1 and T2 (simulation)

are both chosen to be equal to 2. The simulation results, for initial rest condition
(q1, q2, η) = (2π, 1.5239,−0.7901), are depicted in Figures 4.1 and 4.2.
The simulation results show the controller works well and all errors converge to
zero within two seconds. However this performance has a drawback, because the
initial input torques are too high for the gyroscope. The control gains should be
lowered to reduce the initial input torque, however this resulted in a higher error
during the experiments, so the choice has been made to keep these control gains
and implement them on the CMG as will be done in the following section.

4.6 Experiment with the σ-process controller
The experiment of the CMG with σ-process control is performed using the same
initial condition and control gains as given in Section 4.5. The results from the
experiment are given in Figures 4.3 and 4.4.
The results from the experiment are far worse then the simulation results. The
errors from the directly actuated degrees of freedom converge to zero, however the
error from the unactuated degree of freedom does not. This is mainly caused by
friction, but also the limitation in the input torques is causing the bad performance,
as can be seen in Figure 4.4, where both T1 and T2 reach their limit.
The switching that is visible around t = 1.3 is caused by a mechanism to limit u1

(5.11) if z2 → 0. If z2 < 0.1 the ξ2 term is removed from the input u1 (5.11) to
prevent dividing by zero. More information about this switching mechanism can
be found in [11].
The results from the experiments can most likely be improved by further �ne
tuning the control gains and switching parameters from the switching mechanism,
but it will not be possible to bring all three degrees of freedom to the origin
with this controller. This is only possible if a friction compensation mechanism is
implemented in the control law.



4.6. EXPERIMENT WITH THE σ-PROCESS CONTROLLER 21

0 1 2 3 4 5
−5

0

5

10

q 1 [r
ad

]

0 1 2 3 4 5
0

1

2

q 2 [r
ad

]

0 1 2 3 4 5
−1

−0.5

0

time [s]

η 
[r

ad
]

Figure 4.3: q1, q2 and η (experiment)
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Figure 4.4: inputs T1 and T2 (experiment)
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Chapter 5

Tracking Control

This chapter deals with the design and validation of a state feedback tracking
controller for the CMG. First the problem is studied of controlling the nonholo-
nomic kinematic system (see (2.10), (2.11) and (2.12)) using the angular velocities
(ω1, ω2) as input variables. Then there will be returned to the problem of con-
trolling the dynamic system (2.10)-(2.14) using angular accelerations (u1, u2) as
inputs. Note that (u1, u2) = (ω̇1, ω̇2) so that the standard integrator backstepping
approach (see e.g. [12]) can be directly applied here. Once the controls (u1, u2)
are designed the torque control inputs (T1, T2) can be determined using the input
transformation from (2.8).
To �nd the angular velocity inputs (ω1, ω2) the system is �rst brought into the
following chained form as has been done in Chapter 2.2:

ż1 = v1,

ż2 = v2, (5.1)
ż3 = z2v1.

Suppose this system has to follow a prede�ned trajectory, i.e. the state z =
[z1, z2, z3]T has to follow the prescribed path zd = [z1d, z2d, z3d]T . This desired
trajectory zd thus satis�es:

ż1d = v1d,

ż2d = v2d, (5.2)
ż3d = z2dv1d.

The tracking error z̃ = [z̃1, z̃2, z̃3]T is given by
z̃i = zi − zid, i = 1, 2, 3. (5.3)

The tracking error dynamics can now be derived using (5.1), (5.2) and (5.3):
˙̃z1 = v1 − v1d,

˙̃z2 = v2 − v2d, (5.4)
˙̃z3 = z2v1 − z2dv1d = z2(v1 − v1d) + z̃2v1d.

23
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5.1 Derivation of a control law
The derivation of a control law for v1 and v2 to stabilize ˙̃z and force z̃ to zero is
based on the cascaded backstepping method (see [1] and [2]). First ˙̃z1 is stabilized
to z̃1 = 0 by using

˙̃z1 = v1 − v1d = −k1z̃1, (5.5)

where k1 > 0. Then since z̃ ≡ 0 it also holds that v1 − v1d ≡ 0, so the expression
for ˙̃z3 reduces to:

˙̃z3 = z̃2v1d. (5.6)

The remaining input v2 can now be designed such that the remaining ˙̃z2 and ˙̃z3

are stabilized to z̃2 = 0 and z̃3 = 0. Consider the z̃3 subsystem and assume that
z̃2 is a virtual input. A stabilizing feedback function z̃2 = α2(v1d, z̃3) for the z̃3

subsystem is given by
α2(v1d, z̃3) = −k3v1dz̃3, (5.7)

where k3 > 0, so that
˙̃z3 = z̃2v1d = −k3v

2
1dz̃3. (5.8)

It is clear that if v1d = 0, z̃3 is not controllable, so v1d has to be persistently
exciting. Now de�ne z̄2 = z̃2 − α2 and consider the z̄2 dynamics given by

˙̄z2 = v2 − v2d + k3v̇1dz̃3 + k3v
2
1dz̃2. (5.9)

When ˙̄z2 is stabilized by ˙̄z2 = −k2z̄2, an expression can be found for v2:

v2 = v2d − k3v̇1dz̃3 − k3v
2
1dz̃2 − k2(z̃2 + k3v1dz̃3)

= v2d − L2(t)(z2 − z2d)− L3(t)(z3 − z3d), (5.10)

with

L2(t) = k3v
2
1d + k2,

L3(t) = k3v̇1d + k2k3v1d.

The control algorithm for v1 and v2 is now known to stabilize ż1, ż2 and ż3. The
next step is to converge v1 and v2 to the control inputs u1 and u2 from the actual
system as stated in (2.8). This has been done using the same method as described
in Chapter 4.4 and the resulting control inputs u1 and u2 are:

u1 = −G1(v1 − v1d + k1(z1 − z1d)) + v̇1d − k1(v1 − v1d), (5.11)

u2 =
1

C(q2)
(−G2(v2 − v2d + L2(z2 − z2d) + L3(z3 − z3d))− Ċ(q2)q̇2 + v̇2d−

L̇2(z2 − z2d)− L̇3(z3 − z3d)− L2(v2 − v2d)− L3(z2v1 − z2dv1d)). (5.12)
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5.2 Design of a desired trajectory
A simple desired trajectory will be used for the �rst experiment. Because there
are many sines and cosines in the expressions for the control inputs, the desired
trajectory for q2d is chosen to be q2d = π

4 (π2 can not be chosen, because of dividing
by zero in (5.12)). Further η has to track the cyclic motion ηd = Asin(ωt). The
expression for q1d can now be found by substituting q2d and ηd in (2.12) and after
integration follows:

q1d =
−(J2 + 1

2J1)
1
2

√
2Jd

Asin(ωt). (5.13)

The desired trajectories for the coordinates in the chained form can be calculated
using (2.20):

z1d =
−(J2 + 1

2J1)
1
2

√
2JD

Asin(ωt),

v1d =
−(J2 + 1

2J1)
1
2

√
2JD

Aωcos(ωt),

z2d =
−1

2

√
2JD

(J2 + 1
2J1)

, (5.14)

v2d = 0,
z3d = Asin(ωt),

with time derivatives:

ż1d = v1d,

v̇1d =
(J2 + 1

2J1)
1
2

√
2JD

Aω2sin(ωt),

ż2d = v2d, (5.15)
v̇2d = 0,
ż3d = z2dv1d.

5.3 Tracking simulation
With the control inputs and desired trajectories now known (see the previous two
sections), a simulation can be performed. The simulation is performed using the
Matlab �les given in Appendix E. The initial condition is set to be equal to the
desired position at t = 0, with A = 1 and ω = 1. The following values for the
control gains are used: k1 = 10, k2 = 1, k1 = 0.1, G1 = 10 and G2 = 10. The
simulation results are depicted in Figures 5.1, 5.2 and 5.3.
The tracking controller performs well and the errors are small, but the required
input torques are too high for the gyroscope. The electric motors can only deliver
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Figure 5.1: q1, q2 and η (simulation)
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Figure 5.2: error in q1, q2 and η

Figure 5.3: inputs T1 and T2 (simulation)

0.3 Nm, so the required 20 Nm can never be met. To reduce the input torques, the
control gains have to be decreased, but than a problem arises. When the gains are
decreased q2 will reach π

2 and T2 will go to in�nity (dividing by zero in (5.12)). So
it is not possible to track this trajectory with the gyroscope. To solve the problem
another approach has to be followed to design a suitable tracking controller. This
will be done in the next section.

5.4 Altered tracking controller
The tracking controller from the previous section is not suitable, because it is not
possible to track the desired trajectory (Chapter 5.2) without reaching q2 = π

2
while the inputs stay within their limits (Ti < 0.3Nm). The reason for this can
be explained as follows. The input u1 (5.11) is only dependent of the error in q1,
because of the choice to stabilize ˙̃z1 �rst, so it is possible to simplify the expression
for ˙̃z3 (see Chapter 5.1). On the other hand, the input u2 is dependent of both,
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the error in q2 and the error in η (see (5.12)). As a result of an error in η, u2 will
change which results in a change of q2, so if the error in η is large enough, q2 will
reach π

2 . It would be better if u2 is only dependent of the error in q2 and that an
error in η only results in a change of u1, because this prevents the singularities. To
rewrite the controller it has to be designed based on another normal form (instead
of the chained form).
The system in de chained form (5.1) can be converted into new coordinates by
writing z3 = z3,chain − z2z1, where z1, z2 and z3,chain are the coordinates used for
the chained form and z3 is a new coordinate. The system can now be written as:

ż1 = v1,

ż2 = v2, (5.16)
ż3 = −z1v2.

The new tracking controller can be designed using the same steps as followed for
the previous tracking controller and the new control inputs u1 and u2 are:

u1 = −G1(v1 − v1d + L1(z1 − z1d)− L3(z3 − z3d)) + v̇1d−
L̇1(z1 − z1d) + L̇3(z3 − z3d)− L1(v1 − v1d) + L3(−z1v2 + z1dv2d), (5.17)

u2 =
1

C(q2)
(−G2(v2 − v2d + k2(z2 − z2d))−

Ċ(q2)q̇2 + v̇2d − k2(v2 − v2d)). (5.18)

In this control law, u2 is only a function of the error in q2 and the terms associated
with the error in η are moved to the term for u1.

5.5 New desired trajectory

The desired trajectory used with the �rst tracking controller can not be used for
the new controller, because v2d has to be persistently exciting. In the previous
trajectory v2d = 0 and in that case ˙̃z3 is not controllable (similar to the �rst
tracking controller in case v1d = 0, see (5.8)).
For the new tracking trajectory q2d is chosen to be q2d = A2sin(ω2t)−B2, ηd will
remain the same, ηd = A3sin(ω3t) and q1d can be calculated the same way as has
been done in Chapter 5.2, except this time the integral of q̇1d can not be found.
The desired trajectory for q1 can be found by numerical integration of q̇1d. The



28 CHAPTER 5. TRACKING CONTROL

desired trajectory in the z-coordinates is:

z1d = q1d,

v1d =
−(J2 + J1sin(q2d)2)

JDsin(q2d)
η̇d,

z2d =
−JDsin(q2d)

J2 + J1sin(q2d)2
, (5.19)

v2d =
JDcos(q2d)(−J2 + J1sin(q2d)2)

(J2 + J1sin(q2d)2)2
q̇2d,

z3d = ηd +
−JDsin(q2d)

J2 + J1sin(q2d)2
q1d.

Higher order derivatives of v1d and v2d are also needed in the control law, but the
expressions are too long to give here (see Appendix E for the full expressions).

5.6 Simulation with the altered tracking controller
The simulation with the new tracking controller are performed using the Matlab
�les given in Appendix E. The used parameters for the desired trajectory and con-
trol gains are given in Table 5.1. The simulation results can be found in Figures 5.4,
5.5 and 5.6.

Table 5.1: parameters desired trajectory and control gains.
A2 = 1/2 k1 = 5
ω2 = 1 k2 = 1
B2 = π/4 k3 = 20
A3 = π/2 G1 = 5
ω3 = 1/2 G2 = 30

This time the simulation results are much better compared to the simulation re-
sults from the previous simulation (see Section 5.3). Despite of a more complex
trajectory the errors converge to zero. Also the required torque levels are not
too high for the gyroscope, so it is possible to perform the same test on the real
gyroscope, as will be done in the following section.

5.7 Tracking experiment
The tracking controller has been implemented on the gyroscope. The same pa-
rameters for the desired trajectory and the control gains are used as used in the
simulation (see Table 5.1). The experimental result can be found in Figures 5.7,
5.8 and 5.9.
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Figure 5.4: q1, q2 and η (simulation)
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Figure 5.5: error in q1, q2 and η
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Figure 5.6: inputs T1 and T2 (simulation)

Compared to the simulation results, the experimental results are much worse. Only
the tracking of the directly actuated degrees of freedom, q1 and q2, performs well
and as in the simulations the error converges to zero. On the other hand, the
tracking error for the unactuated variable η is relatively high and the maximum
error is of the same order as the desired trajectory. The big di�erence between
the simulation and the experiments is most likely mainly caused by friction. This
can be concluded, because the results from the simulations without friction are
good (see Section 5.6), but the results from the experiments with the CMG, which
contains a lot of friction, are not. The same problems have been described in the
work of N.P.I. Aneke ([1] and [2]), where a cascaded backstepping control law has
been designed and evaluated for a second-order nonholonomic system. It turns out
that it is very di�cult to design a tracking controller which is robust with respect to
friction e�ects and other perturbations, due to the existence of the nonholonomic
constraint and the fact that the linear approximation around equilibria is generally
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Figure 5.7: q1, q2 and η (experiment)
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Figure 5.8: error in q1, q2 and η
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Figure 5.9: inputs T1 and T2 (experiment)

not controllable.
More research is also available at this moment about the stabilization of nonholo-
nomic systems in chained form which are dealing with disturbances. For example
in the work of D.A. Lizárraga (see [8]) where a control law is proposed, based
on hybrid open-loop/feedback techniques. With this control law it is possible to
exponentially stabilize the origin of a dynamic extension of a nonholonomic sys-
tem in the extended chained form. The proposed controller ensures a degree of
robustness to additive disturbance terms that may represent, for instance, model
uncertainties. But also this method is not robust with respect to nonsmooth e�ects
such as friction.
More research is needed to the design of tracking controllers that can stabilize
nonholonomic systems with friction. Also the possibility of some sort of friction
compensation should be studied. More information about di�erent friction models
and friction compensation can be found in e.g. [3], [10].



Chapter 6

Conclusions and
Recommendations

One of the main goals of this research was to evaluate di�erent control strate-
gies with an experimental setup and compare the experimental results with the
simulation results. A restricted Control Moment Gyroscope, with three degrees
of freedom of which two are actuated, has been used to test the e�ectiveness of
three di�erent controllers. Two controllers to perform a rest-to-rest motion and
one controller to perform a tracking motion along a desired path. For the �rst
controller the geometric phase technique with bang-bang control has been used to
design a feedback algorithm for the rest-to-rest control of the system. This control
strategy works well in both simulations and experiments, but it requires multiple
geometric phase paths to bring the error to zero. Multiple geometric phase paths
are needed because there is a fair amount of friction present in the CMG. To bring
the simulation results close to the experimental results, a Coulomb viscous friction
model has been introduced in the simulation model. The �nal conclusion for this
controller is that it can deliver a high accuracy, but because multiple geometric
phase paths are needed it is not a very fast method.
The second controller, designed to perform a rest-to-rest motion, is based on the
sigma-process technique. This controller is fast, but less accurate compared to
the geometric phase controller. Especially the error in the unactuated degree of
freedom remains high in the experimental results. This is not the case for the
simulation results, because no friction has been modeled for this simulation. So
the controller based on the sigma-process performs well in a situation without
friction, but if used for a system with friction the accuracy will not be not very
good. So in theory it is a good controller, but in practice it can not be used if a
high accuracy is desired, unless some sort of friction feedforward can be used to
cancel the in�uence of friction.
The tracking controller, based on integrator backstepping, performs well in the
simulations without friction and all errors converge to zero. On the other hand, if
the same controller is implemented in the CMG the errors do not converge to zero

31



32 CHAPTER 6. CONCLUSIONS AND RECOMMENDATIONS

and especially the error in the unactuated degree of freedom is relatively high. So
this tracking controller can only be used e�ectively if the amount of friction is low,
or if the friction is compensated with some sort of friction compensation.

6.1 Recommendations
It is useful to test new control strategies on an experimental setup, because there
is always a di�erence between the results from simulations and experiments. The
CMG is a good device to test controllers for holonomic and nonholonomic sys-
tems, because di�erent setups can be used. In this research only three degrees
of freedom were studied, but it is also possible to perform a studie when all four
degrees of freedom are used. But before making the system much more complex
the current setup should be studied more closely, because the performance of the
di�erent control strategies is not very good, except maybe for the geometric phase
controller. To improve the performance of the CMG friction feedforward should
be implemented, or other control strategies have to be be developed, because at
this time, no stabilizers or tracking controllers have been presented that are robust
with respect to non-smooth e�ects such as friction.
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Appendix A

Papers

The following two papers have been written according to the work that has been
done in this report. The �rst paper: "Rest-to-rest Maneuvering of a Nonholonomic
Control Moment Gyroscope" will be presented at the IEEE conference: Interna-
tional Symposium on Industrial Electronics (ISIE2006) in Montréal Canada. This
paper studies rest-to-rest maneuvering with the CMG using the geometric phase
technique.
The second paper "State Feedback Tracking of a Nonholonomic Control Moment
Gyroscope" describes how to use a cascaded backstepping approach to develop
state feedback control laws for the tracking of a CMG. This paper has not been
published yet.
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Appendix B

Full equations of motion

The following equations of motion were derived via Kane's method. More infor-
mation can be found in the manual for the CMG 750 from ECP systems [6].

T1 + IDsin(q2)ω3(ω2 − sin(q3)ω4) + JD(sin(q2)ω2ω3 + sin(q2)sin(q3)ω3ω4−
cos(q2)cos(q3)ω2ω4) + ID(sin(q2)sin(q3)ω3ω4 + cos(q2)cos(q3)ω2ω4−

sin(q2)ω2ω3 − sin(q3)cos(q2)cos(q3)ω2
4)− IDcos(q2)cos(q3)ω4(ω2 − sin(q3)ω4)−

JDω̇1 − JDcos(q2)ω̇3 − JDsin(q2)cos(q3)ω̇4 = 0

T2 + ICcos(q3)ω3ω4 +JCcos(q3)ω3ω4 +JDcos(q3)ω3ω4 +JDcos(q2)cos(q3)ω1ω4+

ID(cos(q3)ω3ω4 − ω1(sin(q2)ω3 − cos(q2)cos(q3)ω4)) + sin(q2)(KCcos(q2)ω2
3+

2KCsin(q2)cos(q3)ω3ω4+JCcos(q2)cos(q3)2ω2
4−JCcos(q2)ω2

3−2JCsin(q2)cos(q3)ω3ω4−
KCcos(q2)cos(q3)2ω2

4) + (IC + ID)sin(q3)ω̇4 − IDcos(q3)ω3ω4 −KCcos(q3)ω3ω4−
IDcos(q2)cos(q3)ω1ω4 − sin(q2)(JDω1ω3 + JDcos(q2)ω2

3 + 2JDsin(q2)cos(q3)ω34+
IDcos(q2)cos(q3)2ω42− ID1ω3 − IDcos(q2)ω32− 2IDsin(q2)cos(q3)ω3ω4−

JDcos(q2)cos(q3)242)− (IC + ID)2 = 0
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T3 +(IB−KB)sin(q3)cos(q3)ω2
4 +JCcos(q2)(sin(q2)ω2ω3 +sin(q2)sin(q3)ω3ω4−

cos(q2)cos(q3)ω2ω4)+JDcos(q2)(sin(q2)ω2ω3+sin(q2)sin(q3)ω3ω4−cos(q2)cos(q3)ω2ω4)+

IDcos(q2)(sin(q2)sin(q3)ω3ω4+cos(q2)cos(q3)ω2ω4−sin(q2)ω2ω3−sin(q3)cos(q2)cos(q3)ω2
4)+

JCsin(q2)(cos(q2)ω2ω3+sin(q2)cos(q3)ω2ω4−sin(q3)cos(q2)ω3ω4−sin(q2)sin(q3)cos(q3)ω2
4)+

KCcos(q2)(sin(q2)sin(q3)ω3ω4+cos(q2)cos(q3)ω2ω4−sin(q2)ω2ω3−sin(q3)cos(q2)cos(q3)ω2
4)+

sin(q2)(JDω1ω2 + IDsin(q3)ω1ω4 + JDcos(q2)ω2ω3 + JDsin(q2)cos(q3)ω2ω4−
IDω1ω2 − JDsin(q3)ω1ω4 − JDsin(q3)cos(q2)ω3ω4 − JDsin(q2)sin(q3)cos(q3)ω2

4)−
ICcos(q3)ω4(ω2−sin(q3)ω4)−IDcos(q3)ω4(ω2−sin(q3)ω4)−KCsin(q2)(cos(q2)ω2ω3+
sin(q2)cos(q3)ω2ω4+sin(q3)cos(q2)ω3ω4)−IDsin(q2)(cos(q2)ω2ω3+sin(q2)cos(q3)ω2ω4+
sin(q3)cos(q2)ω3ω4 − ω1(ω2 − sin(q3)ω4))− JDcos(q2)ω̇1 − (JC + JD − ID −KC)

sin(q2)cos(q2)cos(q3)ω̇4− (JB +JC +JD− (JC +JD− ID−KC)sin(q2)2)ω̇3 = 0

T4+2KBsin(q3)cos(q3)ω3ω4+ICcos(q3)ω3(ω2−sin(q3)ω4)+IDcos(q3)ω3(ω2−sin(q3)ω4)+
KCcos(q2)cos(q3)(cos(q2)ω2ω3 + sin(q2)cos(q3)ω2ω4 + sin(q3)cos(q2)ω3ω4)+
JCsin(q2)cos(q3)(sin(q2)ω2ω3 + sin(q2)sin(q3)ω3ω4 − cos(q2)cos(q3)ω2ω4)+
JDsin(q2)cos(q3)(sin(q2)ω2ω3 + sin(q2)sin(q3)ω3ω4 − cos(q2)cos(q3)ω2ω4)+
IDcos(q2)cos(q3)(cos(q2)ω2ω3 + sin(q2)cos(q3)ω2ω4 + sin(q3)cos(q2)ω3ω4−

ω1(ω2− sin(q3)ω4)) + IDsin(q2)cos(q3)(sin(q2)sin(q3)ω3ω4 + cos(q2)cos(q3)ω2ω4−
sin(q2)ω2ω3 − sin(q3)cos(q2)cos(q3)ω2

4) +KCsin(q2)cos(q3)(sin(q2)sin(q3)ω3ω4+

cos(q2)cos(q3)ω2ω4−sin(q2)ω2ω3−sin(q3)cos(q2)cos(q3)ω2
4)+sin(q3)(KCcos(q3)ω3ω4−

JCcos(q3)ω3ω4−sin(q2)(KCcos(q2)ω2
3+2KCsin(q2)cos(q3)ω3ω4+JCcos(q2)cos(q3)2ω2

4−
JCcos(q2)ω2

3−2JCsin(q2)cos(q3)ω3ω4−KCcos(q2)cos(q3)2ω2
4))+(IC+ID)sin(q3)ω̇2−

2IBsin(q3)cos(q3)ω3ω4 − ICsin(q3)cos(q3)ω3ω4 − IDsin(q3)(cos(q3)ω3ω4−
ω1(sin(q2)ω3−cos(q2)cos(q3)ω4))−JCcos(q2)cos(q3)(cos(q2)ω2ω3+sin(q2)cos(q3)ω2ω4−
sin(q3)cos(q2)ω3ω4−sin(q2)sin(q3)cos(q3)ω2

4)−cos(q2)cos(q3)(JDω1ω2+IDsin(q3)ω1ω4+
JDcos(q2)ω2ω3 + JDsin(q2)cos(q3)ω2ω4 − IDω1ω2 − JDsin(q3)ω1ω4−

JDsin(q3)cos(q2)ω3ω4 − JDsin(q2)sin(q3)cos(q3)ω2
4)− sin(q3)(JDcos(q3)ω3ω4+

JDcos(q2)cos(q3)ω1ω4−IDcos(q3)ω3ω4−IDcos(q2)cos(q3)ω1ω4−sin(q2)(JDω1ω3+

JDcos(q2)ω2
3 + 2JDsin(q2)cos(q3)ω3ω4 + IDcos(q2)cos(q3)2ω2

4 − IDω1ω3−
IDcos(q2)ω2

3−2IDsin(q2)cos(q3)ω3ω4−JDcos(q2)cos(q3)2ω2
4))−JDsin(q2)cos(q3)ω̇1−

(JC+JD−ID−KC)sin(q2)cos(q2)cos(q3)ω̇3−(ID+KA+KB+KC+(JC+JD−ID−KC)sin(q2)2+

sin(q3)2(IB + IC −KB −KC − (JC + JD − ID −KC)sin(q2)2))ω̇4 = 0



Appendix C

Simulation model geometric
phase technique

The Simulink diagram depicted in Figure C.1 has been used to simulate a rest-
to-rest maneuver with the CMG using geometric phase control, as described in
Chapter 3. The s- and m-function �les underneath the Simulink diagram are
needed for the Simulink simulation.

Figure C.1: Simulink model geometric phase controller
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gyro_sfunc_061205:
function [sys,x0,str,ts] = HH_sfunc(t,x,u,flag,Jd,J1,J2,Ic,Id,q1i,q2i,etai,mc1,mv1,mc2,mv2,mc3,mv3)

% The following outlines the general structure of an S-function.
%
switch flag,

%%%%%%%%%%%%%%%%%%
% Initialization %
%%%%%%%%%%%%%%%%%%
case 0,

[sys,x0,str,ts]=mdlInitializeSizes(Jd,J1,J2,Ic,Id,q1i,q2i,etai,mc1,mv1,mc2,mv2,mc3,mv3);

%%%%%%%%%%%%%%%
% Derivatives %
%%%%%%%%%%%%%%%
case 1,

sys=mdlDerivatives(t,x,u,Jd,J1,J2,Ic,Id,q1i,q2i,etai,mc1,mv1,mc2,mv2,mc3,mv3);

%%%%%%%%%%%
% Outputs %
%%%%%%%%%%%
case 3,

sys=mdlOutputs(t,x,u,Jd,J1,J2,Ic,Id,q1i,q2i,etai,mc1,mv1,mc2,mv2,mc3,mv3);

%%%%%%%%%%%%%%%%%%%%%%%%
% Update and Terminate %
%%%%%%%%%%%%%%%%%%%%%%%%
case {2,9}

sys = []; % do nothing

end

% end sfuntmpl

%
%=============================================================================
% mdlInitializeSizes
% Return the sizes, initial conditions, and sample times for the S-function.
%=============================================================================
%
function [sys,x0,str,ts]=mdlInitializeSizes(Jd,J1,J2,Ic,Id,q1i,q2i,etai,mc1,mv1,mc2,mv2,mc3,mv3)

%
% call simsizes for a sizes structure, fill it in and convert it to a
% sizes array.
%
% Note that in this example, the values are hard coded. This is not a
% recommended practice as the characteristics of the block are typically
% defined by the S-function parameters.
%
sizes = simsizes;

sizes.NumContStates = 6;
sizes.NumDiscStates = 0;
sizes.NumOutputs = 6;
sizes.NumInputs = 3;
sizes.DirFeedthrough = 0;
sizes.NumSampleTimes = 1; % at least one sample time is needed

sys = simsizes(sizes);
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%
% initialize the initial conditions

x0(1) = q1i;
x0(2) = 0;
x0(3) = q2i;
x0(4) = 0;
x0(5) = etai;
x0(6) = 0;

%
% str is always an empty matrix
%
str = [];

%
% initialize the array of sample times
%
ts = [0 0];

% end mdlInitializeSizes

%
%=============================================================================
% mdlDerivatives
% Return the derivatives for the continuous states.
%=============================================================================
%
function sys=mdlDerivatives(t,x,u,Jd,J1,J2,Ic,Id,q1i,q2i,etai,mc1,mv1,mc2,mv2,mc3,mv3)
etadd = 1/(J2+J1*sin(x(3))^2)*(-J1*x(4)*x(6)*sin(2*x(3))-Jd*x(2)*x(4)*cos(x(3))-...

Jd*u(3)*sin(x(3))-(mc3*sign(x(6))+mv3*x(6)));
q1dd = 1/Jd*(u(1)-Jd*cos(x(3))*x(4)*x(6)-Jd*sin(x(3))*etadd)-1/Jd*(mc1*sign(x(2))+mv1*x(2));;
q2dd = 1/(Ic+Id)*(u(2)+Jd*cos(x(3))*x(2)*x(6)+1/2*J1*sin(2*x(3))*x(6)^2)-...

1/(Ic+Id)*(mc2*sign(x(4))+mv2*x(4));;

sys(1)=x(2);
sys(2)=q1dd;
sys(3)=x(4);
sys(4)=q2dd;
sys(5)=x(6);
sys(6)=etadd;
% end mdlDerivatives

%=============================================================================
% mdlOutputs
% Return the block outputs.
%=============================================================================
%
function sys=mdlOutputs(t,x,u,Jd,J1,J2,Ic,Id,q1i,q2i,etai,mc1,mv1,mc2,mv2,mc3,mv3)

sys(1) = x(1);
sys(2) = x(2);
sys(3) = x(3);
sys(4) = x(4);
sys(5) = x(5);
sys(6) = x(6);
% end mdlOutputs

%
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%=============================================================================
% mdlTerminate
% Perform any end of simulation tasks.
%=============================================================================
%
function sys=mdlTerminate(t,x,u)

sys = [];

% end mdlTerminate

IO_decoupling_sfunc_201005:
function [sys,x0,str,ts] = IO_decoupling_sfunc_201005(t,x,u,flag,Jd,J1,Ic,Id)

% The following outlines the general structure of an S-function.
%
switch flag,

%%%%%%%%%%%%%%%%%%
% Initialization %
%%%%%%%%%%%%%%%%%%
case 0,

[sys,x0,str,ts]=mdlInitializeSizes(Jd,J1,Ic,Id);

%%%%%%%%%%%
% Outputs %
%%%%%%%%%%%
case 3,

sys=mdlOutputs(t,x,u,Jd,J1,Ic,Id);

%%%%%%%%%%%%%
% Terminate %
%%%%%%%%%%%%%
case 9,

sys=mdlTerminate(t,x,u);

%%%%%%%%%%%%%%%%%%%
% Unhandled flags %
%%%%%%%%%%%%%%%%%%%
case {1,2},

sys = [];

%%%%%%%%%%%%%%%%%%%%
% Unexpected flags %
%%%%%%%%%%%%%%%%%%%%
otherwise

error(['Unhandled flag = ',num2str(flag)]);

end

% end sfuntmpl

%
%=============================================================================
% mdlInitializeSizes
% Return the sizes, initial conditions, and sample times for the S-function.
%=============================================================================
%
function [sys,x0,str,ts]=mdlInitializeSizes(Jd,J1,Ic,Id)

%
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% call simsizes for a sizes structure, fill it in and convert it to a
% sizes array.
%
% Note that in this example, the values are hard coded. This is not a
% recommended practice as the characteristics of the block are typically
% defined by the S-function parameters.
%
sizes = simsizes;

sizes.NumContStates = 0;
sizes.NumDiscStates = 0;
sizes.NumOutputs = 2;
sizes.NumInputs = 7;
sizes.DirFeedthrough = 1;
sizes.NumSampleTimes = 1; % at least one sample time is needed

sys = simsizes(sizes);

%
% initialize the initial conditions

x0=[];

%
% str is always an empty matrix
%
str = [];

%
% initialize the array of sample times
%
ts = [0 0];

% end mdlInitializeSizes

%=============================================================================
% mdlOutputs
% Return the block outputs.
%=============================================================================
%
function sys=mdlOutputs(t,x,u,Jd,J1,Ic,Id)

T1=Jd*u(3)*u(4)*cos(u(2))+Jd*u(5)*sin(u(2))+Jd*u(6);
T2=-Jd*u(1)*u(4)*cos(u(2))-1/2*J1*u(4)^2*sin(2*u(2))+(Ic+Id)*u(7);
sys=[T1;T2];
% sys(1)=T1;
% sys(2)=T2;

% end mdlOutputs

%
%=============================================================================
% mdlTerminate
% Perform any end of simulation tasks.
%=============================================================================
%
function sys=mdlTerminate(t,x,u)

sys = [];
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% end mdlTerminate

contr_multiple_geometric_phase_071205:
function u=geometric_phase_191005(q)

k1=5;
k2=4;
z1=q(7);
z2=q(8);
a=q(9);
b=q(10);

s1=q(1)+1/(2*k1)*q(2)*abs(q(2));
s2=q(3)+1/(2*k2)*q(4)*abs(q(4));
s3=q(1)-a+1/(2*k1)*q(2)*abs(q(2));
s4=q(3)-b+1/(2*k2)*q(4)*abs(q(4));

if z1==0 & abs(s2)>0.001
u1=0;%-k1*sign(q(2));
u2=-k2*sign(s2);
z2=0;

elseif z1==0
u1=0;
u2=0;%-k2*sign(q(4));
z2=1;

end

if z1==0 & z2==1 & abs(q(4))<0.01
z1=1;

end

if z1==1 & abs(s1)>0.001
u1=-k1*sign(s1);
u2=0;
z2=0;

elseif z1==1
u1=0;
u2=0;
z2=1;

end

if z1==1 & z2==1 & abs(q(2))<0.01
z1=2

end

if z1==2 & abs(s3)>0.001
u1=-k1*sign(s3);
u2=0;
z2=0;

elseif z1==2
u1=0;
u2=0;
z2=1;

end

if z1==2 & z2==1 & abs(q(2))<0.01
z1=3;

end

if z1==3 & abs(s4)>0.001
u1=0;
u2=-k2*sign(s4);
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z2=0;
elseif z1==3

u1=0;
u2=0;
z2=1;

end

if z1==3 & z2==1 & abs(q(4))<0.01
z1=4;

end

if z1==4 & abs(s1)>0.001
u1=-k1*sign(s1);
u2=-200*(q(3)-b)-40*q(4);
z2=0;

elseif z1==4
u1=0;
u2=0;
z2=1;

end

if z1==4 & z2==1 & abs(q(2))<0.01
z1=5;

end

if z1==5 & abs(s2)>0.001
u1=0;
u2=-k2*sign(s2);
z2=0;

elseif z1==5
u1=0;
u2=0;
z2=1;

end

if z1==5 & z2==1 & abs(q(4))<0.001
z1=6
q(5);

end

if z1==6 & abs(q(5))>0.0001
z1=0
a=-q(5)/0.1359
b=pi/4;
u1=0;
u2=0;

end

u=[u1 u2 z1 z2 a b];
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Appendix D

Simulation model σ-process
controller

The following two Matlab scripts have been used to simulate a rest-to-rest maneu-
ver with the CMG using σ-process control, as described in Chapter 4. The �rst
�le is a normal m-�le that uses the second function �le.
%File to run the sigma controller for the rest-to-rest maneauver.

clear all; close all; clc
global Jd J1 J2 k l1 l2 G1 G2 delta epsilon

Jd = 0.027;
J1 = 0.013;
J2 = 0.134;
Ic = 0.0094;
Id = 0.0148;
k = 2;
G1 = 2;
G2 = 2;
A = [0 0;k k];
B = [1;0];
l = acker(A,B,[-1 -1]);
l1 = l(1)
l2 = l(2)
epsilon = -.001;
delta = .1;
x0 = [2*pi 1.5239 -0.7901 0 0];
[t,y] = ode45('func_sigma_control_301105',[0 10],x0);

%Calcultate Torque levels:
q1 = y(:,1);
q2 = y(:,2);
eta = y(:,3);
q1d = y(:,4);
q2d = y(:,5);

g2 = (-J2+J1.*sin(q2).^2).*Jd.*cos(q2);
h2 = J2+J1.*sin(q2).^2;
h2d = J1.*q2d.*sin(2.*q2);
g2d = -g2.*q2d.*tan(q2)+h2d.*Jd.*cos(q2);

C = g2./h2.^2;
Cd = (g2d.*h2-2.*g2.*h2d)./h2.^3;
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z1 = q1;
v1 = q1d;
z2 = -Jd.*sin(q2)./(J2+J1.*sin(q2).^2);
v2 = C.*q2d;
z3 = eta+Jd.*sin(q2)./(J2+J1.*sin(q2).^2).*q1;
etad = z2.*v1;

eta1 = z1;
eta2 = z3./z2;
eta1d = v1;
eta2d = k.*eta1+k.*eta2;

%Control inputs:
u1 = zeros(size(z2));
u2 = zeros(size(z2));

for n=1:size(z2)
if abs(z2(n))>delta

u1(n) = -G1.*(v1(n)+l1.*eta1(n)+l2.*eta2(n))-l1.*eta1d(n)-l2.*eta2d(n);
u2(n) = 1./C(n).*(-G2.*(v2(n)+k.*z2(n))-Cd(n).*q2d(n)-k.*v2(n));

else
u1(n) = -G1.*(v1(n)+l1.*eta1(n))-l1.*eta1d(n);
u2(n) = 1./C(n).*(-Cd(n).*q2d(n)-G2.*(v2(n)+k.*(z2(n)-epsilon))-k.*v2(n));

end
end

etadd = 1./(J2+J1.*sin(q2).^2).*(-J1.*q2d.*etad.*sin(2.*q2)-Jd.*q1d.*q2d.*cos(q2)-Jd.*u1.*sin(q2));
T1 = Jd.*q2d.*etad.*cos(q2)+Jd.*etadd.*sin(q2)+Jd*u1;
T2 = -Jd.*q1d.*etad.*cos(q2)-1/2.*J1.*etad.^2.*sin(2.*q2)+(Ic+Id).*u2;

%Plotting
subplot(3,1,1); plot(t,q1,'k'); ylabel('q_1 [rad]')
subplot(3,1,2); plot(t,q2,'k'); ylabel('q_2 [rad]')
subplot(3,1,3); plot(t,eta,'k'); xlabel('time [s]'); ylabel('\eta [rad]')

figure
subplot(2,1,1); plot(t,T1,'k'); ylabel('control input T_1 [Nm]');
subplot(2,1,2); plot(t,T2,'k'); xlabel('time'); ylabel('control input T_2 [Nm]');

The above m-�le uses the following function-�le in the ODE45 iteration process:

function dx=func_sigma_control_301105(t,x)

%Parameters:
global Jd J1 J2 k l1 l2 G1 G2 delta epsilon

q1 = x(1);
q2 = x(2);
eta = x(3);
q1d = x(4);
q2d = x(5);

g2 = (-J2+J1*sin(q2)^2)*Jd*cos(q2);
h2 = J2+J1*sin(q2)^2;
h2d = J1*q2d*sin(2*q2);
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g2d = -g2*q2d*tan(q2)+h2d*Jd*cos(q2);

C = g2/h2^2;
Cd = (g2d*h2-2*g2*h2d)/h2^3;

z1 = q1;
v1 = q1d;
z2 = -Jd*sin(q2)/(J2+J1*sin(q2)^2);
v2 = C*q2d;
z3 = eta+Jd*sin(q2)/(J2+J1*sin(q2)^2)*q1;

eta1 = z1;
eta2 = z3/z2;
eta1d = v1;
eta2d = k*eta1+k*eta2;

%Control inputs:
if abs(z2)>delta

u1 = -G1*(v1+l1*eta1+l2*eta2)-l1*eta1d-l2*eta2d;
u2 = 1/C*(-G2*(v2+k*z2)-Cd*q2d-k*v2);

else
u1 = -G1*(v1+l1*eta1)-l1*eta1d;
u2 = 1/C*(-Cd*q2d-G2*(v2+k*(z2-epsilon))-k*v2);

end

dx1 = x(4);
dx2 = x(5);
dx3 = z2*x(4);
dx4 = u1;
dx5 = u2;
dx = [dx1 dx2 dx3 dx4 dx5]';
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Appendix E

Simulation model tracking
controller

The following two Matlab scripts have been used to simulate a tracking maneuver,
where the CMG tracks a certain desired trajectory, as described in Chapter 5. The
�rst �le is a normal m-�le that uses the second function �le.
%File to run tracking simulation

clear all; close all; clc
global Jd J1 J2 k1 k2 k3 G1 G2 omega2 A2 omega3 A3
Jd = 0.027;
J1 = 0.013;
J2 = 0.134;
Ic = 0.0094;
Id = 0.0148;
k1 = 5;
k2 = 1;
k3 = 20;
G1 = 5;
G2 = 30;
omega2 = 1;
A2 = 1/2;
omega3 = 0.5;
A3 = pi/2;

x0 = [0 0 0 0 0 0];
[t,y] = ode45('func_tracking_control_141105',[0 100],x0);

%Calcultate Torque levels:
q1 = y(:,1);
q2 = y(:,2);
eta = y(:,3);
q1d = y(:,4);
q2d = y(:,5);
q1_d = y(:,6);
q2_d = A2*sin(omega2*t)-pi/4;
eta_d = A3*sin(omega3*t);
q2d_d = A2*omega2*cos(omega2*t);
etad_d = A3*omega3*cos(omega3*t);
q2dd_d = -A2*omega2^2*sin(omega2*t);
etadd_d = -A3*omega3^2*sin(omega3*t);
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q2ddd_d = -A2*omega2^3*cos(omega2*t);
q1d_d = -(J2+J1.*sin(q2_d).^2)./(Jd.*sin(q2_d)).*etad_d;
z1_d = q1_d;
z2_d = -Jd.*sin(q2_d)./(J2+J1.*sin(q2_d).^2);
z3_d = eta_d+Jd.*sin(q2_d)./(J2+J1.*sin(q2_d).^2).*q1_d;

g = (-J2+J1.*sin(q2_d).^2).*Jd.*cos(q2_d);
h = J2+J1.*sin(q2_d).^2;
hd = J1.*q2d_d.*sin(2.*q2_d);
gd = -g.*q2d_d.*tan(q2_d)+hd.*Jd.*cos(q2_d);
hdd = 2.*J1.*q2d_d.^2.*cos(2.*q2_d)+J1.*q2dd_d.*sin(2.*q2_d);
gdd = -gd.*q2d_d.*tan(q2_d)-g.*q2dd_d.*tan(q2_d)-g.*q2d_d.*(1+tan(q2_d).^2)+hdd.*Jd.*cos(q2_d)-...

hd.*Jd.*q2d_d.*sin(q2_d);
m = gd.*h-2.*g.*hd;
md = gdd.*h-gd.*hd-2.*g.*hdd;

v1_d = q1d_d;
v2_d = g./h.^2.*q2d_d;
v1d_d = ((-hd.*etad_d-h.*etadd_d).*Jd.*sin(q2_d)+h.*etad_d.*(Jd.*cos(q2_d).*q2d_d))./(Jd.*sin(q2_d)).^2;
v2d_d = (m.*q2d_d+g.*h.*q2dd_d)./h.^3;
v2dd_d = ((md.*g-3.*hd.*m).*q2d_d+(m.*h+gd.*h.^2-2.*g.*h.*hd).*q2dd_d+g.*h.^2.*q2ddd_d)./h.^4;

g2 = (-J2+J1.*sin(q2).^2).*Jd.*cos(q2);
h2 = J2+J1.*sin(q2).^2;
h2d = J1.*q2d.*sin(2.*q2);
g2d = -g2.*q2d.*tan(q2)+h2d.*Jd.*cos(q2);

C = g2./h2.^2;
Cd = (g2d.*h2-2.*g2.*h2d)./h2.^3;

z1 = q1;
v1 = q1d;
z2 = -Jd.*sin(q2)./(J2+J1.*sin(q2).^2);
v2 = C.*q2d;
z3 = eta+Jd.*sin(q2)./(J2+J1.*sin(q2).^2).*q1;
etad = z2.*v1
L1 = k3.*v2_d.^2+k1;
L3 = k3.*v2d_d+k1.*k3.*v2_d;
L1d = 2.*k3.*v2_d.*v2d_d;
L3d = k3.*v2dd_d+k1.*k3.*v2d_d;

%Control inputs:
u1 = -G1.*(v1-v1_d+L1.*(z1-z1_d)-L3.*(z3-z3_d))+v1d_d-L1d.*(z1-z1_d)+L3d.*(z3-z3_d)-L1.*(v1-v1_d)+...

L3.*(-z1.*v2+z1_d.*v2_d);
u2 = 1./C.*(-G2.*(v2-v2_d+k2.*(z2-z2_d))-Cd.*q2d+v2d_d-k2.*(v2-v2_d));

etadd = 1./(J2+J1.*sin(q2).^2).*(-J1.*q2d.*etad.*sin(2.*q2)-Jd.*q1d.*q2d.*cos(q2)-Jd.*u1.*sin(q2));
T1 = Jd.*q2d.*etad.*cos(q2)+Jd.*etadd.*sin(q2)+Jd*u1;
T2 = -Jd.*q1d.*etad.*cos(q2)-1/2.*J1.*etad.^2.*sin(2.*q2)+(Ic+Id).*u2;

%Plotting

subplot(3,1,1); plot(t,q1,'k',t,q1_d,'k:'); ylabel('q_1 [rad]');legend('q_i','q_i_d')
subplot(3,1,2); plot(t,q2,'k',t,q2_d,'k:'); ylabel('q_2 [rad]')
subplot(3,1,3); plot(t,eta,'k',t,eta_d,'k:'); xlabel('time [s]'); ylabel('\eta [rad]')

figure
subplot(3,1,1); plot(t,y(:,1)-y(:,6),'k'); ylabel('error q_1-q_1_d [rad]')
subplot(3,1,2); plot(t,y(:,2)-q2_d,'k'); ylabel('error q_2-q_2_d [rad]')
subplot(3,1,3); plot(t,y(:,3)-eta_d,'k'); xlabel('time [s]'); ylabel('error \eta-\eta_d [rad]')
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figure
subplot(2,1,1); plot(t,T1,'k'); ylabel('control input T_1 [Nm]');
subplot(2,1,2); plot(t,T2,'k'); xlabel('time'); ylabel('control input T_2 [Nm]');

The above m-�le uses the following function-�le in the ODE45 iteration process:

function dx=func_tracking_control_141105(t,x)

%Parameters:
global Jd J1 J2 k1 k2 k3 G1 G2 omega2 A2 omega3 A3

q1 = x(1);
q2 = x(2);
eta = x(3);
q1d = x(4);
q2d = x(5);

q1_d = x(6);
q2_d = A2*sin(omega2*t)-pi/4;
eta_d = A3*sin(omega3*t);
q2d_d = A2*omega2*cos(omega2*t);
etad_d = A3*omega3*cos(omega3*t);
q2dd_d = -A2*omega2^2*sin(omega2*t);
etadd_d = -A3*omega3^2*sin(omega3*t);
q2ddd_d = -A2*omega2^3*cos(omega2*t);
q1d_d = -(J2+J1*sin(q2_d)^2)/(Jd*sin(q2_d))*(etad_d);%to compensate for the friction
z1_d = q1_d;
z2_d = -Jd*sin(q2_d)/(J2+J1*sin(q2_d)^2);
z3_d = eta_d+Jd*sin(q2_d)/(J2+J1*sin(q2_d)^2)*q1_d;

g = (-J2+J1*sin(q2_d)^2)*Jd*cos(q2_d);
h = J2+J1*sin(q2_d)^2;
hd = J1*q2d_d*sin(2*q2_d);
gd = -g*q2d_d*tan(q2_d)+hd*Jd*cos(q2_d);
hdd = 2*J1*q2d_d^2*cos(2*q2_d)+J1*q2dd_d*sin(2*q2_d);
gdd = -gd*q2d_d*tan(q2_d)-g*q2dd_d*tan(q2_d)-g*q2d_d*(1+tan(q2_d)^2)+hdd*Jd*cos(q2_d)-hd*Jd*q2d_d*sin(q2_d);
m = gd*h-2*g*hd;
md = gdd*h-gd*hd-2*g*hdd;

v1_d = q1d_d;
v2_d = g/h^2*q2d_d;
v1d_d = ((-hd*etad_d-h*etadd_d)*Jd*sin(q2_d)+h*etad_d*(Jd*cos(q2_d)*q2d_d))/(Jd*sin(q2_d))^2;
v2d_d = (m*q2d_d+g*h*q2dd_d)/h^3;
v2dd_d = ((md*g-3*hd*m)*q2d_d+(m*h+gd*h^2-2*g*h*hd)*q2dd_d+g*h^2*q2ddd_d)/h^4;

g2 = (-J2+J1*sin(q2)^2)*Jd*cos(q2);
h2 = J2+J1*sin(q2)^2;
h2d = J1*q2d*sin(2*q2);
g2d = -g2*q2d*tan(q2)+h2d*Jd*cos(q2);

C = g2/h2^2;
Cd = (g2d*h2-2*g2*h2d)/h2^3;

z1 = q1;
v1 = q1d;
z2 = -Jd*sin(q2)/(J2+J1*sin(q2)^2);
v2 = C*q2d;
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z3 = eta+Jd*sin(q2)/(J2+J1*sin(q2)^2)*q1;

L1 = k3*v2_d^2+k1;
L3 = k3*v2d_d+k1*k3*v2_d;
L1d = 2*k3*v2_d*v2d_d;
L3d = k3*v2dd_d+k1*k3*v2d_d;

%Control inputs:
u1 = -G1*(v1-v1_d+L1*(z1-z1_d)-L3*(z3-z3_d))+v1d_d-L1d*(z1-z1_d)+L3d*(z3-z3_d)-L1*(v1-v1_d)+...

L3*(-z1*v2+z1_d*v2_d);
u2 = 1/C*(-G2*(v2-v2_d+k2*(z2-z2_d))-Cd*q2d+v2d_d-k2*(v2-v2_d));

dx1 = x(4);
dx2 = x(5);
dx3 = z2*x(4);
dx4 = u1;
dx5 = u2;
dx6 = q1d_d;
dx = [dx1 dx2 dx3 dx4 dx5 dx6]';


