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1 Introduction. 

The present study is part of a project in which a new numerical-experimental method 
is developed for the determination of parameters in models characterizing the 
mechanical behavior of materials [7]. This approach is based on the combination of 
three elements: (i) the use of digital image analysis for the measurement of non
homogeneous strain (or displacement, stress etc.) distributions on multi-axially loaded 
objects with arbitrary geometry, (ii) finite element modeling and (iii) application of 
systems identification. 

One of the main obstacles that limits the successful application of the method 
in practice is the presence of errors in the (finite element) model. The aim of future 
research is to arrive at a more systematic procedure to detect these errors and 
consequently adjust the model. 

This report briefly deals with some aspects of the numerical-experimental 
method. In the next chapter a framework will be presented in which many system 
identification methods (including the one used in the numerical-experimental method) 
can be accommodated. Chapter 2 gives a short overview of the types of modeling errors 
that are encountered when applying the method, while chapter 4 deals with tests that 
can be used to detect the presence of these errors. In chapter 5 some additional 
remarks are made and a discussion is included in the final chapter. 
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2 Methods of parameter estimation. 

2.1 Introduction. 

This section will give a brief review on methods for the identification of parameters in 
mathematical models. We will be mainly interested in the determination of parameters 
in models of mechanical systems, although the methods discussed here have a broader 
employability. As a large number of estimation algorithms has been proposed over the 
years, it seems not very convenient to list them all, if possible at all. To gain some 
overview, the Bayesian framework (Norton [14], Verbeek [17]) is used to accommodate 
a large number of methods. Within this framework, the amount of prior information 
used to estimate a set of parameters, determines the class in which a certain algorithm 
is categorized. 

Most estimation methods transform the original problem into a minimization 
(or maximization) problem of some objective function. The optimum is usually found by 
utilizing an iterative scheme. The efficiency of the complete estimation algorithm 
strongly depends on the performance of this scheme. In section 2.3 a short overview of 
unconstrained optimization methods will be given. Constrained optimization methods 
will not be considered here. But first we start with a discussion on the Bayesian 
framework. 

2.2 The Bayesian framework. 

2.2.1 The model. 

In the problems considered here, the investigated mechanical system is described by a 
set of equations of the following form: 

(2.1) 

where bold-faced lower-case symbols denote columns. The column y contains the 
observed or output quantities, h is the deterministic model relating the input u and 
the (true) parameters etr to the output. In a Bayesian approach the parameters are 
regarded as random variables. If the model is perfect and measurement noise is 
absent, h(u, etr ) equals y. However, in practical situations, the model is only an 
approximation of the underlying system and the measurements are contaminated with 
noise. These two aspects cause discrepancies between y and h(u, etr) , that are taken 
into account by the vector e. In the sequel it will be assumed that the input u is exact. 

2.2.2 Prior knowledge. 

Two parts of prior information will be discerned. The first part concerns assumptions 
on the error column e. This error column can be regarded as a realization of a random 
variable with a probability density function (pdf) p(eletr> 'Vt), i.e. the pdf of e for a 
given set of parameters. The column 'Vtr represents the distribution parameters of the 
pdf (covariances etc.). These parameters can also be unknown and will have to be 
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estimated. In the sequel, the columns Btr and 'Vtr are denoted as q,tr: q,trT = (Btr
T

• 'VtrT
). 

In estimation problems, the true values of the parameters B are unknown. 
However, if an estimate B is close to the exact parameters, the residuals: 

v(B) :: 'Y - h(B, u) (2.2) 

will be a good approximation of the errors e. The residuals can be substituted into the 
pdf of the errors forming the so-called likelihood function, that is used in the 
estimation process: 

L(q,) :: p(v(8) Iq,) (2.3) 

which is only a function of the unknown parameters. 
The second part of prior information is related to the parameters, which are 

subjected to certain restrictions. This prior knowledge can originate from for example 
user's experience, literature or previous experiments and is represented by the prior 
pdf Po<q,). 

The two pieces of prior information can be combined in one measure, called the 
posterior density function, by applying Bayes' Rule (Norton [14], Bard [2]): 

P *(q,) :: cL(q, )Po(q,) (2.4) 

where: 

(2.5) 

Hence p.(q,) is the pdf of the parameters q, for a given set of observational data. The 
factor c scales the posterior density function so that it forms a proper pdf. Note that it 
is a constant that does not affect the shape of the pdf and therefore, according to what 
estimator is used, it mayor may not have to be computed. 

2.2.3 The classes. 

N ow that the ingredients of the framework are collected, the classes will be discussed. 
We start with the Bayesian estimator, which uses all prior information, mentioned in 
the previous section. Gradually, parts of the prior knowledge will be withdrawn to end 
up with the well-known least squares estimator, which is widely used in engineering 
practice. 

2.2.8.1 Bayesian estimation. 

In order to compute the 'best' parameter column q" this estimator uses all information 
available, which is summarized in the posterior density function p"'(q,). Once the pdf is 
known, one still has to select a criterium with which the 'best' parameter vector can be 
found. For this, several possibilities exist. Some of the more common ones are: 

• Mean: 

(2.6) 

• Maximal value or conditional mode: 
max p *(q,) (2.7) 
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• Median: 
+' 

~' for which: fp *(~)d~ '= ~ (2.8) 
-QO 

Moreover, some sort of loss function could be defined. This function gives the expected 
cost for assigning a value f to ~. Examples are: Eqf-~I) or E«f-~f) where E 
denotes the expected value operator. The 'best' estimate is found by minimizing the 
cost function. 

A commonly used criterium is the maximal value (2.7). Hence, the estimation 
problem is transformed into a maximization problem of the objective function p*(~). 
Frequently. it is easier to fmd the maximum of the natural logarithm of this function: 

J(~) '= In(p *(~» (2.9) 

Since the natural logarithm is a monotonously increasing function of its (positive) 
argument, the value that maximizes In(p*(~)) will also maximize p*(~). 

If the error statistics and the prior pdf of the parameters are assumed 
Gaussian, the optimization problem is further simplified, and the estimator is then 
closely related to the least squares estimator. Furthermore, the selection of the criteria 
mean, median and mode will lead to the same estimate because of the symmetry of the 
pdf. 

A normal or Gaussian distribution is often assumed in practice. It has been 
found to approximate the behavior of many measurements in nature. Furthermore, if 
only the mean and the covariance of some variable are known, and a pdf has to be 
chosen for estimation purposes, selecting the normal distribution will add the smallest 
possible additional information over what is known, namely the mean and covariance 
(Bard [2]). Finally the normal distribution is particularly tractable mathematically. 

Some commonly used algorithms, that can be applied to maximize functions like 
(2.9) will be discussed in section 2.3. 

2.2.3.2 Maximum likelihood estimation. 

The most worrying aspect of Bayesian estimation is the reliance of the estimator on 
the prior pdf po(~), which is often difficult or even impossible to obtain. The maximum 
likelihood estimator avoids this problem by dropping this part of prior information, 
leaving only the prior knowledge about the errors. Thus the estimate ~. is defined as 
the value for which the function L(~) (or equivalently In(L(~») attains a maximum. 
The maximum of this function is the most likely value to occur in reality. 

Generally, for small samples the maximum likelihood estimator is neither 
unbiased (no difference between the estimated and the true parameters) nor efficient 
(smallest possible covariance). However, under relatively mild conditions on the form 
of the likelihood function, the estimate is asymptotically unbiased and efficient (Norton 
[14], Bard [2]). This is an argument for choosing the maximum-likelihood estimate 
when the number of measurements is large. 

2.2.3.3 Least squares. 

This category contains the oldest and most widely used estimation procedures. They 
can be applied to the model in an ad hoc manner without using any prior knowledge 
about the errors or parameters. The criterium that leads to the 'best' estimate of e (the 
distribution parameters 'V are not estimated) is a sum of squared residuals (see eq. 
(2.2» which has to be minimized: 

4 



(2.10) 

with W a symmetric positive defmite weighting matrix. Choosing W=I gives the well
known ordinary least squares. This method is not very useful if the components of v(6) 
differ strongly in magnitude, so it is advisable to use some sort of weighted sum of 
squares instead. 

The least squares estimator can also be derived from the maximum likelihood 
estimator by assuming Gaussian statistics for the errors (residuals) with known 
covariance matrix R and mean O. The log-likelihood function then equals (2.10) with 
W=R-1

• This form is better known as the generalized or Markov least squares method. 
So, implicitly this estimator assumes (known) Gaussian distributed measurement 
noise. 

2.3 Unconstrained optimization procedures. 

The parametric estimators, discussed in the previous section cast the determination of 
the 'best' set if parameters in the minimization (or maximization) of an objective 
function. This problem is solved by using an iterative procedure to find the optimum. 
The performance of this procedure has a large influence on the overall usefulness of 
the estimator. Some commonly used methods will be addressed in this section. For 
more details, the reader is referred to textbooks on optimization (e.g. Gill et al. [6]). 

2.3.1 Non-smooth objective functions. 

This type of methods (e.g. polytope scheme) is intended for problems in which the 
objective function or the gradient of this function is discontinuous at the solution or 
has 'many' discontinuities. The methods are quite simple but mostly slow and 
unreliable. They should only be used when there is no alternative and therefore they 
are rarely used in estimation problems. 

2.3.2 Smooth objective functions. 

In each iteration, these methods derive a reduced model of the objective function, of 
which the minimum is determined. Usually, these reduced models are local linear or 
quadratic Taylor series expansions. Depending on the form of the local model, the 
following methods can be distinguished: 

• Second derivative methods. 

Members of this class are called Newton methods. They are based on a quadratic 
Taylor series approximation of the objective function and thus require the gradient and 
Hessian of this function. The local model determines the step length and direction 
(Newton's direction) of the update of the estimate in an iterative step. Problems occur 
if the Hessian is indefinite. When the local model describes the function well, and the 
Hessian is positive definite, the algorithm converges quadratically. However, if the 
current estimate is far from the optimum, the iterative scheme converges slower or 
even diverges. Furthermore, the determination of the gradient and the Hessian can be 
a very time consuming activity for some problems. 
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• First derivative methods. 

Examples of this type are the discrete Newton schemes, in which the Hessian is 
numerically approximated for example by finite differences of the gradient. 

Quasi Newton methods build up curvature information (Hessian) during 
iteration, using information computed from the gradient, usually starting with the unit 
matrix. As a consequence, the first step is a steepest descent. We can distinguish 
several methods like Powel-Symmetric-Broyden, Davidon-Fletcher-Powel, and Broyden
Fletcher-Goldfarb-Shanno in this class. They differ in the algorithm applied to update 
the Hessian. 

• Non-derivative methods. 

When the gradient is difficult or impossible to obtain, it can also be approximated by 
fmite difference methods, leading to so-called non-derivative Quasi-Newton methods. 
These algorithms are equivalent to the Newton methods except that the gradient is 
determined numerically. 

2.3.3 Minimizing sums of squares. 

In least squares estimators, the objective function has a 'sum of squares' structure, 
which can be exploited in the optimization to arrive at efficient schemes. This 
structure is also obtained in Bayesian and maximum likelihood estimators when 
Gaussian distributions of the errors and/or parameters are assumed. The Hessian 
matrix of an objective function that consists of a sum of squares, is a combination of 
first and second order terms. The optimization methods in this category are based on 
the premise that the first order part dominates the other one. This is true for small 
residuals vee). Two widely used methods in this family are the Gauss-Newton and the 
Levenberg-Marquardt algorithm. 

For problems with large residuals one might as well use one of the general 
optimization methods for smooth functions, described in the previous section. 

2.4 Some practical applications of estimation algorithms. 

Most methods encountered in literature fit in framework of section 2.2. In this section, 
some examples will be discussed. 

Most numerous are the applications of ordinary and weighted least squares 
algorithms and maximum likelihood schemes with know Gaussian statistics leading to 
generalize least squares. The implementations are relatively straightforward and will 
not be addressed further. 

Gens et al. [5] and Ledesma [9] considered the inverse geomechanics problem of 
determining rock parameters from measurements. They used a likelihood formulation 
with incorporation of prior knowledge. The objective function to be optimized is the 
same as would be obtained form the Bayesian estimator. Gaussian statistics are 
assumed for the errors and the parameters. The log-likelihood function is optimized 
using the Levenberg-Marquardt iterative scheme. A model of the experiment is 
implemented in a finite element package. Linear elastic material behavior is assumed. 
Estimation runs are performed with and without taking into account prior knowledge 
of the parameters. When prior information is used, the estimation results are 
significant better. 

An estimator, called the modified minimum variance estimator (MMVE) that 
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closely resembles the Bayesian estimator is proposed by Hendriks [7]. Again, normal 
distributions of the errors and parameter information are assumed. The nonlinear 
objective function is minimized using the Gauss-Newton iterative scheme. The major 
difference between this estimator and the standard Bayesian estimator is, that in 
MMVE the covariance matrix of the prior information of the parameters is updated 
every iteration. A problem in this algorithm is the occurrence of lock-up, i.e. the 
scheme reports convergence while the optimum is not yet found. This can be avoided 
by adding a positive definite matrix to the current estimate of the parameter 
covariance. The estimator is used to determine material parameters of a linear elastic 
inhomogeneous orthotropic solid membrane. 

Another adjustment of the original Bayesian estimator is presented by Verbeek 
[17]. In this variant, called the modified Bayesian estimator (MBE), the prior 
information of the parameters is reset during the iterations. The iterative scheme, 
used to find the minimum, is closely related to the Levenberg-Marquardt optimization. 
Verbeek compared the MBE algorithm with the original Bayesian estimator and the 
MMVE proposed by Hendriks by means of numerical simulations. Parameters of a 
nonlinear static system, a gas spring, are estimated using the three algorithms. A 
modeling error and measurement noise are introduced in the estimation process. In 
these simulations, MMVE and MBE performed better than the standard Bayesian 
method. When too much confidence was expressed in the initial estimate of the 
parameters, the Bayesian estimator converged to a local minimum while the other two 
schemes converged to the global minimum. In these simulations MMVE needed less 
iterations, while MBE is initially more constrained, which can lead to a more robust 
estimator if large residuals due to poor initial parameter estimates occur. 

Kalman filtering and extended Kalman filtering are closely related to Bayesian 
estimation. For example, the MMVE can also be derived from a Kalman viewpoint as is 
shown by Hendriks [7]. Murakami [12, 13] uses Kalman filtering techniques in 
combination with the finite element method to characterize material properties of 
elastic media considering noisy observations. The performance of the algorithm is 
demonstrated via numerical simulations. 

2.5 Conclusions. 

Usually, the more advanced Bayesian estimator and its derivatives like MMVE and 
MBE, using prior information of the parameters and the errors give better results than 
maximum likelihood and least squares estimators. Furthermore, in most practical 
situations, Gaussian statistics are assumed. For many estimators this leads to a 
special structure of the objective function (sum of squares). Minimization algorithms 
like Gauss-Newton and Levenberg-Marquardt are then preferable over general 
algorithms for smooth functions, because the latter do not exploit this special structure 
resulting in less efficient procedures. 
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3 Modeling errors: types. 

3.1 Sources of modeling errors. 

The successful application of one of the estimation methods discussed in the previous 
chapter is largely dependent on the quality of the input to the algorithm. Errors in the 
parameter estimates can, roughly speaking, originate from two input sources. First, 
the measurement data will usually be more or less contaminated with noise. Second, 
the mathematical model of the experiment can only describe the behavior of the real 
system to a certain extent. Hence modeling errors are almost unavoidable. Because of 
these errors, an estimation algorithm will calculate parameter values that differ from 
the exact ones, in an attempt to mimic the observed input-output behavior as good as 
possible. In this section, some sources of modeling errors are briefly discussed. With 
regard to the utilization of estimation algorithms for the determination of parameters 
in constitutive models, three main classes of errors will be discerned: 

• The first class concerns errors caused by discretization faults (in space and/or time). 
Often, the model of an experiment is implemented in a finite element package and a 
coarse mesh or a large time step may cause an undesirable deviation of the parameter 
estimates from their true values. In general, these types of errors are relatively simple 
to avoid by choosing space and time discretization in such a manner that the errors in 
the outputs are negligible with regard to other errors (for example those caused by 
measurement noise). 

• Another source of modeling error is related to the geometrical data. The techniques 
for measuring the geometry of samples of for instance biological materials but also 
technical materials, are poor. This is partly caused by the complexity of the geometries 
and partly because these materials deform easily under external loads. Furthermore, 
boundary conditions for clamped edges are hard to model. Fibers in the material may 
cause that only a part of the boundary is actually loaded. Slip in the clamps may 
introduce additional errors. In order to overcome these problems, Hendriks [7] 
suggested the so-called local approach, in which only a region of the sample is 
modeled. He investigated the identification of the mechanical behavior of a solid 
membrane. Experimental data were gathered by placing a number of markers on a 
sample and measuring their displacements. A model of the membrane, required in the 
estimation process, is implemented in a finite element package. The markers on the 
edge of the region of interest were used to define the geometry. The boundary 
conditions in the finite element model were based on the displacements of these edge 
markers. A consequence of this approach is that only displacements can be part of the 
boundary conditions and no forces. Hence, it is no longer possible to determine 
absolute stiffness parameters although stiffness ratios can still be estimated. 

• The third class is formed by errors in the constitutive description of a material i.e. 
differences between the observed and assumed material behavior. An example of this 
in the field of rheology is given by Baaijens et al. [1] who investigated the visco-elastic 
flow around a cylinder placed symmetrically between two parallel plates. They 
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compared experimental results with numerical simulations. The fluid was a shear 
thinning solution of 5 wt % polyisobutylene (PIB) in tetradecane (C14). In experiments 
the velocities are measured using Laser Doppler Anemometry and the first normal 
stress differences using Flow Induced Birefringence. Numerical simulations are 
performed using a Discontinuous Galerkin method and a one mode Phan-Thien-Tanner 
(PIT) model. The PTT model is given by: 

t - L°'C - 'C ·Lc + (.!.. + ~tr('C»)'C = 211 D (3.11) 
lA 11 A 

where A is the relaxation time, 11 the velocity and £ a parameter affecting the 
elongational and steady shear behavior. L is the velocity gradient tensor, • the 
deviatoric stress tensor and D = 1/2 (L + LC). The parameters are determined in 
steady shear and small amplitude oscillating shear flow. Previous work showed good 
agreement between measured and computed stress fields for the flow through a planar 
four-to-one contraction. For the flow around the cylinder the measured velocities 
compare quite well with computed data. On the other hand, the stresses differ 
significantly. Before the cylinder, there is a good agreement, but a dramatic 
discrepancy between measured and computed stress data is found in the wake behind 
the cylinder. The stress relaxation in the experiment is much slower than in the 
simulations. The parameters in the model are varied to study the influence, but a 
significant difference between experiment and simulations remains. In a four-to-one 
contraction, a fluid particle on the symmetry line starts with stress zero and is then 
subjected to a strong elongation. This also happens to a particle before the cylinder on 
the symmetry line. However, a particle that enters the elongational flow behind the 
cylinder, is flI'st subjected to strong shear flow when passing the cylinder. Apparently 
the PTT model does not capture this complicated history accurately. This might cause 
the discrepancies between the measured and computed stresses. Note also that in 
these investigations the stress fields are contain more information about the validity of 
a model than the velocity fields. 

Another example, but now in the field of solid mechanics, is presented by Van 
Ratingen [16], who utilized the identification method proposed by Hendriks [7] to 
determine material parameters of a mixed composite membrane. He applied the local 
approach mentioned earlier to minimize problems caused by geometrical errors. The 
investigated material is built up from two distinct layers. The top layer has isotropic 
properties while the bottom layer is a coated polyurethane crosslinked woven fabric. 
The latter layer is considered to be dominant. The membrane is modeled as an 
orthotropic linear elastic material. The parameters are estimated for several applied 
load levels. The estimated values show a clear deterministic dependence on the load 
level. This is caused primarily by the unmodeled structural change in the fabric during 
deformation. 

3.2 Conclusions. 

As a model is always a limited description of a physical system, modeling errors will be 
unavoidable. Nevertheless, it should be tried to minimize these errors. At the present 
date, errors in the constitutive modeling cause the largest problems and to a lesser 
extent errors related to geometry data. As will be shown in the next chapter, there are 
some tests available to detect modeling errors. However, the determination of the exact 
source and location of these errors remains a major problem. 
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4 Detection of modeling errors: 
literature. 

4.1 Introduction. 

When estimation algorithms are utilized in practice, errors in the model structure will 
be almost unavoidable. Some situations, encountered in literature, in which modeling 
errors are traced more systematically will be discussed here. We start with some 
methods utilized for linear dynamic problems. These methods can, under certain 
conditions, determine the exact location of a modeling fault. Later, tests applicable to a 
broader class of models will be described. 

4.2 Some tests for error detection. 

A method that can be used to update discrete (finite element) models of linear dynamic 
systems using experimental data was presented by Link [11]. Correction parameters 
are introduced in the model by developing the analytical matrices S (mass, damping 
and/or stiffness matrix) into a series: 

S = SA + E St4P i (4.1) 

where SA is the initial (analytical) matrix, Si = aSA lapi represent the correction 
matrices, defining the location and the source of the unknown modeling error. Note 
that these locations have to be determined beforehand. The symbol 4Pi denotes the 
correction or design parameter (i=1. .. np, with np the number of parameters). In the 
presented test problems, physical parameters (bending stiffnesses etc.) are used as 
correction parameters. In real applications, the location and the source of the error is 
mostly unknown. Hence, usually the chosen error model is not consistent with the 
actual errors. Consequently design parameters like bending stiffnesses will loose their 
physical meaning when used for updating. 

The parameters are determined by minimizing the following objective function: 
J(p) = /J,zT/J,z + pTWpp (4.2) 

where p is a column containing the correction factors 4Pt. The second term in the right 
hand side of this equation is introduced to keep parameter variations within bounds. 
The weighted residual column is defined by: 

/J,z = W/J,zu (4.3) 

W and Wp denote weighting matrices. For the residual vectors /J,zu several quantities 
can be chosen, including: 

• eigenValue residuals 
• eigenmode residuals 
• residual forces 

In simulations, two different combinations of residuals are used in the estimation 
process (first set: eigenvalue and force, second set: eigenvalue and eigenmode) and 
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evaluated. 
The influence of some modeling errors (coarse mesh, incolTect boundary 

conditions) and properties of the measurement data on the estimated parameters are 
demonstrated. In these simulations it is shown that the updating of models using 
physical design parameters to minimize measurement/analysis discrepancies lead to 
non-unique solutions. The solution depends on (1) the assumptions on the structure of 
the analysis model, (2) the amount and accuracy of test data, (3) the type of residual 
used and (4) the elTor model in terms of type, number and location of the cOlTection 
parameters. 

A somewhat comparable investigation is presented by Berger et al. [3], who 
likewise considered a finite element model of a linear dynamic system. For each 
eigenmode k of this system, the dynamic equilibrium equation can be written as: 

(14 + ~V'j - ~f:.J = ~J (4.4) 

where Ko is the initial stiffness matrix, ~ and " the cOlTection matrices and 
parameters, (Ii &:k and U Exk the measured eigenvalues and degrees of freedom of the 
eigenmode, Uk the unmeasured degrees of freedom and Tk denotes the force residuals 
due to the incolTect stiffness matrix. The force residuals determine the element which 
is concerned with dominant errors. The mass matrix M is assumed to be known 
exactly. Three methods are proposed to determine the cOlTection parameters ". The 
methods are applied to the identification of a linear axisymmetric composite structure 
and a linear two-dimensional system. In these simulations, stiffness parameters are 
used as correction parameters. Hence, as before, the physical meaning of the 
parameters in the model is destroyed if the error structure is not consistent with the 
actual elTors. 

A method that is capable of locating non-linear elements in discrete dynamic 
systems is presented by Lee et al. [10]. The system is described by the following model: 

Mx(t) + {(x,x) = {i(t) (4.5) 

where M is the (known) mass matrix and fe(t) the (measured) excitation force vector. 
The unknown (partly nonlinear) restoring forces are represented by the vector f. It is 
assumed that the accelerations x, velocities x and displacements x can be obtained 
either by measurement or by differentiating and integrating measured time signals. 
First, the nonlinear restoring force is fitted on a linear model represented by a 
constant stiffness matrix K and damping matrix C minimizing the following squared 
error sum: 

(4.6) 

where E(') denotes the expected value operator. It can be shown that the £h restoring 
force It only affects the ith rows of the matrices C and K. This property is used to 
determine the location of the nonlinearities. Two methods are presented: 

L Error matrix method. 

For two levels of the excitation force fe(t), the linear models are determined, 
leading to two stiffness matrices for both levels (K1 and ~) and corresponding 
damping matrices (C1 and C2 ). The differences between these matrices give the 
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error matrices EK (=K1 - K 2 ) and Ec (=C1 - C2 ). If the restoring forces are linear, 
there will be no differences between the two estimated models and the error 
matrices will be zero. However, if restoring force l is nonlinear, then row i of Ec 
and EK will contain nonzero elements. In general, a nonlinear stiffness force ft 
(or a nonlinear damping force) will cause nonzero elements in row i of both the 
stiffness error matrix EK and the damping error matrix Ec. 

2. Error vector method. 

From an experiment, the linear model (K and C) is determined. This model is 

used to construct the error vector with elements: e i = E£~(t). If l is a 
t 

nonlinear force then element ei of the error vector will be large. In this method, 
only one experiment is necessary. 

Note that the methods are only capable of determining the position of a 
nonlinear element and not the type of nonlinearity. 

The nonlinear restoring force l, localized by one of the above described 
methods, is identified by polynomial functions of x and :t. A least squares method is 
used to determine the coefficients of the selected functions. 

A constitutive relation for describing the biomechanical behavior of excited 
noncontracting myocardium is presented by Humphrey et al. [8]. The material 
parameters are determined from biaxial data using a nonlinear least squares 
technique. Errors in the estimates of the parameters are indicated by the residuals 
(differences between measured and computed stresses) being neither independent nor 
normally distributed. Furthermore parameter values depend on the data set used in 
the identification process. Another indication is given by the fact that some 
theoretically derived inequalities are not satisfied for all parameter estimates. 

Verbeek [17] used a variant of the Bayesian estimator (Modified Bayesian 
Estimator, see chapter 2) to determine parameters in two different models of an F-16 
nose landing gear damper. The first model is a relatively simple single degree of 
freedom mechanical model and the second one a more sophisticated thermo-mechanical 
model. Time measurements of the stroke of the damper are used in the identification 
process to quantify the parameters in the two models. Experiments are carried out for 
three static mean strokes (high, middle and low) on which a dynamic amplitude is 
summed. Both models show modeling errors. Several aspects indicated these errors. 
The residuals (difference between measured and estimated strokes) were deterministic 
and larger than was expected from the covariance of the measurement noise. In 
addition, the estimated parameter values changed when another set of measurement 
data was used (different excitation frequency or mean stroke). However, these facts are 
only used to indicate that the model was not able to describe all properties of the 
underlying system sufficiently. They were not used to give ideas of better models. 
Rather, the model adjustments are based on other considerations. 

Another application of a Bayesian-like estimator was presented by Hendriks [7]. 
He utilized the so-called Modified Minimum Variance Estimator (see chapter 2) to 
quantify material properties of an orthotropic elastic membrane from measurement 
data. Model deficiencies could be detected by visual inspection of the plots of the 
inhomogeneous residual fields (differences between measured and computed 
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displacements). If these plots showed deterministic patterns, model errors were 
present. Furthermore, he used the following, somewhat more objective measure 
inspired on the discrete autocorrelation function to indicate structure in the residuals: 

p 

reds) = ..!...E (residual of point i)T(residual of pointj) (4.7) 
2P iJ 

This correlation function r is defined for the mean values of the mutual distance: 
- 1 
d8 = 2'(ds-l + dB) (4.8) 

The summation is defined with respect to all pairs of points (i, j) for which the mutual 
distance is in the interval [ds•1, d

8
]. For the identification of the orthotropic membrane, 

the function r gave positive correlation when ds is small and a negative correlation 
when the mutual distance is relatively long. This is an indication for modeling errors. 

In order to describe the behavior of biological material, Op den Camp [4] used a 
biphasic mixture model, consisting of a elastic solid saturated with fluid. To determine 
material properties, an estimation algorithm is applied. For this, the following 
identification model is proposed: 

S(u,p,S,t) = ~1 (t) 

dS = ~ (t) 
dt 2 

met) - g(u,p,S,t) ". t (t) 

(4.9) 

(4.10) 

(4.11) 

where S denotes the finite element discretized system equations (balance of mass and 
momentum), u the estimated nodal displacements and p the estimated pressure. The 
exact parameters e are assumed to be constant, but as shown in equation (4.10) the 
estimates can be time varying. Equation (4.10) is called the parameter equation and 
(4.11) the output equation. The residuals are denoted by ~i and ~. The introduction of 
residuals on the system equation and the parameter equation makes possible a more 
precise assessment of the errors in the model structure and the measurements. The 
optimal estimate is found by minimizing a weighted sum of squared residuals 
integrated over a certain period of time. Variation of the weighting factors makes it 
possible to examine residuals and thus modeling errors. For example, by choosing the 
weighting factors of the parameter residuals small compared to the other weighting 

factors, the estimation algorithm may a find time varying parameter column S(t). 
This can give indications of the validity of the model structure. Via numerical 
simulations, it is shown that it is possible to detect modeling errors using this method. 
However, it is not yet clear how the results calculated by this method can be used to 
find the exact location of these errors and eventually adjust a model. 

4.3 Conclusions. 

Generally, in estimation processes, it is not a huge problem to show that a certain 
model structure is not able to describe the behavior of the underlying system 
sufficiently well. It is however difficult to determine the exact error source. In some 
special cases (Link [11], Berger et al. [3]) it is possible to determine the exact location. 
Nevertheless, if the error model is not consistent with the actual error (a problem 
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which is mostly encountered in practice), the computed locations have no physical 
meaning. 

Usually models are adjusted ad hoc. The deterministic patterns of the residuals 
(Hendriks [7], Verbeek [17]) contain a lot of information. So far, this information has 
not been used to improve the mathematical models in a more systematic way. 
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5 Some remarks. 

Subject of further research is the detection of the location and source of modeling 
errors and next the adjustment of the model. As mentioned in chapter 3, modeling 
errors related to incorrect constitutive equations will dominate in most practical 
situations. It could be useful to define a certain class of constitutive equations from 
which models can be extracted. 

For polymer melts and solutions such a class is presented by Peters [15]. Some 
details will be given here. In this quite general and relatively simple framework many 
differential type constitutive equations for the stress tensor can be accommodated. 
When building models within this framework, aspects of the microstructure of the 
material and the evolution of it are considered. Nevertheless the final equations are 
formulated without any molecular quantities, i.e. variables that represent parts of the 
microstructure in full detail. At the same time it is attempted to keep the equations 
mathematically simple. 

The main features of the modeling are: 

L An expression for the macroscopic stress tensor. 

2. A constitutive equation for the rate of change of the length of the relevant 
structural element on a microscopic level. 

The complete structure is modeled as a number of sets of particles, represented 

by vectors It. It is postulated that the contribution of particles of a certain type to the 
Cauchy stress tensor can be written as: 

(5.1) 

where r is the force on a molecule, which is only a function of the vector if so spring
like behavior is assumed. The symbol v denotes the number density (per unit of 
volume) of the particles and <. > means averaging over a non-equilibrium configuration 

distribution function 'V for the lengths if (an average in the K-space). Depending on 

the choice of r two groups of structural elements will be discerned: 

L Structural elements with a linear spring behavior. 

Assume linear spring behavior for the particles: r.: cif with c some constant. The 
Cauchy stress tensor contribution is then given by: 

(J .: V C <ifif> (5.2) 

The constitutive equation for the length of a molecule is postulated as: 

It.: L.if- AK (5.3) 

with L the velocity gradient tensor. The first term of the right hand side represents 
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affine deformation of the particle, while the second one represents the slippage of the 
element with respect to the continuum. The tensor A is called the slip tensor and it is 
assumed that this tensor is only a function of macroscopic quantities like stress, strain 
or strain rate. Notice that the above constitutive equation is postulated for any 
deformation. 

The time derivative of cr reads: 

~~ ~~ cr ,., v C { < R R > + <R R > } 
(5.4) 

With (5.2) and (5.3) and the definition of the upper convected time derivative follows 
the constitutive equation for the Cauchy stress tensor: 

v 
cr + cr~ + cr~c ,., 0 (5.5) 

By choosing an expression for A, the model is completed. Many models presented in 
literature and derived from other viewpoints than given above can be incorporated in 
this framework simply by making a proper choice for A. 

Nevertheless, there are some restrictions on the choice of A. When a flow is 
stopped (L = 0) and t~oo, equilibrium will be attained and hence cr~O and cr~GI with 

G ,., l/avc < 1 it 12>0' where <.~ means the average over the equilibrium configuration 

distribution function for the lengths it. Using this in the constitutive equation (5.5): 
A(D ,., 0) ,., 0 for t~oo (5.6) 

2. Structural elements with a nonlinear spring behavior. 

Now, the behavior of the structural element will be described by a nonlinear spring 

r ,., C ( 1 it 1 )it. So, the contribution of the particles to the stress tensor can be 
written as: 

~ ~~ 
cr ,., v <C( 1 R I)R R > (5.7) 

Differentiating this equations with respect to time and using the same expression of 

the time derivative of it (eq. (5.3» leads to: 

v . ~~ 
cr + cr~ + cr~c - v<':'c R R > ,., 0 

c 
Two additional assumptions are made: 

L 

with: 

and: 

. ~~ c ~~ 
<.:.c R R > ~ <-> <c R R > 

c c 

<C> ,.,KI:(L-cr + cr-L c -A-cr - cr~C) 
c 
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2. K can be expressed in averaged terms (stress, strain and/or strain rate etc.) 

Then, after some manipulations, the constitutive equation can be written as: 
v 
cr + cr~K + cr~i "'" 0 

with: 
AK "'" A - K(D:cr - A:cr)1 

(5.9) 

Thus, the final form of the constitutive equation is equivalent for nonlinear and linear 
spring behavior. Non-linear spring behavior and nonaffine motion are equivalent. 
Choosing A = AK in the constitutive equation of the structural element in the linear 
case leads to the above equation. 
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6 Discussion. 

In this report, a few aspects concerning current problems related to the application of 
the numerical-experimental method for the identification of materials are discussed. 

The modified minimum variance estimator [7], used in this method seems to be 
a good choice. It is a Bayesian-like estimator and hence uses all prior information 
available. Gaussian statistics are assumed which seems a reasonable assumption. 
Hence, the determination of the optimal estimator can be transformed into the 
minimization of a sum of squares. For this, the Gauss-Newton method is one of the 
more efficient schemes. So far, derivatives necessary in this iterative scheme are 
calculated straightforwardly by using a finite difference scheme. It might be worth 
searching for a more efficient and accurate way to determine these derivatives. 

At present date, the presence of modeling errors is an obstacle that has to be 
overcome in order to apply the numerical-experimental method in practice successfully. 
The most worrying errors are related to the assumed (incorrect) constitutive behavior 
and to a lesser extent to the geometrical data. The detection of the exact source and 
location of these errors is a major problem and should be investigated further. 

The aim of future research is to arrive at a systematic procedure to adjust 
models. The use of a framework in which a certain class of models can be 
accommodated, could be advantageous. For constitutive models for the stress tensor of 
polymer melts and solutions, such framework is presented by Peters [15]. 
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