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Summary

In this paper we introduce a new multigrid approach for solving 2D convection-diffusion prob
lems. As in the hierarchical basis multigrid method we use a transformed matrix with a relatively
low generalized condition number. The transformation we use is not based on the nesting of
the coarse and fine grid only, but uses more information from the matrix. After transforming
back to the original matrix this results in a robust multigrid algorithm with matrix-dependent
prolongations and restrictions.

1. Introduction

Multigrid methods are very fast methods for the solution of the large systems of equations aris
ing from the discretization of partial differential equations. Today multigrid methods are used
in nearly every field where partial differential equations are solved by numerical methods. Con
cerning the theoretical analysis of multigrid methods different fields of application have to be
distinguished. For selfadjoint and coercive linear elliptic boundary value problems the conver
gence theory has reached a mature, if not its final state, cf. [14]. In other areas the state of the
art is (far) less advanced. For example, for convection-dominated problems the development of
a satisfactory theoretic analysis is still in its infancy. In this field only a few theoretical results
are known in the literature, e.g. [2], [7], [9].
In this paper we consider multigrid for 2D convection-diffusion problems. We introduce a new
multigrid approach for solving these problems, which hopefully contributes to further theoretical
insights in this field of multigrid application.
The basic two-grid approach is as follows. vVe assume two nested grids ("coarse" and "fine")
and on the finest grid the new mesh points are ordered first and then the old ones. Now, as in
the hierarchical basis multigrid method (HBMG; [4]), we use a transformation from the original
matrix to another matrix that has a significantly lower generalized condition number. To this
transformed matrix we apply a block Jacobi type of method. The actual algorithm results after
transformation back to the original matrix and is formulated in the classical multigrid frame
work. A fundamental difference between the approach of this paper and the HBMG approach
is that the transformation we use is not based on the nesting of the coarse and fine grid only,
but uses more information from the matrix. This transformation is based on the block LU
factorization with characterizes block Gaussian elimination. Thus nonsymmetry in the matrix
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influences the transformation. To preserve sparsity we use the block Gaussian factorization of a
modified matrix in which the equations in the new grid points (Le. points in the fine grid which
are not in the coarse grid) can be decoupled from the equations in the coarse grid points without
fill-in. A proper modification is crucial for the method and will be explained for the case with
square grids and standard h - 2h coarsening. In the multigrid setting the matrix-dependent
transformation results in a matrbc-dependent restriction and prolongation and in a coarse grid
matrix that has a Galerkin property (d. [8]). The grid transfer operators and coarse grid
matrices are computed in a preprocessing phase. In the two-grid method a correction coming
from the coarse grid points (Le. old points) is combined with a correction coming from the new
points. This structure is as in the HBMG, however, we use matrix dependent grid transfers and
another coarse grid matrix.
The remainder of this paper is organized as follows. In Section 2 we discuss connections between
two-grid solvers and block factorizations. This yields a motivation for the particular method we
propose. This method is then explained in Section 3. In Section 4 we discuss how the resulting
method can be put in the classical multigrid framework. In Section 5 we present results of
numerical experiments which indicate the robustness of the method.

2. Two-grid solvers based on block factorization

We consider a second order linear elliptic boundary value problem on a plane polygonal domain
n. Let f2H be a "coarse" mesh on f2. For ease of exposition we assume that f2H is a uniform
mesh that consists of triangles or rectangles. By nh we denote the "fine" mesh that results
after a standard uniform refinement of nH. The space of grid functions on nH (f2h) is denoted
by UH (Uh). In UH (and Uh) we use the standard nodal basis functions. The ordering of the
basis functions in Uh is chosen such that the basis functions corresponding to nodes in f2 h\f2H

are taken first. This induces a partitioning for u E Uh as u = (Ul U2)T, and u E UH can be
considered as an element of [h through the injection u -+ (0 u)T.

We assume a given (finite element or finite difference) discretization method on f2h. This results
in a linear system Ax = b, with A: Uh -+ Uh. We consider the block partitioning

A = [ An
A2l

(2.1)

where An corresponds to the nodal basis functions in Uh \ UHand A22 corresponds to the (fine
grid) nodal basis functions in UH. Note that we do not assume symmetry of A.

Below we briefly discuss some known two-grid approaches which are based on LV-type fac
torizations of the form

i.e.

with

A = [~l ~] B [~ R;2] ,
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(2.2c)

Below, for a given block-matrix C = [g~: g~~] the Schur complement of Cn, Le. C22 

C21 Cii1C12 is denoted by Sc.

Clearly, the classical block Gaussian elimination is of the form (2.2) and is characterized by

R21 = A21 AIl, R12 = All A12 ,

resulting in

B 12 = B21 =0, B22 =SA'

(2.3a.)

(2.3b)

Another approach based on a factorization as in (2.2) is the basic form of the hierarchical basis
multigrid method (HBMG; cf. [4], [.5]). We assume that A is the stiffness matrix corresponding to
the standard finite element space of continuous piecewise linear functions on the triangulation
n h. By AH we denote the stiffness matrix resulting from the coarse triangulation nH. In
HBMG a basis transformation is used which maps the nodal basis onto the hierarchical basis.
This transformation is characterized (in the two-grid case) by a matrix R: UH ~ Uh\UH that
is related to the nested triangulations. Every row of R contains only zeros except for two entries
which are equal to ~. In this setting the factorization in (2.2) is given by

(2.4a)

and

(2.4b)

The classical hierarchical two-grid method is mathematically equivalent to a symmetric block
Gauss-Seidel iteration applied to the transformed matrix B. The off-diagonal blocks B 12 , B 21

are not zero (as in the case of Gaussian elimination) but they are small in the following sense. If
we assume symmetry, Le. A = AT and thus B21 = B[2' then a strengthened Cauchy inequality
holds (d. [3], [1], [5]) with a constant I < 1, which can be formulated in this setting as

(2.5)

For (nearly) symmetric problems, in a finite element setting, there are other approaches based
on hierarchical type of block factorizations. For example, polynomial multilevel preconditioners
based on incomplete block factorizations are treated in [1].

In the 2D case the approach in (2.3) is not feasihle because then the matrices R21 , R12 , SA
will not be sparse. However, in the ID case there is no fill-in and recursive application of the
factorization yields the odd-even cyclic reduction method (i.e. a direct solver). In the ID case a
multigrid method can be deri.,ved which is based on the block Gaussian factorization (2.3). This

approach is as follows. Based on the transformed matrix B = [ A01 :A] we use the iterative

method with iteration matrix

(2.6)
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We transform this back to a method for the original matrix A characterized by the iteration
matrix MA := SRMBSi/. This yields

(2.7)

If A corresponds to a 3-point stencil then An is diagonal and (2.7) results, in the multigrid
setting, in a feasible coarse grid correction with matrix dependent prolongation and restriction
and coarse grid matrix SA. This coarse grid correction is analyzed in [9]. It is shown there that
this coarse grid correction is much more robust than the standard coarse grid correction, for
example with respect to nonsymmetry in the problem. This robustness is closely related to the
algebraic background of (2.7).

We summarize some important observations from above:

Block Gaussian elimination yields a block diagonal matrix B with unacceptable fill-in.

The HB two-grid method is based on a matrix B which is, in the symmetric case, "close to
block diagonal" and sparse.

In the block Gaussian factorization (2.2), (2.3) in general we have SL ::/= Sk. In the HB
two-grid method we always have a symmetric factorization: SL = Sk'

In the ID case one can derive a very robust multigrid coarse grid correction that is based
on the factorization (2.2), (2.3).

In view of these observations we propose the following approach that will be discussed in detail
in the next section. We use a nonsymmetric factorization that is similar to the block Gaussian
factorization (2.2), (2.3). After transformation we introduce a suitable block iterative method
based on B. The actual algorithm results after transformation back to the original system with
matrix A, and is formulated in a multigrid framework. A main topic is a systematic procedure
to avoid fill-in. This will be explained in detail for the situation with square grids and standard
h --+ 2h coarsening.

3. A two-grid approach based on approximate LU- factorization

In this section we derive a two-grid method based on an LU-type of factorization as in (2.2),
(2.3). To avoid fill-in we replace All A12 in SR by a suitable approximation All A12 • This
approximation is made using a so called lumping approach (also used in [10]). In this lumping
method we use information about the underlying differential equation.

We will explain the approach for the following class of boundary value problems:

{
-c~U +a(x, Y)U~+b(x, y)uy = f in n =]0,1[2 (c > 0)

u =9 on an. (3.1)

We use a standard square mesh nH with mesh size H = 2- k and a uniform refinement nhof nH
with mesh size h = ~H. For ~ we use the standard .5-point star and for ux , uy upwind differences
are used. This results in a linear system that is represented with the block partitioning as in §2:

4



(3.2)

In the lumping procedure that we discuss below, the equations in the grid points of nh\nH are
modified, resulting in an approximation

Consider a grid point P of nh\nH (ef. Fig. 1). For the coefficients a, b in (3.1) we assume

p

Fig. 1

Q
{O}
{e}

a(P) ~ 0, b(P) ~ O. Then the equation in P consists of a linear combination of the difference
stars

[-~ ~~ -n [-~ ~ nand [~j ~]
We get a modified equation, represented in [All Ad, by the following substitution:

h-2
[ _ ~ -I 0] [-1/8 0 -3/4 o -1/8]

4 -1 ~ h-2 0 0 2 o 0
-1 0 -1/8 0 -3/4 o -1/8

[ 000] [-1/4 0
-1/4 0 nh-1 -1 1 0 ~ h-1 0 0 1 0

o 0 0 -1/4 0 -1/4 0

(3.3a)

(3.3b)

Taylor expansion shows that for smooth functions the difference between the results of the two
stars in (3.3a), (3.3b) is O(h2 ), O(h) respectively. In a point Q (cL Fig. 1) we make the
following substitution (again a(Q) ~ 0, b(Q) ~ 0):

h-
2

[ -~ -I 0,] [ -1/2 0 -~2 ]4 -1 __ h-2 0 2 (O(h2 ) accurate)
-1 0 -1/2 0 -1/2

h-
1

[ -~
0 o] [ -1/2 0 n1 o --,. h-1 0 1 (O(h) accurate)
0 o -1/2 0

5
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h-1
[ ~ ~ ~ 1~ h-1

[ ~ ~ ~ 1 (O(h) accurate)
o -1 0 -1/2 0 -1/2

(3.4c)

Clearly this approach uses information from the underlying differential equation. We may com
bine this with a more algebraic approach in which only the structure of the grid is used. In
the latter approach a relation between unknowns in !h \11H is "eliminated" by a (linear) in
terpolation procedure (as in HBMG). For example, if in the point P = (x, y) the unknown

U[(X ~ h
O

Yo-1h) is replaced bY[ ~(~(x -02h, g- hd~ U1(X, Y - h)) (cf. Fig. 1) then the star

o 1 0 changes into 0 0 1 0 0 . In the implementations we always
-1 0 0 p -1/2 0 -1/2 0 0 p

used a lumping in two steps. In the first step, in a given grid point in 11h\11H, we modify the star
by replacing certain finite differences, that are selected using the BVP, by other finite differences
(as in (3.3), (3.4)). In the second step we eliminate remaining relations between grid points in
Uh\UH by an algebraic elimination process (e.g. linear interpolation).

The lumping procedure described above yields All, Au (note: All diagonal) that will be used
in an approximate LU-factorization. \Ve introduce the following notation:

- _ [ -All A12 ]
p- I ' rini = [0 I], r = [-A21 AIl I]. (3.5)

Note that SA, SA are the Schur complements of A, A respectively.

Lemma 3.1. The following holds:

b) SA has a 9-point stencil.

c) If A is an M-matrix then S.4 is an M-matrix.

Proof. The results in a) follow directly from the definitions. The lumping procedure is such that,
in a point Xi E 11H, fi has a 17-point star in which the points {(Xi ± (kh,£h)) n 11h\11H 11 ~

k, £ ~ 2} are used. The coefficient (SAki (xi,xi E 11H) is given by

Note that fief is just the star of fi in Xi and ATef is just the star of A in Xi. From the geometry
of 11h it is now obvious that SA has a 9-point star.
The result in c) is classical. 0

Corollary 3.2. The lumping procedure is defined in such a way that stability is· preserved.
So if A is stable then A is stable too. A precise statement concerning this stability is given in
[10]. From the results in Lemma 3.1 we then conclude that SA is a stable 9-point operator on
the coarse grid 11H. The same approach as on the fine grid, Le. lumping and Schur complement
computation, can be applied to the coarse grid operator SA' too. This results in stable 9-point
operators on all coarser grids.
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Remark 3.3. The results in Lemma 3.1 show that S.4. has some interesting properties. A
further very important claim is that S.4. is a "good" approximation of S.4 in the sense that for
a suitable constant a p(I - aSAlSA) has an upper bound smaller than one that is uniform for
a large class of problems (with varying hand £). For problems where the diffusion is dominant
such a result is expected e.g. from the analysis in [1], [3], [6J and mathematically founded by
the strengthened Cauchy inequality. It appears that the preconditioning of SA by S:t is also
good for many strongly nonsymmetric problems. This is a subject of current research. Here we
only give three typical results which can be obtained using Fourier analysis (assuming constant
coefficients and periodic boundary conditions).

[

0 -1
diffusion problem: A f'V h-2 -1 4

o -1
-! ],then p(I - 0.8 Si' SA) ::; 0.2.

convection prohlem. no alignment: A ~ h- l
[ -! j ~].

then p(I - 0.6 S.:ilSA) :::; 0..5.

[

0 0 0]convection problem with alignment: .4. f'V h- l -1 1 0 ,then 1- SilSA = O.
000

Within the framework of Section 2 we now use All, A12 , SA to derive a two-grid method based
on approximate LV-factorization. Let SL, SR be as in (2.2) with

(3.6)

Then for B = SLASR we get

Based on the results of Lemma 3.1 and the observations in Remark 3.3 we introduce a block
iterative method for Bz = d with iteration matrix

(3.7)

This is a block Jacobi method with an inner iteration. The rate of convergence depends on the
rate of convergence of the inl\er iteration. Two estimates are given in the lemma below.

Lemma 3.4. The following holds:

a) p(MB) =p(I - aSA
lS.4)

b) IliYI.§lloo :::; III - aSAlSAlloo max(IIAIl A12 - AlII A12I1oo, III - aSAlSAlloo) .
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Proof. Note that

As in the HBMG we transform the block iterative method based on B back to the original A.
The result is stated below.

Lemma 3.5. With Pas in (3.5) and r:= [-A21 AIl I] the following holds:

(3.8)

Also the following equality holds:

(3.9)

WA = [I -All A12 ] [ All 0 ] [ I 0 ]o I 0 aSi1 -A21 AIl I

- -S-I[-A A-I I] + [All 0]- ap A 21 U 0 0

= -S-=-l- [AllAll 0] + [AlII 0]
op A r 0 I 0 0

From this the result in (3.8) follows. The result in (3.9) is a direct consequence of inverting the
block Gaussian factorization of A (i.e. (2.2), (2.3) applied to A):

[

--1 ]
A--1 _ -S-=-I-+ AU 0

-PAr 0 0 . o

Note that a(MA) = a(ME} and also that the similarity transformation with SR is well
conditioned if An is strongly diagonally dominant, which is the case if there is no alignment.
Finally, to get a feasible method we have to replace All in (3.6) by (I - MI')AIl where M
is the iteration matrix of a basic iterative method for solving Anz = d. Note that the latter
system is only on the grid points in f2h \f2H. In the HBMG a system with matrix An also oc
curs and is solved approximately by a few Gauss-Seidel iterations. In general (also for strongly
nonsymmetric problems) the matrix An has condition number 0(1) and thus, in principle, any

8



basic iterative methode will work. However, if we have strong alignment (e.g. third example in
Remark 3.3) then cond(An ) deteriorates. So, to get a robust method it is better to take, for
example, a line Jacobi method using the "odd" horizontal and vertical lines which together form
the pattern of nh \nH. An alternative, which may be attractive if one wants to use only local
operations, is a (robust) multigrid method for solving systems with matrix An. This then in a
natural way introduces a shifted coarse grid nwift = {(h, h) +H(k, £) I k,f E IN} n nh , that is
complementary to the original coarse grid nH = {H(k,£) I k,£ E IN} nnh.

4. Two-grid and m ultigrid algorithm

In this section we describe the multigrid algorithm based on the preconditioner WA as in Lemma
3.5.
We assume a sequence of grids nh with h = 2-(, kmin S £ S kmax . In a preprocessing phase
the matrix dependent transfer operators p, r and the coarse grid operators are constructed.
We start with the matrix on the finest grid nh (h =2-kmax ) and apply the lumping procedure
in the points of nh\nH to construct [All Ad. From this the stars of Ph-H and rH_h (cf.
Lemma 3.5) are computed. Then the coarse grid operator is formed using the Galerkin prop
erty: AH := SA = TinjAP. Now the lumping is repeated on the coarse grid, etc. In the algorithm
below we also need the diagonal matrices All on nh\nH for all h = 2-(.

A two-grid iteration on grid nh (h = 2- f
) for solving AhXh = bh consists of the following

steps:

1. Xh:= 5l/(Xh; bh); presmoothing (optional).

2. d:= AhXh - bh.

3. Zh:= JlL{{ Ah)n; 0; dl flh\flH); apply Jt iterations of an iterative method for solving
(AhhlZh = d1flh\flH with start O.

4. dH:= rH_h [ (A;)nzh ] ; compute coarse grid defect.
IflH

5. solve AHVH = dH.

6. Xh:= Xh - apvH - [ ~ ]; add corrections.

We briefly discuss these steps. The presmoothing step 1 is optional and may (for a diffusion
dominated problem) accelerate the convergence. As in HBMG, WA from Lemma 3.5 yields the
standard choice v = 0 (i.e. no presmoothing!). Step 3 corresponds to the All factor in WA; we
use an approximate solve for All. As discussed in §3, in view of robustness we take for one iter
ation of J a horizontal line Jacobi followed by a vertical line Jacobi; both only using the "odd"

lines (i.e. the lines forming the pattern of nh\nH). Step 4 corresponds to r [Ant)] ~] din

WA • Step 5 is dear; as usuaein a multigrid approach this step is replaced by a i-fold recursive
call (i = 1,2). In step 6 the corrections from the coarse grid nH and from nh\nH are added
to the current approximation. The parameter a is used for acceleration; in our experiments we
take a E [0.6,1].
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5. Numerical experiments

As stated in §3, we consider the following class of convection-diffusion problems (c > 0):

{

-c~1£ +a(x, Y)1£x +b(x, y)uy = f in n =]0,1[2

1£ = 9 on an .

We use standard square meshes. The finest mesh always has h = 2-6 , the coarsest mesh size
is h = 2-2 • We only need a discretization on the finest grid; there we use the standard 5-point
stencil for ~ and upwind differences for 1£x , uy.
Standard in our experiments is v = 0 (no presmoothing), I = 2 (W-cycle), J.L = 2 iterations of
the line Jacobi method as discussed in §4. Based on numerical experiments, in step 6 we take
a = 1 on coarse grids and a = 0.8 on the finest grid.

Our main interest in this paper is a robust multigrid approach based on approximate LU
factorization. The first three experiments below are meant to test the robustness of our method
w.r.t. the amount of convection and its direction.

In our experiments we always take the data. such that the exact solution is equal to zero and
we take an arbitrary starting vector. As a measure for the error reduction we computed the
harmonic average of the error reduction (w.r.t. the Euclidean norm) in the first ten iterations.
Between brackets we give the error reduction in the tenth iteration.

Experiment 1. (standard test problem as in [13]). We take a(x, y) = cos <p, b(x, y) = sin <po In
Table 1 the results are given for different values of <p and c.

c <p 0 trl8 2trl8 1b/8
10° 0.13 (0.21) 0.13 (0.21) 0.13 (0.21) 0.13 (0.21)
10-2 0.14 (0.24) 0.13 (0.23) 0.13 (0.25) 0.14 (0.26)
10-4 0.20 (0.18) 0.31 (0.21) 0.27 (0.35) 0.35 (0.32)
10-6 0.22 (0.20) 0.32 (0.22) 0.28 (0.36) 0.36 (0.32)

Table 1

Experiment 2. (rotating flow). We define nR := (ex, y) I (x - ~)2 + (y - ~)2 ~ l~}'

a(x, y) = sin(tr(y - ~)) cos(tr(x - ~)) if (x, y) E nR, and zero otherwise;
b(x, y) = - cos(tr(y - ~)) sin(tr(x - i)) if (x, y) E nR, and zero otherwise.
The results for different values of c are given in Table 2.

c 10° 10 .~ 10 4 10 -6

0.13 0.13 0.30 0.30
(0.21) (0.21 ) (0.33) (0.27)

Table 2

Experiment 3. (as in [11], [15]). We take a(x, y) = (2y - 1)(1- x 2
), b(x, y) = 2xy(y -1). For

c = 0, the characteristics are shown in Fig. 2. The results for different values of c are given in
Table 3.
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1.----- ---.

c IOu 10 ·2 10 4 10 -0

0.13 0.13 0.36 0.37
(0.21) (0.22) (0.33) (0.35)

Table 3

1
2

o 1

Fig. 2

The experiments above seem to indicate that the method is robust with respect to the amount of
convection and its direction. Note that the unknowns in the coarse grid points are not updated
by the line Jacobi method (which only uses the "odd" lines) and a reasonable update there has
to come from the coarse grid correction. The line Jacobi method should not be called a "robust
smoother" (cf. [8J, [13]); the line Jacobi method is introduced in §3 because it is a robust method
for solving systems with All and arguments based on possible smoothing properties are not used.

The two experiments below show that in certain situations special properties of the under
lying problem can be used to make another choice for the components in our method, resulting
in faster convergence.

Experiment 4. (pure diffusion problem). We take a(x, y) = b(x, y) = 0, Le. a pure diffu
sion problem. The line Jacobi method is not needed for solving systems with All' Based on
Lemma 3.5 we replace AlII by AlII; in step 3 of the algorithm we now perform a solve with the
diagonal matrix All' We take a = 1, then (cf. (3.9)) the iteration matrix is 1- A-I A which will
yield a large error reduction for smooth errors. We use the optional step 1 to smooth the error
by v iterations of a damped Jacobi iteration (damping 0.65). The results are given in Table 4
and show the usual multigrid convergence rates for Poisson-type of equations.

v=2 v=4
V-cycle 0.14 (0.13) 0.081 (0.089)
W-cycle 0.15 (0.21) 0.062 (0.0905)

Table 4

Experiment 5. (alignment). We take a(x,y) = 1, b(x,y) = O. Based on Remark 3.3 (I
SAlSA = 0) we take a = 1 on all levels. The results are shown in Table .5. As expected from
the analysis in §3 we get fast convergence for c 1o.

c IOU 10-2 10 <I 10 -0

0.27 0.39 0.14 0.0024
(0.27) (0.37) (0.062) (0.00064)

Table .s
..

Finally we note that an approach similar to the one presented in this paper resulted in a robust
solver for a class of diffusion problems with strongly varying coefficients in [12J.
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