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The breaking up process of two polymer threads 

by A.Y. Gunawan* 

supervised by .J. Molenaar and A.A.F. van de Vent 

Abstract 

Two infinitely long adjacent parallel polymer threads immersed in an incompressible fluid 
are considered. The breaking up process of the threads is described by a cylindrical Stokes 
equation. Applying separation of variables in which the dependence on the azimuthal direction 
is written in the form of a Fourier series, an infinite set of linear equations for the unknown 
coefficients is obtained. In the report, the zeroth order Fourier mode solution of the boundary 
value problem is derived. The results are qualitatively in agreement with previous work, but 
quantitative corrections have been found. 

1 Introduction 

The breaking up process of liquid threads is since long a topic that attracts much attention. 

Tomotika ([2],[3]) studied this phenomenon theoretically. He derived the equation of motion for 

one long, straight, cylindrical column of a viscous liquid surrounded by another viscous fluid. 

In 1997, Knops ([4]) extended the theory to two long viscous liquid threads (polymer threads) 

surrounded by a second viscous fluid. She derived the stationary state equation of the breaking up 

process. The system is described by a cylindrical Stokes equation. Assuming that separation of 

variables is applicable and writing the dependence on the azimuthal direction as a Fourier series, 

she has worked out the zeroth order of the solution of the boundary value problem. 

In this report, the solution of the boundary value problem is revisited. A simplification in the 

calculation by Knops is now excluded. The resulting equations appear to be simpler than the ones 

derived by Knops. 

This report contains 4 sections. The first section is an introduction with a description of the 

problem and previous research. In section 2, the linear theory is addressed. The core of the 

report is section 3. Here, the newly found solution and the discussion of the results are presented. 

•Dept. of Mathematics, Institut Teknologi Bandung, Indonesia. 

!Dept. of Mathematics and Computer Sciences, Eindhoven Univ. of Technology, The Netherlands. 
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Conclusions and recommendations are given in the last section. Some figures of the results and 

expressions used in the calculations are given in the Appendix. 

1.1 Problem description 

The demand of synthetic materials increases and becomes more specific. The desired material 

properties might be obtained by combining two or more polymers. Unfortunately, most polymers 

are thermodynamically immiscible. Therefore, a homogeneous blend is not easily obtained. The 

morphology of material properties strongly depends on the blending process. Blends should be as 

homogeneous as possible and anisotropy should be avoided. As an example, let us focus on the 

behaviour of a droplet immersed in a polymer flow. 

The blending process depends on the magnitude of the capillary number Ca, which is defined 

as the ratio between the local shear stress r and the interfacial stress a/ R. Thus Ca is given by 

Ca = rR 
(]' 

where a is the surface tension and R the radius of the droplet. The effect of shear stress is to 

elongate the droplet into a long thin thread. The effect of the interfacial stress is to conserve 

QoQoQoQoQo 

Figure 1: The break process of one thread. The arrows denote the velocity field of the shear Bow. 

its spherical shape such that the surface tension minimizes the area to volume ratio. In the first 

instance, just after the melt is formed, the shear rate is dominant and the droplet deforms into 

a long thin thread. At some moment the thread becomes so thin that the capillary number is of 

order 1 and the interfacial stress becomes important, too. The thread is not an exact cylinder 

because of thermal fluctuations and capillary waves. Some of these waves will grow, driven by 

surface tension, and some will damp. Finally, the thread breaks up into small droplets (see figure 

1). 

Besides of this breaking up process, there is another process important for the morphology of 

polymer blend: When two droplets meet each other, they will coalesce into one ,(larger) droplet. 
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1.2 Previous research 

In [4], Knops wrote the equations of the breaking up process of one thread based on the linear 

theory from Tomotika and found the exact solution for the linear limit. Knops extended the theory 

for the case of two adjacent parallel threads, proposed a scenario for the breaking up behaviour 

of parallel threads, and checked the theory againts experiments. The general exact solution was 

obtained and written as a Fourier series on the azimuthal direction. In calculating the boundary 

conditions, she only considered the case that the azimuthal coordinate of one of the threads is 

relatively small compared to the azimuthal coordinate of the other thread. As an example, when 

she expressed cos(¢1 + ¢ 2 ) in terms of the coordinates of thread 1 1 , she assumed ¢2 to be much 

smaller than ¢1, so that cos( ¢1 + ¢2) ~ cos ¢1. Under this assumption, she worked out the solution 

in detail for the zeroth order Fourier mode. It was found that the threads will break up in phase 

if they are closer together than a certain distance ba, and out of phase if they are further apart 

than ba. 

2 The break up process of two adjacent parallel threads 

In the following, the formulation of the model equations for two threads are presented based on 

the linear theory from Tomotika. Special attention is paid to the role of the phase relation between 

the threads. 

2.1 Phase relation between disintegrating threads 

We consider two identical parallel threads with radius a, and distance b between the two centers. 

Let us assume that both threads have a small initial thermal perturbation, which is periodical and 

rotationally symmetric, and has wave number k. The disturbances can in general have a phase 

difference a. In figure 2 the situation is sketched for a = 0 and a= 1r. Under the assumption that 

the threads are so far apart that they do not touch each other and that the amplitudes are equal, 

the phase relation can be determined by minimizing the dissipation in the fluid. The dissipation 

is given by 

D= J p,D :DdV, 
v 

1 In this report, the indices 1 and 2 are used to denote coordinate systems with respect to the center lines of 

thread 1 and thread 2, respectively. 
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(a) (b) 

Figure 2: Phase relation between two disintegrating threads. The arrows indicate the velocities in 

r- and z- direction: a. In phase, b. Out of phase 

where J-l is the viscosity and V the rate of deformation tensor, defined as V = ~(grad u+(grad u)T) 

with u the velocity field. Working this out, Knops found that V can be written as 

where Du = Dn are positive dissipations independent of b, caused by the threads moving inde

pendently. D12 is the dissipation stemming from the interaction of the thread movements. For a 

fixed value of J-l, Knops found a critical value ba such that for b < be., D12 is positive, so that the 

dissipation D is minimal for a = 1r. Hence, the fastest growing disturbance occurs when the two 

threads are out of phase. For b > ba, D12 is negative, so that the dissipation D is minimal for 

a= 0. Hence, the fastest growing disturbance occurs when the two threads are in phase (see figure 

2). Thus, the breaking up process of two threads will only take place either with phase different 

a = 0 or with a = 1r, depending on the distance between the two threads. 

2.2 Linear theory for two threads 

Consider two infinitely long parallel threads, both with viscosity J-ld, which are surrounded by a 

viscous fluid with viscosity J.l.c 2 . We define the ratio of viscosity as [ J-ld/1-'c· The distance 

between the two centers of the threads is b. To describe the interaction between the two threads, 

we introduce two cylindrical coordinate systems with origins at the centers of the threads (see 

figure 3). They are related to each other by the following expressions 

r 1 cos¢1 

r1 sin¢1 = 

= 

b- r2 cos¢2 

r2 sin¢2 

2 The indices c and d refer to the continuous and disperse phases, respectively. 
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X 

b 

Figure 3: The two coordinate systems 

For convenience, we drop the index in the z-coordinates, because they are identical. 

The threads are not exact cylinders because of the thermal fluctuations. This thermal fluctu

ations cause initial disturbances which can be modelled as a sum of small disturbances, which are 

periodic with respect to z and have wave number k. Because the problem is not axisymmetric, 

the disturbances will also depend on ¢1. This dependence is written as a Fourier series. Thus, we 

consider two disturbed threads with radii R1 and R2 given by 

00 

R1(¢1,z,t) == a+ 2:: £In(t)cosn¢tcoskz 
n=O 
00 

R2(¢2,z,t) = a+ L c2n(t)cosn¢2cos(kz a). 
n=O 

(2) 

where a is the mean radius of the threads, Eln and c2n are the time dependent amplitudes dis

turbances of thread 1 and thread 2, respectively, and a is a phase difference between the two 

disturbances. To determine the velocity field for this slow incompressible flow, we have to solve 

the Stokes equations and to satisfy the boundary conditions. In cylindrical coordinates, the Stokes 

equations are given by 

0 

a 
[}rP 

a 
azP 

= 

= 

r [ l 1 & & 
ru + ;: orf> v + az w (a) 

- lu] (b) ,.2 

..ft...u- lv J (c) &</> r2 

(3) 

(d) 

where pis the pressure, J.l is the viscosity, and u = u(r, ¢1, z, t), v = v(r, ¢, z, t) and w = w(r, ¢, z, t) 

are the velocities in the r-, and z- direction, respectively. The boundary conditions in linear 

theory refer to the unperturbed interface R(¢;, z, t) =a. They can be expressed as (for ,2): 

• no slip at the interface; 

uc(a,¢j,z,t) = Uj(a,¢j,z,t),vc(a,¢;j,Z,t) = Vj(a,i/>j,z,t) and wc(a,¢j,z,t) Wj(a,¢j,z,t) 
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• continuity of the tangential stresses at the interface 

Uzr,c(a,r/>j,z,t) = Uzr,j(a,r/>j,z,t) and Uq,r,c(a,r/>j,Z,t) = Uq,r,j(a,r/>j,Z,t) 

• discontinuity of the normal stresses at the interface due to the interfacial tension 

Urr,c(a, rPj, z, t) = Urr,j(a, rPj 1 z, t)- i:!.Urr,j(l/lj, z, t) 

where u zr and u 1>r are the tangential stresses and u rr is the normal stress. The indices c and j 

refer to the continuous phase and thread j, respectively. The interfacial tension D.urr is given by 

D.u,.r = u(K1 + K2) where u is the surface tension and K1 and K2 are the two main curvatures 

which in linear theory are given by 

• 1 &2 R 1 Ii 2 ~ w7J""¢2 - J'i· 

For the disturbances given in (2), the perturbed interfacial tensions are given by 

(4) 

We first determine the general solution of the Stokes equations in cylindrical coordinates and 

then formulate the general solution for two threads. Assuming that separation of variables is 

applicable and that the dependence in ¢ can be written as a Fourier series, we propose that a 

general solution has the form 
00 

p L Pn(r, t) cos n¢ cos kz (a) 
n=O 

00 

u L un(r,t)cosn<{Jcoskz (b) 
n=O (5) 00 

v L Vn(r, t) sin n¢ cos kz (c) 
n=l 

00 

w = L wn(r, t) cosn¢sinkz. (d) 
n=O 

Here, we used that the velocity field is symmetric with respect to the plane <P = 0 and also with 

respect to the plane z = 0. We note that there is no contribution of the zeroth order mode in v, 

hence without loss of generality we may take v0 = 0. By substituting (5) into the Stokes equations 

(3), we obtain the following equations for the coefficients, n 2: 0, 

0 
1 1 n Un + ;:Un + ;:-Vn + kwn (a) 

I [ " 1 I n2+(kr)2+1 2nv ] (b) Pn fl. Un + -;un - r2 Un -;zn 

[ II 1 I '2n ] 
(6) 

-!f;Pn fl. v + -v - - -;zUn (c) n r n 

-kpn [ " 1 I n2+(kr)2 ] 
fl. Wn + ;:wn - r2 Wn . (d) 
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The prime indi.¥ates derivation with respect to r. In Stokes flow, the pressure satisfies V 2p = 0. 

Subtituting of (5.a} leads to 

(7) 

The general solution of this equation is 

p,..(r, t) = 2p [A,..(t)I,..(kr) + D,..(t)K,..(kr)] (n?: 0), (8) 

where J,.. and K,.. are modified Bessel functions of order n; the factor 2p is added for convenience. 

Subtitution of (8) into (6.d) leads to the general solution for w,..(r, t): 

w,..(r,t) = (t)rln+l(kr) + Bn(t)I,..(kr) + D,..(t)rKn+l(kr) + En(t)K,..(kr) , n?: 0. (9) 

To obtain the solution for the other velocity components, we will follow the same approach. Since 

there is no zeroth order mode in v present, one finds from substitution (8} into (6.b), that the 

solution for u0 is given by 

uo(r, t) = Ao(t)r10 (kr) + Co(t)I1(kr) + Do(t)rKo(kr) + Fo(t)K1(kr). (10) 

Subtituting this expression into (6.a), we find the relation for Co and F0 : 

2 2 
Co= -(Bo + ;;Ao) and Fo =Eo+ ;;Do. (11) 

So, for the zeroth order mode in u, we obtain 

uo(r, t) = Ao(t)rlo(kr) [Bo(t) + ~Ao(t)] h(kr) + Do(t)rKo(kr) + [Eo(t) + ~Do(t)] K1(kr). 

(12) 

For the other modes, we follow the same line. We substitute (8) and (9) into (6.a) and (6.b), 

eliminate v,.. from this two equations, and obtain the equation for u,..: 

[ 
" 3 ' n2 + (kr) 2

- 1 ] G(r, t) = p u,.. + ;u,.. - r 2 Un 

where 

G(r, t) 

Knops ([4]) found for n > 0: 

Un (r, t) A,..(t)rl,..(kr)- [B,..(t) + k(n + 2)A,..(t)] In+l(kr) + C';.(t) In(kr) 

+D,..(t)rK,..(kr) + [En(t) + ~(n + 2)D,..(t)) Kn+l(kr) + F ... jtlK,..(kr). 
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Substitution of (9) and (14) into (6.a), the expression for Vn is found to be 

Vn(r, t) - [(Bn(t) + t(n + 2)An(t) + ~Cn(t)] In+l(kr)- ~Cn(t)In(kr) 
(15) 

+ [En(t) + t(n + 2)Dn(t) + ~Fn(t)] I<n+t(kr)- ~Fn(t)I<n(kr) , n > 1. 

The general solution of the cylindrical Stokes equations (3) is given by (8)-(15). 

We now formulate full solution of the two threads systems. Inside thread 1, the solution is 

written as 
00 

L Ptnb,t)cosntf>tcoskz (a) 
n=O 

00 

I: Utn(rt,t)cosntf>tcoskz (b) 
n=O 

00 

L Vtn(rt, t) sin nt/>1 cos kz (c) 
n=l 

00 

L Wtn(rt, t) cos n¢>1 sin kz. (d) 
n=O 

Inside thread 2, the solution is written as 

00 

P2(r2, t/>z, z, t) L P2n(rz, t) cosntf>zcos(kz- a) 
n=O 

00 

uz(rz, t/>z, z, t) L Uzn(rz,t)cosntf>zcos(kz- a) 
n=O 

00 

vz(rz, t/>z, z, t) L Vzn(rz,t)sinntf>zcos(kz-a) 
n=l 

00 

wz(rz, t/>z, z, t) L Wzn(rz, t) cos nt/>z sin(kz- a). 
n=O 

(16) 

(a) 

(b) 
(17) 

(c) 

(d) 

For the continuous phase, we should note that the directions of uc1 and uc2 and the directions of 

Vct and vc2 are not the same. For the moment, we choose the origin of the coordinate system along 

the axis of thread 1 3 . In view of the linearity of the model, we write the local velocity field in 

the continuous phase as the sum of the velocity field obtained if only thread 1 would be present, 

and the velocity field obtained if only thread 2 would be present. The latter velocity ( Ucz, Vcz) 

is in the first instance expressed with respect to the coordinate centered around axis 2 and must 

be rewritten in terms of the coordinates centered at axis 1. Then the velocities in the continuous 

phase are given by 

3 The velocities in the continuous phase could also be expressed with the origin at the axis of thread 2. 
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Using this relations, the solution in continuous phase is given by 

co 

Pc(rt, rz, 1>1, 1/>z, z, t) 2::: Pcln(r1,t)cosnif>tcoskz 
n=O 

+ Pczn(rz, t) cos n¢>z cos(kz- a), (a) 

co 

uc(rt, rz, 1>1, </Jz, z, t) L ucln(rl! t) cosn¢>1 coskz 
n=O 

co 

L Uczn(rz,t)cos(.Pt +.Pz)cosn¢zcos(kz- a) 
n=O 

00 

+ 2::: Vczn (rz, t) sin{ ¢1 + ¢z) sin nq}z cos( kz - a), (b) 
n=l (18) 

00 

vc(rl, rz, .P1, ¢z, z, t) 2::: Vcin(rt. t) sin n¢>1 cos kz 
n=1 

00 

+ L Uczn(rz, t) sin(¢1 + ¢z) cos n¢z cos(kz- a) 
n=O 

+ Vczn(rz, t) cos( .Pt + .Pz) sin nq}z cos( kz - a), (c) 

co 

wc(rt, rz, c/11. 1/Jz, z, t) L Wc1n(r1, t) cosn¢1 sinkz 
n=O 

00 

+ L Wczn(rz,t)cosn¢zsin(kz-a). (d) 
n=O 

Now, considering that the solution inside thread 1 should remain finite for r1 -+ 0, we obtain 

Ptn(rt, t) 2pdAln (t)In ( k1•i), (a) 

Utah, t) Ato(t)rtlo(krt)- [B10(t) + fAto(t)] It(krt), (b) 

Utn(rt, t) = Atn(t)rtln(kri)- [Btn(t) + t(n + 2)Atn(t)] In+l(krt) 

+ Cln(t)l (krl) 
rl n ' 

(c) (19) 

Vtn ( '1'1, t) - [ Btn(t) + t{n + 2)Atn(t) + ~Ctn(t)] In+l(krl) 

~Ctn(t)In(krt), (d) 

Wtn(rt, t) (t)rtln+l(krt) + Btn(t)In(krt). (e) 
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For thread 2 we obtain 

(a) 

(b) 

(c) 

(d) 

(e) 

(20) 

For the continuous phase one has the requirement that the solution should be bounded at infinity. 

We obtain 

Pcln(rl, t) 2p.cDln (t)I<n (krt), (a) 

Pc2n(r2, t) = 2p.cD2n (t)Kn (kr2), (b) 

Uclo(rl, t) = Dlo(t)riKo(krl) + [E1o(t) + tD10(t)] K1(krt), (c) 

Uc2o(r2,t) = D2o(t)r2Ko(kr2) + [E2o(t) + ~D2o(t)] K1(kr2), (d) 

Uc1n(r1, t) = Dln(t)rlKn(krl) + [Eln(t) + t(n + 2)Dln(t)] Kn+l(kri) 

+ F1,.(t) f{ (kr ) 
rl n 1 ' (e) 

Uc2n(r2, t) D2n(t)r2Kn(kr2) + [E2n(t) + k(n + 2)D2n(t)] Kn+l(kr2) 
(21) 

( kr2), (!) 

Vc1n(r1, t) = [Eln(t) + t{n + 2)Dln(t) + ~Fln(t)] Kn+l(krl) 

--!;Fln(t)Kn(krl), (g) 

Vc2n(r2, t) [E2n(t) + t{n + 2)D2n(t) + ~F2n(t)] Kn+l (kr2) 

- r
1
2 
F2n(t)Kn(kr2), (h) 

Wcln(rb t) = Dln(t)rlKn+l(krl) + Eln(t)Kn(krl), ( i) 

Wc2n(r2, t) D2n(t)r2Kn+1(kr2) + E2n(t)Kn(kr2). (j) 

This completes the general solution for the system with two threads. 

To find the values for the unknown coefficients A111 , A2n, B1n, B2n, · · ·, F1n, F2,, the expressions 

(19)-(21) should be substituted into the boundary conditions. Except for n = 0 ( because Co and 
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Fo are alrady given by (11), we~have only 8 unknowns here), each mode contains twelve unknowns. 

Applying the boundary conditions, we obtain twelve equations for each mode. So, an infinite set 

of equations for the unknown coefficients has to be solved. To obtain a finite solution, we will have 

to approximate the solution by using the method of moments. In more detail, this runs as follows: 

• First, we truncate the series in (16)-(18) at n = N, for finite N. This means that we take 

An, Bn, Cn, Dn, En and Fn zero for n > N. We are then left with 

2 X ( 4 + 6N) = 8 + 12N, (22) 

unknowns. 

• Secondly, we will try to solve these unknowns by means of the boundary conditions 

(u) = (v) = (w) = {U¢r) = (O'zr) 0 

and (23) 

{Urr} = tlO'rr,j 

at the two interfaces S1 : r 1 = a, and S2 : r 2 = a. Here, ( ) denotes the jump across the 

interface from the dispersed phase (the threads) to the continuous phase, i.e. 

{ U} = Uj - Uc , at Sj , j = 1, 2. (24) 

In these conditions, we have to evaluate ui at Sj in terms of <Pi; how this will be done will be 

explained further on. Consequently, the boundary conditions (23) at Sj are functions of <Pi 

containing terms with cos m</;j or sin m</;j, with m running from 0 to oo. In principle, these 

conditions must be satisfied for every value of </lj, which again results in an infinite number 

of unknowns (for a finite, i.e. 8 + 12N, number of unknowns). To achieve consistency, we 

will not require a pointwise satisfaction of the boundary conditions, but instead we require 

that the n-th order moments, with n E [0, 1, · · ·, N], of the boundary conditions are satisfied. 

the n-th order moment of (<p) (<p = u, v, w, u <f>r, O'zr or O'rr) is defined as 

(25) 

where fm(</J) is either cosm</;j or sinm</;j, depending whether <pis even (i.e. u,w,uzr,O'rr) 

or odd (i.e. v, Uq,r) in </;. By taking the first N + 1 moments of the boundary conditions (8 

conditions for N = 0 and 12 conditions for 1 s n s N), we thus obtain (8 + 12N) equations 

for (8 + 12N) unknowns. Hence, in this way we obtain a consistent set of equations for the 

unknown coefficients. 
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We next proceed the evaluation of boundary conditions (23). The substitution into the bound

ary conditions and their evaluation is not straighforward, because two coordinate systems are 

involved. For instance, at the interface between thread 1 and the continuous phase, the velocity of 

the continuous phase should be expressed in Fourier modes of ¢1 only. At the interface between 

thread 2 and the continuous phase, the velocity of the continuous phase should be expressed in 

Fourier modes of ¢2· Roughly speaking, this implies that the product of a Bessel function and 

a Fourier mode with respect to thread 2 should be expressed as product of Bessel functions and 

Fourier modes with respect to thread 1 or the other way around. To handle this, an addition 

theorem of Bessel function ([1]) is used, which states that for r 1 < b, 

co 

Kn(kr2)cosn¢2 = L Kn+m(kb}Im(krl)cosm¢1· (26) 
m=-co 

This relation also holds with cos replaced by sin. A similar relation reads as 

(27) 
= Km+n+l(kb)Im(krl)[bcosm¢1- r1 cos(m + l)¢1]. 

m=-oo 

In this report, we will restrict ourselves to investigate the solution for the zeroth order Fourier 

mode (N = 0). 

3 Solution for the zeroth order Fourier mode 

In the first subsection we will evaluate the boundary conditions for the zeroth order Fourier mode, 

N 0. We realize from the previous section that this evaluation will lead to an infinite set of 

equations for the 8 unknown coefficients (AiO, Bw, DiO, E;o, i = 1, 2; C;o and F;0 are already given 

by the relation (11)). Using the method of moments, we will reduce this infinite set to a finite set 

of 8 linear equations. The solution of this set is discussed in the second subsection. 

3.1 The evaluation of boundary conditions 

In the case N = 0 we only have 8 unknowns. Therefore, we do not need the boundary conditions 

for v and (J'r¢· Although v1 is identically zero, this is not so for Ve at r1 = a. However, Ve is an 

odd function in ¢1 , and consequently the zeroth order moment is zero. The same holds for (]'ref>· 

12 



The pressure and the velocities within thread 1 are described as 

(a) 

u1(r1,z,t) = [A10(t)r1lo(krl)- (B10 (t) + ~AlO(t))h(kr!)] coskz, (b) (28) 

(c) 

and within thread 2 as 

(a) 

(c) 

and within the continuous phase as 

2P,c [Dio(t)Ko(krl) cos kz + D2o{t)Ko(kr2) cos(kz- a)], (a) 

[ Dro(thKo(krl) + (E1o(t) + ~D10(t))K1 (kr1)] cos kz 

- [D2o(t)r2Ko(kr2) 

+ (E::lO(t) + ~ D2o(t) )K 1 (kr2)] cos( <P1 + <,62) cos( kz - a), (b) 

[D10(t)r1K1 (krl) + Ero(t)Ko(krl)] sin(kz) 

(c) 

(29) 

(30) 

The coefficents are determined from the boundary conditions at the two interfaces S1 (r1 =a) and 

s2 (r2 a): 

• no slip at the interface 

(u) (w) = 0 on S1 US2; 

• continuity of the tangential stresses at the interface 

(o-z,.) = (p,(~ + ~~)) = 0 on S1 U S2; 

• discontinuity of the normal stresses at the interface due to the interfacial tension 

(a-,.,.) (-p+2p,~~) = o-(Kt +Kz) on Sr USz. 

Substitution of the expressions (28)-(30) into these boundary conditions yields a set of equations 

for the unknown coefficients. We should remark that when we evaluate the boundary conditions 

at the interface, all terms should be expressed in terms of the azimuthal coordinate of reference, 

i.e. at in <P1 and at Sz in <,62. As an example, we will carry out the procedure in detail for the 
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first boundary condition in the 'radial velocity on S1 . Requiring u1 (a, z, t) uc( a, r2, <Pb <P2, z, t), 

we find 

where 

X(t) (alo(ka)- th(ka))AIO(t)- h(ka)B10(t) 

-(ai<o(ka) + %-I<1(ka))D10(t)- I<t(ka)EIO(t), 

[(r2I<o(kr2) + ti<t(kr2))D2o(t) + E2o(t)I<t(kr2)] cos(<P1 + <P2) 

(31) 

(32) 

Here, Y is still written in terms of r2 , <jJ 1 and <jJ 2 , but, as we will show in the sequel, we can evaluate 

r2 and <P2 at r1 a as functions of ,P1 only; therefore Y = Y(<P1 , t). From (31), we note that X 

andY are independent of z. At this point, we conclude that, since (31) should hold for every value 

of z, there only exists a non-trivial solution of (31) for a= 0 or a= 1r. Hence, we only meet with 

the two cases 

l. a 0, which is equivalent to c10(t) = c20 (t), meaning that the threads will disintegrate in 

phase. 

2. a = 1r, which is equivalent to e10 (t) = -c-20 (t), meaning that the threads will disintegrate 

out of phase. 

Both cases are already mentioned in Section 2.1. We then reduce (31) to 

(33) 

where ± corresponds to either a= 0 or a= 1i. 

Next, we continue to express r 2 in terms of r 1 (=a) and </J1 . As an example, we apply relations 

( 1) and ( 26) to the first term of Y in ( 32). Denoting x = kr1 , we then find 

00 

I: I<m(kb)Im(x)cosm<Pi[bcos<Pt r1] 
m=-oo 

00 I: Km(kb)Im(x)[b(cos(m+l).Pl~cos(m-1)<,1>,)- 'l't cosm</Jl]· 
m=-oo 

(34) 

The other expansions, necessary to evaluate the boundary conditions, are given in Appendix A.l. 
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' Rema~: The calculation above contains a correction to the calculation by Knops ([4]), making 

the present approach more consistent than the previous one. Knops assumed cos( <P1 + <P2) ~ cos <P1, 

but we did not need this approximation here. 

Calculating other expressions with the same procedure and then subtituting these expressions 

into (33), we finally obtain the equation 

co 

(u)0 + L (u)m cos m¢1 = 0. (35) 
m:::::l 

Basically, we obtain an infinite set of equations for the coefficients, i.e (u}m = 0 form= 0, 1, 2, · · ·. 

Since we are only interested in the zeroth mode of (35), we approximate this expansion by taking 

the zeroth moment of it, yielding (u)0 = 0, only. For instance, for expresion (34) we thus find 

3.2 Solution for the unknown coefficients (N = 0) 

Evaluating the boundary conditions and taking zeroth order moments, we arrive at the following 

matrix equation for the unknown coefficients: 

(36) 

where the vectors Zt and z2 are defined as Zt = (Aw, B1o, Dw, Ew)T and z2 = (A2o, B2o, D2o, 

and the right-hand side vectors are given by e1 = (0, 0, 0, t:wf and e2 = (0, 0, 0, c:JOf. The ma

trices Mu and M12 result from the boundary conditions at thread 1. In a like manner, matrices 

M21 and M22 result ·from the boundary conditions at thread 2. Simply speaking, to obtain the 

lower part of the matrix M, we just have to change the coordinates referencing to thread 1 to the 

coordinates for thread 2. Hence, M is a symmetric matrix and, moreover, M22 = Mu. Thus, We 

can simplify the calculation as follows. For the case when s1o = e2o, we find 

and for the case when e10 -c:w, we find 

(Mu 
a-(1- (ak)2 ) 

M12)z1 = 
2 

k 2 e1 , and z2 = -Zt-
f.tc a 

The explicit expressions for the matrices M 11 and M 12 are given in Appendix A.2. 

Remark: The matrix M 11 = M22 here is identical to the one found in [4]. However, the entries 

of our matrix M12 are different from those in [4], and they are simpler in that no infinite series 

are involved here. 
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We now derive an expression for the degree of instability q, describing the growth rate of the 

disturbance amplitude. The parameter q determines the behaviour of the breaking up process of 

the threads. 

The displacement ~ of a point of the interface in the r 1-direction is at one hand given by 

~(z,t) = (cto(t) -co)coskz, (37) 

where co = c10 (0) is the initial amplitude, and on the other hand by 

~(z,t) = 1t u10(a,z,r)dr. (38) 

Realizing that u10 (a, z, t) is proportional to c10 (t) (see (28.b) and Appendix A.2), we find after 

some calculations 

cto(t) =co+ U fat c10 (r)dr, (39) 

where 

U = U(k, -y, b)= c
1
o [aAto(O)Io(ka)- (B 10 (0) + ~Ato(O))ft(ka)] . (40) 

Solving the integral equation (39), we obtain 

cto(t) = coexp{Ut}. ( 41) 

Hence, U, or better the sign of U, determines the (in)stability of the breaking up process. The 

dimensionless degree of instability q is defined as 

2J.1-caco 2J.1-ca [ 2 ] q(k, -y, b)= -u-U(k, -y, b)=----;- aA10 (0)10 (ka)- (Bto(O) + kAto(O))lt(ka) . ( 42) 

For q > 0 the disturbances are growing, whereas for q < 0 they damp. For fixed values of -y and b, 

q depends on k only ( q = q( k)). Then, we might search for the value kM of k, such that q( kM) is 

the maximum of q(k). For this value of k the fastest growing will take place. 

We have calculated the degree of instability q, according to (42), for the problem at hand 

for several values of k, -y and b. We denote the degree of instability for the case eta = c2o as q+ 

and for the case eta = -c20 as q_. They correspond with the in-phase and out-of-phase modes, 

respectively. We have calculated the values for the fastest growing of q+ and q_ (H(kM)) as 

functions of the distance b for two values of the viscosity ratio, "/ = 0.04 and "f = 4. For this, 

we first calculated q as a function of k (q = q(k)) for fixed values of -y and b (see the figures 

in Appendices B.1 and B.2). Secondly, for each value of "f, we collected the maximum values 

qM = q(kM) and the corresponding values of b (qM = qM(b)). We then used a spline method to 

smoothen the curve of qM with respect to b. The smoothed curves of qM are shown in figure 4. 

16 



For rate 1)! .,..oouy gamma .. 0 1)4 0.042•,---~--F";...""':...:..:..•'...:.•,...~ty::.;.g•_mma_=~•-~--0.365 .. 
0.36 

0.355 

035 

0.345 

034· 
<t{kM) ...... ·O··· 

0.335 .. , 
0034 

Figure 4: The graphes of the fastest growing q (qM) with respect to the distance b. q+ and q_ are 

respectively denoted by the solid line and dotted line. 

From this figure we can see that for both values of 'Y two regions are present. Each region is given 

by a certain critical value of b, say be. For 'Y = 0.04, be is around 2.08 and for '"'( 0.04, be is 

around 3.61. In both cases of'"'(, q+ is greater than q_ forb< be. This means that the threads will 

break up in-phase forb< be. Forb> be, it is just the other way around, and then the threads will 

disintegrate out of phase. Thus, the behaviour of the breaking up process depends on the distance 

between the threads. If they are 'close' to each other, they will break up in-phase; if they are 

'further apart', they will break up out of phase. 

In the limiting case b --+ oo, when the problem tends to the simple case of one thread, q+ and 

q_ become equal (see figure 4 or pictures forb= 14 in Appendices B.l and B.2). This indicates 

that the threads will break up independently of each other, and then none of the phase relations 

are preferable. The results for the large values of b are in agreement with the results for the case 

of one thread. The limiting values are equal to the limiting values of one thread: for '"'( = 0.04, 

q+, q_ --+ 0.33 and for "f = 4, q+, q_ --+ 0.035. 

4 Conclusions and recommendations 

In this report, we have described a general method to calculate the degree of instability for a 

parallel set of two disintegrating polymer threads, immersed in another polymer. The general 

solution was decomposed into Fourier modes, and the boundary conditions then led to an infinite 

set of equations for the unknown coefficients. This set was truncated at finite N, and the truncated 

set was solved by use of a method of moments. 
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Here, this general method was evaluated in detail for the zocoth order mode (N = 0). The 

approximate solution for the zeroth order Fourier mode leads to relatively simple equations for the 

unknown coefficients. No infinite series are involved in the entries of the matrix of coefficients. The 

behaviour of the breaking up process of the threads is characterized by the degree of instability q, 

which depends on the viscosity ratio 1, the wave number of the disturbances k and the distance 

between the two threads b. For two values of the viscosity ratio, we found a certain critical distance 

be, from which we can determine whether the threads will break up either in-phase or out of phase. 

Our results are qualitatively in correspondence with those of [4], but they differ somewhat in 

quantitative sense, due to the numerical corrections we have achieved. For 1 = 0.04, we found 

that the distance be almost equals two times the radius of the threads. This is of little relevance 

in practice. Then, the threads will more possible to disintegrate out of phase. We remark that in 

[4], no be at all is found for this 1 value. For 1 = 4, the value of be is of much greater practical 

relevance, and in good correspondence with the results of [4]. We found here a relevant domain for 

values of be in which in-phase breaking up occurs. This is in accordance with experimental results 

reported in [4] (see [4], figure 3.5). We also found that the present limiting value of the degree of 

instability q is more consistent with the case of one thread than those in [4]. 

For future research, we suggest to examine the solution up to and including the n-th order 

Fourier modes (N 2: 1) to answer the question how consistent our solution procedure is, and how 

accurate our numerical results are. 

Acknowledgement 

Many people have encouraged me to do this research. I would like to thank Dr. J. Molenaar and 

Dr. Ir. A.A.F van de Ven for their patience to supervise me, EPAM and P4M-ITB for giving me 

the opportunity to do this research and to CICAT-TU Delft (especially Mr. Durk Jellema) for 

helping me to make life easy in Holland. Thanks also to Daniel Chandra for his support. 

References 

[1] C .J. TRANTER, Bessel Functions with Some Physical Applications, The English U niv. Press 

Ltd, London, 1968. 

[2] S.TOMOTIKA, On the Instability of a Cylindrical Thread of a Viscous Liquid surrounded by 

Another Viscous Fluid, Proc. Roy. Soc. A, 150, 322-337, 1935. 

[3] S.TOMOTIKA, Breaking up of a Drop of Viscous Liquid Immersed in Another Viscous Fluid 

which is Extending at a Uniform Rate, Proc. Roy. Soc. A, 153, 302-318, 1936. 

18 



.. [4] Y.M.M. KNOPS, Morphology Development in Polymer Blends: The hydrodynamic interaction 

between disintegrating threads, Final Report of the postgraduate programme Mathematics for 

Industry, SAl, Eindhoven University of Technology, Eindhoven, 1997. 

A Appendix 

A.l Some expressions related to the addition theorem for Bessel func

tions 

Below, some relations for Bessel functions which are used in evaluating the boundary conditions 

are given. The prime denotes derivation with respect to r1 and x = kr1. 

00 

I: Km+l (kb)Im (x) cos(m + 1)¢1 
m=-oo 

00 

I: I<m+l(kb)Im(x)[bcosm¢1- r1 cos(m + 1)¢1] 
m=-oo 

00 

I: Km(kb)lm(x) cos m¢1 
m=-oo 

00 

I: ki<m(kb)I:n(x) cos m¢1 
m=-oo 

00 

I: ki<m+1 (kb)I:n(x) cos(m + 1)¢1 
m=-oo 

00 

I: ki<m+l (kb)I:n (x )[b cos m¢1 - r1 cos(m + 1)¢1] 
m=-oo 

00 

- I: I<m+l(kb)Im(x)cos(m+ 1)¢1 
m=-oo 

m=-oo 
00 

- I: Km(kb)Im(x)cosm¢1 
m=-oo 

A.2 The matrix coefficient for the zeroth order 

The matrices in (36) are given by 

ylo(y) -2ft (y) -kh (y) -(yKo(Y) + 2K1(Y)) -kKl(y) 

-yh (y) klo(Y) -y/{1 (y) -kKo(Y) 
Mn = 

-2--tylf(y) 2"'(kl1 (y) -2yKf (y) 2kK1(Y) 

i(Yh(y)- 2IUy))/k -"'(!{ (y) -(2KUy)- yKl(y))/k -Kf(y) 
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0 0 (kbKt(kb)ft(y) yKo(kb)Io(y) + 2Ko(kb)ft (y)) kKo( kb )It (y) 

0 0 -(kbK1(kb)Io(y)- yKo(kb)ft(y)) -kKo(kb)Io(Y) 
M12 

0 0 -(2kbKt(kb)ft(y)- 2yKo(kb)Io(Y) + 2Ko(kb)ft(y)) -2kKo(kb)ft(y) 

0 0 -(yKo(kb)ft(y) kbl\1 (kb)Il(y)- 2Ko(kb)IHy))jk K0(kb)If(y) 

where y ka, 1 = P.d/ fl.c, If (y) = lo(y) ft(y)jy and Kf(y) = -Ko(Y)- Kt(Y)fy. 

B Appendix 

We plotted here some graphes of the degree of instability q with respect to the wave number k for 

r = 0.04 and 1 4. Each maximum value of q is then collected to result the picture 4. The solid 

line, the dotted line and the horizontal line respectively represent q+, q_ and the limiting value of 

q for one thread. 

B.l The graphes of the degree of instability q with respect to the wave 

number k, for 'Y = 0.04. 
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B.2 The graphes of the degree of instability q with respect to the wave 

number k, for 1 = 4. 
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