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I. Introduction 

Compression of a solid disk leads to elastic deformtions of the punch 

and die, especially in case of small height-diameter ratios. It will consquently 

affects the accuracy of the geometry of the products, and sometimes, it makes 

it impossible for the workpiece to expand because the surface of the die under 

compression becomes concave and the centripetal component force increases 

rapidly. If the deflection w in the z-direction ( See Fig.1 ) is known before 

die-making, the surface of the die can beforehand be proccessed by making a 

compensation w which equalizes the deflection w on the surface under the 

compression. In that way, the production can be carried out easilier and more 

accurately. However, first of all is to determine the deformation on the 

surface. 

without 
compensation 

end
urface 

die 
with 

compensation 

ru.rlace 1 end-

------- w ------
.. ~ .. - ~ starting-

I "-...surface 

Fig. 1 Comparing the dies with and without compensation 
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In general, there are compressive and friction forces on the surface. 

Using the "constant friction" model T fr = ;; (J' J and applying 

"slabmethod" on the disk gives 

( 1 ) 

where (J' z is the stress in the .a-direction, (J' J the yield stress of material of 

the workpiece, m the friction coefficient, and h the thickness of workpiece. 

It is assumed that the contribution of the friction T fr to 'W ( See Fig.2 ), 

the deflection in the .a-direction, is very small, and can be omitted. The main 

effect is caused by vertical force f = f ( r), which, from Eq.(l), acts on the 

surface of the die in a cone-shaped distribution, fe being on the edge of the 

loaled circle and fc at the centre. In this case, the load acting on the die can 

be considered as the combination of two parts. One is the uniform load 

( la) 

...... --<die- _. --. 
'>4a 
r 

~ 
I Tfr 

........ ---- ............ 0 ..... -.... ...... _..._ 
h 

f 
~~ workpiece 

e 
............. :..-' 

...... ~ ..... 

2 • Ie a I 
I 

Fig.2 The distribution of forces on the die 
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the other, a cone-shaped load 

92 = 9c-ge 

= ~ (+)t7/(l- ~ ) 

= 90(1-k) 

where 90 = ~ <+)t7j and k = rIa. 

3 

( Ib) 

This paper is going to determine the deformation wof the surface 

produced by the compressive forces, by superposition of the contribution w1 

produced by uniform load 91 and the contribution w2 produced by 92' that is, 

( 2 ) 

In the following sections we will review some general solutions of the 

linear-elastic problem and develop them to solve our project. 

II. A Review of Related Equations and Solutions 

The project mentioned above is a space axisymmtric problem, in the 

cylindrical coordinate system, the deflections and the stresses are only 

depended on the z- and r-directions. 

The basic equations of a space axisymmtric problem are 

1 • 8e 2 _ 'U _ 
1-211 or + V 'U -;:r- - 0 < 3a) 

1 8e 
.-rr,;- + V2w = 0 1-211 (/;(, ( 3b ) 

where u and ware the displacements in 1'- and in z-direction, and e the atrain 

of volume 
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and V2 is the Laplacian operator 

V2 82 1 8 82 

= 8r2 + ---':-"--U;:- + (JZ 

4 

There are two components of deformation in Eqs.( 3). Applying a 

suitable deformation function ,= (r,z), which satifies V4=0, there are the 

relations between deformations and (below: 

u=--lu-.~ ( 4a) 

1 82 
W = 2G [ 2(I-v)V2 - 8Z2 ] ( ( 4b ) 

where G = 2( f +v) , where E and v are the Young's modulus and the 

Posson's ratio of the die material. 

Therfore, the expressions of stress components are 

ur = -Iz-< vV 2 - /:.2 ) ( ( 5a) 

8 1 8 un= -jz{ VV2----,:-or-)' ( 5b ) 

(5c) 

( 5d ) 

For the problem of a concentrated force P on the boundary of a 

semi-infinite body ( See Fig.3a ), Love's deformation function, is suitable, 

which is 

( 6 ) 

where R2=z2+r2, At and A2 are contants determined by boundary conditions. 

Substitution of function ( 6 ) into Eqs.( 4 ) and ( 5 ) gives the 

deformation expressions 
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z ( b) 

Fig.3 A concentrated force on the boundary 
of a semi-infinite body 

1 [A rz r] 
u = 2'('j 11(3 + A2 R{R+z) 

w=-iu-[A1(-;-+ 3-i" )+Ar-irJ 
and the stress expressions 

(J - A [ (1-2,,)z _ 3r 2z] + 
r- 1 R3 R5 

A (1-2,,)z A 1 
(JO = 1 R3 + 2 R{R+z) 

(J - -A [ (1-2,,)z + 3z 3 
] - A~ 

z - 1 R3 R5 - .n;" 

5 

( 7a) 

( 7b ) 

(8a) 

( 8b ) 

( 8c) 
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_ A[ (1-2v)r + 3z2rl A r ,. zr - - 1 R3 R5 - ~ 

6 

(8d) 

The stress boundary conditions on the area out of the origin 0, the 

point P acts on, are 

(1zlz=o = 0 

,. zrlz=o = 0 

( 9 ) 

( 10 ) 

and the equilibrium in 2HDrection of the upper part of the semi-infinite body 

( See Fig.3b ) gives 

( 11 ) 

The stress boundary condition Eq.( 9 ), from Eq.( 8c ), satisfies 

naturally. Subsitutions of Eq.( 8d ) and ( 8c ) into ( 10 ) and ( 11 ) give the 

contants 

I 
At = 2'7rP , A 1-2v P 

2 = - 2?r ( 12) 

Therfore, the solutions of deflection, from Eqs.(7a,b), are 

( 13a) 

( 13b ) 

The vertical displacement at the point far enough from 0 on the 

surface, where z=0, from Eq.( 13b ), is 

wi = (I-v}) . p 
Z=o ?rEr 

( 14) 

This is the very important conclusion for us to solve the problem. It 

shows that the product wris a contant on the boundary. At the origin the 

displacement becomes infinite. We, according to Saint-Venant principle, 

imagine the concentrated force P is replaced by statically equivalent forces 

over a hemispherical surface of small raduis around the origin. 
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III. The Deflection of a Uniform Load Distributed 

over a Circle Aera 

7 

Having the solution for a concentrated force acting on the boundary of 

a semi-infinite body, we can, using superposition, find the displacement 

produced by a uniform load q1 and cone-shaped load q2 distributed over a 

circle area. First, we discuss the deflection produced by q1' 

1) The Deflection at the Point within the Loaded-Circle 

Assuming a point C at the distance r away from the centre of the 

loaded circle ( See Fig.4a ), and taking a small element dF~so d\Oo ds within 

Fig.4 A uniform load distributed 

over a circle 

(b) 



Elastic Deformation of Punch and Die 
During Disk Forging Process 8 

the loaded area, then the load on this element is dP = q1" dF = q1" s" dcp" ds. 

The corresponding deflection at point C, from Eq.( 14 ), is 

dw = 1-112 .dP 
'I'Es 

The total deflection at point C will be obtained by integration, 

w= fA dw 

( 15 ) 

( 16 ) 

where A is the whole area loaded by ql which is a contant value. As the point 

Cis within the circle, or r ~ a, Eq.( 16 ) becomes 

'I' 
1_112 ('I. r 

w = 'I'E qd 2 Jo dCPJs ds] 

wher S is the length of chord 1JN , that is, 

;; = 2aj 1-(r2/a2)sin2cp 

Finally, the deflection at the point Cin Mirection becomes 

(1 E1I2) w = qta).1 

where the parameter 

where k = r/ a. Eq.( 19 ) can be rewritten in series form 

( 17 ) 

( 18 ) 

( 19 ) 
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( 19a) 

The result of parameter >'1 will be listed in Tab.l and shown in Fig.6. 

The maximum deflectipn, of course, occurs at the centre of the circle, 

so substitution of r=0 in Eq.( 18 ) gives 

10 - 2(1-v2) q a 
max - E 1 ( 20 ) 

At the point on the edge of the loaded~rcle, substitution of r=a in Eq.( 18 ) 

gives the deflection 

10 = 4(1-v2) qla a 'irE ( 21 ) 

2) The Deflection at the Point out of the Loaded-Circle 

If the point Cis out of the circle ( See FigAb ), that is, r>a, Eq.( 16 ) 

becomes 

(22 ) 

where CPt is the maximum value of cP , that is , the angle between r and the 

tangent to the circle. From the figure, there is the relation 

from which 

a-sinO = r-sincp 

a cosO dO 
r coscp 

a cosO dO - --;::::::======
r j l-{a2/r2)sin20 

(23 ) 

(24 ) 
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Substitution of ( 23 ) and ( 24 ) in ( 22 ), remembering that (J varies from 0 to 

+ when I{) changes from 0 to 1{)11 gives 
'II" 

w= 4( I-v2
) {'i_-;=a=2=co::::::s=2()::::::d=(J==-::-rE QlJo 

r j 1-(a2/r2)sin2(J 

(25 ) 

where the parameter 

(26 ) 

where kl=a/r (r>a). The integrals in this expression are known as complete 

elliptic integrals, and their values for any value of kl can be taken from tables. 

For convenience of computation, Eq.( 26 ) can be written in series form, 

1=2 j"l j=l 

The result of At will be listed in Tab.1 and shown in Fig.61ater, where 

k=1/k1=r/ a. 

IV. The Deflection caused by a Cone-Shaped Load 

Distri buted over a Circle Area 

(26a) 

The deflection caused by a cone-shaped load distributed over a circle 

area can be obtained by a similar way as mentioned above ( See Fig.5). Since 
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G 

z 

. r 

( a) 

d F:'I - rsincp d rg - '12 cos 2a Q 

Fig.S A cone-ihaped load distributed 

over a circle 

11 

( b) 

the load '12 is not a contant value, it will be depended on the distance r away 

from the centre, or '1= q(r) = qo{1-k), where k=r/a and ~a. 

1) The Deflection at the Point within the Loaded-Circle 

Assuming the point C, at the distance r away from origin 0, is within 

the circle, or ~a, taking a small element in the loaded circle, from Eq.( 16 ), 

the deflection 

11" 
1-112 r"'I, r 

w = 'fiE [2 J o dCPJ:; q2ds] ( 27 ) 

where s is the length of chord 'JlN, and '12 the load distributed on the area dF, 

'I - 'I ( 1 -10 sincp ) ( 28 ) 
2- oCOSQ 

In Eq.( 27 ), the second integral Is q2ds is the area of the segment of the 

circle, which is the load section cut by 'JlN vertically. It is 

Fq = Is q2ds 
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_ ral 
( _ sintp) rsintp d 

- 2 Jo qo 1 /g cosa cos 2a a 

12 

= 2qo rsinf/)tga1 - qokrsin2tp[ ~~~ ~l + In( co! at • tg( 1)] 

where al is the haH of the angle between OM and ON, which is 

a1 = cos-1(Asintp) 

Substitution of it in ( 29 ) gives the area of segment section, 

F = goa.! l-k2sin2tp + qokrsin2tp In k sintp 
q 1+" l-k2 sin2tp 

Therefore, substituting ( 31 ) in ( 27 ), we find 

I-v2 
W= E qoaAo 

where the parameter 

(29 ) 

( 30) 

( 31 ) 

(32 ) 

(33 ) 

The first item within the square brackets in Eq.( 33 ) is a complete 

elliptic integral, and its value can be obtained from table. The value of the 

second item can be obtained by numerical integral method. However, the 

maximum deflection occurs at the centre, or r=0, 

I-v2 
wmax = E goa 

and the deflection at the point on the edge, or r=a, 

'Ir 

wi r=a = 1;1;2 qoa[ 2+ fo"fsin2tp In l~~:~ dtp ] 

( 34 ) 

(35 ) 
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or, by numerial integral, it approximattes 

I 
I-v2 

W 1'=4 ~ 0.37184 E qoa 

2) The Deflection at the Point out of the Loaded-Circle 

If the point Cis out of the circle, or r>a, Eq.( 27 ) should be 

I-v 2 rf()l.r 
W = wE [2 J 0 df() J'S q2ds] 

and Eq.( 32 ) with ( 23 ) and ( 24 ) becomes 

I-v2 
W= E qoaAo 

where the parameter 

w W 

13 

( 35a) 

(36 ) 

(37 ) 

2kl [rf cos2fJdfJ (Y sin 2fJcosfJ 1 s infJ dfJ~ 
Ao = w J~ + J~ n l+cosO 

o J l-kisi n20 0 J l-kisin20 

( 38 ) 

where kl=a/r. The result of Eq.( 38 ) will be listed in Tab.l and shown in 

Fig.6 below, where k=1/kl . 

Tab.1 The parameters Al and Ao of w 
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00 
0.0 

05 1 0 
k=r/a 

1.5 2.0 2.5 

/ ~ one shop d lood 

~ 
V 

/ 
v---

'/I., -- u .iform loo( 

il 

0.5 

A 1.0 

1.5 / ! 

------
V W=A (1 _1-2 ) qa/ E i 

2.0 

Fig.6 The parameter ). of W 

V. The Total Deflection 

14 

3.0 

Having the deflection produced by a uniform load and a cone-shaped 

load, we can easily superpose them and get the total deflection on the surface 

of the die. That is, 

( 2 ) 

where Wi is the deflection in the z-direction produced by the uniform load and 

w2 produced by the cone-shaped load. 

From Eq.( 1 ), the load function can be divided into two parts, one is 

the uniform load fl = ai' and the other f2= ~ (+)aj 1- ~ ), which 

is a cone-shaped load and is written as f2 = fo(1-k), where fa= ~ (+)0'1 

and k=r/ a (~a). Substituting qi into Eq.( 18 ) and ( 25 ), they may have the 

same expression 

( 39 ) 
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Rewritten in dimensionless form, it becomes 

WI (1/. a n-= (l-v2)(-g-)(-X-).\1 

15 

( 40 ) 

where the parameter ),1 can be taken from Tab.l and Fig.6 or calculated by 

Eq.( 19 ) or ( 26 ) according to the distance r whether within or out of the 

loaded circle. Substitution of qo into Eq.( 32 ) and ( 37 ), they may also be 

written in the same expression 

1-v2 
w2 = E qoaAo 

= I-v2
• 2m (+)(1IAO 

E .f'J " 
( 41 ) 

Rewritten in dimensionless form, it becomes 

w2 (1/ 2m a n- = (1-v2)(-g-) .f'J (-X-)2AO ( 42 ) 

where the parameter AO can be taken from Tab.1 and Fig.6 or calculated by 

Eq.( 33 ) or ( 38 ) according to the distance r whether it is within or out of the 

loaded circle. 

Substitutions of Eqs.( 39 ) and ( 41 ) into ( 2 ) give 

1-v2 2m a 
W= E (1f[A 1+.f'J (-X-P·o] ( 43 ) 

also, combination of Eqs.( 40 ) and ( 42 ) gives 

r(l-V.)(--;t-)(+)[>., f ~ (+)>'0] ( 44 ) 

Asumming the material contants of die E 210000 N/mm2, 11=0.3, the 

yield stress of steel (1 r600 N/mm2, of aluminum (1 r120 N/mm2, the results 

are listed in tables from Tab.2 to Tab.6 and shown in figures from Fig.7 to 

Fig.9, where 'ss' means the materials of die and workpiece are both steel, and 

'sa' the material of die is steel and workpiece is aluinum. 
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Tab.2 The relation between wI h and k 

8S : stool-6teel sa : stool-aluminum 

( a) hI a=0.001 m=0.00 

( b) hl4=0.001 m=0.20 

16 
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00 
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Fig.7a The relation between wI h and k 
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Tab.3 The relation between wI hand k 

( m=O.20 with hla=O.025,O.050,O.075,O.100 ) 

ss:stee1-titee1 sa:steel-aluminum 

18 



Elastic Deformation of Punch and Die 
During Disk Forging Process 

00 
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Fig.Sb The relation between wlh and k (steel-aluminum) 
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Tab.4 The relation between Wmaxl h and hI a (r/ a=O) 

20 



Elastic Deformation of Punch and Die 
During Disk Forging Process 

Tab.5 The relation between wI h and hI a (r/ 0.=0.5) 

21 
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Tab.6 The relation between wlh and hI Q. (rl 4=1.0) 

22 



Elastic Deformation of Punch and Die 
During Disk Forging Process 23 

0.000 0.025 
h /0 
0.050 0.075 0.100 

1 0 -'-t--'---'----'---L..--t----'-----I...-.J.---J-I--'--.l.--..J...--'---t---'---'---'---'--i 

• m=O.OO 

w/h 
10~~~-----+--------~ • m=O.05 

.. m=O.20 

+ m=O.50 

r /0=0.0 
103~--------~------------------------------~ 

steel- steel 

Fig.9a The relation between Waaxlh and hl4 (ss, k-=O.O) 

• m=O.OO 

w/h 
10~~~----_+--------~ • m=O.05 

.. m=O.20 

102~--------_+ __ --__ --~ 
+ m=O.50 

r/o=0.5 
103~---------L ____ --________________________ ~ steel-steel 

Fig.9b The relation between wlh and hl4 (ss, k-=O.5) 
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Fig.9c The relation between wIll, and hI a (ss, k=l.O) 

0.025 
h /0 
({050 

• 

• 

+ 

0.075 

m=O.OO 

m=O,05 

m=O.20 

m=O.50 

0,100 

r / 0=0.0 steel-aluminum! 
102~--------~ ________________________________ _ 

Fig.9d The relation between Waulh and hI a (sa, k=O.O) 



Elastic Deformation of Punch and Die 
During Disk Forging Process 25 
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VI. The Critical hI a for the Die with 

Certain Size without Compensation 

26 

The surface of the die without compensation will deflect into 

concaved-shape, therefore, the upper and lower dies under compression will 

first contact each other at the point on the edge. This makes it impossible for 

the dies to move any more, and the ratio of hI a has the minimum value called 

critical of hI a. So there is the necessity of determining the minimum value of 

hI a. for the die with a certain diameter 2Rd ( See Fig.lO ). 

According to the analysis above, the maximum deformation occurs at 

the centre, and the combination ( 20 ) and ( 34 ) with ql=q f and 

2m ( a.) . 
qo .f'S r;:- q f gIves 

wmax= lE1I2[ 2+ ~ <+)]q f < 45 ) 

Fig.lO The difference of deflection between the centre and edge 
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The difference of deformation between the centre and a certain point is 

( 46 ) 

Substitution of ( 45 ) and ( 43 ) into ( 46 ) follows 

1-l/2 2m a ) 
Aw = E [(2-AJ+ I'J (--n)(I-Ao Ju f ( 47) 

From Fig.lO, the difference of the deflection between the centre and the 

edge Aw must be less than or equal to h12, i.e., the critical point is 

llw 1 
h =,- < 48) 

so we get the condition equation 

that is, 

lE'2 [(2-A 1)+ ~ <+)(I-Ao»)u j+)~+ 

(l-v')(--;,t-) ~ (Ho)(+)' + (1-v')(--;,t-)(2-A,)(+>--+-o 

( 49 ) 

Solving this quadratic unequal equation and taking the real solution, we get 

the critical ratio of hI a, the reciprocal of the unkown (+) in Eq.( 49 ) 

2B 

! ~ { 2A 

_B+jr-B- 2-+-2A-

(m= 0) 

(m f 0) 
(50 ) 

For a die with a certain size, the different frictional coefficients gives 

different critical ratios of hI a, the results of the critical ratio of hI a are listed 

in Tab.7 and shown in Fig.n. AVOiding contact between the edges of the 

upper and lower die means that the ratio of hI a must be larger than the value 
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given in the table or figure. 

Tab.10 The Critical Ratio of hI a 

0,060 ..,.----__ ,-----.,-----......-------,------, 

0,050 -+----=-...:...L~r_=:=---+----+---_=..4;.:;;.....::::::----l 

0,040 -t-------1r------+---:::~;;;.__:::-+-----+-----; 

o 
~oo~,o -+-------1~~~--+----+-----+-----l 
.r: 

0,020 rj~~lr-----±:::~;;f~~---=1~~===~l 
-- steel-al mlnlum 

0,010 -tr"----:::lIIII"'-O;'------+-----+-----+-----l 

° ,000 -h--'-'-"--'--T""T""r-r-!...,...,...,...,.-,-,-..........--'+-,...,...,r--r-t..,..,...,....,...+"-,.....,-.-.-.-r-r-r+""""T"'T'",..,...,rr-r--I 
0,00 0,10 

m 
0,20 0,30 0.40 

frictional coefficient 

Fig.ll The critical value of hI a 

0,5(' 
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The results mentioned above are based on the assumption that die and 

punch are semi-infinite boundary bodies. In fact, the die or punch has a 

limited size, therefore, there must exist difference from the reality. However, 

from figures shown above, the difference between the points where the ratio of 

rl a is large enough, for example, rl a > 2, is comparatively small. Therefore, 

we may conclude that the results obtained above are very practical. 

Now, we can draw out the following conclusions: 

1. The surface of the die and punch under compression deforms 

according to 

I-v2 2m a 
10= E UtfA 1+.jJ (-r)AO] 

2. To increase the precision of the product geometry and make 

production going easier, deformation of the surface of the die and punch, 

especially those for the steel product, shoud be compensated by 

10=-10 

3. Depending on the friction factor m and the combination of the 

material of workpiece and die critical values of hI a are found, near which 

upper and lower die contact each other at the edge, further compression is 

impossible. 

4. The load function ( 1 ) is determined applying the slabmethod and 

assuming the upper and lower surface of the workpiece to be plane-parallel. 

Doing so the influene of the deformation of the die on the forming process of 

the disk is neglected. Taking this into account means that the radial 
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component of the contact pressure, which is caused by the slope of the w( r) 

curve, should be incorporated into the equilibrium of the slab and therefore 

inflence the load function. The latter again gives another deformation of the 

die surface and so on. Among other things, this will be the subject of 

following studies. 
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