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ON KINEMATICAL RELATIONS OF SPATIAL FRAMED 
STRUCTURES 

Faculty of Mechanical Engineering, Eindhov~ University of Technology, Den Doiech 2, P.O. Box 513, 
5600 MB Eindhoven, The Netherlands 

Ah&act-In three-dimensional space the non-commutative nature of finite rotations complicates the 
formulation of incremental equilibrium equations, capable for handling large rotational increments. The 
rotation matrix can be expressed in concise and elegant form as an exponential of a skew-symmetric 
matrix, a result which can be deduced by arguments based on Lie’s theory of groups as is done in quantum 
mechanics. Keeping in mind that the kinematical relations for an updated incremental finite element 
formulation are sought, the rotation matrix can be expressed as a series expansion in which higher order 
terms than quadratic can be omitted, if small incremental rotations are assumed. In this paper the 
shortcomings of using a linear rotation matrix in deriving the ~~~~ equations of spatial beam 
structures are discussed. Stability problems are considered especially. The resulting discretized non-linear 
equilibrium equations are solved using Fried’s orthogonal trajectory method, which allows easy handling 
of bifurcation and snap-through instability points. Numerical examples of lateral buckling analyses of 
beams are presented. 

NOTA~ON 

cross-section area of a beam 
strain displacement matrix 
material model matrix 
vector of generalized strains 
Green-Lagrange strain tensor 
polar moment of inertia, Ip = Iy + Z, 
identity matrix 
incremental stiffness and rotation matrix 
initial stress, i.e. geometric stiffness matrix 
torque (moment about x-axis) 
bending moments about y and z-axes 
axial force 
row matrix containing shape functions 
shear forces 
nodal point displacement vector 
position vector of a beam axis 
internal force vector 
second Piola-Kirchhoff stress tensor 
~m~nents of the second Lola-Ki~hhoff 
stress tensor 
displacement vector 
displacement components relative to x-, y- 
and r-coordinate axes 
position vector 
vector in the cross-sectional plane 
Lagrangian coordinates in reference configur- 
ation 

Greek symbols 
Yxy 9 Yxz shear strains 
d variation 
f axial strain 
XX twist 
K Kz 
d’ 

bending curvatures 
rotation matrix 

I: vector of stress resultants 
Q finite rotation pseudovector 

~Pe~~~t address: Department of Structural Engin- 
eering, Helsinki University of T~hnology, Rakenta- 
janaukio 4A, SF-02150 Espoo, Finland. 

Cartesian components of the Bnite rotation 
vector Q, or ~~~~ components ro- 
tations about n-, y- and z-axes 
warping function 
rotator 

centroidal 

Superscr@ts 
‘6) 

;‘;’ 

reference caption 
co~~tion near to reference state 

.T transpose of a matrix 

INTRODUCTION 

The earliest numerical analysis procedures for the 
non-linear response of space frames were based on 
the beam-column theory, where the effect of axial 
forces on the behaviour of the member is taken into 
account. In these approaches the tangent sti&ess 
matrix is formulate4i using the exact solution of the 
differential quation for a beam-column. In some 
special cases this approach will give excellent results, 
but in cases where the axial forces are small or the 
cross-sectional moments of inertia differ greatly, i.e. 
in lateral buckling problems, the analyses of space 
structures with the beam-column elements do not 
give ~tisfacto~ results. 

Also the non-commutative nature of finite ro- 
tations in three-dimensional space complicates the 
formulation of incremental equilibrium equations, 
capable of handling large rotation increments. 
Several studies for handling the large rotation effects 
can be found, e.g. Argyris er al. [I}, Argyris 121, Simo 
and Vu-Quoc [3], Cardona and Geradin [4], Dvorkin 
et al. [A, Friberg [6, 7j1. Argyris et al. [IJ introduced 
the ~-~g~ti~ rotation concept. In contrast 
to rotation about fixed axes, these semi-tangential 
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rotations, which correspond to the ~~-tan~ntial 
torque of Ziegler [S], possess the property of being 
commutative. Simo and Vu-Quoc [3] have developed 
the configuration update procedure which is the 
algorithmic counterpart of the exponential map. In 
this approach the tangent operator is non-symmetric 
in non-equilibrium configuration but the symmetry 
is shown to be recovered at equilibrium provided 
that the loading is conservative. Cardona and 
Geradin [4] used the rotational vector to parametrize 
rotations. They treated Eulerian, total- and updated- 
Lagrangian fo~ulations. Large deflection finite el- 
ement formulations have been presented by, e.g. 
Belytschko et al. [9] and Bathe and Bolourchi [lo]. In 
these studies the non-linear equations of motion were 
formulated by the total Lagrangian or by the updated 
Lagrangian approach. In large deflection problems of 
beams the updated formulation has been found to 
be more economical and convenient than the total 
Lagrangian formulation [4, IO]. Recently Sandhu 
et al. [ 1 I] used a co-rotational formulation in deriving 
the equations of equilibrium for a curved and twisted 
beam element. 

In this paper an incremental updated Lagrangian 
formulation is presented. The rotation increments are 
assumed to be small; however, there are no limi- 
tations to the magnitude of the total rotations and 
displacements. Linear shape functions are used for all 
displacement quantities, Higher order interpolation 
can also be used resulting in a subparametric element, 
since the geometry is interpolated by linear shape 
functions. However, in geometrically non-linear 
problems the geometry description is important and 
subparametric elements are not computationally 
efficient. 

KINEMATICS OF A BEAM 

Deformation of a straight beam? with a solid 
cross-section, which is undeformable in its plane is 
studied.: An updated reference configuration of a 
beam is described by the radius vector ix = ‘r + ‘y, 
where ‘r(x) characterizes the materiaf point of the 
centroidal axis of a beam, and ‘y = [O, Y, z]r lies in the 
cross-sectional plane. In an adjacent configuration, a 
material point is described by a vector r(x) and a 

t In this study the geometry in the finite element pro- 
cedure is interpolated by linear shape functions. Thus, the 
kinematics of a straight beam can be considered. 

t The effect of warping is added later. 
6 In general, the displacement assumptions for beam and 

shell finite element models can be written in the following 
form u = u, -t g(R), where g is a nor&near function of 
rotations &I and a, displacement vector at the middle line of 
a beam (or the middle surface of a shell). 

f[ It should be noted that the components 4, J/ and 0 of 
the finite rotation pseudovector are not component ro- 
tations about fixed orthogonal axes. It is also worth men- 
tioning that the finite rotation vector does not operate 
commutatively, hence it is called a pseudovector. 

tt Here V is the gradient operator with respect to the 
reference configuration. 

function B(x), an orthogonal matrix operating on ry, 
defining the rigid rotation of the cross-section at x. A 
material point in an adjacent configuration is thus 
defined by 

x = I + E ‘y. 

The displacement vector II is then$ 

u=x- lx = II, + (E - I)‘y, (1) 

where u, = r - ‘r is the tr~slation~ displa~ment 
vector 

4 
n, = v, . 

H WC 

The rotation matrix can be expressed in concise 
and elegant form as an exponential of the skew-sym- 
metric matrix 

5 = exp(Q), ._!pi ; ~~~. 

a result which may be deduced by arguments based 
on Lie’s theory of groups as is done in quantum 
mechanics [2]. Cartesian components 4, $, 0 define a 
so-called rotational pseudovector 

CP = w dir 47; 9 = ilcp !I = JW + tp + ez). 

Expanding the rotation matrix B as a Taylor series 
of 8 

5=exp(~)=I+n+~~‘+..-+~8”+,.., 

and inserting it into the expression of the Green- 
Lagrange strain tensor 

B = f[Vu + (Vu)’ + vu . (vu)3, 

where Vu is the displacement gradient,~~ gives 

I = f[Vu, +A (y, z) vn 

+&(y, z)O * VQ +.hty, z)Q2 

+ higher order terms of 52 + (VU,)’ 

+f4(y, r)tVW 

+f5(y, 2)(8 . v~)r+~(Y, r)Q2 

+ h.o.t. of f2 + Vu,. (Vu,)’ 

+.&(y, r)Vn, . (VW 

+fs(y, z)VQ ’ (vn,)r+fb(Y, a)VJI ’ (Va)r 

+fiO(y, z)n* + h.o.t. of SI, (2) 
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where notationf;(y, z) means: function of y and z. If where the stress resultants N, QY , QZ, h4,, MY and M, 
only the linear part of the rotation matrix are defined by 

% =exp@)xI+fl (3) 

is used, then the underlined quadratic terms in the 
Green-Lagrange strain (2) will drop out, so resulting 
in an inconsistent linearization of the incremental 
strain in the virtual work equation. Keeping in mind, 
that the kinematical relations for an updated incre- 
mental finite element analysis are sought assuming 
small rotation rp, the truncated form of the rotation 
matrix 

S =exp(~)~I+~+$l* (4) 

is sufficient in formulating the consistently linearized 
equilibrium equations. Rotations 4, $, 6 can then be 
interpreted as component rotations about updated 
Cartesian axes x, y, z. 

N= S,dA, 
s 

M, = (S,Y - sx,z> d-4 
A s A 

Q, = sx,dA, 
s 

M,,= 
s 

S,z dA, 
A A 

Q, = LdA, 
s 

M, = ‘S,y dA. 
A 5 A 

The generalized strain measures, the elongation L, 
at the cross-section centre, the shear strains yW, yXZ, 
the twist per unit length rc, and the bending curva- 
tures rev and K, are defined by equations, consistent 
with the kinematical assumptions (7) 

The kinematical relations (1) now have the form 

24 =&-(B -#)y +(JI +i@)z, 

v=o,-$~*+e*)y -(4 -f$ejz, 

w= w,+(& +f$e)y -#*++*)z. (5) 

Equations (5) were obtained by assuming that the 
cross-section remains planar during the deformation. 
However, warping displacements take place when the 
cross-section of the beam is twisted. The warping dis- 
placement is assumed to depend on the derivative of 
the angle of linearized twist [17] according to equation 

In this case the term u: has been neglected in the 
expression of axial strain. 

The vectors of stress resultants and generalized 
strains are denoted by Z and e, respectively as 

a, = -NY. Zb#J,X~ (6) 

where o is the warping function which depends on 
the cross-section shape. Combining eqns (5) and (6) 
the kinematical relations for displacement com- 
ponents are 

The constitutive law can be written in an incremental 
form 

a=~(6 -$PW +(IL +fde)r -d~,~)d+ 

u = V, - $42 + e*jy - (4 - f$ejz, 

~=w~+(~+f~e)y-~~*+~*)~. (7) 

A SD TIMOSHENKO BEAM ELEMENT 

The virtual work expression for internal forces can 
be formulated using stress resultants and the corre- 
sponding generalized strain quantities 

s 
2Y:6(26) dI’ = 

V s 

‘fN6(*r,) 
0 

AZ =CAe. 

In the elastic case, C contains the axial rigidity, the 
shear stiffnesses, the torsional rigidity and the bend- 
ing stiffnesscs. 

In non-linear structural FE analysis the most im- 
portant part is the internal force vector, which is 
calculated by using the formula 

I 

L 

‘R = BnT dx, c-9 
0 

+ ‘Q, ~*YJ + *Qz S(*Y,) 

+*Mxs(*K,)+*MyB(2Ky)+*M~8(*K,)]dx, 

where B is the strain-displacement matrix obtained 
by the relationship between the virtual nodal point 
displacement vector and the virtual generalized 
strains 

6e=B8q. 
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For further details see refs [12] or [ 131. In conven- 
tional buckling or continuation algorithms the stiff- 
ness matrix is also needed and the non-linear 
contribution of it has the form 

0 0 0 0 IL, IL 

K, 0 KG,, 0 0 

K GWW I&w+ 0 0 , 

KG+, KGN K 0% 

Lsymm. 

where the submatrices aret 

I 

L 

KGii = N NiT,Ni,, dx, i = v, w, 

0 

I 

L 

K Gq,.# = NIP iA N:x N,, dx, 
0 

0 Kc,le 

0 

(9) 

j 

L s L 

K -M, Cm+ - N%,x dx + Qy N;,,N, k 
0 II 

s 

L 

KG4 = -MY N:xN,, dx - Qz N:xN,dx 
0 

K GM = 

(NiJN, + N;N,,J dx + iQ, N:N, dx, 

K W =Qz L 
s 
N:,&dx, 

0 

r L 

K GW ‘M ‘i x (N;,,& - N&J dx, 

K GO0 = 

fM, 
s 
L (N:,N, + N:N,,J dx + fQ, N:No dx, 

0 

K CUB = -QY 
s 

LNfXNBdx. 
0 

t In the elastic case ji S,~* + z2)dA = N!p/A. If the 
material behaves non-linearly, this approximative ex- 
pression can still be used, but it may slow down the 
convergence of the iterative process. In the numerical 
examples, this retardation was found to be insignificant. 

$ One point Gauss-Legendre quadrature is used in the 
integration of the internal force vector and the stiffness 
matrix when linear shape functions for all displacement 
quantities are used. 

The underlined terms originate from the second order 
terms of the rotation matrix, see eqn (2). The internal 
force vector (8), the geometric stiffness (9) and the 
incremental stiffness matrix (including the incremen- 
tal rotation matrix) - 

I 

L 

K, = BrCB dx 
0 

can now be integrated with respect to the axial 
coordinate onlyt. This approach results in a simple 
way to formulate the finite element equations for a 
three-dimensional beam. It is computationally much 
more economical than a fully numerically integrated 
element. However, non-linear material behaviour 
cannot be modelled as accurately as in the layered 
model. For example, in elasto-plastic cases the yield 
surface has to be formulated using the stress resul- 
tants. This is quite complicated for general cross-sec- 
tional shapes. Therefore simple approximate yield 
surfaces, expressed in terms of stress resultants, have 
usually been adopted in the analyses. The results of 
this kind of computations have to be interpreted with 
great care. 

EXAMPLES 

General remarks 

The discretized non-linear equilibrium equations 
are solved using the Fried’s orthogonal trajectory 
procedure [14] which is a variant of the arc-length 
algorithms, originally proposed by Riks [IS]. This 
procedure allows an easy handling of simple bifur- 
cation points. For further details of the implemen- 
tation of the algorithm see ref. [12]. 

A uniformly bent beam 

As an example a uniformly bent beam is con- 
sidered, M, = M. In this particular case the only 
non-vanishing blocks in the geometric stiffness matrix 
(9) of an element are 

Kc,4 = MK,,,, 

where 

K,, = 
I 

N:, Nj, x dx, 

Kzij = + N:zNj) do. 

If linear shape functions are used for all displacement 
quantities, the matrix K, has the form 

r-1 01 
K2=[ 0 1J 
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Fig. 1. A twisted initially bent beam. 

When the global matrix is assembled in the case of a 
straight beam, the resulting contribution from the 
matrix K2 is zero matrix. However, this is not the case 
for frames where different members meet each other 
at different angles. The physical meaning of the term 
b4 Aq, is shown in Fig. 1. 

3 
\ \ 

0 ’ I 

0 0.2 0.4 0.6 0.6 1 

lateral tip displacement (w/L) 

Fig. 2. Right-angle frame. 

Lateral buckling analysis of a right-angle frame 

Postbuckling behaviour of a very slender right- 
angle frame is analysed (see Fig. 2). Using four qua1 
linear elements per member and starting with an 
initial load step APO = 0.3 Pm,, Pm, = ,/(EI_GI,)/L*, 
the buckling load occurred at the load level of 
PC, = 1.326 P,/ (1.087 N). The value reported by 
Argyris et al. [ 1] is 1.088 N. In Fig. 2 the load-lateral 
tip deflection curve is shown. If the load direction is 
reversed the buckling takes place at load level of 
P E, = -0.838 P,/. The postbuckling path of this 
computation is also shown in Fig. 2. 

If only the linear expression of the rotation matrix 
(3) is used, totally wrong buckling loads are obtained, 
i.e. P,,=O.668 Pw, or PC,= -0.512 Pm,. However, 
immediately after the branching onto the post- 
buckling path the load values increase toward the 

ABACUS 30 steps 
..- ., ,. ,,,. 

present onat. 49 steps. Pz=Px/lO‘ 

lateral tip displacement (w/L) 

Fig. 3. Right-angle frame, comparison between ABAQUS 
and the present computations. 
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W 

Table I. Cross-section properties and the reference loads 

h (mm) b (mm) iz (mm”) I, (mm4) 6 (mm’) p,e, (N) 
50 30 0.6 1350 0.540~ 2.13290 0.820035 

5 16.8702 3.37405 1350 54.0000 188.895 77.1719 
3 14.8477 4.94923 1350 150.000 474.538 203.860 

The torsion constants are calculated from the two term approximation 
I, = @I’{ 1 - [192!r/(n%)]tanh (nh!(2b)JJ. 

value 1.3 P, or -0.8 P,. Convergence of the itera- 
tive process is quite slow and the postbuckling path 
seems to be in 5% error to the one shown in Fig. 2 
and to those reported by Argyris et al. [16] and Simo 
and Vu-Quoc [3]. 

Probably the incorrect buckling load obtained in 
ref. El83 is due to the omission of the required terms 
for the geometric stiffness matrix. 

This example has also been analysed by using 
the general purpose FE code ABAQUS (ABAQUS 
version 4.8.4 at the Centre for Scientific Computing, 
Espoo, Finland). The linear eigenvalue analysis gives 
the critical loads P,, = - 1.033 Prex and P,, = 
-6 1.812 Pwf which are 23% and 37% higher than the 
values obtained by using the present formuiation. 
Several runs with ABAQUS have been performed by 
using different element types. The figures presented 
above are the values obtained when the hybrid for- 
mulation cubic 3-D beam element B33H is used. It 
should be mentioned that the analysis in which the 
linear beam element of ABAQUS is used gives critical 
loads twice as high as the corresponding analysis with 
the element B33H. Same finite element di~reti~tion 
as in the present study is used. 

Large deflection postbuckling analyses with 
ABAQUS are performed by triggering the critical 
mode by using a small perturbation load (ABAQUS 
cannot handle bifurcation points in the continuation 
procedure). The result of the analysis is shown in 
Fig. 3 (P negative) where also the results of the 
computations using the present formulation are 
shown. All the analyses have been started with an 
initial load increment PO = 0.3 P,,f. 

Lateral buck~i~g of a cantilever beam 

In this example the influence of large pre-buckling 
deflections to the buckling load is studied. The 
analysed structure is a simple cantilever beam with 
a solid rectangular cross-section, loaded by a point 
load at the centroid of its free end. Three special 

Table 2. Computed critical loads (A,, = P,/P,.,) and the 
vertical tip deflection u at the critical load level. Ten equal 
linear elements. Classical value of the critical load is 

4.013 P_J 

h/b = 50 h/b =5 h/b =3 

A 
V;;r. 

4.05 4.30 4.89 
0.0007 0.07 O.I9 

V/h 0.0053 0.95 3.11 
np =I+@ 4.09 4.89 6.48 
lOw, - 2: I/& 1.0% 13.7% 32.5% 

cases are analysed. Proportions of the cross-section 
are h/b = 50, 5 and 3. In all of these cases the 
moment of inertia in the primary bending plane Z, 
has been constant. The length of the beam is 
L = 240 mm and the material constants are the 
same as in the previous example, i.e. E = 71.24 GPa, 
v = 0.31. In Table 1 the reference loads P,ef= 
,/(EI, G&W*, h t e cross-section dimensions, the 
principal moments of inertia and the torsion con- 
stants are given. 

When the pre-buckling deflections are negligible 
there are no significant differences in the buckling 
loads depending on which formula, either (3) or (4) 
is used for the rotation matrix. However, the situ- 
ation is completely different when the pre-buckling 
deflections are not negligible. In Table 2 the buckling 
loads are tabulated. This table shows that the error 
using the linear expression (3) for the rotation matrix 
increases rapidly when the pre-buckling deflections 
become larger. Also the initial post-biking be- 
haviour is qualitatively of the wrong type when the 
linear rotation matrix is used. This is mainly due to 
the inconsistency between the tangent stiffness matrix 
and the internal force vector. All computations have 
been started with the initial load increment 
BP = 0.5,/(E~,GZ,)/L2. 

The lateral tip displacement-load curves are shown 
in Fig. 4 for cases h/b = 50 and h/b = 3. 

k5 
a 

j h/b=50 

71 2 
E - I- 

3 0.1 a.2 0.3 3.6 
lotero! tip displacement (w/L) 

Fig. 4. Cantilever beam. Dotted and solid lines correspond 
to the computations in which the i&ear rotation matrix (3) 

or the quadratic form (4) are used respectively. 
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CONCLUDING ItEMARKS 

Using a simple example of the linear Timoshenko 
3-D beam, it is shown that the use of the linear 
rotation matrix leads to inconsistent linearization of 
the equilibrium equation. The linear Tiioshenko 
beam is especially attractive due to its simplicity and 
good performance. Use of the simple one point 
quadrature in the integration of the tangent stiffness 
matrix and the internal force vector greatly affects its 
efficiency in comparison with the standard cubic 
Euler-Bernoulli beam element, particularly in the 
plastic range [12, 131. It is also worth mentioning that 
the bending moments of the linear Timoshenko beam 
seem to converge quadratically if the error is 
measured in the maximum norm 

where M is the exact moment, M,, the finite element 
approximation and x8 the midpoint (integration 
point) of an element e. The order of the convergence 
of moments is the same as it is for the cubic Eu- 
ler-Bernoulli beam element. This is of particular 
importance since the non-linear solution path is 
totally determined from the internal force vector (8). 
So, the better the approximation properties of the 
stresses are, the better the accuracy that can be 
obtained along the non-linear equilibrium path. 
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