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Abstract: 

A Markovian model of a transactional system supported with checkpoint

lng and recovery strategies to guarantee reliable operation is consid-

ered. 

meters. 

The model allows representations with state-dependent para

Algorithms for the computation of the state probabilities 

(and thus the performance variables) and their sensitivities with 

respect to the model parameters are presented. In the case of state-

independent parameters, a state-space analysis approach is demonstrated 

for the derivation of analytic expressions for the performance 

variables. 

The optimization of some important performance criterions, such as the 

system availability and the mean response time of a transaction, is 

discussed. 
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1 Introduction 

This paper introduces a state-space approach to the analysis of a class 

of models which may serve as a tool in the performance analysis of 

certain kinds (or components) of computer systems. A single server may 

be switched to different modes of operation depending on the occurrence 

of certain events, the arrival and service rates of customers may de

pend on the state of the system, e.g. on the operation mode of the 

server and on the number of customers 1n the system (customers in ser

vice and waiting for service). It is of much interest to consider 

models which allow representations with state-dependent parameters and 

aids to determine (or control) important performance criterions. 

In particular, we consider a model of a file-oriented (or database) 

transactional system supported with checkpointing and rollback recovery 

strategies. The system is assumed to have a finite waiting room. 

A checkpoint is an operation which is performed at consecutive time 

stages, during which a copy of the relevant system files is saved in a 

secondary storage device. Checkpointlng is a common technique to re

store the integrity of information in critical database applications 

subject to information destructive failures and to enhance the reliabi

lity of the system operation for serving the users. 

In the following we describe the system operation (assumptions concern

ing the mathematical model will follow in the next chapter). 

The system can be operating in one of three modes, labelled as a, c 

and r. 

~£~~_~~~_i~~~!!~~!~2: 

In this mode the system is available for processing transactions (by a 

transaction we mean one or more tasks generated at the same time by a 

single user to be executed by the computer system). These transactions 

arrive at a rate depending on the state of the system (i.e. the number 

of transactions in the system). This dependency exists, for instance, 

in systems with a limited number of users or in cases of discouraged 

arrivals. 
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Transactions are processed at a rate depending on the state of the 

system; such a dependency exists 1n multiprocessing environments. 

Checkpoints are performed at predefined time instants (according to a 

checkpointing strategy) during mode 'a' of operation. When checkpoints 

are performed, trans! tions to mode 'c' of operation take place. 

A state-dependent checkpointing rate is a realistic requirement since 

it is preferable to perform a checkpoint when the system is lightly 

loaded. Failures (due to hardware, software, etc.) may occur dur-

ing mode 'a' of operation. When a failure is detected a recovery 

action is initiated and a transition to mode tr' of operation takes 

place. In certain circumstances failures may increase with the number 

of transactions in the system and thus the failure rate may be state

dependent. Transactions which have caused modifications in the system 

files since the last checkpoint, are recorded in a file called an 

"audit trail". 

~~~~_~~~_i~~~~~££!~~!~~2: 

In this mode, transaction processing is blocked and a valid non-erron

eous copy of the relevant system files (files and information needed to 

restore the system to its state just before the initiation of the 

checkpoint) is saved in a secondary storage device. Transactions keep 

arriving at the system at a state-dependent rate. The checkpoint 

duration may increase with the load on the system and thus it may be 

state-dependent. When a checkpoint operation is completed a transition 

to mode 'a' takes place and the system becomes available for 

transaction processing. 

~~~~_~!~_i!~~~~~!l2: 

Transition from mode 'at to mode 'r' occurs with the initiation of a 

recovery action after the detection of a failure. Transaction proces

sing is blocked during recovery and a valid copy of the relevant system 

files (which was saved at the most recent checkpoint) is loaded into 

primary storage. This restores the system files to their status just 

before the initiation of the most recent checkpoint. The modifying 

transactions which were recorded in the audit trail (after being 

processed) since the last checkpoint, are reprocessed. The recovery 

action is completed when reprocesing reaches the point at which the 

fa ilure 
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occurred. With the completion of a recovery action a transition to 

mode 'a' takes place and the system resumes useful processing of 

transactions. It is obvious that the duration of a recovery action 

depends on the amount of modifying processing in the time interval 

between the instant of failure occurrence and the last checkpoint. 

This implies the dependency of the mean duration of a recovery action 

on the mean time interval between successive checkpoints. Transactions 

keep arriving at the system at a state-dependent rate during recovery 

actions. 

Obviously, the shorter the mean time interval between successive check

points, the more time spent by the system in performing checkpoints, 

and, similarly, the longer the mean time interval between successive 

checkpoints, the more time spent by the system in recovery actions 

after failures. Thus there is an optimum strategy for determining the 

time intervals between successive checkpoints which minimizes the time 

spent by the system in checkpointing and recoveries after failures (or 

maximizes the available time for transactions processing). 

The determination of the optimum time interval between checkpoints has 

been considered previously in several papers [3,4,5,6,7,9J. 

Young and Chandy [9,3] considered models of checkpointing and rollback

recovery in which the queueing and the backlog of transactions are not 

taken into account. They determined an optimum constant value for the 

time between checkpoints which maximizes the system availabilty. 

Gelenbe et a1. [5] introduced a stochastic model in which the queueing 

and the backlog of transactions are taken into account. They assumed 

an exponential distribution for the available time between checkpoints. 

They obtained analytic expressions for the system availability and for 

the mean response time of a transaction and considered their optimiza

tion with respect to the mean available time between checkpoints. In 

[6] Gelenbe assumed a general distribution for the available time be

tween checkpoints. He showed that the optimum checkpoint interval 

(which maximizes the system availability) must be deterministic and 

obtained an explicit expression for its value which is a function of 

the system load. 

Bacelli [1] continued the work of Gelenbe to derive useful relations 

for the numerical computation of the average number of transactions in 

the system under general assumptions concerning the available time 
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between checkpoints and the checkpointing duration, with the restrict

ive assumption of constant recovery periods. In {2] Bacelli considered 

queueing analysis of an MlG/1 system subject to Poisson breakdowns of 

exponential duration, with an application to the modelling of check

pointing and recovery in database systems. 

In this paper an M/M/l/N system subject to Poisson breakdowns of expon

ential durations is considered as a model of a transactional database 

system, supported with checkpointing and recovery strategies (as des

cribed earlier). 

The state-transition parameters depend on the number of transactions in 

the system (for state-independent transition parameters and infinite 

waiting room [N-]. this model is equivalent to the model in [5]). 

We present algorithms for the computation of the state probabilities 

(and the performance variables) as well as their sensitivities with 

respect to the model parameters (the sensitivities are employed in the 

numerical optimization of the performance variables). In the case of 

state-independent parameters we demonstrate a state-space approach (as 

an alternative to the generating function approach) to derive analytic 

expressions for the performance variables (they agree with Gelenb~'s 

results [5] as N -). 

The maximization of the system availability yields an expression for 

the optimum checkpointing rate as a function of the system load. 

The minimization of the mean response time of a transaction yields a 

different optimum for the checkpointing rate. The relation between the 

two optima is discussed in some detail. 

In chapter 2 we introduce the mathematical model and the underlying 

assumptions, together with some notations and definitions. Sections 

3.1 and 3.2 are devoted to the presentation of algorithms for the re

cursive computation of the state probabilities and their sensitivities 

with respect to the state-transition parameters. The numerical optimi

zation of the performance variables is considered in section 3.3. 

Chapter 4 is devoted to the analysis of the model in the case of state

independent transition parameters. Analytic expressions for the per

formance variables are derived in section 4.1. Analytic optimization 

of the performance variables is considered in section 4.2. 
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2. The model: 

In this chapter we introduce a mathematical model (and the underlying 

assumptions) of the system described in chapter 1. We also introduce 

some notations and definitions which will be used in the following 

chapters. 

The system is modelled as an M/M/l/N system, subject to two different 

types of interrupts (checkpoints and failures). The following assump

tions will be made in the model analysis: 

i) Transaction requests arrive according to a Poisson process at a 

state-dependent rate Ai, i (0 ~ i ~ N) is an index to indicate 

the number of transactions present in the system. They require 

processing time which is exponentially distributed with a state

dependent mean ~i_l. Transaction processing is blocked during 

an interrupt and is resumed at the end of an interrupt. 

ii) Checkpoints occur according to a Poisson process at a state-de

pendent rate ai (thus ~ -1 is the mean "available" time be-

tween checkpoints with i transactions present in the system). 

Checkpointing periods are exponentially distributed with a state

dependent mean Be 1. 

iii) Failures occur according to a Poisson process at a state-depend

ent rate 'Ii (thus Yi -1 is the mean "available" time between 

failures with i transactions present in the system). It is as

sumed that the detection of a failure coincides with its occur

rence. Recovery periods are exponentially distributed with a 

state-dependent mean ~e 1 (the ~i' s depend on the ai's; 

this dependence will be considered when performance optimization 

is discussed). 

Figure (2.1) shows the state transition diagram of the considered 

model. The following are some basic notations and definitions related 

to the model. 

The index "m" (m = a,e,r) indicates the mode of the system operation 

(as described in chapter 1), "a" stands for the available mode, "c" 

stands for the checkpointing mode and "r" stands for the recovery 

mode. 

Let p(m,i), m - a,c or rand 0 ~ i ~ N, be the probability that the 

system is operating in mode m with i transactions present in the 
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system. Define the following probabilities: 

(2.1) p(i) f?: I p(m.i), m = a,c and r, 0 ~ i ~ N , 
m 

p(i) is the probability that i transactions are present in the system. 

(2.2) A " m = I 
i 

p(m,i) • 1 = O,l, ... ,N, m = a,e or r t 

Am is the probability that the system is operating in mode m. 

(2.3) g(m,i) ~ 
p( m, i) 

m = a,c or r, 0 ~ i ~ N p(a,O) , 

g(i) " 
p(i) 

= I g(m,i). m = a.c and r, 0 ~ i ~ N 
= p(a,O) 

m 
(2.4) 

The g(m,i)'s and g(i)'9, m = a.c or r. 0 ~ i ~ N. are scaled probabili

ties (with a factor (p(a,O»-I). 

Define the following vectors: 

!:m It [p(m.O) •••• ,p(m .i), ... ,p(m,N)]T. 

So It [g( m ,0) , ••• ,g( m • i) , •••• g( m ,N) j T , 

p It [p(O) ••••• p(i), •.• ,P(N)jT 

I p 
"""1l1 

m = a,e and r 
m 

G ~ [g(O) .... ,g(1), ... ,g(N) JT 

I G 
"""1l1 

m 

m = a,e and r 

It follows that 

(2.5) 

and 

(2.6) 

P 
"""1l1 

p(a,O) G 
--1ll 

P = p(a,O) G 

m = ate or r 

m = ate or r 
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3. Computational aspects: 

In the case of state-dependent transition parameters, the limiting 

state-probabilities can only be determined by numerical means. Fortu

nately, for the model we introduced in chapter 2, it is possible to 

develop recursive schemes for the computation of the limiting state 

probabilities. These schemes will be developed in section 3.1. In 

section 3.2 we show that the partial derivatives (or the sensitivities) 

of the limiting state probabilities, with respect to the transition 

parameters, can be computed In a similar fashion to the computation of 

of the limiting state probabilities. Section 3.3 is devoted to the 

numerical optimization of the performance variables. 

The limiting state probabilities of the the continuous-time Markov 

chain in fig. (2.1) can, in general, be determined using the transition 

balance equations at each of the 3(N+l) states. These equations con

tain 3N+2 independent euqations, together with the normalizing condi

tion 

(3.1 ) I p(m,i) = 1 
m,i 

m = a,e and r, i = O,l, ... ,N 

they form a set of linear equations which can be solved for the 3(N+l) 

unknown state probabilities. Due to the model structure we are able to 

determine the state probabilities recursively in terms of the state 

probability p(a,O). Then p(a,O) can be determined from the condition 

(3.1). 

Transition balance at state (c,O) yields 

(3.2) 
"0 

p(c,O) = ('0+80) p(a,O) 

Transition balance at state (r,O) yields 

(3.3) 
Yo 

p(r,O) = ('0+$0) p(a,O) 

It follows from definition (2.l) that 
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(3.4) p(O) 
"0 Yo 

(1 + + ) p(a,O) 
AQ+BO xur~o 

Transition balance between the i-th and the (i-1)-th set of states 

yields 

(3.5) p(a,i) ~ Pi p(i-l) 

with 

Transition balance at state (e,i) yields 

(3.6) p(e,i) = 
eli 

(~) p(a,i) + 
i i 

, 
( i-1 ) ~ p(e,i-1), 

Ai TPi 

Transition balance at state (r,i) yields 

(3.7) p(r,i) 

It follows that 

(3.8) p(i) 

+ ( 

with 'N = O. 

Yi 
(~) p(a,i) + 

i i 

, 
(~) ,+~ p(r,i-1), 

Ai 'i 

"i Yi 
(1 + \+6

i 
+ \+~i) p(a,i) 

'i-1 
X +S ) + p(e,i-1) + 
i i 

, 
( i-1 ) 
~ p(r,i-1), 
Ai T~i 

The state probabil ities p(e,i), p( r, i) and p(i), 0 <; i <; N, can be 

expressed in terms of all p( a, j) , j ( i, as follows 

i i-1 
p(e,i) = I ( IT 6k+l \) 6i ". p( a, j) 

j=O k=j J 

i i-1 
p(r,i) I ( IT IPk+1 \) IP j Y j p( a, j) 

j=O k=j 



p(i) 

with 

i i-I 
p(a,i) + I (( IT 

j=O k= j 

1 

~i 

1 

~i 
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i-I 

9k+1 Ak ) 9j a j + (k~j "'k+l Ak)"'j'fj)p(a,j) 

(Note that \ = 0 and 
i-1 

( IT 
k=i 

•••• ) = 1, in the above equations). 

In a vector-matrix form we can write (using the definitions of chapter 

2) 

(3.9) p = eo p 
~ a-a 

where e is a triangular matrix with elements e{i,j}, 0 ~ i, j ~ N, 

={ 

1 for i j 
e{ i, j} i-I 

IT 9 A for i > j 
k=j k+1 k 

and Da is a diagonal matrix with elements Da{i,j}, o ~ i, j ~ N, 

D {i,i} 
a 

Similarly, 

(3.10) 

where ~ is a triangular matrix with elements ~{i,j}, 0 ( i,j ( N, 

= { 

1 for i j 
~{i,j} i-I 

IT 
"'k+1 \ 

for i > j 
k=j 

and Dy is a diagonal matrix with elements Dy{i,j}, o ~ i, j ~ N, 

Dy{i,j} = "'i'f i 
o ~ i ~ N 

It follows that 

(3.11) p=p+p+p 
~ --c. -r 

= (I + eo + m ) P 
a y-a 
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where I is the identity matrix. 

If we employ the relation given by equation (3.5) then we can rewrite 

equation (3.11) in the following form 

(3.12) 

[ 

p(O)] 
p(l) 

p(N) 

Q l 
p(a,o)] 
p(O) 

p(N-1) 

with Q fl (I + 0D + 'I'D ) D a y p 

and Dp is a diagonal matrix with elements Dpji,jl, 0 ~ i,j ~ N, 

1 for i 0 

\-1 for 1 ~ i ~ N 
~i 

Q is a triangular matrix and thus the system of equations (3.12) can be 

solved recursively to obtain all state probabilities p(i), 0 ~ i ~ N, 

in terms of the state probability p(a,O). 

If p(a,O) is made equal to one in (3.12), then the recursive solution 

of the system equations yields values for g(i), 0 ~ i ( N (g(i) is 

defined in (2.4», which, if substituted in the normalizing condition 
N 
I p(i) = 1 yields a value for p(a,O) 

i=O 

N -I 
(3.13) p(a,O)= (I g(1)) 

i=O 

The values of the state probabilities p(i), 0 ( i ( N, immediately 

follow 

(3.14) p(i) = g(i) 
N 

( I 
i=O 

-I 
g( i) ) 

Figure (3.1) shows the recursive scheme for the computation of g(i), 

o ( i ~ N. 



gee, 0) = 

• 
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It is of much interest to determine the effect of varying the transi

tion parameters on the limiting state probabilities. This will allow 

numerical optimization of the performance variables with respect to the 

transition parameters under control. 

For the specific case considered in this paper, we are interested in 

the values of aj, 0 ~ j ~ N, which optimize some performance criter

ion; this will require the determination of the partial derivatives 

and the sensitivities of the limiting state probabilities, with respect 

to the parameters aj, 0 ~ j ~ N, as well as the partial derivatives, 

with respect to the parameters $j, 0 ~ j ~ N (since the $j'S depend 

on the aj'S in our specific model). 

In the following, we derive some important relations to proceed with 

the determination of the partial derivatives and the sensitivities. 

Differentiating equation (3.t4) with respect to aj and $j and mak

ing use of equation (3.13) yields 

(3.t5) 
d 

dcl p( 1) = 
j 

p(a,O) 
d 

dcl g(i) 
j 

(3.16 ) 
d 
~ p(i) 

) 

= p(a,O) d 
df:" g( i) 

j 

Now, let 

(3.17) ~ = ~ (ao, aj, •••• ,c'--) 
q q N 

The sensitivities with respect to the 

be determined a follows: 

d d N 
(3.t8) dci"" p(i) = daj 

p(i) + I a
j q=O 

d k~j 
- (p(a,O»2 g(i) dcl I 

a j t,k 

d k~j 
- (p(a,O»2 g(i) df:" I 

j t,k 

g(t,k), 

g(t,k), 

parameters Uj, o ~ j , N, can 

d d~q 

3f"" p(i). daj q 
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a a For the evaluation of the partial derivatives ~-- p(i) and ~ p(i). 
"j J 

a o ~ i , N. we need to determine the partial derivatives ~ g(k) 
j 

and 
a 
~ g(k). k 

j 
j •...• N (as shown by equations (3.15) and (3.16». 

In the remainder of this section we show that the partial derivatives 

a 
~ g(k) and a 

~ g(k). j , k , N. o , j , N. can be computed 
j J 

recursively in a similar fashion to the computation of the state 

probabilities. 

The partial derivatives ---a a g(k). j , k , N 
"j 

(Note that a!. g(k) = O. 
J 

for k < j). can be determined recursively as will be shown in the fol

lowing. 

From equation (3.11) it follows that 

(3.19) G = (I + eo + 'I'D ) G 
" y-a 

Differentiating equation (3.19) with respect to "j yields 

(3.20 ) 

where 

a 
G = 

~
j 

(I + eo + 'I'D ) ..:- G + GD G 
" y aCl. -a . 8j-a 

J 

a D (= ___ D ) is a 
8j a"j" 

matrix with elements DSj{t,k}, 0 ~ t,k (N, 

and all elements are equal to zero except DSj{j.j) = G
j

. 

It follows from equation (3.5) and the definitions (2.3) and (2.4) that 

(3.21) g(a.j) = { 
1 for j 0 

for 1 , j , N 

Using equation (3.21). equation (3.20) can be written in the following 

form: 



9(c,i+1) 

9 ( c , N) 
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if __ 9(8,i+1) 
;;(1' i 

C· 
i,u j 

+ 

+ 

9 ( N ) 

Lu(.,N) 
(la, 

Fig.(3.2) Recursive computation of the 

sensitivities with respect to a. 
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0 0 0 

0 0 0 

g(i) 0 8 jP jg( j-l) 
a a 

(3.22) 
daj 

g(j+l) = Q."d'Q"" g(j) + e 0 
OJ 

g( j+l) 0 

0 

g(N) g(N-l) 0 

where Q and e (as defined in equations (3.12) and (3.9» are triangular 

matrices. and the system of equations (3.22) can be solved recursively 

to obtain a 
"'d'{l." g ( k) • j < k < N. Similar systems can a 

be solved for ~.~. 
J J 

o ~ j < N. Figure (3.2) shows the recursive scheme for the computation 

a 
of ao. g(t.k). t = a.c and r. k = i ••••• N. 

J 

The partial derivatives with respect to Yj. 0 < j < N can be computed 

in exactly the same way. 

The partial derivatives a ar g( k). j < k , N 
j 

(Note that a 
~ g(k) 

J 

= 0, 

for k < j). can be determined recursively as will be shown in the fol

lowing. 

Differentiating equation (3.19) with respect to ~j yields 

(3.23) ai- G = (I + 00 + 'i'D ) ai- G + (S"'jD + 'i'D,,,.) G 
$ j - a y ~ j -a ~ Y ~J'" 

a 
S1jJj {t.k}, 0 < t.k where SljIj(= ar '1') is a matrix with elements 

j 

t-l 

, N. 

{ 
-l/J,( IT 

J q=k 
Ijiq+lAql • for j < t < N. 0 , k ( j-l 

S .{t.k} 
IjiJ 0 otherwise 
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r 91 •. i) • .\. I/J, f: 918.i-l) ••••••••••. l I/J ···A I/J F,-_, 
I 1-1 1-1 1-1 '-1 1-, 0 0 Or 

• 

9 (c. N) 

( N) 

Fig.(3.3) Recursive computation of the 

sensitivities with respect toct>. 
1 

g(r,I.1) 
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a 
"J'f:" Dy) is a matrix with elements Dljij {t,k}, 0 ( t,k ( N 

J 

all elements are equal to zero except D ljij {j ,j} = -lji~ y j. 

Using equation (3.21), we can rewri te equation (2.23) in the following 

form: 
0 0 0 

0 0 0 

g(j) 0 P
j
g(j-1) 

a a 
(3.24 ) 

"'Jfj g(j+1) = Q."J'f:" g( j) + Zljij Pj+~g(j) 
j 

g(j+l ) 

g(N) g(N-1) P
N

g(N-1) 

where Q is a triangular matrix (defined in (3.12)) and Zljij is a matrix 

with elements Zljij {t,k}, 0 ( t,k ( N, 

{ 

-lji lji y 
Z ljij {t, k} = j k k 

o otherwise 

The system of equations (3.24) can be solved recursively to obtain 

a 
~ g( k) , j ~ k ( N. 

j 
Similar systems can be solved for ~~, 

J 

o ( j (N. Figure (3.3) shows the recursive scheme for the computation 

a of"J'f:" f(~,k), t = a,c and r, k = i, ••• ,N. 
J 

The partial derivatives with respect to Bj, 0 ( j ( N can be compu

ted in exactly the same way. 

In this section we will consider the numerical optimization of two 

performance criterions; namely, the maximization of the system availa-

bility (A), given by 
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N 
(3.25) A = L p( a. i) 

i=O 

and the minimization of the average number of transactions In the sys

tem (N). given by 

0·26 ) N 
N 
L i p( i) 

i=1 

We are interested in the values of the checkpointing rates aO' 

al ••••• ON (or a subset of them) which optimize a chosen performance 

criterion. Due to the possibly complicated dependence of the paramet

ers ~i. 0 ( i ( N. on the parameters "i. 0 ( i ( N. it is reason-

able to employ numerical (iterative) optimization techniques. We start 

with an acceptable guess ~ (=[aoo.alo ••••• ~olT) and generate a 

sequence ...9:1' ..9:2' .••• which should converge to a at which the chosen 

criterion is optimized. 

The model is adjusted to the new parameters ~ after each iteration 

and the chosen criterion. as well as its derivatives with respect to 

~n are computed; they are used to perform the next iteration. 

If A is to be maximized. then the (n+l)-th iteration is given by 

0·27) 

where, if a gradient method is used, then 1IS!n is given by 

(3.28) lIa = 6 dA I 
-n n d~ ~ = a 

n 

where 6 is a scalar such that A(~+l) > A( a ). and 
n -n 

(3.29) 
dA 3A + d,tT 3A 
da- "a da "f 

N 
("p(a.i) d~T "p(a.i) ) = I + 

i=O 
aa da 31 
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h ap(a,i) and 
were aa. ap(a,i) 0' i 'N can be al' , computed using the 

schemes presented in section 3.2 and the matrix ~taT is determined from 

the dependency of the ~i'S on the ai'S. 

The iterations are terminated according to a stopping criterion. 

For example, if the value of I ~ I a = a or I~ -~-l I approaches 
-n 

A 

then we accept ~ as an approximation to a which maximizes A. 

If N is to be minimized, then 6~ is given by 

(3.30) 6a <I dN I -n n da 
a = a 

-n 
where <I is a scalar such that N(2n+1) < N( a ), and n -n 

(3.31) 
dN aN 

+ di aN 
da a<i da- at -

N T 
lri!l) I i(ap(i) + d~ 

1=0 aa da • af 

zero, 

The computation of the partial derivations, the iteration steps and the 

stopping criterion are carried out 1n a manner similar to maximizing A. 
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4. Analytical aspects: 

In this chapter we consider the Markovian model presented in chapter 2. 

When the transition parameters are state-independent (ai = a, 

A = A i • and ~i =~. 0 ( i ( N), it is 

possible to derive analytic expressions for important system perform

ance quantities such as the ergodicity condition, the system availabi

lity and the average number of transaction in the system. A similar 

system with infinite waiting room was analysed by Gelenbe [SJ. 
In section 4.1 we present a state-space analysis approach as an altern

ative to the generating function approach which is widely used in the 

analysis of queueing systems [SJ. Section 4.2 is devoted to discussion 

on the analytic optimization of the performance quantities. 

The considered model (shown in fig. (2.1» is a continuous-time irredu

cible Markov chain. For a finite state-space (corresponding to a sys

tem with a finite waiting room), it can be shown that all states are 

ergodic [8], Le. there exists a limiting stationary probability dis

tribution for which all state probabilities have positive finite 

values. For an infinite state-space (corresponding to a system with an 

infinite waiting room), the system is ergodic if and only if the state 

probability p(a,o) > 0 [sJ. 

Balance of downward transitions and upward transitions (fig. (2.1» 

yields 

(4.1) ),(l-p(N» ~(A-p(a,o» 

N 

where A (= L p(a,o» is the system availability. 
i=O 

It follows that for a system with an infinite waiting room, 

A 
p(a,O) = A - -

~ 
(4.2) 

since for a stable system, peN) + ° as N + w. 
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The system availability A can easily be derived as follows. 

Transition balance at the states (c,l), 0 ( i ( N and at the states 

(r,i), 0 C i C N, yield 

(4.3) 

(4.4) 

with Ac and Ar as defined in (2.2). 

But since A + Ac + Ar = 1, A follows immediately, 

(4.5) A 

Note that A is independent of the system load and the size of the wait

ing room. 

NOw, using (4.2), we can write the ergodicity condition in terms of the 

system parameters, 

(4.6) 

N 
The average number of transactions in the system N (= I i p(i») will 

i=l 

be derived by making use of the following definitions 

N 
(4.7) N ~ I i p(a,i) a i=1 

N 
(4.8) N b. I i p(c,i) c 1=1 

N 
(4.9) N b. I i p(r,i) r = i=1 

and, thuS 

(4.10) N N + N + N a c r 

For convenience we rewrite the recursive relations (3.5), (3.6) and 

(3.7) 

(4.11) ~ p(a,i) >. p(i-I) , lei C N 
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(4.12) (A + 8) p( c , i) " p(a,i) + A p(c,i-l), l' i , N-l, 

with 

8 p(c,N) ~ " p(a,N) + A p(c,N-l) 

(4.13) (A + ~) p(r,i) = y p(a,i) + A p(r,i-l), l' i , N-l 

with 

A p(r,N) y p(a,N) + A p(r,N-l) 

Multiplication of equation (4.11) by i and summation for i 

yields 

(4.14) N = ~ (N+l) - (N+l) p(N») 
a ~ 

Similarly, equations (4.12) a:ld (4.13) yield 

(4.15) N " - + A (A p(c,N») and -N c 8 a 1i c 

y - A 
p(r,N) ) (4.16) Nr -N + - (A -

~ a ~ r 

1,2, .•. ,N, 

From equations (4.10), (4.14), (4.15) and (4.16) we obtain the follow

ing expression for N 

(4.17) N 
1 

(1- ~) 
M 

[~ (l-(N+l) p(N» + i (Ac- p(c,N» 

+ ~ (A - p(r,N» ] 
~ r 

For a system with infinite waiting room p(N) + 0 and N p(N) + 0, thus 

equation (4.17) reduces to 

(4.18) N = 

which is indentical to Gelenbe's result [5]. 

It can also be shown that N may be expressed as follows 



A-p(a,o) 
(4.19) N = A --,-__ + A 

p(a,o) c 

-24-

A -p(c,o) 
....;:,c-,,--=+ A 

p(c,o) r 

A -p(r,o) 
r 

p(r,o) 

In this section we consider the analytic determination of the two opti

mum values of the checkpointing rate; aA which maximizes the 

system availability and ~ which minimizes the average number of 

transactions in the system. The two optimums are found to be differ

ent. 

So far we have not considered the dependence of the mean recovery time 

( -I) I I b (a-I). ~ on the mean avai ab e time etween checkpoints 

It can be proved [5] for Poisson failure occurrences and exponential 

available time between checkpoints (with mean a-I), that the available 

time intervals between the failure occurrences and the most recent 

checkpoint are exponentially distributed (with mean a-I). These time 

intervals are independent when the failure rate is much smaller than 

the checkpointing rate (i.e. y «a). Furthermore, we assume that the 

recovery time after a failure is equal to the available busy time 

between the failure occurrence and the most recent checkpoint. It 

follows, for a failure rate which is much smaller than the processing 

rate (i.e. y « ~) or for a heavily-loaded system, that the recovery 

time is proportional to the available time interval between the failure 

occurence and the most recent checkpoint. The above assumptions yield 

recovery periods which are independent and exponentially distributed 

with a mean (~-I) equal to the mean available busy time between 

checkpoints. The probability that the system is busy, given that it 

is available, is 

A-p(a,o) 
A 

with A as given in equation (4.5), and thus 

(4.20) <1>-1 = 

Now, we are able to use the analytic results of section 4.1 for the 

optimization of A or N with respect to a (the checkpointing rate). 

Substituting from (4.20) into (4.5), differentiating with respect to a 

and equating to zero yields ~A for which A is maximum 
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(4.21) uA = r>'~Y )\; 
)lA 

with 

2& 
-1 (4.22) A (1+ /) 

With some manipulations we get the following expression for nA, 

(4.23) 

For values of A close to 1, aA reduces 

the results obtained in earlier papers 

to (ABY)'!! which is analagous to 
~ 

[3,5,9J. 

Differentiating equation (4.18) for N with respect to a and making use 

of equation (4.20) yields 

(4.24) 

+ 

Equating (4.24) to zero yields an equation for aN for which N is 

minimum. The analytical expression for aN is quite tedious and 

numerical techniques should be employed to determine aN. 

It is interesting to evaluate 

(4.24) we obtain: 

(4.25) aN I 
Ttl 

From equations (4.21) to 

It is obvious from equation (4.25) that 0A which maximizes the 

system availability, does not, in general, yield a minimum for the 

average number of transactions in the system N. There is a minimum for 
_ A 

N at aA if the following condition is satisfied, 

o (or equivalently, 
4AS _ = 1). 

~YA 

substituting for oA fom equation (4.23) yields the condition 
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(4.26) ~ 
Y(n - 1) 

for which "N a
A 

A 

Considerable simplification arises in the determination of aN if 

a2A »--- in the neighbourhood of "N ' since then we may put 
aa2 

aA 0 i h i for aN Tn - n t e equa t on Tn 

It follows that 

(4.27) aN 
aa 

which yields an 

(4.28) "N 

approximate value 

1-
(2y (~)2) 

~ 

It is easy to show that 

(4.29) 
A 

(J.A 

for aN, given by 

which is equal to one if 4 AS = ~yA. 

A Note that maximizing A yields a maximum for p(a,O) (since - is invari-
~ 

ant in eqution (4.2» which is a measure for the maximum additional 

load which can be added to the system (recall the ergodicity condition 

A < ~). The maximum limit on the arrival rate of transactions at 

maximum availability is determined from the equality 

(4.30) A max 

since A is a function of A. 
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5. Conclusions 

An M/M/l/N system subject to Poisson breakdowns of exponential duration 

is considered. In the case of state-dependent parameters, efficient 

numerical algorithms were presented for the computation of the state 

probabilities and their sensitivities with respect to the system para

meters (they are used in the numerical optimization of performance 

variables). In the case of state-independent parameters, a state-space 

analysis approach was presented in order to derive analytic expressions 

for the system availability and the average queue length. The analysed 

system can be used to represent the operation of a transactional data

base system, subject to random failures and supported with checkpoint

ing and rollback recovery strategies. This representation is valid 

under various assumptions such as the Poisson occurrences of arrivals 

and breakdowns, and the exponential time distribution of transaction 

serivce and checkpoint duration. Furthermore, it was necessary to 

assume a heavily-loaded situation and a failure rate which is much 

smaller than the checkpointing rate in order to agree with the exponen

tial assumption of recovery times. The recovery periods are 

independent when the failure rate is much smaller than the 

checkpointing rate. The optimum value of the checkpointing rate which 

maximizes the system availability is determined, depending on the 

system load and found to be different from the value which minimizes 

the average number of transactions in the system. 

Although the underlying assumptions may not all be realistic, the ob

tained results may agreeably fit in practical situations. It remains 

interesting to develop and analyse more realistic models. 
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