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ABSTRACT

We consider multigrid applied to a class of singularly perturbed two-point boundary
value problems. In the multigrid method we use a matrix-dependent prolongation and restric
tion. For a two-grid method we prove uniform convergence for all h (mesh size parameter)
and € (perturbation parameter).

1. INTRODUCTION

If one considers elliptic boundary value problems then multigrid methods can be used
to solve efficiently the large sparse linear systems resulting from a discretization method. In
recent years there has been intensive research into the theoretical understanding of the con
vergence properties of these methods. We refer to Hackbusch [6], McCormick [10], Wesseling
[14] and the references therein. By far most of the analyses apply to symmetric or nearly
symmetric problems. Clearly, singularly perturbed elliptic boundary value problems do not
belong to this class. For problems with constant coefficients and periodic boundary conditions
one can use the Fourier transformation to analyze the convergence properties of a multigrid
method (d. [1], [6], [7], [14], [15]). The case with Dirichlet boundary conditions (or variable
coefficients) is much harder to analyze. In fact, hitherto for standard multigrid, as far as we
know, the only rigorous theoretical results in this field are in a paper of Hackbusch [7]. In
that paper Hackbusch analyses multigrid convergence for a ID singularly perturbed Dirichlet
boundary value model problem. In the present paper we consider standard multigrid for ID
singular perturbation problems too. Some important differences between our work and the
results in [7] are the following. Firstly, we use matrix-dependent transfer operators, whereas
Hackbusch uses the standard prolongation (linear interpolation) and the standard weighted
restriction. Secondly, our analysis is completely different from the one used in [7]. Another
difference is that Hackbusch measures the contraction number with respect to a nonstandard
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norm which originates from his analysis whereas we use the standard maximum norm.
As mentioned above, in the multigrid method we use matrix-dependent transfer operators.
The results in this paper yield the first rigorous convergence analysis for a two-grid method
with a matrix-dependent prolongation and restriction.
For smoothing we use (damped) Jacobi and several variants of the Gauss-Seidel method.
For the coarse-grid correction we use the Galerkin approach. One of our main results is the
following: We prove that for the number (v) of smoothings large enough (in our model prob
lem: v ? 3) the contraction number of the two-grid method with respect to the maximum
norm is uniformly smaller than one for all h (mesh size) and all e (perturbation parameter).
Furthermore we show that a suitable smoother yields a contraction number which tends to
zero if the perturbation parameter e tends to zero (h fixed).
In the ID case there is a natural choice for the matrix-dependent transfer operators (cf. [6],
[14]). For the 2D case, however, there are several possibilities (cf. [3], [6], [9], [15]). Un
fortunately, the analysis in this paper has no straightforward generalization to the 2D case;
a rigorous convergence analysis of standard multigrid for 2D singularly perturbed elliptic
Dirichlet boundary value problems remains an open problem. Emperical studies of multigrid
for 2D convection dominated problems can be found e.g. in [1], [3], [9], [15], [16]. Recently, a
theoretical study of the hierarchical basis multigrid method for convection-diffusion problems
has been presented by Bank, Benbourenane [2].

We now outline the remainder of this paper. In §2 we introduce a class of singularly
perturbed two-point boundary value problems and the discretization we use. In §3 we dis
cuss the two-grid method. We derive some useful relations for the matrix-dependent transfer
operators and for the coarse-grid matrix. In §4 we prove an upper bound for the contraction
number of the two-grid method.

Our results hold for a class of singular perturbation problems (e.g. variable coefficients
are allowed); throughout the paper important results are illustrated using the model problem
-e<p"(x) +<p'(x) = J(x) on ]0,1[, <p(I) = <p{l) = 0 (e > 0).

2. CONTINUOUS PROBLEM AND DISCRETIZATION

We consider a second order linear singularly perturbed two-point boundary value prob
lem of the form

{

-e<p"(x) + ;3(x) <p'(x) +6(x) <p(x) =J(x)

<p(0) = <p( 1) = 0

x E]O,I[
(2.1 )

with e E]O, 1],;3, 6 and J sufficiently smooth, 6(x) ? 0 for all x E]O, 1[. For results concerning
properties of the continuous problem we refer to Eckhaus [5], O'Malley [11].

As a special case of (2.1) we take the model problem

{

-e<p"(x) +<p'(x) = J(x)

<p(0) = <p(1) = 0 .

x E]O, l[
(2.2)

For convenience we use a sequence of uniform grids, although our analysis below still holds
if we only assume that the grids are quasi-uniform. Let h := l/(N + 1) be the mesh size
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parameter and Xi := ih, i = 0,1, ... , N + 1. We use the notation Uh := IRN; i E Uh
corresponds to the grid point Xi.
The problem (2.1) is discretized using a three-point difference scheme; the resulting operator
Lh : Uh -l- Uh can be represented as a difference star [-ah,i bh,i - Ch,i] in the grid point
Xi. For notational convenience we drop the h index in the difference star, and thus (with
al = CN = 0):

(2.3)

We make the following (stability) assumption concerning the discretization method:

(AI) Lh is a weakly diagonally dominant M -matrix.

We refer to Hemker [8], Doolan-Miller-Schilders [4] where numerical discretization aspects of
(2.1) are discussed and where one can find methods which satisfy (AI).
Note that (AI) is fulfilled if the following holds:

{

Lh is irreducible; ai ~ 0, Ci ~ 0, bi > 0 for all i

ai +Ci ~ bi for all i with strict inequality for at least one z.
(2.4)

EXAMPLE 2.1. For the model problem (2.2) we consider a constant difference star of the
form

1 1
[Lh]i = E:h h [-1 2 -1] + 2h [-1 0 1]. (2.5)

The artificial diffusion is given by hE:h - E:. The assumption (AI) is fulfilled iff E:h ~ i holds.
Well-known schemes are the following:

- upwind scheme

- TIl'in scheme

- Samarskii scheme

3. TWO-GRID METHOD

: E:h = ! + :.. / (1 +~)
2 h 2E:

(2.6.a)

(2.6.b)

(2.6.c)

We take an arbitrary "fine" grid as in §2 with mesh size h and a corresponding "coarse"
grid with mesh size H = 2h. So the fine grid space Uh has dimension N and the correspond
ing coarse-grid space, denoted by UH, has dimension NH := HN - 1).
For a two-grid method we need a smoothing operator on Uh, transfer operators between UH
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and Uh and a coarse-grid approximation of Lh' Below we discuss the choice of these compo
nents.

Smoothing operator. Assume a splitting Lh = Wh - Rh such that the following holds

Due to (AI) the assumption (A2) is fulfilled for the Jacobi splitting and for the Gauss-Seidel
method with various node orderings: e.g. ordering from left to right, ordering from right to
left, red-black ordering.
The smoother we use, based on this splitting, is such that the iteration matrix is given by

S .- I 1 W-1Lh·- - 2 h h· (3.1)

Our analysis below still holds if the damping factor ~ is replaced by (J E]O, ~]. We will also
use the variant without damping:

(3.2)

Grid transfers. We use the matrix-dependent prolongation and restriction as given in [6].
The three-point prolongation p : UH -+ Uh is defined by

This yields

for

for

i=I,2, ... ,NH

i= 1,2, ... ,NH+l.
(3.3)

or in stencil notation (cf. [6]):

for i = 1,2, ... ,NH

for i= 1,2, ... ,NH+l,
(3.4)

(3.5)

For the restriction r : Uh -+ UH we take r = ~pT where p : UH -+ Uh is a matrix-dependent
prolongation as in (3.3) but with Lh replaced by L!- This yields (cf. (3.5)):

(3.6)

Coarse-grid operator. We use the Galerkin approach:
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(3.7)

Note that, due to (LhPU)i = 0 for i odd, we have LH = ! TinjLhP with Tin; : Uh -+ UH the
trivial injection operator.

We now introduce some notation related to a red-black ordering of the fine-grid nodes. It
turns out that with this new node ordering the coarse-grid matrix LH as in (3.7) has a nice
interpretation. Also this red-black ordering is important for the convergence analysis in §4.

We define the permutation matrix Q = Qh : Uh -+ Uh by

{

(QU)i = U2i-1

(QU)i+NH+1 = U2i

We use the notation

for

for 1 ~ i ~ NH .
(3.8)

Furthermore Lh is represented corresponding to this red-black partitioning as

LEMMA 3.1. The following holds (with I the N H X N H identity matrix):

(3.9)

(3.10)

. - [ All A12 ] • _ ! [A A-1
P - I ,T - 2 21 11 I] (3.11.a)

(3.11.b)

Proof. For 1 ~ i ~ NH + 1 we have (cf. (3.8), (3.4)):

and for 1 ~ i ~ NH:

This yields the first result in (3.11.a). Using similar arguments one can prove the second
result in (3.11.a). From (3.7) and the results in (3.11.a) it follows that

5



I] [ An
-A21

o

REMARK 3.2. From (3.11.b) it follows that, apart from a scaling factor ~, the coarse-grid
matrix LH equals the Schur complement of lh.

LEMMA 3.3. The coarse-grid matrix LH as in (3.7) is a weakly diagonally dominant M
matrix with difference star (1 ~ i ~ NH)

[ ]
1 [ a2i-lLH i = - - -- a2i
2 b2i-l

(3.12)

Proof. The matrix lh is an M -matrix and 2LH is equal to the Schur complement of lh' so
LH is an M -matrix. Combination of (3.4) (or (3.5)), (3.6), (3.7) and some easy calculation
yields a difference star as in (3.12).
Note that due to (A1):

and thus L H is weakly diagonally dominant. o

REMARK 3.4. A variant of Lemma 3.3 is given in Exercise 10.6.5 of [6]. The results of
Lemma 3.3 show that the Galerkin approach with matrix-dependent grid transfers yields
stable three-point operators on coarse grids.

EXAMPLE 3.5. For the model problem of Example 2.1 the coarse-grid matrix has a con
stant difference star

b _ 2ac
b

This can be rewritten as

] 1 [ ]. h ._ 1 ( 1 )2 - 1 + 2H -1 0 1 WIt €H'-:4 2€h + - .
2€h
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So the coarse-grid matrix has the same form as the fine-grid matrix (cf. (2.5)), but with a
larger artificial diffusion:

For the upwind scheme we get:

ho.h-o.=lh Ho.H-o.=lh(1+-
h
-) (E ]-21h,h[).

2 ' 2 20. + h

4. CONVERGENCE ANALYSIS

In this section we prove an upper bound for the contraction number of the two-grid
method with respect to the maximum norm. We consider a two-grid method with compo
nents (Sh,p, T, LH) as discussed in §3. Our approach of the Smoothing Property is as in [12],
[13]. In the analysis there we need a damping factor 8 E]O, ~]; this explains the damping
factor in (3.1). If the matrix Lh is almost lower (upper) triangular (f ~ 1) then a suitable
Gauss-Seidel variant, without damping, has an iteration matrix with spectral radius ~ 1.
Therefore we use one "smoothing" without damping (iteration matrix as in (3.2)). So we
consider a two-grid method with the following iteration matrix Th(l/): Uh -+ Uh

(4.1 )

Below, we use the diagonal matrix Qo : Uh -+ Uh defined by

if i odd
(4.2)

if even.

Also we use the notation D h := diag(Lh ).

LEMMA 4.1. The following holds:

(4.3)

Proof. Let Lh be as in (3.9), (3.10) and S := A22 - A 21 A1l A12 .
Using Lemma 3.1 we get

I - pLi/rLh = QT(I - pLi/fLh)Q

= QT(L;;l _ [ All~A12 ] S-1[A21 A1l I]) QLh .
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Note that

i-1 _ [ All +AllA12S - 1A21AIl
h - S-1A A-1

21 11

Hence

I L -1 L - QT [All 0] QL - Q D-1 L-p H r h- 0 0 h- 0 h h·

We now give an important result which is proved in [13] (d. also [12]).
We define

~o(v) := 21
-1' ( [fv]) (v E INo) .

Then the following holds:

o

(4.4)

(a)
(21

~o(v) < 2 V-; y'li for all v 2 1 , (4.5.a)

(b) for every square matrix B with IIBlloo :::; 1:

11(1 - B) (~(1+B)tlloo :::; ~o(v) for all v 2 0 .

THEOREM 4.2. The following holds for every v 2 1:

Proof. Note that, with fh as in (3.2), the following holds:

Using (4.6) and the result of Lemma 4.1 we get

(4.5.b)

(4.6)

Due to assumption (A2) we have IIShiioo :::; 1. Applying the result of (4.5.b) with B = Sh
yields
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IITh(v)lloo :; IIQolloo IIDh"l Rhlloo 11(1 - Sh) (!(1 + Sh))V-111 00

:; IIDh"l Rhlloo ~o(v - 1) .

COROLLARY 4.3. A reasonable splitting Lh = Wh - Rh should satisfy

IIDh"lRhlloo :; K with K independent of hand e ,

(cr. Example 4.4 below). If (4.7) holds then we get the following estimate for v ~ 2:

IITh(V)lloo :;~ with C:= 2 ~ K .
v-1 Y;

o

(4.7)

(4.8)

Clearly, if e ! °a suitable Gauss-Seidel splitting yields IIDh"l Rhlloo = D(e) (e! 0, h fixed),
and then the upper bounds in (4.7), (4.8) are rather pessimistic. In Example 4.4 this is
illustrated for our model problem.

EXAMPLE 4.4. We consider Jacobi and three variants of Gauss-Seidel splitting for the ma
trix Lh of our model problem (d. Example 2.1). For these splittings we specify the term
IIDh"lRhll oo which occurs in the upper bound of Theorem 4.2.
For Jacobi and red-black Gauss-Seidel we get:

(4.9)

For Gauss-Seidel with node ordering from right to left we get:

(4.10)

Clearly we have a better method if we use Gauss-Seidel with node ordering from left to right.
For this splitting we have:

For the upwind scheme (4.11) results in

IID-1R II _ e/h
h h 00 - 1 +2e/h '

and if we use the TIl'in scheme we get
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In both situations ((4.12), (4.13)) we see that IID;:l Rhlloo 1 °if e/h 1 0. Also, it is clear
that in all four cases an estimate as in (4.7) holds. In particular, K = i for lexicographical
Gauss-Seidel (d. (4.11)) and then the upper bound in Theorem 4.2 is smaller than ~ for all
h and all e if v ~ 3.

REMARK 4.5. We consider two possible coarse-grid corrections: one with matrix-dependent
transfer operators and the other with standard transfer operators. For our model problem we
give a comparison of these two cases by studying the Approximation Property with respect
to II ·llq (q = 1,2,00) for e 1 0. Lemma 4.1 yields that for our model problem with the
upwind scheme we have the following Approximation Property:

(4.14)

For e = °we use the notation

1 1
[Lh,O]i = h [-1 1 0], [LH,o]i = H [-1 1 0],

and thus for the matrix-dependent transfer operators we have the Approximation Property

(4.15)

Let P. : UH -+ Uh be the standard linear interpolation and r. : Uh -+ UH the standard
weighted restriction (r. = ~P~'). Alsocl:= (I,O, ... ,O)T,CN (O,O, ... ,o,lf,n:=
(1, 1, ... , If. Straightforward calculation yields

(4.16)

with Bh := ~h[net+eN nT] and Ch := Ph - iCNct with Ph a pentadiagonal matrix for which
IIPhllq ~ 1 holds (q = 1,2,00).
Note that IIBhlh = IIBhll oo = ~ and IIBhl1 2 = ~ VIi + O(h) (h 1 0). This results in the
following Approximation Property for the standard transfer operators:

(4.17)

The results in (4.15), (4.17) show that, in our model problem with el 0, the Approximation
Property w.r.t. 11·llq (q = 1,2,00) is significantly better for matrix-dependent transfer
operators than for standard transfer operators.
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