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abstract 

For a one-dimensional closed loop with only elastic 

scattering we discuss the development of electrical 

current under the influence of an induced electromotive 

force Emf• Our calculations show that, in contrast to 

what generally is believed, the current development 

for not too small Emf's is similar to that of a 

dissipative system. This unexpected result is due 

to the combined effect of Zener tunne ng and quasi

randomization of phases. 
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1. INTRODUCTION 

The physics of small normal (i.e., non-superconducting) 

rings at low temperatures has recently become an 

interesting topic. One reason for this may be the 

present status of technology, which seems to have brought 

us close to the possibility of experimental verification 

of certain predictions. On the other hand, the theory 

of electronic conduction in small rings is interesting 

by itself because of conceptual implications. 

Biittiker, Imry and Landauer [1] predicted Josephson

like behaviour in such systems, while the influence of 

dissipative effects due to inelastic scattering were 

discussed by Landauer and Buttiker [2]. The latter 

authors stated that, initially, the DC-current component 

will grow when inelastic scattering is gradually 

increased from absence to a certain level, whereas it 

will diminish again upon further increase of inelastic 

scattering. Hence, when present at relatively small 

rates, inelastic scattering is expected to cause 

metallic-like current response, but it is not expected 

that elastic scattering alone can manage to do so. 

However, contrary to the latter expectation, we will 

show here that Zener tunneling through mini-gaps is 

still another mechanism which is able to cause the 

occurrence of a DC-current component, as well as the 

possibility of complete disappearance of Josephson-like 
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behaviour. Note,in this respect, that the system is time 

reversible, conservative and has no dissipation at all. 

Our findings seem to disagree with ideas put forward 

by Landauer [3] and Biittiker[4J, who suggest the strict 

impossibility of conductance in nondissipative systems. 

In 1981, Lenstra and Van Haeringen developed a 

theory of electronic conduction at T=OK in a one-

dimensional disordered system with periodic boundary 

conditions [ 5 ]. This theory led these authors to 

the recognition of Zener tunneling through mini-gaps 

between adjacent mini-bands as a mechanism for obtaining 

metallic-like conduction and the possibility of "ohmic" 

behaviour. In Ref.6 as well as in a later paper[7J it is claimed 

by Lenstra and Van Haeringen that under the. influence of a not 

too weak DC electric field switched on at t=O, current 

saturation occurs for t / 0 to a time-independent value 

proportional to the magnitude of the field. It is also 

argued that this current response can be described, in 

good approximation, with the use of a Boltzmann-type 

equation[7]. 

In the present paper we report on numerical results 

obtained for a closed circular lD system in which only 

one single delta-function scatterer is present. The 

results obtained thus far provide numerical evidence 

for saturation of the current in the Zener-tunneling 

regime. Even in this special model system, the electrical 
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behaviour of the ring turns out to be ohmic, 

although no external randomizing mechanism 

is present. The reason for this unexpected 

behaviour is equally simple as surprising. Namely, 

it turns out that, in spite of the apparent lack of 

disorder in the system, the build up of phases (in the 

increasing number of terms representing each time-

dependent electron wave function) under the influence 

of the driving field is such as to generate a quasi-

random distribution of points on the complex unit circle. 

This quasi-random phase distribution is equally effective 

in washing out quantum-coherence and correlation effects 

as are truly randomizing processes, such as associated 

with the dissipation of heat. 

2. BASIC THEORY 

As the complete theory can be found in Ref.5, we 

will confine ourselves here to the essential elements. 

A typical one-electron eigenenergy spectrum is sketched 

in Fig.I. The spectrum consists of mini-bands En,k 

with typically small Brillouin-zones of width .Ak=27f /L, 

where Lis the natural periodicity, i.e., the circumference 

of the ring. Each mini-band can be occupied by two 

electrons at most. Adjacent bands are separated by 

mini-gaps. The precise forms of bands and the magnitudes 

of mini-gaps are fully determined by the potential which 
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Typical one-electron energy spectrum with mini-

bands En,k separated by mini-gaps gn. The whole 

structure is periodic with period equal to the width 

271/L of the Brillouin-zone. Each mini-band can be 

occupied by two electrons at most. Only a few bands 

near the Fermi-level have been drawn. 
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the electrons in the wire experience. A potential is 

called weak, if for energies near the Fermi energy, 

the gaps are much smaller than the widths of mini-

bands. 

According to the general theory[5] the wave number 

k will move for t /'. 0 as 

k ( t ) = e Ft /fi , ( 1 ) 

where the electric field strength F is related to the 

electromotive force by FL=Emf• Simultaneously, field

induced transitions will occur between mini-bands, but 

in the present case of small gaps, these transitions 

take place between adjacent bands mainly, that is, in a 

way completely similar to Zener tunneling. The difference 

with ordinary Zener tunneling is that the sizes of band 

width and energy gaps are about 5 orders of magnitude 

smaller than in ordinary semiconductors. 

To each energy En,k corresponds an eigenfunction ~n,k 

and in the course of time the wave function of an 

electron can be written as a linear combination 

T<x,t) = 
n 

(2) 

with k(t) given in (1). The time evolution of the 

coefficients is governed by 



ie1iF 
m 

-7-

As we are considering here the case of a weak potential 

such that the gaps in Fig.l are much smaller than the 

width of each band, eq.(3) can be unraveled into 

independent 2x2 systems[5,?),each of which describing 

Zener-tunneling transitions between two adjacent bands. 

Let us consider one such Zener-tunneling process 

in more detail. It is convenient to let this process 

start and end precisely in between two gaps, that is, 

to let it happen from ts to te, where ts=77ii(q-t)/(eFL) 

and t 711i(q+t)/(eFL), with q an integer. This corresponds 

to a k-interval of length 7f/L. One complete Zener-

tunneling process can be summarized as (see Fig.2) 

-iAn 
= e 

iDn i 
e ( 1-R ) z n 

-iD 1 
e n( 1-R ) ~ 

n 

Here, An' Bn, en and Dn are real phase angles and Rn is 

a positive quantity to be interpreted as the probability 

for an elastic backscattering event in which the velocity 

changes sign. The quantity 1-Rn is the Zener-tunneling, 

(3) 

• 

(4) 
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Illustrating a Zener-tunneling process. 

One representative near-degeneracy two-band situation 

from Fig.1 has been shown. Starting at ts with expansion 

coefficients en and cn+l' the values of these coefficients 

at te can be calculated as described in Ref .5. The 

relationship then obtained can be summarized as in (4). 
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or forward-scattering probability. Expressions for the 

various quantities can best be given in terms of the 

dimensionless parameters 

on ( 5) 

where gn is the width of the energy gap between bands 

n and n+l. In terms of the Fourier component of the 

scattering potential, we can write 

L 

= .l J dx 
L 0 

2in ifx/L 
U ( x) e 

which defines Dn, while gn=2\Unf • 

( 6) 

The quantity Xn is equal to the ratio of band width 

to band gap and, in order for the model to be applicable, 

must be given a large value, xn )> 1. The parameter 'fn 
usually occurs in Zener tunneling; apart from a factor 

2//T, it is equal to the square of the gap energy 

divided by the product of band with and eFL. In the 

semi-classical limit one has ~).)1, whereas in the 

Zener limit ~ <<1. In terms of these parameters 

it turns out that 
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Numerical results for the quantities R and C , n n 
which occur in (4). Solid and dashed lines refer to 

xn~100 and 1000, respectively. In (a), the quantity 

Rn/ On is plotted versus fn; in ( b), en is plotted 

versus ~· Note that in both cases the horizontal 

scale ( If n) is a logarithmic one. 
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Analytic expressions for Rn and en have, to our knowledge, 

not been obtained yet, but some numerical results for 

them are given in Fig.3. For Xn-70':7 one has Rn -7 

1-exp(-t77(n)[5,7]. 

3. CURRENT RESPONSE 

The general expression for the contribution of one 

electron to the electrical current can be written[5,7] 

j ( t) = ~ ~ Jc ( t) 12 dEn 'k I 
L~ n n dk k=k(t) 

The first term on the right-hand side of (9) is the 

usual current contribution associated with band 

derivatives, whereas the second term is typically 

related to the occurrence of transitions. Without 

interband transitions, the current would be an oscillating 

function of time as described by the firs~ term in (9). 

In fact, all electrons would contribute oscillating 

currents which, although highly compensating when 

considered two by two, still woold.add up to a nonzero 

oscillating current in response to a DC electric field. 
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In the presence of a typically weak potential 

(such that the only transitions are Zener-tunneling 

ones between adjacent bands), it is consistent to 

calculate the current just in between two successive 

Zener-tunneling events, that is, at the times 

tq = 7T£(q+t)/(eFL), ( 10) 

with q=0,1,2, •••• At these instants the second term 

on the right-hand side of (9) can be discarded, while 

n+q+l 2 (-1) (2n-1)1f1i /(2Lm). ( 1 1 ) 

Hence, we can write for the current 

(,;O 

q+l 
= (-1 ) 112e1i ~ ( - 1 ) n ( 2n- 1 ) I en ( tq) 12. 

21 m n=l 
( 12) 

In the numerical calculations we proceed as follows. 

We start at t 0 (i.e., the time given by (10) with q=O) 

with one electron occupying a pure state, with band 

index N, say. Thus, we have cn(t0 ) = bnN• Next, we 

calculate the nonzero coefficients at later times t q 

by subsequent application of (4). At each intermediate 

time tq the current is calculated. This scheme can be 
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repeated for the various different initial states and 

the total current can be obtained, in principle, by 

adding up all single-electron currents. 

Note that we always start with each electron in 

a pure state. In fact, this is obligatory if one 

considers a system which is initially in its ground 

state. Apparently, the system is taking up energy 

from the field in the course of time and it is not 

difficult to show that the total energy of the system 

changes in time according to 

d 
dt Etotal =Emf j(t), ( 13) 

with j(t) the total current and Emf=FL the electromotive 

force. It is a matter of course, that the energy, thus 

taken up,is stored in the system and not dissipated 

away. 

Let the total number of electrons be given by 2N 

(hence, n=N labels the Fermi-band). In the regime .of 

small electromotive forces, i.e., fN //1, the Zener

tunnel probability will be exponentially small and the 

current will oscillate with period 2 ir1i/( eEmf). This is 

the phenomenon referred to as Josephson behaviour by 

Buttiker, Imry and Landauer [1J. Here we are interested 

in the other limit case, in which, on increasing Emf' 

Zener tunneling has become more and more substantial, 
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providing a mechanism for the electrons to occupy ever 

higher lying energy bands, that is, to accelerate 

electrons. 

In this Zener limit, f N <(.L l , we might adopt the 

view of accelerating electrons which experience some 

backscattering (given by the Rn). It would then be 

tempting to introduce the average backscattering rate[s,~ 

W:::::. ( 14) 

where< >means some convenient average over energy bands. 

Then, the concept of a mean-free path would follow 

directly and this, in turn, would lead to a saturation 

level for the current response in the usual way. However, 

these concepts are applicable only if some randomization 

takes place in such a way that different Zener-tunneling 

events can be treated as statistically independent (this 

is needed to satisfy the Stosszahlansatz). In case 

of ordinary conductance at finite temperatures, it is 

the dissipation of heat through interactions with 

phonons, which causes this randomization. Here in our 

system, we will show that effective randomization still 

takes place , even in the absence of any heat 

reservoir. In fact, it will turn out that quasi-

randomness is introduced in the distribution of phase 

angles An in (4), in such a way that subsequent Zener

tunneling events seem to be uncorrelated. 
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4. PHASE RANDOMIZATION 

To understand how the (quasi) randomization takes place, 

we must take a closer look at the angles An, nee these 

quantities will turn out to play a crucial role. By 

subs ti tu ti on of ( 5) for On and xn (while denoting the 

Fermi band by N, as before), we can write (7) as 

( 15) 

In case of a delta-function potential, all gn•s are 

equal, implying that the second term in the right-hand 

de is a constant, independent of n, so that this term 

is irrelevant as far as phase differences are concerned. 

The n2 contribution to An, however, is most relevant, 

since this term may be substantially large, that is, 

in the 102 - 108 range. 

As an example, consider the case XN=100, O"N=0.01 

and N=200, which are the parameter values in the numerical 

results to be presented in the next section. We then 

have An= 0.5 n2 + 1. The above-mentioned randomization 

follows from the fact that the set of complex numbers 

exp(-iAn) for n~10 form a quasi-random set of points 

on the complex unit circle. This implies that different 

trajectories in E-k space, which connect two given 

points, have different "path length". This is illustrated 

in Fig.4, where the three different trajectories are 



Fig.4 
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Illustrating self-induced phase randomization. 

Starting in P with coef eient cn=1, three different 

trajectories in E-k space are shown, via which the 

point Q can be reached at a time 47f{/( eFL) later. 

In Q, the contribution to cn+ 2 due to each trajectory 

has its own phase. Apart from the phase contribution 

An+An+l (which they all have in common), these phases 

are indicated. Given by (15) with all gn equal, the 

phase angles are perfectly regular. However, when 

reduced to the interval [o,21f] they seem to be random. 
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shown along which Q can be reached starting from P. 

Also, the phase contribution of each trajectory has 

been indicated. This example illustrates the point 

that the various phase contributions collected in a 

given point in E-k space can not be distinguished, 

in general, from randomly chosen angles between 0 and 

21T. Thus, the validity of a Stosszahlansatz is 

guaranteed. 

Before turning to the numerical results which 

confirm the above-described theory, let us mention 

the existence of very special combinations of xN and 

'(N for which exp(-iAn) do not form randomly distributed 

points on the unit circle. Namely, if x~('N/N is 

equal to a convenient rational number times 27{, a 

restricted number of different (and regularly spaced) 

points are obtained. In such cases there is no effective 

randomization and we may expect the current development 

to be different from that in dissipative systems. 

In this respect it must be clear that, although such 

a situation is easily realized in a numerical calculation, 

its occurrence in practice will be hard to realize, if 

not impossible. Indeed, in real experimental situations 

there will always be some dissipation to introduce 

additional (true) randomness, which, together with 

inevitable fluctuations in Emf' and hence in On' will 

make the occurrence of such special situations to 

highly improbable events. 
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5. NUMERICAL RESULTS 

All calculations were performed with the parameter 

values N=200, xN=lOO and (N varying between 0.005 

and 0.5. The curves in Figs.5 to 7 give jq versus q 

(see (10) and (12)) for various different values of ~N· 

Each jq-curve is the sum of contributions from two 

electrons, one of which initially occupies level 199, 

while the other occupies level 200. The advantage of 

considering two electrons in stead of one single electron 

is that the current in the former case starts to increase 

linearly from zero, contrary to the latter case. Note in 

this connection that the total current due to all electrons 

will show the same initial behaviour. 

The curves in Fig.5 belong to very special choices 

for O'N' corresponding to 1, 2 or 4 strictly regular points 

in the set [exp(-iAn)J. Except for the small periodic 

modulation, the curves resemble accellerating behaviour 

of the electrons. The modulations are due to the 

presence in (4) of the phase angle Bn given by (8). 

Very small changes in the value of ~ are sufficient to 

change the form of the curves dramatically. This can 

be seen in Fig.6, where it is shown that deviations of 

-0-N from the value 7f/300 (here corresponding to 12 points 

on the unit circle) by 0.3 % are amply sufficient to 

cause the current development to change from free-

electron-like accellerating behaviour to dissipation-

like saturation. 
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Other examples of saturating currents are given in Fig.7 

for three different values of {f N· Since all curves refer to 

the same N=200 and xN= 100 values, different '(N means 

different field values. Thus the curves in Fig.7 belong to 

field values in the ratio 1 :2:3. It turns out that the 

precise forms of the curves are very sensitive to small 

changes in O"'N-values, but also that the time-averaged current 

after saturation ts a lot less sensitive. For each curve 

we calculated the corresponding saturation level by averaging 

all current values from a certain step qc on. This qc 

corresponds to the collision time w- 1, that is, 

The saturation levels, thus obtained, are also indicated in 

Fig.7. It is seen that the saturation values show rough 

linear scaling with the electromotive force. 

The linearity of the saturated current level versus 

applied field was investigated further and the results 

can be found in Fig.8. Each dot represents the saturation 

level obtained at the value of O'N 1 indicated on the 

horizontal axis~ Though the dots are somewhat scattered, 

the picture strongly suggests a linear relationship 

between current and field over a full decade of field 

values. As a consequence, our ring-shaped system can 

be assigned a resistance in the sense of a coefficient 

in the linear relationship between current and field. 

( 1 5) 
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The above conclusions are based on numerical 

results obtained for a single delta-function potential. 

In fact, we have dealt with about the simplest model 

system one can think of when studying electrical conduction 

at T=OK. We do not expect different qualitative behaviour 

in case of a less regular potential or in case of higher

dimensional systems. On the contrary, we would expect 

that in a random potential (which implies that ?f'n and xn 

contain randomly distributed gn-values, while Dn is 

randomly distributed too) the same qualitative behaviour 

will be found. In fact, in this case the Stosszahlansatz 

will even be better satisfied, thanks to the built-in 

randomness. Similarly, higher dimensionality 

will increase the number of different trajectories in E-k 

space, which will certainly help to cause effective 

phase randomization even faster. 

6. CONCLUSIONS 

We have touched the conceptual problem as to whether 

resistance can be assigned to nondissipative systems 

or not. For a simple one-dimensional ring-shaped 

system, in which the electrons are assumed to be 

noninteracting, while experiencing only elastic 
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scattering, we have obtained numerical evidence for the 

occurrence of self-induced phase randomization and 

associated saturating electric current, in response 

to an externally applied electric field. Our results 

support the point of view that conductance in the 

sense of a coefficient in the linear relation between 

current and field can be introduced, even if the potential 

contains no explicit disorder. 

Although there is definitely some or even a lot 

similarity with chaos (in the sense of deterministic 

noise and fluctuations), we feel somewhat reluctant in 

using this qualification for the phenomena here described. 

This would be, however, an interesting subject for 

further investigations. Another point which deserves 

further study is to what extent Boltzmann's equation 

can be applied to our systems and what this will mean 

for Landauer's conductance formula. 
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