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The mapping of the <frame to the (3’ frame is described by tensor B which is a function 
of rotation angles E. 

2 

1 2  

2 

...... 

...... ;:I 9: V T X  F T X  

E = Fry pry 
V T Z  F T Z  [ :  

where E,: axes: 
1t:bpt:LblVt:ly. I1 bllt: ut:lulllldblullb dlt: b l l l d l l  t:11uug11 l b  Lal1 ut: 011uw11 [JllcLlllCb (13 1 3 ) )  b l l c L b  

the rotation angles cX, and E ,  can be expressed in terms of the displacement column g 
as follows: 

and E ,  are the rotation angles of the (3’ frame about the e,, Zy and 
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1 d w  dv 
Ex = -(- - -) 

2 a y  dz 

1 au dw 
Ey = -(- - -) 

2 dz dx 
1 dv du 

E ,  = -(- - -) 
2 ax a y  

where u, v and w are functions of the elements of matrix gt. Column g can be approximated 
by a linear combination of deformation modes: 

27 



Recursive Multibody Dynamics according to Bae, 
Kim and Haug 

Rob C.M. Schoenmakers 

September 15, 1991 



Contents 
Abstract 

C Q i m  hnl c u y I ,C""*U 

I..Introduction 

2..Multibody systems consisting of rigid bodies 

... 2.1.. Kinematics 

. . .2.2.. Dynamics 

. . . . . .2.2.1. .T op01 og y 

...... 2.2.2..Equations of motion f o r  a single chain 

...... 2.2.3..Equations of motion f o r  the entire system 

S..Multibody systems consisting of flexible bodies 

... 3.1.. Kinematics 

. ..3.2.. Dynamics 

...... 3.2.1..Variational equation of motion for a single body 

...... 3.2.2..Reduced equations of motion f o r  the entire system 

4..Conclusions 

Re f  erences 

Appendix 

5 

6 

6 

10 

10 

11 

14 

16 

16 

22 

22 

22 

24 

25 

26 



Abstract 

This report presents a recursive formulation for kinematics and dynamics of multibody 
systems according to Kim, Bae and Haug. Systems consisting of rigid bodies and systems 
consisting of flexible bodies undergoing small deformations are treated. Kinematic rela- 
tionships for an elementary system of two bodies and a joint are derived using relative 
description. Global coordinates and relative coordinates are uncoupled in the kinematic 
equations. Recursive formulation is based upon this principle. A recursive variational vec- 
tor calculus method is presented for efficient formulation and solution of the equations of 
motion. 



Symbols 
column containing modal coordinates of body i 
magnitude of translation 

vector f r o m  centroid of body i to joint  
vector bij in unde formed state 
rotation tensor 
vector f r o m  Oik to  Ojk 
rotation tensor 
virtual rotation of body i 
virtual translation of body i 
column with virtual displacements of body i 
column with virtual displacements of deformable body i 
unit vector representing a translational axis 
rotation tensor 
column containing rotation angles due to  deformation 
body reference f r a m e  of body i 
joint  attachment f rame  
alternative joint  attachment f rame  
inertial f r a m e  
applied force on body i 
unit  vector representing a rotational axis  
inertia tensor of body i with respect to  i t s  centroid 
mass  of body i 
mass  matrix  
origin of the body reference f r a m e  on body i 
origin of the joint  attachment f r a m e  on body i 
origin of the inertial f rame  
column with relative coordinates between bodies i and j 
column containing generalized force vectors 
absolute position vector of centroid of body i 
rotation tensor 
angle, magnitude of rotation 
applied torque on body i 
matr ix  containing rotational deformation modes 
matrix  containing translational deformation modes 
deformation vector 
column with absolute linear and angular velocity vectors of body i 
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absolute angular velocity vector of  body i 
angular velocity vector of body j relative to body i 
angular velocity vector of body i due to  deformation 

2. 
Wij 
$3 



Introduction 

In this report a recursive formulation of the kinematics and the equations of motion of 
multibody systems with a tree structure is presented, based on the papers of Bae & Haug 
(1987) and Kim & Haug (1989). According to Slaats (1991), a recursive formulation 
within the context of multibody dynamics is "a procedure in which elementary relationships 
between an arbitrary pair of contiguous bodies as part of a system of bodies can be (re-)used 
all along the system". 

In general there are two basically different kinds of generalized coordinates that can be 
used: 

- absolute or Cartesian coordinates, where the motion of all bodies is described with 
respect to an inertial coordinate frame, and where a maximal set of coordinates must be 
introduced. 

- relative or joint coordinates, where the motion of a body is described relative to an 
adjacent body. Relative coordinates are excellent for open-loop systems and make recursive 
formulation possible. 

In Chapter 2, based on Bae & Haug (1987), multibody systems consisting of rigid 
bodies are treated. Kinematic and dynamic relations for an arbitrary pair of contiguous 
bodies with one rotational and one translational degree of freedom relative to each other 
are derived. Recursive formulation for reducing the variational equations of motion is 
developed using a variational vector calculus method. 

In Chapter 3, based on Kim & Haug (1989), kinematic and dynamic relationships for 
systems consisting of flexible bodies are derived in a similar way as in Chapter 2. There 
is no essential difference with systems of rigid bodies except that extra terms must be 
introduced due to the fact that the bodies are considered flexible now. Consideration is 
limited here to small deformation linear elastic structural theory. 

Finally, some conclusions are presented in Chapter 4. 
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Multibody systems consisting of 
rigid bodies 

2.1 Kinernat ics 
In figure %.i an elementary system is shown, consisting of an arbitrary pair of contiguous 
bodies interconnected by a joint. For this simple system kinematic relations are derived. 
Later it is shown that the equations derived for this pair of bodies can be (re-)used along 
a system consisting of an arbitrary number of bodies. Body reference frames 2 and 2 
are assigned to  each body at the centres of mass Oi and Oj ,  respectively, to  describe the 
location and orientation of each body relative to the global reference frame e. The position 
vectors of the body reference points on body i and body j are denoted by  vectors r"' and 3, 
respectively. Tensors Ri and RJ' are used to describe the mapping of the global reference 
frame to the 2 and 2 body reference frames as follows: 

-4T- -OT 

(3)' = Rj - ($)T 

( e )  - Risk ) 

To the joint attachment points Oij and Oji, located by vectors bij and relative to the 
body reference points Oi and OJ' , respectively, joint attachment frames "j and are 
assigned, to describe the joint between the bodies in a modular way, such that an arbitrary 
joint can be substituted into the system. The mapping of the body reference frames to 
the joint attachment frames is represented by tensors Bij and Bji for bodies i and j, 
respectively: 

+ T = B" . (8)' (e 1 
($IT (a;>' = Bji. 

For the joint in Figure 2.1, Cij denotes a tensor representing the mapping of the joint 
attachment frame on body i, to the joint attachment frame on body j :  

(2.5) 
(?.i)' = ciJ' . ("j)T 
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Figure 2.1: Elementary system of two bodies and a joint 

Body j is permitted to translate and rotate relativc to body i. Body j has one rotational 
degree of freedom relative to body i, denoted by angle B i j .  The rotational axis is denoted 
by a unit vector h ' j .  Translation can occur along a unit vector c?j with magnitude a'J. The 
unit vectors hij and d ' j  are fixed to body i and are defined with respect to joint attachment 
point Oij. Now a vector c"'j can be defined which describes the location of joint attachment 
point Oji relative to joint attachment point Oij. This vector can be written as: 

. .  

In the foliowing kinematic equations are derived where the global coordinates and the 
relative coordinates are uncoupled. On this principle recursive formulation is based. 

With the various definitions of vectors and tensors it can be shown that: 

The angular velocity of body j is related to body i as: 
4..  . 

W j  = $ + hlJ0ij 
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The translational velocity can be obtained by differentiating Eg. 2.7 with respect to time: 

where 

and similarly 
-? . +. 

= Ga + &J 

Substituting equations 2.11, 2.12 and 2.13 into Eq. 2.10 yields: 
.. 4 .  -4.. . -C. +.. +.. 

$j = +i + 3. * ( b i j  + aVdV - / , . l a )  + $ 3  - hZJ oij .+ /,.la 

By introducing a skew-symmetric tensor Z'j according to 

zij . = (6 ; j  + &i& - .+ ; v ; 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 
+ 4 

and using 
equation where the global coordinates and the relative coordinates are uncoupled: 

* b = -b * a, equations 2.9 and 2.14 can be organized in compact matrix 

where 

v -  + - [ ? I  
I .. 

I 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 
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(2.21) 

Similar to the derivation of the kinematic velocities equation 2.16 the virtual displacement 
equation can be derived. This equation is needed in the next section. 

where 

S? 
Sufi = [ S$ ] 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

.. 
where SF', S i i  and Sq23 represent virtual absolute translation, virtual absolute rotation and 
virtual relative coordinates. 

By differentiating Eq. 2.16 with respect to time, the matrix form of the acceleration 
relations can be obtained: 

y - -  x I 

4 - Aij . 3 + 8 . j  G i j  + Q -4 i j  
(2.26) 

where 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

The equations derived above will be used in the next section where a substitution procedure 
is presented to obtain the solution of the equations of motion of a multibody system. 
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Figure 2.2: A simple open-loop multibody system 

2.2 Dynamics 
After deriving the kinematic equations for an elementary system consisting of two bodies 
and a joint, in this section the equations of motion for an open-loop multibody system will 
be derived. 

2.2.1 Topology 
The structure of a multibody system can be quite complex, and a systemcan consist of 
a large number of bodies. Therefore it is necessary to have a bookkeeping procedure to 
describe the topology of a system. An example of such a bookkeeping procedure is the use 
of body connection arrays for open-loop systems. 

The inertial space is always called Bo, the lowest numbered body unequal to Bo is 
called the base body, denoted by R1. A body connected to more than two bodies is called 
junction body. Now the numbering of the bodies in the system is carried out in such a way 
that if body Bi is connected to body Bj, and if the number of bodies OE the path froni 
Bi to the base body B1 is smaller than the number of bodies on the path from Bi to B1, 
then body Bi is assigned a lower number thanT33. Now a body connection array ,L3 can be 
introduced: 

- 

10 
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where ,& is the number of the lower numbered body to which body i is connected, and nb 
is the total number of bodies in the system. For example, the system shown in Fig. 2.2 
has the following body connection array: 

P T =  x [0,1,2,3,4,4,6,1,8,9,9,11] (2.32) 

2.2.2 Equations of motion for a single chain 
A tree structure system can consist of several chains. In this subsection the equations 
of motion for a typical chain y, beginning at junction body I and proceeding to an end 
body n are derived. This chain y, as shown in Fig. 2.3, is used to derive recursive formulas 
for reduced variational equations of motion. The equations of motion for an entire tree 
structure system are obtained by using the results of each chain. This will be discussed in 
the next subsection. 

According to d'Alembert's principle of virtual work the equations of motion for the 
chain as shown in Fig 2.3 can be written as: 

n 

&")I = o  

for all kinematically admissible SiJ i = (I ,  ...., n) 

where 

Sr" slt; = [ s5ii ] 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

(2.37) 

where Fi and ? are vectors representing the applied force and torque about the centre of 
mass on body i. The mass of body i is denoted by mi and the inertia tensor with respect 
to its mass center by Ji. Equation 2.33 can also be written as: 

n-1 

E [ ( S g y  * (M . $ - g)] + ( S g - y .  (M" .e - &") = o (2.38) 

11 
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Figure 2.3: An arbitrary open-loop multibody system 
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for all kinematically admissible S$ (i = I ,  .... n) 

Substituting equations 2.22 and 2.26, with i=n-1 and j=n into equation 2.38 yields 
n-1 

(2.39) 

for all kinematically admissible 62 (i=l, .... n-1) and Sqn-l+ x 

Variation of column must be kinematically admissible which means that it may 
not violate the kinematil constraints between the bodies n and n-l. Since contains 
the relative joint coordinates (i.e 19 and a)  that automatically comply witbthe joint con- 
straints, 6q"-'," is kinematically admissible by definition. And because 62 (i=1, .... n-1) and 
Sqn-l,n are independent, the coefficient of Sqn-l?" - in equation 2.39 must be equal to a zero 
column. From this condition the second time derivative ijn-l'n e of the relative coordinates 
of the joint between bodies n and n-1 can be solved 

-r"-l," T.M" +"-l>" According to Bae and Haug (1987) the existence of matrix ( ( B  ) - - B )-l can 
be proved. Substituting equation 2.40 back into eq. 2.39 results in 

i d  
+-1 T ;n-1 +n-1 +n-1 

(Ju ) *[(M"-l + M y ) * ?  - (Q +Q,  )] = o  
for all kinematically admissible 6 2  (i=l, .... n-1) 

(2.41) 

(2.42) 
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This procedure can be repeated down the chain to body p+1. The variational form of the 
equations of motions can be derived in analogy to equation 2.41, yielding 

If this mathematical induction procedure is repeated down the chain to junction body I ,  
the equations of motions for the entire chain y (see Fig. 2.3) can be expressed as 

(2.47) 
;l ‘I 

(S$)T [Mt, - v - Q - ry ] = O 

S$ kinematically admissible for all constraints that act on body I, other than those asso- 
ciated with chain y. 

‘I 
where Mt, and Q can be derived in analogy to equations 2.45 and 2.46. In the process 

shown above the second time derivatives of the relative coordinates are computed explicitly 
(equation 2.40). By integration and substitution in equations 2.7 and 2.16 the absolute 
positions and velocities can be obtained. 

ry 

2.2.3 Equations of motion for the system 
A muitibody system can consist of several chains like the one treated in the previoris 
subsection. The equations of motion for the entire system can be obtained by combining 
the equations of motion for each single chain. The reduction procedure is now applied to 
junction body I and the chains y and e attached to it. The variational equations of chains 
y and E are reduced to junction body I ,  yielding 

(2.48) 
-1 

* [(Mt, + Mt,) - - (& + Q,,)I = 0 

14 



6 '  kinematically admissible for all constraints that act on body I ,  other than those asso- 
ciated with chains y and E. 

This equation can be added to the variational equations of motion for chain C 
. .  . I  ,I 

1 

C[(S$)' (M - 2 - &xi)] + - [(M:, + M:&) - - (BI, + giE)] = O (2.49) 
i=l 

for all kinematically admissible S$ (i=l, ..., Z)(for S$', i.e.: for all constraints that act on 
body Z,other than those associated with chains y and e). 

If the reduction procedure as shown in the previous subsection, is applied to part A 
of the system (see Fig. 2.3), then the reduced variational equations for part A can be 
obtained as 

(2.50) 

for all kinematically admissible SU1 (i.e. for all constraints that act on body 1,other than 
those associated with chain ( ) e  

In the same way part B of the system can be treated and added to Eq. 2.50, yielding 

(2.51) 

for all kinematically admissible SU1 (i.e. for all constraints that act on body 1,other 
than those associated with chain 77). 

Equation 2.51 can be 
resuiting in the equations 

added to the variational equations of motion of base body 1, 
of motion of the total system: 

(2.52) 

where SU1 must be kinematically admissible, i.e. for all constraints that act on body 
1,other than those associated with chains 5 and 7. With this reduced variational equations 
the motion of the entire system can be computed. A solution procedure is presented in 
Slaats (1991). 

15 



Multibody systems consisting of 
flexible bodies 

In the previous chapter multibody systems consist,,ig o 5gid bodies are treated. --i a lot of 
cases the equations derived for such systems are sufficient to describe a real (= non-rigid) 
mechanism. The Introduced errors in this way are considered tolerable or not significant. 

Due to light-weight construction, increasing payloads and high accuracy requirements, 
the influence of structural flexibility on dynamics of mechanical systems has become in- 
creasingly important, In this chapter kinematic and dynamic equations for flexible multi- 
body systems will be derived. 

3.1 Kinematics 
The derivation of the kinematic equations for flexible multibody systems will be carried 
out in the same way as is done for rigid body systems (see Chapter 2). In Fig 3.1 an 
arbitrary pair of flexible bodies interconnected by a joint is shown. Both bodies are in 
their deformed state. Body reference frames 2 and 2 are assigned to the bodies i and j, 
resp. at the body reference points o" and Oa. A body reference frame is not necessarily 
fixed to the body and may or may not have its origin in the center of mass of the body. 
The geometry of a body in its undeformed state is defined relative to its body reference 
frame. Displacements and rotations due to deformation are also defined relative to the 
body reference frame. Vectors 6 and @ locate the joint attachment points on bodies i 
and j, respectively, in their undeformed state. Due to deformation the position of the joint 
attachment points will change, denoted by the displacement vectors @' and Uji for body i 
and body j, respectively. The current positions of the joint attachment points now are 

+. . 

4.. +.. 
(3.1) 

(3.2) 

bz3 = by  + 3 . j  

$i = + Uji  

To the joint attachment points two different frames are assigned. First there are the joint 
reference frames and "; for bodies i and j ,  respectively. Unit vectors along the axes of 

16 



Figure 3.1: A pair of flexible bodies interconnected by a joint 

these frames are used to define translational and rotational axes of the joint between the 
bodies. 

Second there are the (p)’ and (F)’ frames, defined in such way that they are parallel to 
their body reference frames in the undeformed state. If deformation occurs, then the (p)’ 
and (8)’ frames will no longer be parallel to the body reference frames. So the (p)’ and 
(e  ) frames are introduced to define rotation at the joints relative to the body reference 
frames, due to deformation. Consideration is limited here to small deformation linear elastic 
structural theory, even though the elastic body is  permitted to urìdergo large rotations and 
translations. The mapping of the (p)’ and (?i)‘ frames to their corresponding body 
reference frames $ and e‘J, respectively can be described by tensors B’j and Bji. 

Ti I 

The tensors Bij and Bii are direction cosine tensors generated by elastic rotational angles E. 
For example tensor Bij can be obtained by three sequentid rotations E:, E: and E: of the 
(p)’ frame, about the G,G and 4 axes, respectively: 

- ~ 2 ~ 3  
+ ~ 1 ~ 2 ~ 3  ~ 1 ~ 3  - ~ 1 . ~ 2 ~ 3  - ~ l c 2  

~ 1 ~ 3  - ~ 1 ~ 2 ~ 3  ~ 1 ~ 3  + ~ 1 ~ 2 . ~ 3  ~ 1 ~ 2  
(3-5) 
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where cm = cos(&) and sm = sin(&) ; m = 1,2,3 

Since it is assumed that rotations are small enough to be treated as infinitesimal rota- 
tions, tensor Bij can be linearized, yielding 

Note that tensor Bij is equal to the unit tensor I in the undeformed state. 

The rotation deformation column gi = [ E ~ , E ; , E : ] ~  can be approximated by a linear 
combination of deformation modes of body i as: 

where i@; - is a modal matrix whose columns are composed of deformation modes at the 
joint attachment point Oij and ai is .. the column containing the modal coordinates. The 
mapping of the (p)' frame to the frame is represented by tensor Dij: 

The I;"j and (F)' frames are embedded in the body at the joint attachment point. The 
structure of the joint is assumed to be stiff so that transformations between both frames 
are constant and orthogonal, before and after deformation. This means that matrix 
is constant. 

In order to describe transformations between the body reference frame 3 and the inertial 
frame $, a tensor Ri can be introduced: 

- O T  (g)T = Ri - ( e  ) (3.10) 

In a similar way equations like above can be derived for body j. In that case index i 
has to be replaced by index j. The last tensor that has to be defined is the tensor Cij 
representing the mapping of the ? frame to the "; frame. This tensor depends on the 
relative coordinates q i j  between the two bodies. - 

( 3 i ) T  = tij. + T ( e  1 (3.11) 

With the equations presented above the following expression for the orientation tensor Rj 
of body j can be obtained: 

(3.12) 
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The absolute position of body j can be written as: 

r ” =  9 + g j  + 2 j  - $i 
- - 9 + @ + 2.j + 2j - (e + $i) (3.13) 

The displacement vectors i? and Uii can be approximated by a linear combination of 
.-I.-.+-,..,,t:,, ,,A.-., ,:,:I,, t, ,,,.,t:,, 4 7 .  
uc72ullllaIilu~l 1llUUC;D u l l l l l l a l  Iiu C ~ U C L U l U l l  u. I . 

.. 
u”’ = ( 2 ) T  “(at - ai (3.14) 

üji = (e  ) T jaj t a’ . (3.15) 

where - and ja! - are matrices whose columns are composed of deformation modes of the 
corresponding body, and ai and g j  are columns containing modal coordinates.The relation 
between ‘at - and ‘@(at - is presented in the Appendix. 

The angular velocity of body j is 

.. 
+.. 

zj = ;i + f i t3  + p - (3.16) 

where vectors Gij and 
describing the angular velocity of the ,i frame relative to the 

are angular velocities due to deformation and Wij is the vector 
frame. The vectors f l i j  and 

can be obtained from the first time derivative of the columns gi  and g j  (equation 3.7): 

6 j i  - - ( e >  9. T ja3 ,i’ . (3.18) 
.. 

The rotation vector 8 can be expressed in terms of the joint relative coordinates 4‘3: x 

1 

(3.19) 
+ i j  +. . 

where H 
corresponding with the relative coordinates qzJ. x 

is a column containing the unit vectors hk along the rotational axes of the joint, .. 

-With equations 3.17, 3.18 and 3.19 we can write equation 3.16 as follows: 

By differentiating equation 3.13 with respect to time, the translational velocity for body j 
can be obtained: 

1 9  



(3.22) 

(3.23) 

(3.24) 

If the equations 3.17 and 3.20 are substituted into Eqs. 3.22, 3.23 and 3.24, and if these 
equations are substituted back into equation 3.21, then it can be shown that 

(3.26) 

(3.27) 

The equations for virtual displacements and virtual rotations can be obtained in a similar 
way: 

(3.29) 

The translational and angular accelerations can be derived by differentiating Eq. 3.25 and 
Eq. 3.20 with respect to time. This is not presented here but can be carried out in the 
same way as for the velocity equations. 

The equations for SZi,  S? and Sgj can be expressed in a compact matrix form: 
.. 

62 = KiS2 + K~SY" 

where 

20 

(3.30) 

(3.31) 

(3.32) 



K1= [ 
K a =  [ 

(3.33) 

(3.34) 

(3.35) 

Note that the columns/matrices S l ,  S-, K1 and Ka contain different quantaties within 
the columns/matrices themselves, which is not very decent from a mathematical point of 
view. Yet Eq. 3.30 is mathematically correct after elaboration of the matrix products. For 
computer implementation it is necessary to use a column/matrix notation instead of the 
vector/tensor notation used above. For theoretical discussion this is not required. In this 
report only the vector/tensor notation is used, although in this chapter column/matrix 
notation would have been more appropriate. 

Equations for the velocities 3 and accelerations 2 can be derived in a similar way. This 
is not shown here. 
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3.2 Dynamics 
The structure of the solution procedure for a system consisting of flexible bodies is very 
much the same as for systems consisting of rigid bodies. The only difference is that extra 
terms have to be introduced because of the flexibility of the bodies. Because of the similar- 
ities between both kinds of systems, the derivation of the variational equations of motion 
for systems consisting of flexible bodies is only discussed briefly here. 

3.2.1 Variational equation of motion of a flexible body 
The variational equation of motion for a flexible body can be expressed as 

(SZy(M 3 - Q) x = o (3.36) 

The difference with the equations of Chapter 2 are that now the mass matrix is built up 
of the masses of the elements into which the body is divided. Further, column Q is now 
composed of three columns: 

- 

(3.37) 
-3 

where is a column containing quadratic velocity terms, y contains the stiffness matrix of 
the flexible body and Q is the column composed of the generalized forces on the body cq. 

elements. The derivation of M, $, 3 and f is presented in Wu, Haug and Kim (1989). 

-f 
x 

3.2.2 Reduced equations of motion the entire system 
In this subsection the system as shown in Fig. 2.3 is used to show the reduction procedure 
except that the bodies are now considered flexible. The equations of motion for chain y 
are: 

i d  

+ (ST)T. (M" .a - &") = o (3.38) 

where 6 2  must be kinematically admissible for all joints. If equation 3.30 and the equation 
for are substituted into eq. 3.38 then an explicit expression for the relative accelerations 
qn-l+ can be obtained. Therefore the column &yn-'," must be kinematically admissible 
(see Chapter 2). Column Sg"-'i" contains two columns. The first coiumn is column SQ"-'>~ x 

containing the variation of relative coordinz;tes, the second column contains the variation 
of modal coordinates Sa". Since qn-'+ contains the relative coordinates that automatically 
comply with the joint contraints,xSq"-'," is kinematically admissible by definition. Column 
Sa" contains modal coordinates t h k  do not harm the validity of the joint constraints and 
therefore the conclusion can be made that Syn-'+ is kinematically admissible if óq"-'y" - is 
kinematically admissible. 
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If this mathematical induction procedure is repeated down the chain to  junction body I ,  
the equations of motions for the entire chain y (see Fig. 2.3) can be expressed as 

(6?)T[Mt, c1 - &' ] = o (3.39) - rY 

P - J  1 .  o g  mnematicaiiy admissibie 

The equation of motion for a system consisting of flexible bodies can be derived in a 
similar way as is presented for a system consisting of rigid bodies. For the derivation the 
reader is referred to section 2.2.3. 
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Conclusions 

A recursive formulation based on relative coordinates has been presented. This method 
provides an efficient computational procedure to obtain the motion of a multibody system. 
An advantage of the recursive technique is the possibility of parallel processing, because 
the reduction method can be applied to several independent chains at the same time. 

However, the most important advantage of recursive formulation is that only small ma- 
trices must be inverted (see equation 2.40) . This demands far less computation time than 
the inversion of large total system mass matrices at the more common solution procedures. 

These two advantages can both save a lot of computation time and therefore it is likely 
that recursive formulations will be applied more often in the future. 

24 



References 

Bae, D.S., and Haug, E.J., 1987, ”A recursive formulation for constrained mechanical 
system dynamics: part I: open-loop systems”, Mechanics of structures & Machines, vol 15, 
pp 359-382. 

Haug, E. J., and McCullough, M.K., 1986, ”A variational-vector calculus approach to 
machine dynamics”, J. of Mechanisms, Transmissions, and Automation in Design, vol. 108, 
pp.25-30. 

Kim, S.S., and Haug, E.J., 1989, ”A recursive formulation for flexible multibody dy- 
namics: part 1: open-loop systems”, Computer Methods in Applied Mechanics and Enge- 
neering, vol 71, pp. 293-314. 

Shames, D., 1973, ”Solid mechanics: a variational approach)’, McGraw-Hill, pp. 29-30. 

Singh, R.P., Vandervoort, R.J., and Likins, P.W., 1985, ”Dynamics of flexible bodies 
in tree topology-a computer oriented approach”, J. Guidance, vol. 8, pp. 584-590. 

Slaats, P.M. A., 1991, ”A brief literature survey on recursive formulations in multibody 
dynamics”, WFW rapport 91.057, Eindhoven University of Technology. 

Wu, S.C., Haug, E.J., and Kim, S.S., 1989, ” A  variational approach to dynamics of 
flexible multibody systems”, Mechanics of structures & machines, vol. 17, pp. 3-32. 

25 



L 

Y t", 

YFZ 
@Y ] 

Appendix: relation between o>, en 
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.- 

The displacement vector U can be written as 

(4 4 

u = u ëx + 2, ëy + w ëz 

u =  [ëx,ëy,ëz] [ ~] 
and can be approximated by a linear combination of deformation modes: 

where qt is a matrix whose 
the modal coordinates. 

are composed of deformation modes, and e contains 

Q1 

CY2 

CY" 

+ p;xCY2 + ...... + y;lQ" 
u = $7tYCY1 + CY + + y p n  

Y.2zQ!1 + Ytz + ...... + gzan ...... ]=[,I 2 2  i 
(-4) 

(-5) 
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