
 

A constructive approach to generalised functions based on
inductive and projective spaces of weighted Schauder
decomposition
Citation for published version (APA):
Cumming, J., & Eijndhoven, van, S. J. L. (1992). A constructive approach to generalised functions based on
inductive and projective spaces of weighted Schauder decomposition. (RANA : reports on applied and numerical
analysis; Vol. 9208). Eindhoven University of Technology.

Document status and date:
Published: 01/01/1992

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 26. May. 2023

https://research.tue.nl/en/publications/4840818e-6801-413a-aa7b-ebfd2faa4025


EINDHOVEN UNIVERSITY OF TECHNOLOGY
Department of Mathematics and Computing Science

RANA 92-08

May 1992
A CONSTRUCTIVE APPROACH TO
GENERALISED FUNCTIONS BASED
ON INDUCTIVE AND PROJECTIVE
SPACES OF WEIGHTED SCHAUDER

DECOMPOSITION
by

J. Cumming
S.J.L. van Eijndhoven



Reports on Applied and Numerical Analysis
Department of Mathematics and Computing Science
Eindhoven University of Technology
P.o. Box 513
5600 MB Eindhoven
The Netherlands
ISSN: 0926-4507



A constructive approach to generalised

functions based on inductive and

projective spaces of weighted Schauder

decomposition

J. CUMMING1 AND S.J.L. VAN EIJNDHOVEN

Introduction

The theory of generalised functions has been popular among mathematicians, physicists and
engineers for many years. This is due mainly to its applicability in the area of partial
differential equations. In recent years a great deal of interest has centred upon the problem
of systematically generating a space of generalised functions associated with an unbounded
operator defined in some topological vector space. Many approaches have been tried resulting
in a variety of theories, for example [B], [EG], [Z]' [J], [Gi], [Pa], [Pil], [Pic]. In this paper
we present an abstract theory of generalised functions which both unites and extends the
theories in the papers cited above.
As a simple introduction to our approach to generalised functions consider the problem of
finding a fundamental solution of an operator. Consider

Af=6, fEC[-I,I] (1)

where A : C[-I, 1] -7 C[-I, 1] is the Sturm-Liouville operator -d2 /dx2+q(x), q(x) E C[-I, 1]
with the usual domain and Sturm-Liouville boundary conditions. Here 6 is the Dirac delta
function.

It is well known (see [LSD that A has a countable collection of eigenvectors {)On}~=o with
corresponding eigenvalues {An}~=o of multiplicity one. The elements {)On}~=o need not form
a basis for C[-I, 1], however they do form a generalised basis (see [MD. Thus each element
of C[-I, 1] can be uniquely represented as a formal series of the form

00

f = L < f,)On > )On ,
n=O

1

< f,epn >= J f(x) )O(x)dx
-1

where no notion of convergence is attached to the series. The delta function can similarly be
represented uniquely by

IOn leave from the University of Strathclyde, Scotland.
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00 00

6 = L: ipn(O) ipn = L: < 6, ipn > ipn
n=O n=O

where < 6, ipn > is taken to mean the action of 6 on ipn. Other generalised functions can be
expressed uniquely in this way since the collection {ipn}~=o separates points of D t

•

(Note that regarding functions and generalised functions as formal series with respect to a
generalised basis minics the theory of 'Pansions' developed by Korevaar [K].)

Thus formally we can write (1) as

00 00

L: An < f, ipn > ipn = L: ipn(O) ipn
n~ n~

and we would therefore expect the fundamental solution f to have the form

00

f = L A~l ipn(O) ipn .
n=O

(2)

(3)

However, in the absence of a topology writing formal series such as (2) or (3) is misleading
since it implies some form of convergence. It is more convenient (and more rigorous) to

00

identify f with the element of the cartesian product II X n , X n = sp{ipn}, given by
n=O

(4)

In such an identification 'functions' and 'generalised functions' are equivalent, both being
00

elements of a Cartesian product. The distinction is made by imposing topologies on II X n

n=O
such that the formal series in (2) and (3) converge in a well defined manner.
Moreover this identification causes no problems when (1) is posed in higher dimensions. The

00

formal analysis above can proceed as before but in this case the Cartesian product II X n is
n=O

a product of eigenspaces of dimension greater than or equal to one Le. X n is the eigenspace
00 •

corresponding to eigenvalue An, and the component of f in X n C II X n is the projection
n=O

of f onto the eigenspace X n .

00

Thus imposing a topology on II X n such that the series (3) converges provides us with
n=O

a well defined generalised function space in which a fundamental solution to (1) can be found.

The essential components in this discussion are the subspaces {Xn}~=o and the sequence
{>.n}~=o' We have split the underlying space into a sequence of blocks and have weighted
these blocks with respect to a sequence of real numbers. We then consider topologies on these
weighted spaces which allow convergence of formal series. These simple ideas of a decompo
sition of a space into blocks and a weighting of the blocks by sequences are the basis of our
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theory.

The starting point ofthis theory is a Banach space X with Schauder decomposition {Xn}~=o'
00

For our underlying space we take the Cartesian product II X n and consider X to be a subset
n=O

ofIIXn • Given a complex sequence a = {a(n)}~=o the mapping Aa : IIXn ---+ IIXn given by

(Aax) (m) = x(m) a(m) x E IIXn

defines a weighting of the decomposition with respect to a. To each complex sequence a we
link the weighted spaces Xind( a) and Xp,-oj(a) by

together with suitable topology induced from X. Given a collection p of sequences we form
the spaces Pp(X) = naEp Xp,-oj(a) and Ip(X) = UaEp Xind(a) with projective and inductive
topology (when this exists) respectively. This paper is concerned with the spaces Pp(X) and
Ip(X), their properties and applications. As such it is a generalisation of [CE] which was in
turn an extension and refinement of [M].

The present paper contains two essential differences from [eEl. The first and most impor
tant is the generalisation from unconditional to general Schauder decompositions. In general
decompositions we lose the natural ordering structure on the norm which exists in the un
conditional case (see [LT]). This necessitates a move from inductive and projective limits to
the more general notion of an inductive and projective topology (see [Sch]). The second is
the introduction of the concept of an "it -directed sequence set". This concept is essential
in re-establishing the vector space structure of Uacp Xind(a) which was lost in the move to
general decompositions. It also allows a weakening of many of the hypotheses of [CE] from
so-called 'moulding' to it-directed.

The plan of the paper is as follows:

In Section 1 we present an algebraic theory of sequences introduced by [Ku] which will be
used throughout the rest of the paper. In Section 2 we first remind ourselves of some basic
theory of Banach spaces and Schauder decompositions. We then define the spaces Pp(X)
and Ip(X), examine their topological properties and place them in relation with the alge
braic properties of p. In Section 3 we establish a link between the spaces Pp(X) and Ip(X)
and show that, under certain circumstances, they have a representation as both a projective
and an inductive topological space. In Section 4 the dual of Ip(X) and Pp(X) is obtained
and shown to be precisely an inductive/projective space of the type Pp(X') or Ip(X'). In
particular we show that for reflexive X, the spaces Pp(X) and Ip(X) are reflexive. Finally,
in Section 5 we show how the spaces Pp(X) and Ip(X) can be used to define a theory of
generalised functions which both unites and extends previous approaches.

The theory is illustrated by constructing spaces of generalised functions to solve the Schrodinger
equations
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The generalised function spaces obtained turn out to be precisely the space of tempered
distributions S', and the Gelfand-Shilov space (S:gy.
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Section 1: Sequence sets

To begin our paper we present an extended version of an algebraic theory of sequences intro
duced by Kulyaars [Ku]. Most ofthe theorems and results in this section are taken from [eEl.

By w we denote the set of all complex sequences Le. w = {{a(n)}:=o I a(n) E C}. By
w+ we denote the subset of w of the sequences whose terms are all non-negative; and by cp
the set of all sequences which have finitely many non-zero terms. The sequence {l}:=o is
denoted by 1 and the sequence {omn}~=o by om'

In w the operations of addition, multiplication and scalar multiplication are defined point
wise Le. for any a,b E w, A E C we have a + b = {(a(n) + b(n)}:=o, Aa = {Aa(n)}:=o,
a· b = {a(n)· b(n)}~o' The absolute value of a E w is the sequence lal = {la(n)I}~o'

DEFINITION 1.1. For each a E w we define

(i) supp(a), the support of a, by supp(a) = {n I a(n) :f:. O}.

(ii) a- E w, the pseudo-inverse of a, by a-en) = a(n)-t, n E supp(a) and a-en) = 0
otherwise

(iii) Xa, the characteristic of a, by Xa = a . a-.

In w we introduce two quasi-orders ~ and ~.

DEFINITION 1.2. Let a, b E w. Then

(i) a ~ b <==> la(n)1 ~ Ib(n)1 Vn E IN

(ii) a ~ b <==> 3A > 0 s.t. a ~ Ab.

If a and b are such that a ~ band b ~ a then we say that a and b are asymptotically equivalent
and write a ~ b.
We now define an associated quasi-order ~ on subsets of w.

DEFINITION 1.3. Let p, (J' C w. Then p ~ (J' iff for every a E p there exists b E (J' such
that a ~ b. If p ~ (J' and (J' ~ p we say that (J' and p are equivalent and write (J' "" p.

Our attention now turns to subsets of wand their algebraic properties. For the rest of
this section we shall derive various properties of subsets of w which shall be used extensively
throughout the paper.

Given any two subsets p, (J E w the operations of addition multiplication and scalar mul
tiplication are defined pointwise in the obvious manner. For any subset pew we say it is
separating if {on}:=o ~ p and quasi-directed if p +p ~ p. It is clear that the properties of
separateness and quasi-directedness are invariant under equivalence. We now characterize
subsets of w as one of three types.

DEFINITION 1.4. Let pew. Then p is said to be
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(i) type 1: if it is equivalent to a finite subset of Wj

(ii) type 2: if it is not type 1 and is equivalent to a countable subset of Wj

(iii) type 3: if it is neither type 1 nor type 2.

For example, any singleton set is type 1. More generally, 100 is type 1 since 100 '" {l}. The
set t.p is type 2 since t.p '" {Lk=O Cle In E IN}. It can be shown that the sets wand {lp}PE(o,oo)
are all type 3.

The next theorem shows that quasi-directed type 1 and type 2 sets may be written in a
standard form.

THEOREM 1.5. Let pew be quasi-directed

(i) p is type 1 iff p '" {a} for some a E w+.

(ii) p is type 2 iff p '" {ale}k::O for some ale E w+ where ale ~ a!e+l and a!e+l /~ ale.

Proof. See [CE].

Using Theorem 1.5 we can give a very simple condition to check when a countable set is
type 1 or type 2.

LEMMA 1.6. Let p be quasi-directed. Then p is type 1 iff p has a ~ maximal element.

Proof. Recall that a is a ~ maximal element of p if a E p, and b ~ a Vb E p. Now,
since a E p, a ~ p and the result follows on noting that a '" lal E w+.

COROLLARY L 7. A countable quasi-directed set is type 2 iff it has no ~ maximal ele
ment.

Next we introduce the concept of the i-dual of a subset of w.

DEFINITION 1.8. Let pew. The i-dual of p, p#, is defined to be

p# = {u E W Ila· ul oo < 00 j Va E p}

where la· ul oo = sUPn la(n)· u(n)1 .

For example, w# = t.p, t.p# = w, {If}p>o = 100'

It is clear that for any pew, t.p c p# and p# + p# C p#. Hence i-duals are always
separating and quasi-directed. Also it is clear that for any p, (1 C w, p ~ (1 => (1# C t.p#.

From this result it is trivial to prove that p = p# {} P = 100' In general p and p# cannot
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be related however it is always true that p .$ p## and p# = p###. Quite naturally then the
notion of a #-symmetric set arises.

DEFINITION 1.9. Let pew, p is said to be #-symmetric if p "" p## Le. p## = 100 • p.

For every pew, p# = 100 • p# so that #-duals are always #-symmetric. More generally, we
see from the examples of #-duals given above that the sets w, <p and 100 are #-symmetric
while the sets {lp}PE(o,oo) are not.

In the cases of type 1 and type 2, #-symmetric sets can be completely characterized.

THEOREM 1.10. Let p be type 1 or type 2, then p is #-symmetric iff it is separating
and quasi-directed.

Proof. See [CE].

Remark: The above theorem does not hold true for type 3 sets. Indeed, a consequence
of Theorem 1.10 is that a non-symmetric separating and quasi-directed set is type 3, e.g.
{lp}PE(o,oo) are all type 3.

Once again we can give an easy characterisation of type 1 sets.

THEOREM 1.11. Let p be #-symmetric. The following are equivalent

(i) p is type 1

(ii) p# is type 1

(iii) p' p# = 100

(iv) 1 E p' p#

(v) (p . p#)# = P . p# .

Proof. Since #-symmetry is equivalent to separateness and quasi-directedness for type 1
sets (i) implies p "" {a} where supp(a) = IN. Then (i) {} (ii) clear since p# = a- .100 "" {a-}
Also (iii) {} (iv) {} (v) are clear. (i) '* (v) Trivial. (v) '* (i).
Since 1 E p.p# 3a E ps.t. a- E p#. Thenp.$ p·l = p(a-·a).$ (p.p#).a.$ a. Hencep "" {a}.

The following lemmas connect the concept of types to directedness and #-symmetry. For the
proofs we refer the reader to [CE].

LEMMA 1.12. Let p C w+ be totally directed under:$. Then p is either type 1 or type
2.

LEMMA 1.13. Let p be a #-symmetric type 2 set. Then p# is type 3.
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We turn now to three kinds of sequence sets which will be used extensively in the rest of
the paper.

DEFINITION 1.14. Let p be separating and quasi-directed. We say that pis

(i) it -directed if Va E p 3b E P and ( E it such that a ~ ( . b Le. p '" it . p.

(ii) moulding if 3( E it s.t. Va E p 3b E p s.t. a ;5 (. b Le. p'" (. p.

(iii) symmetric moulding if it is both moulding and i-symmetric.

For example, wand <p are both symmetric moulding sets. The set 100 is i-symmetric but
neither moulding nor it-directed since 100 '" {I}. This is an example of a more general result
given below.

LEMMA 1.15. If p is It-directed it is not type 1.

Proof. If p is type 1 then p '" {a} where supp(a) = IN. By it-directedness 3( E it s.t.
a ~ ( . a or 1 ~ ( which is impossible.

For any moulding set p '" ( . p implies p# '" (-t . p# or ( . p# '" p#. Hence p# is moulding.
This is not true for it-directed sets as the next lemma shows.

LEMMA 1.16. pit-directed:fr p# it-directed.

Proof. Consider the set 10+ = np>o Ip. Clearly <p C 10+; to see that <p =F 10+ note that
{e-nt}~=o E 10+, Vt > o.
Now, it is obvious that 100 C It+. Suppose 30" E It+ s.t. 0" (j 100 , Then 3 a subsequence
(nm):=o such that 100(nm)1 > e2m .
Define a E w by a(n) = e-m , n = nm or a(n) = 0 otherwise. Then a E 10+ but la. v(nm)1 =
em -+ 00 as m -+ 00 which is a contradiction. Hence It+ = 100 which is not It-directed by
Lemma 1.15.

The above lemma shows that 10+ is an exam,rIe of an it -directed set which is not mould
ing. We also obtain from Lemma 1.16 that It+ = 100 so that 10+ is not i-symmetric. So far
no example of a i-symmetric, it-directed set which is not moulding has been found. This
begs the following question:

Open question: Is a i-symmetric, it-directed set necessarily moulding?

The next theorem shows that for type 2 sets the properties of it -directedness and moulding
are equivalent. Recall by Theorem 1.10 that it -directed type 2 sets are always i-symmetric.

THEOREM 1.17. Let p be type 2. Then p is it -directed iff it is moulding.

Proof. (~) Trivial.
(::::» By Theorem 1.5 we may assume that p = {a,.hel'l' Now, for each k E IN 3(,. E it s.t.
(;t a,. ;5 p. Define 'fJ E w by
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(
~ (k(n) -k

7] n) = f::o lI(k111 2 .

Then

Hence 7] E hand Vn E lN, (k(n) ~ 2-k lI(k111 7](n) i.e. (" .$ 7]. It follows that 7]-1 . a" .$
(;;1 . ak .$ p or 7]-1 . P .$ p which proves moulding.

COROLLARY 1.18. Every countable h-directed set is moulding.

It is interesting to note that for type 2 sets the #-dual can be completely characterised
when p' p# C Co. In particular this is true when pis h-directed where p' p# C h.

THEOREM. Let p be type 2 separating and quasi-directed, supp(at) = lN, where p '" {ak}
as in Theorem 1.5, and suppose that p' p# C Co (in particular if pis I1-directed). Then

00

p# '" {E al; . lQk I Qk E 7l"(lN)}
k=O

where p '" {akHc;::o and 7l"(lN) is the set of all partitions of lN where each section of the
partition has finitely many elements.

00

Proof. It is clear since ak ~ ak+l and ak+l /.$ ak that {~ al; lQ,J .$ p#. Since p rt <p we
k=O

may as well assume that supp(a1) = IN.
Suppose now v E p#. Then Iv· a1100 < 00, and v(n) ~ Iv, aloo a1(n). Now, since
p' p# E Co, 3N" s.t. Iv· a2(n)1 ~ Iv' a1100 Vn > N2 and v(n) ~ la1 . vl oo a;(n) Vn > N".
Similarly 3Nm such that v(n) ~ la1.vl00 a;(n) Vn > Nm • Hence setting Q1 = {a, 1, ... ,Nt},
Q2 = {N1+1, ... , N2}, ... , Qn = {Nn +1, ... , Nn+l},'" we obtain

00

v(n) ~ la1' vl oo ~ (al; ·lQk) (n)
k=O

00

or v.$ E a"k lQk which proves the result.
k=O

The final lemma in this section gives growth conditions on p in order that p# be mould
ing.

LEMMA 1.19. Let 1.$ p and p2 '" P (where p2 = {a2 la E p}). If pis h-directed then
p# is moulding.

Proof. p# .$ 1.p# .$ a.p# for some a E p, so by h-directedness p# .$ (for some ( E h. Now,
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since p rv p2 it is easy to check that p# rv p# .p# and hence p# ~ (.p# which implies moulding.

COROLLARY 1.20. Let p be #-symmetric, 1 ~ P and p2 rv p. Then pis h-directed iff it
is moulding.

Proof. h -directed => p# moulding => p## moulding => p moulding.
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Section 2: Inductive and projective spaces of weighted Schauder
decompositons

§2.1. Schauder decompositions

Let X be a Banach space with norm 11·11 and let {Xn}~=o be a sequence of elements in X. The
~ n

sum L Xn is said to converge in X if the sequence of partials sums {sn}~=o, Sn = L Xlc
n=O lc=O

converges in X i.e. \Ie > 0 3N E lN s.t. IISn - smll < e \1m, n > N.

DEFINITION 2.1. A Schauder decomposition for X is a sequence {Xn}~=o of closed subspaces
~

of X such that each x E X has a unique series representation of the form x = L x(n) where
n=O

x(n) E Xn and the series converges in X.

If {Xn}:=o is a Schauder decomposition for X we define the projection operators {Pn}:=o
n

and {En}:=o on X by Pnx = x(n) and Enx = L: x(k). By the uniform boundedness
lc=O

principle the operators En (and hence Pn) are uniformly bounded (see [LT]). We shall denote
this bound by J( i.e. J( = sup {IIPnll, IIEnll}. This yields the following lemma:

n

LEMMA 2.2. Let x E X. Then sup Ilx(n)1I ~ J( IIxli.
n

Proof. IIx(n)11 = IlPn xii ~ II Pnllll x ll ~ J( IIxll \In E IN.

If X is reflexive then X' also has a Schauder decomposition formed by the spaces {X~}:=o

where

X~ = {f E X' I f = f 0 Pn } •

For the proof of this assertion see [LT].

The Schauder decomposition forms a natural splitting of X on which we can impose a se
quence of weights given by an element of w. This is most naturally done in the setting of a
Cartesian product.

~

Let X be a Banach space with Schauder decomposition {Xn}:=o and let II Xn denote
n=O

the Cartesian product together with the product topology. Let Qm : TIXn -+ X m be the mth

coordinate map. For any x E TIXn the mth coordinate element will be written as x(m) i.e.
x(m) = Qm(x). Each subspace Xn can be regarded as a subspace ofTIXn by identifying each
element x E Xn with {<5n x}:=o E rrxn. When Xn is regarded in this way we shall denote it
by X n .

For any a E w we can define a multiplication operator Aa on rrxn by Aa x = {a(n) x(n)}:=o.
In this way we form a weighting of the Schauder decomposition. A theory of topological
vector spaces based on weighted decompositions is outlined in the next few sections.
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§2.2. The projective spaces Pp(X)

In this section, given an element a E w, we shall define the weighted spaces Xproj( a). For a
directed collection pew we form a projective space Pp(X) from the collection {Xproj(a)}aEP'
Topological properties of the spaces are examined and placed in correspondence with the al
gebraic properties of p. In the next section we define analogous spaces Xind(a) weighted with
respect to a- E wand, when p is II-directed, the inductive space Ip(X). This theory is a
generalisation of [eEl which is an adaption of the theory in [M].

First we define the basic topological concepts which will be required for this section.

DEFINITION 2.3. Let A be any directed set (directed under ~) and let {Ea}aEA be a
collection of topological vector spaces. The collection {Ea } is said to be a directed projective
system if

Va, bE A, 3c E A s.t. a ~ c, b ~ c and Ec <......+ Ea , Ec <......+ Eb .

DEFINITION 2.4. Let {Ea}aEA be a directed projective system. The directed projective limit
of {Ea } is the set U Ea together with the weakest topology with respect to which the

aEA
identity mappings

are continuous Va E A.

Note that a directed projective limit is a more general concept than that of a projective
limit and less general than that of a projective topology as defined in [Sch].

We now return to the substance of the paper.

DEFINITION 2.5. Let a E w. We define the multiplication operator Ma : D(Ma) C IIXn ~ X
by

00

D(Ma) = {x E IIXn I L a(n) x(n) converges in X}
n=O

00

Ma x = L a(n) x(n) .
n=O

DEFINITION 2.6. Let a E w. We define the space Xproj(a) to be the vector space D(Ma)
together with the topology generated by the seminorm Pa where Pa(x) = liMa xii.

It is easy to prove that the seminorm Pa is a norm if and only if supp(a) = IN in which
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case Xproj(a) is a Banach space. Indeed, if supp(a) = IN, Xproj( a) is isometrically isomor
phic to X via the mapping Ma • The next lemma shows that when pis h-directed the spaces
{Xpro;(a)}aEp form a directed projective system.

LEMMA 2.7. Let p be it-directed. Then {Xproj(a)}aEP is a directed projective system.

Proof. Let a, b E p. By h -directedness 3c E p and ( E h s.t. a ~ (. c and b ~ ( . c
(so a ~ c and b ~ c). Moreover,

00 00

Pa(x) = II L a(n) x(n)1I ~ L (n) Ic(n)llIx(n)11
n=O n=O

00 00

~ L (n)· {II L c(k) x(k)lI} (by Lemma 2.2)
n=O k=O

~ Co Pe(X ) Co constant .

Similarly Pb(X) ~ CtPe(x) for some constant Ct. Hence Xproj(c) t....+ Xproj(a) and Xproj(c) t....+

Xproj(b) which proves the result.

DEFINITION 2.8. Let p be It-directed. The space Pp(X) is defined to be the directed projec
tive limit of the spaces {Xproj(a)}aEP'

The directed projective limit is merely the space U Xproj(a) together with the topology
aEp

generated by the seminorms {Pa}aEP' From this it is clear that the space Pp(X) is Hausdorff
since p is separating. Moreover, as the next theorem shows, Pp(X) is complete. For the rest
of the paper whenever we write p we shall assume that it is it-directed.

THEOREM 2.9. Pp(X) is complete.

Proof. Let {Xa}aEA be a Cauchy net in Pp(X). Then, since p is separating, {Xa}aEA

is a Cauchy net in nxn . Hence there exists x EnXn such that xa(n) -+ x(n). Moreover, for
each a E p,

a(m) x(m) =lim a(m) Qmxa = Qm(1im Aaxa) .
a a

Hence Pa(x) exists and lim Pa(x - xa) = 0 since a is independent of m. The result follows.
a

00

THEOREM 2.10. x E Pp(X) iff L a(n) x(n) converges absolutely for every a E p.
n=O

Proof. ({=) Obvious.
(=?) For any a E p, sup la(n)llIx(n)1I < 00 by Lemma 2.2. Hence (lIx(n)lI) E p#, "Ix E Pp(X).

n
00

Since p is It-directed p' p# C it which implies L la(n)llIx(n)11 < 00, Va E p.
n=O

00

From Theorem 2.7 we deduce Va E p, L la(n) Illx(n)1I ~ CPb(X) where b E P s.t. a ~ (. b,
n=O

13



00

( E it, C constant. If we define VaEP the seminorm qa on IIXn by qa(x) = L Ila(n) x(n)1I
n=O

(where the domain is all elements of IIXn for which the sum converges) then the above says
that the topology on PiX) is equivalent to that generated by {qa}aEp' From this we can
obtain results linking topological properties of PiX) to algebraic properties of p.

THEOREM 2.11. Let a,p C w. Then

Proof. (i) If p ~ a then for each a E P qa(x)::5 C%(x) for some b E a. Then Pcr(X) ~
Pp(X).

Now suppose Pcr(x) ~ Pp(X). Then Va E p 3b E a s.t. qa(x) ::5 Cqb(X) for all x E Pcr(x)
where C is constant.
Let x E X n , x i: O. Then la(n) IlIx(n)1I ::5 C Ib(n)llIx(n)1I or la(n)1 ::5 C Ib(n)1 VnEN Le.
a ~ b.
(ii) Follows immediately from (i).

THEOREM 2.12.

(i) Pp(X) is a Frechet space iff p is type 2.

(ii) Pp(X) is non-metrizable iff p is type 3.

Proof. Follows immediately from Theorem 2.11 and the definition of types.

§2.3. The inductive spaces Ip(X)

In this section we define the spaces Xind(a) and f p ( x) which are the inductive counterparts of
Xproj(a) and Pp(X). Once again we begin with the definition of the basic topological theory
we shall require for this section.

DEFINITION 2.13. Let A be a directed set (directed under some binary relation ::5) and
let {Ea}aEA be a collection of topological vector spaces. We say that {Ea } is a directed
inductive system if Va, b E A, 3c E A s.t. a ::5 c, b ::5 c and

DEFINITION 2.14. Let {Ea}aEA be a directed inductive system. The directed inductive
topology of {Ea } is the vector space UaEA Ea together with the strongest locally convex
topology with respect to which the identity mappings

14



are continuous.

Note that a directed inductive limit is more general than an inductive limit but less gen
eral than an inductive topology as defined by [8ch].
A a-base of neighbourhoods for the directed inductive limit is given by the collection {U} of
all absolutely convex, absorbing subsets U of U Ea such that U n Ea is a neighbourhood

aEA
of zero in Ea 'Va E A. This is the content of the following theorem.

THEOREM 2.15. Let E denote the directed inductive limit of the spaces {Ea}aEA and let
B = {U c E : U is absolutely convex and Un Ea is a neighbourhood of a in Ea, 'Va E A}.
Then B is a local a-base of neighbourhoods for E.

Proof. We first show that B generates a locally convex topology on E. Each U E B is
absorbing (since for any x E E, x E Ea for some a E A, implying 3to > a s.t. tx E Un Ea C
U 'VIti < to). It is clear that B is an additive filterbase and hence generates a unique locally
convex topology for E (see [W)). Let T be the topology generated by B. It is clear that
each identity map i a is continuous w.r.t. T and hence T is weaker than the topology of E.
However, if v is an absolutely convex a-neighbourhood in E then i;;1 (v) = Ea n v is open in
Ea , a E A and hence v E B. Thus T is stronger than the topology on E and the result is
proved.

Theorem 2.15 will be important later when we come to study the directed inductive topology
in more depth. For the rest of this section we return to the study of weighted 8chauder
decompositions.

DEFINITION 2.16. Let a E w. The space Xind(a) is defined by

00

Xind(a) = {Aax E nXn I L Xa(n) x(n) converges in X} .
n=O

together with the topology generated by the seminorm Pa- where Pa-(x) = IIMa- xII.
I

For any a E w the seminorm Pa- is in fact a norm and Xind(a) a Banach space. To see
this note that Ma- maps Xind(a) isometrically onto the closed subspace of X spanned by the
spaces {Xn}nEsupp(a). Furthermore, if supp(a) = IN then Xind(a) = Xproj(a-).

Analogous to Lemma 2.7 we can show that {Xind(a)}aEP forms a directed inductive system
when p is it-directed. Recall that whenever we write pew we assume that p is It-directed.

THEOREM 2.17. Let pew. Then {Xind(a)}aEP forms a directed inductive system.

Proof. Let a,b E p. Then by it-directions 3c E p s.t. a ~ c, b ~ c and a ::; (c, b ::; (c
00

for some ( E [1. Then Pc-(x) = II L c-(n) x(n)11 ::; L ((n) lIa-(n) x(n)11 ::; CPa-(x).
n=O

15



Similarly Pc-(x) ~ CPb-(X), C constant. Hence Xincl(a) ~ Xind(C) and Xincl(b) ~ Xind(C)
which proves the result.

DEFINITION 2.18. Let pew. We define the space Ip(X) to be the directed inductive
limit of the system {Xind(a)}aEP'

THEOREM 2.19.

(i) Ip(X) is barreled.

(ii) Ip(X) is bomological.

Proof. The inductive topology of barreled and bomological spaces is barreled and bomolog
ical (see [Sch]). Since Xincl(a) is a Banach space for any a E w the result follows.

One of the main results of this section is that the inductive topology on Ip(X) can be com
pletely characterised in terms of the seminorms {qu}uEp#' The proof of this assertion depends
heavily on the characterisation of the zero neigbourhood base for Ip(X) given by Theorem
2.15.

THEOREM 2.20. The topology of Ip(X) is generated by the seminorms {qu}uEp#'

Proof. We show first that the topology generated by {qu}uEp# is weaker than the inductive
topology.

For any a E p and any x E Xincl( a),

00 00

qu(X) =I: lu(n)lla(n)llla-(n) x(n)1I ~ KPa-(x) {I: lu(n)lla(n)l}
n=O n=O

Hence qu : Xind(a) ~ C is continuous for 'every a E p and so continuous on Ip(X).

Now we show that the topology generated by {qu}UEP# is stronger than that ofthe inductive
topology.

Let v denote a strictly convex neighbourhood of zero in Ip(X). By Lemma 2.15, VnXind(a) is
a neighbourhood of zero in Xincl(a) for every a E p. Let kll denote the Minkowski functional
of v i.e.

kll(x) = inf {a I a > 0 and x Eat?} .

For every x E Ip(X), kll(x) < 1 iff x E v. Since kll is continuous on Ip(X) it is continuous on
Xind(a) Va E p. Hence there exists J.la > 0 such that

16



Now for every x E X m we have IIx(m)1I = la(m)1 Pa-(x) provided a(m) ::f; O. Since pis
separating we can find a E p s.t. a(m)::f; 0 and hence

kv(x) ~ lar~)1 II x ll, \Ix E X m •

It follows that the restriction of kv to Km is continuous for every m E IN.

Define the sequence x E w by

u(m) =sup {kv(x) I x E X m , IIxll =1} .

By (**) u(m) exists \1m. Furthermore, \la E p,

la(m). u(m)1 ~ sup{la(m)1 kv(x) I x E X m , IIxll = 1}

~ /-La by (*) .

Hence la' ul oo ~ /-La and since a was arbitrary, u E p#.

Now consider the set W = {x E IP(X) I qu(x) < 1} with u as above. We show that
WCv.

Let x E W. Then

00 00

kv(x) ~ 'E kv(x(n» ~ 'E u(n) IIx(n)11 = qu(x) < 1 .
n=O n=O

Hence \Ix E W, kv(x) < 1 implying W C v.

Thus the topology generated by the seminorms {qu}uEP# is stronger than the inductive topol
ogy and, by the first part of the proof, we obtain that the topologies are equivalent. 0

It is immediate from the above theorem that Ip(X) C naEP# D(qa) C nvEp# D(pv), which
is in the form of a projective space. This suggests that the inductive and projective spaces
can somehow be related given special properties of p.

COROLLARY 2.21. Let p be h-directed and i-symmetric. Then Ip(X) = nVEP# D(pv)
as sets.

Proof. From above Ip(X) C nvEp# D(pv).

17



Now, x E nl1EP# D(Pl1) * x E D(Pl1) \Iv E p#. Then {lIx(n)ll} E p## by Lemma 2.2.
Since p is i-symmetric and it- directed there exists b E P such that {b-(n) IIx(n)II}:=o ~ (

00

for some (E [1. Then x = Ab(Ab- . x) where 2: Ib-(n)llIx(n)11 < 00.

n=O
00

Hence L Xb(n) b-(n) x(n) E X and x E IP(X). Thus nl1EP# D(Pl1) C Ip(X) and the result
n=O

is proved.

COROLLARY 2.22. Let p be moulding. Then Ip(X) C Pp#(x) and the topology on both
spaces is generated by {qu}uEp#.

Proof. Since p# is h-directed, Pp# (x) is well defined. The result now follows from Theo
rem 2.20 and the comment following Theorem 2.10.

COROLLARY 2.23. Let p be a symmetric moulding set. Then Ip(X) = Pp#(x) as topo
logical vector spaces.

Proof. Immediate from Corollaries 2.21 and 2.22.

We now examine some topological properties of Ip(X) and relate then to algebraic prop
erties of p.

THEOREM 2.24. The following are equivalent.

(i) p ~ (J

(ii) Ip(X) C Iu(X)

(iii) Ip(X) '-+ Iu(X).

Proof. (iii) * (ii) Trivial.
(i) * (ii) Suppose x E Ip(X). Then x = Aay where a E p. Then x = Ab(Ab-.ay) where b E (J

00 00

and a ~ (·b for some (E it. Setting z = Ab-.ay we see 2: II z(n)1I ~ 2: 1((n)1 sup Ily(n)11 <
n=O n=O n

00. Hence x = AbZ E Iu(X).
(i) * (iii) p ~ (J * (J# C p#. Then {qU}uEP# generates a stronger topology than {qU}uEU#
and so Ip(X) '-+ Iu(X).
(ii) * (i) Let x E IIXn S.t. Ilx(n)11 = 1 \In E IN. Then y = Aax = Ab(Ab-.ax) E Ip(X).

By assumption there exists c E (J and z E IIXn s.t. 2: Xc z(n) E X and y = Acz. Then
\In E IN,

la(n)1 = la(n)lllx(n)11 = Ic(n)llIz(n)1I ~ sup Ilz(m)lIlc(n)1 \In E IN .
m

Hence a ~ c and the result is proved.

18



COROLLARY 2.25. (J rv p {:} IO'(X) = Ip(X).

The next theorem shows that for type 2 sets the directed inductive limit is in fact an or
dinary inductive limit.

THEOREM 2.26. Let p be type 2. Then Ip(X) is a countable inductive limit.

Proof. By Corollary 2.20 we can assume p = {ale}k::o' By Theorem 1.17, p is moulding
and hence 31] E h s.t. p rv 1]' p. Define the set (J = {bn}~=o by bo = ao, bn = i~f {ale 11]-1.
bn- 1 :::; ale} n > O.

Clearly (J ;5 p the one being a subset of the other. Moreover, it is clear that an :::; bn \In and
hence p ;5 (J. Thus p rv (J and by above Ip(X) = Iu(x).

Now, \lk E IN,

00 00

Remark: By Theorem 1.17 type 2 i1-directed sets are symmetric moulding sets. Hence
Ip(X) = Pp#(x). Now, by Lemma 1.13, p# is type 3 and so Pp#(x) is non-metrizable
(Th. 2.12). This reflects the classical result that a countable inductive limit of Banach spaces
is not a Fnkhet space unless it is a Banach space.

The inductive limit of Theorem 2.26 is not necessarily strict. However it behaves very much
like a strict inductive limit since it is regular. This is a corollary of a more general result
given below which states that when pis #-symmetric, Ip(X) is regular.

Recall that the inductive space Ip(X) is defined to be regular if a set is bounded in Ip(X) iff
it is bounded in Xind( a) for some a E p.

THEOREM 2.27. Let p be #-symmetric. Then Ip(X) carries a regular inductive topol
ogy.

Proof. Let B be bounded in Xind(a) for some a E p. Then sup IPa-(x)1 < 00. Now,
zEB

\lu E p#

00 00

qu(x) = I: lu(n)llIx(n)1I = I: la(n) u(n)I'lIa-(n) x(n)1I
n=O n=O

00

:::; [( Pa-(x), {I: la(n) u(n)l} :::; C Pa-(x)
n=O
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since p is it-directed. Hence sup qu(x) < 00 Vu E p# which implies B is bounded in Ip(X).
zEB

Let B be bounded in Ip(X). Then sup qu(x) < 00 Vu E p#. Since r..p ~ p# it follows
zEB

that sup Ilx(m)1I exists Vm E IN.
zEB

Define r E w by r(n) = sup IIx(n)ll. Then since
zEB

sup Ilu(n) x(n)11 ~ sup qu(x) < 00
zEB zEB

we obtain that r E p##. By i-symmetry there exists a E p and ( E it such that r ~ ( . a.
Hence for every x E B

00 00 00

(t) Pa-(x) = II:E a-en) x(n)1I ~ :E la-(n) I r(n) ~ :E ((n) < 00 •

n=O n=O n=O

and it follows that B is bounded in Xincl(a).

THEOREM 2.28. Let p be i-symmetric. For every bounded set B = Ip(X) there exists
a E p and a bounded set Bo C X such that Ma -: B ~ Bo is a homeomorphism.

Proof. Let a, rand ( be as in the proof of Theorem 2.22, and let Bo = Ma-(B). Then as
in (t),

sup IIMa -(x)1I = sup Pa-(X) < 00
zEB zEB

which shows that Bo is bounded in X.

It is clear that M a - is onto, and since B C Xind(a) it is also clear that it is 1-1. We
now show it is a homeomorphism. Let x, y E Bo and let u E p#. Then

00

qu(M;!(x - y)) =:E lu(n)lla(n)lllx(n) - y(n)1I
n=O

~ c IIx - yll C const.

and so M;;l : Bo ~ B is continuous. To establish continuity of M a - from B to Bo let
x,y E B. Then
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00

n=O

N 00

= I: la-(n)llIx(n) - y(n)1I + I: la-(n)llIx(n) - y(n)1I
n=O n=N+1
N 00

~ I: la-(n)lllx(n) - y(n)1I +2 I:
n=O n=N+1

00

=qaN(X - y) +2 I: (n)
n=N+1

(n)

00

Now, for every e > 0 we can choose N so large that I: ( n) < e/2 (since ( E 11 ) and
n=N

we may choose x and y so close in Ip(X) that qaN(x - y) < e/2. Then IIMa-(x - y)1I < e and
M a - is continuous as a mapping from B to Bo. Hence result.

COROLLARY 2.29. Let p be #-symmetric.

(i) Every compact subset of Ip(X) is homeomorphic to a compact subset of X.

(ii) A subset of Ip(X) is compact iff it is sequentially compact.

(iii) A sequence {xn}~o in Ip(X) converges to zero iff there is an a E p such that {xn}~=o

converges to zero in the Banach space Xind(a).

(iv) A linear mapping f : Ip(X) ~ Ip(X) is continuous iff f maps null sequences to null
sequences, i.e. for every null sequence {xn}~=o C Ip(X), 3a E p such that {f(xn)}~o

is a null sequence in X ind(a).

Proof. (i), (ii) and (iii) follow immediately from Theorem 2.28 and the fact that compact
sets, sequentially compact sets and sequences are all bounded sets.
(iv) Follows from (iii) and the fact that Ip(X) is bomological.

THEOREM 2.30. Let p be #-symmetric. Then Ip(X) is semi-Montel iff dim(Xn ) < 00 \In E
IN.

Proof. (=» Suppose Ip(X) is semi-Montel and let Un denote the closed unit ball in X n.
Then Un is clearly closed and bounded in IP{X) and so compact. Hence Un is compact in
X n and dim(Xn ) < 00 by the Riesz Lemma.
({::) Now suppose dim(Xn ) < 00 \In E IN and let U denote a closed and bounded subset of
Ip(X). Let a, rand ( be as in the proof of Theorem 2.28, where Ma - maps U homeomorphi
cally onto a bounded set of X. The mapping Pm(Ma-B) is of finite rank and hence compact.

00 00 00

Moreover, for every x E B, II I: Pm 0 Ma-(x)1I ~ I: 1(n)1 so that I: Pm 0 Ma-(B) con-
n=O n=O n=O

verges uniformly to Ma-(B). Thus Ma-(B) is compact in X and hence compact in Ip(X).
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Section 3: Symmetric moulding sets

In this section we examine the topological properties of the spaces Pp(X) and fp(X) when p
is a symmetric moulding set. The symmetric moulding condition is the key to a whole host of
results linking Pp(X), fP(X) and their properties. We have already seen an example of this
in Corollary 2.23 where fp(X) = Pp#(X) as topological vector spaces. In fact much more can
be said.

THEOREM 3.1. Let p be moulding. The following are equivalent:

a) p is i-symmetric

b) fP(X) = Pp#(X)

c) Pp(X) = f p#(X)

d) fp(X) = f p## (X)

e) Pp(X) = Pp##(X).

Proof. a) {:> d) and a) {:> e) from Corollary 2.25 and Theorem 2.11 respectively.
a) :::} b) by Corollary 2.23.
a) :::} c) since fp#(X) = Pp##(X) = PP(X) (from b) and d».
b) :::} a) The set p# is always i-symmetric. Moreover it is moulding since p is moulding.
Then by Corollary 2.23 and Theorem 2.11 fP(X) = Pp#(X) = fp##(X). Hence by Corollary
2.25, p is i-symmetric.
c) :::} a) is similar to b) :::} a). Since p# is moulding and i-symmetric, fp#(X) = Pp##(X),
so by assumption Pp(X) = Pp##(X) and pis i-symmetric.

THEOREM 3.2. Let p be moulding. The following are equivalent:

a) pis i-symmetric

b) fp(X) is sequentially complete

c) fp(X) is complete

d) Pp(X) is barreled

e) Pp(X) is bomological.

Proof. a) :::} b), c), d), e) follows from Theorem 3.1, Theorem 2.9 and Theorem 2.19.
b) :::} a) Suppose fp(X) is sequentially complete. Let b E p## and let x E X. Let
Xn = {x(k)}i:=o' The sequence {Abxn}:=o is a Cauchy sequence in fP(X) since qu(AbXn) ~
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N

cull L x(k)1I \lu E p#, where Cu is a constant depending on u. Hence Ab X E Ip(X) by
k=O

assumption. Since b was arbitrary it follows that I p## (X) C Ip(X) and so by Theorem 2.21
p## ;S P proving #-symmetry.
c) => b) Trivial.
d) => a) Let bE p##. Then the set

W = {x E Pp(X) I sup Ilb(n) x(n)11 < 1}
nEN

is a barrel Le. W is a closed, convex, absorbing and balanced subset of Pp(X). Hence there
exists a E p and t > 0 such that

{x I qa(x) < e} C W .

Hence 3M > 0 such that \Ix E Pp(X), \In E IN

ben) IIx(n)11 ~ M qa(X)

Le. b ;S a.

e) => a) Let b E p## and consider the convex and balanced set

W = {x E Pp(X) I qr,(x) < 1}

which absorbs every bounded set of Pp(X). Hence W is a neighbourhood of zero and similarly
to the case above we obtain an a E p such that b ;S a.

COROLLARY 3.3. Let p be a symmetric moulding set

(i) Every bounded subset of Pp(X) is homeomorphic to a bounded subset of X.

(ii) Every compact subset of Pp(X) is homeomorphic to a compact subset of X.

(iii) Every subset of Pp(X) is compact iff it is sequentially compact.

(iv) A sequence {un}~o converges to zero in Pp(X) iff 3v E p# such that {Ml1-(Un)}~o

converges to zero in X.

(v) A linear mapping f: Pp(X) -t Pp(X) is continuous iff it maps null sequences in Pp(X)
to null sequences.

Proof. Follows from Theorem 3.1 and Corollary 2.29.

Another simple corollary of Theorem 3.1 is the following.

COROLLARY 3.4. Let p be a symmetric moulding set. The following are equivalent
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(i) dim(Xn ) < 00 Vn E IN

(ii) Ip(X) is semi-Montel

(iii) Pp(X) is semi-Montel.

As the final result in this section we give a theorem on nuc1earity of the spaces Ip(X) and
Pp(X). For the proof of this theorem see [C].

THEOREM 3.5. Let p be a symmetric moulding set. Then the following are equivalent

(i) Ip(X) is nuclear

(ii) Pp(X) is nuclear

00

(iii) VaEp, VUEp#, 'E la(n)·v(n)J·dn<oo
n=O

where dn is the dimension of the space X n •

24



Section 4: The dual of Ip(X) and Pp(X)

In this section we give a characterisation of the duals of the spaces Pp(X) and Ip(X). It
is shown that the dual can be characterised precisely as an inductive or projective space of
the type in Section 3. Throughout we assume that X is a reflexive Banach space so that X
has Schauder decomposition {X~}:;o' For the general case the reader is referred to [C]. The
dual pairing on X' X X is denoted by < ',' >.

THEOREM 4.1. Let a E w. Then f E Xproj(a)' iff 3y E XInd(a) such that

I(x) =< y,x >p Vx E Xind(a)

00

where < y, x >p= I: < yen), x(n) > .
n=O

Proof. First note that < y,x >p exists for every y E XInd(a) and x E Xproj(a) since

00 00

< y,x >p= I: < yen), x(n) > = I: < a-en) yen), a(n) x(n) >
n=O n=O (**)

~ Pa(x) sup lIa-(n) y(n)1I < 00 •
n

Hence Xproj(a) and XInd(a) are in duality.

From (**) it is clear that every element of the form (*) defines a continuous linear func
tional. Now let IE Xproj(a)'. Then

I/(x)1 ~ /-LaPa(x) Va E Xproj(a)

00

=> I/(x)\ ~ /-La II I: a(n) x(n)1I
n=O

00

=> IU 0 Aa-) (Aax)1 ~ /-La II I: a(n) x(n)1I Vx E Xproj(a) .
n=O

Hence for all y E sp{Xn}:=o'

Since sp{Xn}:=o is dense in X, UoAa-) extends to a continuous linear functional on X.
Hence there exists 9 E X', such that g(n) = 0, n rt supp(a) and

00

U 0 Aa-(y) =< g, y >= I: < g(n), yen) >
n=O

00

=> I(x) = I: < a(n) g(n), x(n) >.
n=O
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So setting z = Aag we see z E X!nia) and f(X) =< z,X >p'

Analogously we have

THEOREM 4.2. Let a E w. Then f E Xind(a)' iff 3y E XJn.oj(a) such that

f(x) =< y,x >i \Ix E Xind(a)

00

where < y,x >i= 2: < y(n), x(n) >.
n=O

Proof is similar to the above and is omitted.

o

We can extend the results of Theorems 4.1 and 4.2 to obtain dual characterisations of Pp(X)
and Ip(X).

THEOREM 4.3. (i) f E Pp(X)' iff 3y E Ip(X') such that

f(x) =< y,x >p \Ix E Pp(X)

(ii) f E Ip(X)' iff 3y E PP(X) such that

f(x) =< y,x >i \Ix E Ip(X) .

Proof. (i) Clearly each element ofthe form < y, x >i generates a continuous linear functional.
Suppose now that f E Pp(X)'. Then since p is it-directed 3a E p such that

If(X)\ ~ C Pa(x) C const.

Hence f extends to a continuous linear functional on Xp1'oj(a) and so by Theorem 4.1 there
exists y E X!nd(a) C Ip(X') such that f(x) =< Y,X >i.
(ii) Similar.

THEOREM 4.4. Let p be a symmetric moulding set. Then

(i) The strong dual topology on Pp(X') is equivalent to the projective topology on Pp(X').

(ii) The strong dual topology on Ip(X') is equivalent to the inductive topology on Ip(X').

Proof. As in Theorem 2.28, a bounded set B in Ip(X) is homeomorphic to a bounded set
Bo of X via J.La- for some a E p. Then

sup I < x, y >p I = sup I < x, a· z >p I = sup I < a· x, z >p I
flEB zEBo zEB

~ sup IIzll Pa(x) .
zEBo
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Hence the seminorm x ~ sup I < x, y >p I is continuous with respect to the projective
yEB

topology.

Conversely, setting B1 to be the unit ball in X we obtain

00

IPa(x)1 = sup IL < a(n) x(n), yen) > I
yEBl n=O

= sup I < x, Y >p I
gEA"B1

so the projective topology is weaker than the strong topology and the result follows.

COROLLARY 4.5. Let p be a symmetric moulding set. Then Ip(X) and Pp(X) are reflexive.

Remark: When p is type 2, Ip(X) is a so-called (DF)-space (see [Sch]) since it is the
strong dual a metrizable locally convex space. Grothendick [Gr] has shown that (DF)-spaces
are regular inductive limits. By Theorem 2.26 and 2.27 the same result has been derived.
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Section 5: Generalised functions defined by sequence spaces

As we mentioned in the introduction to this paper, a great many different methods of generat
ing spaces of generalised functions have been defined, for example [5], [GS], [Jo], [EG]. In this
section we demonstrate how the various methods quoted above can be united by the theory
of this paper. First though we have a short discussion on the various approaches quoted above.

In [5], Schwartz defines generalised functions to be the elements of the dual space of a space
of 'test-functions': functions which are very well behaved with respect to some operation. By
this approach we arrive at the usual generalised function spaces £', S' and V', the duals of
£, S and V respectively. This approach is greatly extended and generalised by Gelfand and
Shilov in [GS] with the introduction of countable Hilbert spaces and the notion of a Gelfand
triple:

J~H~J' .

Here J is a space of test-functions, H a Hilbert space and J' the dual of J. It is J' which is
considered to be a space of generalised functions.

A more fundamental, and more physically appealing, approach developed by Temple and
Lighthill (see [JoD is to consider sequences of 'good' functions converging in some weak
sense. A generalised function is then defined as an equivalence class of sequences.

A new method of generating spaces of generalised functions introduced by de Bruijn [B]
is presented in [EG] where the theory of [B] is greatly extended and generalised. Here a
generalised functions is defined to be a limit of a 'trajectory' where a trajectory is some well
defined function from (0,00) to a Hilbert space. The space of trajectories is shown to be the
dual space of some dense space of test-functions in the Hilbert space. Thus generalised func
tions can be considered both as a limit of 'good' functions (Le. elements of the test-function
space) and as continuous linear functionals.

Below we show that, under the correct circumstances the spaces fp(X) and Pp(X) can be
shown to be spaces of test-functions and generalised functions corresponding to all the ap
proaches given above. The theory of the spaces f p and Pp can therefore be considered to
be a unification and extension the various approaches to generalised functions current in the
literature (except for V(lR)-type spaces which are topologically rather weird).

THEOREM 5.1. Let p be a symmetric moulding set

(i) If 1 ~ P then Pp(X) ~ X ~ fP(X).

(ii) If p ~ 1 then fP(X) ~ X ~ Pp(X) .

Proof. (i) Since 1 ~ P we have
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(ii) p ;5 1 ~ 1 ;5 p#.. Hence by (i) Pp#(X) <-t X <-t Ip#(X) and the result follows by Theo
rem 3.1.

Note that if X is a Hilbert space then we recover the Gelfand triples

and

Also, when p is type 2, the space Pp(X) is a countable Hilbert space and Ip(X) a countable
union space. Thus the spaces Pp(X) and Ip(X) coincide with the theory of [S] and [GS]
where they can be considered as both test-function spaces and generalised function spaces.

THEOREM 5.2. Let p be a symmetric moulding set

(i) If 1 ;5 P then Ip(X) is the (sequential) completion of Pp(X) under the topology gener
ated by {qu}uEp# •

(ii) If p ;5 1 then Pp(X) is the (sequential) completion of Ip(X) under the topology gener
ated by {qu}uEp.

Proof. (i) Follows from Theorems 5.1 and 3.2, and the fact that {xn}~o C Pp(X).
(ii) Similar.

From the above theorem we see that the spaces Pp(X) and Ip(X) can be considered to
be the weak sequential completion of a space of 'test-functions' given by Ip(X) and Pp(X)
respectively. Thus the spaces Ip(X) and Pp(X) coincide with the theory of [Jo].
Furthermore it is shown in [C] that for a suitable Schauder decomposition and multiplying
sequence set p we have Ip(X) = SX,A and Pp(X) =TX,A where SX,A and TX,A are the spaces
of [EG]. Thus the theory of Sections 3 and 4 is an extension of the theory in [EG].

Finally, it is shown in [C], that the theory of this paper can be used to reproduce the spaces
and results in all of the papers [Z], [Gi], [Pill, [Pat], [Pic].

Examples. Consider the Sturm-Liouville problem stated in the introduction

d2J
- dx2 +q(x)J=8(x) JEC[-l,l]. (1)

As already stated the eigenvectors {lpn}~=o of the operator A = _d2 / dx2 + q(x) form a
generalised basis for C[-l, 1].
Let X n = sp{lpn} n = 0,1,2, .... We can form a Banach space X from the closure of the
linear space of the spaces {Xn}~o with respect to the norm II ·110 where
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n

IIxllo = sup II L an IPnlloo where an =< X, IPn > 0
n lc=O

It is clear that {Xn}:=o is a Schauder decomposition for X, and that on each Xn the operator
A acts as a multiplication operator with respect to the eigenvalue Ano It is natural therefore
to consider as multiplying sequence the set

Using the space X and the set p defined above we form the spaces Pp(X) and Ip(X). Since
1 ~ p we see from Theorem 5.1 that the space Pp(X) is a space of test-functions and Ip(X)
is a space of generalised functions of Ao

From [LS] p. 9,10 it follows that the eigenvalues {An} have polynomial growth Leo An =
O(n1/ 2 ), and when q(x) is integrable the supremum norm of the eigenvectors IPn has order
IIIPnll = O(l/n)o Given these growth conditions it follows from [C] that

where DOO(A) is the space of COO-vectors for A. This is the familiar space of test functions
used by [Z] and [Gi]. We assume above that p is a symmetric moulding set so that An =1= 0 \In.

The space of generalised functions in this case is IP(X) and 1 E Ip(X) iff

00

1 = L anIPn where an =< I,IPn >
n=O

and lanl = o(nlc ) for some k > 00

Hence the fundamental solution to (1) is the series

10 = f IPn(O~ c/>n(X)
n=O n

(2)

where this converges in Ip(X). Moreover, it can be seen from the asymptotic estimates of IPn
and An that the sum (2) converges absolutely and uniformly in [-1,1]. Hence 10 E C[-l, 1]
and the fundamental solution is a regular function.

Given the characterisation of elements in Ip(X) we can give exact conditions on the right
hand side of (1) in order that a solution to (1) exists in Ip(X)o

LEMMA 5030 The equation

(3)
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has a unique solution in Ip(X) iff 9 E Ip(X).

Proof. The formal solution to (3) is f
00

2:
n=O

< g,'Pn >
'Pn and this is a solution iff

An
< g,'Pn > (Ie)An = 0 n for some k > 0.

Hence < g,'Pn >= o(n le+1/ 2 ) for some k > °which is true iff 9 E Ip(X).

As a more specific example consider the differential equation

(4)

The eigenvalues of this operator are An = (2k + 1) corresponding to eigenvectors {VIe}k~=o

where Vie is the kth normalised Hermite function.

The spaces {Xn}:'=o Xm = sp{vm } form a Schauder decomposition for L 2(JR). As above
we take our set p = {(Ak)~o I n E IN}. Then it is shown in [C] that the test-function space
Pp(X) = D OO

( _d2jdx2+x2) is precisely S, the space of tempered distributions.

00

Then Ip(X) = Sf and f E IP(X) iff f = 2: ale'Ple where ale =< f, Vie >= o(kn
) for

n=O
some n E IN.

Thus given any 9 E Sf, a solution to (4) is defined by

00

f -" < g,vn >
- ~ An Vn

where the sum converges strongly in Sf. In particular, the fundamental solution E to (4) is
given by

If we consider now the evolution equation

du _ -d2u 2
dt - dx2 + X u u(x,O) = uo(x) E L2(JR) .

This can be written in the familiar form

du
- = -Au u(O) = Uo
dt

with formal solution u(t) = e-tA Uo.

Hence we would expect that the solution of (5) would look formally like
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00

( t) '"' ->."t ( )U x, = L..J e < Uo, Vn > Vn X •

n=O

This indicates that a good choice of sequence set for p is p = {{e->."t}:=o It> O}. Choosing
p in this way we see from [EG] that

So in this case our ~est-functionspace is the Gelfand-Shilov space SN:(lR) and the space of
generalised functions is its strong dual.

1/2( )Then, for any Uo E Sl/2 lR ,

00

( t) '"' ->."t ( )U x, = L..J e < Uo, Vn > Vn X

n=O

defines a unique solution of (5) in Ip(X). Thus, in particular, if the initial condition Uo is
given by the delta function we have the fundamental solution
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