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Notation 

Symbols 

a 
ai 
A 
atj 

A, 
diag{ ai,} 
block diag{Aii} 
A-I 

A 
A0 
IIA II I 
CT 
d 
F, 
F u  
G 
H 
I 
K 

L 
P 

Ks 

po 
Y 

S 
t 
T 
U 

V 

W 
* 

W 
Y 
Z 

* 

column 
i-th element of a 
transfer function (matrix) 
ij-th element of A 

diagonal matrix with elements aij (diagonal elements of A) 
block-diagonal matrix with blocks Aii 
inverse of A 
diagonal part of A 
nominal transfer function (matrix) A 
I-norm of A 
real number, dependent on T 
disturbance 
lower LFT 
upper LFT 
generalized plant 
complementary sensitivity function 
identity matrix 
controller 
set of stabilizing controllers 
open loop transfer function 
real plant 
nominal plant 
reference signal 
sensitivity function 
additional exogenous input 
transfer function of interest 
controller output 
measurement noise 
exogenous input 
weighting transfer function (matrix) 
output signal 
control objectives 

ij-th block of A 

A uncertainty matrix 
A set of uncertainty matrices 
P A  structured singular value 
n set of perturbed plants 
O(A) 
c 

maximum singular value of A 
performance transfer function (matrix) of interest 
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NOTATION. 

Abbreviations 

cc 
CSD 
DIC 
IO 
LFT 
M M O  
RDTC 
RIMD 
RS 
RP 
SISO 
ssv 
TFM 

Control Configuration 
Control Structure Design 
Decentralized Integral Controllability 
InpuUOutput 
Linear Fractional Transformation 
Multi-Input Multi-Output 
R-ohust Decentralized Integral Controllability 
Robust Interaction Measure Design 
Robust Stability 
Robust Performance 
Single-Input Single-Output 
Structured Singular Value 
Transfer Function Matrix 
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Chapter 1 

Introduction 

The design of a control system roughly consists of the following steps: 
1. Definition of the control objectives/specifications 
2. Modelling of the system to be controlled 
3. Control Structure Design (CSD) 
4. Controller design 
5. Control system evaluation and tuning 
6. Controller implementation. 

The focus in this paper is on the third step. CSD can be defined as the stage, in which 
decisions are made on the number, the place and the kind of actuators and sensors to be used 
(Input-Output (IO) selection phase), and on the interconnections between manipulated and 
measured variables (Control Configuration (CC) selection phase). The Control Configuration 
selection phase refers to the process of specifying how the selected measurements should be 
fed back to the selected manipulated variables. This process is sometimes referred to as 
’partitioning’ of the inputs and outputs, and is important for decentralized control systems. 
In these systems, the actions by the manipulated variables are determined by feedback from 
only a subset of measurements. Hence, decentralized control systems involve controllers with 
a block-diagonal structure. Although the achievable performance may be lower than with 
centralized controllers, decentralized control has some important advantages. For instance, 
design, implementation, and maintenance may be easier and cheaper, decentralized controllers 
are easier to understand and more flexible for changing process conditions, the number of 
feedback interconnections is smaller, and tolerance for sensor and actuator failures is more 
easily accounted for. For more detailed information on decentralized controllers, see, e.g., [i]. 

1.1 The importance of control structure design 

Contrary to other stages in control system design, CSD has been paid relatively little attention 
to. However, an appropriate selection and interconnection of measured and manipulated 
variables is as important as controller design itself. First, a non-optimal choice for the 
controller structure may put fundamental limitations on the system’s closed-loop performance, 
that cannot be overcome by advanced controller design. For example, particular choices of 
IO-sets may introduce right-half-plane zeros, which impose restrictions on the achievable 
bandwidth and hence on the achievable performance. CSD should be aimed at selecting 
controller structures which do not endanger the performance specifications. Second, the 
complexity of a control system is largely determined by the underlying control structure. In 
general, a complex control system is harder to maintain, more expensive and less reliable. 
CSD can be used to select control structures with low complexity, provided the control 
objectives can be achieved. 
Practical control problems often involve more actuators and sensors than are needed for 
designing effective, economically viable control systems. A control system design with 
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CHAPTER I. INTRODUCTION. 

modelling errors and too many inputs may lead to over-parametrized controllers, which may 
exhibit reduced robustness characteristics, see, e.g., [2]. The general idea of the more inputs 
there are, the better control of the process is possible, is only true if control is based on a 
perfect model. Thus, IO selection is important for technical and economical reasons. 

1.2 Desirable properties of a CSD-method 

owing t^ the CGmhinatitnria! natlire of the problem, the number of control Str’KtLlre candidates 
grows very rapidly as the complexity of the system to be controlled increases. Hence, a CSB- 
method must be efficient. In practice, actuators and sensors are often selected in an ad hoc 
way based on experience, simulation, and trial and error. It is obvious, that in this way 
appropriate control structure candidates can easily be overlooked. A systematic CSD-method 
should avoid this. 
The ultimate test of a control structure candidate will be the control system performance once 
a controller has been designed for the control structure. However, this leads to a CSD-method 
that becomes infeasible as the number of control structure candidates increases, since for each 
control structure a controller would have to be designed. Therefore, a method which can 
reduce the number of control structure candidates before applying detailed analysis is of 
significant practical value. This should be done in two steps: firstly, candidates for which a 
controller achieving a desired level of robust performance does not exist, regardless of the 
controller design method, should be eliminated (design-independent or general screening 
tools). Secondly, an additional screening may be carried out in the context of a particular 
controller design method (design-dependent screening tools). Partially based on these 
requirements, some desirable properties to be accounted for in CSD are listed below (see [3]) :  

1. Efficiency: The CSD-method must be able to quickly and easily evaluate a possibly large 
number of control structure candidates. 

2. Robust Performance (RP): The control system should perform well also in the presence 
of modelling errors. This property implies both robust stability and nominal performance. 

3. Robust Stability (RS): The control system must remain stable in the presence of 
uncertainties. 

4. Nominal Stability: The control system must be stable in the absence of uncertainties. 
5. Nominal Performance: The control system must meet the performance specifications in 

the absence of uncertainties. 
6. Controller Independence: The CSD-method must be independent of controller data. 
7. Quantitative Nature: The CSD-method preferably provides quantitative measures in 

screening control structure candidates, rather than qualitative ones. 
8. Effectiveness: the method must be able to very clearly distinguish between feasible 

control structure candidates and infeasible ones. Effectiveness calls for necessary and 
sufficient conditions as viability tests. Sufficient conditions may eliminate viable 
candidates, while necessary conditions may not eliminate inappropriate candidates. 

9. General Applicability: The CSD-method should be applicable to a large class of control 
systems. 

1 O. Applicability to Nonlinear Systems: Desirably, CSD-methods developed for linear 
control systems have a nonlinear counterpart, or it must be possible to generalize them 
to nonlinear systems. 

11. Control System Complexity: It should be possible to impose the allowable control 
system complexity. 

12. Directness: Preferably, the CSD-method directly yields one, or maybe some, favorable 
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CHAPTER 1. INTRODUCTION. 

control structures given the specified control system requirements. 
13. Solid Theoretical Foundation: The theory behind a CSD-method is desirably well- 

founded and complete. A practical example should prove its usefulness. 
14. Practical Applicability: Desirably, the implementation and application of the 

CSD algorithm is not too complex or tedious, and selection of the appropriate control 
structure must be straightforward. 

In this report, various criteria for CSD as proposed by Braatz [4] are studied and assessed 
with respect to the desirable properties listed above. The tools are investigated with regard 
to their mathematical correctness and their true usefulness for CSD. The criteria are based on 
Robust Performance (RP) and involve conditions employing the structured singular value ('y), 
so they mainly focus on properties 2 to 5. The idea is to eliminate those control structure 
candidates for which a controller achieving one of these properties does not exist. 
The report is set up as follows. First, in Chapter 2 control systems are put in a general set-up. 
In Chapter 3, the concept of robust loopshaping is studied and in Chapter 4 the pros and cons 
of the CSD-tools proposed by Braatz are examined and assessed with respect to the desirable 
properties mentioned above. Finally, Chapter 5 presents conclusions on the screening tools 
as well as recommendations for future research. 
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Chapter 2 

Representation of a control system 
in --_ a U -  mmeral set-ue I 

The goal of controller design is that the overall system is stable and satisfies some minimum 
performance requirements. The controller should satisfy these requirements at least when it 
is applied to the nominal plant Po, i.e., nominal stability and nominal performance is required. 
The control system is also required to be stable and to maintain a specified level of 
performance in the presence of modelling errors, i.e., the system should exhibit robust 
stability and robust performance. 
From property 9 in Section 1.2, a general selection procedure is more interesting than one for 
a limited class of control systems, so a representation in a general set-up is desired. Properties 
of the system and requirements on its stability and performance can then be represented in 
quite a general way. In this report, only linear systems are considered. 

2.1 General set-up 

Usually the real plant P is not equal to the model Po. The term robust is used to indicate that 
some property holds for a set ll of possible plants P as defined by the uncertainty description. 
The part of the system that is determined by the nominal model Po and the controller K is 
called M and can be separated from the part of the system determined by the uncertainty, 
which is called A. This leads to the general set-up of Figure 2.1. The inputs to the nominal 
control system M are the output p of the uncertainty block A and the exogenous input w‘, e.g., 
disturbances, measurement noise, and reference signals. The outputs of the nominal system 
arc the input q to the mcertainty block A and the control objectives z*, formulated such that 
z* is ideally zero. Many practical problems can be cast into the M-A form. Such a 
transformation is always possible when the real system MA is a Linear Fractional 
Transformation (LFT) of A, i.e., when it is of the form 

or 

MA = F,(M,A) = M22 + M2]A(1 - MllAJ1Ml2 (upper LFT, as in Figure 2.1), 

where the Mij’s are matrices of appropriate dimension which do not depend on A. For the 
LFT’s to be well-posed, ( I  - MiiA) must be invertible. 
By means of an LFT the control system M can be parametrized in terms of the controller K, 
which in turn can be parametrized in terms of a Transfer Function Matrix (TFM) of particular 
interest T (see, e.g., [4]). Thus, the equivalent representations as depicted in Figure 2.2 are 
obtained, where G represents the generalized plant, which depends on the nominal plant Po, 
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CHAPTER 2. REPRESENTATION OF A CONTROL SYSTEM IN A GENERAL SET-UP. 

4 M  

Figure 2.1: M-A feedback connection. 

f) 

I - -  I 

Figure 2.2: Equivalent representations of system M with uncertainty A. 

uncertainty bounds, and performance specifications. Since any combination of LFT's is again 
an LFT, M can be written as an LFT of N and T. This is important for the development of 
screening tools to be discussed later. 

2.2 The structured uncertainty block 

In general, it is difficult to obtain a practically useful uncertainty description, i.e., à rigorous 
yet nonconservative uncertainty description, that encompasses all systemímodel mismatches, 
including the effects of nonlinearities. Alternatively, only the uncertainty that is believed to 
always exist and is crucial for closed-loop stability and performance could be modeled. For 
CSD such a 'parsimonious' uncertainty modelling is justified, since the procedure involves 
eliminating undesirable candidates, for which a controller achieving robust performance 
cannot be found for the given uncertainty structure and level. An overly conservative 
uncertainty description will either leave no viable candidate or eliminate some of the viable 
candidates. 
A completely unstructured uncertainty block A may imply that the amount of uncertainty 
accounted for is unnecessarily high. By allowing the uncertainty block A to be structured, 
conservatism may be reduced. In this approach, the uncertainty block A has the block- 
diagonal form 
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CHAPTER 2. mPRESENTATION OF A CONTROL SYSTEM IN A GENEX4L SET-UP. 

Figure 2.3: Structured uncertainty model. 

A =  

AI O ... ... 

O AZ O ... 

. . . . . . . . . . . . 

... ... 0 4 ,  

, 

so the block-diagram of Figure 2.1 actually looks like Figure 2.3 (see, e.g., [5]). 
Doyle [6] introduced the Structured Singular Value (SSV or ,u) to test for robustness of 
systems to structured uncertainty. To use ,u, it must be possible to model the uncertainty as 
m-norm-bounded perturbations (Ai) on the nominal system. Each perturbation block Ai can 
either be complex (for representing unmodeled dynamics), or real (for representing parametric 
uncertainty). Usually, the -norm of each pertabation is normalized to be of size one: llAiII, 
I 1. In this case, the nominal system M in Figure 2.3 is not only determined by the nominal 
model P, and the controller K, but also by the size and nature of the uncertainty (through 
weights). 

2.3 Robust stability and the structured singular value 

Figure 2.4 represents the loop equations q = Mp, p = Aq. This is equivalent to: q = MAq 
¢j q - MAq = O q ( I  - MA) = O. As long as I - M A  is nonsingular, the only solutions 
p ,  q to the loop equations are p = q = O. However, if I - MA is singular, then there are 
infinitely many solutions to the loop equations, and norms IIpII, 11q11 of the solutions may be 
arbitrarily large, which implies instability. Stability is achieved if the only solutions to the 
loop equations are p = q = O, so if I - MA is nonsingular. Now a set of uncertainty matrices 
A is introduced. To determine the stability bounds, the 'smallest' uncertainty matrix A from 
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U 

Figure 2.4: M-A feedback connection. 

this set A, that makes I - MA singular, is considered. As a measure for its size the maximum 
singular value B(A) is taken. For ME G nxn, the Structured Singular Value (SSV) of M with 
respect to the uncertain9 block A, pA(M), is defined as follows (see, e.g., [7]): 

7 (2.1) 1 
min { 6(A) I det(1- MA) = O} 

A€ A 
unless no AEA makes i - M A  singular, in which case pA(M) O. In other words, pA(M) 
represents the inverse of the smallest uncertainty (in sense of O) needed to make the feedback 
connection in Figure 2.4 unstable. Robust Stabilig (RS) means that the closed-loop system 
is stable for all P E ~ .  The closed-loop system M exhibits robust stability for all IIAillm I 1 
if and only if the closed-loop system is nominally stable and pA(M) < 1 'd CU. Proof and details 
can be found in [7]. If A is unstructured, pA(M) reduces to O(M) and the stability condition 
simplifies to the 'small gain theorem' (see, e.g., [5]). 

2.4 Robust performance 

Consider the 'classical' feedback system of Figure 2.5. For this system the following equality 
holds: z = (I + PK)-'d + PK (I + PK)-'r - PK (I + PK)-'v, where z represents the variables to 
be controlled, y the controller input, u the controller output (compare with set-up in Figure 
2.2), r the reference signal, d the disturbance signal, and v measurement noise. The open-loop 
transfer function L is defined as L = PK. The closed-loop transfer function from d to z is 
called S, so S = ( i  + PK).'. The closed-loop transfer function from r and v to z is called H,  
so H = PK (i + PK).'. Tnese functions reflect the behavior of a system with regard to, e.g., 
performance. 
Performance is commonly defined in robust control theory using the H,-norm of some 
transfer function of particular interest C: 

The closed-loop system exhibits nominal performance if  

pollm = sup O(Co) < 1. 
w 

The closed-loop system exhibits robust performance if 

The transfer function of interest C could, e.g., be the weighted sensitivity function S (for 
rejection of disturbances) or the weighted complementary sensitivity function H (for good 
tracking or rejection of measurement noise). If C is taken to be the weighted sensitivity S, this 
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gives: 

The weight W, is 

. . I +  

I I 
v + I +  I 

- v -  

Figure 2.5: Classical feedback system. 

co = W,SoW,, 

c = W,SW,. 

Ren equal to the disturbance model. The weight W, j 

(2.4) 

used to specify over 
which frequency range the sensitivity should be small and to weight each output according 
to its importance, so in this way performance specifications can be defined. 
Consider Figure 2.6(a). Uncertainty block Au equals block A in Figure 2.1. The set of all 
possible transfer functions C can be described by the nominal transfer function Eo and a 
fictitious uncertainty block Ap, where the subscript denotes performance. Now, M in Figure 
2.6 is not only determined by the nominal model P, the size and nature of the uncertainty and 
the controller K, but by the performance specifications as well. Partition M in Figure 2.6 to 
be compatible with A = diag{Au,Ap}: 

The block M in Figure 2.4 corresponds to Ml1 in Figure 2.6. This implies that the robust 
stability test in Section 2.3 is equivalent to (under the assumption that MI1 is nominally 
stable) : 

PAu(Ml1(jW < 1 (2.6) 

The block M,, can be identified as the transfer function of interest C. Comparing Figure 2.6(b) 
and Figure 2.4 and using the same approach as in Section 2.3, the closed-loop system of 
Figure 2.6(b) exhibits robust stability for all IIAuiII, I 1, IIApllm 4 1 if and only if the closed- 
loop system is nominally stable and: 

where A = diag{Au,Ap}, and Ap is a complex-valued matrix with dimensions corresponding 
to the dimensions of the exogenous input w* and the control objectives z*. Since A contains 
the performance uncertainty (Ap), this implies that if condition (2.7) is met, then the 
requirements for robust performance are met. This means that (2.7) actually is a test for 
robust performance. So, robust performance is in fact tested via robust stability of the control 
system extended with the fictitious uncertainty block Ap. Thus, both robust stability and robust 
performance can be tested using the y-framework. Multiple performance objectives can be 
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A 

P 

--Eb- 
- 

Figure 2.6: Robust performance and the M-A block structure. 

tested similarly using block-diagonal 4p. 
Comparing (2.6) and (2.7), it is noted that robust stability is a special case of robust 
performance. Robust performance implies robust stability, because: 

sup P A ( M )  sup 
w w 

Thus, ,u can be seen as a general analysis tool for determining robust performance. 

2.5 Control structure design in the general set-up 

The focus in this report is on the selection of the most appropriate control structure(s) among 
the candidates. To reduce the possibly very large number of control structure candidates, the 
first step could be to eliminate the candidates for which a controller achieving a desired level 
of robust performance does not exist, regardless of the controller design method. To do this, 
the SSV pA, as derived in Section 2.4, could be used, where A contains the uncertainty block 
Au and the fictitious uncertainty block Ap. The SSV should be applied to a TFM that is 
independent of the controller K. A test to check whether or not there exists a controller 
meeting the robust performance requirements for a given set of actuators and measurements 
is desirable. If a candidate does not meet the requirements, it is eliminated. Mathematically, 
the following test condition is applied: 

inf SUP pA(M(jm)) < 1, 
KE& w 

where K,  represents the set of all stabilizing controllers. 
Since M depends (partly) on the controller K, M is split up into G and K by means of an 
LFT. In this way, the 4-G-K form as depicted in Figure 2.2 is obtained. This shows the 
influence of K on the test condition more clearly: 

inf sup pA(G11 + GI,K(I - G2,K)-'G2J < 1 
K E K ,  w 

After eliminating the candidates for which inequality (2.9) does not hold, additional 
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candidates may be eliminated by using design-dependent screening methods. The remaining 
candidates can then be examined more closely through, e.g., closed-loop simulation. If no 
candidates are left, this means that the specified level of performance cannot be achieved. If 
relaxing the specified level of performance is not allowed, the plant must be redesigned, or 
a better model must be derived. 
In the remains of this report, it is studied how screening tools as proposed by Braatz [4] can 
be derived from test conditions for robust stability and robust performance, such as (2.8) and 
(2.9). 
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Chapter 3 

Robust loopshaping 

In this chapter, the concept of robust loopshaping as proposed by Braatz [4] is studied. It is 
fitted into the general set-up of Chapter 2 by means of linear fractional transformations for 
both centralized and decentralized control. 

3.1 The key ideas for robust loopshaping 

When loopshaping, a TFM is specified that parametrizes the controller based on magnitude 
bounds on the TFM. Examples of such transfer functions include the sensitivity S,  the 
complementary sensitivity H ,  and the open loop transfer function L. 
Controller design methods can be classified as being either optimization methods or non- 
optimization ones. The optimization approach involves minimizing an objective function over 
the set of stabilizing controllers. Loopshaping is a non-optimization approach: instead of 
minimizing pA(M), it suffices to design for pA(M) < 1. The advantages over optimization 
approaches are that: 

the controller can be kept simple with regard to the controller order and structure, 
decentralized controllers can be designed, 
the properties of interest to the engineer are often directly in terms of the designed 

Classical loopshaping was developed to design for robust performance for Single-Input 
Single-Output (SISO) systems, where the uncertainty can be represented as a single complex 
A-block, and where there is only one performance specification. However, control problems 
may be Multi-Input Multi-Output (MMO) and may involve multiple perfonnance 
specifications. Mcrecver, uficertainty may be more convenient!y described as real paraneter 
variations and may be present at different locations. Braatz [4] extends classical loopshaping 
to multiple parametric and unrnodeled dynamic uncertainty descriptions, more general 
performance specifications, and to the design of decentralized controllers. He refers to this 
as robust loopshaping. 

loopshape. 

3.2 Robust loopshaping in the general set-up 

Robust loopshaping will be aimed at achieving robust performance. In Chapter 2, it was found 
that Figure 2.6 shows in a very clear way how the robust performance requirements can be 
tested in a general framework. Therefore this set-up and its equivalent representations are 
considered again in Figure 3.1. It is very convenient for robust loopshaping, since it separates 
the uncertainty from the nominal control system. 
The idea of robust loopshaping is to design a controller K such that the system satisfies some 
bounds for a large enough level of uncertainty. The robust performance conditions are 
expressed as norm-bounds on a transfer function of interest T: 
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m -  w f) 

Figure 3.1: Equivalent representations of system M with uncertainty A. 

Theorem 3.1: Let M = F,(N,T) = NI, + N,,T (I - N,,T)-' NZI. 
Assume: (i) det(I - N,,T) f O, 

Then RP is achieved, i.e., pA(M) < 1, if O(T) < cT, where cT solves 
(i0 PA") < 1. 

see [8]. Here, = block diag{A,AT} with O(A) I 1, @AT) i 1, and with AT of the same block 
structure as T (which is also the structure of the controller). Proof can be found in [4] and [8]. 
Assumption (i) is a necessary and sufficient condition for the LFT M = F,(N,T) to be well- 
defined. Assumption (ii) is a necessary condition for a solution cT > O to exist. The norm- 
bounds on different T ' s  can be combined over different frequency ranges, since Theorem 3.1 
applies on a frequency-by-frequency basis, see [SI. For example, for TI = S and T2 = H ,  
robust performance is achieved if either of the conditions O(S(jo)) < c, or O(H(jo)) < cH is 
met for each o. In [8] it is shown by examples that generally it is impossible to have 
O(H(jo)) < cH at low frequencies and O(S(jw)) < c, at high frequencies. Therefore, bounds are 
combined: W is achieved if B ( S ( j 0 ) )  < e, at low frequencies and B(H(jcu)) < cH at high 
frequencies. 
To parametrize the controller in terms of T, the A-G-K set-up in Figure 3.l(b) must be 
transformed into the A-N-T set-up in Figure 3.l(d). This will be illustrated in Section 3.3 for 
particular choices of T. 
In the robust loopshaping framework discussed by Braatz [4], the PK set-up in Figure 2.5 
plays a central role. As soon as the control system under consideration is assumed to be in 
the PK set-up in Figure 2.5, generality is endangered: in this set-up it is required that z can 
be directly controlled via y ,  since a reference signal is provided for Y .  For this special case 
of Figure 3.l(b), parametrizations of the controller in terms of S, H ,  or L are useful. For all 
feedback systems, a sensitivity function S, a complementary sensitivity function H ,  and an 
open-loop TFM L could be specified. However, it might not always be necessary or useful 
to parametrize the controller in terms of S, H ,  or L. It depends on the function of interest to 
the engineer and the properties of the specific plant design. See for example Figure 3.2: S 
specifies the TFM between the disturbances d and output z,. However, if the TFM between 
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t I -I P7 7 IP- 

v + I +  I 
I 

Figure 3.2: Classical feedback system. 

d and the output to be controlled zI is of special interest, there is little use in loopshaping S. 

3.3 Parametrization of the controller 

For the purpose of robust loopshaping, the A-G-K set-up must be transformed into the A-N-T 
set-up. Consider the representations in Figure 3.1. To get the controller parametrized in terms 
of T, the interconnection structure in terms of G and K is the starting point. This structure is 
found directly by rearranging the system's block-diagram, e.g., the one in Figure 3.2. Then 
the controller K is written as a lower LFT of T: 

K = F,(J,T) = Jll + JI2T(I - J22T)-1J21. (3.1) 

If the LFT is well-posed (so that ( I  - G22Jll) is invertible), N follows: 

r 1 

For the block-diagram of Figure 3.2, N T  (N for controller parametrization in terms of T )  can 
be calculated for the TFM's S, H ,  L, and K: 

+ G,2P-1G2, -G12P-' 

O 
N S  = G21 

r -7 

N K = [  GI1 GI2 ] = G .  

G2l G22 
(3.6) 
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For details, see Appendix A. 
The A-N-T set-up is similar to the A-G-K set-up in Figure 3.1 when Tis  chosen to represent 
the controller K. Notice that NZ2 = O for T = H and T = S. Morari and Zafiriou [ 11 state more 
generally, that NZ2 = O when T is a closed-loop TFM. 
Also notice that N H ,  N S ,  and N L  contain the inverse of the plant P-'. For the inverse of P to 
exist, it is necessary that P is square. This limits the applicability of robust loopshaping, since 
only square controllers (controllers with the same number of inputs and outputs) can be 
designed in this way. In addition, the inverse of P might cause problems when P is strictly 
proper, in which case a state-space representation of P is not possible. This may prevent (3.31, 
(3.4), and (3.5) to be computed in terms of a state-space representation. Lee and Morari [9] 
avoid the problems with the inverse of P by choosing T to be a different parametrization: they 
use the Internal Model Control (IMC) controller QMc. 
For decentralized control systems, P" is defined to be the block-diagonal part of the plant P: 

P = block diag { Pii}. (3 -7) 

Define the block-diagonal open loop transfer function by L" = PK, the block-diagonal 
complementary sensitivity by H = PK ( I  + FKj-', and the block-diagonal sensitivity by s" = 
( I  + PKj-I. Then 

and 

s = s" ( I  - ( I  - PP-') Sj-l PP-'. (3.9) 

This gives: 

r 1 

(3.10) 

(3.1 1) 

(3.12) 

(3.13) 

19 



CHAPTER 3. ROBUST LOOPSHAPING. 

Again, details can be found in Appendix A. 
Braatz [4] derives necessary bounds and sufficient bounds on O(T) based on parametrizations 
of the controller in terms of N and T. These bounds are stated in the form of theorems. From 
these theorems, screening tools for CSD are derived, which will be discussed in Chapter 4. 
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Chapter 4 

Screening tools in the robust 
Isuushmine I I W framework 

In this chapter, screening tools for CSD derived by Braatz are discussed. These screening 
tools will be evaluated with regard to the desirable properties listed in the introduction. 

4.1 The screening tools 

Braatz states four theorems within the robust loopshaping framework. These theorems give 
necessary and sufficient upper and lower bounds for robust loopshaping with T. Only 
Theorem 4.1 in [4], which provides a sufficient upper bound on O(T), is actually used for the 
development of screening tools. This theorem is equivalent to Theorem 3.1. 
First, tools are discussed which do not depend on the partitioning of the control loops 
(pairing-independent screening tools). Second, tools are discussed which depend on the 
partitioning of the control loops (pairing-dependent screening tools). 

Pairing-independent screening tools 
(1) Screening tool for  loopshaping with $: There exists a controller designed via loopshaping 
$ that satisfies pA(M) < 1 only if 

Proof: From Theorem 3.1 it follows, that for RP to be achieved assumption (ii) must hold. 
Whm loopshaping with $, this assumption mmt hold for low frequencies. For o = O it is 
equivalent to pA(NI;(O)) < 1 ¢j ~A(Gli(0) + G12(0) P-’(O) Gzl(0)) < 1 from (3.11). QED. 

Note that this condition remains the same if S is used instead of 9, but s” is more general, 
since a centralized structure can be seen as a ’one-block’ block-diagonal structure. However, 
since (4.1) is pairing-independent, it does not matter for IO-selection whether S is 
decentralized or not. 
The screening tool depends on the controller design method, since one is loopshaping with 
$. An equivalent screening tool can be derived by choosing a ’sensitivity-like’ controller 
parametrization: Lee and Morari [9] use the TFM from the reference variables to the 
controlled variables which are not available for feedback (z ,  in Figure 3.2), instead of the 
measured variables available for feedback (zz in Figure 3.2), for inferential loopshaping. 

(2) Screening tool for control systeins with integral action: There exists a control system with 
integral action in all channels that satisfies pA(M) < 1 only if 
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Braatz states that this screening tool is general, but it seems to be more correct to call it 
design-dependent, since it imposes an assumption on the closed-loop: integral action must be 
present. If this is not naturally present in P ,  the controller must contain integral action. In that 
case, the tool imposes an assumption on the controller TFM (’controller type’). 

(3) Screening tool for loopshaping with H :  There exists a controller designed via loopshaping 
that satisfies pA(M) < 1 only if 

Proof: For RP to be achieved, assumption (ii) must hold. When loopshaping with H ,  it must 
hold at high frequencies. For CU = 03, assumption (ii) is equivalent to pA(Nlf(jw)) < 1 @ 

,~A(Gii(j-)) < 1 from (3.10). QED. 

This screening tool depends on the controller design method, since one is loopshaping with 
H .  

(4) Screening tool for strictly proper open-loop systems: There exists a controller with PK 
strictly proper that satisfies pA(M) < 1 only if 

Proof: All real systems have vanishingly small gains (in the sense of singular values) at high 
frequencies. This means that TFM’ s describing system components should be strictly proper, 
so the product of P” and K should be strictly proper. If PK is strictly proper, then H(jw) = O. 
To have pA(M) < 1 at CU = 00, it is necessary that ,uA(M(jw)) = ,uA(Fl(Ng(jw), H(jw))) = 
PA(Fi(NH(jw),o)) = PA(N~: (joe)) = PA(GI,(jm)) < 1. QED- 

The screening tool depends on the controller type in the sense that it must guarantee strictly 
properness of PK. If P is not strictly proper, then K must be strictly proper. 

Pairing-dependent screening toois 
Thus far, the screening tools measured the suitability of a control structure candidate solely 
in terms of robust performance. An interaction measure indicates the effect of off-diagonal 
blocks of the plant TFM P on the performance with decentralized controllers. Grosdidier and 
Morari [ 101 defined the so-called ,u interaction measure as 

,uA; ( I  - P(jcu) P’(jm)), (4.5) 

where Ag has the same structure as fi and the decentralized controller K. In [4] and [lo], it 
is proven that the closed-loop system is stable if 

assuming P is stable, and that a decentralized controller K is designed which stabilizes the 
block-diagonal plant P.  A design-dependent screening tool for a controller with integral action 
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is derived from (4.6): 

(5) Screening tool for decentralized control systems with integral action: Assume P is stable. 
A stabilizing decentralized controller with integral action in all channels can be designed only 
if 

p*&I - P(0) P ( 0 ) )  < 1.  (4.7) 

Proof For integral action in all channels, B(0) = 1, so OíQíQ)) = 1. Condition í4.7) 
immediately follows from (4.6) at CU = O. QED. 

This tool can also be derived via Decentralized Integral Controllability (DIC), but then it is 
a sufficient condition. A plant P is said to possess DIC if there exists a diagonal controller 
K with integral action in all channels such that g(s) = EK(s) stabilizes P(s) for all E E 6 
where 

gD = { E  = diag(q)lq E [O,l],i = 1 ,..., n } ,  

see [4]. If a system is DIC, then the control loops can be detuned or taken out of service 
without endangering stability. DIC is a property of the plant P and the selected control 
structure. 

Suficient condition for  DIC: Stable P is DIC if equation (4.7) holds. 

Proof Equation (4.7) implies that det(P"(0)) f O, so there exists a decentralized Proportional- 
Integral controller K which stabilizes the block-diagonal plant, so that I?(O) = I .  The right- 
hand side of (4.6) is greater than zero at all frequencies, and P is stable, so this controller can 
always be detuned such that (4.6) holds. Equation (4.6) implies that the closed-loop system 
will remain stable for all further detuning of the controller. QED. 

This screening tool does not take model uncertainty into account. To resolve this, Braatz [4] 
generalizes the /u interaction measure to handle model uncertainty: 

Theorem 4.1 (Robust Interaction Measure): Assume G is stable and that a decentralized 
controller K is designed which stabilizes the block-diagonal plant P". Then the closed-loop 
system is stable for ail llAuii, I i and iiApiim 5 i if 

O(I?(jCU)) < cfj(CU) (4.8) 

where CH(CU) solves 

where L& has the same structure as I? and the decentralized controller K. Actually, this 
theorem is a restatement of Theorem 3.1, with T = I?. Braatz [4] derives this theorem in a 
different way, but there seems to be no need for that, since it follows immediately from 
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Theorem 3.1. 
From Theorem 4.1, the following design-dependent screening tools follow: 

(6 )  Screening tool for  the design of decentralized controllers via loopshaping H :  Assume G 
is stable. A decentralized controller compatible with the block-diagonal plant P,  which is 
stable for all IlAll, I 1 can be designed via loopshaping H only if 

Proof: From assumption (ii), it follows that it is necessary that pA(Gii(jw)) < 1 'd o, if T = 
H .  QED. 

Condition (4.10) has to be checked for only one candidate, since G,, does not change, 
whatever IO-set or configuration is selected. However, it seems unlikely that this condition 
can be satisfied for all frequencies, since bounds on O(@ will only be satisfied for high 
frequencies. Therefore, (4.10) will probably eliminate all candidates, which makes it useless 
for CSD. 

(7) Screening tool for uncertain decentralized control systems with integral action: Assume 
G is stable. A stabilizing decentralized controller, parametrized in terms of @, compatible with 
the block-diagonal plant P, which is stable for all IlAll, I 1 and has integral action in all 
channels can be designed only if 

(4.1 1) 

Proof: For integral action in all channels, &(O) = 1, so G(H(0)) = 1. From (4.8) follows: cH(O) 
> O(f?(O)) = 1. Then, (4.1 1) follows from (4.9). QED. 

This tool can also be obtained via robust DIC, but then it is a sufficient condition. A plant 
P possesses Robust Decentralized Integral Controllability (RDIC) if there exists a 
decentralized controller K with integral action in all channels such that @s) = EK(s) stabilizes 
G(s) for all E E gD and ]/Ail, I 1 where 

ED = { E  = diag(q)(q E [O,l],i = 1 ,..., n } ,  

see [4]. 

Suflicient condition for RDIC: Stable G is RDIC if (4.11) holds and 

where has the structure of I? and the controller K. 

(4.12) 

Proof: Equation (4.11) implies that det(P(O)) # O, so there exists a stable decentralized 
Proportional-Integra1 controller K which stabilizes the block-diagonal plant, so that H(0) = 1. 
Equation (4.12) implies that ca(o) in (4.8) exists for all frequencies, and G is stable, so this 

24 



CHAPTER 4. SCREENING TOOLS IN THE ROBUST LOOPSHAPING FRAMEWORK. 

controller can always be detuned such that (4.8) holds. This implies that the closed-loop 
system will retain robust stability for all further detuning of the controller. QED. 

4.2 Evaluation of the proposed screening tools 

The screening tools discussed in Section 4.1 will be evaluated with regard to the desirable 
properties - -  listed in Section 1.2. An overview of the results is given in Table 4.1. Three 
s y ~ ~ o ! ~  ~ r e  E&, x>~ith the fg!l~ix/inu mpaning: 

b LLLv-A--a- 

+ : The property of interest is positively addressed €or the particular tool. 
O : The property of interest is not satisfactorily addressed for the particular tool. 
- : The property of interest is not or negatively addressed for the particular tool. 

In this way, the screening tools can easily be compared with other screening tools listed in 

For all the tools that are discussed in this chapter holds that the theory is sometimes messy 
and proofs are brief or unclear. The PK and A-G-K set-up are mixed up and the key idea of 
RP is not fully explored in the resulting tools. 

~31. 

(1) Scveening too2 for loopshaping with g: This screening tool is efficient, since ,u has to be 
computed only for steady state. In general, ,u cannot be computed exactly, and a tight 
upperbound is used. Since this requires a convex optimization at only one frequency, the 
computation will still be efficient, although it is less efficient (in terms of CPU-time) than a 
criterion based on, e.g., the condition number at steady state. The analytical effort required 
for this tool (also an aspect of efficiency) can be summarized as follows: 1. Build the A-G-K 
set-up for the 'overall system', i.e., for all possible measured and manipulated variables 
incorporated. 2. Check pairing-independent screening tools for all possible IO-subsets by 
discarding corresponding rows and columns in P ('y = Pu), rows in GZl, columns in GI2, and 
rows and columns in GZ2. This step can be automized, in which case it becomes computational 
effort instead of analytical effort. 
The tool does not satisfactorily account for aspects 2, 3, 4, and 5 ,  because it is derived from 
conditions for steady state only. To guarantee stability and robustness, the candidates must 
satisfy bounds at all frequencies. For disturbance rejection and tracking problems, other 
frequencies than o = O are important in general. Moreover, since modelling errors are usually 
more dominant for intermediate and high frequencies, robust stability is more important for 
these frequencies. 
Tool (1) is independent of controller data, but it assumes design via robust loopshaping. 
The tool provides a quantitative measure via the value of pA(Nlf(û)).  
It is not effective, since for effectiveness necessary and sufficient conditions are required. In 
addition, tool (1) checks the candidates only at zero frequency, robustness for other 
frequencies is not guaranteed. 
The method's generality is limited, since the tool is derived for square linear time invariant 
control systems with L,-norm-bounded uncertainties at steady state. Moreover, the system is 
assumed to be in the PK set-up, otherwise parametrization in terms of s is not useful. There 
is no generalization for p for nonlinear systems, so these systems are not considered. 
It is partly possible to impose the allowable control system complexity by choosing the 
number of actuators and measurements. Other aspects of complexity, such as sensor and 
actuator costs, reliability and maintainability, and required effort for controller design and 
tuning are not addressed by the tools derived in this chapter; they could be addressed after 
a small, manageable subset of IQ-sets has been generated. 
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aspect tool 

1 : efficiency + + + 
2: robust performance O 

3 robust st&i!ity 0 

4: nominal stability O O O 

5: nominal performance O 

6: K-independence - - - 

7: quantitative nature + + + 

9: general applicability - - - 

10: nonlinear systems - - - 

1 1 : complexity - - - 

O 

o 
- 

- 

O - 

- - - 8: effectiveness 

- - - 12: directness 

13 : theoretical foundation O O O 

14: practical applicability + + + 

Table 4.1 : The IO/CC-screening tools assessed. 

The tool is not direct, since all candidates must be checked by the screening tools; only viable 
ones remain. 
Tool (1) is practically well applicable: once the ’overall system’ has been put into the A-G-K 
set-up, the process of checking individual candidates can easily be automized. 

(2) Screening tool for control systems with integral action: The same evaluation holds for this 
tooi as for tool (1). It only differs with regard to controller dependence: it assumes integral 
action in all channels of the control system. Braatz [4] states that he derives this tool for 
integral controliers, but since in fact it requires integral action of the control system, it is not 
necessary for the controller to contain integral action if the plant P does. If the plant does not 
contain integral action, the tool imposes an assumption on the ’controller type’. 

( 3 )  Screening tool for loopshaping with H :  Since pA(Gll) is the value of p at open-loop (K=O), 
and no TFM’s related with u and y enter in this tool, it is actually not useful for CSD. Braatz 
[4] argues that it is useful to rule out inappropriate choices of uncertainty and performance 
weights, because it is a valid necessary condition for robust performance to be achieved via 
loopshaping g. Since it is useless as a CSD-tool, it is not assessed. 

(4) Screening tool for strictly proper open-loop systems: For the same reason as for tool (3), 
this tool is not regarded as a CSD-tool. 
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( 5 )  Screening tool for decentralized control systems with integral action: This tool is useful 
for CC-selection, since the choice of the configuration affects P(0) and P'(0). 
It is efficient: the amount of analytical effort is limited. The amount of computational effort 
is limited as well, since the p approximation as discussed with tool (1) only has to be 
computed for zero frequency. However, tool ( 5 )  is not effective, since it is only necessary and 
it only considers zero frequency. Nothing is guaranteed for other frequencies. 
For the same reason, the tool does not satisfactorily address aspects 4 and 5. Aspects 2 and 
3 are trivially not satisfied, because model uncertainty is not considered. 
Tool (5 )  is independent of controller data, but it assumes integral action, so it makes an 
assumption on the 'controller type7 if integral action is not naturally present. 
The tool is only useful for decentralized systems: when a centralized system is considered, 
(4.7) simplifies to pA(0) < 1, because P = P", so it is not useful for IO-selection only. Yet, the 
tool handles simultaneous IO-selection and CC-selection. 
This tool can be used to test control systems for actuator failure tolerance via DIC. 
The evaluation of this tool with regard to the other aspects is the same as the evaluation of 
tool (1). 

( 6 )  Screening tool for the design of decentralized controllers via loopshaping H :  For the same 
reason as for tool (3) ,  this tool is not regarded as a CSD-tool. 

(7) Screening tool for uncertain decentralized control systems with integral action: the same 
evaluation holds for this tool as for tool (2), with the difference that H is used for tool (7), 
instead of $. A special advantage of this tool is that it cannot only handle IQ-selection, but 
simultaneous IO-selection and CC-selection as well. This tool can also be used to test control 
systems for actuator failure tolerance via RDIC. 
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Chapter 5 

Conclusions and recommendations 

5.1 Conclusions 

Though tools (3), (4), and (6) are not useful for CSD, some practically applicable screening 
tools ((1)/(2), (5),  and (7)) are derived by Braatz [4], which are derived from bounds for 
stability and robust performance. Three of these tools, i.e., tools (2), (5) ,  and (7), are 
independent of the controller design method, but they do impose an assumption on the control 
system: integral action. The tools can be applied for decentralized control systems and control 
systems can also be tested for failure tolerance via (R)DIC (tools (5) and (7)). 
Tools (1) and (2) are the same, but they result from different key ideas. 
The useful screening tools (tools (1)/(2), (5), and (7)), are practically well applicable: the test 
procedures have to be applied for zero frequency only and can largely be automized. Though 
only these four screening tools are actually useful for CSD, two of them (tools (5) and (7)) 
could be used for handling simultaneous IO-selection and CC-selection. 
The generality of the screening tools is limited. The tools are only useful if the PK set-up is 
used, so they are restricted to this special type of control systems. The tools are derived for 
steady state (and infinite frequency) only, since practically useful nonconservative necessary 
conditions are exactly known beforehand for these frequencies only. As a result, none of the 
tools guarantee robust performance, robust stability, nominal stability or nominal performance 
for any frequency. The tools give necessary conditions only for robust performance to be 
achieved. Furthermore, for the screening tools to be applied, the system must be square, 
linear, and time-invariant. For application of tools (1)/(2) and (7), it must be possible to 
model the system’s uncertainty as L,-norm-bounded uncertainties. 
A branch-and-bound procedure is suggested in [4]. First, tool (1)/(2) can be applied under the 
assumption of designing via robust loopshaping 9 or integral action In the control system. 
Second, for decentralized control systems with integral action, tools (5) and (7) can be 
employed. Each time the tools are employed, the decentralized configuration is further refined. 
Braatz [4] proposes to apply sufficient (R)DIC conditions first. These conditions should be 
applied to fully-decentralized control configurations. If a viable candidate is found, the 
procedure can stop since an acceptable control configuration has been found. If no fully- 
decentralized control configuration satisfies the sufficient conditions, then the sufficient 
conditions could be applied to configurations with a higher degree of centralization. 
However, it can be questioned if either of these procedures work. For the first procedure 
holds that if the centralized configuration has been accepted, all decentralized configurations 
are accepted as well. This is not logical, but it is a result of using the uncertainty block AT 
with the structure of T: in this way, the size of the perturbations from T = O allowed in T is 
considered. By restricting T to have a decentralized structure, the class of perturbations is 
restricted, and the magnitude of the perturbations may be larger. 
If the second procedure (based on sufficient conditions) is used, this means that if the 
decentralized configuration for a particular IO-set has been rejected, all configurations 
associated with this IO-set which have a larger degree of centralization are rejected as well. 
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5.2 Recommendations for future work 

Since robustness and performance is not only important at o = O and CU = 00, an extension of 
the screening tools discussed in this work to frequencies other than zero and infinity is 
desirable: the conditions for achieving robust performance must be satisfied for other 
frequencies as well, e.g., intermediate frequencies (cross-over region). Therefore, the 
following proposal is done. The idea is to impose an additional performance specification on 
the magnitude of the TFM of special interest T (in Figure 3.1(d)): 

while T(jo) = Ts,,,,(jm) Adjo). By incorporating specification T,,, in N* (NI,* = N,,, N,; = 
NI2, N2,* = T,,, Nzl, N2; = T,,, N2J and A T  in A* = diag(A,AT), it is conjectured that the 
following necessary condition for robust performance and O(T(jo)) I I Tspec(jw) I CU, for 
all IlA*II can be derived: 

The key idea for a potential CSD-method is now to eliminate candidates which do not satisfy 
this condition. It is emphasized that a thorough theoretical basis for the necessity of the 
condition is currently lacking and resolving this is of primary interest for future research. 
Since the tools in [4] are based on parametrizations in terms of S and H ,  it may be interesting 
to derive tools for more general parametrizations, e.g., for parametrizations in terms of a TFM 
from reference signal to controlled variables instead of measured variables. 
The screening tools’ generality may also be improved by extending them to non-square 
systems. A possible solution for this purpose is given by Lee and Morari [9], who avoid the 
problems which may result from inverting the plant TFM by invoking the Internal Model 
Control-controller and deriving norm-bounds on an ’approximate’ (complementary) sensitivity 
function. The pseudo-inverse P’ may also provide a solution. This should be investigated. 
Furthermore, development of nonlinear counterparts of the screening tools is desirable, but 
they are not likely to be developed within the y framework, since this framework is developed 
for linear systems. 
Effective screening tools could be obtained by using necessary and sufficient conditions for 
robust performance: sufficient conditions may eliminate viable candidates, while necessary 
conditions may not eliminate inappropriate candidates. Therefore, it should be investigated 
if computationally not too complex necessary and sufficient bounds can be derived. 
Useful CSD-tools for testing reliability, an aspect of complexity, by employing y may be 
derived. 
It should be investigated if using the uncertainty block A T  leads to physically correct results, 
since the conclusions in Section 5.1 may indicate that it does not. 
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Appendix A 

Linear Fractional Transformations 

Consider Figure A. 1. Suppose G is split up as follows: 

which implies 

z = G,,w + GI2u 

y = GZ1w + G2,u 

u = Ky. 

Substituting (A.4) into (A.2) and (A.3) and some manipulation yields: 

z = {GI ,  + G,,K(I - G22K)-1G21}~ = Mw, 

which corresponds with the definition of the lower LFT F,(G,K) = M. 
The same approach is used to find K = F,(J,T): 

u = JIly + JI2h (A.6) 

g = J21Y 4- J22h (A.7) 

h = Tg (A.@ 

After substitution and manipulation, the following is obtained: 

u = { JI1  + J12T(I - J22T)-1J21}y = Ky. 64.9) 

Now G and J are combined into one block N: combination of (A.2), (A.3), (A.6), and (A.7) 
gives 

z = {GI1 + G12J110 - G22Jll)-’G2I}w + {G12(1 - JIlG22)-1J121h 

8 = - G22Jll)-lG2IIw + {J22  + J21G22U - J11G22)-IJ121h. 

(A. 10) 

(A. 1 1) 

(A.5) 
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W mz w c) f-) 

I+Vl 

f-) 

M 

Figure A.l: Equivalent representations of system M with uncertainty A. 

According to Figure A. 1 (d): 

z = N,,w + N12h 

and 

8 = N2,W + N22k 

so that 

(A. 12) 

(A. 13) 

provided that I - G22J11 is invertible. 
Using K = P-'H (I  - H)-' = F,(JH,K) yields 

i"-[: ':l. (A. 15) 

By substituting (A.15) into (A.14), it is found that NZ2 = I + I G22(I - 0-G2,)-'P1 = I + G2,P-'. 
Since for Figure A.2, G22 = -P, this means that NZ2 = O. Morari and Zafiriou [i] state more 
generally that when T is a closed-loop transfer function, then N22 = O. 
Then, N H  is found to be 

(A. 16) 
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I d  

Figure A.2: Classicai feedback system. 

N S  is found by substitution of H by I - S into hl = NlIH + N12HHN2,H, which yields: 

(A.17) 
+ G1,P-'G2, -G,,P-' 

O 
N S  = i".' G21 

For T = L (= PK for the feedback scheme in Figure A.2), the following is found: 

and 

(A. 18) 

(A. 19) 

(A.2 1) 

Note that now NZ2 f O, since L is not a closed-loop TFM. More details can be found in [i] 
and [SI. 
Decentralized control systems represented by Figure A.2, have 

H = PP-'Q ( I  -i- ( P P  - I )  €?)-l. (A.20) 

Puoof: 

I? = PK ( I  + PK)-' 

Substitute (A.21) into (A.20): 

H = PP'PK ( I  + PK)-' ( I  + (PP" - I ) )  PK ( I  + PK)-')-' 

= PK 

= PK 

= PK (I + PKJ'. QED. 

( I  + FK).' (I + (P - F)K (I  + PK)-')-I 

( I  + PK).' ( ( ( I  -I- PK).' + (P - p)K) ( I  + pK)-')-' 
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Substituting (A.20) into M = NIlH + N,2HHNz1H gives 

M = GI, + G,,P-'PP-'H (Z + (PP-' - ZJ1G2] 

= G,, + G,,F--IH (z + (PP - I )H) -~G~ ' ,  

and 

1 Gzl Z - P P '  

For S the following holds 

Pvoof: 

s = s" (Z - (Z - PP-I) $)-I PP-'. 

s = (Z + PK)-' 

(A.22) 

(A.23) 

(A.24) 

(A.25) 

Substitute (A.25) into (A.24): 

S = (Z + PK)" ( I  - (I - PP-') (Z + PK)-')-' PP-' 

= (Z + PK)-' ( ( ( I  + PK) - ( I  - PP-')) (Z + PK).').' PP-' 

= ( I  + PK)" (Z + PK) (PK + PP-')-' PP-' 

- - ( K  + p-1)-1 P-lPP-1 

= (Z + PK)-'. QED. 

Since H = Z - s", substituting (A.24) into M = N I T  + Nl,"NZT gives 

M = GI, + G,,P-' (I - s(r - (Z - PP-l)f)-lP"P-l)Gzl 

= G,, + GlzP~'Gz, - G,,P-'$ (Z - (Z - PP-')s")" PP-IGZI, (A.26) 

so that 

r 1 

(A.27) 

For L holds 

L = PP-IL. (A.28) 
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Pvoof: 

z = PK. 

Substitute (A.29) into (A.28): 

L = PP-IFK = PK. QED. 

A o n n v A ; n m  tn 14 19): nbuviuiub ~ i v  \L . I T  

M = GI, + G,,P-'L ( I  - G2,P-'L)-'G21. 

Substitute (A.28) into (A.30): 

11/p = G,, + G,,P-~PPIZ ( I  - G,,P-~PP"-~L)-~G,, 

= G,, + G,,P-'L ( I  - G22F-1L)-1G21, 

which gives 

N L = [  GI, G,,F 1.  
G,, G,,F -I 

(A.29) 

(A.30) 

(A.3 1) 

(A.32) 
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