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Summary 

This report is devoted to a feasibility study of the time-optimal con

trol of a hoisting crane. 

Two methods for an open loop control system are described, one based on 

Pontryagin's maximum principle and the other based on the pattern of 

the phase trajectories. 

Also two methods are derived to determine the time-optimal switching 

intervals in a closed loop control system. In the first method an 

analytic approach is used to calculate the switching surfaces, whereas 

in the second method the time-optimal switching intervals are predicted 

by a fast model. 

Much attention is given to reducing the computation time. 

Furthermore, it 1s demonstrated that the state of the crane can be 

estimated by a modified Kalman filter. 
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Preface 

This work was performed as a part of the research program of the group 

Measurement and Control, Electrical Engineering Department of the 

Eindhoven University of Technology. 

This report consists largely of material taken from the Master Thesis 

works of several M.Sc. candidates. 

in Dutch [ref. 9, 17, 18, 19, 20]. 

All the thesis reports are written 
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Time-optimal control of a crane 

H.H. van de Ven 

1. Introduction 

In this report we consider the time-optimal control problem for a 

crane, consisting of a trolley and a grab. It is required that a con

trol strategy is found, which will bring the crane from some initial 

state to a desired state in such a way that the transport time is mini

mal and the grab is in the end position both perpendicular and station-

ary. 

Much of the early work in this field was limited to an open loop con

trol strategy. Roughly speaking, two techniques have been adopted in 

studying open-loop control of a crane model, viz. sub-optimal solutions 

derived from the phase plane [ref. 1-3] and optimal solutions in which 

Pontryagin's maximum principle has been applied. 

Such application of Pontryagin's maximum principle leads to a control 
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function u(t) of the "bang bang" type. This implies that the structure 

of the optimal control law represents a set of parameters, the switch

ing moments. A number of methods have been described to estimate the 

optimal switching moments [ref. 3-10J. Under certain specified condi

tions the number of time-intervals can be restricted to four or less 

[ref. 4,7 ,9,lD J. In the case of four time-intervals and a symmetric 

switching pattern, a practical optimal controller has been realized for 

the optimal control conditions by building simple function generators 

[ref. 9 J. 

An open-loop control algorithm is unable to compensate for disturbances 

(e.g. wind forces) and for parameter variations (e.g. grab cable 

length, load mass), this in contrast to feedback control. An optimal 

closed-loop algorithm is described in ref. [10 J. 
tion, however, requires much computation time. 

The proposed solu-

This report also deals with some fast closed-loop control algorithms; 

these are more suitable for practical implementation on a modern high

speed and low-cost mini-computer. 

The report is organized as follows. In section 2, a mathematical model 

of the crane is derived; a brief review of Pontryagin's maximum prin

ciple is given in section 3. Section 4 contains two open-loop control 

strategies and in section 5 an approximated analytic solution is des-

cribed. In section 6 a fast closed-loop control algorithm based on 

prediction is derived and the same aim, but based on 'a priori' know

ledge about the system, is the subject of section 7. In section 8 a 

Kalman filter to estimate the state variables of the system is consid

ered. 

2. Mathematical model 

In deriving the equation of the motion the system will be simplified 

and considered to behave as a pendulum, whose length is constant; the 

control function is applied to the point of suspension (fig. 2.1). 
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The symbols in fig. 2.1 are: 

h ~ length of the grab cable 

m = mass of the trolley 
t 

Zt a z-co-ordinate of the 

trolley 

F
t 

net force on the trolley 

e 
T = 

(difference between the 

driving force and damping 

force) 

pendulum angle 

tension in the grab cable 

mass of the load and grab 

= co-ordinates of the 
load 

Fig. 2.1 Simplified model of the crane g constant of gravity 

The co-ordinates of the load are governed by the following relations: 

z ~ = Zt - h sin e } (2.1) 
y = -h cos e 
~ 

The equation of motion for the trolley is 

mt Zt = F t - T sin e (2.2) 

The differential equations of the pendulum are ,. 
T e } m~y~ = cos - mJ/.g 

(2.3) 
" T sin e m~zJ/. = 

By differentiating eq. (2.1) and eliminating z~,y~ and T from eq. (2.2) 

and (2.3) we obtain the following non-linear equations of motion 

., F t -m J/.hS 2sine - m J/.g sine cose 

.. 
e = 

mt +roJ/. sin 2e 

Ftcose - m~ha2 sin e cose-g(m~·"''t)sine 

h(mt +roJ/.sin 2e) 

(2.4) 

If the swinging of the pendulum is not too excessive and the pendulum 
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angle is small, the approximations sin 9 ~ 9; cos 9 ~ 1; I a2e I « 1; 

m~e2 « m
t 

are acceptable. Then the equations (2.4) reduce to the 

linear equations 

.. Ft...",~ge 
Zt m

t 
(2.5) 

.. F t -g(m £hn t ) 9 
e 

hm
t 

Together, these two second-order equations define a fourth-order sys

tem. Now we introduce a set of four new variables, the state vari-

abies 

In terms of the state variables, we may rewrite eq. (2.5) in vector 

form 

1. Cr.+ Du (2.6) 

with: 

F
t 

F
t u = 

1
F

t maJ I FI 
0 1 0 0 0 

0 0 
m~ 

0 IFI 
- - g 

C = 
mt m

t 
and D = 

0 0 0 1 0 

0 0 
-(m~+mt )g 

0 IFI 
h m

t "!iii\" 
The state equation (2.6) can be transformed to the normalized state 

equation 
dx 

A x + B u (2.7) 

wIth 
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0 1 0 0 0 

0 0 0 0 1 
A = and B 

0 0 0 1 0 

0 0 -1 0 1 

The coefficients in the similarity transformation L • L X and the time-
transformation T = a tare 

L = 

and 

2 mt h 
(~) 0 

g t ~ 

0 

0 

o 

a - (!!.)\ 
h 

(!:i\i mt /h 
g t+m t 

0 

o 

m +mo I; 
(_t_") 

m
t 

2 
h ( 

mt m~ 

m'11ii) 0 g 
t ~ 

m
t 

m Yz 
m~ 

0 (!:)\(_t_) 
g mt +m~ mt 

1 mt 
(m +m ) 0 g t t 

o 

For the optimization problem we use as our process, the normalized 

crane model of eq. (2.7) (fig. 2.2). 

U _I crane ~ L-1 

Fig. 2.2 

Block diagram of 

the normalised 

model 

In fact, the transformation implies a coordinate transformation to the 
m~h 

centre of gravity of mt and m~, that lies on a distance ~ from m
t

• 
mt t 
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The four first-order system equations are 

Xl = x 2 . 
x2 = u (2.8) . 
x3 X4 

X4 = -x3 + u 

in which the notation X is used 

pendent variable is symbolized 

tions. 

dx for aT. Later in this report the inde-

with t instead of t in all time func-

3. Pontryagin's maximum principle; a brief review 

Assume an nth-order system characterized by the first-order vector 

differential equation 

!. = .!.(~,~) 

For a linear system eq. (3.1) can be written in the form 

x = A x + B u - -

(3.1) 

(3.2) 
A 

Now the problem is to find the optimum control strategy u, which will 

transfer the state of the system from a specified initial value ~(O) to 

a final value ~(e) in such a way that the cost or criterium function 
n T 
L c i xi(e) = ~~(e) 

i=1 
J = (3.3) 

is optimized. The n-dimensional objective vector ~ indicates which the 

components of the state ~(e) will be optimized. The control vector u 

Is constrained. Of fundamental importance is the concept of co-state, 

or adjoint vector .£. The components Pi of this vector are defined as 

follows 

aH 
Pi -~ 

i 
i = 1,2, ..... n (3.4) 

where the Hamiltonian function H is 

H = (3.5) 

and the boundary values of £ are 

.£(e) = -c if ~(e) is unspecified; £(e) is free if ~(e) is speci

fied. 

The latter case can be expressed as follows 



T a.s. 
£(e) = -(~ + ~ ~) 

--e 
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(3.6) 

where .s. represents the end conditions of !.(e) and.!!. is a vector with 

Lagrange multipliers as components. 

The canonical equation (3.7) forms the relations between the state of 

the system and the co-state. 

p = 
i 

x = 
i 

(3.7) 

Pontryagin's maximum principle (PMP) states that a necessary and suffi

cient condition for a minimum (maximum) of the cost function J corres

ponds to a maximization (minimization) of the Hamiltonian H with re

spect to the control vector at all times. For applying the PMP the 

Hamiltonian H should contain the cost function J(!.). For that purpose 

a new state variable xn+l is introduced, defined as 

x = J(_x) n+1 with xn+l(O) = J(!.(O)) and 

Then the objective vector C is 

= 

4. Optimal open-loop control 

o and c - 1. 
n+1 

(3.8) 

For the minimum-time control problem one needs a control function u 

which will bring a state vector ~ from some initial condition ~(O) to a 

final condition !.(e) in the shortest time. This can be formulated as: 

minimize 
T 

J = J dt = T 
o 

Without loss of generality the final condition can be zero; ~(e) = o. 
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Corresponding eq. (3.8) we introduce a new state variable 

T 

Xs = f dt 
o 

(4.1) 

Equation (3.5) combined with eq. (2.8) and (4.1) gives the Hamiltonian 

H = PI x 2+ P2u + P3 x4 - P4 x3 + P4u + Ps 

From the objective vector c and the boundary condition of ~(e) it fol

lows that Ps = -1. 

H = PI x2 + P3 x4 - P4 x3 + (P2+P4)u - 1 

Maximizing H with respect to u. we need the following control strategy: 

if 

if 

(P2+P4) > O. use max lui 

(P2+P4) < O. use max lui 

if (P 2+P4) = O. indeterminate. 

u > 0; 

u < 0; 

In the model of the crane. the control function is constrained; 

I u I = I; t < 1. Therefore. max I u I = 1. Consequently. the con

trol strategy is 

and this expresses that the time-optimal control function is of the 

"bang bang" type (fig. 4.1). 

-1 

Fig. 4.1 

Character of the 

time-optimal 

control function 

The optimal control problem is transformed to the problem of estimating 

the optimal switching moments TI • T2 ••••• 

The switching moments are determined by P2 + P4 = O. 

From eq. (3.4). (3.5) and (2.7) follows 



P2 + 

.2. = 

T 
P4 = B £. 

T 
-A £. 
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The solution of eq. (4.3) yields the time functions 

(4.2) 

(4.3) 

Fig. 4.2 shows P4 and -P2 for P2(0), P3(0) and P4(0) are constant and 
Pl(O) is variable. 

t Ii 

I 
I 

/ 
/ 

/ 

./ 
./ 

~ I 

Fig. 4.2 

P4 and -P2 as 

functions of time 

If all eigenvalues of the n x n system matrix A (eq. 3.2) are real, 

then the maximum number of switch-moments is (n-l) (ref. 11). Actually 

the 4 x 4 system matrix A of eq. (2.7) has two complex eigenvalues and 

fig. 4.2 shows that there may be more than three switching moments, 

depending on the initial value £.(0). 

The initial value ,£(0) depends on ~(O) and ~(e) (two pOint boundary 

value problem, TPBVP). Since ~(e) z ~ the number of switching moments 

is determined by the inital value ~(O) of the system. The correct 

initial value of the co-state ,£(0) has to be searched for iteratively. 
(fig. 4.3). 
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<5 !(.) 

£(0) ¢ :::::: ::::::::: ::.::: :::::. ::. ::. ::: ::: ::. =::. ::. ::. :::::: ::. -= <== 

Fig. 4.3 Schematic diagram of an open-loop control system using the 

co-state. 

The TPBVP of section 4.1 can be avoided by deriving the time-optimal 

laws using the state space. There is no doubt that a visualization of 

trajectories in a phase plane is simpler than in a four-dimensional 

phase space. 

Therefore we divide the proces (eq. (2.8» in two subsystems: 

subsystem I 

subsystem II 

Eliminating time t from eq. (4.4) gives: 
x 2 

dX l - - dX 2 u 

Solving eq. (4.6) we obtain the relation 

xZ 
2 __ + c 

2u 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

Equation (4.7) describes the motion in the xl x2-plane, originating 

at (xl(O), xz(O» and due to the action of the control u = ± 1. 

These parabolic trajectories are shown in fig. 4.4. 
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~ --==:.:..----....-- --- -::.... - '::-.:-- - ---:. - ~~--:.. 
- - - - - -- / - --<.,. 

-... ...... ---<.... ...... -

---

---

, , ., --+x, 

Fig. 4.4 Trajectories of subsystem I in the phase plane. 

The parabolas with the opening to the right are for u = 1, whereas the 

ones with the opening to the left are for u = -1. The arrows indicate 

the direction of motion for positive time increments. 

Since the control function u must be piecewise constant, we can find 

the locus of points (Xj,x2) which can be transferred to (0,0) using 

u - ± 1. Such an example is the solid trajectory in fig. 4.4. 

Eliminating the time from eq. (4.5) leads to 

(u-x 3 )dx 3 = x 4dx4 

and after integration 

with u = ± 1. 

/ 
/ 

./ 

--+x, 

/ 
I / 

/ / 
/ 

/ 

Fig. 4.5 Trajectories of subsystem II in the phase plane. 
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In the X3,x4-plane the trajectories are circles with centers at (-1,0) 

for u = -1 and (1.0) for u = 1 (fig. 4.5). The solid curve in fig. 4.5 

shows a trajectory with the start and end points in the origin. The 

first and last part of this trajectory are pieces of the circles 

through the origin. The motion along the circles has a constant angu

lar velocity. Due to the normalizing of the state equation, the time 

required for moving along the circular arc from one state to another is 

proportional to the covered angle a with respect to the center. 

With a start condition ~T(O) = [xl(O),O,O,O) and the end condition 

~(e)T = [0,0,0,0) the figures 4.4 and 4.5 show that we can expect a 

symmetric switch-pattern with four switching intervals (fig. 4.6). 

Fig. 4.6 

Symmetric 

switching pattern 

Using the symmetric properties we can derive the following conditions 

F(T) ~ cos \T + 1 - 2 cos = o (4.8) 

To determine the roots of eq. (4.8) again we apply an iterative proce-

dure. Hence we do not need the initial value of the co-state .l!.(0). 

Figure 4.7 shows a schematic diagram of this kind of open-loop con

trol. 
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~(t) 

Fig. 4.7 Block diagram of an open-loop control system. 

As already mentioned, an open-loop control strategy is unable: 

to compensate for disturbances (e.g. wind forces) and parameter 

variations (e.g. grab cable length, load mass) 

to influence deviations arising from linearization of the equa

tion of motion. 

Apart from this, the iterative determination of ~(O) or the calculation 

of the roots of eq. (4.8) requires so much computation time that for an 

arbitrary initial condition x(O)T = [Xl(O), x2(O), x3(O), x4(O)l, the 

computed switching pst tern does not fit the initial condition at that 

moment. Therefore a closed-loop control strategy has been developed. 

5. Time-optimal closed-loop control system; an analytic method 

In this approach the control function u(t) is not based on the initial 

values of the system, but on the momentary value of the state ~(t). 

The control function continues to be of the "bang bang" type; only the 

switching decisions are determined on a basis of the momentary state. 

In principle, the optimal switching intervals can be calculated accord

ing to the procedures of the open-loop control. But this requires too 

much computation time. Consequently the result will not be based on 

the state at that precise moment. Reduction of the computation time is 

the biggest problem in on-line application of time-optimal control in a 

feedback system. For that reason we choose another approach. 

To a fixed initial condition in an n-dimensional state space, there 
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belongs an optimal control function u = +1 or u = -1. Thus the state 

space is divided into two distinct regions; in one of which the time

optimal control is +1 and in the other the time optimal control is -1. 

A change has to take place when the state goes from one region into the 

other. The boundary between the two subs paces is called the switching 

(hyper)surface VI (switch curve for second-order systems, switch sur

face for third-order systems and switch hypersurface for higher-order 

systems) • Next, a (hyper)surface V2 divides the (n-I)-dimensional 

space V I into two regions and a (hyper)surface V3 divides the (n-2)-

dimensional space V2 

switch surface V 2 n-
spaces and the switch 

two regions. 

into two other subspaces, and so on. Finally, a 

divides the three-dimensional space into two sub-

curve V 1 divides the two-dimensional plane into n-

The origin _0 is contained in V 1; V 1 is contained in V 2' and so n- n- n-
on. In other words 

o ( V n-I C V n-2 C········ C V I 

The hyper surface Vi _I divides the subspace Vi into two symmetric parts 

vt and Vii, which correspond with a control function +1 and -1 respec

tively. For a third-order system this procedure is illustrated in fig. 

5.1. The switching surface VI divides the 3-dimensional state space 

into two subspaces, one with u = +1 and the other with u = -1. 

__ K, 

K, 

Fig. 5.1 

Trajectory and 

switch surfaces 

of a third-order 

system 
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The switching curve Vz does the same with the subspace VI' Starting in 

~(O) with a control function ~ = +1 (above the surface VI) the state 

of the system mOves on an optimal trajectory which will intersect the 

surface VI- at a point A. At that moment the control function switches 

from +1 to -1. 

Now the state moves on a trajectory in Vz until the intersect-point B 

on Vz+, and again the control function switches from -1 to +1. Finally 

this u drives the state to the origin, where u = O. 

Generally for an n-th-order system, we can conclude that the control 

function switches exactly (n-1) times. This is true for a system with 

real eigenvalues [ref. 11]. In the case of a system with complex 

eigenvalues the number of switching intervals depends on the initial 

condition. 

Our crane model has complex eigenvalues, but we limit the allowed ini

tial states ~(O) to the region where we can confine with n -1 = 3 

switching intervals only. By reaching a switching surface the control 

function u changes sign. Therefore it is important to have a mathema

tical expression of the switching surfaces VI' Vz and V3• 

Starting from an arbitrary state ~(i) a general relation for the opti

mal trajectories can be derived by integration and elimination of the 

time from eq. (2.8). 

u xz + p 
2 i 

\ cos(u X z + 9
i

) 

x 4 = R i sin (u X z + 9 i) 

with i ~ 1,2,3,4 (the number of switching intervals) and 

p = 
i 

9 = 
i 

Xl i-\; u x~ i , , 

-U x 2 i + tan- I 
, 

(5.1) 

(5.2) 
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Fig. 5.2 
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( , , , 

Projections of the switching surface 

-- --->...,.-- , , 

" ' '-, \ " 
\ 

We can draw the relations of (5.1) and (5.2) in the xl' x2-plane and 

x3,x4-plane respectively (fig. 5.2). In these figures we see the pro-

jections of the switching surfaces V l' V 2 and V 3' Looking at these 

projections we can conclude that during the last switching interval. by 

V3-. the control function can be chosen. 

U ::II -sign x 2 or u = -sign x 4 

The general equation of the projection of V3 at the x l .x2-plane is 

P = sign {xl + ~ sign (x 2) x~} (5.3) 

and at the x 3.x 4-plane 

53 sign(x4) [V(X3 + sign x4) 2 + xi - R4l (5.4) 

If P > 0 during the third or penultimate switching interval the control 

function u must be -1 and if P < 0 the control function must be +1. 

Thus u -sign P. 

In the same way we can derive from the x3.x4-plane 

u = -sign S 3 

The projection of 52 on the x3.x4-plane is 

52 = sign (53) [~ (x3 + sign 5 3)2 + x{ - R3 l (5.5) 

During the second switching interval the control function will be 

u = -sign 52' 

Likewise during the first switching interval 
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u = -sign Sl with 

(S2) [Vr(X-3-+-Si-gn--S-2-)2-+-X-'~' (5.6) 

The constants in eqs. (5.4), (5.5) and (5.6) can be derived from eqs. 

(5.1) and (5.2). 

Starting at the end of the last switching interval (~(e) = .2.) on the 

curve V3- with the control function ~ = -1 the constants of eq. (5.2) 

are 

Then 

R. ~ 1 8. a 0 p. 

from eq. (5.1) it follows 

xl = -\ x 2 
2 

x3 = -1 + cos x 2 
xlt 13 sin x2 

~ 0 

This procedure reconstructs the backward phase trajectory. 
A 

For the V2+ space holds u ~ 1 and eq. (5.1) are 

xl ~ \ x~ + P 3 } 
x3 = 1 - R3 cos(x2 + 83) 

x4 z R3 sin(x2 + 83) 

Intersection of V2+ with V3- gives 

P 3 = -x2 

,..2"".",47-....,.,,..,,....,,......, 
R3 = .15 - 4 cos X i V 2,4 

sin x2 4 
83 = -x + tan- l ( ,) 

2,4 2 - cos x2 4 , 

(5.7) 

(5.8) 

(5.9) 

x2 4 is an initial coordinate of the last switching interval. , 
With the same procedure we find 

(5.10) 
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Unfortunately, owing to the transcendental nature of eq. (5.10) we 

cannot find a unique solution. An approximated solution is described 

in ref. 10. The proposed solution still takes too much computation 

time, with the disadvantage mentioned in the last remark at the end of 

section 4. 

6. Time-optimal sampled feedback control with prediction 

Instead of the analyticsl solution for the optimal switching intervals 

we can look for an iterative solution. One of the possibilities is the 

so-called predictive method [ref. 12,13,14]. 

The characteristic property of this method is to determine the control 

action through the successive prediction of the future behaviour of the 

controlled system. The future behaviour of the system is determined by 

a model that calculates the phase trajectories on a faster time scale. 

The switching moment (real-time) coincides with the moment at which the 

predictive optimal phase trajectory of the fast model passes through 

the origin of the state space. The instantaneous control action is 

determined on the basis of the estimated discrepancy between the final 

state obtained as a result of the predictive control function and the 

desired final state of the system. 

The predictive control system operates according to the principle of 

the sampled-data feedback control. At the beginning of each sampled

data interval the state of the process is measured and this measurement 

is used to set the initial conditions of the fast model (fig. 6.1). 

u 
cr ... 

'----j J t:;:=:::j 'aa' modo' 
T. 

Fig. 6.1 

Sampled-data 

feedback system 
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During the next (real-time) sampled-data interval the control input to 

the actual proces is based on the fast model response. The fast model 

is a part of the controller. 

The fast model is characterized by the way in which the state space is 

divided successively into subspaces of lower order. At the lowest 

level we have a subsystem, the time-optimal switching function of which 

can simply be derived analytically from the instantaneous state and the 

end state (TPBVP). Mostly, the lowest level agrees with a second-order 

system. 

The simulation procedure starts by calculating the time-optimal path to 

the origin in the two-dimensional subspace. After that the same hap

pens in the three-dimensional subspace, in the understanding that iter

atively, the phase trajectory is searched for, which also leads the 

third coordinate to the origin. In this manner the state space is 

built up step by step. 

With the help of fig. 6.2 we can explain the procedure further. 

® 

Fig. 6.2 

x_ x_ 

I I 
Coo 

-Xn., 1'0 

" 

® 

t=o 

~ 
I I ........ I -kl!. 

J 
I I ,.-

I I 
I I I -xn., 

I 
/ , J ,/ 

• • 
/ / / 

/ / 
/ 

/ 

" 

A time-optimal trajectory in the x ,x I-plane. 
n n-

From an initial state (x 1(0), x (0)) the time-optimal phase trajec-n- n 
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tory to the origin is determined in the two-dimensional 

space (plane) (fig. 6.2a). We assume one switching moment 

t = t j • The origin is reached at t = to' 

x x -sub-n-l' n 
only at 

By applying this switching pattern, the fast model drives the state to 
T 
~ (to) = [Xj(to) xZ(t O) ....... x (to) 0 0] 

n-2 

The next step is to enlarge the considered subspace with the x -co
n-2 

ordinate. If xn_2(tO) ,,0 then the three-dimensional subsystem in the 

fast model is driven during a time interval ~ with 

u = -sign ~_2(tO) 

With {xn_l(~)' xn(~)} as the new initial state, the optimal switching 

moments tj and to are again 

Suppose now xn_2(tz) passes 

calculated in the x ,x -subspace. 
n-l n 

through the origin after k-iterations, then 

the second switching moment is determined by t z = k~ (fig. 6.2, b) • 

Application of this new switching pattern to the fast model forces the 

state to 

In the same way the third switching moment can be determined iterative

ly to involve the x 3-coordinate. In this manner we find n-l switch
n-

ing intervals. 

This number of switching intervals is sufficient for systems with real 

eigenvalues, but for systems with complex eigenvalues the number of 

switching intervals depends on the initial condition as mentioned be-

fore. In the literature only applications are given for systems with 

non-positive real eigenvalues, Which give expression for one switching 

moment in the two-dimensional lowest subspace. 

From a physical point of view, for systems with complex eigenvalues, it 

is difficult to build up the state space dimension step by step. 

Therefore the second-order subsystem II (eq. 4.5) is considered to be 

chosen as the system of the lowest level in the fast model. For this 
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subsystem we calculate analytically the time-optimal phase trajectory 

through the origin of the subspace. The state variables of subsystem I 

(eq. 4.4) are suitable for extending the state space step by step. 

First we look to the implementation of subsystem I in the fast model 

(fig. 6.3). 

u 
subsystem I 

r--
'---ir---------I -~ 

'-- la.t model 01 I 

Fig. 6.3 Fast model of subsystem I. 

In the fast model of subsystem I, first x2 and then Xl are forced to 

their end value. The first-order subsystem transfers any initial state 

[XI(O),X2(O)j to a target set, the xl-axiS, in minimum time. From fig. 

4.4 it is easy to verify that the time-optimal control as a function of 

the state is given by 

u l Q -sign ~l = -sign x 2 

If, according to the accelerated time scale, in the first-order subsys

tem x2( T) = 0 at T = Tl' then the subsystem I is driven with 

u - -sign ~I - -sign XI(TI) 

during a real-time interval tn (fig. 6.4). XI(TI) is the predicted 

value of xl(tl). From the initial state the state vector moves accord

ing to the curve (eq. (5.1» 

Xl = \ sign{Xl(TI») x~ - Pi = 0 
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Fig. 6.4 Phase trajectories and switching curve of subsystem I 

The state of the real subsystem I after the time interval ~T is the new 

initial condition of the fast model. This procedure is repeated until 

the switching curve 

xl + ~ sign{xl(T)} ~ 0 

is reached. At this moment the control function of the real subsystem I 

changes sign. 

The subsystem II with its complex eigenvalues is utilized to calculate 

analytically the switching moments and contains one switching function 

$11 only (fig. 6.5). 

"- Fig. 6.5 --I s I • subsystem II r-- v Fast model of 

A. subsystem II 
-<PH , 

The equation of the phase trajectories of this subsystem is 
I 

x2 - R = 0 
4 i • 

fig. 6.6 (see also eq. (5.2». 
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Fig. 6.6 

Phase trajectories 

and switching curve 

of subsystem II 

According to the considerations in section 5 we know the control func

tion during the last switching interval. 

u ~ -sign x 4 

The equation of the switching curve is 

~II - sign (x 4) [ V(X 3+ sign x 4)2 + xl - 1] (6.1) 

Equation (6.1) does not describe the whole switching curve. This can 

be proved with Pontryagin' s maximum principle. 

(4.5) we determine the Hamiltonian 

H = P3 x 4 - P4 x3 + P4 u + Ps 

The control function which maximizes H is given by 

cos(t+~) • 

From eq s • ( 4.1) and 

(6.2) 

Figure 6.7 shows a typical P4(t) and the control function obtained from 

eq. (6.2). 

"j 
Fig. 6.7 

The co-state 

variable P4(t) and 

u(t) = sign P4(t) 

From fig. 6.7 we conclude: 

.. 

the time-optimal control function cannot remain constant for more 

than ~ units of time; 

there is no upper bound on the number of switching moments in the 

control function . 
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Due to the latter, the switching curve has the general expression 

[ V1x3 + (2k+l)sign X4}2 + 
I .ph = sign(x4) xt - 1] (fig. 6.8) 

r4 

---- ---/' "-

/' "-

/ 
Vo " "-

I /' '- \ 

/ 
/ 

\ 

\ 

- - - --- _x3 

- ---

v,+ , / 
/ / , 

/' 
/' 

-- - - / "-
" vi / 

/ 
"- /' 

"- -- ----

Fig. 6.8 The general switching curve and two phase trajectories 

The switching curve divides the x3,x4-plane into two parts: V- with u 

= -1 and v+ with u = +1. The number of switching moments depends on 

the initial condition. If we want to reach the origin after one 

switching moment, the initial conditions are restricted to the regions 

Vj+ and Vj- (curve A of fig. 6.8). If we allow two switching moments, 

the regions of the initial conditions are constrained by V2+ and V2-

(curve B of fig. 6.8). In the latter case, one of the switching inter

vals is 11 units of time. For the situation of one switching moment, 

the switching intervals can essily be derived from the phase trajectory 

(fig. 6.9). 
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From fig. 6.9 we derive 

with 

R = 

switching moment. 

1 

, 
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-'3 Fig. 6.9 

Phase trajectory and 

time intervals of the 

second-order system 

(6.4) 

Combining the both subsystems, we obtain the fast model for our system 

(fig. 6.10). 

r --------------------r: 

• 
• • • ·11>11 
• 2" or er • 
• subsystem • · ................. . 

-sign x2d 

1 
I 
I 

I 
I 3 rd. order I 
L _su~sis~e~ _____________ __ I 

4 -or er 
predicted 
model 

-sign x1d 

t 

!(k.~I) 
Fig. 6.10 

The fast model 



26 

The instantaneous state of the system at the sample interval 6t has to 

be supplied to the fast model as the initial state. 

In the second-order subsystem of the fast model the time-optimal swit

ching intervals T2 and Tj are calculated analytically according to the 

eqs. (6.3) and (6.4). With T2 and Tj the predicted end value of x2d is 

determined (X
2d 

is the 

x2(O) + T2 

distance of x 2 from the origin). 

- Tj 

Now, during a time interval 6T the third-order subsystem is forced with 

u = -sign x 
2d 

Again T2 and Tj are calculated from the neW situation. This continues 

until x2d = 0 and then the third switching interval is known, T3 = k6T. 

With eq. (2.8) we can calculate the predicted xld-coordinate 

x1d = Xj(O)+X2(O)(T~TZ+Tj)-sign(x2d)[~(T~-T~+Ti)+TjT3+T2T3-TjT21 (6.5) 

The real system (crane) is forced with 

u = -sign x1d 

during the time interval 6t. 

If x
1d 

changes sign after n time intervals 6T, the first switching 

occurs in the control function of the real system. 

Because there is no upper bound on the number of switching moments of 

the time-optimal control funct ion for the second order subsystem II, 

the optimality condition of the fourth-order system can be in conflict 

with the optimality condition of the subsystems. 

\,4 \,4 

Fig. 6.11 

-x, 1 -}(3 Projections of 
-1 

two 

possible trajectori, 

0 A 

in the x 3 ,x4-plane 
A 
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Fig. 6.11 shows two possible trajectories of subsystem II, which reach 

the origin with one switching moment from point A. 

The optimality condition of this system is that the switching interval 

is limited by 0 ( T ( n (fig. 6.7). In fig. 6.llb Tlb does not satisfy 

this condition and the situation according to fig. 6.11a must be the 

time-optimal. But in section 4 (fig. 4.2) we have derived that for 

optimality the switching intervals of the fourth-order system are limi

ted by 0 , T < 2n (except the first interval). Now it is possible that 

the situation of fig. 6.11b renders the optimal path of the complete 

fourth-order system (fig. 6.l4c). Therefore we do not search for a 

time-optimal path in the x3,X4-subspace, but for a feasible path with a 

minimum number of switching intervals. The choice of which possible 

path to use is determined by the condition for optimality of the com

plete fourth-order system. 

Figures 6.12 and 6.13 show the flow diagrams of the control algorithm. 

see flO 6.13 

Y,. 
changes 

no u=-algn Y1d 

n:=n+1 

Fig. 6.12 

Flow diagram of the 

control algorithm 
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For the experiments we restrict the admissible initial conditions to 

the region V2 (fig. 6.8), or x1 + xt < 16. This means that maximally, 

there are three switching intervals. 

t 
stop no 

X5~X~<16 
force X2,x3 • 

with u' 
program during .:1T 

yes 

v~ :. 
(fig 6.8) 

three no calculate 

t, .t2 ,t3=0 

ca cu ate calculate calculate t, ,t2 ,t 3 
t~ ,t' ,t3 x2dand X~d x,. 

switching 
intervals 

yes 

t~ ,t~ ,t'3 

switching yes 
intervals 
t, ,t2 ,t3 

t, ,t 2 ,t 3 • 
It = -sign X2Jj 

t.=k-<1T k:=k+1 

B 

Fig. 6.13 Flow diagram of the fast model. 
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Figures 6.14 a,b,c and d show the results of computer simulations for 

several intial conditions. 

-10 

X2 -10 -8 -6 -4 -2 0 X1 

:V>6" 

Fig. 6.l4a Optimal trajectory ~o 
T 

= (-10,0,0,0) T = 7.57 s 
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OIt.-----~------~4----~~~T t 

-2 

-4 

-6 

-\0 -8 -6 -4 -2 o 

-2 -I o 2 X3 

-I 

~--~----~----~t 

-2 

Fig. 6.14b 
T 

Optimal trajectory ~O = (-10,1,0,0.5) T = 6.84 s 
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X1 5 

0 t 
2 4 6 8 10 " -5 

-10 X2 6 
-IS 

-20 4 
-25 

X2 
4 -25 -20 -IS -10 -s X1 

-2 
2 

0 
2 4 6 8 t 

X32 

0 t 

" -I 

-2 

-4 
-3 -2 -I 2 X3 

X42 

t -2 

u 

_: t-!-'-4+-6 -8-'-0 +P,..J"L t 

Fig. 6.14c Optimal trajectory according to the conditions for 

optimality of the x3,X4-subsystem 
T 

~O = (-25,0,0,0) T = 12.56 s 
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X1 
0 2 4 n t 

T 

X2 
\0 6· 

\5 4 

20 

25 

X2 -25 -20 -\5 -\0 -5 0 X1 
4 

2 

0 T t 

X3 2 

-\ 
of--\----f--..\-t 

T 

-\ -2 

-2 

Fig. 6.14d 
T 

Optimal trajectory ~O - (-25,0,0,0) T - 10.14 s 
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The procedure is still valid if the speed constraint Ixzl 'xlm has to 

be considered. In this case we can expect switching intervals with 

u = O. The number of switching intervals increases. 

This we can explain with the phase trajectory in the x3x4-plane and the 

state Xz of figure 6.15. 

unconetraint.,.- -- - ;. 
/ I', 

I 

/ 
/ 

Fig. 6.15 System with speed constraint 

tx. 
I T2 ! T, I 
, 1 t I -------. I 

,1', 
,/ ',..,....unconatralnt 

, ,I , , , , ' 

The co-ordinates xj and xl of fig. 6.l5a can be determined because -'2 

can be calculated by 

(see fig. 6.l5b) 

The switching interval 'zo can be determined with the circle through 

x~. xl and the center in the origin. In the flow diagram of fig. 6.13 

we must add the condition 

I xzl = Ixz(O) + kll'l ' xZm 

Figures 6.l6a and b show two simulated examples. 

Figures 6.14 and 6.16 show that the control algorithm described in this 

section satisfies, but we can still try to reduce the computation 

time. 
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optimal predicted method with speed constraint 
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Fig. 6.16b Time-optimal predicted method with speed constraint 

(-39.1 T 3.3 15.42s !.o = ,0,0,0) x = T = 
2max 
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7 Fast control algorithm based on 'a priori' knowledge 

For the resulting control algorithm to remain stable, it is necessary 

that the sampling period is sufficiently high compared to the highest 

eigenfrequency fe of the system. 

In practice, the sampling frequency is selected to be larger than 10f • 
e 

Normally this procedure leads to satisfactory results. 

In a laboratory set-up of a physical crane model (fig. 8.1), the grab 

cable can be varied from 0.75m to 1.5m. Then the highest eigenfre

quency occurring is 

fe = -ri- V6:~; = 0.57 Hz 

and for the sampling frequency follows 

f > 10 f = 5.7 Hz 
s e 

This means that such algorithms are only useful if the computation time 

is smaller than 170 ma. 

Using a step size of 0.01 in the iterative procedure of section 6, the 

control result is sufficiently accurate, but the computation is too 

long. 

Now, there are several possibilities for reducing the computation time, 

but not all will be described here: Bome provide considerable time 

saving but this is not yet sufficient. 

First of all we can determine only three switching moments instead of 

four in the fast model. The three switching intervals are sufficient 

to calculate x
ld 

(eq. 6.5) and the control function u = -sign xld' In 

the fast model one avoids an iterative procedure which reduces the 

computation time roughly by a factor of two. 

We consider an undisturbed system with a start position in the 

x2,x3,x4-plane and determine for the control function the three switch

ing intervals T1,T2 and 13- This control function forces the system 1n 
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a time-optimal way to the origin. A disturbance on the system leads to 

a deviation from the expected start position in the fast model during 

the sampling period considered (fig. 7.1). In the first instance the 

three intervals remain unchanged, but this implies that the predicted 

end value ~ deviates from the origin. 

A 

Fig. 7.1 

Shifting of state A 

to state B influenced 

by a disturbance 

This deviation is a measure for the necessary corrections on the three 

intervals. To calculate the deviation ~ we start with the system 

equations 

X2 = u 

x3 x4 

x4 -x3 + u 
} (7.1) 

and the control function according to fig. 7.2. 

t" 
", Fig. 7.2 

T, I T, T, -t A control pattern 
I , 

, , 
-1 ~ ", ", 

According to fig. 7.2 and with u ~ sign u2 from eq. (7.1) follows 

x
2d 

= x2(O) - UT3 + UT2 - UTj ~ f j (T3,T2,Tl) 

X3d - x4(O) sin(T3+ T2+ Tl)+{X3(O)+u)COS(T3+T2+Tj) 



+ 2u sin 'I 

In vector notation 

~ = !..(:s..) with T 
:s.. 
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These three time intervals have to be adjusted is such a way that 

(7.2) 

Assume that the corrections are small during a sample period. We ex

pand eq. (7.2) in a Taylor-series about h, = 0 and neglect the higher

order terms. 

~a =~ + J h, = 0 (7.3) 

with the Jacobian matrix J 

af 1 af 1 af 1 

hI aT2 a'3 

af 2 af 2 af2 

J aTl aT2 a'3 

af 3 af 3 af 3 
hj 012 0'3 

From eq. (7.3) follows 

hT= _J- 1 x 
=d 

(7.4 ) 

If the matrix J is regular, the corrections to the time intervals can 

be calculated from eq. (7.4). With these new time intervals we have 

to trace whether the trajectory from the disturbed start position is 

reaching the origin with sufficient accuracy. After the predicted 

value of x
1d 

is determined according to eq. (6.5) the system is driven 

with u = -sign xld' 

During the last sWitching interval, T3 = T2 = 0, J is singular and the 

algorithm does not converge. Also a disturbance during this switching 

interval cannot be compensated by a correction on Tl only. At least 

two switching intervals are necessary. 

This problem can be overcome by making an initial estimation of the new 

time intervals 'I' ~2 and ~3 at the switching moment. 
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t '4 

Fig. 7.3 Influences of disturbances on the switching intervals. 

The initial estimation is more or less arbitrary. In the situation of 

fig. 7.3a with Tl < n, we can choose: . . 
point A (R < 1), T3A ~ T1A is a few times the sampling time of 

the fast model and T2A ~ Tl; 

point B (R > 1), T2B is a few times the sampling time 

and ~3B ~ Tl· 

After that, the exact switching intervals can be determined iteratively 

with the method described before. 

In the situation of fig. 7.3b, with Tl > n, possible choices are: 

point Al (R > 1), T3Al is a few times the sampling time and 

T2Al ~ Tl; 

point Bl (R < 1)0, T - 2(T -~) and T 1 3Bl - 1 00 2B 

The method described in this section has been tested with a simulation 

of the crane on an analogue computer. Figures 7.4a and b show some 

results. The trajectories (1) in fig. 7.4 indicate the undisturbed 

motion. For the trajectories (2) a 'negative' disturbance acts on the 

system between A and B, whereas (3) represents a 'positive' disturbance 

being active between A and B. The same holds for the trajectories of 

fig. 7.4b. (1) gives the undisturbed motion and (2) shows the motion 

with a 'positive' disturbance. After six switching moments the control 

algorithm is stopped and after that the system is controlled in an 

open-loop mode during two switching intervals. 

With or without a disturbance, the system exhibits a limit cycle around 

the origin. In a relay system, this is to be expected. On account of 
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approximations of the system equations and due to limited accuracy of 

the calculations, the Bwitching moments are never determined precisely. 

The amplitude of the limit cycle increases if we stop the feedback 

control. Probably the best control strategy will be: drive the system 

time-optimally near the origin and eliminate the resulting deviation 

with a 'classic' PID-controller. 

___ . __ ~_i ~ __ _ 

Fig. 7.4a Phase trajectories with disturbances 
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Fig. 7.4b Phase trajectories with disturbances 

In each point of the x2,x3,X4-subspace a control function exists with 

which this state can be forced to the origin. 

In the first instance we restrict the solution to initial states in 

which the co-ordinate X4(O) = 0 and the control function consists of 

maximally three sWitching intervals (fig. 7.5). 

Fig. 7.5 

Projection of a 

trajectory in the 

x 3,x4-plane with 

~T(O) = [x
2B

,x
3B

,oj 
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Due to the three switching intervals, the plane is restricted to the 

part 0 < r < 5. For each allowed value of T 3 two initial states are 

situated on the line x3 = x3B in the X2,x3-plane, which can be forced 

to the origin during the time-intervals T3,T2,TI or T3,T2 1 and 

(fig. 7.5). We call the attached initial state x2 = x2B and x2 = 
respectively. 

For each 

equations 

x
2B 

TI 

T2 

I x2B 

TI 
1 

TI 
2 

initial condition on the line x3 = 
(7.5 - 7.10) define the optimal phase 

f l (T3' r, u) 

= f 2(T 3, r, u) 

f 3( T3' u) 
x2B 

TI + T3 r, --+ u 

= fl ( T3' r, u) 
1 

2Tr - f 2(T3' r, u) 
I x2B TI + = --+ T3 u 1 

x3B' x4 = 0 the set of 

trajectory. 

(7.5) 

(7.6 ) 

(7. 7) 

(7.8) 

(7.9) 

(7.10) 

Simple analytic expressions for the functions of fl' ff and f2 cannot 

be derived. Therefore, the values of the functions are to be stored in 

a two-dimensional table with rand T 3 as parameters. Although the 

table is formed for u = 1 only, it is also useful for u = -1, because: 

X 2B (T3' r u) 

TI(T3' r, u) 

3< r < 5 0< r< 1 

® @ ® 

Fig. 7.6 Projections of phase trajectories in x 3,x4-plane. 
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The functions of fl' fll, f2 are restricted between the values 

T3min < T3 < T3max ' T3min is the smallest time-interval, during which 

the system must be forced with u = 1 to reach the origin in maximally 

three switching intervals (fig. 7.6). T3 is the largest time-inter-
max 

val during which the system may be forced with u = 1 to reach the ori-

gin in just three switching intervals. 

Fig. 7.6b and c show that T3min o for 3 < r < 5 and 0 < r < 1. 

We do not find a real T3 for 0 < r < 1. max 

® • 

, , 

t " 

\ 

/ 

• 
Fig. 7. 7 Projection of phase trajectories in the x 3,x 4-plane 

with the first switching moment by x4 < O. 

The table is also useful for x4B F O. If at the point B (fig. 

7.7a) x2B = f(T3) and xiB = f(T3) are known, then it is possible to 

derive the functions x2A = f(T3) and xiA = f(T3) for all points A on a 

cylinder with the central line x3 = u = 1 and a radius r. We need an 

addit ional time T3e to come from point A to point B. The following 
relations hold 

T3A = T3B + T3e 

TI f 2(T3B , r,u) 

x2A 
--+ u 

In the preceding discussion it has been supposed that T3B > 0, i.e. the 

next switching moment occurs for x
4 

> o. 
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But there can be solutions by which the first. switching moment occurs 

for x 4 < 0 (fig. 7.7b). The time-optimal switching intervals are 

T3A , T2A and TlA • The imaginary negative time T3e is necessary to 

drive the system from x4 = 0 (X3B) to the point C (the first switch

ing moment). 

If we imagine a combination of fig. 7.5 and fig. 7.6b backwards in 

time, we obtain 

= 211 - Tl 
2 

= 211 - Tl 
1 

(7.11) 

(7.12) 

Equations (7.9) and (7.10) give the expressions for Ti and T~. With 

T3 = T3e and eqs. (7.7), (7.10), (7.11) and (7.12) the following re

lations can be derived 

-xl (T3' r, u) and 
2B 

So the table for the functions f 1, f 11 and f 2 is sufficient to cover 

every state in the x Z,x 3,x 4-space for 0 < r < 5. 

If we divide the r-range by steps of 0.1 and the time-interval between 

T and T 
3min 3max 

in 60 equal intervals, then we get a table 

numbers. For every value of rand T3 the values 

must be known. This means that 9000 numbers must 

memory of a computer. 

of x2B,x~B 
be stored 

of 3000 

and T1 

in the 

Figure 7.8 shows a simulation result of this method. Now a Kalman 

filter is used to estimate the state variables from observations of the 

position of the trolley (see section 8). 

Fig. 7.8a shows that the phase trajectory goes through the origin, but 

then the control starts again and a limit cycle occurs. When we do not 

estimate the SWitching moment by xld = 0, but by -E < x
ld 

< E (E small) 

then the size of the limit cycle can be reduced. Fig. 7.9 shows two 

results of the application of this method to the physical crane model 

(fig. 8.1). 

The control force on the trolley is ft. Xt is the measured posi-

tion of the trolley, the other state variables for the control algor

ithm are estimated by a Kalman filter. 
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Positions of a time-optimal control of a physical model 

of a crane. 

In all the described methods in subsections 7.1 and 7.2 the computa

tions time on a PDP 11/60 computer is smaller than 20 ms. 
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8. State estimation 

For all control principles described, the state variables play an im

portant part. For application of the control algorithm to our labora

tory set-up of a physical model of a crane (fig. 8.1) we need to have 

the state variables available. Some of the state variables are diffi

cult to measure and they ought to be estimated from the signals which 

are simple to measure. 

RElAY 
• 

POWER 
SUPPLY 

Fig. 8.1 

A cont rolled 

physical model of 

a crane 

If there are fewer measuring signals than state variables, we need 

observations at more than one moment. Moreover, generally the observa-

tions are disturbed by noise. If the noise is white with a Gaussian 

distribution then a Kalman filter gives the best linear estimate of the 

state [ref. 15]. The Kalman approach yields filters which have a re

cursive form and use (assumed) knowledge of the structure and the para

meters of the process under consideration. A discrete version of the 

process (fig. 8.2) has been inserted in the measuring filter. 

u • ZERO----. ORDER 
HOLD 

PROCESS 
! 

MEA8URIN 

Fig. 8.2 

~X) 

" \, 
~~. Block diagram of 

Ts the process for 

sampled signals 

In fig. 8.2 u* is the discrete control signal from the computer and w 

are observations. 

From fig. 8.2 the following relations can be derived 
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~=Qx.. 

in which Q is a singular diagonal matrix 

with 

x..(k+l) c y(k) + D u(k) 
s - s 

C 
s 

D = s 

= 

1 T a 
off -1) =-Ccos s 

w2 s 

0 1 - ~ sin off 
w2 s 

0 0 cos off s 

0 0 - w sin off s 

\hcT 2 - \; ~ T2 + ~ (I-cos wT ) 
s 002 S wit S 

hcT 
s 

~1 - cos off ) 
w2 s 

c 
sin off 

s 
w 

sin wT 
s 

(8.1) 

(8.2) 

sin wT 
~( s 
w2 w 

- T ) s 

~(cos wT - 1 
w2 s 

sin wT 
s 

w 

cos wT 
s 

a = 

w2 = 

c 

m'" 
iiiF g 

(m", -Im
t

) 

hm
t 

I FI 
hm

t 

g 

To obtain the corresponding state variables of eq. (2.7) we must apply 

to eq. (8.2) the similarity transformation x..(k) L .!(k) and the time 

transformation T = wTs of section 2. 

Then we get the normalized state equation (8.3). 

.!(k+l) = A x(k) + B u(k) (8.3) 
s - s 

with 

1 T 0 0 \iT2 

0 1 0 0 T 

A = and B = 
s s 

0 0 cosT sinT I-cosT 

0 0 -sinT cosT 
sinT 

This leads to the block diagram of fig. 8.3. 
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Fig. 8.3 Block diagram of the discrete model of a crane 

Measuring the position and the velocity of the trolley is essentially 

no problem. Measuring the pendulum angle and the angular velocity is 

difficult to perform. Our starting point is that only the position and 

the velocity of the trolley are available as observations. If the 

parameters of the process are known, one can predict the state at time 

t on the basis of the state at time t-T, eq. (8.4) 

x (k) = A x(k-l) + B u(k-l) 
-p s - 5 

(8.4) 

in which ~ is the predicted state. 

In addition to the predicted state, the observations are available. By 

Kalman [ref. 15) the optimal estimator consists of a linear combination 

of the predicted state and the observations, eq. (8.5) 

~(k) = x (k) - K{Q L-1x (k) - _w(k) I 
- --p --p (8.5) 

in which K is a gain matrix. 

Combination of eqs. (8.1),(8.4) and (8.5) leads to 

~(k) = (I-KQL- 1) A x(k-l) + (I-kQL- 1) B u(k-l) + k _w(k) (8.6) - s- s 

Figure 8.4 shows the block diagram of the measuring filter. If the 

covariance matrix Pk-l of the previous estimator is available, then we 

can determine the covariance matrix of the new estimator without using 

new observations. 
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~(k) 

u(k-1) --8-

Fig. 8.4 Block diagram of the measuring filter 

(8.7) 

in which U is the variance of the control function u. P~ is the 'a 

priori' covariance matrix of !.(k). Using new observations the 'a 

posteriori' covariance matrix of !.(k) is 

Pk = P~ - Kk(QL-l)p~ 

Kk P~ (QL-1)T [(QL-l)p~ (QL-1)T + Wk]-l 

(8.8) 

(8.9) 

W is the covariance matrix of the observations. If the variance Po of 

the state is known at t = 0, the filter gain constants follow from eqs. 

(8.7) and (8.9). The gain matrix K does not depend on the observations 

and can be determined beforehand. The iterative procedure to calculate 

the filter constants converges fast and it is allowed to choose a 

steady state filter. The filter constants must be stored in the memory 

of the computer. The filter implemented in this way estimates the 

state variables with sufficient accuracy, but a low frequency disturb

ance in u or w will appear in ~(k) very slowly. This is the conse

quence of the fact that two poles of the filter are very close to the 

unit circle in the z-plane. 

Now, we design a filter with smaller time constants [ref. 16]. 

Such a filter attaches less weight to older observations. For the 

calculations of the filter constants we assume the covariance matrix W 

to decrease exponentially as a function of time, viz: 



(t -t I)/T 
W e k 

k 

(tk -tk)/T 
Wk ~ Wke 

The expression (8.9) changes into 

51 

-I 

~ = P~ (QL_I)T[(QL-I)p~ (QL_1)T + wke-T/ T ] 

The selected T is several times smaller than the oscillation period of 

the system. The accuracy of the filter is decreased. but is still 

sufficient. Due to the strong mutual dependence between the velocity 

and the position of the trolley the velocity state variable will add 

little extra information to the measuring filter. Therefore we 

restrict the measurement to the position YI only. 

Fig. 8.5 shows the development of the gain factors k during the itera-

tive process. 

= 6.05 kg; m
t 

The parameters of the physical laboratory model are: m~ 
-T/T = 2.38 kg; h = 1.5 m; T = 0.05s; e = 0.7. The con-

s 
trol function u = 4.68N and the covariances are: 0 2 = 0.5N: 

u 
0 2 = l.W-6m 2. 
YI 3 

Fig. 8.6 shows the response of the filter to an impulse in the control 

function. The response to an impulse in the position of the trolley is 

shown in fig. 8.7. 

With a steady state Kalman filter the state variables of the process 

can be estimated from the measured position only. 
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Fig. 8.5 Gain factors K 

-T/r T :0.05 s,e : 0.7 
s 
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9. Conclusions 

For a crane, a linearized fourth-order mathematical model has been 

derived. Time-optimal control of the crane leads to a control func

tions of the 'bang-bang' type. The control algorithm must determine 

the optimal switching intervals. 

In an open-loop control the switching intervals are to be determined 

using the Pontryagin maximum principle or from the phase plane. In an 

open-loop control the switching moments can be calculated beforehand. 

The switching moments can be determined accurately, the required compu-

tat ion time is of minor importance. An open-loop control algorithm, 

however, does not correct disturbances. 

A closed-loop control system reacts to disturbances as well. This 

means that the optimal switching intervals must be determined repeated

ly. This can be done with an analytic approach by calculating the 

switching surfaces by which the control function changes sign. Since, 

in closed-loop control, the speed of calculations is very important, 

the analytic method lends itself less to practical use. 

The method in which a fast model predicts the switching intervals is 

more suitable for this purpose. There are several possible methods for 

reducing the computation time. The methods that make use of 'a prior' 

knowledge of the system are the fastest. 

The state variables, necessary for the control algorithm, can be esti

mated by a modified Kalman filter. 

Given sufficient knowledge on the essential process parameters, the 

developed control algorithm is suitable for practical applications. 
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