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1. Introduction 

In this assignment a non-linear system is considered, namely a piecewise linear beam system. This 
beam system consists of two linear regimes, as in one regime extra stiffness is added. As a result of 
switching between these regimes, a non-linear system arises. When a standard observer for this system 
is designed, i.e. an observer with constant gains for both regimes, the estimation can become unstable. 
The main goal of this project is to design an observer that guarantees stability, and implement it on an 
experimental setup. Thereby some other types of observers can be designed, such that a comparison 
can be made. 

7. hrst, in Chapter 2, a description of the piecewise linear beam system is given and a state-space model 
is derived. To vaiidaie this model n-merical simulations w d  be corfipared to data obtaiiied fioiz an 
experimental setup. In Chapter 3 the main objective for this project will be formulated in detail. Then 
some simple techniques will be used to estimate only the velocities of the beam displacement. 

After that, two types of observers will be derived and tested on a lab-scale setup. First an observer is 
designed that guarantees a stable estimation. Secondly the Kalman theory is applied to design an 
observer for this system. Then it is possible to compare the performances of these different types of 
observers, by looking at the estimation errors. Finally a reduced-order observer is designed, which is 
only tested in simuiations. 
Then some final conclusions are drawn and suggestions for further research are given. 



2. The Piecewise Linear Beam System 

In this chapter, the piecewise linear beam system that is considered in this project will be discussed. 

A description of the piecewise linear beam system is made in section 2.1. In the second paragraph a 3- 
DOF model of the beam and the resulting equations of motion will be gven. Finally, the model will be 
validated by comparison to experimental data. 

2.1 System Description 

The beam system consists of two components: a multi-mode continuous linear beam and a one-sided 
spring representing a local non-linearity. 
The schematic representation of the beam system is depicted in Figure 2.1. 

Figure 2.1: Schematic representation of the piecewise linear beam system 

The system consists of a beam with uniform cross-section supported at both ends by leaf springs. 
Motion of the beam is caused by a periodic excitation force u, applied at the middle of the beam. Only 
when the beam moves upward from its equilibrium position, a forceLl caused by the one-sided spring 
is acting on the beam. As this force comes fiom a linear spring, two linear regimes can be 
distinguished based upon the position of the middle of the beam: one regime determined by the 
stiffness of the beam only and the other regime determined by the combined stiffness. Thus, the 
response of the beam system will be determined by switching between two different linear systems, 
resulting in a forced piecewise linear system. 
Although the response of the beam system in both regimes is determined by a set of linear differential 
equations, the overall response cannot be determined analytically. Therefore, only simulations based 
on numerical analysis can be done. 

2.2 Model Equations 

After reduction of a finite element model, a three-degree-of-freedom (3-DOF) model is obtained. 
Some higher order dynamics may be left unmodelled. But the interest of this research is mainly 
focused on the low-frequency response of the system. 

The 3-DOF model contains two physical displacements, namely qa,, and qmid, which can be 
measured on the experimental setup. The position of qmid represents the middle of the beam, where the 
excitation force u and the forceL1 of the one-sided spring are applied (see Figure 2.1). The position q,,, 
corresponds to a position at a quarter of the beam. Furthermore, the model contains one generalized 
DOF (qd, which accounts for the first eigenmode of the beam. The 3-DOF model is characterized by 
three positive definite matrices: a mass matrix M, a damping matrix B and a stiffness matrix K. The 
numerical values of these matrices are given in Appendix 1. These values are obtained from results of 
previous research. They depend on the placement of the actuator on the beam. However, on the current 
setup this actuator is not connected, so these values may not be totally valid. 

The corresponding equations of motion are: 



where the force of the one-sided springJtl(q) is given by: 

The excitation force u = u(t) is represented by a harmonic force due to a mass-unbalance 

40 = 4 c W ? f a C t h  Ah = Ah (fa = c, (2?fac )2 . (2.3) 

Furthermore, q = [q,,, qmid qi]T , h = [0 1 OIT , knz = 1.98 lo5 [~m-'1 is the stifhess of the one- 

sided spring, A, represents the amplitude of excitation, ch = 9.4 10"' [Nl is an excitation constant, and 
fa, represents the excitation frequency. 

The equivalent system in state-space form can be expressed as: 

with r = [:] and 

In a more straightforward way the state space model can also be written as 

and it can easily be seen that the system is a piecewise linear system with constant system matrices Al 
and Ad. 

2.3 Non-linear Behavior 

The non-linear behavior of the beam system can be pointed out by looking at the frequency plot. In 
Figure 2.2 the maximum absolute values of the periodic displacement q,id are depicted, for both the 
non-linear system and the linear model, i.e. the beam system without the one-sided spring. 
There are two main differences in periodic behavior between the linear and the non-linear model. 
Firstly, the lowest eigenfiequency of the non-linear model (labeled with 1 in Figure 2.2) is larger than 
the resonance frequency of the linear system, due to the extra stiffness of the one-sided spring. 
Secondly, coexisting n-periodic solutions appear for the non-linear system. Note that a 1 -periodic 
solution exists throughout the entire frequency range, and has the smallest vibration amplitude. 
One also can notice that the stability of certain periodic solutions changes at specific excitation 
frequencies. The values of these frequencies are called bifurcations. Such bifurcations typically occur 
for non-linear systems. One can identify different types of bifurcations in this particular case. For 



example near 30 [Hz], a so-called flip bifurcation occurs. Here a stable l-periodic solution converges 
in a stable 2-periodic solution, whereas the l-periodic solution becomes unstable. 
Also - at a frequency of 50 [Hz]- a cyclic fold bifurcation occurs. Beyond this discontinuous 
bifurcation, suddenly a stable and an unstable 3-periodic solution show up, whereas there is no 
continuous path from the l-periodic solution to these coexisting solutions. 

Figure 2.2: Frequency domain behavior 

2.4 Experimental Analysis 

With the model given in equation (2.4) some simulations are done. The numerical results are 
computed using a fourth-order Runge-Kutta integration scheme. To validate the 3-DOF model the 
simulations can be compared to experimental data, obtained on a lab-scale setup. A short description 
of the lab-scale setup of the piesewise linear beam system will be given (in Appendix 2 this is done in 
more detail). 

The beam system is excited by a rotating mass-unbalance mounted at the middle of the beam which 
generates the harmonic force u, represented by (2.3). The mass-unbalance is driven by a tacho- 
controlled motor that enables a constant rotation speed. Excitation frequencies upto 60 [Hz] are 
possible with this excitor. This force u is measured by piezo-electric force transducers with an 
accuracy of FZ 1 m]. 
For positive displacements of the middle of the beam, a f ~ r c e f , ~  is generated by a second beam which 
is clamped at both ends and which represents the one-sided spring. 
The position and the acceleration of the middle position can be measured, as well as the displacement 
and acceleration at a quarter of the beam. The displacements q,id en q,,, are measured by linear 
variable differential transducers (LVDT's) with an accuracy of = [m]. The accelerations are 
measured by piezo-electric accelerometers with an accuracy of FZ [m/s2]. 
The data processing and acquisition of the measurements are performed with the real-time 
softwarelhardware environment dSPACE combined with MATLAB'S Sirnulink. 

In Figure 2.3, both the numerical (blue line) and measured (green line) responses are depicted for an 
excitation frequency of 35 [Hz]. The picture shows the displacements at a quarter and at the middle of 
the beam and their accelerations. The response on this frequency consists of a 2-periodic solution, as 
can be seen as well in Figure 2.2. The period time of this 2-periodic solution equals twice the period 
time of the excitation frequency, or twice the period time of the l-periodic solution. 



It can be seen that a good agreement is obtained between the measured and computed displacements at 
this frequency. For the acceleration signals, there is less agreement. In the measurement of the 
accelerations noise and higher order effects are present, especially in the region of switching. The 
model nevertheless describes the main character of the accelerations quite well. 
It can be concluded that for an excitation-frequency of 35 [Hz] the system behavior is described 
reasonable accurately. 

lo4 - Simulation 
5 - Experiment 

Time [s] Time [s] 

Figure 2.3: Comparison of numerical and experimental resultsfor the two displacements and accelerations 

Another simulation is done for an excitation frequency of 20 [Hz]. The results are shown in figure 2.4 
for both the position at a quarter of the beam and the middle position. Here the solution consists of a 1- 
periodoc solution with a period time of 0.05 [s]. Now the experimental results are represented by the 
blue lines and the numerical results by the green lines. 

10-3 f=20 [HZ] 

- 0  E - .- 
8 w 

-2 
0.1 

0 0.1 

Time [s] 

Figure 2.4: Modelvalidation at.f,,=20 [Hzj 

For this frequency the validity of the 3-DOF model is also quite good, but less than for the frequency 
of 35 [Hz]. 

Yet the 3-DOF model is capable of describing the system behavior adequately, and it can be used as a 
basis for the observer design. 



3. Problem Description 

Now that the characteristics of the beam system are known, the objective for t h s  project can be 
outlined some more. 

Often, for control tasks, all state variables are needed for feedback. However, for this particular 
system, only measurements of the displacements q,,, and qmid and accelerations q,,, and ij,, are 

available. The other variables of the state x = [qact qmid q g a t  gmid gg have to be 

reconstructed. 
Simpie estimators only use the measiii-emeiits as ZE estimatim far the st& va-hbles.  me^ for the 
beam system only an estimation for the velocities is desired, this could be done by differentiation of 
the displacement measurement or by integration of the acceleration measurement. But since no 
measurements are available for the third DOF qg, these techniques can not be used for this variable. 
In that case the model information (eq. 2.4-2.5) has to be used in the estimator, which is then called an 
observer. Such an observer usually has the following form: 

where y = Cx represents the measured output, based on the displacements of the middle and at a 
quarter of the beam, and K represents a proportional gain matrix. 

But since a piecewise linear system is considered here, some more attention will be paid to the 
resulting dynamics of the error e = x - ,? . 
When for the piecewise linear system the observer (3.1) is applied with the same gain matrix K for 
both regimes, the observer equations can be formulated as: 

Then the following error dynamics remain: 

where switching between these two systems occurs at qmid = 0. These error dynamics, although 
consisting of two linear parts, can not be guaranteed stable, as a result of the switching. 
This can be demonstrated with the next example. Two linear systems (1 and 2) result in an unstable 
overall system, when switching occurs at XI, x2 = 0. This can be seen in the phaseplots of both systems 
and the resulting switching system in Figure 3.1. The overall system is described as: 

A, ifx, .x, >O -0.4 10 -1.2 1 
i = A,x, with A, = 

A, ifx, .x, 1 0  and Al =[ -10 -1 1, A, =[ ] -10 -1 

where x = [x, 



Switching system 
5 

x, Figure 3.1: Switching between two stable linear systems can result in an unstable system 

Therefore an observer needs to be designed, whose error dynamics will remain stable, in spite of the 
switching. One way to achieve this, is to make the resulting error dynamics linear. 

To be able to obtain linear error dynamics, seperate gains KI, K2 for the two linear regimes have to be 
chosen in the observer: 

These gain matrices should then be chosen in such a way that linear error dynamics: 

remain for the overall system, and thus a stable observer is obtained for suitably chosen (Kl, K2). 

The main objective can now be defined as: 

Given the piecewise-linear observer (3.4),Jind conditions for Kl, K2 such that 
(Al - K ~ C )  = (Az - K,C) = 2 is stable, 

Implement this observer in an experimental setup, 

Compare its pe$ormance to other types of estimators 



4. Velocity Estimation 

Before deriving an observer some simple estimations of the velocities will be made. These estimations 
can then be used to analyze the performances of the observers derived in the following chapters. In 
this chapter however, two numerical techniques will be used to estimate the velocities: 

- Numerical differentiation of the measured position 
- Integration of the measured acceleration 

Also the advantages and limitations of these techniques will be given, in relation to using observers. 

4.1 Numerical Differentiation 

By numerical differentiation the derivative of a signal can be approximated, by calculating 
d 1 
- (y(k)) = - (y(k) - y(k - 1)) for each discrete time k, where y(k) = y ( k ~ t ) .  
dt At 
It is obvious that the accuracy depends on the size of the time step At. Smaller time steps give a more 
smooth and accurate estimation, when no noise is present in y. Otherwise, small sample-times increase 
the noise 'level. In real-tixe experiments however, the sample time can not be chosen too small, due to 
the computation time, thereby consh-aining the accuracy of the estimation. The sample time is chosen 
at At = 1.0 [ms]. 

So, in experimental environment, the presence of measurement noise troubles a good differentiation of 
the position. On the experimental setup of the beam the displacements are measured by linear variable 
differential transformers (LVDT's) with an accuracy of = [m]. 
Nevertheless the velocity obtained by differentiation contains a lot of noise. The high-frequency 
components of the velocity have to be filtered out. For this a second-order lowpass filter is chosen 
with cutoff frequency at 1000 [radk]. In Figure 4.1 the magnitude and the phase of the transfer 
function is plotted, in a Bode diagram. 
With this filter, most of the high-frequency noise is removed. But as a result of the character of the 
filter, phaselag is added, as can be seen clearly in the right picture in Figure 4.1, where the estimated 
velocity is compared to the numerically computed velocity of the midpoint for an excitation frequency 
of 35 [Hz]. 

Velocity Estimation by Num. Diff. 

Frequency (radlsec) Time [s] 

Figure 4.1: Bodediagram of Lowpass filter and estimated and computed velocity of midpoint 

The error between the velocity of the middle position obtained by differentiation vest and the numerical 
velocity vsi,,,, as depicted in Figure 4.1, can be characterised by the Sum of Square Errors: 



with e = v,, - vs, 

Ths error-measure corresponds to the average value of the square of the error, in this case the velocity 
error, over two period times T, where T = 0.029 [s]. 
Also the maximum value of the velocity error in this time period is taken: mw;le( = 0.035 [m/s] . 

4.2 Integration of Acceleration 

A second simple technique to estimate the velocity of the beam system is by integration of the 
measured acceleration. An advantage of this approach to the previous one is the relative insensitivity 
to measurement noise. But on the other hand, the weakness of this approach is the sensitivity to 
measurement offset. By integrating this offset, a steady-state error will occur. So integrating the 
acceleration requires a measurement without offset. 
On the experimental setup the accelerations are measured by piezoelectric accelerometers with an 
accuracy of i=. lo-' [ms-'1. During experiments it appeared the measurement suffers fkom offset 

- S 
changes. To cancel most of this lowfi-equent offset-drift a high-pass filter is used: HhigJtpass - - 

s + 1 0 '  
This filter causes a slight phaselead in the velocity estimation, as can be seen in Figure 4.2. 
Because of the noisy measurement of the acceleration, the curve of the estimated velocity is not 
smooth, even after integrating this noise. 

Velocity Estimation by Integration 
0.1, 

Time [s] 

Figure 4.2:Estimated and computed velocity of qmid 

This results in a SSE of 1.42.10-~ and a maximum velocity error of 0.025 [ds] ,  again taken over two 
period times T. 

4.3 Comparison 

In the Table 4.1 the values of the two error measures are compared for both the differentiation method 
and the integration method. The error is defined as the difference between the estimated velocity q,, 
and a numerically calculated velocity. 

Differentiation I Internation 1 

Table 4.1: Comparison of errors for the two methods presented 

SSE 
IemaxI 

3.06e-2 
3.5e-2 [ d s ]  

1.42e-2 
2.5e-2 [ d s ]  



Compared to numerical differentiation, the method of integrating the acceleration is better in this case. 

So for this experimental environment it can be concluded that because of the character of the measured 
signals, the two simple methods presented do not really succeed in estimating the velocity of the 
beampositions. To improve the estimation, filters have to be implemented. Having to use these filters 
means that phaseshift is generated. So the velocity estimations are not usable in a controlloop. 

In the next chapter a state reconstruction method will be derived that probably can give better velocity 
estimations. 



5. Observer with Linear Error Dynamics 

In this chapter an observer will be used that can give an estimation of all the state variables, not only 
the velocities. Often, for control, the whole state is needed for feedback. 
Besides that, stability of the error dynamics is guaranteed by choosing the right gains. Finally the 
experimental performance of ths  type of observer is analyzed. 

5.1 Error Dynamics 

Given the next observer: 

the objective is to find values for the two constant gain matrices K1 and K2 in order to obtain linear 
error dynamics of the form: 

So with the right choice for the gain matrices Kl and K2, an observer can be obtained that gives linear 
error dynamics and guarantees convergence of the error. 

Now the conditions for K1 and K2 will be derived that result in the error dynamics of (5.2). First we 
write: A2 = Al + As . This can be done because the dynamics A2 of this regime consist of the dynamics 
Al of the other regime plus the extra stifhess As of the spring, where 

0 0 0  
0 

0 0 0  

The model of the non-linear beam system can now be written as: 

where the state x is: x = [qact q,, qi 4 ,  4,, 4 t r  = [x, xi x3 x4 x5 x d F  

1, ifx, >o  
and E ( x ~ )  = . Note that x2 = qmid. SO, for positive displacements of qmid this results in a 

0, i f x , I O  

systemmatrix A, + As = A,, as for negative displacements of q,id only the matrix Al remains. 

When in the observer (5.1) the gain is written in one equation: K, + Ks ~ ( x ,  ) , the following observer 
equation holds: 

The resulting error dynamics can be derived by substracting (5.3) by (5.4): (Note that Ks = K2 -K1 and 
that switching occurs at the actual middle position) 



This can be written as: 

Now Ks should be chosen in such a way that (AS - Ks . C )  = 0 ,  which gives linear error dynamics of 

the form .G = 2 .  e =(Al - K ~ c ) ~  for all x. 

This results in the condition for Ks: Ks = As . CT . (5.7) 

So, linear error dynamics can be obtained by choosing K,  = K,  + As. CT in the observer equations: 

~ = A , i + b u + ~ ~ b - C i )  

i = A , i + b u + ~ , ( y - C i )  1. 
This means that extra gain is applied in the part of the observer corresponding to the regime where the 
one-sided spring is present. This extra gain Ks cancels out the dynamics of this spring. 

Remark that in the observer (5.4) switching takes place on the actual position x2. This makes it 
psssibk to obtain the error dynamics of (5.51, by substraction of the model equations (5.3), since both 
equations switch on the actual position. In practice however this real position is not known, and 
switching will be performed on the measured positiony2. As a result of this, the theoretically linear 
error dynamics, may not be truly linear. This is also the case when the system dynamics are not well 
modelled by the system matrices Al, A2 and b. Then the extra dynamics of the one-sided spring are not 
cancelled exactly. 

5.2 Experimental Results 

With the observer derived in the previous section some experiments can be carried out, to analyze the 
performance of this observer. 
The observer is implemented in an experimental setup using SimulinkldSPACE (see Appendix 3). A 
sampling time of 0.0005 [s] is chosen. Smaller sampling times are not possible due to the 
computational time necessary, and larger sampling times can limit the accuracy of the estimation. 

Only the gain matrix KI can be chosen freely to increase the convergence rate of the error. The values 
of this matrix however can not be chosen too large, since the noise will then be amplified and 
instability can be caused. A h-ade-off has to be made, resulting in: 

where K2 is obtained according to K2 = K1 + Ks . Note that K2 only differs from Kl on those places (*) 
where the extra stifhess of the one-sided spring has influence. This choice for the gain results in the 

- 8 + 3581' 

same error dynamics for the two regimes, with the pole locations at: s  = 

- 66 k 140i 



In Figure 5.2 some results of an experiment are shown using the gains in (5.8). ForfeXC = 35 [Hz] the 

0 04 

T i m  [s] 

Figure 5.2: Observer results of the displacement, velocity and acceleration of the middle position 

estimated displacement, velocity and acceleration of q,id are given, as well as the measured 
displacement and acceleration (see Appendix 4 for estimation results of the third DOF). In this picture 
the high frequency components in the measured acceleration are filtered out with a low-pass filter with 
two poles in -1000 [radls]. The observer is switched on at t = 0, while the beam is already being 
excited. As a result an initial error is introduced, which decreases to some steady state pattern, as can 
be seen in Figure 5.3. In this figure the error between the estimated and measured displacement of 
respectively qact and q,id are plotted. The maximum errors in both cases are only about 5% of the 
maximum amplitude of the displacements. 

I 
0 0.4 

Time [s] 

Figure 5.3: Errors between estimated and measured values 



1 
Again the error can be characterised by the Sum of Square Errors: SSE = - je2dt,  where the time 

T o  
period equals twice the period time T. In Table 5.1 the values of two different error measures are 
given. The fust error measure is the steady state SSE value, and the second one is the maximum steady 
state error. 

So the maximum error after the installation time for both displacements is smaller than 0.1 [rnrn]. 

SSE 

1ema.n 

To analyse the performance of the observer, looking at the estimated displacement only will not be 
sufficient. The estimated displacement will match the measurement perfectly when the gains are 
chosen large. But this does not mean necessarily that the observer performs well. 
Therefore an analysis of the velocity estimation will be performed, in which the estimated velocity is 
compared to a velocity obtained by numerical simulation. In Figure 5.4 these velocities are shown for 
the middle position of the beam qmid for a timeperiod of 0.1 [s]. In the second picture the estimation 

-0.01 1 I 
0.9 1 

Time [s] 

Table 5.1: Dzferent error values for qa,t and qmid 

qact 

8.0e-10 
6.2e-5 [m] 

Figure 5.4: Estimated and computed velocity for the middle position and the estimation error 

h i d  

6.2e-10 
4.6e-5 [m] 

error for this velocity is plotted. In contrary to the two methods used in the previous chapter, the 
results of this observer look really satisfactory. This is also emphasized by comparing the error values 
in Table 5.2 to the ones in Table 4.1. 
In Table 5.2 the characteristics of the velocity errors q,,, and qmid are given for this observer, again 

computed over two period times. 

Table 5.2: Dzferent velocity error values for qact and qmid 

SSE 
IemaxI 

Regarding these values it is obvious that this observer gives better velocity estimations than the ones 
obtained in Chapter 4. 

1.4e-5 
0.66e-2 [ d s ]  

2.2e-5 
l.le-2 [ d s ]  



6. Switched Kalman Filter 

Although the results in the previous chapter are satisfactory, another type of observer will be analysed, 
the switched Kalman filter. The advantage of this type of filter is the fact that the gains are computed 
in such a way that an optimal trade-off is obtained between noise-amplification and convergence rate 
of the error. 

6.1 Kalman Equations 

For the switched Kalman filter again two different gain matrices will be computed for the two linear 
regimes. So the filter equations can be written in the same way as in (5.1): 

For this observer however the gains Kl and K2 are computed using the Kalman equation: 

where Pi is the variance matrix of either of the two regimes, which follows from the Riccati equation: 

AiP + PA, + Q - p C T ~ - ' C P  = 0 (6.3) 

Matrix Q en R represent the variance of the system noise w(t) and the measurement noise v(t) 
respectively, as defined in the accompanyng system equations of the two linear regimes: 

As a result of computing the gains using these equations, the error dynamics of the system will not be 
linear, as is the case for the observer in the previous chapter. For this reason stability of the 
observation cannot be guaranteed. This is of course a disadvantage of this approach to the previous 
one. 

6.2 Experimental Results 

Again the filter is implemented on the experimental setup of the beam (see Appendix 3) and some 
estimations are performed online. 
The variance matrices are chosen as: 

These choices are mainly based on the fact that the measurements are quite reliable compared to the 
model, because of the unmodelIed high-frequency dynamics and the unconnected actuator. 



This gives different gain matrices for either of the two regimes. 

According to Kaiman theory these gains are considered to give an optimal trade-off betweexi anoise- 
amplification and convergence rate of the estimation error. Biii this is only the c z e  if the vxia;;ce 
matrices are chosen in an optimal way. In practice the levels of disturbance are rarely known, thus 
obtaining suboptimal gains. And also, using the Kalman theory, no optimal values can be obtained for 
the switched system, only for the two seperate linear systems. 
When these gains are compared to the ones in the previous chapter, especially the gains for the error in 
qQ,, are larger. This results in pole-locations located further in the left-half plane. 
The eigenvalues of the error dynamics of both regimes are: 

For these settings, the estimated displacement, velocity and acceleration for q,id are shown (see Figure 

Time [s] 

Figure 6. I:  Estimated displacement, velocity and acceleration, compared to measuremnts 

6.1) for an excitation frequency of 35 [Hz]. Again the measured acceleration is filtered and some 



phaselag is introduced. Now the initial error at t = 0 is relatively small, because the observer is 
switched on at a right moment. 
Again some steady state errors e,,, and emid arise, in Figure 6.2. The maximum errors in both cases are 
respectively 0.05 and 0.06 [ m a ,  as can be seen in Table 6.1. 

x loS  

I 
0 0.3 

Time [s] 

Figure 6.2: Estimation errors for q,,, and qmid 

For the position q,,, this KalmanJilter gives better results, compared to the previous observer, whereas 
for qmid the results are more or less equal. This can be explained by the larger gains for q,,,. 

1 b m a J  1 5.0e-5 [m] 1 6.2e-5 [m] 
Table 6.1: Dzfferent error values for q,,, and qmid 

qact 

Also the quality of the velocity estimation of the middle position of the beam is analysed. In the next 
figure this estimated velocity is compared to a numerically computed velocity. In the second picture 
the error for this estimation is shown and in Table 6.2 the error values are given. 

qmid 

I 
0.2 0.3 

Time [s] 

SSE I 4.4e-10 I 6.2e-10 

Figure 6.3: Velocity estimation for qmid and the velocity estimation error 



/ ~emaxl 1 0.99e-2 [ d s ]  1 1.0e-2 [ d s ]  
Table 6.2: Dzflerent error values for the velocities of go,, and qmid 

SSE 

When the Linear error dynamics observer and the Switched KalmanJilter are compared, it can be 
concluded that they both perform well. For the currently used settings the Kalman filter however 
performs a little bit better concerning the displacement estimations and less good when the veIocity 
estimations are concerned. 
In comparison to the methods presented in Chapter 4, i.e. numerical differentiation and integration, the 
two types of observer perform much better when the quality of velocity estimation is concerned. 

k t  

1.4e-5 
qmid 

3.7e-5 



7. Reduced-order Observer 

Some short attention will be paid to another type of observer, the reduced order observer. For this 
observer the measurements themselves are used as an estimation, so less variables remain that have to 
be estimated further. Especially in analog implementation can be an advantage. 
In the first paragraph the equations for this type of observer are derived. And since no experiments are 
done only simulation results will be given. 

7.1 Observer Equations 

The observers obtained in previous chapters all had n states. The order of the observer can actually be 
less than this because the observed output provides a linear relationship y(t) = cx(t) between the state 
variables. Therefore it suffices to observe n-2 of the states and then to calculate the final two hom this 
linear relationship. 
We begin by making a transformation of the system {A, b,c) such that the output vector has the form: 

and 
- - 

y = cx(t) = x, (t) = 

Therefore we have clearly displayed the fact that two states are directly observable, 

and we only need to estimate the remaining states xr = [Qt Q Q qt r,  where the subscript r 

is used to denote the states that remain to be estimated. It should be possible to estimate these n-2 
states with an (n-2)-dimensional observer. That this is possible can be shown with the next approach. 
Consider the partitioned state equations 

where the reasons for this notation will become clear later. From this a dummy system for 2, can be 
obtained: 

ir = Ari, + b, y + gru + (feedback term) (7-4) 

The feedback term should be derived from the error xr - i, , but this term is inaccessible. However, 
when we look at the second equation in (7.3): 

some more information about x, is obtained. Because when the output variable yr is defined as 



then the following can be written: 

The function y, is completely determined by y and u and can therefore be regarded as an observation 
process. The difficulty is that y, contains the derivative y and therefore can not be realistically 
obtained from y. If we ignore this problem for now, we can see that it is possible to set up an observer 
that estimates the 12-2 states: 

where L is an 4x2 matrix. The following error dynamics remain: 

When this theory is applied to our piecewise linear system, some notes can be made. First, making the 
partitioning of (7.3) for the two linear regimes, only a difference arises for b,, while all the other 
matrices remain the same. As a consequence, the error dynamics of (7.5) are equal for both regimes 
and therefore stable, when L is chosen suitably. 

7.2 Simulation Results 

The reduced-order observer of equation (7.8) is implemented in Simulink. To overcome the problem 
of differentiating y in (7.6), in the observer equation (7.8) y, is substituted, leading to: 

Now the derivative of y can be put in the left part such that, after integration, i, can be obtained: 

This can be implemented in Simulink using the blockdiagram of Figure 7.1 for either of the two 

Figure 7.1: Blockdiagram of observer 



regimes. Depending on the sign of the middle position qmid the corresponding value of b, has to be 
used. 
With this observer a simulation is done. For a more realistic estimation some measurement noise is 
added toy. The gain L is obtained using Kalman theory: 

In Figure 7.2 sonre rewks of a simiilation slre shorn for a= excitation fieqcrency of 35 [Hz]. 
Estimations for the velocity of qmid and for qc are plotted, as well as the errors between model and 
estimation. Estimations for the other displacements are not interesting in this case because they equal 
the model response. 

f = 35 [Hz] 
0.02, I 21 

loJ 

-0.02 1 I -2 1 I 
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5 

3 4 
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5 

Time [s] Time [s] 

Figure 7.2: Simulation results 

Note that the results are taken during a transient response of the beam. So no real steady state behavior 
is obtained in the figure. Nevertheless the errors a relatively small compared to the signals, so 
performance of the reduced-order observer is good. Since no experiments are done, no comparison can 
be made with the other type of observers. 



8. Conclusions 

For the piecewise linear beam system four types of observers have been designed and implemented on 
an experimental setup, namely: 

Numerical differentiation of the displacement 
Integration of the acceleration 
Observer with Linear error dynamics 
Switched Kalman filter 

And one observer is tested in simulation: 
Reduced-order Observer 

The first two estimators can only estimate the velocity, and have the weakest performance, integration 
slightly better than differentiation. 
The other two observers are able to estimate the complete state 

x = [qaCt qmid q5 4 , .  Qmid 4{ . They perform a lot better, because the model information is 

used in the observer equations. 

For the third observer linear error dynamics are obtained by choosing the gain matrices Kl and K2 in 
such a way that e = (A, - K , c ) ~  = (A, - K , c ) ~ .  This comes down to taking: K, = K, + As.  C* , with 

As = A, - A, . With this choice for K2 the extra dynamics of the one-sided spring in one regme is 
cancelled out in the observer dynamics. 

The Kalman filter has constant gains that are computed using the Riccati equations. For both regimes a 
different gain is obtained, which does not give linear error dynamics. Although the Kalman filter 
doesn't guarantee stability of the estimation error, in practice no instability occurs. The Kalman gains 
are considered to give an optimal trade-off between noise amplification and rate of convergence, 
provided that the variance of the noise is known. 
In performance there is no difference between the two observers. 

Recommendations: 

Implement and test the reduced-order observer on the experimental setup 
Test the observers at a frequency where two stable solutions exist (e.g. 57 [Hz]) 
Find one constant gain K such that an observer with stable error dynamics occurs, i.e. a non- 
switching observer 
Design a routine to compensate the offset in the measurements 
Attach the actuator to the beam in order to obtain a better agreement to the model 



Appendix 1 : Matrices 

The values of the matrices M, B and K used in (2.1): 



Appendix 2: Experimental Setup 

The experimental setup, already mentioned in paragraph 2.4, will be described in detail in this 
appendix. First a picture with the layout of the setup is gven. In this picture the measurement devices 
are not visible. Therefore in another picture the connections of these devices are drawn, schematically. 
Furthermore the settings of these devices are given in a table, so following users can use the same 
settings. And finally some points of attention are given, which have to be paid attention to when 
starting an experiment. 

A2.1 Layout 

All the components of the lab-scale setup are shown in the picture below. Only the sensors needed to 
measure the various signals are omitted. For these sensors the actual position in the setup is given by 
numbers. These numbers correspond to the DSpace channels they should be connected to. 

leaf spring: Ixhxw=U 09~0.001 x0 075 [m] 

In the picture the main components can be seen: the beam itself, the two leaf springs, the one-sided 
spring (in the form of a leaf spring), the exciter and an actuator. As already mentioned, this actuator is 
not used for this assignment. 

A2.2 Measurement Devices 

The setup of the sensors that are represented by numbers in the previous picture will now be described. 
In total five sensors are present: two for displacements (3,18), two for accelerations (1,17) and one to 
measure force (2). The displacements are measured by linear variable differential transformers 
(LVDTYs), the accelerations by piezo-electric accelerometers and the force by a piezo-electric force 
transducer. 
In the picture below the sensors itself and the devices needed to operate these sensors are drawn 
schematically. It can be used to connect the sensors and devices correctly. 



The sensors are represented by boxes and can be seen at the right of the figure. The acceleration - and 
force measurements use a charge amplifier to amplify the signal. These amplifiers are labelled CAI, 
CA2 and CA17. All these amplifiers have different settings, which are given in the next paragraph. 
The displacement sensors (LVDT's) require a voltage of 15 [V] in order to operate. This is provided 
by a power box, also drawn in the picture. The way the LVDT's are connected to this box is important. 
As can be seen the sensors have different colored wires. The white wires carry the signal, relative to 
some ground level, represented by the green wires. The black and red cables are the powered ones. 
All the signals are led into a DS2002 AD Board, by BNC-cables. It is important to connect these 
cables to the DSpace ports in the same order as in the picture. 

DS2002 MUX AD Board 

CA1 Accelerometer 
output input 

I 

CA2 
output input Transducer 

green 

white 
LVDT 

black - qmid 

red 

output input ' r = - l  

A2.3 Signal Conditioning 

1 Accelerometer I 

Some signals of the measurement devices are amplified by charge amplifiers (CA's). These three 
amplifiers require different settings for each sensor and it is important that these settings are used. In 
the following table these settings are given for the three amplifiers. 



The frequency fc in this table probably corresponds to some land of maximum hequency that can be 
measured. This setting however can not be changed, it is just a characteristic of the amplifier itself. 
The next setting is a scaling factor, where the third and fourth column belong to each other. All three 
amplifiers use 50 mechanical units per volt, on a scale from 1 to 1 1. The last column gives some 
settings for a sensitivity-, The f is t  value is ihe ackial sensi'tivltgr in pC per mechar,ica! mit, on a 
rotational seale. The ii'aixber in brackets gives the a m b e r  ef times the h t tcn  is rct~ted. 

In order to obtain the correct values the measured signals have to be multiplied by the factors in Table 
Al.  In some cases even the sign of the signals has to be changed for a correct model description. Also 
in this table the units of the measured signals is given. Note that displacements are measured in 
millimeters. 

Transducer Sensitivity 
[pC/Mech.Unit] 

1 (2x1 
94 (3x) 
40 (2x) 

Settings 

CAI 
CA2 
CAI 7 

See Appendix 3 for the corresponding Simulink model. 

A2.4 Measurement Offset 

f c  

10 kHz 
470 Hz 
10 kHz 

Another point of interest on the experimental setup of the beam is the fact that the measurement 
devices often give an initial offset in the measurement. So when the beam system is not being excited, 
the measured displacements and accelerations do not equal zero exactly. This could imply two things: 
the actual position of the beam is not zero, or the measurement device is not tuned correctly. The first 
possibility would cause a different response of the beam then expected, which is not the case. So 
probably the second possibility is the case. The measurement device does not give zero value when the 
actual displacement is zero, so the measurement has an offset. This means that the measurement does 
not represent the actual position of the beam well. 

In order to obtain the right model description this offset has to be corrected for at the start of the 
experiment. This can be done manually, by substracting the offset from the measured signal. Also see 
Appendix 3 for the corresponding Simulink model. 

Scale 

1..11 
1..11 
1..11 

The same procedure can be applied to the acceleration measurement. But here an other phenomenon 
can be seen, being offset-drift. This means that the value of the measured offset changes in time, 
during the experiment. So here a constant offset compensation will not be sufficient. When the 
timeperiod of the experiments is kept short however, this offset-drift can be neglected. 

Mechanical 
UnitsNolt 

50 
50 
50 



Appendix 3 : Implementation of the Observer 

The observer is implemented in Simulink. This Simulink model is shown in Figure A1-A3. The gains 
K are according to Table A1 and the constants Offsetqm and Offsetqa are used to cancel out any 
constant offset value in the measured positions. This model can be used for both the linear error 
dynamics observer and the Kalman filter by applying the corresponding values for the gains KI and K2. 

Gain 

Gain1 

Observer model 

Y 

The main system consists of two subsystems. The signals obtained from the dSPACE data acquisition 
board are used in these subsystems. The subsystem Model gives the model equations 8 = A,i  + bu , 
where Ai depends on the measured middle position y(2). 

. x fW 7 .Y 

Model . Y 
W X )  

X 

Innovation 

F-c-- Switch 

F ~ P  Relational Subsystem "Model" 

Operator 

Constant 

The other subsystem Innovation accounts for the term 8 = K,  (y - ~ i )  also depending on the sign of 
the middle position. 



U 
Constant 

Subsystem "Innovation" 

The two signals of these subsystems are summed and integrated, from which the estimated state x 
arises. Then, depending on the sign of the measured position qmid, this state x is led into the two 
systems again to compute the new derivative of the estimated state. 



Appendix 4: Estimation of qt 

In the figure below the estimated values for qt and qt are shown, obtained with the Kalman filter. The 

amplitude of the displacements and velocities of this third DOF are considerably larger then the other 
two DOF's. Also the signals look more high fiequent. 

0 

Time [s] 


