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Abstract. We consider multigrid methods applied to standard linear finite element discre
tizations of linear elliptic boundary value problems in 2D. In the multigrid method damped
Jacobi or damped Gauss-Seidel is used as a smoother. We prove that the two-grid method
with v pre-smoothing iterations has a contraction number with respect to the maximum norm
that is (asymptotically) bounded by Cv-~ I1n hkl 2 , with hk a suitable mesh size parameter.
Moreover, it is shown that this bound is sharp in the sense that a factor lIn hkl is necessary.
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1. Introduction

If one considers elliptic boundary value problems in IRN (N = 2,3) then multigrid methods
can be used to solve efficiently the large sparse linear systems that arise after discretization.
In recent years there has been intensive research into the theoretical understanding of the
convergence properties of these methods. We refer to Hackbusch [10], McCormick [14] and
the references therein. The main feature of multigrid is that for a broad class of problems
the contraction number has an upper bound which is smaller than one and independent of
the mesh size. In theoretical analyses this has been shown for several variants of multigrid.
Usually in these analyses the energy norm is used; sometimes one uses the euclidean norm.
Some first results about multigrid convergence in the maximum norm are presented in [19]. In
that paper, however, only two-point boundary value problems are treated. In this paper we
present convergence results in the maximum norm for multigrid applied to a class of elliptic
two dimensional boundary value problems. We consider a regular linear (nearly) symmetric
elliptic boundary value problem on a domain n c 1R2 and we use linear finite elements on
quasi-uniform triangulations.
Two main results of this paper are the following. Firstly, we prove that for a two-grid method
with II damped Jacobi or damped Gauss-Seidel smoothing iterations the contraction number

1
with respect to the maximum norm is (asymptotically) bounded by GII-'2 lIn hkl2 (with hk
a suitable mesh size parameter). Secondly, it is shown that this bound is sharp in the sense
that a factor lIn hkl is necessary: For a concrete (very regular) example we prove that the
contraction number with respect to the maximum norm of a standard two-grid method with
a fixed number of smoothing iterations is bounded from below by G lIn hk I.
SO instead of an "optimal" bound GII-1 for the contraction number in the energy norm (or
the euclidean norm) we obtain a "nearly optimal" bound GII-t lIn hkl 2 if we use the maxi
mum norm and this bound is sharp in some way.

We now outline the remainder of this paper. In §2 we introduce a class of elliptic boun
dary value problems. Some properties of the usual linear finite element discretization on a
sequence of quasi-uniform triangulations are derived in §3. An important property, due to
Descloux [7], is that the mass matrix has a condition number which is uniformly bounded
(for hk 1 0) with respect to the maximum norm. In §4 and §5 we prove the Approximation
Property and Smoothing Property (d. Hackbusch [10]) respectively. In the proof of the
Approximation Property we use a regularity result due to Campanato [5] and an LOO-finite
element error estimate due to Rannacher and Frehse [18,8]. From the latter the factor lIn hkl 2

originates. The Smoothing Property is proved using a new technique introduced in [20]. In §6
we derive convergence results for the two-grid method and we discuss the multigrid W -cycle.
Finally, in §7, we analyze a specific example. We consider the Poisson equation on the unit
square and use a linear finite element discretization on a uniform triangulation. We prove
a Giin hkllower bound for the contraction number of a standard two-grid method with a
fixed number of smoothing iterations. Our analysis in §7 is based on the approach used by
Haverkamp in [11].

2. Continuous problem

Let n c 1R2 be a bounded open domain with an sufficiently smooth. We consider the
following variational boundary value problem:
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(2.1) !
find tp* E HJ(n) such that for all 'lj; E HJ(n)

2 J atp* a'lj; JL: aij -a. -a. dx = f 'lj; dx .
. . 1 x t x Jt,J= (2 (2

We use the notation

(2.2) a(tp,'lj;) = t Jaij ;:. ;;. dx (tp,'lj; E HJ(n)),
i,j=l (2 t J

and we make the following assumptions about n, f, a(·, .):

(2.3)
(2.4.a)
(2.4.b)
(2.4.c)

f E L2(n)
an E c2,Q (ex E]O, 1])
aij = aji j aij E Cl,Q(fi) (ex E]O, 1])
there are constants All A2 > 0 such that for all (6,6) E JR2
and all x E n

2

A21~12::; L: aij(x) ~i~j ::; All~12 .
i,j=l

By Hm,p(n), H;-,p(n) (1::; P ::; 00, m E IN) we denote the usual Sobolev spaces with norm
II . IIHm,p and II . IIHm,p respectively. If p = 2 we use the notation Hm(n), Hlf(n).

o

Remark 2.1. In multigrid convergence theory an important role is played by the regula
rity of the differential operator. It is well-known that under the assumptions (2.3), (2.4.a-c)
we have H2-regularity: tp* is an element of H2(n) n HJ(n) and Iltp*IIH2 ::; C Ilfllp with c
independent of f. If instead of p = 2 we take another p E]1, oo[ then a similar H2,P-regularity
result holds (d. [9]). However, even if an and the coefficients aij are very smooth, a similar
H2,<Xl-regularity estimate Iltp*IIH2,oo ::; C Ilfll£oo does not hold, as is shown by the following
example (due to [17]). Let n be the unit sphere and a(tp, 'lj;):= f Vtp· V'lj;dx. For € E [0,1]

(2
we define tp;(xI, X2) = XlX2 In(lxl +€) - XlX2 In(1 +€) (with tp~(O, 0) := 0). Then tp;18(2 = 0
and ~c.p; exists on n. Now define fe := -~c.p;, then fe E L<Xl(n) for all € E [0,1] and even
fe E C(fi) if € E]O,1]. However, if € = 0 we have c.p; (j. H 2,<Xl(n) and if € E]O,1] we have
tp; E H2,<Xl but Iltp;IIH2,00 IlfellL!o is unbounded for € 1 O.
In the proof of the Approximation Property (§4) w.r.t. the L<Xl-norm another type of re
gularity result (due to Campanato [5]) is used, in which the usual LP(n) space is replaced
by the space of John-Nirenberg EO(n) (also called the space of functions of bounded mean

c c
oscillation, d. [12]). This space satisfies L<Xl(n) =J EO(n) =J LP(n) for all p E [1,00[.

3. Discretization and two-grid method

We take a sequence of nested quasi-uniform triangulations {1k IkE lNo} as follows. For
every k we define nk := UTE'1k T and for every 1k we use a mesh size parameter hk with
o< hk+l < hk < 1. We make the following assumptions (with constants Ci independent of T
and k):
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(3.1.a)
(3.1.b)

(3.1.c)

(3.1.d)

(3.1.e)

dist(aOk, ao) ~ coh~;
for any two different triangles in 1k the intersection is empty
or consists of a common vertex or of a common side;
for every T E 1k there is a disc with radius c1hk containing
T and a disc with radius C2hk contained in Tj
for every t E 1k there is a subset S of 1k+l such that
UTes T = t (this corresponds to mesh refinement) j

hkhk~l ~ C3·

Continuous piecewise linear functions on such a triangulation 1k yield a finite dimensional
function space

(3.2) ~k = {v E C(fi) I v is linear on every T E 1k and v == 0 on aOk U (fi\Ok)} .

These spaces are nested, i.e.

(3.3) ~o C ~l C .. , C ~k C ... c HJ(O) .

The collection of interior grid points in 1k is denoted by {xiheJI< for some indexset Jk with
#Jk = nk. We use the notation Uk =JRnl<. The standard basis of lPk is given by the functions
<pi E ~k which satisfy <pi(x{) = 6ij (i,j E Jk)' This induces the natural bijection

(3.4) Pk: Uk ~ ~k, Pk(U) = L Ui<Pk'
ieJI<

On Uk we use a scaled euclidean inner product with corresponding norm

(3.5)
1

UiVi, Ilullk =< u, U>~ .

The maximum norm on Uk is denoted by II ·1100' Below, adjoints are always defined with
respect to the L2-inner product on ~k and < ',' >k on Uk. The norms II ·1100 (on Uk) and
11·IILoo (on ~k) induce associated operator norms which are denoted by 11·1100'

Remark 3.1. Lemma 3.2 below yields that the sequences (Pk)k?O, (p;l )k?O, (pnk?O and
((Pk}-l )k?O are uniformly bounded in 11·1100' In the analysis of multigrid convergence in the
euclidean norm (d. [10]) such a uniform boundedness result is used too, but then w.r.t. the
norms II· Ilk and II ·lIu. The latter uniform boundedness is closely related to the well-known
fact that the mass matrix PkPk has a condition number 0(1) (hk 1 0) in the euclidean
norm. The main argument in the proof of Lemma 3.2 is that the condition number of the
mass matrix is 0(1) (hk 1 0) w.r.t. the maximum norm, too. This result has been proved
by Descloux in [7].

LEMMA 3.2. Assume (3.1.b,c), then the following holds with constants C1 and C2 inde
pendent of k:
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(1) IlPk ullLoo = lIull oo for all u E Uk,

(2) C1 11c.pIILoo ~ 11Pk'c.plloo ~ C2 11c.pIILoo for all c.p E cIJk.

Proof. The result in (1) holds because Pk u is piecewise linear and (Pk u)(xi) equals the i- th
component of u. Due to (1) the statement in (2) is equivalent with

For i,j E Jk we have (with em the m-th unit vector in Uk)

(Pk' Pkkj=h;2 < Pk'Pkej,ei>k=h;2 Jc.pic.p{dx.
n

So, using (3.l.c), we get

IIPk'Pklloo = m~ h;2 L J<P{c.pi ~ m~x h;2 supp(c.pi) ~ C2 ,
t jeh n t

thus the second inequality in (2') holds. For the first inequality in (2') we note that due to
the quasi-uniformity of the triangulations the assumptions in [7] hold. Theorem 2 in [7] then
yields the desired result. 0

Galerkin discretization results in a stiffness matrix Lk : Uk -+ Uk defined by

Also we have that

For solving a system of the form LkUk = 9k we use a standard multigrid method. The iteration
matrix of the smoothing method is denoted by Sk. For the prolongation P = Pk : Uk-l -+ Uk
we use the natural one:

(3.8) P = pj;l Pk-l .

For the restriction r = rk: Uk -+ Uk-l we take

(3.9) r = p* .

The iteration matrix of the two-grid method with v pre-smoothing iterations is given by
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Below, in §4 and §5 we will prove the Approximation Property and Smoothing Property (d.
[10]) with respect to the norm 11·1100'

4. The Approximation Property

We begin this section with a discussion of a rather special finite element Loo-error estimate
that will be used in the proof of the Approximation Property below.
In most convergence analyses of multigrid the regularity of the underlying boundary value
problem is used. If the analysis is based on the energy norm then h-independent convergence
can be proved under very weak regularity conditions (d. ego [1], [2], [3], [4], [10], [13], [16]).
If, however, one wants to prove the Approximation Property in the scaled euclidean norm
then an H2-regularity estimate

(4.1) 11'P*IIH2 $ C 11/11£2

is necessary, as is shown in [6]. The Approximation Property then follows from a combination
of (4.1) with the following (in which 'Pk is the Galerkin solution in cPk):

(4.2.a) II'Pk - 'P*IIL2 $ ch~ 1I'P*IIH2 (finite element error estimate),

(4.2.b) II . IIL2 and II· Ilk are uniformly equivalent for k -t 00 .

In this paper we want to prove the Approximation Property in the maximum norm. Clearly,
the analogue of (4.2.b) is given in Lemma 3.2. With respect to (4.2.a) we note that LOO_ error
estimates of the form

can be found in the literature (e.g. in [8], [15], [22], [23]). However, it is shown in Remark 2.1
that, even for very regular problems, an H2,00-regularity estimate 11'P*IIH2,oo $ C 1I/IILoo does
not hold. Therefore it is not clear how (4.3) can be used to prove the Approximation Property.
In [8,18] Rannacher and Frehse prove the following type of (asymptotic) error estimate for
1 E L oo

:

This result, which is a substitute for the combination of (4.1) and (4.2.a), and the result of
Lemma 3.2 are the main points in the proof of the Approximation Property in Theorem 4.2
below.

Remark 4.1. We briefly comment on the combination of regularity and approximation pro
perties of cPk used in the proof of (4.4). Instead of LP(n) the John-Nirenberg space EO(n) is

used with a suitable norm denoted by 1I·IIL2,o. For EO(n) one has LOO(O) #EO(O) #LP(O)
for every p E [1,00[. Instead of H2(0) the subspace H 2 ,O(0) of functions for which all ge
neralized second derivatives are in EO(n) is used. In [5] Campanato proves the following
regularity result:
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(4.5) 11'P'"IIH2,0 ::; c Ilfll£2,o for all f E EO(Q) .

In [8] Frehse and Rannacher prove the following asymptotic error estimate (for ease Qk = Q):

Furthermore in [18] Rannacher proves the following (less standard) approximation property
of the space q)k if 'P'" E H 2,O(Q) n HMQ):

Combination of (4.5), (4.6) and (4.7) yields (4.4) (note that Ilf11L2,0 ::; c IlfIILoo).

THEOREM 4.2. Assume (2.4.a-c) and (3.l.a-e). Then there are constants ko and CA such
that for all k ~ ko the following holds:

Proof. Take 9 E Uk. In the proof different constants C, all independent of k and g, are used.
Let 'P E HJ(Q), 'Pk E q)k and 'Pk-l E q)k-l be such that

a('P, 1/;) = ((pn- 1 9,1/;)£2 for all 1/; E HJ(Q)

The asymptotic error estimate (4.4) yields that for k large enough, say k ~ ko, we have

Using (3.l.e) this yields for k ~ ko

From (3.7) it follows that 'Pk = PkL;;l 9 and 'Pk-l = Pk-1L;;21 rg. Using Lemma 3.2 and
(4.9) we have that for k ~ ko:

o
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5. The Smoothing Property

The usual technique for proving the Smoothing Property requires symmetry (or a nearly
symmetric situation), and yields results in the euclidean norm or in the energy norm. We
refer to Wittum [24], where smoothing and the construction of smoothers are discussed in a
general framework. A new approach to the Smoothing Property has been introduced in [20].
The analysis there does not use symmetry and can also be used for the maximum norm. A
disadvantage of this new approach is that we need a damping factor less than or equal to 0.5
(whereas the conditions for the damping factor in [24] are less restrictive). The results ofthis
section can be found in a more general setting in [20]. The analysis here is the same as for
the 1D case in [19]. For completeness we give proofs here too.

The smoothing iteration we use is based on a splitting

We make the following assumptions about this splitting:

(5.2.a) Wk is regular and IIW;l Rklloo $ 1 for all k,

(5.2.b) IIWklloo $ ch"k2 for all k, with c independent of k .

Remark 5.1. It is well-known that if Lk is weakly diagonally dominant (i.e. ~#i I(Lk)ijl $
I(Lk)ii! for all i) then (5.2.a) holds if (5.1) corresponds to the Jacobi or Gauss-Seidel relaxa
tion. It can also be shown (cr. [21]) that the following criterion holds:

if Lk is such that Lk e ~ 0 (with e = (1,1, ... , 1f and "~" entrywise) and if (5.1)
is a (weak) regular splitting then (5.2.a) holds.

This criterion applies to the ILD splitting of an M-matrix Lk.

The proof of the Smoothing Property in Theorem 5.3 below is based on the following ele
mentary lemma.

LEMMA 5.2. Let A be a square matrix with IIAlloo $ 1. Then the following holds

Proof·

So

7



Combined with (5.4) this yields the first inequality in (5.3). Elementary analysis yields that

For details we refer to [20]. o

As a smoother we use a damped iteration based on the splitting in (5.1). We consider an
iteration with iteration matrix

(5.5) Sk = I - OW;l Lk' 0 E]O,~] .

THEOREM 5.3. Assume that (5.2.a,b) holds. Then we have the following inequality with a
constant Cs independent of k and v:

Proof. Let A := 1- 20W;l Lk = 20W;l Rk + (1 - 20) I. Then due to (5.2.a) and 0 E]O,!]
we have IIAlioo ~ 1. Using Lemma 5.2 we get

IILkSklloo = IILk(I - OW;l Lk)!'lloo

= 11 2
1
0 Wk(I - A) (!Y' (I + AYlloo

8
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6. Contraction number of the two-grid method

Theorem 4.2 and Theorem 5.3 combined immediately yield the following result.

THEOREM 6.1. Assume (2.4.a-c), (3.l.a-e) and (5.2.a,b). Let Tk(V) be as irt (3.10) with
Sk from (5.5). Then there are constants ko and GTG independent of k and v such that for all
k ~ ko, we have

(6.1)

Clearly Theorem 6.1 shows that if we take v = Vk then for IITk(Vk)lloo ~ c < 1 to hold, in
our upperbound we need Vk = 9(hk) with 9 a logarithmically growing function for hk 1 o.
In §7 we show that, with the assumptions as in Theorem 6.1, at least one factor lIn hkl is
necessary in an upper bound for IITk(V)lloo.

With respect to multigrid convergence we note the following. Using the technique as gi
ven by Hackbusch in [10] it is straightforward to derive a convergence result in the maximum
norm for the multigrid lV-cycle. A shortcoming of Theorem 6.1 is the requirement k ~ ko
(due to the asymptotic error estimates in the proof of the Approximation Property). If we
consider a multigrid lV-cycle with coarsest triangulation Tm and if m < ko then we need
bounds for IITk(v)lloo with k < ko too. Convergence results in the euclidean norm yield such
a bound:

So we have IITk(V)lloo ~ c < 1 on coarse grids (k < ko) if v = Vk '" hk
1

• Note that this is
not very satisfactory, but also it is of minor importance because it does not affect the order
of complexity (for hk 1 0) of the algorithm.

Remark 6.2. In this paper we only consider the symmetric variational problem (2.1). From
§5 we see that in the proof of the Smoothing Property (Theorem 5.3) this symmetry is not
used; the only conditions are (5.2.a,b). The proof of the Approximation Property (Theorem
4.2) remains valid for a more general (e.g. nonsymmetric) problem, provided that the results
in Lemma 3.2 and in (4.4) hold. The results in Lemma 3.2 do not depend on a(·,·) at all, but
only on the triangulation. So our analysis yields a result as in Theorem 6.1 for a more general
second order elliptic boundary value problem too, if the finite element error estimate (4.4)
from [8,18] holds. In [8,18] only the symmetric situation as in (2.1) is considered, however,
in [17] it is remarked that (4.4) can be carried over to general second order elliptic problems,

9



provided that an and the coefficients are sufficiently regular, and that the corresponding
proofs in [8,18] require only very little technical changes.

7. A lower bound for the contraction number

In this section we show that the estimate in Theorem 6.1 is sharp in the sense that a factor
lIn hkl is necessary (the power 2 of the lIn hkl term, however, may be due to the method of
proof).
We consider the Poisson equation on the unit square and use a linear finite element discre
tization on a uniform triangulation. We analyze the standard two-grid method as in §3 for
solving the resulting system of equations. We show (cf. Theorem 7.6 and 7.7 below) that for
a fixed number of smoothing iterations the maximum norm of the iteration matrix is bounded
from below by C lIn hkl. Our approach is based on the analysis given in [11]. Also we use
an important result from [11] (Lemma 7.3 below).

Let n be the unit square and consider the variational boundary value problem as in (2.1),
(2.2) with

(7.1) a(tp,'ljJ):= JVtp· V'ljJdx .

n

We use a uniform triangulation with mesh size parameter hk = 2-(k+1) (k E !No) as indicated
in Fig. 1.

1

o 1

Fig. 1

o 1

Now let 1k-l and 1k be two successive triangulations. We use the definitions of §3 and for
ease of notation we introduce h := hk, 'TJ. := 1k, Jh := Jk, ~h := ~k, tp~ := tpi, Uh := Uk,
Ph := Pk, < U,V >h:=< U,V >k, Lh := Lk. Likewise we use H:= 2h, TH, JH, ~H, tpk,
UH, PH, < ',' >H, LH. Furthermore the index in h (JH) corresponding to the grid point
Q := (~, ~) is denoted by i~ (i~) and the unit vector in Uh (UH) corresponding to Q is

denoted by e~ (e~).

We now introduce a function Wh E ~h which plays an important role in the analysis be
low. This function is defined as the piecewise linear interpolant on 'TJ. of the (h-dependent)

10



function

We write Wh := PhI Wh. For all grid points x~ in ~ we have Wh(Xh) E {-l,~, O}. In Fig. 2
we show the pattern of these function values.

Fig. 2 Values of the function Who +: value ~; -: value -~; 0: value o.

It is easy to prove Lemma 7.1 below. A simple proof can be found e.g. in [11].

LEMMA 7.1. For i,j E Jh the following holds

4 if Z = J

(7.2)

o otherwise.

LEMMA 7.2. The following holds:

and for i E JH:

a(Wh, 10k) = {
0 if . i= .Q

Z zH
(7.4)

1 if
. .Q
Z = zH .

11



Proof. We extend the vector Wh E Uh by taking zero values corresponding to all boundary
grid points of lit. Then Lemma 7.1 yields that h2Lh corresponds to the difference star

-1 -1

~/
4 in all interior points.

/~
-1 -1

For i E Jh the value (h2LhWh)i can be found by application of this difference star in the grid
point xi to the function Wh = PhWho Fig. 2 then shows that

if i =f i~

if i = i~

So h2LhWh = 4Wh - e~ holds.
The proof of (7.4) runs as follows. For i E JH we have

Note that

(7.6)
if i =f i~

}'f' .Qt = tH .

With respect to the term 4h-2 < Wh, pi:1cpk >h in (7.5) we note the following. First we
take i E JH such that xk is a vertex of 4 triangles in TH. Then cpk has nonzero values in 5
grid points of lit as indicated in Fig. 3. Using Fig. 2 we see that in these grid points Wh has
values as indicated in Fig. 3.

fr,(3E{-hH
fr+(3=O

-: triangles in TH

Fig. 3

So 4h-2 < Wh, pi:1cpk >h= O. Secondly, for i E JH\ {i~} such that xk is a vertex of 8
triangles in TH we have values for cpk and Wh as illustrated in Fig. 4.

12



a,{3",6 E {-htl
a+{3+,+6=O
-: triangles in TH

o

Fig. 4

So again 4h-2 < Wh, p;:ltpk >h= O. Finally for i = i~ we have a situation as in Fig. 4 but
now with a = (3 = , = 6 = ~, so 4h-2 < Wh, p;:ltpk >h= 2.
Using these results for 4h-2 < Wh, p;:lcpk >h and the result (7.6) in (7.5) proves (7.4). 0

A proof of the following lemma is given by Haverkamp in [11; Lemma 5].

LEMMA 7.3. If'l/JH E ~H is such that for i E JH we have

if i -::J i~

l'f' ,Q
1 = lH ,

then 'l/JH(Q) > 11'-2 lIn HI.

LEMMA 7.4. The following holds:

Proof. We take 'l/JH as in Lemma 7.3. Then it follows (cf. Lemma 7.2) that 'l/JH is the
orthogonal projection of Wh on ~H:

So

and thus

This yields

13



= IIWh - 'l/wlloo ~ I(Wh - 'l/JH) (Q)I = I'l/JH(Q)I > 1I"-
2 1In(2h)1 . o

We now prove three theorems in which the main results of this section are given. Theorem 7.5
gives an estimate related to the Approximation Property in Theorem 4.2. In Theorem 7.6
and Theorem 7.7 we give lower bounds for IITk(lI)lloo. In Theorem 7.6 we take damped Jacobi
and damped Gauss-Seidel as a smoother with a damping parameter (J E]O,! [. In Theorem 7.?
we consider damped Jacobi again, but then with (J E]O, 1[.

THEOREM 7.5. The following holds:

Proof. From Lemma 7.2 we have IILhWhlloo = h-2114wh - e~lloo = h-2. Lemma 7.4 then
yields

We consider a splitting as in (5.1) corresponding to the Jacobi or Gauss-Seidel method. Note
that the conditions (5.2.a,b) are fulfilled. We use a damped version with damping parame
ter (J (Sh = 1- (JWh"l Lh).

THEOREM 7.6. For () E]O,![ the following holds:

Proof. III - Wh"l Lhlloo ~ 1 holds and thus IIWh"l Lhlloo ~ 2. So for (J E]O,![ we have

Combining (7.7), Lemma 7.4 and IIwhlloo = ~ yields

II Th(lI)lloo = 11(1 - pL1lrLh) SKlloo

~ 11(1 - pLl/rLh) whlloo/IISh"IIWhlloo > 11"-2 Iln(2h)1 (1 - 2(Jy 4 . o

THEOREM 7.7. Let Sh = I - ()~h2Lh be the iteration matrix corresponding to the damped
Jacobi iteration. Then for () E]O, 1[ the following holds with a constant K independent of h:
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Proof. The following holds (d. Lemma 7.2):

Thus

v-I

(7.8) SKWh = (1 - O)v Wh + ~O L (1 - O)k Sh- I
-

k e~ .
k=O

1

The analysis of the coarse grid correction w.r.t. the scaled euclidean norm 1I·lIh =< ',' >l
yields (see e.g. [10]):

(7.9) III - pL1lrLhllh ::; K, K independent of h.

Also note that for every 0 E]O, 1[ we have

Combination of Lemma 7.4, (7.8), (7.9), (7.10) and Ilulloo ::; h- I Ilulih yields

v-I

2: 4(1- 0t 11(1 - pLilrLh) whlloo - °11(1 - pLilrLh) L (1- 0/ Sh- I
-

k e~lloo
k=O

v-I

> 4(1 - O)V 1r-2 Iln(2h)l- Oh- I K L (1- O)k h
k=O

> 4(1 - 0t 1r-2 Iln(2h)l- K .

o
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