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Chapter 1 

Introduction 

Continuum damage mechanics provides a possibility to incorporate the development and 

growth of microcracks, which leads to the formation and propagation of macrocracks and 

eventually to rupture, in continuum mechanics. Continuum damage models often exhibit strain 

softening, that is, the load-carrying capacity decreases with increasing deformation and the 

tangential stiffness becomes negative. A difficulty associated to strain-softening is the 

dependence of numerical solutions on the size and orientation of the mesh. This has led to a 

number of approaches which introduce non-conventional constitutive relations to remove the 

mesh-dependency . 

One of these is the gradient dependent damage model, which is based on a non-local damage 

description, but includes higher-order deformation gradients instead of an integral averaging. 

One-dimensional numerical simulations have shown that the gradient dependent model allows 

for controlled localization. The bar which was used in the simulations, had an imperfection to 

start the localization process. A question which now arises, is whether or not the localized 

solution also exists in the perfect bar, next to the uniform solution which will be found 

normally. To answer this question a few steps have been taken. The first step to examine the 

existence of localized solutions in a perfect bar consists of decreasing the imperfection size in 

the imperfect bar. It is examined whether the change in imperfection size leads to a 

convergence of the solution. This approach is elaborated in Chapter 3, after an introduction of 

the problem configuration in Chapter 2. 
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For the numerical calculations an incremental method is used. When an increment is chosen 

exactly at the peak-stress, the response will theoretically be undetermined and alternative 

solution paths may be found next to the homogeneous solution. By carefully manipulating the 

incremental steps at the peak-load, these different solutions are triggered. This step is 

explained in Chapter 4. 

The las: step which is :&en to filnd the !oca!ized so!utiofis in a perfect baï, is afi a.ralysis of the 

eigenvalues of the tangential stiffness matrix. If other paths exist next to the homogeneous 

solution, loss of uniqueness must occur. This loss of uniqueness can be traced by monitoring 

the eigenvalues of the tangential stiffness matrix. With this knowledge an eigenvalue analysis is 

also useful to investigate which path is the most critical. This is the path with the lowest 

fracture energy and therefore the path which is the most interesting. The eigenvalue analysis is 

explained in Chapter 5. 

Some conclusions from this research can be found in Chapter 6. 
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Chapter 2 

Problem statement 

Classical damage model 

One of the mechanisms to which continuum damage mechanics has been successfully applied is the 

failure of brittle materials. Therefore, the continuum damage theory which is used in this work 

revolves around these materials. The essence of continuum damage mechanics is that the 

macroscopic effect of material damage is represented by a continuous state variable. In the one- 

dimensional setting adopted in this report, a scalar quantity, the damage variable O I D 1 1 ,  will 

describe the damage process. Undamaged material is characterized by D=O, while D=l corresponds 

with complete loss of material coherence. 

The simple model in which damage is coupled with elasticity (Pijaudier-Cabot and Bazant, 1987) is 

used in this work. The stress-strain relation then reads 

o=E( ~-D)E, (2.1) 

in which O is the Cauchy stress and E the strain; E is Young’s modulus of the undamaged material. 

The growth of damage is a function of the deformation history of the material. This relation 

involves a hardening-softening parameter K, which is equal to the maximum deformation the 

material has experienced or the initial value K(O)=& : 
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The damage variable is related directly to K by an evolution law of the form D=D(K). In case of the 

bi-linear stress-strain relation plotted in Figure 1, this relation reads 

c o  if KIK, 

with & = & *n being the point where the load carrying capacity is totally exhausted. 

Figure 2.1 Local stress-strain relation. 

Strain-softening 

As in many continuum damage descriptions of failure mechanisms, the present model may exhibit 

strain softening. This means that the stress decreases with increasing deformation. The 

consequences of strain softening are best demonstrated by the example of a single bar, with length 

L, loaded in uniaxial tension. The local stress-strain relation is taken bi-linear, see Figure 2.1. Prior 

to reaching the strain level &, the material behavior is considered to be linear elastic, with Young's 

modulus E, while linear softening is assumed beyond the threshold &. If we have a perfect bar, 

modeled with m elements, so that all elements have exactly the same tensile strength, the bar 
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deforms uniformly throughout the loading process. But if one element has slightly lower strength, 

(Figure 2.2) only this element will reach the peak in its local stress-strain diagram. This element will 

enter the post-peak path A-B in Figure 2.1, causing the stress level to decrease. The other m-1 

elements unload elastically, following the path A-C. 

< > 
L/m 

< > 
L 

I I 

damage 

/ \ . / 

L/m 

Figure 2.2 Bar configuration with one weakened element. 

Thus, localization of deformation occurs, and the localization width equals the element size Urn 

instead of being determined by the constitutive description. This implies that when all elements have 

the same size, we have for the average strain increment 

A U  AUu AU,, 
L L L 

+-, - - -  - 

with A U  being the incremental elongation of the total bar. The first term of the right hand side 

represents the average strain for the undamaged part of the bar and the second term for the 

damaged part. Relation (2.4) can be elaborated as 

L 

Consequently, if we increase the number of elements m while keeping the length of the bar fjxed, 
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the average strain in the post-peak regime gradually becomes smaller (Figure 2.3). For m=n the 

stress drops verticauy after reaching the tensile strength. For m n  the average strain in the post- 

peak regime even becomes smaller than the strain at the peak load. This implies that for m n ,  the 

load-deflection curve shows 'snapback behavior. When the number of elements m goes to infinity 

the post-peak path coincides with the elastic path, so that the fracture energy, which is related to 

the area under the GAUL curve,is zero. Thus, the o-AUíL response depends heavily on the 

number of elemeïìts a d  it does no: converge to i: physic&y acceptzibk s d ~ t i ~ n  iipon mesh 

refinement. 

Ki AU 
L 

Figure 2.3 Effect of mesh refinement on load-displacement curves. 

Gradient damage formulation 

There are a number of different approaches to overcome this mesh dependence problem. One of 

these is the gradient dependent model. In this model strain localization is regularized by the 

introduction of deformation gradients in the constitutive description. A gradient damage 

formulation has been derived by Peerlings (1994) from a non-local damage theory. In order to 

obtain a solution for a specific configuration, two differential equations have to be solved: the 

equilibrium equation 

- = O ,  d o  
dx 

7 



and the strain averaging equation 

- d2E 
&-C-=&, 

dx2 (2.7) 

with c being a material parameter of dimension length squared, which is related to the internal 

h g t h  scde ef the m&xiu!. In the gradient damage mode! the p r a m t e r  K depends on the non- 

local strain E instead of E: 

This model does not result in localization of deformation in one element, but in a larger zone. 

Its width is governed by the internal length scale, introduced by the gradient enhancement 

(Peerlings, 19943. 

Perfect construction 

Localized solutions have been obtained by Peerlings (1994) for a bar with imperfection. It is 

well-known that the local damage model may yield localized solutions also in the perfect bar, 

in addition to the uniform solution. In fact, the number of elements which enter the softening 

path is not uniquely determined. The gradient model will normally result in a homogeneous 

solution when applied to a perfect bar, Figure 2.4(a). But it is unclear whether localized 

solutions of the perfect bar problem can also exist in the gradient damage model (Figure 

2.4(b)). 

To obtain an answer to the question whether or not the gradient damage model may lead to 

(regularized) strain localization in the perfect bar, a number of steps have been taken, which 

will be discussed in the following chapters. 
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Figure 2.4 (a) homogeneous solution (b) localized solution. 
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Chapter 3 

As a first approach, it is expected that some insight in the existence of a localized solution in the 

perfect bar can be gained by studying the sensitivity of the response of the imperfect bar to the 

imperfection size. The weakened bar studied by Peerlings (1994) is taken as a starting point for this 

analysis. The width of the weakened zone in this bar is then gradually reduced. It is felt that if the 

solution converges to a certain response when the construction is thus made less imperfect, a 

localized solution probably also exists in the perfect bar, and will probably be equal to this 

converged solution. 

For the numerical solution we have used a bar with length b l o 0  mm, divided in 640 elements. 

The cross sectional area equals A=10 mm2 and in the weakened zone, the length and cross section 

of which are denoted as and A ,  respectively, the cross section is reduced to A = 9mm2. For 

Young’s modulus E, the initial threshold IC, , its critical value 1~ , and the gradient parameter c, we 

have chosen E = 20,000 N/mm2 , ici = lo4 , ic, = 0.0125 and c = 1 mm2. The numerical solutions are 

obtained by the finte element method. An incremental-iterative method is used to solve the 

resulting balance equations. An arc-length method is used to control the calculations. For a detailed 

discussion of the numerical implementation, reference is made to Peerlings (1994). 

u - 
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(a) elongation [mmj 

Figure 3.1 (a) stress-displacement curves and 

impeifection. 
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(b) strain distributions for different sizes of 

The size of the impeifection was varied from the original value ? = l o m  to [=5m.n, 2.5;mm and 

1.25 mm. In Figure 3.l(a) the stress-displacement curves obtained in these simulations are shown. 

We observe an increase of the peak-stress for a decreasing imperfection size. For larger elongations 

the curves for different size of impeifection intersect. The coi-responding strain distributions have 

been plotted in Figure 3.l(b), for an elongation of 4k0.025 [mm]. A smaller imperfection size 

results in a slightly wider base of the strain localization zone, but a more localized peak. The value 

of the peak strain remains approximately constant. The total area under the strain c'urve must 

remain the same, since it has been plotted for the same value of AL. 

The increase of the peak-stress due to the decrease of the size of the imperfection can be verified 

analytically by computing the stress level at which the damage initiates. 
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Because of symmetry we consider only the right half of the bar. If the strain in the unweakened part 

of the bar is denoted as E and that in the impeifection as E, equation (2.7) can be written for these 

two parts as 

( 3 . W )  
- d2E 
E-C-=E for !/2 < x I L/2 

dx2 

and 

- d2E - 
E-C- = E 

dx2 
for x I 112 

Notice that E and E are uniform if there has not been any damage growth. For the fust part we 

therefore have the solution 

X - X  - - - 
E(X) = B,e& + B,e& + B, for 1/2 < x I L/2 

and for the second part 

The constants B1 , BZ , B3 , Cl , C2 , C3 follow from several conditions which must be satisfied. 

Substituting equations (3.2) in equations (3.1) gives us expressions for B3 and C3 : 

u 

Furthermore, equilibrium at the cross-section discontinuity requires that EAE = EA E, so that E is 

given by E = - E . We now have 5 unknowns left BI , B2 , Cl , C2 and Z .  The non-local strain 

N 

A -  
A 
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- &and its first derivative must be continuous at x=1/21, that is x7ei2 lim E =  xLei2  lim E and 

dE dZ 
lim-= lim-. 
x7ei2 & d e i 2  & 

Substitution of equations (3.2(a)) and (3.2(b)) in these relations gives 

N i e  A -  
A 

i e  __ i e  i e  -_ 
Bie2& +B,e '& -C1e2& -C,e 2Jc - ( l - - ) & = O ,  

and 

(3.3) 

Because of symmetry, we have 

dZ/dx = O 

at x=O. This condition is also applied as a non-standard boundary condition at the end of the bar, 

i.e., for x=L/2. These conditions give us the following equations 

ci - c,=o (3 5)  

and 

1 L  --- 1 L  -_ 
B,e2& -B,e 2Jc = O .  (3.6) 

Finally, at the beginning of damage development, the non-local strain in x=O should equal the 

threshold q : 

- 
&(O) = K ;  , 
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so that we have, 

e, +e, + E = K i .  (3.7) 

From the equations (3.3)-(3.7) the 5 unknowns have been solved numerically for a range of values 

of t. The stress at damage initiation is then obtained from 

A -  
A 

CT=&= E-€.  

The relation between this stress and the width of the imperfection has been plotted as a solid curve 

in Figure 2.2. The dependence on the imperfection size is clearly visible. The limit values of the 

stress can be explained as follows. For small imperfections, most similar to a perfect bar, the 

weakeneci zone nas little influence on the elastic response; therefore the stress goes to the peak- 

stress E * I ~  = 2[N/mm2]. For large imperfections, the peak stress is governed by the weakened zone, 

but its value is related to the cross section area in the unweakened part, and therefore goes to 

A 
- EG = 1.8 [N/mm2]. The stress in the last increment before damage development occurs has been 
A 

- 

marked with a circle in Figure 3.2 for each size of imperfection. The stress of the first increment 

with a non-zero damage is are marked with a cross. The analytical solution of the peak-stresses lies 

between each of these stress pairs. Thus, the trend observed in the numerical solutions is confirmed 

by the analytical solution. 
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Figure 3.2 Analytical and numerical solutions for stress at damage initiation as a function of 

imperfection size. 

Although the peak-stress converges to a value of 2 @/m2], Figure 3.1 does not show a clear 

convergence to a solution for the perfect bar. But the fact that the different curves lie relatively 

close together and do not converge to the perfect bar, can be viewed as an indication that a 

localized solution does exist in a perfect bar. 
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Chapter 4 

As a next step, we try to obtain localization in a perfect bar by carefully choosing the increments in 

the numerical analysis. This is explained with the help of Figure 4.1. Normally, the peak-stress wiU 

fall within a loading increment (Figure 4.1(a)). In this case each element will enter the softening 

path and thus the trivial, homogeneous solution is obtained. But if the loading increments are 

chosen such that one increment ends exactly at the peak stress (Figure 4.1(b)), the response will 

fheoreticdy be undetermined. Which elements enter the softening path and wliicin elements d o a d  

elastically is then determined by round-off errors in the numerical procedure. If the size of the 

increments is also changed, (Figure 4.1(c)), these errors will be different, so that a different solution 

may be obtained. 

For the numerical solutions the same methods and parameters have been used as in the previous 

chapter. The bar is now divided in 20 elements. The increment size near the peak-stress has been 

varied, but the peak-stress coincides with an increment in each analysis. As can be seen in Figure 

4.2, in which the stress-displacement-curves have been plotted, different softening paths are indeed 

found next to the uniform solution. These additional solutions are more critical, i.e. they yield a 

lower fracture energy. For each of these softening paths the strain distribution is also different from 

the uniform solution. The strain distribution curves are shown in Figure 4.3 for an elongation of 

approximately ALr0.0225 mm. In Figure 4.3(a) the homogeneous strain distribution is plotted. The 

most critical solution appears to be that with localization at the end of the bar, Figure 4.3(b). Figure 

4.3(c) gives a solution which is very similar to the solution of the imperfect bar shown in the first 

chapter. The stress curves corresponáing to Figure 4.3(c) and 4.3(d) lie very close together. The 

difference in strain distribution between these solutions is not as big as it appears, the localization 

jrist owxïed at mother location. 
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ÄL 

Figure (a) 

AL 

Figure (b) 

AL 

Figure (c) 

Figure 4.1; stress-displacement curve with (a)peak-stress within an increment, (b) at the end of an 

increment and (c) at the end of a smaller increment. 
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Figure 4.2 S tress-displacement-curves for difYei-ent increment sizes. 

Other strain distributions have been observed in case of a 80 element discretization, see for instance 

Figure 4.4(a). For larger elongations the left peak in this strain distribution curve still grows while 

the right peak unloads elastically, Figure 4.4(b). 
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Figure 4.4 strain-distributions for a bar with SO elements 
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Chapter 5 

Eigenvalues analysis 

A rigorous method of examining the existence of localized solutions in a perfect bar, consists 

of a bifurcation analysis. As will be explained below, the possibility of bifurcation of the 

solution is related to the eigenvalues of the tangential stiffness matrix. But first some defintions 

are made. An equilibrium state is called stable if the response to a vanishingly small disturbance is 

alss vc&hgly s a d .  Stsibdity is lost in si L&t p i n t ,  which, fa- the one-clhemional situ&m and 

under load-control, coincides with the peak-load. The appearance of more than one solution of an 

equation, loss of uniqueness, occurs in a bifurcation point. Bifurcation points are found mainly in 

perfect structures and they are transferred into limit points when an imperfection is introduced. 

Loss of uniqueness can only occur after loss of stability, but the two can also coincide, (De Borst, 

1936). 

The discretized equations of motion resulting from the assumption of a gradient-enhanced damage 

model read, in a rate format, 

K a = f .  (5.1) 

Both the solution vector a and the right-hand-side f can be separated in two partitions: one related 

to the non-locality of damage growth and one which represents equilibrium. Similarly, the 

tangential matrix K consists of four partitions. Each of the partitions (of K as well as f) are detailed 

by Peerlings ( 1994). 

When a localized solution is found in the perfect bar next to the trivial, uniform solution, loss of 

uniqueness must have occurred. That is, equation (5.1) must have at least two solutions at a certain 
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state, each of which leads to an equilibrium path. This loss of uniqueness can only occur if K is 

singular, or, in other words, ifdet(K) = O. Because 

N 

det(K) = nhi , 
i=l 

with N being the total number of degrees of Íreedom of the system, this condition is satisfied when 

at least one eigenvalue, hi, becomes O. After passing the bifurcation point, K again becomes non- 

singular. Experience has shown that its eigenvalues are then again all positive on the most critical 

path under displacement control. But it is also possible to have one or several eigenvalues 

becoming negative. The maximum number of negative eigenvalues is equal to the number of 

alternative equilibrium branches below the homogeneous path. Each path has its own number of 

negative eigenvalues. This is best explained by a perfect bar divided into 4 elements and exhibiting 

sof tehg &e to a bcal damage model. Beczuse cf the 4 dements there are 3 diTerent paths 

besides the homogeneous path. Therefore, the homogeneous solution has 3 negative eigenvalues. 

The solution with one element damaged has O negative eigenvalues. This trend is illustrated in 

Figure 5.l(a). A bar controlled by load, and thus also by an arc-length method, gives another 

distribution of negative eigenvalues, which is shown in Figure 5.l(b). Both patterns can be 

explained on the basis of energy considerations if the tangential stiffness matrix K is symmetric 

and it represents a conventional (local) medium. However, the same trends have been 

observed in non-symmetric systems (De Borst, 1986). 

For the displacement controlled bar (divided in 20 elements) used in the previous Chapter, the 

number of negative eigenvalues which are found on each bifurcation path are shown in Figure 

5.2(a). The same bar controlled with an arc-length method is shown in Figure 5.2(b). The 

same stress-curves and strain distribution curves as were shown in Figure 4.2 and 4.3 of the 

previous Chapter, are used. For the displacement controlled solutions the most critical solution 

gives O negative eigenvalues, as expected. The strain distribution of Figure 4.3(d) shows 1 

negative eigenvalue, and the uniform solution has the highest number of negative eigenvalues, 

namely 3 directly after the peak stress. Again, both of these numbers agree with the trend 

explained above. But unexpected is the fact that O negative eigenvalues are found for the strain 

distribution of Figure 4.3(c), with one peak which is situated out of the middle of the bar. 
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Figure (b) 

Figure 5.1. Number of negative eigenvalues, n, under (a) displacement control, (b) arc-length 
control. 

For the arc-length method the most critical, the homogeneous and the solution for the strain 

distribution of Figure 4.3(d) all give the expected number of negative eigenvalues: 1,4 and 2 

respectively. Here, the strain-distribution of Figure 4.3(c), gives 1 negative eigenvalue. This 

number would only be expected for the most critical solution. 

Both the displacement-controlled and arc-length controlled simulations give rise to some 

doubt whether the solution of Figure 4.3(c) is a real solution of the continuous system. It 

might also be a numerical artefact, triggered by round-off errors, similarly as in the imperfect 

bar. If it is a real solution of the differential equation, on the other hand, this unexpected 

behavior may be due to the relatively strong non-symmetry of K or the fact that it represents a 

mixed system. 
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It is finally remarked that the number of negative eigenvalues on a certain path sometimes 

increases near the end of the stress-displacement curve. This behavior may be caused by 

numerical errors in computing the eigenvalues. 
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Chapter 6 

Conclusion 

The purpose of this work was to investigate whether a gradient dependent damage model can 

give localized solutionsin a perfect bar. Such solutions have been obtained before for a bar with 

imperfection. A process has been described for finding localized solutions in a perfect bar, by a 

number of steps. 

The first step was to examine the sensitivity of the imperfect bar to the imperfection size. The 

peak-stress converges to that of the homogeneous solution for decreasing size of imperfection. 

But the stress-displacement curves do not converge to the solution for the perfect bar. The fact 

that all curves lie relatively close together, indicates that a localized solution may exist in the 

perfect bar. 

A next step is to carefully choose the increments in the numerical analysis. By choosing one 

loading increment exactly at the peak-stress, the response will theoretically be undetermined 

and localized solutions can be found. This results in different stress-displacement curves, each 

with different strain distribution. The stress-displacement curves vary from the trivial, 

homogeneous solution of the perfect bar to a solution with localized damage at one end of the 

bar, which seems to be the most critical. 

The last step in the process is a bifurcation analysis. The number of negative eigenvalues of the 

tangential stiffness rnatrix has been determined for each stress-displacement curve. These 

numbers agree only partly with the expected trend. The most critical solution indeed has O or 1 

negative eigenvalues, for displacement controlled and arc-length method, respectively. The 
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homogeneous solution has the highest number of negative eigenvalues, which was also 

expected. However, another solution has been found which has the same number of negative 

eigenvalues as the most critical solution. This unexpected result gives rise to some doubt 

whether this is a real solution or a numerical artefact. If it is a real solution, the unexpected 

behavior may be due to the non-symmetry of the tangential stiffness matrix, or the fact that it 

represents a mixed system. Further research is needed to answer this question. 
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