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1 Introduction 

This report documents the work that I have done in Oxford, between the 26th 

of April and the 24th of July. The work is part of a post-graduate program 
running in Eindhoven, the Netherlands. Dr John Norbury supervised my work 
in Oxford, for which I am very grateful. 

I worked in Oxford on a project concerning blood flow. More precisely, I 
worked on the modeling of a distensible tube filled with a fluid. The first aim 
was to learn about the specific problems in modeling blood flow. The second 
aim was to solve a problem concerning pressure waves in arteries and arterial 
wall distensions. 

This report starts with a short survey of information about the physical prop
erties of blood and the arterial wall. Then the governing equations in problems 
concerning fluid flow through distensible tubes will be considered. Some spe
cial cases will be looked at in the last chapter. 
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2 Properties of the system 

The book of Caw et al. [2] describes the structure of blood and of the arterial 
wall in much detail. Most of the findings given in this chapter come from this 
book. References to this book are therefore left out for the rest of this chapter. 

2.1 Properties of the blood 

Two properties of blood will be important in this report: its density and its 
viscosity. The former is easy to measure. McDonald [5] reports a density of 
1.050-1.05,5 kg m-3 . A value for the viscosity can not easily be found. It 
depends on several parameters and variahles. The viscosity of blood will be 
discussed in the rest of this section. 

2.1.1 Structure of the blood 

Blood is roughly a suspension of formed elements in a solution called the 
plasma" 

The plasma is a liquid that behaves like a Newtonian fluid for shear rates 
comparable to those in vivo. A typical value for the viscosity of normal human 
plasma at 37°C is 1.2 mNs m-2 (1.1--1.6 mNs m-2 according to Milnor [6]). 
A 5°C increase of temperature reduces the viscosity by about 10%. In some 
diseases the viscosit.y of plasma may be increa'3ed. 

The formed elements in the plasma that influences the mechanical properties 
of blood most are the clythrocytes, or the red cells. They normally comprise 
about 4.5% by volume of the blood. * White cells and platelets comprise about 
1 % by volume each. Their effect on the mechanics of normal blood is negligible. 

A red cell has, in unstretched condition, the form of a bi-concave disc. The 
disc has a diameter of S Jm) and the thickness varies between 1 pm in the 
centre to :J pm as maximum. The cell is highly flexible. It is believed that the 
interior of the disc consist of a fluid with a viscosity that is .5 times as high as 
that of the plasma, i.e. () rnNs m- 2 . 

At high shear rates the disc ca.n deform into a. long shaped cell of more than 
:30 Jlm in length. It is not clear, however, if these high shear ra.tes occur in vivo. 

-The measured value for the volume concentration of red cells in plasma is called the 
hematocrit. 
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Figure 1: Temperature dependence of plasma viscosity compared with that of water. (From 

Caro et al.) 

At low shear rates the red cells tend to aggrega.te into chains that are called 
rouleaux. Smeared on to a microscope slide blood starts forming rouleaux 
after 10 to 20 seconds. 

2.1.2 Viscosity of a suspension 

Albert Einstein predicted in 1906 the viscosity Its of a suspension of rigid spher
ical particles in a fluid with viscosity Ito. He found that, for low concentrations 
c, this viscosity equals 

Its = (1 + J\c)po, 

where f{ was found to be equal to ~. 

Geoffrey I. Taylor extended the result of Einstein in 1932 to suspensions of 
spherical liquid drops. If fi is the viscosity of the liquid in the drop, he found 
that the constant had to have the va.lue 

• flo + ~jl 1\ = ---"--
Jlo + It 

\Vhen the particles aTe asymmetric. the yalue for I{ is even higher. When 
the concentration of the particles increases, interaction between the particles 



occur and the relation found by Einstein should be extended with second order 
terms of c. The viscosity then grows more than linear in the concentration. 

2.1.3 Viscosity of blood 

With p = 5110 substituted in Taylor's relation we find f{ = 2.25. Blood with 
a hematocrit of 45% would have a viscosity that is at least 2 times as high as 
that of the plasma, i.e. 2.5 mNs m-2 • In fact, the a.pparent viscosity of blood 
is, according to Caro et at., McDonald, as well as Milnor [2, 5, 6], between 3.0 
and 4.0 mNs m-2 . 

Unfortunately, blood does not behave like a Newtonian fluid. The viscosity 
of blood does not only depend on the concentration of red cells and on tem
pera.ture, it also depends on the shear rate. The apparent viscosity for blood, 
given above, is an asymptotic value for large shear rates. It is reached for 
shear rates greater than 200-300 8-1 . The apparent viscosity is, according to 
McDonald [.5], linearly dependent on the hematocrit as long as the hematocrit 
is not more than 4.5%. 

For low shear rates the viscosity is much higher than the apparent viscosity 
and becomes infinite for shear rates of 1 or less. The aggregation of the 
blood explaines this phenomenon for a large part. The flexibility of the red 
cells is also believed to be responsible. 

The apparent viscosity of blood is lower in vessels with a smaller radius. The 
reason for this is not completely understood. A reason may be the "cell free" 
zone near the tube wall. The influence of this zone is relatively bigger in 
small vessels than in larger vessels. Lower apparent blood viscosities can be 
found in vessels where the radius of the tube gets below .500 Itm. In vessels 
with a radius above this value the apparent viscosity of the blood does not 
change. The apparent viscosit.y of blood in these larger vessels is also called 
the a.symptotic viscosity. 

The aggregation of the blood canses also the occurence of a yield stresst . 

McDonald [5] reports a yield stress of 40 mN . rvlilnor [6] believes that the 
stress is certainly lower than the value given by McDonald, even lower than 
10 mN m -2. Caro et at. [2] report a yield stress in normal human blood of 1..5-
5.0 mN m- 2

• This stress decreases with decreasing hematocrit and vanishes 
for some critical level of hematocrit. For a hematocrit of 12% or less. the blood 
behaves Newtonian. 

t A fluid. that shows a yield stress is called a Bingham fIuit!. 
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erythrocytes. (From Caro et al.) 

McDonald reports about a theoretical investigation, made by Michael G. Tay
lor in 1959, on the effects of shear dependence of blood viscosity in pulsatile 
flow. The error in calculating the flow from the pressure gradient, when using 
the asymptotic viscosity in the Womersley equations (see chapter 4), would at 
most be 2%. 

2.2 Properties of the arterial wall 

Before going into the properties of the arterial waU, it will be useful to have 
an idea about the location of the different arteries. A diagram of the aorta 
and arteries of a dog is given in figure:3. Although the human a.rterial tree is 
different from the canine one, the names and geometry of the aorta. and most 
of the arteries are the same. 

2.2.1 Structure of the arterial wall 

The arterial wa.ll is made up of three layers: the tunica intima, the tunica. 
media and the tunica. adrentitia. We will discuss them seperately. 

G 
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The tunica intima is a thin layer that consists of two components. In direct 
contact with the blood is a single layer of cells, called the endothelium. This 
layer is covered with a thin layer containing collagen fibers. Between the tunica 
intima and the next layer, the tunica media, is a layer of elastic fibers: the 
internal elastic lamina. 

The properties of the arterial wall are mainly determined by the tunica media. 
The tunica media consists of smooth muscle, as well as collagen and elastin. 
The structure of the tunica media differs between large arteries and small 
ones. The tunica media of large arteries is made up of multiple layers of elastic 
tissue, seperated by connective tissue (collagen fibers) and smooth muscle. The 
muscle is oriented longitudinally. The structure of this media makes the artery 
elastic. The tunica media of smaller arteries consists of less elastic material 
and more muscle cells. Also, the muscle cells are oriented in a much more 
circumferential direction. These arteries are stiffer than the larger arteries and 
they are called muscular vessels. (The larger arteries are called elastic vessels.) 

The tunica adventitia may in some cases be very thick. It does not contribute 
much to the properties of the wall, however, because of its structure. This 
layer is made up of loose connective tissue and contains some collagen fibres 
and elastin, predominantly oriented in longitudinal direction. 

Due to the tethering of the arteries to the surrounding tissue, the arterial 
wall is largely restricted against longitudinal motion. The change in length 
of the aorta during a cardiac cycle is reported to be in the order of 1 pm. 

() Radial dilatation is much bigger than this and is thus more important than 

C
-, longitudinal motion. 

" Blood vessels in vivo are subjected to a considerable longitudinal stretch. An 
-) excised piece of artery decreases by about 30-40% in length. The vessel walls 

in vivo are also stretched radially. This is caused by the transmural pressuret 

and results in some 20% larger artery diameter. 

2.2.2 Elastic behaviour of the arterial wall 

In the previous section we showed that three components are irnportant in 
the arterial wall: elastin, collagen and smooth muscle. These substances have 
different elastic behaviours. 

Elastin is a purely elastic, rubber-like substance with a Young's modulus of 
approximately 0.:3 x 106 Nm- 2 (0..1- LOx 106 Nm- 2 according to McDonald [5]). 

tThe transmural pressure is the pressure difference over the arterial wall 
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It can be stretched to a length that is twice its length at rest. Elastin appears 
mainly in individual fibres, but can also occur in sheet-like form. 

Collagen is much stiffer than elastin and its Young's modulus lies in the order 
of 108 Nm-2 (5.0-1O x 106 Nm-2 according to McDonald). It only occurs in 
fibres. 

The elasticity of smooth muscle cells depends on whether the muscle is relaxed 
or activated. A relaxed muscle shows a Young's modulus of approximately 
0.1 X 106 Nm-2

; the Young's modulus of an active muscle is approxim.ately 
2.0 X 106 Nm-2

. 

Before we discuss the elasticity of the whole arterial wall, we have to take in 
mind that the wall is neither homogeneous nor isotropic. Large arteries contain 
much more elastin and collagen than the peripheral arteries. Also, the way the 
materials are arranged make it very unlikely that the elastic behaviour can be 
expressed with one single Young's modulus. If a modulus for the arterial wall 
is given, it is a local one, valid for a specific piece of artery. The modulus is 
found by assuming the wall to be isotropic and is called an effective Young's 
modulus. 

Figure 4 shows the results of experiments where strains were measured after 
a stress was applied. First, a. piece of artery wa.s submitted to a distending 
pressure and the change in diameter of the vessel was measured. The resulting 
graph is non-linear and a unique effective Young's modulus can therefore not 
be defined. Next, the artery was stretched longitudinally and the change in 
length was measured. Again this graph is non-linear. 

The reason for the non-linearit.y of the elasticity is thought to be associated 
with the different arrangement. of collagen and elastin. At low strains, most of 
the collagen fibres are slack a.nd don't contribute to the elasticity. When the 
strain increases, more and more of the collagen take up the stress, making the 
arterial wall much stiffer. 

Except for the non-linearity, the elasticity relations are complicated by the 
visco-elasticity of the arterial wall. Only elastin is a purely elastic material. 
Both collagen and especially smooth muscle exhibit visco-elastic behaviour 
such as creep, stress relaxation and hysteresis. The visco-elastic property of 
the aTterial wall is very important if the applied stresses vary in time (which 
of course is the case in the human body in vivo). 

Finally in this section, we remark that the structure of the arterial wall changes 
with The elastic elements in the wall start t.o calcify after a certain age. 
Collagen fibres increase in number, replacing smooth muscle cells. The result 

9 
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is that the vessel diameter increases and the vessel wall becomes much less 
distensible. This process, known as arteriosclerosis, and a related process 
called atheroma, are the major cause of death in developed countries. 
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3 The governing equations 

The governing equations are taken from Hart and Shi [4]. Their notation will 
also be used in this report. 

3.1 Assumptions 

The following assumptions are made by Hart and Shi. Consequences and 
justifications of the assumptions are given as much as possible. 

Axial symmetry; The flow and the wall distension are axially symmetric. 
There is no tangential flow and there are no tangential shear forces in 
the wall. This assumption results in a hugh simplification of the model 
equations. It is believed that the interesting phynomena of wall disten
sion and pressure waves can still be explained \vith this assumption. 

No body forces; The effect of body forces, e.g. gravity, is neglected. In the 
human body, where most of the arteries lie in a vertical plane, gravity 
will be of importance. Nevertheless, this assumption is justified if the 
considered sections of artery are not too long. 

Incompressible fluid; Blood is not far from incompressible. However, when 
the tube wall is rigid, this assumption predicts infinitly high pressure
wave speeds. 

Newtonian fluid; In fact blood doesn't behave like a Newtonian fluid. As we 
have seen, blood has a small yield stress and the shear rate is only linear 
with the shear stress for values larger than 200 S-l. These shear rates 
occur only in a region near the artery walL during parts of the cardiac 
cycle. Nevertheless, the fluid is chosen Newtonian because otherwise the 
model would be too complicated. It is aheady noted that the error in 
the calculated flow, due to this assumption, is in some cases as small as 
2%. 

Infinite straight tube; No entrance effects nor secondary flow effects are 
considered. In other words, the tube is infinitly long and straight. Ac
cording to Caro et al. and to :McDonald [2, 5] the inlet length in the 
human body occupies the complete arterial system. Also, the curves and 
branches in the arteries seem to give rise to significant disturbances in the 
flow profile. This assumption is made because of the great simplification 
it yields to the model. 

11 



Laminar flow; It is assumed that turbulence effects may be neglected in this 
problem. Although turbulence does occur in blood flow, it does not seem 
to be very important for the phenomena that we will consider. 

Thin wall; The tube wall is assumed to be thin compared to its radius. A 
wall is normally called thin if the ratio between wall thickness and tube 
radius is under 10%. According to Milnor [6] this ratio is 0.105-0.130 for 
the aorta and 0.11-0.15 for the femoral artery. Although the ratios are 
larger than 0.1, membrane theory will be applied. This means that the 
transverse shear stresses in the tube wall will be- neglected. 

Due to the axial symmetry of both the flow and the tube wall, it will be 
convenient to employ circular cylindrical coordinates 1',0, z. The z-axis will be 
chosen along the axis of the t.ube. 

3.2 The motion of the fluid 

Under the assumptions stated above the fluid flow is governed by the Navier
Stokes equations and the equation of continuity (d. Ockendon and Ocken
don [7]). These equations read in cylindrical coordinates, see for instance 
Tritton [9], 

and 

al~. v, av;. V av,o 
at + r Dr + Z az 

av: I' oVz T 8l~ 
-+1/-+\1-at r Dr = az 

(1) 

(2) 

Ov,. \,~. oVz (3) -+-+- =0. or r oz 
v;. and l/~ denote the components of the fluid velocity along the radial and axial 
directions respectively. ]J denotes pressure, t denotes time. p is the density of 
the fluid and /1 its kinematic viscosity. 

3.3 The motion of the tube wall 

For the equations that govern the motion of the tube wall we refer to both 
Gol'denveizer and to Atabek and Lew [1, 3]. The stresses that are present in 
the tube wall are best. explained by Gol'denveizer. At.abek and Lew gave a 
clear derivation of the ext.ernal forces acting on the wall. 

12 
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Figure 5: Directions of the normal and shear forces in a shell. 

3.3.1 The stresses in the wall 

In the book of Gol'denveizer, the surface of a shell is determined by the radius 
vector M( 0, ,8). ° and ,8 are arbitrary parameters. They define non-coinciding 
curves on the shell. The uni t vectors tangent to these curves are gi ven by MO' / A 

o and M{3/B, where A = IIMO'II, B = IIM{311 and where the subscripts denote 
I derivation with respect to that parameter. 

j I , 
/'" f- ,; { ".t )n., 

In case of thii1,".~lells, Gol'denveizer shows that the normal forces per unit 
length{ Tl and T2>ilnd the shear forces per unit length, S, in the shell satisfy 

" 1 
the eqll'atiQJ1S~of eqltilibrium: 

o (BT ) oA" (J 1-') oB 1, AB \' -0 1 + ,) J ,,) + ~ (J" :"" - (J' 2 + . 
o v!, 013 0' 

o. (4 ) 

~ (B S') - oAT ~( 4T ) oB C; ABY 00 '-- 3,B I + oj3 . ,2 + 00 L + 0, (5) 

TJ + T2 + Z = O. (6) 
RJ R2 

X, Y and Z are the external forces per unit area in the tangential, circumfer
ential and normal directions respectively. RJ and R2 are the radii of curvature 
along the 0- and the ,a-curves. For the directions of the forces, see figure 5. 

'vVe choose 0' = :: and ,8 = O. Due to the axial symmetry of the problem it 
~ 



follows that S o and :{3 = O. Furthermore, one can find that 

A J1 + R;, 

B R, 

Rl (~:~r (1+ R;)3/', 
(' ! 

R2 - -RJl + R;. 

We used the notation Rz to abbreviate Note that R2 is always negative. 

Finally, using again the notation of Hart and Shi [4], i.e. we write Tl = Tt and 
T2 = To (we already wrote M(a,p) R(z)), equations (4), (5) and (6) yield 

8 
RJl + R;X 0, (7) 8z (RTt ) - R:;To + 

RJl + R;}/ 0, (8) 

82 R Tt To 
Z O. (9) 

(1 + R;)3/2 

Clearly Y = a so that only the equations (7) and (9) remain. 

(3.3.2 The external forces 

'I'here are two kinds of external forces: inertia forces and surface forces. The 
~ -" d~ __ 

surface forces include preSStlre and viscous drag of the fluid. 

Conform Atabek and Lew we first point out the relation between two possible 
coordinate systems. The first one is based on the tangential direction and 
the normal direction of the tube wall. The other coordinate system uses the 
cylindrical coordinates (see figure 6). We can write for the unit vectors of the 
two systems: 

{ 
i COsyz+sini.p7~. 
n = cos).? r sm if' z. 

1 1 I . R; 
W 1ere cos <p = ---,=== anc sm y = -r====== 

Jl+R;' 

j ,1 

COSy i - sin y 11, 
cos <p :1 + sin if' i, ( 10) 
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Figure 6: Two possible coordinate systems. 
'\ 

The inertia. force per unit area is equal to 

( 
iJ21!Vz A 82 W,. _) 

- Poh 7ii2 z + 8t 2 T • (11 ) 

Here, Po denotes the density and h the thickness of the tube wall. vVr and Wz 
are the diplacements of the middle surface of the wall in the radial and longitu
dinal directions respectively. Substitution for z and r gives the displacements 
in terms of i and h. 

The viscous forces per unit area that are applied by' the fluid are equal to 
-01 . Tt, evaluated at r = R h/2. 01 is the stress tensor of the fluid: 

01=( (Tj'Z ) • 

(TTl' 

For a Newtonian fluid, the stresses afe given by 

(T,r = 8ir~ 
-p+2It~. 

ur 

8V~ 
-I) + '>Il-~ 

t ~ 8z' 

( 
o\/~ ()li~ ) 

It ~+::\ . 
uT uZ 

(12) 

(14) 

The components of the surface forces in both the tangential direction and the 
normal direction are given by 

(-OI·n)·i = 
h ' 

(1.5) 
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(16) 

The notation [ ]r=R-1h is used to indicate that the quantity between brackets 
should be evaluated a~t the given position of r. 

From the equations (10) (16) we find for the two components of the external 
forces 

x= 

+ 

z 

+ Jt 2 [2Rz (~i~z + ~~.) - 2 aVr - 2R; ~l~z 1 . 
1 + Rz th Q... or 0", r=R-th 

(18) 

Equations (I7) and (18), together with equations (7) and (9), govern the mo
tion of the tube wall. 

3.3.3 Constitutive relations for the wall 

Relations that couple the st.resses in t.he wall t.o displacements of the wall are 
needed. They can be chosen in different ways. 

The easiest way to relate stresses to strains is by Hooke's law. This law can be 
used if the material is isotropic and locally homogeneous. Only two parameters 
are needed: a Young's modulus E and a Poisson's ratio a. The relations are 
given by 

(19) 

Here, co and Et are the strains in the circumferential and meridian directions 
respectively. Poisson's ratio is used to relate the stress in one direction to 
strains in the other directions. For materials which volume doesn't change 
when appliing deformations, the Poisson's ratio is very dose to 0 .. 5 (rubber: 
0.48). This is very likely also valid for vessel walls. 

Hart and Shi used a st.rain-energy function He' in their constitutive relation. 
This relation can be used for isotropic or orthotropic, hyperelastic material. 



After defining the stretch ratios§ /\0 and At in the circumferential and meridian 
directions respectively, they give the relations as 

h &ll! 
To = At &Ao ' (20) 

The relations discussed above are for materials that are purely elastic. The 
reaction of the wall to a stress is instantaneous in these relations. Because 
the arterial wall shows in fact visco-elastic behaviour, other relations might be 
more realistic. 

A first try to incorporate visco-elasticity is by defining a complex Young's 
modulus E' = Edyn + iTJw. This definition makes sense if the stress that is 
applied varies cyclica.lly in time. Edyn is the dynamic Young's modulus, i the 
complex unit, rJ the effective viscosity of the waIl and w the angular frequency 
with which the stress varies in time. 

More realistic but also more complicated visco-elastic models can be made 
by using Maxwell, Voigt or St. Venant bodies. Some information about this 
theory is given in McDonald [.5]. 

3.4 The interface between fluid and wall 

At the interface between the tube and the fluid, the velocity of the fluid should 
be equal to the velocity of the tube wall. Thus 

fJlrl:"1' 
at . 

oH/z 

at . (21 ) 

An alternative condition is found by differentiating the relation r = R - 1 h 
with respect to time. This results in the condition 

(22) 

, l' I 1 I' ar' 1 a::: 1 m w llC 1 t le re atlOns at = i~ anc = v~ werE' usee. 

stretch rat.io is defined as t.he quotient of the dimension of t.he deformed tube by 
t,he dimension of the un deformed tube. 
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3.5 Short discussion of the mathematical model 

The mathematical model we derived in the previous sections contains a coupled 
problem. First, there is the problem of the fluid flow. Secondly, there is 
the problem of the displacement of the wall. Furthermore, the mathematical 
problem contains a free boundary problem. 

The fluid flow is governed by the Navier-Stokes equations (1), (2) and the 
continuity equation (3). These equations contain the dependent variables v;., 
Vz and p and the parameters p and fl. This problem could be solved, at least 
numerically, if not the boundary of the region were free. The location of the 
boundary depends on the displacements of the tube walL At the boundary, 
the conditions (21) must hold. 

The equations (7) and (9), with the equations (17) and (18) substituted in 
them, describe the movement of the wall. The equations contain the dependent 
variables IVr , IVz , Tt and Te, toget.her with the dependent variables Rand h 
and the parameters po and p. They also contain the dependent variables that 
appeared in the fluid equations. 

Two constitutive equations relate the stresses to strains (or displacements). 
We showed some possible choices for these equations. No specific choice is 
made in this report. 

From the physical point of view, solutions for the variables p, the blood pres
sure, and R, the arterial radius, would be the most interesting. 
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4 Some special cases 

There is no simple way to solve the model \ve derived in the previous chapter. 
However, after making some extra assumptions, the model can be simplificated. 
Solutions for some special cases can be found. 

4.1 Rigid tube wall 

A first simplification can be made by assuming a rigid tube wall, i.e. 8!~r = 
= O. In this case, the equations for the fluid and for the wall can be solved 

seperately. An even simpler situation occurs when the radius of the tube is 
assumed to be constant (R z = 0). In that case there will be no radial flow, 
so ~. = O. This results, after some cakulations, in one single equation for the 
flow: 

oVz = _~ op + v (OZVz + 1 OVz) 
ot fJ 0 Z orz r 01' ' 

(23) 

in which p p(z,t) and Vz = l/z(r,l). 

In the case of a steady flow we easily derive the Poiseuille equation. A slightly 
more complicated situation occurs when we consider harmonic time-behaviour. 
Womersley was the first one who considered this problem. If we write 

op 4( iw/ ~ =. z)e \ oz 

substitute these into equation (2:3) and omit the exponents, we a.rrive at the 
Bessel equation: 

OZu 1 Du iw 1 
-+----u 
01'2 l' Dr v It 

Using the boundary conditions, this equation ha.s the solution 

u( r) = -. _A_ (1 _ ----;===-----
Z3WfJ ·J o( 

and we find for the velocity profile 

~':(r) = _1_ 
, , '3 

l v.J fJ ( 1 - -J -( '-:3/-2 -==----
. 0 1 
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The equations for the wall distensions simplificate to 

aTt [oVz 1 (24) 
az J-l ar r=R-~h 

To (25) p - -
R 

Equation (24) states that the change in the axial direction of the longitudinal 
stress equals the viscous drag of the fluid. The second equation, equation (25), 
is known as the law of Laplace. It relates the pressure in the tube to the hoop 
stress in the tube wall. 

If the radius of the tube is rigid but not constant, sca1ing of the radial direction 
r on the function R or on R - ~h may be suitable. This is not done in this 
report. 

4.2 Scaling of the variables 

When we scale the variables, it will be possible to compare the terms in the 
equations. Some terms appearing in the equations may be small compared to 
other terms, so that they can be neglected. In this section we will look at a 
first order approximation of the model. 

It is not easy to find sensible scalings for the variables. The order of magnitude 
of some of the variables is not known, and difficult to guess. The scaling we 
use may therefore not be the most convenient one. However, it will give us a 
relative order of magnitude of the terms in the equations. 

First of all, we scale the independent. variables by 

r = Ror, :: = L02 and 
Lo

t = -to 
Co 

Ro and Lo are the typical radius and length of the piece of artery under con
sideration respectively. Co is the wavespeecl of the pressurewave. Also the 
thickness of the wall and the radius function are scaled on Ro: 

II. Roh i:md R ~R. 

Next. we scale the axial velocity of the fluid on the mean velocity Uo. For small 
changes ill the radius of the piece of a.rtery over its length, the radial velocity 
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of the fluid will be an order Roj Lo smaller than the axial velocity. This can 
also be deduced from the continuity equation. The scalings become 

and 

The scalings for the wall displacements follow from the interface conditions: 

r [Jo- [Jo-
W,. = Ro-~V,. and ~VZ Lo-~Vz' 

Co Co 

Finally, the stresses in the wall and the pressure in the fluid are scaled as 

Te = poc~RoTe, Tt = poc~RoTt and p = pU~p. 

The scaling for the pressure is usually chosen in this way. The choice for the 
scalings of the stresses is based on luck and on aesthetics; it may not be a good 
choice. 

At this point it will be convenient to define some dimensionless parameters. 
Vve will use four of these parameters. They are 

. Ro Uo P Re = UoRo. 
~ = Lo' ~ = ~' '/ = po and v 

Using the scaling given above and the four dimensionless parameters, the gov
erning equations for the fluid can be written in the form 

1 aVT V av,. V aVT 1 Or 1 (a2Vr 
Z + r f)r + z Oz - (2 f)r + Re( f)r2 

av,. ,,()li, 
f)r + f + ():;' = 0, 

and the governing equations for t.he wall distension in the form 

a _ (D2 lV• ,_ a2w ) ,/ R - . .2R r Oz IJ .., I. ,;,-2 T ~z ::r2 (A ut 
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The first thing to do is to estimate the order of magnitude of the terms in 
the equations given above. To do this, we use the following values for the 
parameters 

Lo = 10 em, 
Uo 5 em S-1, 

P = 1000 kg m-3
, 

J.L = 5 mNs m-2
• 

Ro 1 mm, 
Co = 5 m 8-

1
, 

Po = 1000 kg m-3
, 

In this case, both ( and e are of the order 0.01, "I is of the order 1, and Re is 
of the order 10. Furthermore, we believe that 1', z, I, R, F z and F l' are of the 
order 1, and Ii is of the order 0.1. Changes in R, i. e. Rz , will be of the order 
0.1. If p is chosen as 100 mm Hg, which is a normal in vivo value, than p is 
between 103 and 104 (fluctuations in p will be of the order 100). T9 follows 
from the law of Laplace and wil1 be between 0.1 and 1. It is not clear of what 
order of magnitude T t will be, nor do we know the orders of magnitude of l<Vz 

and W1" 

If we fill in the orders of the variables into the equations and concentrate on 
the largest terms in each equation, we arrive at 

Up 
or 

1 oVz 

~ 

oV oV __ 1'+ 1'+ Z 

or r oz 

R T "r(1' R .[OV z] 
- z 9 - -::--R / ;:)-

~ e / ul' r=R-lh 
/ ~ 

0, 

0, 

The second equation is the dimensionless form of equation (23) of the previous 
section. We can see again that the pressure is in first order not a function of 
the radius r. This was also the case in the previous section. The continuity 
equation did not change here, which is different from the previous section. 

The fifth equation is again the law of Laplace. The orders of the terms in the 
right hand side of the fourth equation are not known. It is possible that one 
or both of the terms can be neglected. 



5 Conclusions and final remarks 

concluding remarks 

It may be clear from this report that the problems concerning modelling of the 
blood flow are very complicated. Blood is effectively non-Newtonian, and the 
arterial wall is non-homogeneous, anisotropic and not-linear elastic. Further
more, the resulting mathematical model is a coupled free boundary problem. 
No analytic solution can be found without making very large simplifications. 

Many simplifications can be made when attention is restricted to only one part 
of the systemic circulation. In our case, blood can reasonably be modelled by 
a Newtonian fluid, and the arterial wall can be assumed to be homogeneuos 
and isotropic (or at least orthotropic). Nevertheless, the resulting model stays 
too complica.ted to find a solution in a straightforward analytic way. 

Moreover, some of the parameters needed in the model are very hard to mea
sure in the living human body. And the causes for some of the phenomena 
that occur in the systemic circulation are yet unknown or uncertain. Even 
when a mathematical model is reasonably precise, solutions found with that 
model may be inaccurate. 

The above remarks are not ment to show that mathematical work on this 
subject is useless, The mathematical work can be used to find the important 
mechanics of the circulation and to explain the phenomena that occur in them. 

literature 

The literature on the medical background, used in this report is not very 
recent. It may be that new findings \\'ere published within the last ten years. 
We found, however, that research nowadays is normally very specialistic. It 
did not fall within the scope of our work. 

A book of Pedley [8] that. was of tell n'fel'enced in literature was not availahle 
during the time of this research. A quick look in the book after this research 
was already finished showed that roughly the same material is treated in this 
book as was in the book of Caro et al.. 



further research 

The first thing to do will be to solve the free boundary problem of a flow 
through a distensible tube. The tube wall may be chosen infinitly thin. Fur
ther, only radial movements of the wall should be considered. After solving the 
stationairy problem, harmonic flow changes will be interesting to investigate. 

When good estimates for the order of magnitude of the variables are found, it 
should be tried to solve the first order problem. Subsequently, disturbances in 
this solution can be considered by solving a problem that takes into account 
the second order terms. 
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