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Abstract 

The description of a signal by means of a local frequency 
spectrum resembles such things as the score in music, the phase 
space in mechanics, and the ray concept in optics. Two types of 
local frequency spectra are presented: the Wigner distribution 
function and the sliding-window spectrum; the latter function is, 
in fact, the Fourier transform of the signal after having been 
multiplied by a slided window function. The Wigner distribution 
function in particular can provide a link between Fourier optics 
and geometrical optics; many properties of the Wigner 
distribution function and the way in which it propagates through 
a linear system, can be interpreted in geometric-optical terms. 

The Wigner distribution function is linearly related to 
other signal representations like Woodward's ambiguity function, 
Rihaczek's complex energy density function and Mark's physical 
spectrum. An advantage of the Wigner distribution function and 
its related signal representations is that they can be applied 
not only to deterministic signals, but to stochastic signals, as 
well, leading to a signal description that is related to 
Walther's generalized radiance in optics. Some interesting 
properties of partially coherent light can thus be derived easily 
by means of the Wigner distribution function. 

On the other hand, the sliding-window spectrum has the 
advantage that a sampling theorem can be formulated for it: the 
sliding-window spectrum of a time signal is completely described 
by its values at the points of a certain time-frequency lattice, 
which is exactly the lattice suggested by Gabor in 1946. The 
sliding-window spectrum thus leads naturally to Gabor's expansion 
of a signal into a discrete set of properly shifted and modulated 
versions of an elementary signal; the latter description leads, 
by its discrete nature, directly to the concept of the number of 
degrees of freedom of a signal. Applications of Gabor's expansion 
to optical signals (completely coherent and partially coherent) 
as well as a way to generate Gabor's expansion coefficients of a 
time signal by optical means, are described. 

Bastiaans, M.J. 
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Department of Electrical Engineering, Eindhoven University of 
Technology, Eindhoven, Netherlands, 1988. 
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Part A. INTRODUCTION 

It is sometimes convenient to describe a space signal ~(x), 

say, not in the space domain, but in the frequency domain by 

means of its frequency speccrum, i.e., the Fourier cransform ~(u) 

of the function ~(x), which is defined by 

~(u) - J~(x)eXp[-iUXldx ; 

a bar on top of a symbol will mean throughout that we are dealing 

with a function in the frequency domain. (Unless otherwise 

stated, all integrations and summations in this report extend 

from _00 to +00.) The frequency spectrum shows us the global 

distribution of the energy of the signal as a function of 

frequency. However, one is often more interested in the local 

distribution of the energy as a function of frequency. 

Geometrical optics, for instance, is usually treated in terms of 

rays, and the signal is described by giving the directions (i.e., 

frequencies) of the rays that should be present at a certain 

point. Hence, we look for a description of the signal that might 

be called the local frequency speccrum of the signal. 

The need for a local frequency spectrum arises in other 

disciplines, too. It arises in music, for instance, where a 

signal is usually described not by a time function nor by the 

Fourier transform of that function, but by its musical score; 

indeed, when a composer writes a score, he prescribes the 

frequencies of the tones that should be present at a certain 

moment. It arises also in mechanics, where the position and the 

momentum of a particle are given simultaneously, leading to a 

description of mechanical phenomena in a phase space. 

In this report we shall present two candidates for the local 

frequency spectrum of a signal: the Wigner distribution function 

and the sliding-window speccrum. In Section 1 we shall introduce 

these two candidates, we shall consider the relation between 

them, and we shall relate them to other signal representations 

that are well-known from the literature. In addition, Section 1 
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acts as a summary of -the enti'rH report; the subj €:cts that are 

treated there will be studied [lore thoroughly and in more detail 

in the remainder of. the report, 

since two rather different: types of ,local fI'equ,ency spectra 

are .introduced, the.~remainder (If _the.-repQr.t will ,consist: of ~two 

more or less -di'stirict ~par.ts;- each part devoted _tc • . one ~particul.9.r 

type of 'local frequency'spectnun.- Thus, Part B (Sections'·2-7) 

will deal with the Wigner,distribution function, whereas in Part 

C (Sections 8 -11) we shall con~;ider -the sliding-\t,;'indow spectrum 

and Gabor'_s si~al exp~nsion, "rhich is stronglY,.related _to the 

sliding-window spectrum. 
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1. Two candidates for a local frequency spectrum: Wigner 

distribution function and sliding~window spectrum 

In this section we shall introduce two candidates for a 

local frequency spectrum: the Wigner distribution function and 

the sliding-window spectrum. Their definitions and the way in 

which the signal can be reconstructed from them are given in 

Section 1.1. In Section 1.2 we consider some relatives of the 

Wigner distribution function, which are related to it by means of 

linear transformations. The linear behaviour of the 

sliding-window spectrum versus the quadratic behaviour of the 

Wigner distribution function is the subject of Section 1.3. 

Gabor's signal expansion, a relative of the sliding-window 

spectrum, is introduced in Section 1.4. Finally, in Section 1.5 

we consider linear systems and describe the way in which a local 

frequency spectrum propagates through such systems. 

1.1. Definition of the Wigner distribution function and the 

sliding-window spectrum 

The Wigner distribution function [Wig-32, Mor-62. Bru-73, 

Bas-7S,SOd, CIa-SO, Szu-SO] F(x,u) of the signal ~(x), which is 

one function that may act as a local frequency spectrum, is 

defined by 

F(x,u) - J~(x+~')~*(x-~')eXp[-iUX']dx' ; (1.1-1) 

an asterisk will denote throughout complex conjugation. A 

distribution function according to definition (1.1-1) was first 

introduced by E. Wigner in mechanics [Wig-32] and provided a 

description of mechanical phenomena in a phase space. Properties 

of the Wigner distribution function will be studied in Part B; we 

only mention here that it is a real function, and that it is 

almost a complete description of the signal. Indeed, from the 

inverse relation that corresponds to definition (1.1-1), 

(1.1-2) 
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we conclude that the signal can be reconstructed from its Wigner 

distribution function up to a constant phase factJr; such a phase 

factor, however, is often less important. 

The sliding-window spectrum S (x,u), which is very similar 
w 

to the short-time Fourier transform known in speech processing 

[Rab-7B, Opp-7B], is a second function that may be considered as 

a local frequency spectrum. It is defined as the cross-ambiguity 

function [see Szu-BO and the references cited there] 

Sw(X,u) - f~(y)w*(y-x)eXp[-iUY]dY (1.1-3) 

of the signal ~(x) and a window function w(x); this window 

function can be chosen rather arbitrarily. The sliding-window 

spectrum is again a complete signal description: the inverse 

relation that corresponds to definition (1.1-3) r,eads 

* ~(x)w (y) 2; fSw(x-y,U)eXP[iUK]dU . (1.1-4) 

Another way of reconstructing the signal from its sliding-window 

spectrum is by means of the inversion formula [Br'll-73] 

~(y) f1w (x)1
2

dx - 2; ffSw(X,U)w(Y-X)eXP[iuY]dxdU , (1.1-5) 

which represents the signal as a linear combination of shifted 

and modulated window functions. In this report we shall mainly 

consider the latter inversion formula. 

A local frequency spectrum - Wigner distribution function, 

sliding-window spectrum, or any other kind of local frequency 

spectrum - describes the signal in space x and frequency U , 

simultaneously. It is thus a function of LwO variables, derived, 

however, from a function of one variable. Therefore, it must 

satisfy certain restrictions, or, to put it another way: not any 

function of two variables is a local frequency spectrum. The 

restrictions that a local frequency spectrum must satisfy 

correspond to Heisenberg's uncertainty principle in mechanics, 
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which states the impossibility of a too accurate determination of 

both position and momentum of a particle. 

It is not difficult to derive the necessary and sufficient 

conditions that a function of two variables must satisfy in order 

to be a Wigner distribution function or a sliding-window 

spectrum. A real function F(x,u) is a Wigner distribution 

function if and only if it satisfies the condition [Gro-72j 

F(a+~,b+~u)F(a-~,b-~u) -

- 21 IIF(a+~ ,b+~u )F(a-~ ,b-~u )exp[-i(ux -u x)jdx du n 0 0 0 0 0 0 0 0 

for any a and b; a proof of this statement can be found in 

Appendix A. On the other hand, a function S (x,u) is a 
w 

(1.1-6) 

sliding-window spectrum with window function w(x) if and only if 

it satisfies the condition (1.1-7) 

S (x,u) - 21 lIs (x ,u )UW(X -y)w*(y-x)exp[i(u -U)yjdY)dx du ; Wnw 0 0 0 000 

a proof of this statement can easily be given by combining the 

definition (1.1-3) of a sliding-window spectrum with the 

inversion formula (1.1-5). 

1.2. Relatives of the Wigner distribution function 

The Wigner distribution function is a representative of a 

rather broad class of space-frequency functions [Coh-66, Cla-SOj, 

which are related to each other by linear transformations. Some 

well-known space-frequency representations - like Woodward's 

ambiguity function [Woo-53, Pap-74,77, Szu-SOj, Rihaczek's 

complex energy density function [Rih-6Sj, and Mark's physical 

spectrum [Mar-7Dj - belong to this class. Woodward's ambiguity 

function A(x' ,u'), which is defined by 

A(x' ,u') - J~(x+~')~*(x-~')eXp[-iu'XJdx , (1.2-1) 
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is related to the Wigner distri.bution function tbrough a double 

Fourier transformation: 

A(x,u) - 21 IIexP[i(U x-ux )]F(x ,u )dx du . 
~ 0 0 0 0 0 0 

(1.2-2) 

Rihaczek's complex energy densJty function C(x,u}, which is 

defined by 

-* C(x,u) - ~(x)~ (u)exp[-iux] 

is related to the Wigner distribution function through the 

convolution 

C(X,u) - 21 II 2 exp[ -2i(u-u }(x-x ) ]F(x ,u )dx du . 
~ 0 0 0 0 0 0 

(1.2-3) 

(1. 2-4) 

The real part R(x,u) of the complex energy densil:y function is 

related to the Wigner distribu;~ion function via l:he convolution 

R(x,u) - 21 II 2 cos[2(u-u )(x··x )]F(x ,u )dx du , woo 0 0 0 () 
(1.2-5) 

where the realness of the Wignl~r distribution function has been 

used. Mark's physical spectrum is. in fact, the !lquared modulus 

of the sliding-window spectrum and is related to the Wigner 

distribution function via the :relation 

2 Is (x,u)1 w - 21 JfF (x -x,U -u'iF(x ,u )dx du , w woo' 0 0 0 0 
(1.2-6) 

in which F (x, u) represents th" Wigner distribut:~on function of 
w 

the window function w(x). 

The space-frequency functions mentioned above belong to a 

broad class of space-frequency functions known as the Cohen class 

[Coh-66]. Any function of this class is described by the general 

formula (1. 2-7) 

~! fff~(v+'>x')~ * (y-'>x' )k(x, u ,x' ,u' )exp[ -i (ux' -u' x+u' y) ] dydx' du' , 
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and the choice of the kernel k(x,u,x',u') selects one particular 

function of the Gohen class. The Wigner distribution function, 

for instance, arises for k(x,u,x',u')-l, whereas 

k(x,u,x' ,u')-2w6(x-x')6(u-u') yields the ambiguity function. In 

this report we shall confine ourselves to the Wigner distribution 

function and we shall not consider other members out of this 

general class of space-frequency functions. 

1.3. Wigner distribution function versus sliding-window spectrum 

When we compare the Wigner distribution function and the 

sliding-window spectrum, we notice that, whereas the former 

depends quadratically upon the signal, the latter shows a linear 

dependence. The advantage of a linear dependence is evident: the 

sliding-window spectrum of a linear combination of signals is 

simply the linear combination of the respective sliding-window 

spectra. Such a simple property does not hold for the Wigner 

distribution functi9n, for which a linear combination of signals 

leads to all kinds of cross Wigner distribution functions. 

However, a quadraticsl dependence can be advantageous, too. 

Indeed. the quadratical behaviour of the Wigner distribution 

function enables us to extend the theory to stochastic signals 

instead of deterministic signals, without increasing the 

dimensionality of the formulas. Let us consider this point in 

more detail. 

Suppose that we are dealing with a stochastic signal 'P(x) 

that can be described by its correlation function [Pap-77] 

r(x
l

,x
2

), defined as the ensemble average of the product 

* 'P(xl)'P (x2): 

(1.3-1) 

The Wigner distribution function of such a stochastic signal can 

then be defined by [Bas-78,80d,8lc] 

F(x,u) - fr(x+lox' ,x-lox' )exp[ -iux' ]dx' , (1. 3-2) 



8 

which definition is equivalent ·to the original definition (1.1-1) 

for a deterministic signal, but with the product 

*. 
'P(x+~")'P (x-~') replaced by the correlation funetion 

r.(x+~',x-~'). We remark that the latter definition is similar 

to the definition of Walther's generalized radiance [Wal- 68, 

Wol-78, Fti-79]. Such· an extension of the. theory allows. us. to 

describe partially coherent light by means of a WIgner 

distribution function, as well [Bas-78, 8lc, 86a] . 

The relations (1.1-6) and (1.1-7), which explCess the 

conditions that a function of t'.o variables must "atisfy in order 

to be a Wigner distribution fun"tion or a sliding .. window 

spectrum, respectively, are rather difficult to dBal with. 

However, for the sliding-window spectrum we can, do things more 

explicitly, and find' an answer to the question which values of a 

function of two variables may b,e chosen arbitrarily under the 

restriction that it remains a sliding-window spec.::rum. Indeed, in 

Part C we shall derive a kind of sampling theorem [Bas-8la] for 

the sliding-window spectrum, which says that the :lliding-window 

spectrum is completely determined by its values a·~ the points 

(x-mX, u-nU) , (1.3-3a) 

where 

UX-21f (1.3-3b) 

and where m and n take all inte.ger values, and that the values at 

these points can be chosen freely. The lattice of points (mX,nU) 

is exactly the lattice suggested by Gabor in 1946; it arose in 

connection with Gabor's signal ,expansion [Gab-46], which will be 

the subject of the next section. 

1.4. Gabor's signal expansion: ,:I relative of the ;;liding-window 

spectrum 

In 1946 Gabor [Gab-46] sug,gested the expansion of a signal 
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into a discrete set of Gaussian elementary signals [Hel-66, 

Bas-80b,80c,81a, Jan-81b]. Although Gabor restricted himself to 

an elementary signal that had a Gaussian shape, his signal 

expansion holds for rather arbitrarily shaped elementary signals. 

[Bas-BOb,80c,81a]. With the help of Gabor's signal expansion, we 

can express the signal ~(x) as a superposition of properly 

shifted and modulated versions of an elementary signal g(x) , say, 

yielding 

~(x) - 2 2 
mn 

a g(x-mX)exp[inUx] , mn 
(1.4-1) 

where the space shift X and the frequency shift U satisfy the 

relation UX-2~. Unlike relation (1.1-5), which represents the 

signal as a continuum of window functions, Gabor's signal 

expansion (1.4-1) represents the signal as a discrete set of 

elementary signals that are shifted over discrete distances mX 

and that are modulated with discrete frequencies nU. 

In general, the discrete set of shifted and modulated 

elementary signals g(x-mX)exp[inUx] need not be orthonormal, 

which implies that Gabor's expansion coefficienCs a cannot be 
mn 

determined in the usual way. It is possible, however, to find a 

function w(x), say, that is bi-orthonormal to the set of 

elementary signals in the sense 

Ig(X)w*(x-mX)eXP[-inUX]dx 5 5 mn (1.4-2) 

where 5m is the Kronecker delta (50-1, 5
m
-0 for ~O). A way to 

derive this function w(x) is presented in Part C. With the help 

of this bi-orthonormal function, the expansion coefficients 

follow readily via 

amn - I~(X)w*(x-mX)eXp[-inUX]dx . (1.4-3) 

The relationship between Gabor's signal expansion and the 

sliding-window spectrum becomes apparent by noting that the 

right-hand side of relation (1.4-3) can be interpreted as a 
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sampled sliding-window spectrum with window function w(x) [see 

relation (1.1-3)]. 

Gabor"s signal expansion 1.s related to the d"graes of 

freedom of a signal: each expansion coefficient a represents 
IllIl 

one complex degree of freedom. I£ a signal is. roughly, l'imited 

to the space interval Ixl<lta and to the frequency interval 

I u I <ltb, the number of complex degrees of freedom ',quals the 

number of Gabor coefficients in the space-·frequen"y rectangle 

with area ab, this number being about equal to the 

space-bandwideh produce ab/21f. 'lJe shall consider 'this paint in 

more detail in Par,t C. 

1.5, Propagation of a local frequency spectrum through linear 

systems 

It is not difficult to derive how a local fr,.quency spectrum 

is propagated through a linear system. A linear system that 

transforms a signal ~. in the input plane into a signal ~ in the 
~ 0 

output plane, can be described in four different 'Nays, depending 

on whether we describe the input and the output signal in the 

space or in the frequency domain. We thus have four equivalent 

input-output relationships, 

~ (x ) -o 0 

~ (x ) -o 0 

(1.5-la) 

(1.5-lb) 

(1. 5-lc) 

1 J --2 h (u ,u.)~.(u.)du:. , 
~ uu 0 ~ ~ ~ L 

(1.5-ld) 

in which,the four syseem functions h ,h ,h ,and hare xx ux xu uu 
completely determined by the system, Relation (1. 5-la) is the 

usual system representation in the space domain by means of the 

Impulse l't,sponse h (x ,xi)' which is also known as the 
xx 0 
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(coherent) point spread function in Fourier optics; the function 

h (x,x.) is the space domain response of the system at point x 
xx ~ 

due to the input impulse signal ~.(x)-6(x-x.). Relation (l.s-ld) 
~ ~ 

is a similar system representation in the frequency domain; the 

function h (u,u.) is the frequency domain response of the system uu ~ 

at frequency u due to the input ~.(u)-2~6(u-u.), which is the 
~ ~ 

Fourier transform of the harmonic input signal ~.(x)-exp[iu.x]. 
~ ~ 

In Fourier optics such a harmonic signal is a representation of 

the space dependence of a uniform, obliquely incident, 

time-harmonic plane wave; in this context we might call 

h (u ,u.) the wave spread function of the system. Relations 
uu 0 ~ 

(l.s-lb) and (l.s-lc) are hybrid system representations, since 

the input and the output signal are described in different 

domains. 

There is a similarity between the four system functions h , 
xx 

hux' 

that 

h ,and h and the four Hamilton characteristics 
xu uu 

can be used to describe geometric-optical systems. 

[Bor-7s] 

Indeed, 

for a geometric-optical system the point characteristic is 

nothing but the phase of the point spread function [Bas-79a]; 

similar relations hold between the angle characteristic and the 

wave spread function, and between the mixed characteristics and 

the hybrid system representations. 

Unlike the four system representations (1.5-1), there is 

only one system representation when we describe the input and the 

output signal by their local frequency spectra. Combining the 

system representations (1.5-1) with the definition of the Wigner 

distribution function results in the relationship [Bas-78,80d] 

F (x ,u ) - 21 fIK(X ,u ,x.,u.)F.(x.,u.)dx.du. , 
000 ~ 0 0 L 1 1 1 1 1 1 

(1.5-2) 

in which the Wigner distribution functions of the input and the 

output signal are related through a superposition integral. The 

function K(x ,u ,x.,u.) is completely determined by the system 
o 0 1 1 

and can, of course, be expressed in terms of the four system 

functions h; we shall study this function K(x ,u ,x.,u.) in more 
001 1 

detail in Part B. In a similar way, we find the relationship 
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(1.5-3) 

which relates the sliding-windo'" spectra of the input and the 

output signal. The function J(x ,u ,x., u.) is completely 
002 ~ . 

determined by the system and the choice of the input and output 

window functions. We can also find a relationship between the 

Gabor coefficients of the input and the output s i,gnal; such a 

relation takes the form 

(1.5-4) 

mn 

where, again, the coefficients ck1mn are determined by the system 

and the choice of the input and output elementary signals. The 

coefficients c
k1mn 

will be considered in more detail in Part C. 
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Part B. WIGNER DISTRIBUTION FUNCTION 

In this part we shall consider the Wigner distribution 

function in more detail; for convenience, we recall its 

definition (1.1-1) 

F(x,u) - J~(x+~')~*(x-~')eXp[-iUX']dx' . 

The Wigner distribution function is a function that may act as a 

local frequency spectrum of the signal; indeed, with x as a 

parameter, the integral in its definition represents a Fourier 

transformation (with frequency variable u) of the product 

* ~(x+~')~ (x-~'). Instead of the definition in the space domain, 

there exists an equivalent definition in the frequency domain, 

reading 

1 J- -* F(x,u) - 2~ ~(u+~u')~ (u-~u')exp[iu'x]du' . 

The Wigner distribution function F(x,u) represents the 

signal in space and frequency simultaneously. It thus forms an 

intermediate signal description between the pure space 

representation ~(x) and the pure frequency representation ~(u). 

Furthermore, this simultaneous space-frequency description 

closely resembles the ray concept in geometrical optics, where 

the position and direction of a ray are also given 

simultaneously. In a way, F(x,u) is the amplitude of a ray, 

passing through the point x and having a frequency (i.e., 

direction) u. 

The Wigner distribution function of a one-dimensional signal 

can easily be displayed by optical means. In principle, we can 

use the optical arrangements that are designed to display the 

ambiguity function [Sai-73, Mar-77,79, Rho-Bl]; it suffices to 

rotate one part of these arrangements around the optical axis 

through 90 degrees, thus displaying the Wigner distribution 

function instead of the ambiguity function [Bas-BOa]. This can 
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readily be understood by observing that both the lJigner 

distribution function and the ambiguity function "an be 

* considered as Fourier transforms of the product ~(x+~y)~ (x-~y): 

the former as a Fourier transform with respect to y, and the 

latter as a Fourier transform with respect to x. 

We shall consider some exa:nples of Wigner distribution 

functions. in Section 2. while some properties of it are given in 

Section 3. The propagation of the Wigner distribution function 

through linear systems will be studied in Section.s 4 and 5. In 

Section 6 we will consider the application of the Wigner 

'distribution function to partially coherent light. Finally. in 

Section 7. we will use the Wigner distribution function to solve 

some problems that arise in optics. 
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2. Examples of Wigner distribution functions 

We shall illustrate the concept of the Wigner distribution 

function by some examples from Fourier optics. For the time 

being, we confine ourselves to time-harmonic optical signals of 

the form ~(x,t)~(x)exp[-iwtl. Since the time dependence is known 

a priori, the complex amplitude ~(x) serves as an adequate 

description of the signal, and the time dependence can be omitted 

from the formulas. For convenience. we restrict ourselves to 

one-dimensional space functions ~(x) to denote the complex 

amplitude; the extension to more dimensions is straightforward. 

2.1, Point source 

A point source located at the position x can be described 
o 

by the impulse signal 

~(x) - 6(x-x ) . 
o 

Its Wigner distribution function takes the form 

F(x,u) - 5(x-x ) . 
o 

(2.1-1) 

(2.1-2) 

At one point x-X all frequencies are present, whereas there is 
o 

no contribution at other points. This is exactly what we expect 

as the local frequency spectrum of a point source. 

2,2 Plane wave 

As a second example we consider a plane wave, described in 

the space domain by the harmonic signal 

~(x) - exp[iu xl , 
o 

(2.2-la) 

or, equivalently, in the frequency domain by the frequency 

impulse 



cp(u) - 2,,6(u-u ) 
o 
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(2.2-lb) 

A plane wave and a point source, are dual to each other, i. e., the 

Fourier transform of one functi.on has the same form as the other 

function. Due to this duality, the Wigner distribution function 

of a plane wave will be the salIle as the one of the point source, 

but rotated in the space-frequency domain through 90 degrees. 

Indeed; the Wigner distribution function of the plane wave 

(2.2-1) takes the form 

F(x,u) - 2,,6(u-u) . 
o 

(2.2-2) 

At all points, only one frequency u-u manifests itself, which is 
o 

exactly what we expect as the local frequency spectrum of a plane 

wave. 

2.3. Quadratic-phase signal 

The quadratic-phase signal 

(2.3-1) 

represents, at least for small x, i.e., in the paraxial 

approximation, a spherical wave' whose curvature is equal to Q. 

The Wigner distribution function of such a signal is 

F(x,u) - 2,,6(u-ax) , (2.3-2) 

and we conclude that at any point x only one frequency u-ax 

manifests itself. This corresponds exactly to the ray picture of 

a spherical wave. 

2.4. Smooth-phase signal 

The Wigner distribution function of the smooth-phase signal 
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~(x) - exp[i7(X)] , (2.4-1) 

where 7(X) is a sufficiently smooth function of x, takes the form 

d7 F(x,u) ~ 2~6(u-dx) (2.4-2) 

We remark that at any point x only one frequency U-d7/dx 

manifests itself. Note that relation (2.4-2) becomes an equality 

when 7(X) varies only linearly or quadratically in x (see 

Examples 2.2 and 2.3). The concept of a smooth-phase signal and 

its Wigner distribution function may be useful, for instance, in 

the geometrical theory of aberrations [Bor-75] and in describing 

Bryngdah1's geometrical transformations [Bry-74] and 

geometric-optical systems (see Examples 4.6 en 7.2). 

2.5, Gaussian signal 

Let us consider the Gaussian signal 

(2.5-1) 

where p is a positive quantity. The Wigner distribution function 

of this Gaussian signal reads 

(2.5-2) 

Note that it is a function that is Gaussian in both x and u, 

centered on the space-frequency point (x ,u ). The effective 
o 0 

widths in the x- and the u-direction follow from the normalized 

2 2 second-order central moments ~(p /2~) and ~(2~/p ) in the 

respective directions. 

When we consider Gaussian beams, we have to deal with a 

Gaussian signal that is multiplied by a quadratic-phase signal. 

e.g. , 
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2 ~ 22. 2 
~(x) - (2Ip) exp[-(~/p)x +~"ax ] . (2.5-3) 

The Wigner distribution functic.n of such a signal takes the form 

(2.5-4) 

It may be convenient to consider the Gaussian beam (2.5-3) as a 

quadratic-phase signal of the form (2.3-1). having a complex 

curvature "+i(2~/p2) [Des-72. E.as-79d]; this complex curvature 

sometimes behaves like the ordinary curvature of a 

quadratic-phase signal, as we shall see later on in Section 7.5. 

2.6. Hermite functions 

As a final example we shall consider the Hermite functions 

~m(E) (m-D.l •... ) that are defined. for instance. by means of the 

generating function [Bru-67. Abr-7D. Jan-SIc] 

exp[~E2_2~(~_E)2] - 2-~ 2 (m!)-~(4~)~~m~m(E) 
m-D 

(2.6-1) 

the Hermite functions can be expressed in the form [Bru-67] 

(2.6-2) 

where Hm(E) (m-D.l •... ) are the Hermite polynomials [Abr-7D]. 

Note that ~D(O is just the Gaussian function 2~ .exp[ _"E
2
]. and 

that. consequently. ~D(xlp) is exactly the Gaussian signal that 

we considered in Example 2.5 with x -u -0. We rem,ark that the 
o 0 

Hermite functions satisfy the orthonormality relation 

(m.n-D.l •... ) . (2.6-3) 

It can be shown [Jan-SIc] that the Wigner distribution function 

of the signal ~ (xlp) (m-D.l •... ) takes the form 
m 
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F(x.u) - (2.6-4) 

where Lm(€) (m-O.1 •... ) are the Laguerre polynomials [Erd-53]. We 

shall use the Hermite functions and their Wigner distribution 

functions later on in this report. 
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3. Properties of the Wigner distribution function 

In this section we list some properties of the Wigner 

distribution function. Other properties can be found elsewhere 

[Mor-62, Bru-67,73, Cla-BO, Szu-BO, Bre-83j. 

3.1. Inversion formulas 

The inverse relations that: corresponds to the definitions of 

the Wigner distribution fUnction read 

(3.l-la) 

and 

(3.l-lb) 

In fact, these inverse relations formulate the conditions that a 

function of two variables must satisfy in order 1:0 be a Wigner 

distribution function: a function of x and u is a Wigner 

distribution function if and only if the right-hand integral in 

relation (3.l-la) or (3.l-lb) is separable in the form of the 

left-hand side of that relation. From relations (3.1-1) we 

conclude that the signal <p(x) and its frequency "pectrum <p(u) can 

be reconstructed from the Wign"r distribution function up to a 

constant phase factor. 

3.2. Realness 

It follows immediately fr.)m the definitions of the Wigner 

distribution function that it Is real function. Unfortunately, 

the Wigner distribution fUnction is not necessarily nonnegative, 

which prohibits a direct interpretation of this function as an 

energy density function. 
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3.3. Space and frequency limitation 

It follows directly from the definitions that, if the signal 

~(x) is limited to a certain space interval, the Wigner 

distribution function is limited to the same interval. Similarly, 

if the frequency spectrum ~(u) is limited to a certain frequency 

interval, the Wigner distribution function is limited to the same 

interval. 

3.4. Space and frequency shift 

It follows immediately from the definitions that a space 

shift of the signal ~(x) yields the same shift for the Wigner 

distribution function. Similarly, a frequency shift of the 

frequency spectrum ~(u), which corresponds to a modulation of the 

signal ~(x), yields the same shift for the Wigner distribution 

function. We have already met these space and frequency shifts 

when we considered the Gaussian signal in Example 2.5. 

3.5. Some equalities and inequalities 

Several integrals of the Wigner distribution function have 

clear physical meanings. The integral over the frequency variable 

U, for instance, 

(3.5-la) 

represents the intensity of the signal, whereas the integral over 

the space variable x, 

(3.5-lb) 

is equal to the intensity of the frequency spectrum. These 

integrals are eVidently nonnegative. The same holds for the 

integral over the entire space· frequency domain, 
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1 If I 2 1 I - 2 2~ F(x,u)dxdu - 1~(x)1 dx - 2~ 1~(u)1 du , (3.5-2) 

which represents the total ene:rgy of the signal. It is not 

difficult to recognize Parseval's theorem in relation (3.5-2). 

The integral in relation {3.5-2) represents in fact the 

zero-order moment of the Wigne:r distribution func:tion. The 

normalized first-order moment "f the Wigner distribution function 

in the x-direction, 

m x 

2; IIxF(X,U)dxdU 

2; II F(x,u)dxdu 

Ixl~(x) 1
2

dx 

I I~(x) 1
2

dx 

(3.5-3a) 

is equal to the center of grav.lty [Pap-77] of the intensity 

I rp(x) 12 of the signal; a similar relation holds for the 

normalized first-order moment :In the u-direction" 

m 
U 

2; IIUF(X,U)dxdU 

2; II F(x,u)dxdu 

1I I'- 12 2~ U \D(U) du 

(3.5-3b) 1I I'- 12 2~ \D(U) du 

which is equal to the center of gravity of the intensity 1;P(u)1
2 

of the frequency spectrum. The normalized second··order central 

moment in the x-direction, 

m 
xx 

~ II(x-mx )2F (x,U)dxdU 

2; JJF(X,U)dxdU 

I(x-mx)21~(x)12dx 

II~(x) 12
dx 

(3.5-4a) 

is equal to the square of the duration [Pap-77] (Or effective 

width of the signal ~(x); a si"ilar relation holds for the 

normalized second-order central moment in the u-direction 



m uu 
2; JJF(X,U)dxdU 
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lJ 21- 12 2~ (u-mu) ~(u) du 
__________ d 2 

u 

(3.S-4b) 

which is related to the effective width of the frequency spectrum 

~(u). Note that, again, these second~order moments are 

nonnegative. We can also define the mixed second-order moment 

m - m 
UK xu 

~ JJ(x-mX ) (u-mu)F(x,u)dxdu 

2; JJF(X,U)dxdU 

The real symmetric matrix of second-order moments 

(3.S-4c) 

(3.S-4d) 

is nonnegative definite, as we shall proof in Section 7.5. 

Instead of the global moments like in relations (3.5-2), 

(3.5-3) and (3.5-4), where the integration is over both the space 

and the frequency variable, we can also consider local moments, 

like in relations (3.5-1), where we integrate over one variable 

only. The normalized first-order local moment with respect to the 

frequency variable, 

U(x) -

~ JuF(X,U)dU 

- 1m (~ ln ~(x») , 
2; J F(x,u)du 

(3.5-5) 

can be interpreted as the average frequency of the Wigner 

distribution function at position x. When we represent the signal 

",(x) by its absolute value 1~(x)1 and its phase arg ~(x), we 

obtain the relation 

d 
U(x) - dx arg ~(x) (3.5-6) 
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from which we conclude that the average frequency U(x) is equal 

to the derivative of the phase of the signal. Other interesting 

local moments can be found elsewhere [Cla-80). 

Several integrals of the .'igner distribution function can be 

interpreted as radiometric qU8I:ltities. We already found the 

intensity of the signal [see equation (3.5-la)) and the intensity 

of the frequency spectrum [see equation (3.5-lb)); the latter is, 

2 apart from a usual factor cos 6' (where 9 is the angle of 

observation in radiometry), pre'portional to the radiant intensity 

[Car-77, Wol-78]. The integral 

(3.5-7a) 

(where k-2~/A-W/C is the usual wave number) is p<oportional to 

the radiant emittance [Car-77, Wol-78]; when we combine the 

latter integral with the integral 

1 J u Jx(z) - 2~ k F(x,u)du, 

we can cons true t the two - dimen!:: ional vee tor 

J - (J ,J ) , x z 

(3.5-7b) 

(3.5-7c) 

which is proportional to the gt!ometrical vector [lux [Win-79). 

The total radiant [lux [Car-77) follows from intE,grating the 

radiant emittance over the space variable. 

An important relationship between the Wigner distribution 

functions of two signals and the signals themselves has been 

formulated by Moyal [Moy-49]; tt reads (3.5-8) 

This relationship has an application in averaging one Wigner 

distribution function with another Wigner distribution function. 

The result, unlike the Wigner distribution functIon itself, is 
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always nonnegative. A direct consequence of HoyaI's formula is 

the property that if two functions are orthonormal then their 

corresponding Wigner distribution functions are orthonormal, as 

well. We shall use this property later on, when we consider modal 

expansions of partially coherent light. 

Relations (3.5-2) and (3.5-8), together with Schwarz' 

inequality. yield the relationship 

which can be considered as Schwarz' inequality for Wigner 

distribution functions. 

(3.5-9) 

Another important inequality, which has been formulated by 

De Bruijn [Bru-67]. reads 

~ n! 2; JJF(X.U)dxdU , (3.5-10) 

whe~e n is a nonnegative integer. For the special case n-l, and 

choosing x -m and U -m this inequality reduces to o x 0 u' 

(3.5-11) 

from which we can directly derive the uncertainty principle 

[Pap-68,77] 

2d d ~ 1 
x u 

(3.5-12) 

2 
by choosing p -2"(d~du)' Note that the equality sign in relation 

(3.5-12) holds if and only if the signal is Gaussian. as in 

Example 2.5; for all other signals. the product of the effective 

widths in the space and the frequency directions is larger. We 

thus conclude that the Gaussian Wigner distribution function 

occupies the smallest possible area in the space-frequency plane. 
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4. Ray spread function of an optical system 

In this section we consider in more detail the propagation 

of the Wigner distribution function through linear optical 

systems. For convenience. we re,cal1 the input-output relationship 

(1. 5-2) 

F (x ,u ) - 21 JJK(X ,u ,x.,u.)F.(x.,u.)dx.du. , 
000 ~ 0 0 ~ ~ L L L L L 

(4.0-1) 

in which the Wigner distributic,n functions of the input and the 

output signal are related through a superposition integral. The 

function K(x ,u ,x. ,u.) is completely determined by the system 
o 0 L L 

and can be expressed in terms Clf the four system functions h , 
xx 

hux' 
with 

h 
xu 

and h ,by combining the system representations (1.5-1) 
uu 

the definitions of the WiE;ner distribution function; we find 

JJh (x +~ ,x.+~.)h* (x -~ ,x.-~.)exp[-i(u x -u.x.)]dx dx. xx 0 0 1 1 XX 0 0 1 1 0 0 1 1 0 1 

(4.0-2a) 

2
1 JJh (u +>!u ,x.+~.)h* (u ->!u ,x.-~.)exp[+i(u x +u.x.)]du dx. , 
~ ux 0 0 1 1 ux 0 0 1 1 0 0 1 1 0 1 

(4.0-2b) 

2: JJh (x +~ ,u.+>!u.)h* (x -~ ,u.->!u.)exp[-i(u x +u.x.)]dx duo , 
" xu 0 0 1 1 xu' 0 0 1 1 00 1 1 0 1 

(4.0-2c) 

(2 1)2
JJh 

(u +>!u ,u.+>!u.)h* i'u ->!u ,u.->!u.)exp[+i(u x -u.x.)]du duo . 
~ Ull 0 0 1 1 uu' 0 0 1 1 00 1 1 0 1 

Relations (4.0-2) can be consi(iered as the defini.tions of a 

double Wigner distribution fun<:tion; hence, the function 

K(xo'uo'xi,u
i

) has all the properties of a Wigner distribution 

function, for instance the property of realness. Physical 

constraints that can be imposed upon a system, can be expressed 

in terms of this double Wigner distribution func1;ion. 

(4.0-2d) 
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Losslessness of a system [But-77,Sll, for instance, with which we 

mean that the total energies of the input and the output signal 

are equal, can thus be expressed as 

2: SJK(X ,u ,x.,u.)dx du - 1 . 
II 0 0 L L 0 0 

(4.0-3) 

In a formal way, the function K(x,u,x.,u.) is the 
> > 

space· frequency domain response of the system at space-frequency 

point (x,u) due to F
i

(x,u)-2,,8(x-x
i

)8(u-u
i
). We emphasize that 

this is in a formal way only, since there does not exist an 

actual signal whose Wigner distribution function has the form 

2,,8(x-x.)8(u-u.). Nevertheless, thinking in optical terms, such 
> > 

an input signal could be considered to represent a single ray, 

entering the system at the point x. with a frequency (direction) 
> 

u .. Hence, we might call the function K(x ,u ,x.,u.) the ray 
10011 

spread funceion of the system. 

It is not difficult to express the ray spread function of a 

cascade of two systems in terms of the respective ray spread 

functions Kl(xo,uo,xi,ui) and K2(xo,uo,xi,ui" The ray spread 

function of the overall system has the form 

K(x ,U ,x.,u.) - 21 SJK2(X ,u ,x,u)Kl(x,u,x.,u.)dxdu . 
0011" 0 0 1 1 

(4.0-4) 

Some examples of ray spread functions of elementary 

Fourier-optical systems [But-77,Sl] might elucidate the concept 

of the ray spread function. 

4.1. Thin lens: spreadless system 

A thin lens having a focal distance f can be described by 

the point spread function 

h (x ,x.) - eXP[-i(k/2f)x2l8(x -x.) xx 0 1 0 0 1 
(4.1-1) 
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its input-output relation thus reads 

cp (x) - exp[ _i(k/U)x
2

]cp. (x) 
o l 

(4.1-2) 

The corresponding ray spread fu.nction takes the form 

k 
K(x ,u ,x.,u.) - 2 .. 5(x.-x )5(u.-u --..x ) , 

o 0 L L 1 0 lOr 0 
(4.1-3) 

and the input-output-relationship (4.0-1) for a thin lens reduces 

to 

k F (x,u) - F.(x,u+-..x) . o l r (4.1-4) 

Relation (4.1-3) represents ex .. ctly the geometric-optical 

behaviour of a thin lens: if a single ray is incident on a thin 

lens, it leaves the lens from the same position but its direction 

is changed as a function of the, positio.n. 

The thin lens is a special kind of a spreadless system, 

which can generally be describe,d by the input-output relation 

cp (x) - m(x)cp. (x) 
o l 

(4.1-5) 

In this general case the input· output relation (4.0-1) reduces to 

F (x,u) - 21 JF (x,u-u.)F.(x,uJ)du. o ~ mIL . 1 
(4.1-6) 

and has the form of a mere multiplication in the x-direction and 

a convolution in the u-direction of the input \<i~;ner distribution 

function F. (x, u) and the Wigner distribution function F (x, u) of 
l m 

the modulation function m(x). 

4.2. Free space in the Fresnel approximation: shlft-invariant 

system 

The pOint spread function of a section of free space having 
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a length z has, in the Fresnel approximation, the form 

while the corresponding wave spread function reads 

h (u ,u.) - exp[-i(z/2k)u2j2~6(U.-u ) uu 0 ~ 0 ~ 0 

its input-output relation thus reads 

rp (u) 
o 

2 -
exp[-i(z/2k)u jrp.(u) 

1 

(4.2-la) 

(4.2-lb) 

(4.2-2) 

The similarity between the wave spread function of free space and 

the point spread function of a lens shows that these two systems 

are duals of one another. This becomes apparent also from the ray 

spread function, which for free space takes the form 

(4.2-3) 

we conclude that the frequency behaviour of one system is similar 

to the space behaviour of the other system. The input-output 

relationship (4.0-1) for a section of free space reduces to 

z 
F (X,u) - F.(x-k-u,u) . o 1 

(4.2-4) 

Relation (4.2-3) again represents exactly the geometric-optical 

behaviour of a section of free space: if a single ray propagates 

through free space, its direction remains the same but its 

position changes according to the actual direction. 

Free space in the Fresnel approximation is a special kind of 

a shift-invariant system, which can generally be described by the 

input-output relationship 

(4.2-5a) 

or, equivalently, by 



rp (u) 
o iii(u)q;. (u) 

~ 
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(4.2-Sb) 

In this general case the input-output relation (4.0-1) reduces to 

Fo(x,u) - JF (X-x.,U)F.(X.,U)WL , m 2 211 
(4.2-6) 

and has the form of a mere multiplication in the u-direction and 

a convolution in the x-direction of the input Wig,ner distribution 

function F. (x, u) and the Wigner distribution func tion F (x, u) of 
~ m 

the modulating function iii(u). 

4.3. Fourier transformer 

For a Fourier transformer whose point spread function reads 

(4.3-1) 

and whose input-output relation can be expressed in the form 

rp (x) 
o 

11-
({3127ri) rp.({3x) 

~ 

the ray spread function takes the form 

1 
K(x ,u ,x.,u.) - 27r6(x'+{3-u )6(u.-{3x ) 

001 1 1 0 1 0 

and the input-output relationship (4.0-1) reduce" to 

(4.3-2) 

(4.3-3) 

(4.3-4) 

We conclude that the space and frequency domains are 

interchanged, as can be expectE~d for a Fourier transformer. 
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4.4. Magnifier 

Let a magnifier be represented by a point spread function 

h (x ,x.) 
xx 0 L 

l.j 
m 6(mx -x.) 

o L 

its input-output relation thus reads 

Then its ray spread function will read 

1 
K(xo'uo'x"u,) - 2"o(x.-mx )5(u.--u ) 

.... .... 1 0 ~mo 

and the input-output relationship (4.0-1) reduces to 

(4.4-1) 

(4.4-2) 

(4.4-3) 

(4.4-4) 

We note that the space and frequency domains are merely scaled, 

as can be expected for a magnifier. 

4.5. First~order optical systems 

Examples 4.1, 4.2, 4.3, and 4.4 are special cases of 

Luneburg's first-order optical systems [Lun-66]. A first-order 

optical system can, of course, be characterized by its system 

functions hxx' hux' 

absolute value, and 

h ,and h : they all have a constant 
xu uu 

their phases vary quadratically in the 

pertinent variables. Note that a Dirac function can be considered 

as a limiting case of such a quadratically varying function: 

indeed, 

(4.5-1) 

A system representation in terms of Wigner distribution 

functions, however, is far more elegant: the ray spread function 
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of a first~-order optical system has the form [Ba,,-79d] 

K(x ,U ,x.,u.) - 27f-y5(x.-Ax -Bu )5(u.-Cx -Du ) , 
o 0 L L 100 100 

(4.5-2) 

and its input-output relationship (4.0-1) reduces to 

F (x, u) - "IF. (Ax+Bu, Cx+Du) . 
o ~ 

(4.5-3) 

The constant "Y in these equations is nonnegative:, it equals unity 

if the system is lossless [Bas··79d], i.e., if for any input 

signal the total energy of the output signal equals that of the 

input signal [cf. equation (4.0-3)]. The four real constants A, 

B, C, and D constitute a matrix 

(4.5-4) 

which is symplectic [Lun-66, D"s-72 , Bas-79d,]; for a 2x2 matrix, 

symplecticity can be expressed by the condition ,ill-BC-l. 

From relation (4.5-2) we conclude that a single input ray 

entering a first-order system c3.t the point 

u i ' yields a single output ray leaving the 

xi wi l:h a frequency 

system at the point x 
o 

with a frequency u 
0' where xi' and u arE~ related by 

o 

(4.5-5) 

Relation (4.5-5) is a well-knmm geometric-optical matrix 

description of a first-order optical system [Lun,,66]; the 

ABCD-matrix (4.5-4) is known as the ray transformation matrix 

[Des-72]. As examples we give l~he ray transformal:ion matrices of 

the four basic systems - lens, free space, Fourier transformer, 

and magnifier - considered in Sections 4.1 through 4.4, 

respectively: 

[
1 -ZlkJ 
o 1 ' 

-l/fJ] 
o ' (4.5-6) 
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If two rays, with positions xl and x
2

' and directions ul and 

u
2

' propagate through a first-order system, then the quantity 

xl u2-ul x 2 remains invariant. This quantity is known as the 

Lagrange invariant [Lun-66,Des-72] and is a generalization of the 

Smith-Helmholtz invariant [Bor-75]; the latter invariant applies 

to an ideal imaging system, with one of the rays passing through 

the origin. The invariance of the quantity x
l

u
2

-u
l
x

2 
is, in fact, 

equivalent to the property that a first-order system is 

symplectic. 

Quadratic-phase signals (see Example 2.3) fit very well to a 

first-order optical system, since their general character remains 

unchanged when they propagate through such a system. We recall 

that, through equation (2.3-2), a quadratic-phase signal is 

completely described by its curvature a. Let a. be the input 
" curvature, then the ouput curvature a is related to a. by the 

o " 
bilinear relation [Bas-79d] 

a. 
" 

C+Da 
o 

A+Ba 
o 

(4.5-7) 

which follows immediately from relations (2.3-2) and (4.5-3). For 

the special first order systems considered in Sections 4.1 

through 4.4, the bilinear relations reduce to 

a. k/f+a , (4.5-8a) 
" 0 

l/a
i -z/k+l/a 

0 
(4.5-8b) 

2 
a. -p /a (4.5-8c) 
" 0 

2 
(4.S-8d) a. a /m 

" 0 

respectively, which follows directly from substituting the 

respective ray transformation matrix elements [see expressions 

(4.5-6)] into the bilinear relation (4.5-7). In fact, the 

bilinear relation (4.5-7) also applies to Gaussian beams, if we 

describe such a beam formally by a complex curvature [Bas-79], 

cf. Example 2.5; we will discuss this point in more detail in 

Section 7.5. 
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4.6. Coordinate. transformer 

As a final example we consider. Bryngdahl's coordinate 

transformer. [Bry.-74]. whose poInt spread function reads as 

hxx(xo',x,> - (fJ/21fi)'" exp[i-y(x .. )-ifJx x.] 
... J. 0 ~ 

(4.6-1) 

with -y(x)- a slowly varying function of x. The ray spread function 

of such, a coordinate transformEir thus. takes the form 

(4.6-2) 

We note that for low-frequency input signals (i.e .... ui~O). 

relation (4.6-2) directly reprEisents. the desired coordinate 

transformation fJx -d-y/dx .. 
o ~ 
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5. Transport equations for the Wisner distribution fUDction 

In the previous section we studied, in Example 4.2, the 

propagation of the Wigner distribution function through free 

space, by considering a section of free space as an optical 

system. It is possible, however, to find the propagation of the 

Wigner distribution function through free space directly from the 

differential equation that the signal must satisfy. To show this, 

we let the space variable z enter into the formulas, and we thus 

express the signal by ~(x;z) and its Wigner distribution function 

by F(x,u;z); for convenience, we recall the definition of the 

Wigner distribution function 

F(x,u;z) - f~(x+~';Z)~*(X-~';z)eXp[-iUX']dx' . (5.0-1) 

In the Fresnel approximation of free space, the signal ~(x;z) 

satisfies a differential equation which has the form of a 

diffusion equation of the parabolic type [Pap-68]: 

2 . a~ ( 1 a) 
-1 az - k + 2k ax2 ~ (5.0-2) 

The propagation of the Wigner distribution function is described 

by a transport equation [Bre-73,79 Bes-76, McC-76, Bas-79b,79c], 

which in this case takes the form 

U aF + aF _ 0 
k ax az (5.0-3) 

[Relation (5.0-3) is a special case of the transport equation 

(5.0-6) that corresponds to the more general differential 

equation (5.0-5), which will be studied in the next paragraph.] 

The transport equation (5.0-3) has the solution 

U 
F(x,u;z) - F(x-kz,u;o) (5.0-4) 

which is equivalent to the previously derived relation (4.2-4). 

The differential equation (5.0-2) is a special case of the 
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more general equation. 

(5.0-5) 

where L is some explicit function of the space variables x and z, 

and of the partial derivative of 'P contained in t:he operator 

a/ax. The transport equation that corresponds to this 

differential equation. reads 

-aF _ 2 1m [L(X+>ii...i u->ii...i· z)'1 F . 
8z au' ax'.. ' (s.0-6a) 

a derivation of this formula can be found in App.mdix B. In the 

elegant, symbolic notation of Ilesieris and Tappert [Bes-76l, the 

transport equation (s.0-6a) takes the form 

+- -+ +--+ 

aF [ -az - 2 1m L(x,u,z) [
. a a a a]) exp >i2(- - - - -) 

ax au au ax F, (s.0-6b) 

where, depending on the directions of the arrows" the 

differential operators on the right-hand side operate on L(x,u;z) 

or F(x,u;z). In the Liouville cipproximation (or ~~eometric-optical 

approximation) the transport equation (5.0-6b) reduces to 

aF [ --a - 2 1m L(x,u,z) 
Z 

(S.0-7a) 

which is a linearized version of relation (s.0-6b). In the usual 

notation this linearized transport equation readn 

2 (ImL) F + 8ReL 8F _ 8R"L 8F 
ax au all ax 

(s.0-7b) 

Relation (5. D-7b) is a first-order partial diffe:::-ential equation, 

which can be solved by the method of characteris':ics [Cou-60l: 

along a path described in a parameter notation by x-x(s) , Z-z(s) , 

and u-u(s), and defined by the differential equa'tions 

dx aReL 
ds - -au dz 

- - 1 ds 
,~u aReL 
ds - ax (5.0-8) 
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the parCial differential equation (5.0-7b) reduces to the 

ordinary differential equation 

~ + 2 (ImL) F - 0 (5.0-9) 

In the special case that L(x,u;z) is a real function of x, U, and 

Z, relation (5.0-9) implies that along the path defined by 

relations (5.0-8) the Wigner distribution function has a consCanC 

value (see also, for instance, [Fri-81J). 

Let us consider some examples. 

5.1. Free space in the Fresnel approximation 

In free space in the Fresnel approximation the signal is 

governed by equation (5.0-2), and the function L(x,u;z) reads 

2 
U 

L(x,u;z) - k - 2k (5.1-1) 

The corresponding transport equation (5.0-3) and its solution 

(5.0-4) have already been mentioned in the introductory paragraph 

of this section. 

5.2. Free space 

In free space (but not necessarily in the Fresnel 

approximation) the signal ~(x;z) must satisfy the Helmholtz 

equation, which we write in the form 

The function L(x,u;z) reads 

2 2 ~ L(x,u;z) - (k -u) , 

(5.2-1) 

(5.2-2) 
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and the linearized transport equation takes the form 

U aF 
k ax + 

This linearized transport equation can again be "olved 

explicitly; the solution reads 

F(x,u;z) - F[X - -2;;--,u::"2""1t z, u; 
(k -u ) 

0) . 

(5.2-3) 

(5.2-4) 

Note that in the Fresnel approximation the relations (5.2-1), 

(5.2-2), (5.2-3), and (5.2-4) reduce to (5.0-2), (5.1-1), 

(5.0-3), and (5.0-4), respectively. 

When we integrate the linearized transport "quat ion (5.2 -3) 

over the frequency variable u and we use the definitions (3.5-7), 

we find 

aJ 
x 

+ ax 
aJ 

z 
az - 0 , 

which shows that the geometrical vector flux J has zero 

divergence [Win-79J. 

5.3. Weakly inhomogeneous medium 

(5.2-5) 

In a weakly inhomogeneous medium the differential equation 

that the signal must satisfy, and the function L(x,u;z), are 

described by relations (5.2-1) and (5.2-2), respectively, but now 

with k-k(x,z). The linearized transport equation now takes the 

form 

u aF -+ 
k ax (5.3-1) 

which, in general, cannot be solved explicitly. with the method 

of characteristics we conclude that along the path defined by 



~ u 
ds - k 

dz 
ds 
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(5.3-2) 

the Wigner distribution function has a constant value. When we 

eliminate the frequency variable u from equations (5.3-2), we are 

immediately led to 

ak 
ax 

ak 
az (5.3-3) 

which are the equations for an optical light ray in geometrical 

optics [Bor-75J. Note that in a homogeneous medium (i.e., 

ak/axeak/az=O) the linearized transport equation (5.3-1) reduces 

to (5.2-3), and that the ray paths become straight lines. 

5.4, Higher-dimensional Wigner distribution function 

Until now the space variables x and z in the Wigner 

distribution function were treated differently: a frequency 

variable u was associated with the space variable x, but there 

was not such a frequency variable associated with the space 

variable z. This different treatment of the space variables 

corresponds to the fact that the signal ~(x;z) may be chosen 

arbitrarily, for instance, in a plane z-constant; the 

z-dependence then follows from the properties of the medium 

through which the signal is propagating. We can, however, define 

a higher-dimensional Wigner distribution function, treating the 

space variables x and Z in like manner, by 

F(x,u,z,W) - (5.4-1) 

- JJ~(x+~' ;z+~z')~*(x-~' ;z-~z')exp[-i(ux'+wz')J~'dz' . 

We can always regain the original Wigner distribution function 

F(x,u;z) from the higher-dimensional one through the relation 

F(x,u;z) - 2; JF(X,U,Z,W)dW . (5.4-2) 
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The use of the higher-dimensional Wigner distribution function 

may lead to some mathematical elegance, as we shall show in this 

section. 

The differential equation (5.0-5) is a special case of the 

more general equation 

L( . a . a) 0 
x'·~ax,z'-~8z ~ - . (5.4-3) 

The corresponding equation for the Wigner distribution function 

F(x,u,z,W) can easily be derived to read (5.4-4) 

+- -+ +- -+ +- -+ +- -+ 

2 1m [L(X,U,Z,W) exp [!oj i (-.E. -.E. _ -.E. -.E. + -.E. -.E. _ _~ -.E.) ] ) ax au au ax az aw aw az F - 0 . 

As an example we shall study again the propagation in free space, 

which is governed by the Helmholtz equation 

The function L(x,u,z,w) reads 

L(x,u,z,W) - k 
2 2 

u +w 
--k-

(5.4-5) 

(5.4-6) 

and the higher-order Wigner distribution function satisfies the 

partial differential equation 

(5.4-7) 

which resembles relation (5.2-3), but, unlike thE' latter one, is 

exact. 



41 

6. The Wigner distribution function for partially coherent light 

As we mentioned before in Section 1.3, the theory of the 

Wigner distribution function can easily be extended from 

deterministic signals (completely coherent light) to stochastic 

signals (partially coherent light), without increasing the 

dimensionality of the formulas. In Section 6.1 we shall first 

give a description of partially coherent light and define the 

Wigner distribution function in this case. Some examples of 

partially coherent light with their corresponding Wigner 

distribution function are considered in Section 6.2. In Section 

6.3 we will introduce modal expansions for partially coherent 

light and we will find some new properties for the Wigner 

distribution function. An overall degree of coherence for 

partially coherent light will be introduced in Section 6.4. 

6.1. Description of partially coherent light 

Let partially coherent light be described by a temporally 

stationary stochastic process ~(x,t); the ensemble average of the 

* product ~(xl,t2)~ (x
2
,t

2
) is then only a function of the time 

difference t
l
-t

2
: 

(6.1-1) 

The function f(x
l

,x
2

,r) is known as the (mutual) coherence 

function [Wol-54,55, Pap-68, Bas-77] of the process ~(x,t). The 

(mutual) power spectrum [Pap-68, Bas-77] or cross-spectral 

density function [Man-76] r(x
l

,x
2

,w) is defined as the temporal 

Fourier transform of the coherence function: 

(6.1-2) 

The basic property [Man-76, Bas-77] of the power spectrum is that 

it is a nonnegative definite Hermitian function of Xl and x 2 ' 

i.e .. 
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(6.1-3a) 

and 

(6.1-3b) 

for any function g(x,w). 

Instead of describing a stochastic process in a space domain 

by means of its power spectrum r(xl,x2'~)' we can represent it 

equally well in a spatial-frequency domain by means of the 

spatial Fourier transform r(u1 ,u
2

,w) of the power spectrum: 

(6.1-4) 

Unlike the power spectrum r(x1 ,x
2

,w), which expresses the 

coherence of the light at two different position", its Fourier 

transform r(u1 ,u2 ,w) expresses the coherence of the light in two 

different directions. Therefor., we call r(x
1 

,x
2

, to) the positional 

power spectrum [Bas-81c,86a] and r(u1 ,uZ'w) the directional power 

spectrum [Bas-81c,86a] of the light. It is evident that the 

directional power spectrum r(u1 , u
2

' w) is a nonnellative definite 

Hermitian function of u1 and u:/. 

Apart from the pure space representation of a stochastic 

process by means of its positic)nal power spectrum or the pure 

spatial-frequency representation by means of its directional 

power spectrum, we can describc~ a stochastic proeess in space and 

spatial frequency simultaneously. In this section we therefore 

use the l.Jigner distribution function. Since in the present 

discussion the explicit tempor .• 1-frequency dependence is of no 

importance, we shall, for the :sake of conveniencc~, omit the 

temporal-frequency variable w from the formulas in the remainder 

of this section. 

The Wigner distribution function of a stochastic process can 
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be defined in terms of the positional power spectrum by 

F(x,u) - fr(x+~"x-~')eXp[-iUX'ldx' (6.1-5a) 

or, equivalently, in terms of the directional power spectrum by 

1 J-F(x,u) - 2~ r(u+~u' ,u-~u')exp[iu'xldu' . (6.1-5b) 

A distribution function according to definitions (6.1-5) was 

first introduced in optics by Walther [Wal-68,781, who called it 

the generalized radiance. 

6.2, Examples of Wigner distribution functions 

Let us consider some simple examples. 

(1) Spatially incoherent light can be described by its 

positional power spectrum, which reads as 

r(x+~',x-~') - p(x)5(x'), 

where the 'intensity' p(x) is a nonnegative function. The 

corresponding Wigner distribution function takes the form 

F(x,u) - p(x) 

(6.2-1) 

(6.2-2) 

note that it is a function only of the space variable x and that 

it does not depend on u. 

(2) As a second example, we consider light that is dual to 

incoherent light, i.e., light whose frequency behaviour is 

similar to the space behaviour of incoherent light and vice 

versa. Such light is spatially stationary light. The positional 

power spectrum of spatially stationary light reads as 

r(x+~' ,x-~') - s(x') (6.2-3a) 
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its directional power spectr~n thus reads as 

r(u+ltu' ,u-Itu') s(u)S(u' ) (6.2-3b) 

where the nonnegative function s(u) is the Fourier transform of 

s(x'). Note that, indeed, the directional power spectrum of 

spatially stationary light ha.s a form that is similar to the 

positional power spectrum of incoherent light. The duality 

between incoherent light and .spatially stationa:cy light is, in 

fact, the Van Cittert-Zernike theorem. 

The Wigner distribution function of spatially stationary 

light reads as 

F(x,u) - s(u) (6.2-4) 

note that it is a function only of the frequency variable u and 

that it does not depend on x. It thus has the same form as the 

Wigner distribution function of incoherent light, except that it 

is rotated through 90 degrees in the space-frequency plane. 

(3) Incoherent light and spatially stationary light are 

special cases of so-called qu<,si-homogeneous li/lht [Car-77, 

Wol-78, Bas-8Ic]. Such quasi-homogeneous light "an be locally 

considered as spatially stationary, having, however, a slowly 

varying intensity. It can be :oepresented by a positional power 

spectrum such as 

f(x+Itx' ,x-Itx') ~ p(x)s(x') , (6.2-5) 

where p is a slowly varying function compared w'~th s. The Wigner 

distribution function of quasi-homogeneous ligh1: takes the form 

of a product: 

F(x,u) ~ p(x)s(u) (6.2-6) 

both p(x) and s(u) are nonneglltive, which impU"s that the Wigner 
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incoherent light arises for s(u)-l, whereas for spatially 

stationary light we have p(x)-l. 

(4) Let us consider Gaussian light, also known as Gaussian 

Schell-model light [Sch-6l, Gor-BO], whose positional power 

spectrum reads as (6.2-7) 

the quantity u is a measure of the coherence of the Gaussian 

light. The nonnegative definiteness of the power spectrum 

requires that u be bounded by 0 and 1; u-l leads to Gaussian 

light that is completely coherent (see Example 2.5, with 

x =U -0), whereas a~O leads to the incoherent limit. The Wigner 
o 0 

distribution function of such Gaussian light takes the form 

(O<u:sl) , (6.2-B) 

which is again Gaussian both in x and in u. 

(5) Completely coherent light is our final example. Its 

positional power spectrum 

(6.2-9) 

has the form of a product of a function with its 

complex-conjugate version [Bas-77]. The Wigner distribution 

function of coherent light thus reads 

F(x,u) - Jq(x+~')q*(x-~')eXp[-iUX']dx' , (6.2-10) 

and has the same form as the Wigner distribution function for 

deterministic signals [see definition (1.1-1)]. 
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6,3. Modal expansions 

The properties of the Wigner distribution function that we 

derived in Section 3 hold for the Wigner distribution function of 

partially coherent light, as we,ll (see also [Ped-82, Bre-84]). Of 

course, we must replace the int:ensity \rp(x) \2 of the signal by 

the positional intensity r(x,x) and the intensity \;;;(u) \2 of the 

frequency spectrum by the directional intensity r'(u,u). 

Moyal's formula needs som" special attention. It now takes 

the form 

But it still has the property that the integrals yield a 

nonnegative result, as we shall show in this section. 

(6.3-1) 

To derive some inequalitiBs for the Wigner distribution 

function, we introduce modal expansions for the power spectrum 

and the Wigner distribution function. We represent the positional 

power spectrum r(x
l

,x2) by its modal expansion (Bee, for 

instance, [Wol-82], and also [Gam-64, Gor-80] whl!re a modal 

expansion of the nonnegative d"finite Hermitian mutual intensity 

a) 

r(xl ,x2 ) - ; 2 
m-O 

(6.3-2) 

a similar expansion holds for the directional pow"er spectrum. For 

the mathematical subtleties of this expansion, W4~ refer to the 

standard mathematical literature (Cou-53, Rie-55/. In the modal 

expansion (6.3-2), the functions q (m-O,l, ... ) are the 
m 

eigenfunctions, and the number .. ). (m-O ,I, ... ) a:re the 
m 

eigenvalues of the integral eq'~ation 
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(_0,1, ... ) (6.3-3) 

the positive factor p is a mere scaling factor. Since the kernel 

r(xl ,x2) is Hermitian and under the assumption of discrete 

eigenvalues, the eigenfunctions can be made orthonormal: 

(m,n-O,l, ... ) . (6.3-4) 

Moreover, since the kernel r(x
l

,x2) is nonnegative definite 

Hermitian, the eigenvalues are nonnegative. Note that the light 

is completely coherent if there is only one nonvanishing 

eigenvalue. As a matter of fact, the modal expansion (6.3-2) 

expresses the partially coherent light as a superposition of 

coherent modes. 

When we substitute the modal expansion (6.3-2) into the 

definition (6.l-5a) of the Wigner distribution function, the 

Wigner distribution function can be expressed as 

F(x,u) '\ >. f (xip,pu) L m m 
(6.3-5) 

_0 

where 

(m-O,l, ... ) (6.3-6) 

are the Wigner distribution functions of the eigenfunctions q . 
m 

By applying Moyal's generalized formula (6.3-1) and using the 

orthonormality property (6.3-4), it can easily be seen that the 

Wigner distribution functions fm satisfy the orthonormality 

relation (6.3-7) 

As an example, we 

Gaussian light (6.2-7) 

remark that the eigenvalues A of the 
m 

take the form [Gor-BO, Sta-B2a, Bas-B3bJ 
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~ 2u [l_U)m 
m - l+u l+u (O<usl, m-O, 1, ... ) , (6.3-8) 

whereas the eigenfunctions q 
m 

described in Example 2.6; the 

thus take the form 

.are just the Hermi1:e functions 

'Oigner distribution functions f 
m 

(_0,1, ... ) , (6.3-9) 

cf. Example 2.6. Note that for u-l, the eigenvalue >'0 is the only 

nonvanishing eigenvalue and that the Gaussian li,ght is completely 

coherent. 

The modal expansion (6.3-2) allows us to reestablish some 

inequalities for the Wigner distribution function of partially 

coherent light, which we have already mentioned in Section 3.5. 

(1) Using the modal expansion, it is easy to see that De 

Bruijn's inequality (3.5-10) holds not only in the completely 

coherent (or deterministic) case, but also for the Wigner 

distribution function of partially coherent light. The 

uncertainty relation 2d d ~l, derived in Section 3.5, also holds 
X u 

for partially coherent light; a more sophisticated uncertainty 

principle for partially coherent light, which will take into 

account the overall degree of coherence of the light, will be 

derived in Section 7.7. 

(2) Using Moyal's generalized formula (6.3-1) and expanding 

the power spectra r l (xl ,x2) and r 2(xl ,x2) in the form (6.3-2), it 

can readily be shown that 

(6.3-10) 

Thus, as we remarked before. e.veraging one Wigner distribution 

function with another one alwa.ys yields a nonneg.ative result. In 

particular, the averaging with the Wigner distribution function 
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of completely coherent Gaussian light is of some practical 

importance [Bru-67, Mar-70, Jan-SIal, since the coherent Gaussian 

Wigner distribution function occupies the smallest possible area 

in the space-frequency domain, as we concluded before. 

(3) An upper bound for the expression that arises in 

relation (6.3-10) can be found by applying Schwarz' inequality, 

which yields the relationship (6.3-11) 

The right-hand side of relation (6.3-11) again has an upper 

bound, which leads to Schwarz' inequality (3.5-9); indeed,we have 

the important inequality 

(6.3-12) 

To prove this inequality, we first remark that, by using the 

modal expansion (6.3-5), the identity 

2! JJF(X,U)dxdU (6.3-13) 

holds. Secondly, we observe the identity 

00 

2! JJF
2

(x,U)dxdU - 2 A~ (6.3-14) 

_0 

which can be easily proved by applying the modal expansion 

(6.3-5) and by using the orthonormality property (6.3-7). 

Finally, we remark that, since all eigenvalues A are 
m 

nonnegative, the inequality 
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(6.3-15) 

holds, which completes the proc,f of relation (6.3-12). Note that 

the equality sign in relation (6.3-15), and hence in relation 

(6.3-12), holds if there is only one nonvanishing. eigenvalue, 

i.e., in the case of complete c:oherence. The quotient of the two 

expressions that arise in relation (6.3-12) or relation (6.3-15) 

can therefore serve as a meaSUI~e of the overall degree of 

coherence of the light. We shall explore the overall degree of 

coherence in the next section 

6.4 Overall degree of coherenCEt 

To measure the overall degree of coherence (if partially 

coherent light, we introduce quantities that are based on the 

eigenvalues 
'" 

of the light. As long as they are based on the 
m 

eigenvalues A and not on the E!igenfunctions qm' they have an 
m 

interesting property. Since a loss less system dOE!S not alter the 

eigenvalues of the power spectrum [Bas-8lc], an overall degree 

coherence that is based on these eigenvalues remains invariant 

when the light propagates through such a system. 

For the sake of convenienc.e, we define normalized versions 

v of the eigenvalues '" by m m 

of 

v 
m 

'" m (_0,1, ... ) (6.4-1) 

we have, of course, the relation 

(6.4-2) 

As a measure for the overall d,egree of coherence. we then define 
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the class of quantities ~ (with parameter p) by [Bas-84a,86b] 
p 

(p>l) . (6.4-3) 

Note that for the parameter value p-2, we have in fact the case 

already mentioned in Section 6.3: ~2 is just the quotient of the 

expressions that arise in relation (6.3-15). Note also that, as a 

consequence of relations (6.3-13) and (6.3-14), we do not have to 

calculate any eigenvalues when we want to determine P2" In this 

section we shall study some properties of the quantities ~ . 
p 

It can readily be seen that ~ is bounded by 0 and 1, and 
p 

that the case ~ -1 corresponds to complete coherence, in which 
p 

case there is only one nonvanishing eigenvalue. Moreover, we 

remark that ~ is independent of the parameter p, if there are M 
p 

identical nonvanishing eigenvalues; in that case p takes the 
p 

value ~ -11M. 
p 

Considered as a function of p, ~ has the following 
p 

properties [Bas-86b]: 

~ -lim~-II 
'" p-+a> p 1llBX 

d~ 
..:...E. > 0 dp - (p>l) . 

'" 

(6.4-4a) 

(6.4-4b) 

(6.4-4c) 

Property (6.4-4a) is evident. Property (6.4-4b) can be proved as 

follows. We write ~p in the form 

'" 
~p - exp~~~n, with f(p) - 1n 2 II~ and g(p) - p-1; 

_0 
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<0 

2 v
p 

In v 
m III 

hence, elf m-O g' (p) - ~ ~l. f' (p) - - - and dp <0 dp 

2 v p 
ill 

m-O 

We remark that limpHf(p) - lilllpHg(p) - 0, and "'ith L'Hospital's 

rule [Abr-70] we conclude that 

limEJPl 
pH g(p) 

I . t.:.J.pl - 2 Vm ~m '() 
pH g P 

m-O 

In v . 
m 

From the continuity of the exp function, we finally get property 

(6.4-4b). Property (6.4-4c) can be proved as follows. Let q>p>l; 

we then have the (in)equality 

where use has been made of Holder's (in)equality [Abr-70] and 

relation (6.4-2). We thus 

function of the parameter 

conc:.ude that ~ is a nondecreasing 
p 

p. We remark that l/p is the 
<0 

"effective number N of uncorrelated random variables representing 

a signal" as defined by Starikov and that 1/P
2 

is used as 

upper bound for this number (see [Sta-82b], Eqs. (20) and 

respectively). 

an 

(26), 

From property (6.4-4c) we conclude that PI is the smallest 

overall degree of coherence ou·t of the class P . In a certain 
p 

sense it is the best overall d1egree of coherence. because it 

exhibits best the departure of partially coherenl: light from the 

completely coherent case. Note that PI is related to Shannon's 

informational entropy [O'N-6l, O'N-63, Gam-64] , defined by the 

expression 
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As an example we consider again partially coherent Gaussian 

light, described by relation (6.2-7), with eigenvalues described 

by relation (6.3-8). Substituting from relation (6.3-8) into the 

definition (6.4-3) of ~ yields (for p~l, p-2, and ~) 
p 

_ 2u (1_U)(1-U)/2U 
~l l+u l+u ' 

~2 - a , 

2u 
~~ - l+u 

(6.4-5a) 

(6.4-5b) 

(6.4-5c) 

with O<u~l. We remark that for O<u«l, we have ~1~2u/e=0 and 

f 
~~=2u~O, while for u-1-2< with 0««1, we have ~1~< =1 and 

~~~l-E~l; furthermore, we note that #1~(2/e)u and that #~~o. The 

quantities ~l' ~2' and ~~ have been plotted in Figure 1 as a 

function of the quantity u. 

o 
o 0.5 o 

2 
e 

Figure 1. The quantities #1' P2' and p~ versus the quantity o. 
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7. Applications of the Wigner c.istribution function in optics 

We have already considered a number of simple applications 

of the Wigner distribution func.tion in the previous sections of 

this report: in fact, any example that we have considered 

represents such an application. In this section "e shall study 

some more advanced applications:. We begin with the description of 

some optical set-ups for the optical generation of the Wigner 

distribution function in Secticln 7.1. We then focus on three main 

categories of optical problems in which the concept of the Wigner 

distribution function can be applied usefully: first, the 

application to geometric-optical systems (Sections 7.2, 7.3, and 

7.4) and, especially, first-oreler optical systems (Section 7.5); 

second, the application to problems in which the signals appear 

quadratically (Section 7.6); and third, the applIcation to 

problems where properties of the signal are studi.ed in space and 

frequency simultaneously (Secti.on 7.7). 

7.1, Optical generation of the Wigner distribution function 

We will first consider a category of applications to 

problems that are not really optical but in which optics can be 

very helpful. In acoustics it often appears to bE! advantageous to 

describe the one-dimensional acoustical time signal in time and 

frequency simultaneously, leading to the musical score of the 

signal; as we have noted before, the musical score is the 

acoustical counterpart of the :ray concept in geometrical optics. 

Many applications occur where the Wigner distribution function 

might be a valuable means to extract relevant information from 

the acoustical signal. We ment:lon speech recogni1:ion and speaker 

identification [Bar-BOa,b, Pre-B3], acoustical pI!rception 

[Pre-82], under-water acoustics [Szu-82], etc. Special attention 

should be paid to the quality "valuation of loud· speakers 

[Jan-83]; it appears that what you hear when you listen to a 

loud- speaker, can directly be "bserved in the Wil;ner distribution 

function of the impulse response of the loud-speaker! Hence, it 

makes sense to generate the musical score of one··dimensional time 

signals. In order to visualize the musical score, the 
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two·dimensional Wigner distribution function of the 

one-dimensional signal could be generated by optical means and 

displayed in the output plane of an optical system. We shall 

describe some optical set-ups that generate the Wigner 

distribution function. 

If we do not have to work in real time and if the signal is 

real, then the generation of the Wigner distribution function by 

optical means is rather easy. A simple way to generate the Wigner 

distribution function is the following [Eic-82]. We fabricate two 

identical transparencies that are constant in one dimension and 

that vary in the other dimension according to the signal's 

amplitude. These two transparencies are placed in cascade· 

rotated relatively to each other - and illuminated by a plane 

wave of coherent laser light. We thus generate the product 

~(x+~y)~(x-~y) [cf. the definition (1.1-1) of the Wigner 

distribution function]. An astigmatic optical system follows the 

two transparencies, and performs a Fourier transformation in the 

y-direction and an ideal imaging in the x-direction. In the 

output plane we then have the Yigner distribution function. 

It is not difficult to generate the Wigner distribution 

function, using only one transparency [Mar-79, Bas-80a]. We shall 

review the set-up described by Brenner and Lohmann [Bre-82], see 

Figure 2. A plane wave of coherent laser light enters the beam 

splitter BS and illuminates the rotated transparency T. The 

transparency is ideally imaged 1:1 onto a roof top prism RTP, 

which inverts the y-coordinate. 

With the y-coordinate inverted, 

the transparency is then imaged 

onto itself, and the result - the 

product ~(x+~y)~(x-~y) - is 

Fourier transformed in the 

y-direction and ideally imaged in 

the x-direction, which yields the 

Wigner distribution function in 

the output plane. 

RTP 

Figure 2. Optical generation 

of the Wigner dis

cribution function. 
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In the case of complex signals, the production of the Wigner 

distribution function is not as simple as in the real case, The 

reason for this becomes apparent from the defini I:ion (1.1-1) of 

the Wigner distribution function, which shows that we need the 

complex conjugate version of the signal, too. To generate the 

Wigner distribution function in this case, Brenner and Lohmann 

[Bre-82] have described two ways. One way uses al.most the same 

set-up as before, but with the transparency of the signal 

replaced by a hologram of the signal; the hologrmn contains the 

required conjugate version of l:he signal, as well. With some 

suitable masks. we select the ,.;ranted term, and the Wigner 

distribution function of the complex signal appears in the output 

plane. The second way mentioned by Brenner and Lohmann starts 

with the complex signal itself and generates its complex 

conjugate version by means of Ci nonlinear material. This second 

set-up can, in principle, be used for real-time I~eneration of the 

Wigner distribution function. 

One possible application to the processing of 

one-dimensional signals is obvious. We can generate the 

two-dimensional Wigner distribution function of the signal, then 

perform an optical filtering in the Wigner distribution function 

domain, and derive again a one-dimensional signal from the 

filtered Wigner distribution function. The overall processing 

will be a shift-variant filtering of the one-dim,msional signal. 

It is not clear whether this processing techniqu<' offers 

advantages over other shift-va"riant processing t4~chniques. 

The Wigner distribution function of a two-dimensional signal 

is four-dimensional. It is difficult, however, to display such a 

four-dimensional function. Nevertheless, several set-ups for the 

optical generation of the Wigner distribution function of 

two-dimensional signals have been proposed already. Bamler and 

Glunder [Bam-83] display the Wigner distribution function as 

two-dimensional slices of the four-dimensional Wigner 

distribution function, using techniques that are similar to the 

ones described above for the one-dimensional cas,e. Easton et al. 

[Eas - 84] use a different approach; they use the :~adon 

transformation to generate a Fourier transform and display the 
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one-dimensional Wigner distribution function as one-dimensional 

slices of the four-dimensional Wigner distribution function. 

Again, the Wigner distribution function of the two-dimensional 

signal might be a valuable tool to extract relevant information 

from the signal, for instance in distinguishing patterns with 

known texture direction. 

7.2. Geometric-optical systems 

Let us start by studying a modulator (cf. Example 4.1) 

described by the coherent input-output relationship 

~ (x)-m(x)~.(x) [cf. relation (4.1-5)]; for partially coherent 
o " 

light, the input-output relationship reads as 

(7.2-1) 

The input and output Wigner distribution functions are related by 

the relationship (7.2-2) 

F (x,u ) - 21 fF.(X,u.)dU. fm(x+~')m*(X-~')eXp[-i(U -u.)x'Jdx'. 
o 0 ~ L L L 0 L 

This input-output relationship can be written in two distinct 

forms. On the one hand we can represent it in a differential 

format reading as follows: 

F (x,u) - m(x+~iaa)m*(x-~iaa)F.(X,U) 
o U U L 

(7.2-3a) 

On the other hand, we can represent it in an integral format that 

reads as follows [cf. relation (4.1-6)J: 

where F (x,u) is the Wigner distribution function of the 
m 

modulation function m(x). Which of these two forms is superior 

depends on the problem. 
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We now confine ourselves to the case of a pure phase 

modulation function 

m(x) - exp[i~(x)J . 

We then get 

* m(x+~')m (x-~') 

"" . 

[
. \ 2 (2k+l) 

exp ~ L (2Jc+l)! ~ (x) 

k-O 

(7.2-4) 

where the expression ~ (n) (x) is the nth derivative of ~(x). If we 

consider only the first-order derivative in relation (7.2-5), we 

arrive at the following expressions: 

(7.2-6a) 

F (x,u) = 2"S(u_d~) m dx- , (7.2-6b) 

and the input-output relationship of the pure phase modulator 

becomes 

(7.2-7) 

which is a mere coordinate transformation. We conclude that a 

single input ray yields a single output ray. 

The ideas described above have been applied to the design of 

optical coordinate transformers [Bry-74, Jia-84] and to the 

theory of aberrations [Loh-83]. Now, if the first-order 

approximation is not sufficien;:ly accurate, 1. e., if we have to 

take into account higher-order derivatives in relation (7.2-5), 

the Wigner distribution function allows us to OVHrcome this 

problem. Indeed, we scill have the exact input-output 

relationships (7.2-3), and we can take into account as many 

derivatives in relation (7.2-5) as necessary. We thus end up with 

a more general differential form [Fra-82] than expression 

(7.2-6a) or a more general int"gral form [Jan-82h] than 
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expression (7.2-6b). The latter case, for instance, will yield an 

Airy function [Abr-70] instead of a Dirac function, when we take 

not only the first but also the third derivative into account. 

From expression (7.2-7) we concluded that a single input ray 

yields a single output ray. This may also happen in more general 

- not just modulation-type - systems; we call such systems 

geometric-optical systems. These systems have the simple 

input-output relationship 

F (x,u) - F.[g (x,u),g (x,u)] o 1 X U 
(7.2-8) 

where the ~ sign becomes an - sign in the case of linear 

functions g and g , i.e., in the case of Luneburg's first-order 
x u 

optical systems, which we have considered in Section 4.5. There 

appears to be a close relationship to the description of such 

geometric-optical systems by means of the Hamilton 

characteristics [Bas-79a]. 

Instead of the black-box approach of a geometric-optical 

system, which leads to the input-output relationship (7.2-8), we 

can also consider the system as a continuous medium and formulate 

transport equations, as we did in Section 5. For 

geometric-optical systems, this transport equation takes the form 

of a first-order partial differential equation [Mar-80], which 

can be solved by the method of characteristics. In Section 5 we 

reached the general conclusion that these characteristics 

represent the geometric-optical ray paths and that along these 

ray paths the Wigner distribution function has a constant value. 

The use of the transport equation is not restricted to 

deterministic media; Bremmer [Bre-79] has applied it to 

stochastic media. Neither is the transport equation restricted to 

the scalar treatment of wave fields; Bugnolo and Bremmer [Bug-83] 

have applied it to study the propagation of vectorial wave 

fields. In the vectorial case, the concept of the Wigner 

distribution function leads to a Hermitian matrix rather than to 

a scalar function and permits the description of nonisotropic 

media as well. 
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We have already considered some examples of 

geometric·optical systems in Section 5; two more advanced 

examples are studied in the next two sections. Other examples are 

described by Ojeda-Castaneda and Sicre [OJe-85J. 

7,3. Flux transport through free space 

Let us consider, in the z-O plane, a quasi-homogeneous 

planar Lambertian source [Car-77, Wol-78J, whose positional 

intensity is uniform in the interval Ixl<x and vanishes 
max 

and whose radiant intensity has the outside that interval, 

directional dependence cosO in the interval 101<0 and vanishes 
max 

outside that interval; as usual in radiometry, 0 is the 

observation angle with respect to the z axis. The Wigner 

distribution function of such a source is given by 

" F (x, u) - "2-x---=k"::""s-=-i-n-0-:---
max max 

( X
Xm-l rect 2 ..) 

k 

for convenience, we have norma.lized the total radiant flux 

[Car-77J to unity: 

2 2 It 
2; JJF(X,U) (k -~) dxdu - 1 . 

(7.3-1) 

(7.3-2) 

We wish to determine the radiant flux through an aperture with 

width 2x ,parallel to the source plane, and symmetrically 
max 

located around the z axis at a. distance z from the source plane. 
o 

In the geometric-optical approximation, the Wigner distribution 

function at the z-z 
o 

radiant flux through 

integral 

2 2 It plane reads as F[x+z u/(k -u ) ,uJ, and the 
o 

the aperture follows readily from the 



sin 1 
z 

o z:x---- (I-cos -y) 
max 

sin 0 
max 
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where -y-min[O ,arctan(2x /z )]. 
max m~ 0 

(7.3-3) 

Similar techniques can be applied in the more general case 

when the source and the aperture have different widths and when 

the optical axes of the source and the aperture planes are 

translated or even rotated with respect to each other. Such 

problems arise, for instance, when two optical fibers are not 

ideally connected to each other and we want to determine the 

energy transfer from one fiber to the other [Ett-85]. 

7.4. Rotationally symmetric fiber 

As our last example of a geometric-optical system, let us 

consider - by way of exception - a two-dimensional one. In an 

optical fiber that extends along the z axis, the signal depends, 

at a certain z value, on the two transverse space variables x and 

y; its Wigner distribution function depends on these space 

variables and on the two frequency variables u and v. The 

transport equation in the fiber now has the form 

8F 
U ax + v (7.4-1) 

which is the two-dimensional analogue of the transport equation 

(5.3-1). We now assume that the index of refraction has a 

. 2 2" 
rotationally symmetric profile; hence, k~k[(x +y ) ]. When we 

apply the coordinate transformation 

x - r cos cp, y - r sin cp, h - ux-vy, 
222 

u +v +w . (7.4-2) 
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we arrive at the transport equation 

[ 
2 2 2 2) ~ 8F h 8F 

k -w -h /r -- + -- -- + w 8r 2 8", 
r 

,W _ 0 . 
,1z 

(7.4-3) 

We remark that the derivatives of the Wigner dis1:ribution 

function with respect to the r,lY invariants hand w do not enter 

the transport equation (7.4-3). From the definit:lon of the 

characteristics 

dh w - 0, dz 
dw 

w dz - 0, 
dr 

wdz 
,lq> 

W ;:iz 
h 
2' 
r 

we conclude that dh/dz-dw/dz-O, and hand ware, indeed, 

invariant along a ray. 

7.5. Gaussian beams and first~order optical systems 

(7.4-4) 

The propagation of the first- and second-order moments of 

the Wigner distribution function through a first-order optical 

system, described by a ray transformation matrix (cf. 

Section 4.5) 

T - [~~] , (7.5-1) 

Can be phrased in an easy way [Bas-79dJ. For the first-order 

moments m and m of the input: and the output signal we find 
x u 

[:~l [: : 1 [:~l (7.5-2) 

whereas for the second-order Dloments mxx ' mxu ' nlux' and muu we 

have 

[:t :t 1 [; : 1 [ 
o 

m 
xx 
o 

m we 

o 
m 

xu 
o 

m uu 1 [: : 1 (7.5-3) 
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Relation (7.5-3) yields a number of relationships between the 

second-order moments of the Wigner distribution functions of the 

input and the output signal at a first-order system. These 

relations are equivalent to the relationships formulated by 

Papoulis [Pap-74J for the second derivatives of the ambiguity 

functions of these signals. This can easily be understood: since 

the ambiguity function and the Wigner distribution function are 

related through a Fourier transformation, moments of one function 

are equal to derivatives of the other, and vice versa. 

Relation (7.5-3) provides a proof for the nonnegative 

definiteness of the symmetric matrix H [see relation (3.5-4)] of 

second-order moments. Indeed, from relation (7.5-3) we conclude 

2 0 0 0 2 0 i that the quadratic form A m +AB(m +m )+B m - m is 
xx xu ux uu xx 

nonnegative for arbitrary values of A and B. Nonnegative 

definiteness of the symmetrix matrix H implies the following 

inequalities; 

m '" 0 (7.5-4a) 
xx 

m 2: 0 (7.S-4b) 
uu 
2 

0 (7.S-4c) m m -m '" xx uu xu 

We shall now find a different representation for the 

propagation of the second-order moments through a first-order 

system. First we note that as a direct consequence of the 

symplecticity of the ray transformation matrix T, the determinant 

of the matrix H is invariant when the light propagates through a 

first-order system. To find a further propagation law, we first 

consider the second-order moments of a general Gaussian signal. 

If a Gaussian signal whose Wigner distribution function has 

the form (6.2-8) is the input signal of a first-order optical 

system described by the ray transformation matrix (7.5-1), then 

the output Wigner distribution function has the form 

(7.5-5) 
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Since the ray transformation 'lIUltrix is symplectic.. this output 

\Oligner distribution function can be expressed in the form 

(P>O, O<u:sl) , (7.5 - 6) 

where the parameters a and P are related to A, B, C, D, and p 

through the formulas 

222 2 liP - (2~/p )B +(p 12~)D , (7.5-7a) 

2 2 -alP - (2~/p )AB+(p 12~)CD . (7.5-7b) 

The Wigner distribution function of the form (7.5-6) is in 

fact the Wigner distribution function of a cross section through 

a Gaussian beam. When this bear, propagates through a first-order 

optical system, the beam param"ters a and P change, but the 

general form (7.5-6) of the Wigner distribution function is 

preserved. To be more specific I we calculate the matrix of 

second-order moments for a signal of the form (7.5-6), 

If _ --.l [liP 
2(1 alP 

(f!>O, 0<(1:$1) , (7.5-8) 

and substitute it in the propal~ation law (7.5-3) .. We find that if 

a Gaussian beam with beam parmneters a., p., and (1. forms the 
~ ~ ~ 

input of a first-order optical system with the ray transformation 

matrix (7.5-1), then the GaussIan beam at the ou1:put of the 

system has parameters ao' fio ' Clnd ao ' where 

(1 
o 

(1. 
~ 

(7.5-9a) 

and where a and P are related to a, and p. by ehe relations 
o 0 .L 1. 

(7.5-9b) 

.) 

a, (PoIP,) - (A+Ba ) (C+Da )+BDP'-
...... 0 0 () 

(7.5-9c) 
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When we introduce the complex beam parameter 7 through 

-y - a+if3 , (7.5-10) 

relations (7.5-9b,c) can be combined into one relation that has 

the bilinear form (4.5-7) 

C+D-y 
o 

-y. -
L A+B-y 

o 
(7.5-11) 

hence, the complex beam parameter -y behaves like the curvature of 

a quadratic-phase signal. 

Now, since any nonnegative definite symmetrix matrix H can 

be expressed in the form (7.5-8), the propagation law (7.5-11) 

also holds for the second-order moments of an arbitrary signal. 

If we express the matrix n in the form (7.5-8), the parameters a, 

f3, and u are determined by the second-order moments through the 

relations 

Ct ... m 1m , 
xu xx 

a - 1/2(m m _mZ)~ - 112m, 
xx uu xu 

where we have introduced the quantity 

(7.5-1Za) 

(7.5-1Zb) 

(7.5-1Zc) 

(7.5-13) 

Since m
2 

is equal to the determinant of H, it remains invariant 

when the light propagates through a first-order optical system. 

From this invariance and relation (7.5-13), we directly conclude 

that m m 
xx uu 

Z takes its minimum value m when m -0. In terms of 
xu 

the beam parameters, this situation occurs when a-O; if we were 

dealing with Gaussian beams, this would mean that we are at the 



waist· of: the beam. From the' un"ertainty principII>. 2d. d 2:1, we. xu 
conclude that the quantity m is. larger than J.f,. which corresponds 

to the condition us1. that aris,.s in" relation. (7.5-8). 

7,6. Quadratic signal dependen,e 

An important category of applications of th,. l-ligner 

distribution function is formed by those problem, in which the 

signal enters the theory quadratically. The most important 

application in this. category is to the theory of partial 

coherence, We have already discussed this applic,ation in great 

detail in Section 6 (see also the applications mentioned in 

Section 7). 

Another obvious example in this. category is. the treatment of 

so-called bilinear systems, as studied by Ojeda-Castaneda and 

Sicre [Oje-84]. Such a bilinear system is" described by the 

input-output relationship 

in which the system kernel is Hermitian, 

and nonnegative definite. With 

F (x ;x,u) - Jg(X ;x+~' ,x-~')exp[-iux']dxdx' , 
goo 

(7.6-1) 

(7.6-2) 

(7.6-3) 

we can write the input-output relationship (7.6-1) in the form 

Irp (x ) 12 - 21 IfF (x ;x,u)F.(x,u)dxdu . 
o 0 ~ g 0 L 

(7.6-4) 

Suppose now that we may identify F with the projection of a 
g 

so-called bilinear ray spread function G(x ,U ;x,u): o 0 
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F (x ;x,u) - 21 IG(X ,U ;x,u)du . g 0 woo 0 
(7.6-5) 

We may then formulate the input-output relationship in terms of 

Wigner distribution functions as 

(7.6-7) 

and the output intensity follows by means of the identity 

I~ (x )1 2 
- 21 IF(X ,u )du o 0 woo 0 

(7.6-8) 

Note the similarity between relations (7.6-7) and (1.5-2). Of 

course, the bilinear ray spread function G cannot be fully 

determined from the projection relationship (7.6-5). However, the 

link between the system kernel g and the bilinear ray spread 

function G can be very instructive, as was shown by 

Ojeda-Castaneda and Sicre [Oje-84J. 

7.7. Uncertaintv principle and informational entropy 

The ordinary uncertainty principle 2d d ~l tells us that the 
xu 

product of the effective widths of the intensity functions in the 

space and the frequency domain has a lower bound and that this 

lower bound is reached when the light is completely coherent and 

Gaussian. We found the same uncertainty relation for partially 

coherent light in Section 6.3. In this section we derive more 

advanced uncertainty principles [Bas-84a,86bl, by taking into 

account the overall degree of coherence of the light. As a matter 

of fact, what we expect from an uncertainty principle for 

partially coherent light is that the product of the effective 

widths still has a lower bound but that this lower bound depends 

on the overall degree of coherence of the light: the better the 

coherence, the smaller the lower bound. Hence we need a measure 

of the overall degree of coherence, for which the quantity ~p 

defined in Section 6.4 will turn out to be a good choice. 

We start the derivation of the uncertainty principle with 
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the important identity (see, for instance, [Jan-81c], Sec.3.2, 

Ex. (viii) , case p-l) 

., ., 

(2"//)d;+(//2")d~ - 2 Vm 2 (2n+l) IJqm(01/>:(OdEI
2 

. (7.7-1) 

m-O n-O 

The expression 

the normalized 

2 2 2, 2 (2,,/p )d +(p /,!,,)d is thus described in terms of 
x u 

eigenvalues v and the inner products of the 
m 

eigenfunctions q with the Hel:mite functions 1/> . Note that due to m m 
the orthonormality of the eig,mfunctions [relation (6.3-4)] and 

the Hermite functions [relation (2.6-3)], the inner products 

satisfy the orthonormality property 

2 Uq1W 1/>:Wd€) (1,,,,.·0,1, ... ). (7.7-2) 

n-O 

If we assume (without loss of generality) that I:he eigenvalues 

are ordered in decreasing ord,~r, 

then the right-hand side of r"lation (7.7-1) hali the lower bound 

[Bas-83a,84a] 

., ., 

2 Vm 2 (2n+l) IIqm(01/>:Wd€1
2 

m-O n-O 

., 
(7.7-4) 

the proof of this (in)equality can be found in Appendix C. The 

equality sign in relation (7.7-4) holds if IJq ({)1/>*(€)d€I-6 , m n m~n 

which means that the eigenfunctions q are just the Hermite 
m 

functions 1/> . Combining relations (7.7-1) and (7.7-4), and 
m 

choosing p2-2"(d~du), we are led to the basic relationship 

., 
2dxdu ~ 2 vm(2m+1) 

m-O 

(7.7-5) 
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To find an uncertainty principle for partially coherent light, we 

have to find a lower bound for the right-hand side of the 

(in)equality (7.7-5); this will be the subject of this section. 

The (in)equality 

(7.7-6) 

in which the equality sign holds if vO-1 and v1-v2- ... -O, is 

evident; 

in which 

it leads to the ordinary uncertainty relation 2d d ~1, 
x u 

the equality sign holds for completely coherent Gaussian 

light. A less evident uncertainty relation follows from the 

(in)equality [Bas-84a] 

( 
1)-P/(P-1) 

~ 2 2--
P 

(p>l) , (7.7-7) 

where the equality sign holds for ~ and identical nonvanishing 

eigenvalues v ; note that the 
m 

relation (6.4-3)] has entered 

overall degree of coherence ~ [cf. 
P 

the formula. Relation (7.7-7) 

together with relation (7.7-5) leads to the uncertainty relation 

2d d ~ c(p)/~ 
x u P (p>l) , (7.7-8a) 

where the function c(p) (whose values are in the order of 1) 

depends on the parameter p through the relation 

c(p) - 2 (2_~)-P/(P-1) (p>l) . (7.7-8b) 

Note that c(1)-2/e~O.736, c(2)-8/9~O.889, and c(~)-l. 

To formulate an even more sophisticated uncertainty relation 

for partially coherent light, we proceed in the following way 

[Bas-86b]. We choose a measure for the overall degree of 

coherence of the light, for which we use the quantity ~l' based 

on Shannon's informational entropy (see Section 6.4) 
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and then solve the following problem: among all partially 

coherent wave fields having th" same informational entropy, find 

the wave field that minimizes the product 

problem, we have to find the distribution 

d d . To solve this 
x u 

of normalized 

eigenvalues v for which the right-hand side of "elation (7.7-5) 
m 

takes its minimum value under the constraints 

~ 0, 

., 
'\ v -1 L m ' 

_0 

., 
and In v - constant. 

m 

Using standard variation techniques, it is not difficult to show 

that the minimum of this right-hand side occurs "hen the 

normalized eigenvalues take th,' form of relation (6.3-8) and that 

this minimum takes the value 1/2,,; the quantity C7 is related to 

the informational entropy thro'>gh the formula 

., 

_0 

v 
m 

20 [1-,,) (1-")/2" 

1+" 1+" 
(0<,,';1) (7.7-9) 

[cf. relations (6.4-4b) and (6.4-5a)J. We thus C,)llclude that an 

uncertainty principle for partially coherent light reads as 

2d d ~ 1/" , x u 
(7.7-10) 

where " is related to the informational entropy through relation 

(7.7-9) and where the equality sign holds if the light is 

Gaussian (but not necessarily coherent). Note th.t, since 

1'1~c(1)0-(2le)" (cf. Figure 1 and the final remarks in Section 

6.4), the right-hand side of relation (7.7-10) is larger than the 

right-hand side of relation (7.7-8a) for p-1, which shows that 

the final uncertainty relation (7.7-10) is indeed the most 

restrictive one. 
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Part C. SLIDING-WINDOW SPECTRUM AND GABOR'S SIGNAL EXPANSION 

This part is devoted to the sliding-window spectrum and its 

relative: Gabor's signal expansion. We shall consider some 

properties of the sliding-window spectrum in Section 8. In 

Section 9 we shall show how the signal can be reconstructed from 

the sliding-window spectrum when we know its values at the points 

of the Gabor lattice only. The way in which the coefficients of 

Gabor's Signal expansion can be found, will be studied in Section 

10; moreover, we shall derive in that section an interpolation 

function for the sliding-window spectrum. In Section 11 we study 

some selected topics on Gabor's signal expansion: we consider the 

propagation of Gabor's expansion coefficients through linear 

systems, and give an interpretation to the Gabor coefficients as 

degrees of freedom of the signal; we describe a way of generating 

Gabor's expansion coefficients for rastered signals by optical 

means; and we extend Gabor's Signal expansion to partially 

coherent light. 
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8. Sliding-window spectrum 

For convenience, we recall the definition CoO 1- 3) of the 

sliding-window spectrum 

Sw(x,u) - J~(y)w*(y-x)eXp[-iUYldY . (8.0-la) 

We note that the sliding-windo', spectrum can be eonsidered as the 

Fourier transform of the product of the signal ~(x) and a 

conjugated and shifted version of the window funeUon w(x). The 

window function may be chosen rather arbitrarily; mostly it will 

be a function that is more or less concentrated .1round the 

origin. The sliding-window spe.etrum can then be eonsidered as a 

short-term Fourier transform of the signal, whicll, indeed, can be 

interpreted as a local frequency spectrum. Insteiid of the 

definition in the space domain, there exists an "quivalent 

definition in the frequency domain, reading 

1 J- -* Swcx,u) - 2" ~(v)w (v-u)exp[i~x]dv·exp[-iux] . (8.0-lb) 

The factor exp[ -Lux] causes a slight asymmetry b"tween the 

definitions (8.0-la) and (8.0-1b); if desired, m"re symmetric 

. definitions result from adding a factor exp[~iuxl to the 

right-hand sides of relations (8.0-1). 

The sliding-window spectrwn of a one-dimenslonal signal can 

easily be displayed by optical means. Since it Ls the 

cross-ambiguity function of ~(x) and w(X) , we can use the optical 

arrangements that are designed to display such cross-ambiguity 

functions [Sai-73, Mar-77, Mar-79, Bar-80b, Rho-Sl]. 

We now give some properties of the sliding-window spectrum, 

which can be derived directly from the definitions (8.0-1). Other 

properties can be found in the literature on cross-ambiguity 

functions. (See, for instance, [Szu-80] and the references cited 

there. ) 



73 

8.1. Inversion formulas 

Since the definition (1.1-3) of the sliding-window spectrum 

S (x,u) can be considered as a Fourier transformation of the w 

* product ~(y)w (y-x) with respect to y, we can easily find a way 

to reconstruct the signal ~(x) from its sliding-window spectrum 

by simply writing down the corresponding inverse Fourier 

transformation [cf. relation (1.1-4)]. There exists another way 

of reconstructing the signal from its sliding-window spectrum, 

viz., by means of the inversion formula [Bru-73] 

~(y) J 1w(x)1
2

dx - 2; JJsw(X,U)w(y-X)eXP[iuY]dxdU , (8.1-1) 

which represents the signal as a linear combination of shifted 

and modulated window functions [cf. relation (1.1-5)]. However, 

this linear combination is not unique [Bru-73]; indeed, there are 

many kernels S(x,u) that satisfy the relationship 

~(y) Jlw(x)1
2
dx - 2; JJS(x,U)w(y-X)exP[iuY]dxdU . (8.1-2) 

One obvious kernel is suggested by Gabor's signal expansion 

(1.4-1), in which case S(x,u) has the form of a discrete set of 

Dirac functions S(x-mX)S(u-nU) in the space-frequency domain. The 

representation (8.1-1), i.e., choosing the kernel S(x,u) in 

relation (8.1-2) equal to the sliding-window spectrum S (x,u), is 
w 

the best possible one in the sense that for this choice the 

2 
L -norm of S(x,u) takes its minimum value. To see this we 

* multiply both sides of equations (8.1-1) and (8.1-2) by ~ (y), 

integrate over y, and conclude from the equivalence of the 

right-hand sides of the resulting equations that S (x,u) and 
w 

S(x,u)-S (x,u) are orthogonal in the sense 
w 

hence, the relationship 

(8.1-3) 
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(8.1-4) 

holds. It will be clear that the L2_norm of SeX,") takes its 

minimum value if S(x,u)-S (x,u)-O, i.e., if we choose the kernel w 
S(x,u) equal to the sliding-window spectrum S (x,u). 

w 

8.2, Space and frequency shift 

Let S (x, u) be the slidin!\-window spectrum (of the signal 
w 

rp(x); the sliding-window spectrum of the shifted and modulated 

signal rp(x-x )exp[iu xl then takes the form 
o 0 

S (x-x ,u-u )exp[ -i(u-u )x l. lIence, the squared modulus of the woo 0 0 

sliding-window spectrum, which is also known as t:he physical 

spectrum (see Section 1. 2), has the same shiftin!\ property as the 

Wigner distribution function ("f. Property 3.4): a space or 

frequency shift of the signal yields the same sp"ce or frequency 

shift for the squared modulus of the sliding-window spectrum. 

8.3, Relation to the Wigner dbtribution functioll 

From relationship (1. 2-6) between the physi"al spectrum and 

the Wigner distribution fUncti"n, we conclude thiit the squared 

modulus of the sliding-window spectrum is a weigJited version of 

the Wigner distribution functi,on, cf. Moyal' s formula (3.5-8). 

8,4. Some integrals concerning the sliding-windo', spectrum 

The integral of the squared modulus of the ,sliding-window 

spectrum over the frequency variable u, 

(8.4-la) 
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can be interpreted as a weighted version of the intensity 

2 
1~(x)1 , while the integral over the space variable x, 

(8.4-lb) 

can be considered as a weighted version of 1~(u)12. The integral 

of the squared modulus over the entire space-frequency plane, 

(8.4-2) 

is equal to the product of the total energy of the signal and the 

total energy of the window function. 
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9. Signal reconstruction from the sampled sliding-window spectrum 

We can reconstruct the si!~al from the sliding-window 

spectrum via the inversion formula (8.1-1). However, in order to 

reconstruct the signal, we need not know the enti,re 

sliding-window spectrum; it suffices to know its values at the 

points of the Gabor lattice (1. 3-3). In quantum mechanics this 

lattice is known as the Von Ne\~ann lattice [Neu·SS, Bar-71]. 

Let the values of the sliding-window spectn~ at the points 

(x-mX, u-nU) be called s We thus have the relat:ion 
mn 

s 
mn 

J~(X)w*(x-mX)exp[-inUxl~c (9.0-1) 

We shall now demonstrate how the signal can be found when we know 

the values s of the s8l1lpled sliding-window spe<:trum. 
mn 

We first define the funct:lon s(x,u) by a Fourier series with 

coefficients S 
DIll 

S(x,u) S exp[ -i(muX-nUx) 1 mn . (9.0-2) 

ron 

note that the function s(x,u) Ls periodic in x and u, with 

periods X and U, respectively. The inverse relat:lonship has the 

form 

S 
DIll 1 J J 2" 

XU 

s(x,u)exp[i(muX-nUx)l~du (9.0-3) 

where the integrations extend over one period X .ond one period U, 

respectively. We remark that Parseval's theorem Leads to the 

relationship 

Is(x,u)12~dU - 22 2 Is I . mn 
(9.0-4) 

XU ron 



77 

Furthermore, with x as a paramter we define the function 

;P(x,u) by 

;P(x,u) 2 ~(x+mX)exp[-imuXl 
m 

(9.0-5) 

note that the function ;P(x,u) is periodic in u, with period U, 

and quasi-periodic in x, with quasi-period X. Relation (9.0-5) 

provides a means to represent a one-dimensional space function by 

a two-dimensional space-frequency function [Jan-82al on a 

rectangle with finite area UX-2~. The inverse relationship has 

the form 

~(x+mX) - b J ;P(x,u)exp[imuXldu 

U 

(9.0-6) 

it will be clear that the variable x in relation (9.0-6) can be 

restricted to an interval of length X, with m taking on all 

integer values. Parseval's theorem leads to the relationship 

2; f f 1;P(x,u)1
2
dxdu - ~ fl~(x)12dx . (9.0-7) 

XU 

With the help of the functions s(x,u), ;P(x,u) and a similar 

function w(x,u) associated with the window function w(x), 

relation (9.0-1) can be transformed into 

- --* s(x,u) - X ~(x,u)w (x,u) (9.0-8) 

In fact, we have now solved the problem of reconstructing the 

signal from its sampled sliding-window spectrum: 

from the sample values s we determine the function s(x,u) via 
mn 

relation (9.0-2); 

from the window function w(x) we derive the associated function 

W(x,u) via relation (9.0-5); 
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- under the assumption that division by w(x,u) is allowed, the 

function ~(x,u) can be found with the help of relation (9.0-8); 

finally, the signal follows from ~(x,u) by means of the 

inversion formula (9.0-6). 

A simpler reconstruction method becomes apparent in Section 10, 

when we have studied Gabor's sl.gnal expansion [cf. relation 

(10.0-8)]. 

Problems may arise in the case that w(x,u) has zeros. In 

that case homogeneous solutions' [Bas-81a] h(x, u) may occur, for 

which the relation 

- -* X h(x,u)w (x,u) - 0 (9.0-9) 

holds. Relation (9.0-9), which is similar to rela.tion (9.0-8) 

with s(x,u)-O, can be transformed into the relation 

Ih(X)W*(X-mX)eXP[-inUX]dx - 0 , (9.0-10) 

which is similar to relation (9.0-1) with s -0, and which shows 
mn 

that the sliding-window spectrum of a homogeneous. solution hex) 

vanishes at the Gabor lattice [Jan-81a]. We conclude that the 

existence of homogeneous soluti.ons makes the reconstruction of 

the signal from its sampled sliding-window spectrum non-unique: 

if cp(x) is a possible reconstruction, then cp(x)+h(x) is a 

possible reconstruction, too. 

We shall consider some eXCLmples of window functions w(x), 

and we shall determine their a!:lsociated two-dimensional functions 

w(x, u), confining ourselves tht:oughout to the fundamental 

interval (-~<x:$~, -1Hl<~IHl) . 

9.1. Rect window function 

As a first example we con!;lider a rectangular window function 
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whose width equals X: 

w(x) - rect(x/X) , (9.1-1) 

where rect(€)-l for -~€~~ and rect(€)-O elsewhere. The 

associated two-dimensional function w(x,u) follows readily via 

relation (9.0-5); in the fundamental interval it reads 

w(x,u) - 1 . (9.1-2) 

This example can easily be generalized to an arbitrary 

window function w(x) that is limited to the interval -~<xs~; in 

the fundamental interval the associated function w(x,u) reads 

w(x,u) - w(x) . (9.1-3) 

9,2. Sine window function 

Our second example is the band-limited function 

w(x) - sinc(x/X) - sin(~x/X)/(~x/X) . (9.2-1) 

This function is the dual of the rectangular window function of 

the first example. Its Fourier transform reads 

w(u) - X rect(u/U) , (9.2-2) 

and its associated two-dimensional function w(x,u) takes the form 

W(x,u) - exp[iux] (9.2-3) 

in the fundamental interval. 

This example can easily be generalized to an arbitrary 
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function w(x) that is band-limited to the interval -loU<u:sloU; in 

the fundamental interval the associated function w(x,u) reads 

w(u) 
w(x,u) - ----x exp[iux] . 

9.3. Gaussian window function 

As our final example we consider the Gaussi,~n window 

function 

~ 2 w(x) - 2 exp[-~(x/X) ] . 

(9.2-4) 

(9.3-1) 

A Gaussian function has several advantages: its Fourier transform 

is again Gaussian, and the product of the effective width in the 

space domain and the one in the frequency domain takes the 

theoretical minimum value [Pap-68,77], cf. Example 2.5. The 

associated two-dimensional fun.ction w(x, u) follows via relation 

(9.0-5); in the fundamental interval it takes the form 

(9.3-2) 

where 03(0 is a theta function [Whi-27, Abr-70] with nome 

q-exp[-~]. and where, for convenience, we have set r-u/U+i(x/X). 
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10. Gahor's signal expansion 

In this section we apply the ideas of Section 9 to Gabor's 

signal expansion (1.4-1), which represents the signal as a 

discrete set of properly shifted and modulated versions of an 

elementary signal g(x), and which is recalled here for 

convenience: 

~(x) - 2 2 
mn 

a g(x-mX)exp[inUx] . run 
(10.0-1) 

With the help of relation (9.0-2) applied to the array of 

expansion coefficients a ,and relation (9.0-5) applied to the 
run 

signal ~(x) and to the elementary signal g(x), we can transform 

relation (10.0-1) into 

~(x,U) (10.0-2) 

In fact we have now solved the problem of finding Gabor's 

expansion coefficients, even in the case that the set of shifted 

and modulated elementary signals g(x-mX)exp[inUx] is not 

orthogonal: 

from the signal ~(x) and the elementary signal g(x) we derive 

the associated function ~(x,u) and g(x,u) via relation 

(9.0-5); 

- under the assumption that division by g(x,u) is allowed, the 

function a(x,u) can be found by means of relation (10.0-2); 

finally, the expansion coefficients a follow from the 
run 

function a(x,u) with the help of the inversion formula (9.0-3). 

We have just shown how Gabor's expansion coefficients could 

be determined when the signal ~(x) and the elementary signal g(x) 

are known; there is, however, a simpler way to find these 

expansion coefficients. Under the assumption, again, that 

division by g(x,u) is allowed, we define the function w(x,u) 

through the relation 
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- -* X g(x,u)W (x,u) - 1 . (10.0-3) 

Substitution of this relation into equation (10.0-2) yields 

a(x,u) - -* X cp(x,u)W (x,u) (10.0-4) 

When we notice the resemblance between relation (10.0-4) and 

relation (9.0-8), it is not difficult to see that the former 

relation can be transformed int:o 

8 mn - fcp(X)W*(X-mX)eXP[-inUX]dX , (10.0-5) 

where the function w(x) fOllows from the function w(x,u) by means 

of the inversion formula (9.0-6). We conclude that the expansion 

coefficients can be determined immediately by means of relation 

(10.0-5) when the signal cp(x) and the function w(x) are known. 

Note the resemblance between rl!lation (10.0-5) and relation 

(9.0-1), which resemblance shOl's that the expansion coefficients 

can be considered as the sampll! values of a sliding-window 

spectrum with window function .,(x). 

Gabor's expansion coeffic:Lents may be non-unique in the case 

that g(x,u) has zeros. In that case zero functiolls z(x,u) may 

OCcur [Bas-85], for which the :relation 

Z(x,u)g(X,u) - 0 (10.0-6) 

holds. Relation (10.0-6), which is similar to relation (10.0-2) 

with ;P(x,u)-O, can be transformed into the relation 

mn 

z g(x-mX)exp[inUx] - 0 , 
mn 

(10.0-7) 

which is similar to relation (10.0-1) with 'P(x)-oJ. Relation 

(10.0-7) shows that certain arrays of nonzero coefficients in 

Gabor's signal expansion may yield a zero result. We thus 
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conclude that Gabor's signal expansion may be non-unique: if tht> 

array of coefficients a yields the signal ~(x), then the array 
mn 

a +z yields the same signal. 
mn mn 

The resemblance between relations (10.0-5) and (9.0-1) leads 

to another important conclusion. In Section 9 it was shown how 

the signal could be reconstructed from the sampled sliding-window 

spectrum; we conclude that there exists a simpler reconstruction 

method by means of relation (10.0-1) where we must identify the 

Gabor expansion coefficients 

the sliding-window spectrum, 

a with the sample values s 
mn mn 

hence 

of 

~(x) - 2 2 s g(x-mX)exp [inUx) . 
mn 

(10.0-8) 

mn 

Relation (10.0-3) can be transformed into 

fg(X)w*(x-mX)eXP[-inUX)dx - 6 6 , 
mn (10.0-9) 

from which relation we can conclude that the functions g(x) and 

w(x) are, in a certain sense, bi-orthonormal. This is, in fact, 

the reason why we can use the w-functions to find the 

coefficients of Gabor's expansion into g-functions [cf. relations 

(10.0-1) and (10.0-5»), and use the g-functions to reconstruct 

the signal from its sampled sliding-window spectrum with window 

function w(x) [cf. relations (9.0-1) and (10.0-8»). 

When we substitute from relation (10.0-8) into the 

definition (1.1-3) of the sliding-window spectrum, we obtain the 

relation 

s (x,u) w 
ron 

s 
mn J . * g(y-mX)exp[inUy)w (y-x)exp[-iuy)dy . (10.0-10) 

Relation (10.0-10) enables us to express the sliding-window 

spectrum in terms of its sample values. We can write 
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s Q (x-mX,u-nU)exp[-imuX] , 
mn w 

(10.0-11) 

mn 

where we have used the shifting property 8.2 of 'ehe 

sliding-window spectrum, and where we have introduced the 

interpolation function 

Qw(x,u) - Jg(y)w*(y-x)eXP[-iuY]dY . (10.0-12) 

Note that the interpolation futlction is, in fact, the 

sliding-window spectrum of the function g(x) , and that its 

property 

Q (mX,nU) - 6 6 w mn 
(10.0-13) 

is equivalent to the bi-orthonorma1ity property (10.0-9). By 

interchanging g and w in relation (10.0-12), we get 

* Q (x,u) - Q (-x,-u)exp[-iux] (10.0-14) 
g w 

For some elementary signals g(x), which we have considered 

already as window functions in Section 9, we shall determine the 

corresponding window functions w(x) and the interpolation 

functions Q (x,u). 
w 

10.1. Rect elementary signal 

For the rectangular elementary signal g(x)-rect(x/X) 

(cf. Example 9.1) we readily find 

x w(x,u) - 1 

in the fundamental interval and hence 

x w(x) - rect(x/X) . 

(10.1-1) 

(10.1-2) 
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The interpolation function Q (x,u) that corresponds to a w 
rectangular window function reads (10.1-3) 

Q (x,u) - exp[-~iux] sinc[(u/U)(l-lxl/X)] (l-lxl/X) rect(x/2X) . w 

Gabor's signal expansion using a rectangular elementary 

signal represents, in fact, a well-known way of expanding a 

signal: we simply consider the signal in successive intervals of 

length X, and describe the signal in each interval by means of a 

Fourier series. Note that w(x) is proportional to the elementary 

signal since, in this case, the set of shifted and modulated 

elementary signals is orthogonal. 

10.2. Sinc elementary signal 

For the sinc elementary signal g(x)-sinc(x/X) (cf. Example 

9.2) we have 

X w(x,u) - exp[iux] (10.2-1) 

in the fundamental interval and hence 

X w(x) - sinc(x/X) (10.2-2) 

the interpolation function corresponding to the sinc window 

function reads (10.2-3) 

Qw(x,u) - exp[-~ux] sinc[(x/X)(l-lul/U)] (l-Iul/U) rect(u/2U) . 

This example is simply the dual of the previous one. It will be 

clear that for a signal which is band-limited to the frequency 

interval lul<~u, Gabor's signal expansion represents the 

well-known ordinary sampling theorem. 
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10.3. Gaussian elementary signal 

In the case of the Gaussian elementary sign .. l 

10 2 
g(x)-2 exp[ -,,(x/X) J (cf. Example 9.3) we have b the fundamental 

interval 

- -10 2 
X w(x,u) - 2 exp[1r(x/X) J 1/9 3(",) , (10.3-1) 

where we have set again ,-u/U+i(x/X). The functi,m 1/83("0 can 

be expressed as 

1/8 ( ") (K
O
/,,)-3/2 

3 "> -

where 

[co + 2 :~ (-l)mcmcos (2"mo'l 
m-l 

(10.3-2a) 

n 
(-1) exp[-"(n+~)(2m+n+~)1 (10.3-2b) 

n-O 

(see, for instance, [Whi-27J, p.489, Example 14); the constant 

K
O
-l.85407468 is the complete elliptic integral for the modulus 

"-/2 (see, for instance, [Whi-27J, p.524). It is "OW easy to 

determine w(x) via the inversion formula (9.0-6), yielding 

and hence 

n+~ 

(10.3-3) 

(10.3-4) 

\ n 2 L (-1) exp[-"(n+~) 1 

>hl - X 

This function w(x) is plotted in Figure 3. A pra,;tical way to 

represent w(x) is in the form [Kri-87J 
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where m is the nonnegative integer defined by m-~Ixl/x<m+~ and 

where 

C 
m 

., 
'\ n-m 2 2 L (-1) exp[-"(n+~) -(m+~) )] 

n-m 

(10.3-5b) 

Since C
m 

is close to unity (CO-0.99B133. CI-0.999997 •...• C.,-l). 

this representation leads to the approximation 

-I, -3/2 m 2 2 
Xw(x) ~ 2 (KO/") (-1) exp[,,(x/X) -(m+~) )] (10.3-6) 

t w(x) 

1\ V 
f1 1\ 2 3 4 5 6 7 e 9 

x -X 

Figure 3. The funccion w(x) corresponding Co che Gaussian 

elemenCary signal. 

Without proof we mention some properties of this function 

w(x). As is also the case for the Gaussian function. the Fourier 

transform of w(x) has the same form as w(x) itself. Koreover. the 

function w(x) satisfies the differential equation 

:: - (2"x/X2) w(x) - 2-1, (K
O
/,,)-3/2 2 (-1)m6[x-(m+~)X] . (10.3-7) 

m 

Kore properties of this special w(x) can be found elsewhere 

[Jan-82a] . 

The interpolation function Q (x.u) that corresponds to this 
w 

Gaussian window function takes the form 
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(10.3-8) 

where, again, we have set r;-u/lJ+i(x/X) and where 8
l

(r;) is again a 

theta function [Whi-Z7, Abr-70j with nome q-exp[ .. ,,]. Relation 

(10.3-8) can be expressed in a more symmetrical form using 

Weierstrass' sigma function [Wlll-27 , Abr-70] (wil:h ",'-iw-iK
O

; see 

[Abr-70], Sect.18.14, Lemnisca':ic case), and then reads 

(10.3-9) 

From relation (10.3-9) we conclude that there seems to be a 

connection with certain c1assi,oa1 interpolation lOheorems [Whi-35, 

Jan-8Za]. With the help of rel.otion (10.0-14) we find the 

interpolation function that corresponds to the GilUssian window 

Ir; Z 
function w(x)-Z exp[-"(x/X) ]: 

(10.3-10) 
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11. Selected topics on Gabor's signal expansion 

In this section we study some selected topics on Gabor's signal 

expansion. In Section 11.1 we consider the propagation of Gabor's 

expansion coefficients through linear systems and we give an 

interpretation to the Gabor coefficients as degrees of freedom of 

the signal [Bas-82aJ. An optical means of generating Gabor's 

expansion coefficients for rastered signals is described in 

Section 11.2 [Bas-82bJ. Finally, in Section 11.3, we extend 

Gabor's signal expansion to partially coherent light. 

11.1. Propagation of Gabor's expansion coefficients through 

linear systems 

Let us describe the input signal ~.(x) and the output signal 
~ 

~ (x) of a linear system by their Gabor expansions with expansion 
o 

coefficients a!n and a~ and elementary signals gi(x) and go(x) , 

respectively; note that we have chosen different elementary 

signals for the input and the output signal. The input and output 

expansion coefficients are related to each other by the 

relationship (1.5-4), which we recall here, for convenience, 

(11.1-1) 

mn 

The coefficients c k1mn in relation (11.1-1) are completely 

determined by the system and the elementary signals; indeed, when 

we combine the Gabor expansions of the input and the output 

signal with the system representations (1.5-1), we find 

1 If -* Ck1mn ~ 2~ hux(u,x)wo(u-lU)gi(x-mX)exp[i(kuX+nUx) Jdxdu, (11.1-2) 

and similar relations for the other system functions. 

As an example we consider the basic coherent-optical system, 

consisting of a 4f-arrangement with rectangular apertures of 

width a and b in the input and the Fourier plane, respectively. 
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Such a system can be described by a system function h (u,x), 
ux 

which in this case takes the form 

h (u ,x) ux rect(x/a)rect(u/b)exp[iux] . (11.1-3) 

For convenience, We shall choose the widths of the apertures in 

the input and the Fourier plane equal to an odd multiple of the 

space and the frequency shift X and U, respectively; thus 

a - (211+1)X , 

(11.1-4) 

b ~ (2N+1)U , 

with 11 and N integers. When we substitute from relations (11.1-3) 

and (11.1-4) into relation (11.1-2), we conclude that the array 

of coefficients ckll1lll can be expressed as a 4-dirr.ensiona1 

discrete convolution of two arrays d
kll1lll 

and eklurn , where the 

coefficients d
klmn 

are defined by 

J 6 6 
lom-kn-l 

for Iml S 11 and Inl S N , 

(11.1-5) 

elsewhE!re , 

and the coefficients ek1mn are given by 

ekll1lll - 2; IIrect(x/x)rect(u/U)eXP[iUX] 

-* w (u-lU)g. (x-mX)e"p[i(kuX+nUx) ]dxdu o , (11.1-6) 

A system whose Gabor coefficients cklmn would have the form 

(11.1-5) is ideal in the sense that the Gabor coefficients of the 

output signal vanish outside the space-frequency rectangle with 

area abo Hence, whereas the input signal of such an ideal system 

may have an infinite number of degrees of freedmu, the number of 

degrees of freedom of the output signal, 1. e., the number of 

non-vanishing Gabor coefficien":s, is equal to the space-bandwidt:h 

product ab/2']['. However, our system under consideJ::-ation is not 
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ideal: to find its Gabor c(leffldent. c
kl

",,,' thp \,\pal arrAY 

dkimn must be smeared out by convolving it with the array ekImn , 

The latter array is, in fact, the array of Gabor coefficients of 

the elementary system described by the system function (11,1-3), 

with the special choice a-X and b~, i.e., H-N-O. 

Depending on the choice of the elementary signals in the 

input and the output plane, the array of coefficients ekimn can 

be strongly concentrated. To show this we choose a rect 

elementary signal in the input plane and a sinc elementary signal 

in the output plane, thus 

gi(X) - rect(x/X) 

and 

w (u) - rect(u/U) . o 

(11,1-7a) 

(11.l-7b) 

We then find eOOOO-O,873, and the strong concentration becomes 

apparent by noting that 

In general the value of eOOOO for this elementary system is 

given by 

1 If -* eoooo - 2~ rect(x/x)rect(u/U)exp[iux]wo(u)gi(x)dxdu (11.1-8) 

Furthermore, the identities 

(11.1-9) 

and 
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(11.1-10) 

can be derived in a straightforward way, using the basic relation 

2 exp[inUx] - X 2 o(x-nX) . (11.1-11) 

n n 

The ratio 

leooool2 
(11.1-12) 

can be considered as a degree of concentration of the array ek1mn 
around the coefficient e

OOOO
' :ay applying a variational principle 

to the expression (11.1-12), it is not difficult to show that the 

degree of concentration has a .stationary value when g.(x) and 
~ 

w (u) are chosen according to 
o 

g.(x) - ~2 (x/X)rect(x/X) , 
~ m 

(11.1-13a) 

(ll.l-l3b) 

where the functions ~ (0 are the prolate sphero.idal wave 
n 

functions (see, for instance, [Sle-76]) defined by the 

eigenfunction equation 

(n-O,1, .. . ) (11.1-14a) 

and normalized according to 

(11.1-14b) 

If we choose the elementary functions as in relations (11.1-13), 

the corresponding stationary v .• 1ue of the degree of concentration 

is equal to A
2m

. An optimum value is attained fo:c m=-O t for which 
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the degree of concentration tak&s the valu .. -\0-0.7S3. Thb I ... 

slightly better result than choosing the elementary signals as in 

relations (11.1-7), in which caSe the degree of concentration 

takes the value 0.762. 

We conclude that for a proper choice of the elementary 

signals the array ek1mn can be strongly concentrated. Since the 

Gabor coefficients ck1mn of the basic system under consideration 

can be found by convolving the ideal array dk1mn with the 

strongly concentrated array ek1mn , the array of system 

coefficients ck1mn is very similar to the array dk1mn . Hence, the 

number of degrees of freedom of the output signal of this system 

is equal to the space-bandwidth product ab/2~. We remark that the 

way in which we have proved this has a clear physical 

interpretation. Roughly speaking, with the Gabor expansion of the 

input signal in mind, only those shifted and modulated versions 

of the elementary signal that can pass both the input plane 

aperture and the Fourier plane aperture, will reach the output 

plane and will contribute to the output signal. 

A slightly more general system than the one described by 

relation (11.1-3), is the one whose kernel h(x,u) takes the form 

h(u,x) - 2 2 hmnrect(x/X-m)rect(u/U-n)exp[iux] . 

mn 

(11.1-15) 

The array of system coefficients c
k1mn 

can now be expressed as a 

4-dimensional convolution of the arrays h 5 k5 1 and ek1 . In mn m- n- mn 
the case that the array ek1mn is again strongly concentrated 

around the element eOOOO ' the Gabor coefficients of the input and 

the output signal are related by the simple relation 

(11.1-16) 

For the special system described by relation (11.1-3), we easily 

find that the array h equals unity in the interval 
mn 

(Iml~, InISN) and vanishes outside that interval. 
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11.2. Optical generation of Gabor's expansion coefficients for 

rastered signals 

In this section we will de.scribe an optical arrangement 

which is able to generate Gabor's expansion coefficients of a 

one-dimensional s'ignal by optical means [Bas-82bJ. An important 

feature of the optical arrangement is that it accepts the 

one-dimensional signal on a raster format; hence, the 

two-dimensional nature of the c'ptical processing system is fully 

utilized. 

Let us consider the optica.l arrangement depicted in 

Figure 4. A plane wave of monoc.hromatic laser light is normally 

incident upon a transparency situated in the input plane. 

output plll'M! 

" r o • 
o 

" rOY 
o 

Figure 4. Optical arrangement to generate Gabor's expansion 

coefficients for rast-ered signals. 

The transparency contains the s.ignal cp(x) , say, in a rastered 

format. With X-21r/U being the width of this raster and aX being 

the spacing between the raster lines, the light amplitude 

'P. (x. ,y.) just behind the transparency reads 
111 
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~i(Xi'Yi) - rect(xiIX) 2 ~(Xi+mX)S(Yi-maX) 
m 

(11.2-1) 

An astigmatic optical system between the input plane and the 

middle plane performs a Fourier transformation in the y-direction 

and an ideal imaging (with inversion) in the x-direction. Such an 

astigmatic system can be realized as shown, for instance, using a 

combination of a spherical and a cylindrical lens. The astigmatic 

operation results in the light amplitude 

- rect(x/X) ~(x,aPiY) (11.2-2) 

just in front of the middle plane; the parameter p. contains the 
" effect of the wave number of the laser light and the focal length 

of the spherical lens. In equation (11.2-2) we have introduced 

the associated function ~(x,u), defined by equation (9.0-5). 

A transparency with amplitude transmittance 

-* m(x,y) - rect(x/X)rect(y/Y) X W (x,ap.y) 
" 

(11.2-3) 

where Y-U/ap.-(2~/X)/ap., is situated in the middle plane. Just 
" " behind this transparency, the light amplitude takes the form 

~2(x,y) - m(x'Y)~l(x,y) - rect(x/X)rect(y/Y) a(x,aPiy) , (11.2-4) 

where use has been made of equation (10.0-4). 

Finally, a two-dimensional Fourier transformation is 

performed between the middle plane and the output plane. Such a 

Fourier transformation can be realized as shown, for instance, 

using a spherical lens. The light amplitude in the output plane 

then takes the form 
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-22 a sinc(p x /at/.Y-n)sinc(p y /ap.X-m) , mn 002 001 
(11.2-5) 

mn 

where Gabor's expansion coefficients a have been introduced; 
mn 

the parameter P , again, contains the effects of the wave number 
o 

of the light and the focal length of the spherica.l lens. We 

conclude that Gabor's expansion coefficients appear on a 

rectangular lattice of points 

Smn - ~ (nap.Y/p ,map.X/p ) 
02010 

in the output plane. 

(11.2-6) 

We remark that it is not GIn essential requirement that the 

input transparency consists of Dirac functions. ~hen we replace 

the practically unrealizable Dirac functions S(y-may) by 

realizable functions d(y-may), say, then equation (11. 2-1) reads 

'\ ~(x .+mX)d(y. -nnX) L 2 2 
(11.2-7) 

m 

and the light amplitude ~l(x,y) just in front of the middle plane 

takes the form 

~l(x,y) - rect(x/X) 'i>(x,ap.y)d(p.y) 
2 2 

(11.2-8) 

The additional factor d(Piy) can easily be compensated for by 

means of a transparency in the middle plane. Note: that the 

special case d(y)-sinc(y/aX), and thus d(Piy)-rec:t(y/Y) , has the 

advantage that all the light from the input planE' will fall 

inside the rectangle rect(x/X)rect(y/Y) in the middle plane. 

Our technique to generate Gabor's expansion coefficients 

fully utilizes the two-dimensional nature of the optical system, 

its parallel processing feature,s, and the large space-bandwidth 
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product possible in optical processing. The technique exhibits a 

resemblance to folded spectrum techniques [Cas-7S]. where 

space-bandwidth products in the order of 300000 are reported 

(see. for instance. [Cas-78]. Chap. 8.3). In the case of speech 

processing, where speech recognition and speaker identification 

are important problems (see, for instance, [Bar-SOb]), such a 

space-bandwidth product would allow us to process speech 

fragments of about 1 min. 

11.3. Gabor's signal expansion applied to partially coherent 

light 

In the previous Sections 10. 11.1, and 11.2 we have confined 

ourselves to deterministic signals ~(x) (or completely coherent 

light), and we have considered the amplitudes a of the 
mn 

elementary signals g(x-mX)exp[inUx] that build up the signal. 

This is not possible. of course, for stochastic signals (or 

partially coherent light); what we can do in that case is to 

determine the correlations that exist between the different 

elementary signals. This will be the subject of the present 

section. 

With reference to Section 6.1. we describe partially 

coherent light by its positional power spectrum r(xl ,x2 ). 

Extending now Gabor's signal expansion [cf. relations (10.0-1) 

and (10.0-5)] from the one-dimensional case to the 

twowdimensional case, we can construct a correlation matrix 

A by means of the definition 
m

1
n

1
m

2
n

2 

(11.3-1) 

which is the two-dimensional analogue of relation (10.0-5). We 

can then represent the positional power spectrum in the form 
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(11.3-2) 

-2 2 2 2 Amlnlm2n/(Xl-mlx)/(X2-m2X)eXP[i(nluXl-n2uX2)] 

ml n l m2n2 

which is the two-dimensional analogue of relation (10.0-1). 

Clearly, the Gabor coefficient A express"s the ml n l m2n 2 
correlation that exists between the elementary signals 

g(x-mlX)exp[inlUx] and g(x-m
2
X)exp[in

2
Ux]. 

Properties of the array of coefficients A follow 
ml "lm2n2 

directly from the properties of the power spectnun. The fact that 

the power spectrum is Hermitian [cf. relation (6.l-3a)], reflects 

itself in the property 

(11.3-3a) 

whereas the nonnegative definiteness of the power spectrum [cf. 

relation (6.l-3b)] implies the property 

(11.3-3b) 

which holds for arbitrary coefficients g . We conclude that the 
ron 

array of coefficients A is nonnegative definite Hermitian 
m1n 1m2n 2 

in the sense of relations (ll. 3-3). 

The cases of completely coherent light, completely 

incoherent light, and spatially stationary light deserve special 

attention. For completely coherent light, the power spectrum 

* factorizes in the form q(xl)q (x
2

) [cf. relation (6.2-9)] and the 

array of Gabor coefficients takes the factorized form 

(11.3-4) 
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where a are the Gabor coefficients of the deterministic 
mn 

function q(x) [cf. relation (10.0-1)]. It is easy to see that the 

formulas that arise in the case of completely coherent light are 

similar to the ones that arise for deterministic signals. 

Therefore, we shall not study the completely coherent case any 

further in this section. 

For completely incoherent light, the power spectrum can be 

expressed in the form r(xl,x2)-Xp(x1)6(x1-x2) [cf. relation 

(6.2-1)], where the 'intensity' p(x) is real and nonnegative. 

(The constant X has been included to get an 'intensity' function 

p that has the same dimension as the power spectrum r.) The Gabor 

coefficients now take the form 

A - X Jp(X)w*(x-m1x)w(x-m2X)exP[-i(n1-n2)UX]dx . (11.3-5) m
1

n
1
m

2
n

2 

We observe that A depends on the direction difference· 
m

1
n

1
m

2
n

2 
n

1
-n

2
, as can be expected from the Van Cittert-Zernike theorem. 

Furthermore, if we choose the elementary signal g(x) such that it 

vanishes outside the interval -~<xs~, relation (11.3-5) reduces 

to 

(11.3-6a) 

with 

bmn - X Jp(X) Iw(x-mX) 12
exP[-inUx]dx (11. 3-6b) 

We conclude that 

there is no correlation between rays at different positions; 

the correlation between rays at one position that have 

different directions, depends on the direction difference; 

the correlation coefficients b are just the Gabor 
mn 

coefficients of the 'intensity' p(x), with elementary signal 

Ig(x)1 2
: 
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p(x) - 2 2 b Ig(x-mX) IZeXp[inLTxl . 
mn 

(11.3-7) 

mn 

Spatially stationary light is dual to incoh"rent light. 

Therefore, similar conclusions as the ones that have been drawn 

for incoherent light hold for spatially stationary light; we only 

have to interchange position with direction, x with u, space 

func.tions with their spatial Fourier transforms, and so on. 

It is not difficult to derive how the coeffl.cients A 
mlnlIDZnZ 

propagate through a linear system. If such a sysl:em propagates a 

deterministic signal according to relation (1.5- 1» or (11.1-1), 

then the relationship between 1:he input and output Gabor 

(11.3-8) 

For the special system describ"d by relation (11.1-16) we get 

(11. 3-9) 

The case of completely in,:oherent light, again, deserves 

special attention. Let the input signal be incoherent, and let 

its 'intensity' p. (x) be expre;,sed by its Gabor expansion 
L 

-22 b
i 

Ig.(x-mX) 12exp[inuxl . 
mn L 

(11.3-10) 

mn 

If the system can be described. by the input-output relationship 

(11.1-16) or (11.. 3 - 9), then th,' Gabor coefficients of the output 

signal read 

(11.3-11) 
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Substituting relation (11.3-11) into relation (11.3-2) and 

putting x1-x2-x yields the output intensity ro(x,x); we get 

(1l.3-l2a) 

m n 

with 

'\ h h* L m,n+n' nm' 
(1l.3-l2b) 

n' 

We observe that the input 'intensity' p.(x) and the output 
L 

intensity r (x,x) have similar Gabor expansions [see relations 
o 

(11.3-10) and (11.3-12a)]; the relationship between their Gabor 

coefficients b
i and b

O is given by relation (11.3-12b). In the mn mn 
special case that h equals unity in the interval (Iml~, InISN) mn 
and vanishes outside that interval (cf. Section 11.1), we have 

b
O ~ (2N+l-lnl )b

i 
in the interval (Iml~,lnISN) and b

O ~ 0 mn mn mn 
elsewhere. Note the difference with the deterministic (and 

completely coherent) case, for which relation (11.1-16) yields 

o i 
the result a ~ a 

mn mn in the interval (Iml~,lnISN). 
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Appendix A. Proof of condition (1.1-6) 

The proof that relation (1.1-6) is a necess"ry condition can 

easily be given by showing tha1: a Wigner distribution function 

indeed satisfies this relation. The proof that relation (1.1-6) 

is a sufficient condition is slightly more diffieu1t. We first 

note that a real function F(x,u) can always be expressed in the 

form 

F(x,u) - Ir(x+lu:' ,x-lu:' )exp[ -iux']dx' , (A-1) 

with r(x
1

,x
2

) a Hermitian funt:lon, i.e., 

(A-2) 

We shall now proof the sufficitmcy of relation (J..1-6) by showing 

that if a real function F(x,u) of the form (A-1) satisfies 

relation (1.1-6), the function r(x1 ,x2) factorizes in the form 

(A-3 ) 

and the function F(x,u) is thus a Wigner distribution function. 

We therefore substitute the form (A-1) into re1at:ion (1.1-6). The 

left-hand side of relation (1.1-6) can then be written as 

II r(a+lu:+lu:' ,a+lu:-lu:' ) r* (a-lu:+llX" ,a-lu:-lu:") 

exp[-i(b+lju)x'+i(b-Iju)x")]dx'dx" ; 

after the change of variables x'-.;+J.te', xll-e-~e', we arrive at 

exp[-i(b€'+u€)]d€d€' . (A-4) 

The right-hand side of relation (1.1-6) takes thE! form 
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exp[-i(ux -u x)-i(b+liu )x'+i(b-liu )x"]dx'dx"dx du 
000 0 0 0 

which, after the change of variables x'-{+Ii{', x"-{-lie', can be 

written as 

exp[iu (x-e)-i(be'+ux )]dede'dx du ; 
o 000 

integrating over u and {, and then changing the variable x into 
o 0 

{ results in 

exp [-i (b{' +uO] d{d{' , (A- 5) 

Equality of the expressions (A-4) and (A-5) implies 

(A-6) 

for all xl' x 2 ' x 3 ' and x4' From relation (A-6) we conclude that 

the function r(xl ,x2 ) factorizes in the form (A-3), and that the 

corresponding function F(x,u) is thus a Wigner distribution 

function, 
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Appendix B. Derivation of the "ransport equation (5.0-6al 

Starting from the differential equation 

we can formulate the relation 

[
. 8 
~- + 8z 

(B-1) 

(B-2) 

* , for the product ~(xl'z)~ (x2 ,z,l. Expressing this product in terms 

of the Wigner distribution func:tion F(x,u;z) thr"ugh the 

inversion formula (3.1-la) yieIds 

1 J[' 8 - ~- + 
2" 8z 

which can be expressed as 

F(x,u ;z)exp[iu x']du - 0 . 
000 

(B-3) 

(B-4) 

Multiplication of relation (B-1,) by exp[ -iux'], "nd writing the 

integral over x' yields 

F(x,u ;z)exp[i(u -u)x']du dx' - 0 , 
000 

which can be expressed as 

F(x,u ;z)exp[i(u -u)x']du dx' - 0 . 
000 

(B- 5) 

(B-6) 
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Carrying out the integrations in relation (B-G) leads to 

(i~ + L(x+~i~ u-~i~·Z) - L*(x+~i~ U-~i~.Z») F - 0 
8z au' ax' au' ax' 

(B-7) 

which is equivalent to the desired result (S.O-Ga) 
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Appendix C. Proof of (in)eguality (7.7-4) 

Let the sequence of numers b (_0,1, ... ) b,a defined by 
ill 

00 

b 
ill 

(m-o, 1, ... ) , (C-la) 

n-o 

where the numbers 'Y (n-O,l, ... ) are ordered according to 
n 

and the coefficients a satisfy the orthonormality condition 
mn 

[cf. relation (7.7-2)] 

- S I-ill (1,m-O,l, ... ) . (C-lc) 

We now consider the numbers b (m-O,l, . .. ,M) as the diagonal 
ill 

M 
entries of an (M+1)-square Hermitian matrix H-[hij]ij_O with 

00 

hij 2 aina~n7n 
n-O 

(i,j-O,l, ... ,M and ~O) . (C-2) 

Let the eigenvalues A (_O,l, ... ,M) of this Hennitian matrix be 
m 

ordered according to 

From Cauchy's inequalities [Ma"r-651 for the eigenvalues of a 

submatrix of a Hermitian matrix, we conclude tha'~ 

A '" 7 ill ill 
(m-O,l, ... ,M) , 

and hence 

(C-3) 

(C-4) 



107 

/1 

1 
m-O 

Furthermore, with the numbers v (m-0,1, ... ) satisfying the 
m 

property 

we can formulate the relation 

/1 

'\ v b L m m 
m-O 

/1 

'\ v b L m m 

m-1 n-O n-O 

/1 

2 Vm"1m 
_0 

/1 m /1-1 m 

2 Vm 2 bn - 2 V_ 1 2 bn 
m-1 n-O m-O n-O 

/1-1 m 

lV_1 1bn 
m-O n-O 

/1-1 m 

2 (vm-v_1 ) 2 bn 
m-O n-O 

/1-1 m 

2 (vm-v_1 ) 2 1n -

m-O n-O 

(C-S) 

(C-6) 

(C-7) 



108 

On choosing 7 -2n+l (n-O,l, ... ) and taking the limit H~w, we 
n 

arrive at the (in)equality 

w 

.m-O 

(C-8) 

The equality sign in this (in)equality holds if la 1-6 . When mn m-n 
we choose 

relation (C-8) becomes identical to relation (7.7-4), .and the 

proof of the latter (in)equality is complete. 
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List of important symbols and their first occurences 

A 

A(x,u) 

B 

Ck1mn 
C 

C(x,u) 

dk1mn 
d 

u 

d x 
D 

F(x,u) 

F(x,u;z) 

F(x,u,z,W) 

g(x) 

g(xo ;x1 ,x2) 

G(xo'uo'xi,u i ) 

h(x) 

h(x,u) 

huu(uo'u i ) 

hux(uo'xi ) 

hxu(xo'u i ) 

hxx(xo'xi ) 

Hm(O 

J 

J x 
J 

z 
J(xo'uo'xi,u i ) 

k 

k(x,u,x' ,u') 

[1.4-1J Gabor coefficients 

[11.3-1J Gabor coefficients for partially 

[4.5-2J 

[1.2-1J 

[4.5-2J 

[1.5-4J 

[4.5-2J 

[1.2-3J 

[11.1-5J 

[3.5-4J 

[3.5-4J 

[4.5-2J 

[11.1-6J 

[6.3-5J 
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