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Abstract

Saturated groundwater flow can often be described by the law of mass conservation and
Darcy's law, i.e. by a potential flow problem. An accurate approximation of the specific
discharge can be determined by the mixed finite element method. In this article the lowest
order mixed method is presented including its hybridization, which results in a sparse sym
metric positive definite system of linear equations. This system can be solved efficiently by
the preconditioned conjugate gradient method. After approximating the specific discharge,
streamlines and residence times can be determined easily and accurately. The applicability
and advantages of the mixed finite element method are illustrated for three potential flow
problems from HYDROCOIN level 1.

Keywords. Saturated groundwater flow, mixed finite elements, particle tracking, precon
ditioned conjugate gradients.



1. Introduction

Subsoil generally consists of granular material with pores in between. Below a certain depth
there is a saturated zone in which all pores are completely filled with water. This zone is
bounded from below by impervious bedrock.
In the saturated zone, groundwater is usually in motion. Groundwater motion occurs at very
low velocities. However, because of the large cross-sectional areas through which this motion
takes place, large quantities of water are transported.
The flow of groundwater takes place through the interconnected pores. When dealing with
this flow, the microscopic flow patterns inside individual pores will be ignored and a fictitious
average flow is considered. For this, the continuum approach is employed, Le. it is assumed
that all variables and parameters have their average meaning in a porous medium regarded
as a continuum (see, e.g., [4]).

The specific discharge (Darcy velocity) q is defined as a vector in the direction of flow,
where its magnitude is equal to the volume of water flowing per unit time through a unit
cross-sectional area normal to the direction of flow. Assume that the flow is stationary or
that both fluid and porous medium are incompressible. By the law of mass conservation the
continuity equation holds, Le.

(1.1) V . q = f ,

where the function f represents sources and sinks.
Inside the saturated zone, one can measure the piezometric head (potential) c.p. The relation
between the specific discharge q and the piezometric head c.p is given by Darcy's law, Le.

(1.2) q = -K V c.p ,

where J( is the tensor of hydraulic conductivity.
The continuity equation and Darcy's law contain no information related to any specific case of
flow through a porous medium. The supplementary information that together with equations
(1.1) and (1.2) defines an individual problem should include a specification of:

* the geometry of the domain n in which the flow under consideration takes place;

* the values of the tensor of hydraulic conductivity inside n;

* how the fluid in n interacts with its surroundings, i.e. boundary conditions.

Let anD and anN be mutually disjoint portions of the boundary an of n. We consider two
types of boundary conditions:

* Boundary of prescribed potential, i.e.

(1.3) c.p = gD on anD,

where gD is a known function. Condition (1.3) is called a Dirichlet boundary condition.
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* Boundary of prescribed flux, Le.

(1.4) n . q = gN on anN,

where n is the outward normal to an and gN is a known function. Condition (1.4) is
called a Neumann boundary condition.

Combination of (1.1)-(1.4) gives the potential flow problem

{

V. q = f, q = -J(Vc.p in n,
(1.5)

c.p = gD on anD, n· q = gN on anN.

This problem is a well-posed problem, Le. the solution exists, is unique and depends contin
uously on the data. Let v be the average velocity of the fluid, then

(1.6) v = qjn ,

where n is the porosity.

An exact solution of a potential flow problem can be derived only in special cases. Therefore,
numerical methods are the major tool for solving such problems in practice.
A common approach is to rewrite (1.5), using (1.2), into the elliptic boundary value problem:

{

-V . (J( V c.p) = f in n,
(1. 7)

c.p = gD on anD, -n' (I(Vc.p) = gN on anN.

An approximation of c.p is determined as a set of cell averages (block-centered finite differ
ences), nodal values (vertex-centered finite differences) or piecewise smooth functions (con
forming finite elements). This approximation of c.p is then numerically differentiated and
multiplied by the tensor of hydraulic conductivity J(, to obtain an approximation of q. The
tensor J( usually has jumps of several orders of magnitude along irregularly shaped internal
boundaries. Therefore, in many cases an ina,ccurate specific discharge results from this ap
proach.
Given an approximation of the velocity v = qjn, trajectories of water particles can be com
puted.
The results of this approach are often disappointing. Quoting [27: Chapter 9]: "The velocity
fields and trajectories calculated also show agreement but to a lesser extent than the scalar
entities. As the models primarily solve the flow equation for a scalar field, the vector field is a
product of post processing. The results from HYDROCOIN level 1 show that the algorithms
used for the velocity field evaluation should be selected with care. It has been demonstrated
that differences in particle tracking routines contribute to the uncertainty in the calculated
pathlines in addition to the discretisation effects."
We opine that not only the methods for approximating the velocity should be carefully se
lected, but that one should compute an accurate approximation of the specific discharge q, Le.
this approximation has to fulfil the continuity equation (1.1) as well as possible with respect
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to the finite difference grid or finite element mesh. Its computation should follow naturally
from the appropriately chosen finite difference or finite element method. Such methods are
the block-centered finite difference method (see, e.g. [4: pp. 136-139], [26]) and the mixed
finite element method (see [2:1.], [24], [11], [6: Section V-II], [16], [22], [5], [7], [17]). In fact,
these two methods are equivalent for rectangular grids. Because of its flexibility in choosing
meshes we will concentrate on the mixed finite element method. Besides, as will be shown, a
proper algorithm for accurately particle tracking follows directly from this method.

For simplicity, the lowest-order mixed finite element method using triangular meshes will
be discussed in this paper for general two-dimensional problems (for other meshes and three
dimensional problems, see [17]). In Section 2 we define some notations. The lowest-order
conforming and mixed finite element method are treated in Sections 3 and 4. Section 5 deals
with the hybridization of the mixed method leading to a symmetric positive definite system
of linear equations. In Section 6 an algorithm for accurate particle tracking is exposed. In
Section 7 the applicability and advantages of the mixed finite element method are illustrated
by several numerical experiments. Final conclusions are drawn in Section 8.

2. Notations

Before proceeding to the mathematical formulation of the conforming and mixed finite ele
ment method, it is necessary to introduce some functional spaces (see [24: Chapter 2], [17:
Section II], [5: Section IlL 1.1]).

The Lebesgue spaces L2 (n) and L2(n) contain respectively the square-integrable scalar and
vectorial functions on n, Le.

(2.1a)

(2.1b)

L2(n) = {7jI : n --+ JR I J 7jl2dx < oo},
n

L 2 (n) = {p n --+ JR2 I Jp' p dx < oo} .
n

In order to state variational formulations of the potential flow problem (1.5) we have to
consider functions that are differentiable in the weak sense, Le. continuous and piecewise
differentiable. Spaces containing these kind of functions are the Sobolev spaces. Note that
throughout this paper differentiation is understood in the weak sense.
The Sobolev space H 1(n) contains the square-integrable scalar functions whose gradients are
also square-integrable, i.e.

The linear subspace Hb(n) is defined as

(2.3) Hb(n) = {7jI E H 1(n) I 7jI = 0 on anD} .

The Sobolev space H (div; n) contains the square-integrable vectorial functions whose diver
gences are also square-integrable, i.e.
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(2.4) H(div; f!) = {p E L2(f!) I V . P E L2 (f!)} .

The linear subspace HN(div; f!) is defined as

(2.5) HN(div;f!) = {p E H(div;f!) In· p = 0 on ef!N}.

In order to clarify the definitions of the Sobolev spaces HI (f!) and H (div; f!) assume that
f!l and f!2 are two mutually disjoint portions of f! with the common boundary ef!12 (see
Figure 1). Let 'l/J E L 2 (f!) and p E L2(f!) be continuous in f! and differentiable in f!l and f!2,
then 'l/J E HI(f!) only if V'l/J is finite on both sides of ef!12, and p E H(div; f!) only if V . p
is finite on both sides of af!12 and n . p is continuous across ef!12'

Figure 1. Subdivision of f! in two mutually disjoint portions.

3. The conforming finite element method

Although it is assumed that the reader is familiar with the conforming finite element method,
it may be helpful to review its basic concepts (for details see [8], [4: pp. 141-152], [3], [23])
in order to clarify the difference with the mixed method.

Using Green's formula, the variational formulation of the elliptic boundary value problem
(1.7) can be stated:

Find <p E HI(f!), such that <p = gD on ef!D and

(3.1) J(J(V<p)' V'l/Jdx = J f'l/Jdx - J 9NV,ds for all 1jJ E Hb(f!) .
n n &0

Problem (3.1) has a unique solution.

In order to state a finite element formulation of problem (3.1) a finite-dimensional subspace
of HI(f!) is defined.
Assume henceforth that the domain f! is a polygon. A triangulation of f! (see [8: Chapter 2])
is constructed by subdividing f! in a collection 7;1 of mutually disjoint triangles T. Assume
that ef!D, and thus also af!N, is the union of some edges of some triangles.
For each triangle T, let V(T) be the space of linear scalar functions 1jJ on T.
Define the spaces
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(3.2) V('lh) = {'l/J E L2(n) I 'l/JIT E V(T) for all T E 'lh, 'l/J is continuous
across the interelement boundaries} ,

(3.3) VD('lh) = {'l/J E V('lh) I 'l/J = 0 on anD}.

Note that V('lh) and VD('lh) are subspaces of H 1(n) and Hb(n), respectively.
Let 9D,h be a piecewise linear approximation of gD, such that 9D,h(X) = 9D(X) for the
endpoints x of all edges on anD.
The lowest-order conforming method for problem (4.1) now reads as follows:

Find <Ph E V('lh), such that <Ph = 9D,h on anD and

(3.4) J(J(V<Ph) . V'l/Jh dx = J f'l/Jh dx - J gN'l/Jh ds for an 'l/Jh E VD('lh) .
o 0 80

Problem (3.4) has a unique solution (see [8: Section 2.1]).

By introducing appropriate basis functions for the finite-dimensional space VD('lh) (see, e.g.,
[3: Example 5.1]) problem (3.4) results in the system oflinear equations

(3.5) fJcp = F ,

where the vector cP contains the unknown values of <Ph at the vertices of the triangles T E 'lh.
fJ is a symmetric positive definite matrix. Modelling saturated groundwater flow results in
a matrix fJ, that is usually large and sparse, but not particularly well conditioned. This
motivates the use of the preconditioned conjugate gradient method (see, e.g., [12: Chapter
10], [3: Section 1.4]) to solve system (3.5). A variety of choices for the preconditioning matrix
have been discussed in the literature (see, e.g., [2], [9]). Popular methods for computing the
preconditioning matrix are the incomplete Cholesky decomposition (see [19]) and the modified
incomplete Cholesky decomposition ([see [14], [3: Section 1.4]).

4. The mixed finite element method

The derivation of the mixed finite element method sta.rts from the original potential flow
problem (1.5) instead of the elliptic boundary value problem (1.7). Using Green's formula,
the variational formulation of (1.5) can be stated:

Find (q,<p) E H(div;n) X L 2(n), such that n·q =gN on anN and

(4.1a) J(I(-lq). pdx - J<pV· pdx = - JgDn· pds for all p E HN(div;n) ,
o 0 80

(4.1b) - JV· q'l/Jdx = - J f'l/Jdx for an '1/' E L 2(n) .
o 0
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Problem (4.1) has a unique solution (q, <p). Moreover, <P E H1(n) is the solution of (4.1) and
q = -J(V<p in 0, (see [24: Theorem IX-l.ID.

The reason for choosing this variational formulation of the potential flow problem is the
fact that q as well as V . q are in the basic formulation now. As a result approximations of
q and V . q can be obtained directly from the corresponding mixed finite element method.

In order to state a finite element formulation of problem (4.1) finite-dimensional subspaces
of H(divjn) and L2(n) are defined. The spaces are ca.lled the Raviart-Thomas space and
the multiplier space, respectively (see [21: Section 3], [24: Chapter III], [22: Section 6], [5:
Section III.3D.
For each triangle T, let RT(T) be the space of linear vectorial functions P on T, such that
llT . P is constant on each edge of T, where llT is the outward normal to the boundary of T.
It is easy to see that P E RT(T) if, and only if,

(4.2) p(x) = ( ~ ) + /'X, x E T ,

for arbitrary constants Q, f3 and /,.
Define the Raviart-Thomas spaces

(4.4) RTo(~) = {p E RT_1(Th) I the normal component of P is continuous across the
interelement boundaries} ,

(4.5) RTo,N(~) = {p E RTo(~) Ill' P = 0 on anN}'

Note that RTo(~) and RTo,N(Th) are subspaces of 1l(divi 0,) and HN( div; 0,), respectively.
Further the multiplier space M(~) is defined as

(4.6) M(~) = {'l/' E L 2 (n) I 'l/'IT is constant for all T E Th} .

Let 9N,h be a piecewise constant approximation of 9N, such that

(4.7) J(9N,h - 9N)ds = 0 for all edges e on anN·
e

The lowest-order Raviart-Thomas mixed method for problem (4.1) now reads as follows:

Find (qh, <Ph) E RTo(~) X M(~), such that II . qh = 9N,h on anN and

(4.8a) J(J(-lqh)' Ph dx - J <Ph V· Ph dx = - J 9Dll' Ph ds
n n an

for all Ph E RTo,N(~) ,
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(4.8b) -JV ·qh'I/Jh dx = - Jf'I/Jh dx for aU 'l/Jh E M(7h).
n n

Problem (4.8) has a unique solution (see [24: Theorem IX-2.1J).

If f = 0 in n, i.e. if there are no sources, then the specific discharge can be obtained

from the stream function \l1 as q = V X\l1 = (~1 ~) yo \l1 in n (see [4: Section 5-8]). An

approximation \l1 h of \l1 can be computed using the lowest-order conforming finite element
method. It can be proved that qh = V X \l1 h in n. Thus, one can consider the mixed fi
nite element method as a generalization of the stream function approach for problems with
sources and for three-dimensional problems (see [17]).

By introducing appropriate basis functions for the finite-dimensional spaces RTo,h(7h) and
M(7h) (see [17: Section VI]) problem (4.8) results in the system of linear equations

where the vector Qcontains the unknown fluxes across the edges e, Le. Ie n . qh ds, and the
vector <P contains the values of <Ph in the triangles T E 7,1'
Since A is a symmetric positive definite matrix (4.9) yields

(4.10)

Using (4.10) in (4.9) one obtains

(4.11)

where the matrix iJTA-I iJ is symmetric positive definite (see [17: Theorem 6.1]).

Assume that, instead of triangles, rectangles are used to subdivide the domain n (see [17],
[7]). Let their edges be parallel to the coordinate axes and K(x), and therefore also J(-I(x),
be a diagonal matrix for aU x E n. If the element contributions are approximated using
the trapezoidal quadrature formula, then the matrix A reduces to a diagonal matrix. Thus,
the symmetric positive matrix iFA-113 is sparse and system (4.11) can be solved using the
preconditioned conjugate gradient method. Moreover, the mixed method transforms into the
block-centered finite difference method (for details, see [26], [7: Section 6]). Thus, one can
also consider the mixed finite element method as a generalization of the block-centered finite
difference method for irregular meshes.

However, in general the matrix 13T A-I 13 is not sparse. The coefficient matrix of system
(4.9) is symmetric and sparse, but not positive definite. Fast and efficient methods are not
yet known for these situations (for some iterative methods that have been used to solve (4.9),
see [22: Section 17]).
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5. Hybridization of the mixed method

The solution of the system oflinear equations resulting from (4.8) can be simplified by enlarg
ing the Raviart-Thomas space in which qh is sought and introducing a Lagrange multiplier
to enforce the continuity of the normal component of qh across the interelement boundaries
(see [1D.

Let fh be the collection of all edges e of triangles T E Th. Define the multiplier spaces

(5.1) M(fh) = {It: an - JR I JLle is constant for all e E fh} ,

Now, if p E RT_ 1(7h), then p E RTo,N('h) if, and only if,

(5.3) L J nT· Pit ds = 0 for all p E MD(Eh) .
TETh aT

In order to prove this assertion consider two adjacent triangles T1 and T2 with the common
edge e12 (see Figure 2). Let the function It E MD(Eh) be equal to 1 on e12 and 0 on the other
edges, then (5.3) reduces to

(5.4) J nTI ·pds+ JnT2 ·pds = O.
ej2 el2

Since nTI = -nT2 , and nTI • P and nT2 • P are constant on e12, it follows from (5.4), that the
normal component of p is continuous across f12.

Figure 2. Two adjacent triangles.

Let gD,h be a piecewise constant approximation of gD, such that

(5.5) J(gD,h - gD) ds = 0 for all edges e on anD.
e

The hybrid version of the lowest-order mixed method for problem (4.1) now reads as follows:
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(5.6a) J(I(-lqh)' Ph dx - L {J
n TETh T
for all Ph E RT_ l (1h) ,

'Ph V . Ph dx - J AhnT' Ph ds} = 0

[IT

(5.6b) - L JV· qh 'l/Jh dx = - J f'l/Jh dx for all 'l/Jh E M(1h) ,
TETh T n

(5.6c) L J nT'qh!Lh ds = J9NPh ds foran PhEM(fh)'
TETh &T &T

Problem (5.6) has a unique solution (see [1: Lemma 1.3]). Moreover, qh = qh and 'Ph = <Ph,
where (qh' <Ph) E RTo(1h) X M(1h) is the unique solution of problem (4.8).

By introducing appropriate basis functions for the finite-dimensional spaces RT_ l (1h), M(1h)
and lIL l (fh) (see [17: Section VII]) problem (5.6) results in the system of linear equations

where the vector Q contains the outward fluxes across the edges of the triangles T E 1h, the
vector el> contains the values of 'Ph in the triangles T E 7J! and the vector A contains the
unknown values of Ah on the edges e E fh.

The advantage of system (5.7) compared with system (4.9) is the block-diagonality of the
symmetric positive definite matrix A. Hence A-I is also a block-diagonal matrix. Thus (5.7)
yields

(5.8) Q = A-l(FI - Bel> - CA) .

Using (5.8) in (5.7) one obtains

where the coefficient matrix of system (5.9) is symmetric positive definite (see [17: Theorem
7.1]). Now, BT A-I B is a diagonal matrix. Thus, (5.9) yields

(5.10)

Using (5.10) in (5.9) one obtains

(5.11) DA = F ,
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where

The computation of the matrix A-I _ A-I B(BT A-I B)-I B T A-I is essential when determin
ing D. This matrix is block-diagonal and can thus be computed at the finite element level.
The matrix C is a Boolean connectivity matrix, i.e. the matrix D is obtained by assembling
its element contributions according to C. The right-hand side F can be computed in an
analogous way.
The sparsity pattern of the matrix D follows from (5.12a). Let D = [dij], then dij =1= 0 if,
and only if, the corresponding edges ei and ej are on the boundary of some triangle T E 7h.
Again, the preconditioned conjugate gradient method can be used to solve system (5.11).

After solving (5.11) the vectors <T> and Q can be computed by (5.10) and (5.8), respectively.
This computation can be performed at the finite element level. Finally, the approximation
qh of the specific discharge can be computed from its fluxes across the edges.

6. Particle tracking

After the approximation qh of the specific discharge q has been computed using the mixed
finite element method, the approximate velocity Vh = qh/n can be computed. Henceforth
we assume that the porosity n is constant in each triangle T E Til..

A streamline is a curve that is everywhere tangential to the velocity v = q/n. Because
the flow is stationary, water particles flow along streamlines. The time required for a water
particle to flow from one point to another is called the residence time between these points.
In modelling two-dimensional saturated groundwater flow problems streamlines can be ob
tained easily as contour lines of the stream function (see [4: Section 5-8]). However, branch
cuts have to be introduced if there are sources or sinks in the flow domain. Furthermore, one
cannot obtain residence times directly from the stream function. Moreover, when modelling
three-dimensional groundwater flow the concept of a stream function is complicated. Fortu
nately, streamlines and residence times can be determined easily and accurately for two- and
three-dimensional problems (see [17: Section IX]) with or without sources and sinks using
the mixed finite element method (for particle tracking using the block-centered finite differ
ence method, see [20], [13]). Streamlines and residence times can be determined from Vh by
computations at the finite element level. This approach allows the streamlines and residence
times to be determined exactly with respect to the approximate velocity Vh.

Let T E 7h be some triangle and q E RT(T), then v = q/n is of the form

(6.1) vex) = ( ; ) +,x, x E T .

Depending on the sign of, = V . q/n three cases can be distinguished:
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(i) , = 0: all streamlines are parallel straight lines;

(ii) , < 0: all streamlines are straight lines ending in the point (-ah, -(3h);

(iii) ,> 0: all streamlines are straight lines starting in the point (-ah, -(3h) .

If, < 0 (, > 0), then the point (-ah, -(3h) is in T if, and only if, the outward normal
component of q is negative (positive) on the entire boundary of T, i.e. if the outward fluxes
across the edges of T are negative (positive).

One can consider (7.1) as an ordinary differential equation, i.e.

(6.2a) x'(t) = ( ~ ) + ,x(t) , t > 0 .

The initial value is given by the point of entrance, i.e.

(6.2b) x(O) = Xin .

The solution of (6.2) is equal to

where the function E is defined as

(6.4)
{

(e~ - 1)/~

E(~) =
1

if ~ =J 0 ,

if ~ = 0 .

If, = 0, or , =J 0 and (-ah, -(3h) is not in T, then the residence time between Xin and
the point of exit Xout. can be determined by intersecting the streamline through Xin with each
of the edges of T (see [17: Section IX]).

By tracking a water particle through a chain of triangles an array of points and residence
times is obtained. A global streamline is obtained by interconnecting the consecutive points
and the total residence time by summing all residence times.

7. Numerical experiments

In the preceding sections the mixed finite element method, its hybridication, and the com
putation of streamlines and residence times were presented. In this section the applicability
and advantages of the mixed method and the convergence of the preconditioned conjugate
gradient method are illustrated by some numerical experiments.
We are especially interested in potential flow problems with large jumps in the tensor of
hydraulic conductivity. We are also interested in subdivisions of the domain into very flat
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triangles.
All the computations presented below, were done in double precision on a SUN SPARC clas
sic workstation.

In this section three two-dimensional potential flow problems are considered. These problems
are based on Cases 2, 6 and 7 in [27]. Triangulations of the domain n were constructed by
subdividing n into a collection of M triangles. The conforming method results in an approx
imation of the potential <P, which has one degree of freedom per vertex of the mesh. The
mixed-hybrid method results in the Lagrange multiplier Ah' which has one degree of freedom
per edge of the mesh.
The resulting systems oflinear equations were solved by the preconditioned conjugate gradient
method (see, e.g., [12: Chapter 10]), where the preconditioning matrices were constructed by
the incomplete Cholesky decomposition (IC) (see [19]) or the modified incomplete Cholesky
decomposition (MIC) (see [14], [3: Section 1.4]). These preconditionings were compared with
the symmetric GauB-Seidel preconditioning (SGS), also known as SSOR with w = 1 (see,
e.g., [2, Section 3]). Let a certain resulting system be denoted are Ax = b for the time be
ing. A sequence xI, X2, ••. was generated, starting with the vector Xo = O. We terminated if
/Ix -xiIIA/llxIIA :::; 10-8 (for the corresponding termination criterion, see [15]). The amount of
work per iteration is equal to three inner product, two vector updates and two matrix-vector
multiplications, that is, 7n +4rn flops, where n is the number of unknowns and n +2m is the
number of nonzero entries of the matrix A. About 45/19 times as much work is required per
iteration for the mixed-hybrid method as for the conforming method.

Using the conforming finite element method, a piecewise linear approximation of <p is de
termined. This approximation is differentiated in each triangle and, multiplied by the tensor
J( to obtain an approximation of q. The normal component of this approximation is generally
not continuous across the interelement boundaries.
Using the mixed-hybrid finite element method, the Lagrange multiplier Ah is determined.
From Ah the approximations <Ph and qh are obtained using (5.10) and (5.8), respectively.
The normal component of qh is continuous across the interelement boundaries.
Streamlines were computed by the method that is discussed in Section 6. Using the con
forming method, first the approximation of q was improved by introducing a quasi-Lagrange
multiplier. This quasi-multiplier is defined on the union of all edges and is constant on each
edge, as in the mixed-hybrid case. On each edge its value is equal to the value of the con
forming approximation of <p at the midpoint of the edge. From this quasi-multiplier outward
fluxed across the edges of all triangles were obtained using (5.10) and (5.8). On each interele
ment edge we took the mean of the two corresponding fluxes. Finally, an approximation of
q was computed from these fluxes. Of course, the normal component of this approximation
is continuous across the interelement boundaries. Still, its divergence is generally not equal
to f. However, the computed streamlines appeared to improve by this ad hoc technique.

7.1. Case 2: two permeable fracture zones intersecting each other

The first potential flow problem is based on Case 2 in [27]. This test case concerns stationary
flow in a two-dimensional slice of a fractured rock. The region contains two inclined fracture
zones, which have a higher hydraulic conductivity than the surrounding rock. The fracture
zones intersect one another at depth.
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The topography has been made simple so that it consists of two valleys located, where the
fracture zones meet the surface. In order to simplify the problem definition, the shape of the
surface is described by straight lines.

The geometry of the domain is defined by 17 points marked in Figure 3. The coordinates of
these points are listed in Table 1. The medium is assumed to be isotropic, i.e. K(x) = k(x)I
for all x E n, where I is the unit tensor and K(x) is a scalar. The values of K in the fracture
zones and the surrounding rocks are 10-6 m s-l and 10-8 m S-l, respectively. The porosity
n in the domain is equal to 0.03.

The rainfull is assumed to be sufficient to cause the water table to be coincident with the
surface. The remaining boundary is assumed to be impermeable to water flow. Thus, anD
is the top boundary and

7

13 '-------------------=:..=~:...=....------_:;_;'f'~ 8

(7.1) <p(x) = X2 if x E anD, n· q = 0 on anN.
1

Figure 3. Geometry of the modelled domain in Case 2.

Table 1. Coordinates of numbered points in Case 2.

point number
1
2
3
4
5
6
7
8
9

Xl [m]
0.00

395.00
405.00
800.00

1192.50
1207.50
1600.00
1600.00
1505.00

X2 [m]
150.00
100.00
100.00
150.00
100.00
100.00
150.00

-1000.00
-1000.00

point number
12
11
12
13
14
15
16
17

Xl [m]
1495.00
1007.50
992.50

0.0
1071.35
1084.04
1082.50
1069.81

X2 [m]
-1000.00
-1000.00
-1000.00
-1000.00

-566.35
-579.04
-587.50
-574.81
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Triangulations of the domain n were constructed by subdividing n into a collection of
76,298, 1198 and 4790 triangles. The resulting meshes are displayed in Figure 4 for M = 76
and M = 298.

(c) (d)

Figure 4. Mesh in Case 2. (a) M = 76. (b) M = 298.
(c) M = 76, enlargement. (d) M = 298, enlargement.

The numbers of iterations necessary to fulfil the desired termination criterion are listed in
Table II.
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Table II. Numbers of iterations in Case 2 (t indicates
that the preconditioning matrix does not exist).

M n m SGS IC MIC
Conforming method 76 51 126 31 t t

298 174 471 99 t t
1198 648 1845 303 t 53
4790 2492 7281 691 t 93

Mixed-hybrid method 76 126 228 71 15 t
298 471 894 201 29 46

1198 1845 3594 597 58 199
4790 7281 14370 1488 119 t

Particles were tracked starting in four points. The trajectories are displayed in Figures 5 and
6. The residence times are listed in Table III. These results are obtained using the symmetric
GauB-Seidel preconditioning.

(a)

(c)

(b)

(d)

Figure 5. Particle tracking in Case 2 using the conforming method.
(a) M = 76. (b) M = 298. (c) 111 = 1198. (d) M = 4790.
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(a)

(c)

(b)

(d)

Figure 6. Particle tracking in Case 2 using the mixed method.
(a) M = 76. (b) M = 298. (c) M = 1198. (d) M = 4790.

Table III. Residence times [s] in Case 2 (t indicates
that the trajectory does not end on DnD).

M
x [rnJ y [rnJ 76 298 1198 4790

Conforming method 100 0 0.41 X 1011 0.23 X 1011 t t
100 -200 0.15 x 1012 t t t

1500 0 0.18 x 1011 t 0.25 X 1011 0.26 X 1011
1500 -450 t t t 0.28 X 1012

Mixed method 100 0 0.50 X lOll 0.32 X lOll 0.37 X 1011 0.36 X 1011
100 -200 0.35 x 1012 0.45 X 1012 0.46 X 1012 0.46 X 1012

1500 0 0.11 x 1012 0.31 X 1011 0.25 X 1011 0.26 X 1011
1500 -450 0.77 x 1012 0.25 X 1012 0.28 X 1012 0.28 X 1012

Using the conforming finite element method, many streamlines either end before reaching
a boundary or end on the impervious boundary. The ad hoc technique that is used for
computing streamlines gives unsatisfactory results, contrary to the experiments in [17J. Other
techniques can give better results (see [27: Figures 3.10-3.15]).
Using the mixed finite element method, all streamlines end on anD. More than that, they
all end on the lines between the points 2-3 and 5-6, where the fracture zones reach the
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surface. The corresponding residence times converge for finer meshes pretty fact to reasonable
limits (see also [27: Figures 3.10-3.15]). For the conforming method, a preconditioning
matrix cannot be constructed for the incomplete Cholesky decomposition. For the mixed
hybrid method, the number of iterations when using the incomplete Cholesky decomposition
is considerably smaller than when using the symmetric GauB-Seidel preconditioning. The
modified incomplete Cholesky decomposition behaves erratically (for a discussion on this
phenomenon, see [25]).

The flow in the fracture zones is nearly one-dimensional. This suggests not to refine the
mesh perpendicular to the fracture zones. Therefore triangulations of the domain n were
constructed by subdividing n into a collection of 76,252,928 and 3544 triangles, such that
the meshes outside the fracture zones are equal to the meshes considered before and such that
portions of the fracture zones are divided into two triangles only. The numbers of iterations,
using these meshes, necessary to fulfil the desired termination criterion are listed in table IV.

Table IV. Numbers of iterations in Case 2 with a nonrefined mesh perpendicular
to the fracture zones (t indicates that the preconditioning matrix does not exist).

M n rn SGS IC MIC
Conforming method 76 51 126 31 t t

252 149 400 80 t 16
928 507 1434 139 t 16

3544 1855 5398 158 t 28
Mixed-hybrid method 76 126 228 71 15 t

252 400 756 157 23 33
928 1434 2784 273 38 121

3544 5398 10632 308 71 t

Again, particles were tracked starting in four points. The trajectories are displayed in Figures
7 and 8. The residence times are listed in Table V. These results were obtained using the
symmetric GauJ3-Seidel preconditioning.

(a) (b)
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(c) (d)

Figure 7. Particle tracking in Case 2 with a nonrefined mesh
perpendicular to the fracture zones using the conforming method.

(a) M = 76. (b) M = 252. (c) M = 928. (d) M = 3544.

(a)

(c)

(b)

(d)

Figure 8. Particle tracking in Case 2 with a nonrefined mesh
perpendicular to the fracture zones using the mixed method.

(a) M = 76. (b) M = 252. (c) M = 928. (d) M = 3544.

18



Table V. Residence times [8] in Case 2 with a nonrefined mesh perpendicular
to the fracture zones (t indicates that the trajectory does not end on anD).

M

Conforming method

Mixed method

x [m]
100
100

1500
1500

100
100

1500
1500

y [m]
o

-200
o

-450
o

-200
o

-450

76
0.41 X 1011
0.15 X 1012

0.18 X 1011

t
0.50 X 1011
0.35 X 1012

0.11 X 1012

0.77 X 1012

252
0.23 X 1011

t
t
t

0.32 X 1011
0.46 X 1012

0.31 X 1011
0.25 X 1012

928

t
t

0.26 X 1011

t
0.37 X 1011
0.46 X 1012

0.25 X 1011
0.28 X 1012

3544

t
t

0.26 X 1011
0.36 X 1012

0.36 X 1011
0.46 X 1012

0.26 X 1011
0.28 X 1012

Using the conforming finite element method, nearly all streamlines either end before reaching
a boundary or end on the impervious boundary. Using the mixed finite element method, all
streamlines end on the lines between the points 2-3 and 5-6. The streamlines and residence
times are nearly equivalent to those obtained with completely refined meshes. The trajectory
starting in x = (100, -200) is rather hard to determine accurately, which can be understood
by realizing that it passes a region with very low velocities. It can be concluded that accurate
streamlines and residence times can be computed using the mixed finite element method with
a nonrefined mesh perpendicular to the fracture zones after fewer iterations and with fewer
flops per iteration.

Case 6: two-dimensional stationary flow in a regional aquifer

The second potential flow problem is based on Case 6 in [27]. This test case concerns station
ary flow in a three-dimensional groundwater system with rock layers of highly contrasting
hydraulic conductivity typical of bedded salt lakes. However, the domain as specified in this
case only gives a three-dimensional flow field to a limited extent. Therefore a two- dimen
sional potential flow problem will be considered in this section.
The hydrological system consists of essentially five material layers, i.e. a layer of a low hy
draulic conductivity overlain by two aquifer layers and underlain by two additional aquifer
units. These five layers degrade into one ma.terial.

The geometry of the domain is defined by 27 points marked in Figure 9. The coordinates of
these points are listed in Table VI. The medium is assumed to be anisotropic such that the
principal directions of the tensor of hydraulic conductivity are in the horizontal and vertical
direction, i.e.

for all x En,

where kv(x) = kh(X)j10. The values of kh in the different geological layers, as indicated in
Figure 9, are listed in Table VII. The porosity n in the domain is equal to 0.05.
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Figure 9. Geometry of the modelled domain in Case 6.

Table VI. Coordinates of numbered points in Case 6.

point number Xl [km] Xz [m] point number Xl [km] Xz [m]
1 0 1800.0000 15 400 700.0000
2 100 1325.0000 16 130 23.7069
3 144 1175.0000 17 130 750.0000
4 145 1175.0000 18 160 650.0000
5 146 1175.0000 19 280 -700.0000
6 175 1275.0000 20 400 -500.0000
7 190 1400.0000 21 145 -181.2500
8 250 1275.0000 22 160 -305.5550
9 265 1100.0000 23 160 172.2220
10 400 900.0000 24 280 -1000.0000
11 145 1115.0000 25 400 -1250.0000
12 160 1045.0000 26 280 -1300.0000
13 175 975.0000 27 400 -2000.0000
14 280 800.0000
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Table VII. Horizontal hydraulic conductivities in Case 6.

layer kh [m 8-1 ]

A 2.315 X 10 5

B 3.472 X 10-7

C 1.157 X 10-7

D 1.042 X 10-5

E 2.315 X 10-7

F 1.157 X 10-7

G 9.259 X 10-7

H 9.259 X 10-6

The rainfall is assumed to be sufficient to cause the water table to be consistent with the
surface. The remaining boundary is assumed to be impermeable to water flow, except the
right boundaries of layers G and H, where the potential is assumed to be equal to 500 m.
Triangulations of the domain n were constructed by subdividing n into a collection of 339,
1440 and 5537 triangles. The resulting mesh is displayed in Figure 10 for M = 339.

Figure 10. Mesh in Case 6.

The numbers of iterations necessary to fulfil the desired termina.tion criterion are listed in
Table VIII.
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Table VIII. Numbers of iterations in Case 6 (MIC does not exist).

M n m SGS IC
Conforming method 339 204 542 32 21

1440 787 2226 60 38
5537 2898 8434 118 83

Mixed-hybrid method 339 542 1017 71 36
1440 2226 4320 120 74
5537 8434 16611 244 161

Particles were tracked starting in four points. The trajectories are displayed in Figure II.
The residence times are listed in Table IX. These results were obtained using the symmetric
Gau:l3-Seidel preconditioning.

(a)

(c)
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(e) (f)

Figure 11. Particle tracking in Case 6 using the conforming and mixed method.
(a) M = 339, conforming. (b) M = 339, mixed. (c) M = 1440, conforming.

(d) M = 1440, mixed. (e) M = 5537, conforming. (f) M = 5537, mixed.

Table IX. Residence times [8] in Case 6.

M
x [km] y [m] 339 1440 5537

Conforming method 100 1250 0.11 X 108 0.23 X 108 0.70 X 108

100 1000 0.30 X 109 0.50 X 109 0.57 X 109

100 750 0.11 X 1010 0.13 X 1010 0.12 X 1010

100 500 0.92 X 1010 0.97 X 1010 0.11 X 1011
Mixed method 100 1250 0.11 X 109 0.84 X 108 0.91 X 108

100 1000 0.55 X 109 0.54 X 109 0.56 X 109

100 750 0.12 X 1010 0.11 X 1010 0.12 X 1010

100 500 0.21 X 1011 0.18 X 1011 0.18 X 1011

All streamlines end on anD' Using the conforming finite element method, the ad hoc tech
nique that is used for computing streamlines gives reasonable results. However, a sudden
change in flow direction is observable just before or behind a discontinuity in the hydraulic
conductivity.
Using the mixed finite element method, this change in flow direction is precisely at the dis
continuities in the hydraulic conductivity (see Figure 11(f)). The corresponding residence
times converge for finer meshes pretty fast.
A preconditioning matrix cannot be constructed for the modified incomplete Cholesky de
composition. The number of iterations when using the incomplete Cholesky decomposition is
considerably smaller than when using the symmetric GauB-Seidel preconditioning. Also, the
number of iterations is smaller for the conforming method than for the mixed-hybrid method.

23



7.3. Case 7: a shallow land disposal facility in argillaceous media

The third potential flow problem is based on Case 7 in [27J. This test case concerns station
ary flow around hypothetical shallow land-disposal facilities for low and intermediate level
wast in argillaceous media. The waste is envisaged as being disposed of in parallel concrete
trenches about ten metres below the surface. Each trench is covered by a concrete anti
intrusion shield above. The site consists of horizontally bedded clay.

The geometry of the domain is defined by 20 points marked in Figure 12. The coordinates of
these points are listed in Table X. The medium is assumed to be isotropic, Le. K(x) = k(x)I
for all x E n, where I is the unit tensor and k(x) is a scalar. The scalar hydraulic conductivity
k of the argillaceous medium and the porosity n, both in the argillaceous medium and the
concrete structures, only depend on the height X2 and are displayed in Figure 13. Two variants
of the test case are considered in which the hydraulic conductivity of the concrete structures
is substantially different. In Case 7a it is 10-6 m 8-1 a.nd in Case 7b it is 10-10 m 8-1 .

4r--------~~~~3I 12 11 20 19
1.------,11r -----,

9 1017 18
8 7 16 15

DD
5 6 13 14

1 2
Figure 12. Geometry of the modelled doma.in in Case 7.

Table X. Coordinates of numbered points in Case 7.

point number Xl [mJ X2 [mJ point number Xl [mJ X2 [mJ
1 0.0 0.0 11 95.0 20.0
2 200.0 0.0 12 75.0 20.0
3 200.0 20.0 13 107.5 10.0
4 0.0 25.0 14 127.5 10.0
5 72.5 10.0 15 127.5 15.0
6 92.5 10.0 16 107.5 10.0
7 92.5 15.0 17 105.0 19.0
8 72.5 15.0 18 130.0 19.0
9 70.0 19.0 19 130.0 20.0
10 95.0 19.0 20 105.0 20.0
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Ie-OS 0.3

le-06 0.25

le-O? 0.2

le-08 0.15

le-09 0.1

le-IO 0.05
0 5 10 15 20 25 0 5 10 15 20 25

(a) (b)

Figure 13. Parameters in Case 7 as functions of the height X2.

(a) scalar hydraulic conductivity k in the argillacious medium. (b) porosity.

The rainfall is assumed to be sufficient to raise the water table to be consistent with the
surface. The bottom boundary is assumed to be impermeable to water flow. At the left
boundary the potential is assumed to be equal to 25 m.. At the right boundary the potential
is assumed to be equal to 20 m.. Without the concrete these boundary conditions result into
the solution <p(x) = 25 - xt!40, x E n, and thus the streamlines are straight horizontal lines.
Triangulations of the domain n were constructed by subdividing n into a collection of 1707
and 6780 triangles. The resulting mesh is displayed in Figure 14 for M = 1707.

Figure 14. Mesh in Case 7.

The numbers of iterations necessary to fulfil the desired termination criterion are displayed
in Tables XI and XII.
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Table XI. Numbers of iterations in Case 7a.

M n m SGS IC MIC
Conforming method 1707 913 2619 95 20 15

6780 3508 10287 181 44 111
Mixed-hybrid method 1707 2619 5121 227 60 397

6780 10287 20340 431 100 702

Table XII. Number of iterations in Case 7b.

M n m SGS IC MIC
Conforming method 1707 913 2619 87 17 14

6780 3508 10287 167 33 145
Mixed-hybrid method 1707 2619 5121 193 46 548

6780 10287 20340 365 83 1216

Particles were tracked starting in twelve points. The trajectories are displayed in Figures 15
and 16. The residence times are listed in Tables XIII and XIV. The results were obtained
using the Gau13-Seidel preconditioning.

~

~ =:::J -

O=rl---
~ ""-

(a)

(c)

(b)

(d)

Figure 15. Particle tracking in Case 7a using the conforming and mixed method.
(a) M = 1707, conforming. (b) M = 1707, mixed.
(c) M = 6780, conforming. (d) M = 6780, mixed.
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(a)

00

(c)

(b)

1--------.0 0 _

(d)

Figure 16. Particle tracking in Case 7b using the conforming and mixed method.
(a) M = 1707, conforming. (b) M = 1707, mixed.
(c) M = 6780, conforming. (d) M = 6780, mixed.

Table XIII. Residence times [8] in Case 7a.

M
x [m] y [m] 1707 6780

Conforming method 0 20 0.19 X 1012 0.26 X 1011

0 15 0.50 X 1012 0.20 X 1012

0 10 0.80 X 1012 0.64 X 1012

0 5 0.58 X 1010 0.31 X 1010

Mixed method 0 20 0.26 X 1011 0.25 X 1011

0 15 0.16 X 1012 0.15 X 1012

0 10 0.72x1012 0.90 X 1012

0 5 0.14 X 1010 0.15 X 1010
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Table XIV. Residence times [s] in Case 7b.

M
x [m]

Conforming method 0
o
o
o

Mixed method 0
o
o
o

y [m]
20
15
10
5

20
15
10
5

1707
0.16 X lOIl

0.18 X 1012

0.14 X 1013

0.58 X 1010

0.19 X 1011
0.16 X 1012

0.13 X 1013

0.14 X 1010

6780
0.16 X 1011
0.17 X 1012

0.14 X 1013

0.29 X 1010

0.20 X 1011
0.18 X 1012

0.16 X 1013

0.15 X 1010

All streamlines end on anD. Using the conforming finite element method, the ad hoc tech
nique that is used for computing streamlines gives poor results.
Using the mixed finite element method, the streamlines are stra.ight lines away from the con
crete. The corresponding residence times converge for finer meshes pretty fast.
The number of iterations when using the incomplete Cholesky decomposition is considerably
smaller than when using the symmetric GauB-Seidel preconditioning. The modified incom
plete Cholesky decomposition behaves erratically.

8. Conclusions.

From the numerical experiments it is clear that an accurate approximation of the specific
discharge can be determined by the mixed finite element method. The conforming finite ele
ment method results in unsatisfactory streamlines, at least with the postprocessing technique
that is used in this article. A very promosing postprocessing technique is discussed in [10].
Of course, if one is interested in an accurate approximation of the piezometric head, then the
conforming finite element method is preferable.
Using the hybridization technique, the mixed finite element method results in a sparse sym
metric positive definite system oflinear equations. This system can be solved efficiently by the
preconditioned conjugate gradient method, where the preconditioning matrix is constructed
by the incomplete Cholesky decomposition. The system of linear equations is larger for the
mixed method than for the conforming method. Also more iterations are needed to solve the
system with the same relative accuracy. However, for the fracture zone problem (Case 2),
the incomplete Cholesky decomposition does not exist. The modified incomplete Cholesky
decomposition behaves erratically. Note that the system of linear equations is rather expen
sive to be constructed for the mixed-hybrid finite element method. If the porous medium
is isotropic, this system can be constructed cheaply using the nonconforming finite element
method (see [18]).
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