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Abstract 
The development of linear and nonlinear 3-1, controllers for a mono- 
cycle is outlined. Specifications for the design emphasize performance 
with limited control activity. The controllers are shown to have slightly 
different stabilization properties, but the C2-gain of the system with 
the nonlinear IFI, controllers is slightly better and they may realize a 
faster tracking response by using larger control actions. 

Keywords: Nonlinear model, continuous time model, control syn- 
thesis, mechanical system, 3-1, control. 

1. Introduction 
The mono-cycle, also called unicycle, a wheel and a frame with an 
actuated joint in between, is a motivating example for applications of 
modem control techniques. It is nonlinear, so control designs based on 
linearized models are not guaranteed to work well in practice, and its 
up-right position is unstable, so a controller is mandatory. 

The control of a mono-cycle has been studied previously, see [ 1,2]. 
The first paper considers a single-inputhingle-output LQ(G) design for 
two control loops, the pitch and yaw loop, of a complete mono-cycle. 
The second paper discusses a model that includes the human cyclist. 
It employs a human mimicking actuation setup (one could call this a 
robot driven mono-cycle) and shows some simulation results. 

Linear controller design with an X,-norm criterion is well known, 
see, e.g., [3], and there are effective and efficient algorithms to solve 
the problem. Nonlinear %,, or better C2-gain, design is more recent. 
A basic reference is [4]. The main goal of this paper is to extent 
the linear IFI, design to a nonlinear 'L design for the mono-cycle 
example, to investigate the usefulness of the more involved nonlinear 
controller, and to assess the merits of this technique. Section 2 presents 
a description and model of the mono-cycle. Section 3 details the control 
system specifications and the controller design. The evaluation of the 
controllers is in Section 4. Conclusions are in Section 5. 

2. System description 
The system considered is a mono-cycle, see Fig. 1. It consists of a 

Figure 1: Mono-cycle 
wheel, a frame, and a motor with transmission. Additional guidance 
wheels, not shown in the figure, fix the position of the mono-cycle 
in the direction perpendicular to the direction of motion. The control 
system aims at stabilizing the frame in the up-right position in the plane 
of motion and at tracking a desired wheel position in the horizontal 

direction. The model of the system should at least describe the dynamic 
phenomena related to these tasks. 

The equations of motion for mechanical systems can be derived 
with the Lagrange formalism. A complete derivation for the mono- 
cycle is not given, see [5], so only the final set of differential equations 
is presented. Using as generalized coordinates q the horizontal dis- 
placement x of the center of the wheel and the angular rotation cp of the 
COM (center-of-mass) of the frame and motor (relative to the vertical 
and positive in clockwise direction), one gets equations of the form 

M(q)ii + C(8 s)4 + G(q, 4) = H(q)u + w (1) 

with 

G =  [ -Mfgh f sin ( f + P )  cp + (; + (f-s) p) ( i p  - f ) ] 4. 
Here M,, is the mass of the wheel, J,, its central moment of inertia and 
R its radius, while Mf is the mass of the frame and the motor, Jf is 
the central moment of inertia around the COM of the frame and the 
motor, except for the central moment of inertia Jm of the motor rotor, 
and h is the distance of the wheel axis to the COM. Furthermore, i is 
the transmission ratio, such that icp, = - cp, where cpm is the rotation 
of the rotor with respect to its housing, v and p are the coefficients of 
viscous damping in the bearings of the motor axis, respectively of the 
frame on the wheel axis, g is the acceleration of gravity, while a is the 
motor torque constant, U the control voltage, and w a disturbance. 

Linearization of (1) around cp = 0 with the parameters in [5] gives 

0 0  1 
0 0  0 

0 20.9311 58.2953 -11.6591 
z =  [ 0 -3.6169 -22.7377 4.5475 

L-0.1707 0.9878 1 L-14.38021 

where the state z is defined by z = [x 
unstable, as could be expected. 

cp k $71 '. The system is 

3. Controller design 
A linear and two nonlinear 3-1, controllers are designed, all using 
state-feedback. The design of the ?it, controllers is based on exactly 
the same criteria, namely asymptotic stabilization of the closed-loop 
and restriction of the IFI,-norm or Cz-gain of the mapping from the 
disturbance w to the performance output y:  

l lY l l2 < ~, sup - 
U IIw112 

396 



were IIw112 is restricted to at least those values for which the controllers 
can stabilize the closed-loop. Here y is taken to bey = [3x 
were the numbers are introduced to weight the influence of the different 
components in y, the weight on U is arbitrarily set to one. The bound y 
is also set to one in the design. Remark that we do not directly strive 
for a minimal value of y,  so y-iteration is left out of the design. 

The linear controller is computed with standard linear ‘Ft- design 
techniques. This employs a numerical solution of an associated Ric- 
cati equation. The nonlinear controllers are computed with the help of 
the NC-Toolbox, see [6], that employs MAPLE for symbolic com- 
putations. The main computation is solving the HJ (Hamilton-Jacobi) 
equation, associated with the problem, see [4]. An exact solution is not 
attempted, instead a series solution is obtained, that should provide a 
better approximation to the exact solution than the linear controller. 
Only terms to a certain degree, i.e., solutions of the HJ equation con- 
taining terms of the form n zf“) with k( i )  bounded, were used 
to compute the controller. The maximum degree of the terms in the 
controller will be one less than that of the solution of the HJ equation. 

The linear design resulted in the state-feedback controller U = Kz. 
This feedback control law is suitable for regulation, but not for tracking. 
For tracking a desired position, called r,  the variable x - r is fed to the 
controller instead of x.  Due to the structure of the system dynamics 
this simple solution is possible. 

The expressions for the nonlinear controllers, third and fifth degree 
controllers were computed, are too complicated to be included. As for 
the linear controller, the nonlinear ones are modified, to provide for 
tracking a reference position r. 

To assure the adequacy of the controllers, they will be evaluated 
with simulations using the nonlinear model (1). In the time domain 
we would like to obtain the following objectives: a rise time of =4 [SI, 
preferably no overshoot, and limited excursion of the angle cp, all for 
the responses on a step change in r. We will also check if the design 
objective for the L2-gain is obtained, and for that purpose compute the 
ratio of the 2-norms of y(t) and w(t) during the simulation. 

1Ocp U] 
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4. Results 
We show two sets of results. First, results for checking the C2-gain. 
A problem here is how to obtain the worst-case disturbance w(t). 
This was achieved by using sinusoids with frequencies corresponding 
with the poles of the linearized closed-loop, both for w, and wq. Of 
course, using another set of disturbances w may give a larger C2-gain. 
It appeared that the input wq was always worse and that especially 
for low frequencies the C2-gain became large. In the upper left plot 
of Fig. 2 the computed gains for w, = 0 and wq = 10sin(ot) are 
presented, where w = 0.33 [rads] is approximately the worst-case 
frequency. The gain for the third degree controller is slightly smaller, 
but both results fall within the specified y = 1. The transient for small 
t i s  caused by the initial condition Ilwlli(t = 0) = 0.001. 

Second, results for tracking a step are reported. The step size 
is r = 5 [m]. The three remaining plots in Fig. 2 show the control 
voltage U, position x, and angle cp. The nonlinear controller provides 
for a faster response, but has larger control activity. 

The third degree controller tended to be slightly earlier unstable 
(i.e., for smaller disturbances or smaller required steps in r )  than the 
linear one. This seems counter intuitive. It is caused by the response of 
the closed-loop system that induces a larger maximum value for cp, see 
Fig. 2. The approximation for the dependency of the controller output 
on cp is not that good for the third order controller, as can be seen by 
the contribution to U when cp varies and all other states are kept zero in 
Fig. 3. It is clear that in no way we can say the series approximation 
of the solution for the HJ equation is converged to the exact one. 

The fifth degree controller showed results that were slightly better 
than those of the third degree one, but it includes terms that hardly 
contribute to U, making it unnecessarily complicated. Computing the 
fifth degree controller is also quite involved, taking considerable com- 
puting resources. Due to the complexity of the computation, higher 
degree solutions are practically incomputable. An option for improve- 
ment is not including all possible terms that fulfill the bounded degree 
restriction in the approximate solution of the HJ equation, but to favor 
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Figure 2: Comparison of linear (-) and third degree (- -) nonlinear ‘Ft, 
control 

specific terms. Here terms in cp are most relevant. This is currently 
investigated. 

5. Conclusions 
Related to the time domain objectives, all designs perform acceptable. 
The linear controller is rather simple while the nonlinear controllers 
are more involved. The stability regions for the controllers, expressed 
in their ability to track large step changes in r,  are not necessarily 
the same. The nonlinear controllers obtain a slightly smaller &-gain 
and provide for a faster response, at the cost of more control action. 
Convergence of the power series solution for the HJ equations was not 
observed. This deserves further attention. 
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