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1 • In traduction 

In.a recent paper M. Deza [lJ proved that a binary code consisting of m 

words of length n at mutual distance 2k, denoted here by H(m,2k,n)-code", is 

trivial if m > k 2 + k + 2. Here a trivial (m,2k,n)-code is defined as fol

lows. Let the m by n matrix C have the words of the code as rows. If every 

column of C has m or m-I equal entries the code is called trivial. In his 

paper Deza also showed that a non"trivial (k2+k+2, 2k,n)-code exists if n ~s 

sufficiently large and a PG(2,k) exists. The question whether the converse 

is true remained open. We now settle this by proving the following theorem. 

THEOREM 1. For k > 1 a nontrivial (k 2+k+2,2k,n)-code exists (for sufficient

ly large n) if and only if a PG(2,k) exists. 

Although this solves one of the questions posed by Deza, the problem of 

determining the maximal m (as a function of k) for which a nontrivial 

(m,2k,n)-code exists, remains open for those k for which a PG(2,k) does not 

exist. 

2. Some lemmas and notation 

In this section we describe some notation and present some lemmas, due 

to Deza, with our own proofs. 

We shall always represent a binary code by a (O,l)-matrix C of which 

the rows are the codewords. We use ~(n) for the n-dimensional vector space 

over GF(2) and denote the Hamming distance of x and ~ by d(~,y). The weight 

of x ~s denoted by w(~). 

In the proofs a number of matrices will occur. For these we introduce 

the following notation: 

0 ~s the p by q zero-matrix, pq 

J ~s the p by q matrix of I v s, 
pq 

E(i) 
~s the p by q matrix with O's ~n column ~, l's elsewhere, 

pq 

F (i) is the p by q matrix with 11 s in row i, O's elsewhere. 
pq 
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LEMMA 1. Let A c 6t (n), B c 6t en). Then 

PROOF. Clearly it LS sufficient to prove this theorem for n = (since 

Hamming distance is add'itive over the coordinate places). For n = 1 let 

a g= III L w(x) , 
xEA 

The inequality of the lennna then becomes 

aCl - b) + bel - a) ~ a(1 - a) + bel - b) , 

Le. 

which is trivial. 
/ 

LEMMA 2. If the matrix C represents an (m,2k,n)-aode and if a aoZumn of C 

having exaatZy t 1 Y S in it oaaurs T times in C then, 

Tt(m - t) ~ mk • 

PROOF. Without loss of generality we may assume that these T columns of C 

are the first T columns of C and we may permute rows of, C such that C has 

the form 

c = [~t'T 
m-t,T 

(n-T) Now apply lemma I to 6t with A the set of rows of C
1 

and B the set of 

rows of c2 • We find 

(2k - T)t(m - t) ~ ! m - t 2kt(t - I) +! t 2k(m - t)(m - t - 1) 
t m - t 

i.e. 

Tt(m - t) ~ mk . 
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COROLLARY. If C is the matrix representing an (m,2k,n)-code and if t ~s the 

number of lis in spme column of C then 

t(m - t) ::;; mk • 

PROOF. This follows from lemma 2 by taking T = 1. 

REMARK. The corollary is useful if k < km s~nce the function t (m - t) 

(0 ::;; t ::;; m) has the maximal value !m2 at t = ~m. The case t = !m, k = tm 

occurs e.g. if C = !(I + H), where H is a Hadamard matrix in standard form. 

3. Proof of theorem 1 

Due to Deza's result we only have to proof the 'only if' part of the 

theorem. 

Let C be the (O,l)-matrix representing a (k2+k+2,2k,n)-code. We may 

assume that C has no columns of O's only or lis only since these do not 

contribute ~to the mutual distances. Since in any column we may interchange 

O's and lis we can assume without loss of generality that the first row of C 

is the zero vector. If t is the number of Its in a column of C then by the 

corollary to lemma 2 we have 

i. e. 

o ::;; min(t,m-t) ::;; k+J < k2+1 

We can now split the columns of C into two classes, namely those columns 

with at most k+l ones (type I) and those with at least k2+1 ones (type II). 

These two classes are disjoint. We may assume that the columns of type II 

precede the columns of type I. We now treat the most difficult part of the 

proof first. 

a) Let there be at least k+l columns of type II. (There cannot be more 

than k+1 but we do not use this fact.) Since all rows of C except the first 

one have weight 2k and mutual distance 2k there can be at most one row which 

has l's in k+l fixed columns of type II. However, these k+l columns of type 

II contain a total of at least (k+l)(k2+1) ones and this is possible only 
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if, besides the zero row, there is indeed one row with k+J ones ~n these 

k+l columns of type II and furthermore all other rows have k ones in these 
" . 

k+J columns. This means that after a suitable permutation C has the follow

ing form: 

C = 

o 0 

EO) 
k,k+l 

(2) 
Ek,k+l 

E(k+l) 
k,k+l 

o 0 

o 0 

* C 

o 

F(k) 
k,k 

o 

We have th~ following information about the rows of C* 

o o 

(i) each row of C* has k ones, one below each of the matrices"F~i~ 
• 

(i = 1, ••• ,k); 

o 

* (ii) if two rows of C follow 

have one 1 in common; if 

1 in common. 

(i) (j) 
Ek,k+l resp. Ek,k+l (i(~)j), then these rows 

they follow the same Ek,k+I then they have no 

* From (i) and (ii) we see that C is the incidence matrix of a transversal 

system Tk(k,k) (cf. Hall [2J, § 15.2). The existence of such a transversal 

system is equivalent to the existence of an orthogonal array OA(k,k+l) 

"([2J, Theorem 15.2.2) which implies the existence of a PG(2,k) ([2J, § 13.2). 

b) In the remaining part of the proof we may assume that in C there are at 

most k columns of type II. Now, consider any nonzero row of C, w.l.o.g. the 

second row, and let this row have q ones in the columns of type II. C then 

has the following form: 
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~(----type II----~) 4-(-----type 1----..,) 

. 
o 0 o o 0 

o 0 o 
o o 0 

I" 

o o 0 

o 0 

o 
o 

where C2 is k2+k by q and C3 1S k2+k by 2k-q. We count the total number of 

ones in C2 and C3 in two ways. This yields 

k(k2 + k) ~ q(k 2 + k) + (2k - q)k , 

1.e. 

(*) q :;:: k-j . 

Now assume there are k columns of type II. C must now have the following 

form: 

C = 

o 0 

Jm,k 

o o 0 o o 0 o 

Clearly m. ~ k 
1 

(i = 1, .•• ,k). If m1 = m2 = .0. = mk = 0 then the code is 

trivial. Hence mi ~ 0 for some 1. Each of the m1 + m2 + ••• + ~ rows which 

has a 0 in a type II column must have exactly one 1 above each of the 

matrices F (i) 
iii,k (i = 1, ... ,m). Hence m ~ k+l. This implies m

1 
= mk = k, iii = k+l.We now count the number of J's in C which are below the 

Its of the second row in two ways and find 
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k(k 2 + k) ~ (k - 1)k2 + (k + l)k , 

i.e~ k ~ I, a contradiction. 

This contradiction combined with (*) shows that it remains to consider 

the possibility that C has the form 

o 0 o 

where the columns of C1 are all of type I. We have the following information 

about C 1 : 

(i) each row of C1 has exactly k+l ones, 

(ii) two distinct rows of C1 have exactly one I in common, 

(iii) every column of C1 has at most k+l ones, hence exactly k+l ones. 

From (i), (ii), (iii) it follows that C1 is square and satisfies C1J = k+l)J and 

c1ci = kI +/J, Le. C1 is the incidence matrix of a PG(2,k). This completes 

the proof. 
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