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I. INTRODUCTION 

It is undeniable that decision making is one of the major 

subjects of interest in the social sciences and that it is also 

one of the few fields in social science where applied rnathematics 

has been able to contribute to the development of "hard" theories. 

Like most of the mathematical theories about social systems, 

there seems to be a great disadvantage in the mathematical model

ling of decision making, namely the required ( or imposed ) 

precision underlying the model. Although statistical decision 

making and game theory claim to model decision making under risk 

and under uncertainty, our idea is that there is acqualitatively 

different kind of uncertainty which is not covered by these 

theories. That is inexactness, ill-definedness, uncertai~ty, or 

for short: fuzziness. Many situations occur where the notion of 

probability alone is not adequate to describe reality. Situations 

where doubt arises about the exactnessof concepts, correctedness 

of statements and judgements, degrees of credibility tee., have 

1i ttle to do with probability of occurence, which is implied in 

a probabilistic framework. 

The aim of this report is to contribute to the solution of the 

question whether the theory of fuzziness, known as the fuzzy set 

theory, might be useful to model decision making in social systems. 

Fuzzy set theory has been originated in 1965 by L.A. Zadeh as a 

mathematical theory of vagueness ( Zadeh(I965)). Since then the 

research on fuzzy sets has steadily increased into the present 

stage where some hundred papers a year appear on the subject 

(Gaines and Kohout(l975)). It is however not completely ununder

standable that many scientists and particularly social scientists 

are still quite sceptical of this new theory. Though the majority 

of papers start by emphasizing the usefulness of the theory to 

all kind of complex, social systems, most of the papers do not 

justify these claims of applicability. Honestly speaking, it 

looks absolutely impossible for any theory whatever it may be, 

to satisfy such universal clains like 

"Such methods could open new frontiers ~n psychology, socio

logy, social science, philosophy, economics, linguistics, 

operations research, management science and other fields 

and provide a basis for the design of systems far superior 
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1n artificial intelligence to those we can concei ve today" 

( introduetion by Zadeh in Kaufmann(l973)). As a matter of fact most 

of the research on fuzzy sets is mathematically oriented rather than 

applied to practical social systems and the impression is created that 

some existing practical examples are rather sought out to show the 

abilities of fuzzy set theory that that they originated from exis

ting problems in the field of application. 

The best proof of the applicability of fuzzy set theory is to apply 

the theory and show its success. This surely has been done and will 

continue to be done, and it is the intention of the quthor to do that 

as well. A more abstract discussion on the applicability of fuzzy sets 

to a particular field ( in this case decision making ) would involve 

the definition of measures to judge the performance of those applied 

fuzzy theories, which of course would have to arise from the field 

itself. A whole methodological discussion would have to be initiated. 

We will not do that here. 

Yne aim of tnis paper is to make a first contribution to the discussion 

on the usefulness and applicability of fuzzy theories (to decision ma

king) by giving a critical survey of the existing theories on fuzzy 

decision making. We are surely aware that such a contribution is quite 

restricted. However a survey has the advantage of being a "hard" contri-

bution to that discussion, which can not be said of all contributions 

to methodological discussions. 

It would be quite senseless if not impossible, to try to make a 

survey of the whole of fuzzy set research, mainly because of the 

quantity of the existing literature. Global surveys are available 

in the form of extensive bibliographies ( see e.g. Gaines and Kohout 

(1975) and Zimmermann(l975)), or in the form of several hooks which 

coversome important area's ( Kaufmann(l973,197Sa,l975b),Negoita 

and Ralescu(l975) and toa lessextent Zadeh et al(l975)). 

The partitioning of the fuzzy theories on decision making which was 

adopted in this report is the following. 

In section 2 a few theories are presented which stand most closely 

to the conventional theories on decision making. We labelled this 

section as one stage decision making. 

Section 3 is devoted to the case of sequential decision processes 

where the labelling is done according to the amount of fuzziness 
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accounted for. 

Apart from the eropbasis on the practical applicability some attention 

will be paid to the relationships between the fuzzy theories and the 

conventional ones. 

This report is written for people interested in the usefulness and 

applicability of fuzzy set theory, particularly to decision making. 

This implies that we will nat pay much attention to the more abstract 

algebraic contributions. On the other hand the basic theory of fuzzy 

sets is supposed to be known. 

An important problem - surely from the point of view of applica

tions - which is not considered in this report, is the measurement 

theoretical problem of how to obtain the memhership functions and 

how to define the connectives ( see e.g. Radder(I975), Kochen(I975)). 

This problem should however nat be underestimated if one e.g. recalls 

the problems around the well known utility function. For in this 

respect there seems to be a close similarity between the concept 

of the utility tunetion and that of the fuzzy memhership function. 
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2. One stage decision making 

In this section we will describe some existing fuzzy theories about 

non-sequential decision making. 

These theories have been classified into the following categories: 

- decision making viewed as maximization of expected utility (2.1) 

- decision making viewed as optimization under constraints (2.2) 

- multiperson decision making (2.3) 

- multicriteria decision making (2.4) 

The first two classed are characterized by the fact that there is 

only one decision maker (either an individual or an abstract insti

tute). Although the lastclassis also characterized by a single 

decision maker the framework is similar to that of multiperson de

cision making. 

It should be remakred that in the literature most attention is 

paid to the secoud class of non-sequential decision making, namely 

the "optimization under constraints" categorie, which obviously is 

the OR-type of decision making (Negoita and Ralescu (1975), Kauf

mann (1975b)). We consider this to be only a restricted part of the 

area of decision modelling. 

Roughly speaking the relationships between the four theories and 

conventional decision theories are the following: 

section 2.1 is related to statistical decision theory, section 2.2 

is related to mathematical prog~amming, sectiön 2.3 is related to 

game theory (in particular: collective decision making) while sec

tion 2.4. is related to multicriteria decision making. 

FUZZY STATISTICAL DEÇISION THEORY 

It seems reasonable to first consider the well known and most used 

formal decision theory, namely the statistical ·decision theory. 

Because the fuzzy theory that is considered here is a rather straight

forward extension of the statistical decision theory we will begin 

with a short summary of this decision theory (Wald (1950), Lehman 

( 1959) and Ferguson ( 196 7)}. 
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The main difference between statistics and decision theory is the use of 

a "cost function" (or utility function) in the latter. In statis-

tics decisions are made according to criteria like confidence levels 

and power with the usual limits of 5%. Essentially this is an arbi

trary criterium. Therefore decision theory introduces a utility func

tion: costs are assigned to each alternative decision. 

Mathematically viewed a decision is mapping from the measurement 

space X to the decision space D. We call this function 6 : X + D, 

the decision function. In order to determine the preferenee of a cer

tain decision above other decisions, we assign a loss function to it. 

This loss function also depends on the probability distribution F e 
on the measurement space X, where 6 parametrizes the class of dis-

tributions. 

The loss function thus becomes L(6,d),6€0, d€0. 

The expected value of the loss will be 

E {L(6,d)} = E{L(6,ó(X) } == R(6,ó) 

which we call the risk function. 

We call ó
1 

uniformly better than ó
2 

if 

R(6,ó) for all e 

< for at least one e 

A class D of decision functions is called complete if for every ó i D, 

there exists a ó'ED such that ó'is uniformly better than ó. 

The minimizing of R(8 ,6) will also depend on the parameter e which 

determines the distribution F
8

(x). In general it will not always 

be possible to find a ó(x) which minimizes R(6,ó) for all possible 6 

Now introduce a distribution p(8) for this parameter. The expected 

value of the risk of a decision function ó is now 

r(p,ó) = !E
6
{L(6,ó)}p(6)d8 = !R(8,ó)p(8)d8 

and wedefine the smaller r(p,ó), the better ó . 

By definition the optimal ó' is given by 

r(p,ó') =infö r(p,ó) 
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We call this o' a Bayes salution to the decision problem. 

If the prior in formation about the dis tribution p ( 8) is mis

sing, we consider the supremum over 8 of the risk function 

r(S,ó). We choose that decision function which minimizes this 

s up r ( 8 1ó): 

inf
0 

sup
8 

r(S,ó) 

This 1s called a minimax procedure. 

It is possible to prove that under not too strict conditions 

- the whole of Bayes solutions forms a complete class 

- minimax procedures are Bayer solutions according to a least 

favourable prior distribution. 

The extension of the statistica! decision theory to a fuzzy 

statistica! decision theory leads via the notion of a fuzzy 

eventand the probability of a fuzzy event (Zadeh (1968)). 

Let X and Y besets of events {x
1 
••• xn} and {y

1 
••• ym} 

with probabilities p(x.) and p(y.) respectively. Fuzzy events 
1 J 

A and B are fuzzy sets in X and Y characterized by their mero-

bership functions ).lA : X ·+{[O, I] and J.lB : Y -+ [0, I] • Let 

p(x. ,y.) be the joint probability of x. and y .. The probabi-
1 J 1 J 

lity of a fuzzy event A is defined by 
n 

P(A) = :Z )JA(x.) p(x.), 
i= I 1 l. 

the joint probability of two fuzzy events A and B by 

P (A,B) = E 
i 

E 
j 

)JA(x.) )JB(y.) p(x. ,y.) 
1 J 1 J 

and the conditional probability of event A depending on B 

p(A/B) = P(A,B)/P(B) 

with P(A/y.) = P(A,y.)/p(y.) 
J J J 

The factual extension is completed by everywhere replacing events 

by fuzzy events, which we will notshow here (Tanaka et al (1976)), 
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The extension of statistical decision theory into fuzzy deci

sion theory is rather simple and straight forward. It is not 

clear which shortages or problems within statistical decision 

theory led to this extension, in other words, what particular 

kind of problems, what practical situations arose in this clas

sical theory where fuzziness would offer relief. Without these 

reasons this fuzzy statistical decision theory merely is one of 

the so many fuzzifications of conventional theories. This means 

that most problems within statistical decision theory are in 

fact overlooked, such as e.g. the utility function problem 

(~uce and Raiffa (1957), Fishburn (1964, 1970)). 

Moreover a subject is raised which is not yet settled at all, 

namely the relationship between fuzzy sets and probability. 

Because a discussion on that subject is not the aim of this 

paper, we leave the theory of fuzzy statistical decision making 

undiscussed at this point. 

2.2. FUZZY MATHEMATICAL PROGRAMMING 

Decision making in a fuzzy environment 

The particular kind of fuzzy decision making which will be pre

sented in this subsection. describes a certain kind of decision 

situation, namely the decision situation viewed as an optimiza

tion under constraints. The situation in there is defined in the 

fo llowing form: 

Given 

- a set of decision variables 

- a set of constraints on these decision variables 

- an objective function which orders the alternatives according 

to their desirability. 

find the(optimal) solution. 

It is not hard to imagine situations where a deterministic or 

even a probabilistic approach does not apply. Wherever vague 

statements occur of the form "much bigger", 11near to 11
, etc., 

both notions obviously will not satisfy. In these situations the 

theory of fuzzy sets might be helpful. 
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Before treating the theory itself it seems useful to look sane

what closer at the particular kind of fuzzy decision situation 

which is comprised by that theory. 

As stated before the situation falls apart ~n the following 

parts: the decision variables, the constraints and the goals. 

The notion of fuzziness might be introduced at all these basic 

levels. The theory of fuzzy mathematica! programming restricts 

itself to fuzziness at only one level, namely the level of con

straints and goals. 

The decision variables are considered to remain deterministic 

(or at most probabilistic).Only the goals and constraints con

stitute classes of alternative, whose boundaries are not sharply 

defined. 

After having tried to make clear the general setting and bounda

ries of the theory, let us now pass to the theory itself (Bell

man and Zadè1 (1970)). 

The fuzzy objective function as well as the fuzzy eenstraint 

are characterized by their memhership function. The aim is to 

satisfy both the goals and the constraints, hence a fuzzy deci

sion is considered to be the intersectien of the fuzzy con

straints and the fuzzy goals. An important feature in the theory 

is the symmetry between goals and constraints. Both are essen

tially similar concepts which makes it possible to easily re

late the concept of a fuzzy decision to those of the goals and 

constraints. 

Let us define the general framework of the fuzzy programming 

theory. 

Let X be a set of possible alternative decision actions. 

A fuzzy goal G is a fuzzy subset in X characterized by its memr 

hership function ~G(x)., x€X 
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A fuzzy constraint C is a fuzzy subset in X, characterized by 

its memhership function ~C(x), x€X 

The fuzzy decision D resulting from the fuzzy goal G and the 

fuzzy constraint C, is the intersection of both 

D ; GnC 

characterized by its memhership function 

More generally the decision D resulting from n fuzzy goals 

defined by Gl ... G and m fuzzy constraints cl c is 
n m 

n m 
~ = ( A ~G. )A ( A ~c. ) D i= I j=l l J 

In the conventional approach the direction in which the deci

sion process should develop is mostly induced by an objective 

or performance function, which in decision theory is mostly 

called the utility function. This function orders the set of 

alternatives according to the perference of the decision maker. 

Although there is no mention of objective function but of 

(fuzzy) goal, it is clear that the memhership function ~G(x) 

serves the same purpose. 

The reason to adopt this slightly different notion, obviously 

lies in the fact that goals and constraints can now be treated 

in the same way, both being mathematically identical concepts. 

Because a decision was considered to satisfy goals and con

straints, its definition as the intersection of both seems sel~ 

evident. It should however be remarked that the usual definition 

of intersection as the minimum operation is arbitrary and has 

the disadvantage of lack of interdependence. In other words, 

as long as .~A~ ~B' the intersection ~AA ~B is absolutely in

dependent of the value of ~B· If one would like that the fuzzy 

decision always reflects the values 'of the constituting goals 



- 11-

and constraints, one might introduce an alternative definition 

like 
n 

( n lJG.(x)) 
i= 1 l 

m 
( n llc. (x)) 
j= 1 J 

Essentially the sart of definition of a fuzzy decision comes 

down to the desired semantic meaning and hence definition of 

the intersection ("and"). Remark . that the definition of the 

intersection is closely coupled to that of the union ("or") in 

the sense that one wants bath operations to possess at least 

some algebraic elegancy (associativity, distributivity, etc.). 

The next addition which has to be made concerns the evaluation 

of the fuzzy decision. 

Although there might be situations where the decision maker is 

satisfied with solutions in the farm of fuzzy sets - like "x 

much greater than 7" and "x approximately between 10 and 12" -

it is understandable that many situations occur where the final 

decision to be made has to be exact, well-defined hence non

fuzzy. 

In other words, how should the.resulting fuzzy decision be eva

luated to obtain a representative non-fuzzy decision. 

One way to evaluate a fuzzy decision D is by splitting the 

fuzzy set into its a-level sets. An a-level set (or a-cut) 

S of a fuzzy set D in X is defined by 
a 

This a-level set obviously is a non fuzzy set. By means of 

this concept one can construct a series of sets according to 

their truth (agreement, or confidence) levels. This might give 

some insight in the fuzzy decision but does not yet lead to 

one particular single decision. 

It seems rather evident to look for that decision where the 

fuzzy decision attains its maximal merobership function. Let us 

de fine the optimal (or maximum) decis ion set M of the fuzz;' 
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M = {x E:Xll!G(x ) = 
0 0 
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sup ll (x)} 
xE:X G 

Notice that additional restrictions should be imposed on G to 

ensure that there is only one x E: M. Mos tly M consis ts of more 
0 

than one element. 

A very simple final evaluation might consist of taking the mean 

\t of all x
0 

€M and to let xM represent the fuzzy set G. 

This evaluation procedure is arbitrary and has the disadvantage 

that it only depends on the maxima of the fuzzy set. The rest of 

the fuzzy set - its form or shape - is not considered at all. 

An evaluation procedure to map the fuzzy set G into one single 

representative value xG, which does take into account the shape 

of G might be to take 

= 

which comes down to the center of gravity of a fuzzy set 

(Kickert (1975)). 

A different approach to the evàluation problem may be not to 

derive a single exact non fuzzy decision value from a fuzzy 

decision, but rather to assign a linguistic value to that de-

cis ion. 

Given a set of basic linguistic values, like ''big", "small" 

etc., a set of linguistic hedges like "very", "rather", "more 

or less", etc., thesetof usual connectives "and", "or", "not", 

one may construct an evaluation procedure which assigns to the 

resulting fuzzy decision a linguistic ferm like e.g. '~ot small 

and not very big". This term should be a well formed formula. 

The factual assignment procedure might be based on some best

fit criterium (Wenst~p (1976)) or some other appealing criteria 

(Kaufmann (1975b)). 
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A last extension which is discussed in this subsection will be 

the case where goals and constraints are no longer defined on 

the same support set of alternative decision actions X. A more 

general case which surely is of practical interest is that case 

where two sets exist, namely a set of causes X and a set of 

effects Y, where both sets are related via a function: f 

Now suppose that the fuzzy goals are defined as fuzzy sets 

X +'Y. 

G
1 
••• Gn in Y, whereas the fuzzy constraints c

1 
••• Cm are de

fined as fuzzy sets in X. Construct the fuzzy sets G. in X 
1 

which induce the fuzzy goals G. in Y, by taking 
l 

lrG. (x) = llG. (f(x)) = llG. (y), y f(x) 
l l l 

The decision D can now still be expressed as an intersection of 

goals and constraints in X, namely by 

n m 
ll

0
(x) = [ A llG. (f(x))J ~ [.A llc. (x)] 

i=! l J=l J 

w he re f : X -+ Y . 

This notion will return ln the analysis of multistage decision 

processes. 

Fuzzy and nonfuzzy mathematical programma 

Finally we will discuss in this subsection the relationship 

between fuzzy mathematical programming and the conventional 

mathematical programming, first on a general level and secondly 

on a more practical level. 

Assume an objective function f : X -+ R+ where X is the set of 
n alternatives. Take X= R . Also assume a fuzzy constraint C in 

X characterized by its merobership function ll C : X-+ [0,1] • 

Suppose f is bounded, f (x) s M, X€ X. Take as fuzzy goal G : 
I llG(x) = M f(x) so that llG X-+ [0,1] . The Fuzzy Mathematical 

Programming problem cons i$.ts of finding the maximum of the fuzzy 

decision D : sup ll (x) = sup [lJC(x)AlJG(x)] . 
xe:X D XI!X 
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In (Tanaka et al (1974), Negoita and Ralescu (1975)) it is 

showed that under some assumptions, this problem reduces to 

the conventional mathematical programming problem of finding 

where 

More generally this theorem also holds 1n case of n fuzzy con

straints c
1 

••• Cn in X, in which case one simply takes C 

cl nc2n ••• ncn. 

The proof of this theorem will not be given here. Only the 

essential steps in the proof will be outlined. 

Firstly it is prov~d that 

sup ~D(x) = sup [aA sup ~G(x)] 
xEX (lE[O,l] x·EC 

a 

where Ca= {xfXjpC(x) ~ a} is the a-level set of C. This also 

holds when C = c
1

n .•. nCn. 

Then it 1s proved that a solution ~o the problem exists: 

De fine ~(a) = sup ~G(x) 
xEC 

a 

If ~ 1s continuous on [0,1] then 

and 

-;3aE:[O,l] so that ~(Ö:) =a 

sup ~ (x) =a= ~(a) 
D xE:X 

Finally i t is proved that (}-cc A so that 
(). 

and hence 

sup ~G(x) 
xeA 

~ sup ~G(x) = a 
XE: G-

a 

sup ~D(x) = sup ~G(x) 
x«!X xt:A 

which ends the proof of the original theorem. 
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The assumption that ~(a) is continuous on a= [0,1] 1s suf

ficiently satisfied by the condition that ~C(x) must be strictly 

convex. 

By definition a fuzzy subset : IRn + [0,1] is called strictly 

convex if for all x,y out of the support set of ~' x f y 

~(Àx + (1-À)y) > ~(x) A ~(y) 

for all Àt::[O,IJ. 

Apart from this general proof of the identity between a (certain) 

Fuzzy Mathematica! Programming Problem and a conventional mathe

matica! programming problem, one may give a practical example of 

such an identity. This is done by Zimmermann (1976). He fuzzi

fies the usual linear programming problem: minimize Z = ex sub

ject to the constraints Ax s b and x~ 0, into 

ex s Z 

Ax ~ b 

x 2:. 0 

where c is the vector of coefficients of the objective function, 

bis the vector of constraints, and A 1s the coefficient matrix. 

The symbol ·~" denotes "essentially smaller than or equal to".H ow 

a (membership) function f-is defined such that 

=t 
if A x $ b and ex $ z is strongly violated 

f (Ax, ex) 
if A x $ b and ex $ z 1S satisfied 

A very simple example of such a function is a linear one which 

the 

with 

intersectien of constraints and objective: 

f(Ax,ex) = f(Bx) = m1n 
1 

f. ( (Bx).) 
1 1 

I -
(Bx) .-b. 

1 1 

d. 
1 

for (Bx). s b. 
1 1 

for b. s (Bx). s b. + d. 
1 1 1 1 

for (Bx). > b. + d. 
1 1 1 

is 

B is a matrix formed by adding the row c to the matrix A , and 

where f. ((Bx).) is the function of the i-th row of the system BX. 
1 1 
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The interpretation of the d. is that these are constauts of ad
~ 

missible violations of the constraints. The final function 

min f. ((Bx).) is the "fuzzy decision" of the problem, which cor-. ~ ~ 

ràsponds to the usual definition of that concept as the intersec-

tion of fuzzy goals and constraints. In this particular case of 

a linear memhership functi9n the problem of finding the maximum 

decision 

max min 
x i 

f.((Bx).) 
~ ~ 

can be showed to be equivalent to the linear programming problem 

maximize À 

subject to constraints À ~ 

x ~ 0 

b. - (Bx). 
1 ~ 

The method is applied to a decision on the size and structure of 

a truck fleet (Zimmermann (1976)), 

Essentially the approach consists of a straight-forward fuzzifi

cation of the objective and constraints of a linear programming 

problem, resulting in the equivalent fuzzy goals and constraints 

from which the fuzzy decision is derived in the usual way. The 

particular choice of the memhership function in fact reflects 

the major advantage of the method: constraints do not have to be 

precise numbers, but are defined as boundary ranges. The choice 

of linear functions guarantees the elegant solution as a linear 

program. 

Summarizing the following conclusions can be drawn. Fuzzy mathe

matical programming has been shown to be of practical relevance. 

A next important feature of FMP is that it can be solved by means 

of conventional programming techniques. This last fact obviously 

is very important because of the relatively large amount of 

existing mathematical programming techniques. However is should 

once more be remarked that the model of a decision viewed as an 

optimization under constraints is restricted, which does not 

justify the relatively large attention it receives. 
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2.3. FUZZY MULTIPERSON DECISION MAKING 

N-person decision making is mostly considered in the framework 

of game theory, as originated by von Neumann and Morgenstern 

(1944). The decision process viewed as a game, consistsof a set 

of decision makers, their possible alternative actions, the con

sequences thereof and the utility values which are attached to 

those consequences (inducing a preferenee ordering). The essen

tial difference between a decision made by one persou and a de

cision made by more than one persou - in game theoretical terms -

is divided into two aspects: 

1. the preferenee ordering, or generally speaking the aims and 

values of each decision maker can differ from those of the 

others. 

2. the information from which each decision maker decides about 

his actions, can differ from that of the others. 

The available theories on n persou decision making can now be 

partitioned into three kinds, namely a theory which only deals 

with aspect I, a theory which only deals with aspect 2 and a 

theory which covers both aspects 1 and 2. 

The theory which only considers how to obtain one single (group) 

preferenee ordering out of the different individual preferenee 

orderings is called group decision theory and will be examined 

further on. 

The theory which on~y considers the question how to structure 

the information, from which the individual decision makers have 

to decide, in order to optimise the results of the decision pro

cess, is called "team theory" (Marschak and Radner (1972)). The 

main assumption in this theory is that each individual in the 

group pursues the same common group values. 

The theory in which both aspects are covered is the general 

n-person game theory (von Neumann and Morgenstern (1944), 

Luce and Raiffa (1957)). Further subdivisions of this last 

theory are made into the number 
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of decision makers (two person, n-person), the kind of prefe

renee ordening (zero sum, non-zero sum) - both falling under 

aspect I - and the presence or absence of communication (co

operative, non-cooperative) - which falls under aspect 2. 

The main differences between the n-person game point of view 

and the social group decision can be sketched by presenting 

both formal models. 

A n-person game consists of 

- a set of n players, denoted by I, 2 ... n 

- n strategy sets s 1, s2 ... Sn 

- n real valued utility functions M1, M
2 

... , Mn where 

Mi(s 1, s
2 

.•. , sn) is the utility to player i where player 

uses strategy s
1
e:s 1, player 2 uses sls

2
, ... and player n 

uses s e: S . n n 
- each player attempts to maximize his (expected) utility 

A group decision consists of 

-a set of n individuals, denoted by 1, 2 .•. , n 

-a set A ={a 1 ..•• am} of alternatives 

- n preferenee ordening sets o1, ..• On in which for any alter-

natives a. and a. from set 
~ J 

toa., either individualk 
J 

ferent between a. and a .. 
~ J 

A, either individual K prefers a. 
~ 

prefers aj to ai' or he is indif-

- a "social choice" function F : 0 1 x 0
2 

x ..• On -+ 0 which 

associates to all individual preferenee ordenings the prefe-

rence ordening of the group itself. 

Obviously the n-person game is much more general than the group 

decision in the sense that the latter only considers n ordenings 

over the same set of alternatives. 

Philosophically speaking the difference between both theories 

lies in the fact that in the n7person game all players are 

hostile to each other (which does not prohibite them to form 

coalitions, but everything is done to obtain a personal maximum 

gain) whereas in the group all persons still have different aims 

and values, but do not pursue strict personal gain. 
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In this subsection the theory of group decision making will 

further be examined. 

The main reason to drop the other theories is the fact that 

a fuzzy theory on group decisions exists, whereas fuzzy theo

ries on n-person games and teams do not exist yet. The exten

sion of general game theory by means of fuzzy orderings might 

probably be quite similar to the approach of fuzzy multi

criteria decisions, described in section 2.4. It is however not 

the aim of this report to add new fuzzy theories. 

Group decision making 

In this sub-section a contribution of fuzzy set theory to group decision 

making will be described and discussed. This contribution will 

be accompanied by a short outline of the "classica!" theory on 

group decisions which mainly arose from Arrow's basic work on 

social choice (1951). 

Like stated before the problem can be formalised as follows: 

given a group of n decision makers {B 1 ..• Bn} and a set of m 

alternatives A == {al ... a } 
' 

each decision maker Bk has a pre-m 
ference ordening ok - which is a binary re lation from A x A into 

{O, I} - over the alternatives. The problem is to find a consistent 

group ordening 0
0 

by means of a mapping F : 0 1 x 0
2 

x ..• x On 

The argument to introduce fuzziness in here is the following 

(Blin ( 1974a, 1974b)). 

Choosing between alternatives supposes a preferenee ordening. 

This preferenee ordeniqg is mathematically described by a re

flexive, antisymmetrie and transitive binary relation 0 

+0, 
0 

A x A+ {0,1} . Although individuals sometimes seems to be incon

sistentintheir preferences, one might state that this concept 

of ordering satisfies the case of an individual decision maker. 



However the assumption that the group ordering and group choice 

is always clearly defined and consistent is definitely not valid. 

It might even be argued that this case of a multiple person's 

opinion about a preferenee ordening is one of the most clear 

examples of the notion of fuzziness as _ç_ompared to the notion 

of probability. 

Hence we define the social preferenee as a fuzzy subset of A x A 

with a memhership function uR which associates toeach pair (a.,a.) 
1 J 

its grade of memhership uR(a.,a.) in the social preferenee ordening R. 
1 J 

UR: A x A ~ [0,1] 

Blin (1974a, 1974b) gives some examples of (fuzzy) "social pre-

ference" memhership 

Let a . . = {OK I a. 
1J . 1 1 

ordenings in which 

functions. 

K> a.} be thesetof individual preferenee 
1 J 

a. is preferred toa., and let N(a .. ) denote 
1 J 1J 

the number of elements in this set. 

Then three possible memhership function assignments are 

uR (a. ,a.) 
I 
-N(a .. ) 

I 1 J n 1J 

or 

-{: N(a .. ) - N (a . . ) for N (a . . ) > N(a .. ) 
uR (a. ,a.) 1J 1J 1J J1 

2 1 J 
for N(a .. ) ~ N(a .. ) 

1J J1 

or 
"' 

& 
if a. k a. for some individual k 

uR (a. ,a.) 1 J = 
3 1 J if a. k a. for some indivudual k 

J 1 

R3 is an extreme case where all indivuduals but one have no group 

influence at all. Moreover R
3 

is simply a nonfuzzy binary ordering. 

By means of the concept of an a-level set R of a fuzzy re lation 
a 

RI which is defined as a (non fuzzy) set in A x A 

R = {(a. ,a.) I J.IR(a. ,a.) ~ a} 
a 1 J 1 J 
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and the property than a fuzzy relation can be partitioned into 

its a-level sets 

R = U aR 
a 

a 
0 < a ~ 

where u stands for the union and aR stands for the fuzzy set 
a 

defined by 

}.1 R(a. ,a.) 
a a ~ J 

fo r (a. , a . ) E: R 
~ J a 

elsewhere 

A procedure to obtain a final (nonfuzzy) group decision from the 

(fuzzy) "social preference" can. now be defined. For it should be 

noticed that a final group decision should have an essentially 

binary, non fuzzy {yes,no} character. 

The proposed procedure interprets the concept of an a-level as 

an "agreement level" of the group. An a-level set consists of 

a certain preferenee ordening for which the level of acceptance 

or rejection for the group - a- has not yet been surpassed. The 

lower the a-level, the lower the level of agreement of all indi

viduals in the group to accept that certain (binary) preferenee 

ordening. 

The following procedure to obtain the final group choice is 

proposed: 

1. construct R 
1 

={(a. ,a.)j}.IR(a. ,a.) = 1} 
a= ~ J ~ J 

2. Find the ordening c
1 

compatible with the pairs found in J. 

(This ordening can easily be proved to form a partial orde

ring over A) 

3. Construct the a-level sèt R with the next lower level 
a 

(one might take e.g. a= l .0, 0.9, 0.8 ..... ) 

4. Find the total ordening compatible with the pairs added in 

step 3 to the pairs found before (starting from the a = 
level) 

5. If a pair (a.,a.) yields an intransitivity, remove it 
~ J 

6. If the ordening is not yet complete, return to step 3 else 

stop. 
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This procedure maximizes the level of agreement 

I;. JlR(a:.,a.) 
) 1. J (a. ,a. € I 

1. J 

where I denotes 

I= {(a. ,a.)E:A x AjllR(a. ,a.) < 1} 
1. J 1. J 

A major advantage of this particular procedure is that a group 

choice is attained corresponding to a certain level of agree

ment, namely .that a where the ordening is complete. 

We shall now try to establish some relationship between this 

procedure and the well-known group decision problems, such as 

the Arrow's paradox. This paradox states that the 

following set of conditions to the group decision problem farm 

an inconsistent set (Arrow (1951), Luce and Raiffa (1957)). 

collective rationality: this condition can be subdivided into: 

- the number mof elements'in A= {a
1 
••• am} is greater or 

equal to three: m ~ 3 

- the number n of individuals 1.n {B
1 
••• Bn} is greater or 

equal to two: n ~ 2 

- the social choice mapping F: 0
1 

x ... x Om~ 0 1.s defined 
m 

for all possible (0
1 
••• Om)€0 . 

- Pareto optimality: if a .. > a. for each individual k, this 
1. k J 

should hold for the group preferenee too. 

- Independenee of irrelevant alternatives: let A
1 

be any sub

set of A, hence A
1
cA. If the individual preferenee ordenings 

are modified with the restrietion that each individual's 

paired camparisans among the alternatives of A
1 

are left 

invariant, the social group ordening for the alternatives in 

A
1 

should remain identical. 

- non-dictatorship: there is no individual k such that when

ever a. > a. (for any a., a.eA) the group does likewise, re-
l.k J 1. J 

gardless of the other individuals 

Arrow proved that there does not exist any social choice function 

which possesses the properties demanded by these four condjtions. 
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We will briefly discuss some four methods of social choice of 

which the first two only presuppose a preferenee ordening, 

whereas the latter two methods restriet the allowed individual 

preferenee profiles in the sense that the preferenee ordening 

should be measured on a metric scale (interval property). 

The most obvious and intuitively right rule is the simple majo

rity rule. Let 6 .. = {0 la.> a.} and let N(6 .. ) be the number 
~J k ~ k J ~J 

of elements in this set. The group preferenee ordening 0 
0 

A x A~ {0,1} then becomes: 

{O la. >a.} 
0 ~ J 

if N (6 .. ) > 
l.J 

Tl 

lt can be shown that if very dissimilar individual orderings 

are permitted, this rule can lead to an intransitive set of 

social preferences. 

A rule which bypasses the problem of intransitivity of the 

simple majority rule is to choose such that 

m 
{0 ja.> a.} 

0 ~ J 
if E N(6.k) - E N(6k.) > E N(6J.k) - E N(6kJ.) 

k=l ~ k ~ k k 

(Copeland's rule). However this rule doesnotmeet the condition 

of independenee of irrelevant alternatives. 

Given a preferenee ordering measured on an interval scaie, which 

means that the value function ~k(ai), i= 1, 2 •.• m- related to 

the ordering Ok of {a
1 

••• am} -is known apart from zero and 

unity, the group ordering can be reached in the following ways. 

If the unities Bk of the value functions ~k are known, but not 

the zero's of ak, then apply the suurrule: 

n 

~o(ai) = k~l ~k(ai)/Sk 
+ 

i = l. 2 m· 12 ""R • • • • ' ..,k'"' 

If on the contrary the zero's ak are known but not the unities 

ek' then we use the product-rule 

~ (a.) = 
0 l i = l , 2, • . • m; ak E R 

The thus obtained group preferenee ordering possesses the property 

of invariance to linear scale transformations of individual orde

rings. 
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It is simple to mlderstand that the application of the (fuzzy) 

social preferenee procedure to a merobership function of the form 

1 
~R(a. ,a.) =- N(ê .. ) l. J n l.J 

amounts to the simple majority rule. It is therefore easy to 

conclude that this rule may lead to intransitivities. An example 

given by Blin (1974b) shows that the procedure also results in 

intransitivity if the merobership function 

fi N(ê .. ) - N (ö .. ) for N .. > N .. 
~R(a. ,a.) = l.J Jl lJ Jl. 

1 J \ 

~ for N .. ::; N .. 
1J J1 

is used. The third proposed merobership function 

for some k 

obviously violates the last condition of Arrow's paradox. 

Blin recognizes the pr0blem of transitivity in his papers and 

emphasizes the importance of imposing conditions to the fuzzy 

ordering relation to ensure transitivity. Generally a fuzzy 

relation is defined to be transitive if 

A way to obtain a transitive fuzzy relation from any fuzzy rela

tion is to construct the transitive closure of a relation (Kauf-

mann (1973)). 

Let R be a fuzzy relation in X x X, then 

2 R = R o R 

is defined by 

~R2(x,z) = max min[~R(x,y).;~R(y,z)] 
y 

where x, y, z ~X 
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The transitivity condition can be written as 

R oR c R 

and hence 

k =I, 2 ... 

Now the transitive closure of a fuzzy binary relation R ~s 

defined by 

- 2 3 R = RUR uR u 

If above a certain k 

then the transitive closure becomes a finite sum 

- 2 R = RuR u LRk 

This is the case when R is a fuzzy relation in X x X where X 

is a finite set and card X= k. 

After all the following can be said about this fuzzy group 

decision theory. 

The rationale to introduce fuzziness in group decisions is very 

credible and convincing. However the main problem of group de

cision making is how to obtain a group decision from the diffe

rent individual orderings. This problem is overlooked in the 

sense that the particular assignments of the "social preference" 

merobership function in fact comes down to exactly the same con

ventional methods, and thus have the same defects. The theory 

rather looks like a proposal for an appealing procedure to 

assign memhership functions than that it solves many problems. 
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2.4. FUZZY MULTI CRITERIA DECISION MAKING 

A kind of decision problem which is different but in a certain 

sense also related to multiperson decision making is the problem 

of multi criteria decision making. The situation here is that all 

the alternatives in the choice set can he evaluated according to 

a number of criteria. The problem is to construct an evaluation 

procedure to rank the set of alternatives in order of preference. 

Formally the multicriteria decision problem consists of 

-a set A= {a
1 
••• am} of alternatives 

-a set of n criteria, denoted by 1, 2 n 

- n preferenee ordering sets 0
1

, ••• , On 1n which Ok stands for 

the ordering of the alternatives according to the k-th criterium 

Ok: A x A~ {0,1} 

or 

ok = {ak ' ak ' 
I 2 

which is a permutation of A = {a a } 
1 • • • m 

- additionally a set of weights W = {w 
1 
••• wó.}where wk denotes the 

importance of criterium k in the evaluation of the alternatives 

(As can easily he seen, this model is rather similar to the for

mal group decision model, apart from the set of weights.) 

Two approaches to the multicriteria problem will he described of 

which the first remains mathematical whereas the latter shows its 

practical applicability. 

~gregation of criteria 

The first approach to the multicriteria decision problem which 

will he sketched here, is presented by A. Kaufmann in the third 

hook of his series on fuzzy sets (1975, chapt. 87). Although Kauf

mann does not explicitely state the problem in the terms we did 

and admits that he only gives a - rather chaotic - summary of 

methods of aggregation of criteria, he presents a very elegant 
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way in which to introduce the concept of a fuzzy set in this 

area. 

The app~oach starts with an abstract definition of a criterium 

and ends with a list of methods to aggregate criteria. 

Let us start by defining some concepts which will he used in the approach. 

A distance is defined as a mapping D from X x X into R+ satisfying 

the following four condi ti ons 

1) v(x,y)E;X 2 D(x,y) ~ 0 

2) 2 D(x,y) 0 ~cx,y)E:X x=y-+-+ = 

3) ~(x,y)E:X 
2 D(x,y) = D(y ,x) 

4) 
2 'V(x,y), (y,z), ~x,z) € X : D(x,z) ~ t\(D(x,y) D(y,z)) 

y 

Hence distance is an antireflexive, symmetrie and (min-star) 

transitive binary relation. If the star operation (*) is replaced 

by the maximum operation (v), the distance is called an ultra

metric. 

This notion of distance can easily he extended to the notion of 

distances between fuzzy sets. 

Distance then applies to any two fuzzy set A and B in X. Two 

examples are the Hamming distance 

n 
D(A,B) L: llJA(x.)- lJB(x.)l 

i=l 1. 1. 

and the Eucledian distance 

D(A,B) = 

Both distances possess a min-sum transitivity 

D(x,z) $A [D(x,y) + D(y,z)] 
y 

We now arrive at the basic definition of the whole approach, 

the definition of a criterium. 

A criterium C(X) on a set X is defined as that which 

establishes a structure on this set. 

This structure may he defined by a mapping of X x X into {0,1} , 
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which g1ves a binary relation that can represent an ordering, 

a lattice, etc. 

A secoud way to define this structure is to represent a struc

ture by a mapping from X into a set L which possesses a configu

ration of ordering, lattice etc. 

This latter definition is exactly the definition of an L-fuzzy 

set. Thus by definition an L-fuzzy set constitutes a criterium 

on x. Representing all possible L-fuzzy (sub)sets in X by LX 

we can now state that 

If we confine the set L to the closed zero-one interval, we ob

tain fuzzy sets in the usual sense of Zadeh. 

Tne notion of weighting - different levels of importance of the 

various criteria - can also oe embedded in the theory of fuzzy 

sets. 

Consider a support set X and let L = [0,1] , then thesetof 

order criteria M will be a subset of LX: 

1 2 m LX M == { C (x) , C (x) , . • . C (x)} c 

ei (x) <:: L x, i=1,2 ... m 

Given Mand a set rr of m weights rr = {p
1

, p2 ... pm}, pi E: [0,1) 

then the fuzzy set M in M defined by 

i 
JlM(C (x)) P· l 

is called the "weighting of the order cri teria 11
• 

m 
If moreover iglpi = 1 the weighting will be called 11normal". 

~otice that 

How the prob lem of aggregation of cri te ria is represented by 

Kaufmann in the following manner. 

Let X be a (finite) set and M a set of L-fuzzy sets in X: 

M = {A1 , A2 ···Am} with Ai: X L (e.g. L = [0,1]). Then the 

problem consists of finding an ordering over these m L-fuzzy sets. 
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This aggregation can be suodivided into two situations: either 

L possesses cardinal ~roperties (scale known apart from zero 

and unity), or L only possesses ordinal properties (ordered 

s cale). We start by consictering some methods of aggregation of 

cardinal orderings. 

Let us first present the most classical method. 

Let X be X= {x
1 
.•. xn} and suppose one has m fuzzy sets 

M = {A
1 

••• Am} in X, characterized by their memhership func

tions]lA (x.), j = l, ... n; i= l, ... m. Assume a set ofweights 
i J 

TI = {p
1

, p
2 
••• pn} . Then calculate 

u(A.) = 
~ 

n 
i: JlA (x.).p. 

j=l i J J 

These u(Ai) will induce au ordering over the fuzzy sets Ai. 

Another way to ohtain au ordering over Ai is by means of the 

concept of distance D(A. ,A.), e.g. the Hannning distance or the 
~ J 

euclidian distance. By calculating the distauces D(A.,A.) for all 
~ J 

A.,A. we eau construct a hierarchy 
~ J 

of the fuzzy sets. 

Herefore we define a dissimilarity relation R in M x M charac-

terized by its memhership function 

llR(A. ,A.) = D(A. ,A.) 
~ J ~ J 

By taking as the distance e.g. the generalized Hamming distance 

D(A,.B) = 
n 

we can satisfy JlR E [ü,IJ. 

In order to obtain a well structured hierarchy it is advisable 

to form the (min-max) transitive closure of this dissimilarity 

relation R 

A 2 3 m 
R = R u R u R • . . UR 

The hierarchy of fuzzy sets is now built up by grouping tagether 

the fuzzy sets having a dissimilarity smaller than a, with a 

increasing from zero to one. That is, form the subsets of the set 
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H 
a 

starting from a= 0 and in increasing order of aELO,J] . This 

concept of hierarchy coincides with the notion of a-level sets 

of fuzzy sets. By means of this last notion one can construct 

an indexed hierarchy satisfying the following conditions: 

An indexed hierarchy H on M = {A
1 

••• Am} is a subset of all 

possible fuzzy sets in X 

H c LX 

w i th the fo llowing condit i ons : 

I) Every single fuzzy set AEM belongs to H 

2) M belongs to H 

3) If two elements B and C of H have a non-empty intersection, 

either ticC ar CcB 

4) There exists an index ~ : H ~ R+ 

5) Every single fuzzy set A of H has an index ~(A) = 0 

6) If B contains C then ~(B) ~ ~(C) 

That this concept of indexed hierarchy can he realised by means 

of -level sets can easily he verified, for 

R {~} if a = 0 a 

by the very definition of a fuzzy set, and 

R :;) R if a
1 s. a2 

al az 

The last metbod which will he described here, uses the notion of 

median and mean. 

Assume, again, that X= ~x 1 ••• xn} and that M = {A
1

, ••• Am} is 

a set of fuzzy sets in X. Assume a weighting set II = · {p ... p } 
1 m 

with all p. ~ 0 and ~ p. = 1 and a distance 
~ i=l ~ 

before. 

D(A. ,A.) as mentioned 
~ J 
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Now find that fuzzy (sub)set A which minimizes 
m 

~(A) = ~ p.D(A,A.) 
. I l. l. 
1.= 

This A will be called the D-median of the set M 

If A minimizes 

HA) = 
m 2 
~ p. D (A,A.) 

i=l l. l. 

A is called the D-mean of the A .• 
l. 

It can be proved that the fuzzy set A which minimizes 

m 2 
~ p. e (A,A.) 

i=l l. l. 

where e 2 (A,A.) is the euclidian norm 
l. 

2 
e (A,A.) = 

n 2 
~ [~A(x.) -~A (x.)] 

j= I J i J 1 n 

is characterized by 

m 

~ pi ~A.(~) 
i=l l. 

k=l,2 ••• n 

The reader will have noticed the difference between this last 

approach with median or mean and the previous approaches. In 

stead of ordering the fuzzy sets Ai any longer, the resulting 

ordering hereis induced on the x
1 

••• xn via the {mean or 

median) fuzzy set A. In fact ~he aggregation in the latter 

approach comes down to the following: 

Let X be a finite set, X= {x
1 

••• xn}, and Ma set of fuzzy 

sets in x, M = {A
1 

••• A} with A. : x ~co,tJ. 
m l. 

The problem consists of finding an ordering over the n elements 

of X. 

·When we compare this statement of the problem with the pre

viously defined problem of aggregation {p. 28) we observe an IS0° 

turn. If we translate both problems into their practical meanings 

it is clear that in the first problem one wants to obtain an 
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ordering of the criteria, whereas in the second problem one wants 

to obtain an ordering of the alternatives. 

It seems hard to see the sense of an ordering of criteria, to put 

it mildly. Anyway that is not the intention of multicriteria deci

sion making. 

It should once more be amphasized that the introduetion of fuzzy 

sets in the area of multicriteria decision making is done in a 

mathematically very elegant way via the definition of a criterium 

as an L-fuzzy set. 

On the other hand it would be extremely useful to give some 

ideas about which methad especially applies to which practical 

field of investigation, which - helas - is not done at all. 

Evaluation of multiaspect alternatives 

A well-known way of multicriteria decision making is the procedure 

which calculates a weighted avarage rating. 

Given a set of alternatives A= {a 1 ... am} and a set of n crite

ria, the merit of alternative ai according to criterium j is deno-

ted by the rating r ... 
lJ 

The relative importance of each criterium 

w .. Then alternative a. receives the is denoted by a weight 
J 1 

weighted avarage rating 

r. = 
1 

n 
L: 

j ·= 1 

n 
w.r . ./ L: w. 

J lJ j =I J 

This average rating now induces an ordering of the alternatives 

al'''' am. 
In this approach it is assumed that the practical situation allows 

for an exact numerical representation of the various ratings and 

weights. However many situations occur where this numerical re

presentation (on a metric scale) is not allowed for. These situa

tions are characterized by the small amount of precise information 

and the predominant uncertainty. Ratings and weights can at most 

he described in terms as "good", "bad", "unimportant", etc. 
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It is argued by Baas and Kwakernaak (1975) that this sart of 

uncertainty excellently lend itself to a description by means 

of fuzzy sets. 

TI1ey arrive at the following procedure. 

Let A
1

, A
2

, ••• Am denote the alternatives that are compared and 

x
1

, x
2 

••• xn the different criteria (aspects) that the alterna

tives are judged upon. 

Assume a fuzzy rating of criterium x. of alte~native 
J 

A., charac-
1 

terized by a memhership function JJR .. (r .. ) where r .. E 
1J 1J 1J 

R. Simi-

larly the relative importance of criterium x. will be a fuzzy 
J + 

variable as well, characterized by J.l (w.), where w.E R. All 
w. J J 

memhership functions takevalues in tHe closed interval [O,JJ, 

all fuzzy sets are normal, and all support sets are finite. 

Consicier the function g.(z.) 
1 1 

R2n + R defined by 

g.(z) = 
1 

n n 
E w.r .. / E w. 

j=l J 1J j=l J 

where zi = (w 1 ••• wn' 

J.Jz. by 

r.
1 

••• r. ). Define the memhership function 
1 1n 

1 

n n 

" Pw. (wJ.) 
j= I J 

" JJR (r .k) 
k= I ·ik 1 

Through the mapping g. : R2n + R, the fuzzy set z. induces a 
1 1 

fuzzy set R. with memhership function 
1 

sup 
z.:g.(z.) 

1 1 1 
= r 

JJ
2

(z.),n;R 
. 1 
1 

This memhership function characterizes the final fuzzy rating of 

alternative A .. 
1 

The notion of a fuzzy set induced by a mapping requires some 

explanation. 

If there exis ts a mapping f (x) = y, xEX, yEY and a fuzzy set A 

in X, than the fuzzy set B in Y induced by A via the mapping f 
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is defined by its merobership function 

x ; 
sup 
f(x) = y 

ll A (x) 

If there exists a mapping f ; x1 x x2 x ... Xn ~ Y and n fuzzy 

sets A
1

, ••• An on x
1

, ••• Xn respectively,then the induced fuzzy 

set B is defined by 

n 
sup 

(x
1 
... xn) : f(x

1
, ... xn) = y 

A l.IA (x.) 
i,.; I i 1 

This last definition was used in the procedure. 

A few examples of the fuzzy sets used in Baas and Kwakernaak 

(1975) are R
11 

= "good", R
12 

="fair", R21 ="bad", etc. and 

w l = "important"' w2 = "very important". w3 = "rather unimportant"' 

etc., which are all defined on equal support sets, namely [0,1] 

(see figures) 

t 
Jlw 

,_ t-

It should be remarked that there exists a considerable difference 

between this procedure and the procedure proposed by Kaufmann, to 

simply calculate 

v(A.) = 
l 

n 

r llA (x.)p. 
j=l i J J 

w-

(see page 29). Although this latter procedure seemed quite elegant, 

it misses much practical relevance, surely compared to the above 

mentioned one. On the ether hand this procedure is computationally 

much more complicated. 
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Baas en Kwakernaak (1975) however prove a few useful theorems 

which substantially ease the computational effort. 

We end by giving a short summary of the conclusions mentioned 

in Baas and Kwakernaak (1975). 

The notion of uncertainty is appropriately represented in this 

method. There is no biasing effect as in a probabilistic proce

dure with which the method is compared and the required compu

tational effort appears to be fair. 

Summarizing one might state that there seems to be no lack 

of mathematically neat approaches to fuzzy multicriteria deci

sions but that their relevanee seems questionable, both in prac

tice as in general. It is reassuring that there exists at least 

one practically relevant application of fuzzy multicriteria 

decision making. 
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3. MULTISTAGE DECISION P,ROCESSES 

In this section we will describe and discuss some existing 

fuzzy theories on multistage or dynamic decision making. 

The notion of a dynamic system plays central role in all these 

theories and has in fact served as the classification feature 

to put them together. 

Roughly speaking these theories can be partitioned into two 

kinds of approaches. 

The first approach in fact identifies a decision process with 

a control system. Actually it requires not much conceptual effort 

to see the relationship between a decision maker, decision varia

bles, situational variables and the decision, with a controller, 

control actions, states of the system and the optimal control 

procedure, respectively. The question remains however whether 

highly sophisticated techniques like dynamic programmine, auto

mata theory and optimal control theory do not rise too far above 

the real world decision situations. That is the reason that our 

description of these theories will be relatively short. 

The second approach views a decision process as an algorithm, 

namely a set of eause-effect relationships and deductive rules. 

Furthermore the relationships and rules do not have to be expres

sed as nu~erical values but are expresses as words or sentences 

from a natural language. This seems to be promising or at least 

appealing because of the intrinsic lack of preciseness and cer

tainty in this kind of modelling. 

Of course the notions of a control system and of an algorithm 

are certainly not mustually exclusive but rather complementary. 

There is another important red line which leads trough the 

described theories, namely the degree of fuzziness which is in

corporated. It is no problem to give a general rationale that 

fuzziness should be incorporated in decision theories. The ques

tion as to what kind of fuzziness,is in fact settled by the use 

of fuzzy sets. The question as to what degree of fuzziness,is 

still open. Like stated in the section on non-sequentia! decisions, 
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there are var1ous entries where fuzziness can be introduced, such 

as the goals, constraints but also the variables themselves. The 

extra level introduced in this chapter -the system dynamics- also 

lend itself to be fuzzified. Generally speaking one should have ä 

clear notion about which essential part of the decision model 

account for fuzziness and which parts are left deterministic. 

Although the subsections have been created according to the existing 

theories, it should not he too difficult tn recognize this red line. 

3.1. FUZZY DYNAMIC PROGRAMMING 

A straightforward extension of the notions of fuzzy constraint, 

fuzzy goal and fuzzy decision, as described in a foregoing sec

tion (2.2.), into multistage decision processes will first be 

decribed. 

In this model of a fuzzy decision process fuzziness only enters 

at one level: the goal and the constraints. Apart from those 

concepts the remaining constituents of the model are determinis

tic: the alternatives (both causes and effects) and the process 

itself. 

The theory essentially consists of imposing the framework of a 

fuzzy decision (the intersection of fuzzy goal and constraint) 

into the usual system concept [Bellmann and Zadeh (1970) Chang 

(1969) J. 

Assume that the process about which descision have to he made, 

is a time-invariant finite-state deterministic system. The state 

space is X= {x1 ••• xn}' the inputspace is U= {u
1 
••• um} and 

the state transition function is f: X x U~ X The state equation 

1s xt+l = f (xt,ut), t = 0,1,2 •.... (note that if the system is 

stochastic the transition becomes a conditional probahility). 

It is assumed that at each instant t the input is subjected to a 

constraint Ct, which is a fuzzy set in U characterized by a 

memhership function llc (ut). \le suppose a fuzzy goal GT imposed 
t 
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on the final state xT characterized by a merobership function 

f.!~ (xT). 

Applying the before mentioned definition of a fuzzy decision, the 

decision hereis a fuzzy set D in U x U x .•. x U 

D = C
0

nCin •.. ncT_ 1nGT where GT is the fuzzy set in U x U x .•. x U 

which induces GT in X. The merobership function of D is 

f.!D(uo, ui' ••· uT-I) = flc (uo)A · ·• Af.!c (uT-I) Af.!'G (xT) 
o T-l T 

where xT is a function of u
0 

••• uT-I via the state equation. The 

maximum decision will be that (u~ u~_ 1 )EUT for which 

u 
0 

ma x f.!D (u 0 • • • UT- I ) . 

A possible way to solve this problem is by using a dynamic programr 

ming approach. We apply the principle of optimality and state that 

u 
0 

max 

which eau be rewritten as 

with 

u 
0 

ma x 

ma x 

~-1 

Repeating this backward iteraction, we obtain the usual recur

rence equations 

max 

uT-n 

with ~-n+I = f(xT-n' uT-n) where n =I, 2, ••• T. 

One can also apply this framework to the case of a stochastic sys-
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tem with a conditional probability function p(xt+llxt,ut) [Bellmann 

and Zadeh (1970)]. 

Dynamic programming may be considered to be well known so that we 

will not go into further detail. 

An interesting question is how this fuzzy dynamic programming, 

technique is related to the conventional one. It can namely 

easily be proved that a fuzzification of dynamic proeramming 

in the sense that the state transition costs are replaced 

by fuzzy costs where the final fuzzy cost is evaluated by taking 

the maximum membershipvalue, yields exactly the same results as a 

conventional dynamic program in which all deterministic costs 

are assumed to be the values where the membershipfunction is 

maximal [Pappis (1975)]. 

Gluss (1973) also gives a comparison between fuzzy and non-fuzzy 

dynamic programming and shows that his fuzzy dynamic programming 

is identical to conventional quadratic state optimization. 

3.2. FUZZY SYSTEMS 

The obvious next step is to not only fuzzify the constraints and 

goals but also the system itself. 

This leads to the well known proposals of fuzzy systems and fuzzy 

machines. 

We will begin by giving a brief outline of the theory of fuzzy 

systems. 

Usually a system is described by its state transition equations. 

In the form of difference equations this yields 

xt+l = f(xt' ut) 

y t = g(xt ,ut) 

where ut denotes the input, xt denotes the state, and yt denotes 

the output, all measured at time t, with utEU, xtEX and ytEY. 

This system obvibusly is deterministic because it is represented 

by two mappings f and g. 

A system is called non-deterministic if xt+l and/or yt are not 

uniquely determined by xt and ut. In this case we obtain sets of 

values xt+l and yt with each pair (xt, ut). If we denote thes~ 

subsets of X and Y bij Xt+l and Yt we obtain "mappings" o:i the 
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Xt+ I = F(xt ,ut) 

yt = G(xt, ut) 
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t+ I t 
Assume furthermore that these X and Y are fuzzy (suh)sets in 

X and Y, respectively. Then we have a fuzzy system which is de

termined by the conditional memhership functions 

J.JF(xt+llxt, ut) 

J.JG(ytlxt' ut) 

If we take the composisitional rule of inference to calculate the 

fuzzy response of the fuzzy system to a fuzzy input we ohtain the 

following framework. 

Given the ahove mentioned fuzzy system, denoted hy its two con

ditional fuzzy sets F and G, and given a certain fuzzy input Ut 
t t+l t and fuzzy state X , the next state X and the output Y , hoth 

fuzzy sets, are defined hy 

or in short notation 

j.J t+l x 

min{J.J (x ) ; 
xt t 

J.l t = V V {J.l AJ.l tAJ.JG} 
Y x u xt u 

t t 

Extensive descriptions of the concept of a fuzzy system can he 

found in (Zadeh (l965h, 1968h, 19 72)). 

Fuzzy Machines 

The concept of a machine, which is of course strongly related to 

that of a system in the sense that a machine is a system with 

finite state, input and output sets, can he fuzziefied in exactly 

the same way. 

A fuzzy sequential machine FS 1s an ordered quintuple 
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FS = {I' u, Q, f, g} 

where 

- I is the non-empty fini te set of inputs 

- u is the non-empty fini te set of outputs 

- Q is the non-empty fini te set of states 

- f ~s the fuzzy set in Q x I x Q, the fuzzy transition function 

- g ~s the fuzzy set in Q x I x u, the fuzzy output transformation. 

When I= {i 1 .•• ip}' U= {u 1 .•. ur} and Q = {q 1 .•• qs},the 

fuzzy state transition relation f becomes a p.s.s. matrix and the 

fuzzy output transform relation g becomes a p.s.r. matrix. 

Because the further extension of the theory of a fuzzy machine is 

identical to that of the fuzzy system we will omit it here. 

The fuzzy autornaton is treated in numerous papers: Santos (1968), 

Nasu and Honda (1968), Mizumoto et,al. (1969), Wee and Fu (1969). 

Chang (1971, 1972), Asai and Kitajima (1971). 

Because these theories are well-known and consist of straight

forward extensions of the notions of dynamic state equations, 

sequentia! machines and automata, we will not discribe them here 

in much detail. 

We rather discuss the underlying general notion, namely the 

fuzzification of a system's relation. 

Essentially any system consists of a set of elements and a set 

of relations between those elements. It is therefore not surpri

sing that the concept of a (fuzzy) system's relation is of such 

an importance. 

Fuzzy System Mapping 

\ve will try to show how step for step a fuzzy system mapping can 

be generated, beginning with an ordinary mapping, via an ordinary 

mapping on fuzzy sets" and a "fuzzy mapping on ordinary sets" up 

to a "fuzzy mapping on fuzzy sets". 
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Fuzzy relation [Zadeh (1971)] 

Let X and Y be ordinary sets. The Cartesian product X x Y is the 

collection of ordered pairs (x, y), XEX, yEY. 

A binary fuzzy relation R from a set X to a set Y is a fuzzy 

subset of X x Y, and is characterized by a two parameter memher

ship function ~R (x, y) in the interval [0,1]. 

This is quite straightforward extension of the ordinary relation, 

defined as a subset of the Cartesian product of X and Y. 

Composition of fuzzy relations 

Let R1 he a fuzzy relation from X to Y and R2 a fuzzy relation 

form Y to Z. The composed fuzzy relation C from X to Z is written 

as: C = R1oR2 and defined by the memhership function 

~c (x, z) = max min {~R (x, y); ~S (y, z)} xEX, yEY, zEZ 
y 

or in short: 

Cartesian product of fuzzy sets 

Let A be a fuzzy set in X and B in Y, then the Cartesian product 

of these fuzzy sets A and B is defined by its memhership function 

~AxB ; min {~A(x); ~B{u)} 

with 

X x Y = {(x, y) I XEX, yEY} 

being the definition of the classical Cartesian product. 

Notice that, contrary to the definition of fuzzy intersection, this 

definition applies to two different universes of discourse. 
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Mappings [Chang and Zadeh (1972)] 

A mapping F in ordinary set theory is defined as a specific kind 

of relation, namely a relation FcXxY where to each xEX, one yEY 

is assigned with (x, y)EF, written as: 

F : X+ Y or F(x) = y (See figure ). 

8-
Figure 

... 
ordinary 
mapp1ng 

The definition of a mapping cannot be extended directly in a fuzzy 

sense, it is not possible to assign to an XEX exactly one yEY, 

in the case of fuzzy sets. This is inherent to the nature of fuzzy 

sets. 

One form of this extension could be to define a kind of "ordinary 

mapping on fuzzy sets", where the mapping itself remains classical: 

Let F be an ordinary mapping from set X to set Y, written as 

F(x) = y, xEX and yEY. Let ~A(x) be the memhership function of a 

fuzzy set A a fuzzy set B in Y in the following way: 

Figure 

max ~A(x) 
-1 x=F (y) 

(See figure . ) 

..... -···-·· 
ordinary 
mapping 
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Clearly this is not a completely fuzzy mapping definition. 

Another form of the extension to fuzzy mapping is to define a 

"fuzzy mapping on ordinary sets" as being a fuzzy subset F on 

the Cartesian product XxY with bivariate memhership function 

~F(x, y). This is identical to the definition of fuzzy rela

tion. See figure 

Figure 

The next step should then be to define a "fuzzy mapping on fuzzy 

sets": 

Let the fuzzy set A on X induce a fuzzy setBon Y. So the fuzzy 

set B on Y 1s the fuzzy mapping of the fuzzy set A on X; the 

memhership function ~B(y) is defined by: 

~B(y) = ~F(A)(y) = max min {~A(x); ~F(x, y)} (See figure .) 
XEX 

Figure 
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This equation can he interpreted as a fuzzy system response 

definition: while the bivariate memhership function describes 

the fuzzy system transformation, this last formula defines 

which output will result from a particular fuzzy input 

[Zadeh (1965b, 1969)]. 

Although it looks like we lost the conneetion with decision 

making it should not he forgotten that control systems are 

roodels of decision processes. The hypothesis however that the 

huge amount of methods and techniques developed for control 

systems, in ether words control theory, is also directly 

applicable to handle decision processes, seems questionable. 

Though the derivation of a fuzzy system surely is useful 

to model decision processes, we therefore will not go into 

details like fuzzy learning automata and optimal control 

systems (see e.g. \Jee and Fu (1969), Asai and Kitajima 

(1971)). 

3.3. FUZZY LINGUISTIC SYSTEMS 

Uptill now fuzzy systems have been described in an abstract way. 

We have arrived at a mathematical description of a system as a 

set of fuzzy elements and a set of fuzzy relationships. 

It is indeed undeniable that this system description opens new 

realms. However these realms have to filled in. 

Though this fuzzy system description may he envisaged as to ,. 

cope with inexactness, uncertainty and fuzziness, at first sight 

it seems that the required amount of exact definitions bas on 

the contrary even increased. Loosely speaking one actually bas 

to define one dimension éxtra, namely the truth value space. 

(This seems to he the major ground of scepticism towards the 

theory.) 

A useful application of all the developed notions might be tne 

so called linguistic variables, that is, variables whose values 

are not numbers but words or sentences in a natural or artifi

cial langua~e. This seems an excellent example of a concept 

which as well represents one of the most usual and most uncer-
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tain means of expression as it répresents a standard example 

of the applicability of fuzzy sets. It is therefore not 

surprising that the concept of linguistic variables and the 

theory evolved around it. are receiving more and more interest, 

both in theory [Zadeh (1972b, 1975a, b, 1976)] and m 

applications [Mamdani (1975) van Nauta Lemke and Kickert (1976), 

Nenstop (1976)]. 

An example may clarify what is ment by linguistic variables. A 

linguistic variable takes fuzzy variables as its values. For 

example, the linguistic variable "age" might assume the 

values: "young", "not young", "old", "very old" etc., each of 

which is the label of a fuzzy variable. These fuzzy variables 

are fuzzy subsets of a same universe, say U= [0,100], the 

possible numerical ages. 

An linguistic variable is associated with two rules: (1) a 

syntactic rule which generates the possible values the variable 

can assume and (2) a semantic rule which defines how the meaning 

of each value should be computed. The meaning of a value X can 

be interpreted as a fuzzy subset carrying the name X. 

The relationships between a linguistic varible, the values and 

the basic universe can be illustrated by the following figure 

(Zadeh, 1975a) 

linguistic variable 

values of age 

~ 0,9 \1 ~ 
25 30 35 50 55 60 61) 

base variable 

Figure The structure of a linguistic variable 
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A linguistic variable will he defined by a quintuple (A, T(A), 

U, G, M) in which A is the name of the linguistic variable, 

T(A) is the term-set of A, that is, the set of narnes of lin

guistic values of A, where each linguistic value is a fuzzy 

subset, denoted by 4, over the universe of discourse U. G is 

a syntactic rule (usually a grammar) for generating the narnes 

os the values, of A, that is, for generating the set T(A). 

Mis asemantic rule for assigning toeach X its meaning M (X), 

which is a fuzzy subset in U. A particular name of a value, X, 

is called a term (Zadeh, 19 75a). 

A simple illustration of the syntactic rule is the following. 

Given a context-free grammar G = VN' VT' P, S where the non

terminal symbols VN are denoted by capital letters and the set 

of terminal symbols is VT = {young, old, very, not, and, or}. 

The production rul es are given by: 

s -+ A B + not c 
s + s or A c + D 

A+ B c -+ very c 
A-+ A and B c + E 

B -+ c D + young 

E + old 

A termset which can he generated by this grammar is T (Age) = 

{young, not young, old, not old, very young, very old, young and 

old, young or old, •..••••. , young or (not very young and not 

very old), ••••• }. 

Semantic rules to compute the meaning of a term are built up from 

well-known connective rules like 

M (A and B) = M(A) A M(B) 

M (A or B) = M(A) v M(B) 

M (not A) = 1 H(A) 

M (very A) = (M(A)) 
2 

M (more or less A) = (M(A))O,S 
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, 

The meaning, that is, the memhership function of the term X = 
"young or (not very young and not very old)" will thus become 

. 2 2 
~X= ~youngv ((l(~young) ) A (l(~old) )). 

The computation of the meaning of a composite term is performed 

by first constructing the syntactic tree of the term, then 

filling in the meaning of the terminal symbols and working up 

the tree till the composite term at the top. 

Fuzzy Implication 

An extension of the foregoing theory of a linguistic variable 

which is interesting from the point of view of fuzzy systems, is 

that of the fuzzy implication. 

In terms of the syntactic rule which generates values to be 

assigned to a linguistic variable, we introduce a new production 

rule, namely 

A -• B if C. 

In other words, we allow for fuzzy implications to constitute 

composite terms. 

When we now define a rule which determines how to compute the 

meaning of a form of reasoning like 

if X = A then Y = B 

X= A' 

thus Y = B' 

(A, A', B and B' are names of the linguistic values X and Y) 

we have opened the possibility of reasoning with loose concepts. 

From the point of view of a system, this opens the possibility to 

define fuzzy algorithms and systems. 

A system usually is defined as a set of elements and a set of r~a

tionships between those elements. t.fe now have the framework to 

work with systems where the elements are linguistic variables 

which assume linguistic values and where the relationships con

sist of a set of fuzzy eause-effect relationships - fuzzy impli

cations. 

This seems to unlock an area of systems where neither the consti

tuent elements nor the coupling relationship could be made precise, 

but where those concepts could at most be described in words and 

sentences. 
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The definition of a fuzzy implication S : if A then B where A 

is a fuzzy set in X and B is a fuzzy set in Y is given by its 

memhership function as 

u8 (y,x) =min {uA(x);uB(y)}. 

This is the semantical rule for the mean1ng of a fuzzy implication. 

Given a fuzzy implication S of the form: if A then B and a fuzzy 

implicand A' is X, then the implied fuzzy set B' in Y is defined 

by its memhership function as 

uB,(y) = max min{uA,(x); u8 (y,x)}. 
x 

This is the well~known compositional rule of inference given by 

Zadeh (1973). In termsof linguistic variables this rule constitues 

the semantic meaning of the fuzzified "modus ponens". 

It should be remarked that the above mentioned deiintions of fuzzy 

implication and fuzzy modus ponens are arbitrary. The definition 

one would expect in view of the usual deiintion in propositional 

calculus, namely its truth functional equivalence, would be 

S ; (lA)VB -<;---? S: if A then B 

thus 

Other possible definitions that may be found are 

Pc(y,z) = [us(y)/uA(x) if uA ~ uB 

L 0 otherwise 

The particular choice of one of these deiintions depends on the 

modus ponens defintion. One would like to have a rule which satis

fies the following requirement: Given A and A=? B we want to obtain 

a consequence whose truth value does not exceed the one of B 

but on the other hand should be as large as possible. 

The star operation represents the compositional rule of inference 

and depending on the definition of that operation (minimum product, 

etc.) one bas to choose an appropriate defintion of the fuzzy i~ 

plication. 

In case of normal fuzzy sets the first mentioned (max, min) defi

nitions result in A * (A=}B) = B 
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which is a very desired situation. 

Anyway one has a great degree of freedom in choosing * and 

~A=:>B in a fuzzy logic (see e.g. Kling (1974), Lee (1972), 

Goguen (1968), Gaines (1975)). 

An extension of this kind of fuzzy logic has recently been 

proposed by Zadeh (1975a). Insteadof truth values ranging 

over the unit interval, his approximate reasoning is based 

on a fuzzy logic in which truth values themselves are also expres

sed in linguistic terros e.g. "true", "very true", "not true", 

"false", "rather false and not very true", etc. An example 

of the reasoning which results from this fuzzy logic is 

A
1 

(u
1 

is small) is very true 

A
2 

(u
1 

and u
2 

are approximately equal) is very true 

thus 

- A
3 

: (u
2 

is more or less small) is true. 
In this approach the ~hole theory of a linguistic variable, 

linguistic values, terms etc., is applied to truth values of 

statements. For more detail see Zadeh (1975a, l975b, 1976). 

Applications 

There exist two kinds of practical applications of this lin

guistic system concept, namely in process control (Mamdani 

(1975), Van Nauta Lemke and Kickert (1976)) and in organizatio

nal modelling (Wenstbp (1976)). Both apply the same system 

structure. 

They assume the definition of implication as 

S : if A then B 

~5 (y,x) =min {~A(x); ~B(y)} 

and the definition of the compositional rule of inference 

~B,(y) = max min {uA,(x); u
5

(y,x)} 

like ment1onedxbefore. 

Of course, the system cannot be described by only one relation

ship. The system is described by a set of fuzzy implications. 

The final system is considered to behave as the union of all 

these causal relationships 
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S: if A, then B, or, if A2 then B
2 

••••• if An 

defined by 

J.IS(y,x) =m~xl[min {J.!A.(x);J.IB.(y)}] i== 1, 2, 
l l l 

the B 
n 

• • • ' n • 

In the linguistic process controller the controller structure 

was described by means of fuzzy conditional statements, but 

the inputs and outputs had to be well defined numerical values 

(valve positions). 

This was solved by applying an evaluation procedure on the final 

fuzzy output sets to determine which particular output should 

be considered as the representative of that fuzzy set. The 

procedure was adopted in which that value y
0 

(or the mean of 

those values) at which the membershipfunction is maximal, is 

taken as the deterministic output of the controller: 

y at which J.18 ,(y) = max J.1 (y) 
o o B 

(Mamdani (1975), van Nauta Lemke and Kickert (1976)). 

In the case of the linguistic organizational model, the final 

resulting fuzzy output set had to be labelled with an 

approximate linguistic value from the term-set. 

This was done by a heuristic search routine which developed a 

label by stepwise building it up from simpler elements by 

disjunctins it. The fitness criterium was a least squares sum 

[Wenstbp (1976)]. 

Essentially the described linguistic systems consist of a set 

of rules - the eause-effect relationships - and a set of basic 

constituent elements - the basic fuzzy sets. That is why this 

system might be called an algorithm like we did in the intro

duetion of this section. The final system algorithm can of 

course also be stated in terms of a fuzzy system (or a fuzzy 

sequentia! machine) but this does not do justice to the way 

the system is obtained. ~or one does not need to define mappings 

and all kinds o.f analytica! relationships anymore, the only 

requisite is a model stated in terms like 

if the linguistic variable A assumes a linguistic value X 

then 

the linguistic variable B will assume a linguistic value y 



- 52 -

e.g. 

if a persou is t~ll his boots will he large 

or a less trivial example: 

if business activity is low and the economy is not very bad then 

increase the investments not very much and not very little. 

This enables one to model a decision process of which only a 

verbal description is possible. 

The practical applications of this approach however have been 

performed in the field of process control and to the descriptive 

modelling of organizational behaviour. 

Although these fields surely are related to decision making the 

direct usefulness to this latter field has still to be shown. 
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4. Conclusions 

Like stated in the introduetion we can not claim to have discussed 

the applicability of fuzzy set theory to decision making in social 

sciences. In order to do that one would have had to approach the 

matter from the side of that social science. It would have been 

necessary to obtain some kind of performance measure for a fuzzy 

decision theory. We did not do that. 

This implies that the remarks made about usefulness of several 

theories remained rather vague because we did not specify which 

particular problems in the field of application could and which 

could not be handled. We are aware that this is a serious res

triction. 

Very promising and interesting fields of research into human 

decision making, like the artificial intelligence approach (Newell 

and Sirnon (1972)) were not raised at all. 

We have obviously restricted ourselves to a survey of existing 

fuzzy theories on decision making and pessimists may view it as 

only that. At least we have reviewed a number of theories ranging 

from one-person one-stage decision making to sequential decision 

processes. 

We do not want to repeat the remarks and conclusions about each 

specific theory here, but prefer to present the general conclu

sions only. TI1e specific conclusions can be looked up in the sub

sections in question. 

The considered fuzzy theories on decision making seem to have 

originated from the wish to apply fuzzy set theory rather than 

that they have been invented ar developed to solve specific, 

practical problems in the field of application. 

Most fuzzy decision theories are straight forward extensions of 

the corresponding conventional theories. 
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The techniques resulting from the fuzzy theories can often he 

reduced to well-known conventional techniques. This obviously 

offers much computational advantage. Sametimes however the 

fuzzy theory is in fact identical to the corresponding conven

tional theory. 

It is a great pity that there exist only very few practical 

applications of fuzzy decision theories and even very few prac

tical examples to illustrate the theories. 

Many fuzzy theories on decision making seem to require even more 

precise definitions and analytical functions than the correspon

ding conventional ones. 

Although it seems dubious to campare the various theories with 

each other, and even more dubious to choose among them, the 

linguis tic approach looks rather appealing and promising. 
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