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An approximation of waiting times in job shops with customer demanded throughput times. 

In this paper we win derive, in a simple way, approximations for the waiting times for various 

classes of customers in networks of queues Gob shops) where a dynamic priority rule of the form 

qp(t)=~-(t-i) is used [1]. This rule can be seen as a consequence of different customers expecting 

different throughput times. 

Single server. 

Let us first consider a non preemptive MlG/1 queue with two types of jobs with arrival rates Ai 

(i=1,2) and service time distribution G j with mean 1!P.i (i=1,2). We will use a dynamic priority 

rule whereby a type 1 job can pass all type 2 jobs present in the queue that have arrived less than 

T units of time before that type 1 job. Let us tag a type 2 job arriving at the system in 

equilibrium. Without loss of generality we will call this arrival instant time O. If the type 2 jobs 

finds an amount of work in the system at least equal to T then it is passed by all type 1 jobs that 

arrive in the next T time units. This leads to an extra waiting time for the type 2 job, which we 

will denote by e(T). The mean extra time, denoted by E(T), is the product of the mean number 

of type 1 job arrivals in T time units and the mean service time of a type 1 job: 

E(T)=TA,l 1#1 

If a type 2 job finds an amount of work in the system less than T, say w, the situation is more 

complicated. In that case he will be passed by all type 1 jobs arriving before time w, but possibly 

by some jobs arriving between wand T as well. Let us define Pt(w,t) as the probability that an 

MlG!1 queue with type 1 arrivals only, with at time 0 w time units of work in the system, becomes 

empty at time t. Then the expected number of type 1 jobs E(w) that pass a type 2 job initially 

finding w units of work in the system, is given by: 

T 00 

E(W) = [A 1tP1(W,t)dt + JA,lTPI(W,t)dt 

Unfortunately P1(w,t) is hard to abtain. The time until the server becomes idle for the first time 

is w plus the duration of a random number of busy periods. 

Let us try to find a simple approximation for the MlM/l queue. 

The expected number of type 1 jobs that arrive during the initial waiting time of a type 2 job and 

before T, denoted by NO (number of overtakers), is given by 

where p, : service rate 

A.I : arrival rate of jobs of class i 
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• 

T ~ 

NO = QiAIWJl(1-Q)e-P(1-Q)WdW + QJA1TJl(1-Q)e-P<1-t)wdW = 

Q total utilization 

In calculating NO we have neglected the fact that type 1 jobs enlarge the waiting time of a type 

2 job, so we have to make a correction for that. The probability that no type 1 job has arrived 

during the initial waiting time w is equal to e-1w In this case there will be no extra waiting time 

for type 2 jobs. If all type 1 jobs were allowed to overtake the type 2 job, and not only the ones 

arriving before T, the mean extra waiting time for type 2 jobs would be wQl/(1-Ql)' Now assume 

that the extra waiting time has a hyper-exponential probability distribution function. Then, with 

probability e-11w the extra waiting time is 0 and with probability 1_e-11w the extra waiting time is 

exponentially distributed with mean l/(p,(w), with Jl(w) such that the mean extra waiting time is 

equal to wQ1/(1-Ql)' So, 

-1 W 

Jl(w) = _(1_-_Ql_)(_1-_e_
1
_) 

WQl 

Then we have as approximation for the number of extra overtakers, EO: 

So now we have as an approximation for the mean number of type 1 jobs overtaking the type 2 

job: 

We have computed approximations for a number of MIMI1 queues, which we also have simulated. 
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The results of these computations and simulations, using}l = 1 and..at =..az are given' in Table 1. 

0=0.80 0=0.90 0=0.95 

T=3.2 T=4.8 T=7.2 T=lO.8 T=lS.2 T=22.8 

NO+EO 0.81 1.11 232 3.17 5.49 7.45 

Simulation 0.80 1.09 231 3.15 5.49 7.53 

Table 1, 

From Table 1 we can conclude that NO+EO gives a good approximation for the number of 

overtakers. Ifwe use the earlier mentioned dynamic priority rule using priority numbers Uj (i=1,2), 

we can approximate the number of overtakers by using ( ), replacing T by uz-ut , Knowing the 

number of overtakers the waiting times are given by: 

Wh = Wfers - (NO+EO)/,u 

WI = Wfers + (NO+EO)/,u 

: waiting time for orders in the high priority class 

: waiting time for orders in the low priority class 

: waiting time under the FCFS sequencing rule 

Network of queues. 

Let us now consider networks of MIMI! queues. Can we use in that case ( ) to get reasonable 

approximations for the total waiting time of an order in the network ?As already has been 

pointed out by Jackson ([ ]): 

when urgency numbers are considered to be "scheduled waiting times ", so that the 

dynamic priority discipline calls for choosing a customer to minimize the following 

quantity:" scheduled waiting time: = arrival time + scheduled waiting time" then inevitably 

the difference between actual mean waiting times for two classes of customers will be less 

than the difference between "scheduled waiting times ". 

This effect we also conclude from Table 1: In case 0 =0.90, if the scheduled difference equals 

T=uz-u1 =7.2 then the actual difference equals Wr Wb =2(NO+EO)=4.64. 

The high priority jobs will always lag behind schedule and low priority jobs will always be ahead 

schedule. This means that when a high priority job leaves a server it has already used of the slack 

meant for the succeeding queue. As a consequence of this the order will have a higher priority 
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at the succeeding queue than originally planned. For example: suppose all stations in the network 

are equivalent, that Q =0.90 for all stations and that Al =A2" Further suppose for all stations we 

have ~=12.6 and u1=5.4. At the first station type 1 jobs have a waiting time of 9-2.32=6.68 

instead of the scheduled 5.4. In this case the job has already "used" 6.68-5.4= 1.28 of the slack 

meant for the second station and at the moment it arrives at the second station the urgency 

number strictly speaking equals 5.4-1.28=3.12 instead of the originally used 5.4. 

If we take into account the effect of lagging behind then an approximation of the total waiting 

time can be obtained by using (1) for each station with T dependent on the originalJ}r given Ul 

and u2 and the number of the operation on that station in the sequence of operations necessary 

for the job. More specifically: 

-for the first station in the job sequence we use (1) with T equal to T1:=u2-ul; the result of this 

calculation we will call (NO+EO)l' 

-for the second station in the job sequence we use (1) with T equal to T2:=T+TI-2(NO+EOh; 

the result of this calculation we will call (NO+EOh. 

-for the third station in the job sequence we use (1) with T equal to T3:=T+T2-2(NO+EO)2; 

the result of this calculation we will call (NO+EOh. 

-for the i-th station in the job sequence we use (1) with T equal to T j:=T+Ti_1-2(NO+EO)i_t; 

the result of this calculation we will call (NO + EO)i.t. 

For the total waiting time TW of the job we then have: 

N 

TW = E (Wfcfo-(NO+EO)j) 
;=1 

where N : number of stations in the job sequence 

: i-th station in the job sequence 

Wfers : waiting time under the FCFS discipline 

ExampJe:Suppose we have a job shop with equivalent stations, where each job on average 

consists of 5 operations. Further suppose that the utilization rate of each station 

equals 0.90, that the mean processing time is 1, that we have two products, with 

equal arrival rates and that for one of the products (product 1) we wish a waiting 
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station 

1 

2 

3 

4 

5 

time of 5.4 to be realized on each station. 

Since in this case the average overall waiting time equals 9 and the average 

pr()c(~8Sing time is 1, this means we want that at each station jobs for product 1 

overtake 3.6 jobs for product 2. So U2-U1 = 12.6-5.4=2 *3.6=7.2. 

Using T=7.2 in (1) for the first station in the job sequence a type 1 job will 

overtake 2.3 jobs (see Table 1). Instead of an expected waiting time of 5.4 at this 

station we get a waiting time of 5.4+(3.6-2.3)=6.7 and thus we have used 1.3 of 

the slack of 5.4 meant for the second station. On the other hand, jobs for product 

2 will have an extra slack of 1.3. The job arrives at the second station with a slack 

of 4.1 instead of 5.4, so T=2*(9-4.1)=9.8 or T=7.2+2*(3.6-2.3)=9.8. 

Using T=9.8 in (1) for the second station a product 1 job will overtake 2.95 jobs 

where we expected 9-4.1=4.9 overtakings. In stead of an expected waiting time 

of 4.1 (5.4-1.3) we therefore get a waiting time of 4.1 + (4.9-2,95) =6.05. 

Results for the third, fourth and fifth station can be found in Table 2. 

(1) (2) (4) (5) (6) 

slack remaining T NO+EO expected· extra Waiting 

slack overtakers slack time 

(1)-(6) used 2+5-4 

5.4 5.4 . 7.2 2.3 9-5.4=3.6 1.3 6.7 

5.4 4.1 9.8 2.95 4.9 1.95 6.05 

5.4 3.45 11.10 3.23 5.55 2.32 5.67 

5.4 3.08 11.84 3.38 5.92 2.54 5.62 

5.4 2.86 12.28 3.47 6.14 2.67 5.53 

Table 2. 

The average total waiting time for jobs of product 1 in this job shop equals 

6.7+6.05+5.67+5.62+5.53=29.57. Simulation results for this job shop show a waiting time of 

29.65. 
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The given method for calculating the total shop waiting time is easy to implement so we have a 

simple approximating method for the total shop waiting time for shops using a dynamic priority 

rule. 
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