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0.1 Abstract 

An H-drive is used to study the behavior of scale models of ships in a large 
basin. There are problems tracking the position of the ships done by a 
camera-unit. These problems are caused by tilt (= scheefstand). Tilt occurs 
when the unit has been moved to close to one of the y-axis. I t  has t o  be 
prevented because high-tracking accuracy is demanded. 

For this project the H-drive, a pick and place machine for Surface Mounted 
Devices (SMD's), available in the DCT-laboratory is used. 

The goal is to derive an expression for the extra moment, offered to  one 
of the parallel linear drive-modules (LiMMS), which is necessary to prevent 
tilt. Deriving the equations of motion for the system without friction, sim- 
ulations, introducing friction and comparing the results of the simulation 
with experimental data makes this possible. 

The equations of motion are derived using Newton's second law and the 
angular momentum theorem. Special attention has been paid deriving the 
motor constant of the LiMMS (second law of Maxwell). Using the Frequency 
Responses the (lumped) masses of the sledges are determined. Other speci- 
fications of the machine have been found in literature (earlier reports on the 
H-drive). 

The equations of motion for the non-linear system are determined in 
State-Space notation. In order to study the behavior of the system the inputs 
are varied. Time response (using a Runga-Kutta integration routine to  
solve the differential equations) is studied using uniform motion, uniformly 
accelerated motion and finally a "small" sinusoid as input. The position of 
the x-sledge is a cause for failures. 



At last friction is added to the equations of motions. First attempt was to  
implement LuGre-friction. Unfortunately literature has not given a proper 
value for the internal Friction State, so friction is modelled as combination 
of Coulomb and viscous friction. 

Not only the x-position of the x-sledge is a cause for failures but also 
the fact that maEy parameters are arbitrarily chosen and the method used 
to find a numerical solution is not correct. For this system an inverse- 
dynamical analysis is used. The use of an algorithm to solve differential 
algebraic equations will lead to better satisfying results. 



0.2 Standard Notation and List of Symbols 

0.2.1 Standard Notation 

The following notation is standard and is used throughout the text. Other 
non-standard notation is defined when introduced in the text. 

a scalar 
a amplitude 
a' vector 

columns with components, 
a, a', A 

resp. scalars, vectors or tensors 
matrices with components, 

a, a', A 
resp. scalars, vectors or tensors 

da  
a4 - 

dq 
Time derivative of scalar,vector 

f 7 or matrixfunction both defined on R' 

0.2.2 List of Syzz~bols 

Greek Letters 

symbol 
mi 
Oi 
4 (9 
P 
7 

ffo 
Cl 

g 2  

description 
angular velocity of body i, frequency 
rotation with respect to equilibrium-position of body i 
(coupled) flux 
current angle offset 
magnet pitch (distance between N-S pole) 
normalized longitudinal lumped stiffness 
normalized longitudinal lumped damping 
normalized viscous relative damping 



symbol 
B~ 

description 
body i 
position vector from the origin 
to  the centre of mass of body i 

Centre of Mass for body i 
mass of body i 
Momentum of inertia 
internal forces 
(external) force 
moment 

derivative angular momentum 
bodybounded positionvector 
stiffness 
damping 
electromagnetic force 
position of LiMMS 
magnetic field energy 

position offset of the poleshoe 
with respect to the permanent magnets 

volt age 
resistance 
time 
motor constant for one phase 
inductance 
induced voltage 
internal friction state 
current through one coil 
motor constant 
length 
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Introduction to the H-drive 

1.1 Problem description 

An H-drive is a pick-and place machine, which has to perform high-accuracy 
tracking. This machine is also used studying the hehzvior of scale models 
of ships in a large basin. However there are problems tracking the position 
of the ships done by a camera-unit. For this unit it is possible to move in 
the x- and y-direction (figure 1.1). If the unit has been moved to close to  
one of the y-axis tilt (=scheefstand) will occur. 

Figure 1.1 : H-drive 

In the DCT-laboratory an H-drive is available. The machine is called 
the Advanced Component Mounter (AMC) and is manufactured by Assem- 



bleonl. This machine is several times smaller than the machine used for 
tracking the scale models of ships, but can be used to study tilt. 

The AMC is specially built for the placement of odd-components. (These 
components are rare of shape and often bigger (up to  50 [mm]) than the 
normal components.) The machine is capable of: 

supplying/ feeding the components. In this case the components are 
Surface Mounted Devices (SMD). SMD's are devices where the elec- 
trical connection is made at the bottom of the component; 

transporting and positioning of the Printed Circuit Boards (PCB); 

picking the components from the feeders (feeder: tray or strip contain- 
ing components) and placing them on the PCB's. 

The machine-frame is made out of rigid welded plates. On the top of this 
frame a placing-robot has been fitted. This robot contains three linear drive- 
modules powered by linear servo motors (LiMMS). Due to the structure the 
robot is called H-drive. By using the H-drive system no backlash will occur. 
Each motor has its own servo-system, encoder system and is a "direct-drive 
electrically commutating motor" with current control. Each control unit 
consists of a PID-controller with a low-pass filter and a notch filter (two 
notches are decoupled) . 

The motion in y-direction is powered by two parallel placed linear drive- 
modules. These modules are bearing the "so-called" x-beam. Securing the 
x-beam to both y-axis is taken place by means of a system of leaf springs 
(no hysteresis). Because of the construction all centres of mass are in one 
plane. This plane is the same as the plane from the parallelogram guides and 
the linear measurement-system. This will restrict turning over (Theorem of 
Abbe). 

I t  is possible to mount on the x-module placement heads. The placement 
heads are able to  make a vertical (z-direction) movement (a stroke of about 
75 [mm]) and a rotation. By utilizing a sub-frame there is mass decoupling 
(using a set of parallel spring-membranes) between the placement head and 
the actual placer. The last consists of a Force Control Unit (FCU) and a 
vacuum-nozzle. The unit will supply the wished statical placement force and 
meanwhile compensate the dynamical disturbance. The nozzle will hold the 
device between pick and place position. 

'Assembleon is the former Philips EMT. The name has been changed in order to go to 
the stock market. This is postponed due to the financial climate. 

7 



1.2 Formulation of the problem 

It  is obvious that tilt is to be prevented, because high-tracking accuracy is 
demanded. The problem is to derive an expression for the extra moment, 
offered to one of the parallel linear drive-modules which is necessary to 
prevent tilt. 

1.3 Aims 

0 Deriving the equations of motion without friction. Some special at- 
tention will be paid on the LiMMS; 

Simulations using the model; 

0 Introducing friction (LuGre) in the equations of motion and simulating 
again; 

0 Comparing the model with experiments done by A. J. v.d. Voort. From 
the measurements it turned out that the first eigenfrequency is not po- 
sition depending and a "strange" second peak will increase by moving 
the x-module. Using the derived equations of motion is might be pos- 
sible to give a proper explanation; 

0 Drawing conclusions. 



Chapter 2 

The Equations of Motion 

2.1 Dynamics of the H-drive 

Figure 2.1: Representation of the H-dhve 

An overview of the system is given in figure 2.1. The H-drive consists of 
four rigid bodies B ~ .  Body  is the left and B~ is the right y-sledge. The 



x-sledge is body B4 and the x-beam is B2. Newton-Euler equations will 
be used to formulate the equations of motion. Each of the four bodies has 
to be isolated from the environment. This has to be done taking all loads 
working on a body into account. These loads result in a force and a moment 
with respect to the center of mass from the body. Free-body diagrams are 
comtructed a ~ d  2re shc~wr, ir, figwe 2.1. 

Figure 2.2: Free body diagrams 

In figure 2.1, FmZ denotes the position vector from the origin to the centre 
of mass of the i-th body (CMZ) and mi denotes the angular velocity from a 
body. Each body has a mass mi and a mass moment of inertia JmZ. Gravi- 
tation has no influence, because movement takes place perpendicular to the 
gravity field. Qi is the rotation of body Bi with respect to the equilibrium- 
position. The different forces, internal and (external) applied, in figure 2.2 
are denoted with or R. Moments are denoted with d. Also a distinc- 
tion ought to be made in internal and (external) applied moments. zj is the 
body-bound position vector. 



The equations of motion are given by the Newton's second law and the 
angular momentum theorem: 

-+ 
The abbreviation Hm = c3 x (J, . G )  is used. 
For the H-drive one obtains: 

+ 
+ + + $3 + $4 - Rl + 2 2  

rzction 
(2.4) 

- F3 - F4 

The main interest is taken into the extra moment, that is delivered by 
the translators that moves over the Y-axes when the translator on the X-axis 
is moved. (This will also cause tilt (=scheefheid)). Striking is in equation 
(2.4) that the sign for both friction forces are negative. The movement of 
both y-sledges will take place in the same direction. Due to the position 
of the x-sledge, the velocity of the y-sledges is not the same. The different 
velocity will influence the position of the y-sledges in time, this is the cause 
for tilt. Therefor body B4 does not have an applied moment by the linear 
motor or an applied force by friction. The (dictated) position and velocity 
of body B4 will be used as input. 



There are two kinematic consistency condition (joints) and two energetic 
elements. Energetic elements (spring (stiffness k )  and damper (damping b)) 
are able to perform virtual work when the kinematic variables are varied. 
The (external) applied forces play a role. The kinematic and energetic con- 
ditions are: 

Some caution has to be made with the kinematic conditions. In the 
Advanced Component Mounter (AMC) a special kind of joint is used. This 
joint makes little rotation possible. 

The equations of motion are derived in appendix A. In state space no- 
tation 

T 
X = ( Y l  $1 0 2  ~2 y 3  $3 9 4 )  state : . 
x = ( yl g, 8 2  62 $3 ?j3 $* )T 

and ignoring friction the (differential) equations are: 



xis is an expression for the state space variable. 

2.2 The Linear Motion Motor System (LiMMS) 

2.2.1 Introduction to LiMMS 

Linear Motion Motor Systems (LiMMS) consist of two parts, a stator and 
a translator, as depicted in figure 4. The stator is composed of a set of 
permanent magnets. These magnets are placed on a metal strip with a 
constant distance. This distance is called the pitch. The translator contains 
a set of iron-coils that act like electromagnets when a current is supplied. 
The system is set to movement by a thrust force. This force is the result of 
the attracting and repelling forces between the magnets of the stator and 
the translator. 

The use of linear motors has some advantages: 

Less friction and therefore higher accuracy; 



Figure 2.3: LiMMS 

No mechanical limitations on acceleration and velocity. Velocity is 
only limited by the bandwidth of the encoder or by the power supply; 

Higher reliability and longer life time because of mechanical simplicity. 

Nothing is perfect and the linear motor has also some disadvantages: 

Positional dependency on the thrust force. This dependable thrust 
force can have a significant effect on the positional accuracy; 

Magnets will also generate other forces than the thrust force, caused 
by two phenomena: cogging and reluctance forces. These forces are 
difficult to model and may deteriorate high accuracy operations. 

2.2.2 Deriving the motor constant 

To derive an equation for the motor constant for the complete LiMMS the 
motor constant of one phase is determined. 

When an energy balance for the system is made, it can be shown that 
the following equation must be valid. 

dq5 is the change in flux, i is the current and fe is the electromagnetic 
force and dWm is the change of the magnetic field-energy. Presuming that 
the magnetic field stays constant during process, it is zero. This means that 
an equation for the force of one phase can be determined. 



Fphase is the force of one phase, p is the position offset of the pole shoe 
" :+E 'a v J l u  l r ., the permme& magnets a d  T is the magnet pitch. The 
coupled flux varies with the position according to equation (2.12). The 
resulting horizontal force will be zero (either by attracting or repelling) when 
the coil is positioned exactly above a magnet. The force will be maximal 
when the coil is positioned between two magnets. 

The force Fphase on one coil also varies with the current that is supplied to 
the coil. When deriving the equation of motion for the whole stator further 
on in this section. It is useful to make the current position dependable, with 
a user controllable offset 9. 

1 is the amplitude of the current througkthe_coila Combining the above 
equations results in: 

A 

where the motor constant for one phase is KphaSe = $4. 
The LiMMS is so constructed that the difference in position offset, con- 

verted from meters to radians, between two adjacent coils is $. In a three- 
phase motor the phases of the currents to the different coils are also shifted 
in radians (120"). 



Using equation (2.15) and the settings derived in equation (2.16) yield: 

The total resulting horizontal thrust force is equal to the sum of the 
forces on the individual coils. 

The thrust force has been made position-independent by applying a 
position-dependent current. The efficiency of the EiMMS is maximal when 
the offset cp of the current is equal to the initial position offset p. Equation 
(2.19) shows the resulting system equation. 

The disturbances in the LiMMS are caused by: 

0 Friction in the ball bearing between the translator and the guiding 
rails; 

0 Reluctance force, caused by varying self-inductance of the windings of 
the coils of the translator. This effect results in a position and velocity 
dependent force ripple that can only be modelled when the accuracy 
of the placement and magnetic tolerance of the separate magnets are 
known. This requires a detailed analysis of the LiMMS; 

0 Cogging forces, caused by attraction between the permanent magnets 
and the iron cores of the LiMMS. This force is always present and tries 
to  align the iron cores to a stable position of the translator. The effect 
can be modelled with a sinusoidal function with a period depending 
on the magnets. 



The translator is an electromechanical transducer which uses a magnetic 
field. The motor-constant can be calculated by using the Second Law of 
Maxwell. This gives the following voltage-equilibrium (electrical circuit): 

u is the voltage and R is the resistance. Considering the magnetic circuit 
the following equation can be derived: 

So the circuit flux 4 is a function of the position x and the current i . 
L is the (se1f)inductance (L, is the leakage inductance and Lh is the head- 
inductance) The equilibrium from equation (2.20) changes consequently in: 

The last term of equation (2.22) is also called the motoric voltage and the 
quotient 2 is the motor constant. Assuming that linear-magnetic material 
for the LiMMS is used the circuit-flux becomes 4 = Li , the inductance L is 
then independent of the current. Equation (2.22) can then be changed in: 

When moving the translator by hand the current will be zero, but a 
voltage will be generated because of the self-inductance (equation (2.24)). 

Integrating the induced voltage over time, the change of the coupled flux 
can be calculated as shown in (2.25) and (2.26). 



Ephaselphase is the induced voltage measured between two of the three 
coils. Measuring the translator-position x and the induced voltage during 
movement, the integrated Ephaselphase(~phaselphase) can be plotted as a func- 
tion of position. (figure 2.4 ). 

Figure 2.4: Measured induced voltage vs. Position 

Using equation (2.13) the measurable flux can be calculated. 

4 p h l p h ( ~ )  = 4 ( ~ 2 )  -#)(XI) (2.27) 
7i-x li-x 

= 4 cos(- + p + 1 2 0 ~ )  - & cos(- + p) 
T 7 

7i-x 
= &(z) fi COS(- + phase) 

T 

The definition of KphaSe and equation (2.27) give: 



The motor constant can be derived using the measurement depicted in 
figure 2.4, adopted from the report of A.F. Rovers [d, Kphas, is 49.6[N/A]. 
In this figure also can been seen that the magnetic pitch T is 12[mm] and 
the amplitude of the coupled flux over two phases +phaselphase(x) is 0.5[Wb]. 



Chapter 3 

Simulations 

3.1 System Identification 

Before Matlab can be used to find a numerical solution the unknown pa- 
rameters have to be deterriiinecl. IE s.clbsection 2.2.2 the m o t ~ r  cmstant 
is derived. In this section an expression for the mass and length will be 
obtained. The masses are estimated using the transfer-functions (appendix 
B). The mass of the x-sledge is 9.2[kg] and of the y-sledge 20.3[kg]. Keep 
in mind that they are all lumped masses, the motor constant form part of 
the masses. To derive an exact value for the mass an accurate statical and 
dynamical experiment have to be made to find the exact motor constant for 
the H-drive or the machine has to be disassembled and the sledges have to  
be weighed separate. The last was no option. 

The size of the machine is determined much easier by measuring it. The 
measurements are: 

length of the sledges [m] 

a = e = 0.1 
length of bodybounded position vectors [m] c = f = 0.12 

d = 0.45 
There are also some constraints. The velocity is limited to maximum 

l[m/s], the amplitude for the current is maximum 4[A]. The movement 
must take place in a limited time, in 4 second movement have come t o  an 
end. 

The y-sledges may in move differ 30[mm] in y-position. A safety-margin 
is needed to  absorb the effects of overshoot when tilt occurs when the Y-axes 
are moving with a significant difference velocity. This is the boundary for 
$2, the indicator for tilt. 



The values for stiffness and damping for the connection between the 
x-sledge and the beam are unknown. The connection can be seen as a 
second order spring-damper-mass system. So arbitrarily k = 0.5[N/m] and 
b = O.Ol[Ns/m] 

3.2 The numerical solution of the system using 
Mat lab 

For the non linear solution can be derived, the differential equations need 
to be put into the standard first order form: 

2 =f(x ,u)  
This has been accomplished by defining the state 
x = [ yl Ijl O:! 8 2  y~ Ij3 94 ] Tand inputs 

u = [ xq ~4 Mmotoq Mmotor3 I T -  
In chapter 2 the equations of motion (2.10) are derived in state space 

notation. State space representations are required in robot applications 
investigating the: 

"forward dynamics" in which the joint displacements are computed as 
functions of time given the joint torques; 

"inverse dynamics" in which the torques required to achieve specified 
joint displacements, velocities and accelerations are calculated. (Often 
applied to problems of dynamic control of robots). 

A explicit Runge-Kutta integration routine in Matlab, ode45, is used. 
The routine requires a separate function be provided that computes the 
derivatives. The statements that call the integration routine, which in turn 
calls the derivative function is found in appendix C1 (pr0b.m) and the deriva- 
tive function is found in appendix C2 (hdrzwr.m). 

Several inputs can be changed in order to study the behavior of the 
system. The linear motors used in the H-drive are all the same, so the third 
and fourth input should be the same. (The applied moment of a linear motor 
is a function of the current). To avoid problems, like dividing by zero (input 
xq is in the denominator of the forth row of the matrix of equation (2.10)), 
the position of the x-sledge is set to a small value Practical this is 
also a problem, what is solved by using a zero-search procedure. 

First the time response is studied using a uniform motion. Then uni- 
formly accelerated and retarded motion is studied. Finally a "small" sinusoid 



as input for the velocity of the x-sledge is examined. Attention has to  be 
paid to singular points. 

The input signals are: 

The results are seen in figures 3.1 ti11 3.6. (The output for the yl-sledge 
is the blue line, for y2-sledge is this the red line, the lower line.) 

Figure 3.1: Uniform Motion 

Looking at the figures 3.1 till it can be seen that input u has less influence 
on the motion of the system. This is strange. Maybe the motor moment is 
set to a too big value (0.1 [Nm]). In figures 3.7 and 3.8 the moment is set to 
a lower value (O.Ol[Nm]). As input for u the uniform motion is used. 

Another strange effect is the strong rising line for the y-position of the 
x-sledge. (The last graph of the preceding figures). This effect is caused by 
the initial input for u to avoid numerical problems. But the results are still 
not satisfying. The problem is the way the equations of motions are solved. 
An inverse-dynamical analysis is used to derive the equations of motion. 
The analysis is a mixture of kinematical and dynamical analysis. It  can be 
used when motion of one (or more) bodies of the system is (are) predicted in 
time and the motion of the other bodies can be derived completely out of the 



Figure 3.2: Uniform Motion 

algebraic equations for position, velocity and acceleration. Because position, 
velocity and acceleration are known the second order differential equations 
form a system of algebraic equations in load. Motion can be derived out 
of this system. The derived equations of motion are solved by an explicit 
integration scheme. This method is not directly suited solving differential 
algebraic equations (DAE's) . 
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Figure 3.3: Uniform accelerated Motion 

3.3 Validat ion 

The transfer-functions are derived by A. J. v.d. Voort [7]. For that the 
position of the x-sledge is fixed on the x-beam and the response of the yl- 
sledge is measured moving with constant speed. This is done to eliminate 
non-linear and position effects like cogging and friction. After changing the 
position of the x-sledge a new response can be measured. Out of the data 
A. J. v.d. Voort has determined a model (in canonical form) by fitting a fifth 
order polynomial on it. Figure 3.9 gives a representation of the model. 

This model can be used for validation. To examine the influence of 
position effects on the response of the H-drive friction is added; see Chapter 
4. 



Ttme [recl 

Figure 3.4: Uniform accelerated motion 



Figure 3.6: Sinusoidal Motion 

Figure 3.7: Uniform Motion with changed Motor Moment 



Angle khwen Ihe sledges 

Time [sec] 

Figure 3.8: Uniform motion with changed Motor Moment 

Frequency [radls] 

Figure 3.9: (Open loop) Representation of A.J.v.d.Voort's model 



Chapter 4 

Adding Friction to the model 

4.1 Introduction to Friction 

In servomechanisms friction is often present. It is responsible for steady- 
state errors, Emit cycles, tracking lags and undesired stick-s!ip motion. In 
control engineering inaccuracies due to friction are compensated by high 
gain or by the use of integral action. This will not always give a satisfying 
result. Friction is also one of the limiting factors of system bandwidth. 

The Advanced Component Mounter (AMC) is, as mentioned, carried out 
with linear motors that move over a leading. In these parallelogram guides 
ballbearing are to be found, so friction during movement is reduced. This 
is the same principle as the Egyptians used * 2500 years B.C. to move 
heavy stones building the Pyramids. In the derived model the friction force 
is introduced as Ff rictzon. 

A determination has to be made which friction-model would be inter- 
esting for this project. In this case there is a contact between two masses. 
Well known is the fact that the friction between two masses is tangential to  
the contact surface and opposed to their relative motion. The magnitude 
depends on the normal force and is a function of the relative velocity of 
the two elements. Different friction models have been proposed, emphasiz- 
ing different aspects of the phenomenon and combining main components 
(Coulomb or dynamical friction, viscous friction, stiction) in several ways. 

Secondly friction has consequences which have to be taken into account. 
The first consequence is the coupling between the different degrees of free- 
dom, since friction force contributions act along every direction of the frame. 
In general the effects of friction disturbances depend on which kind of fric- 
tion is present. The slope of the friction curve is a function of velocity. A 



negative slope of the curve near the origin can cause system instability. 
Classical models often describe the phenomenon in a simplified manner, 

taking into account only Coulomb friction or the combination of stiction and 
Coulomb friction. Assuming that stiction is only present for zero velocity 
or for velocities smaller than a threshold value (anyway very close to  the 
origin). Another simplified manner is the combinztion of Co.dorr,b a d  

viscous friction. A. Verweij [9]. has determined the value of Coulomb and 
viscous friction of a permanent linear motor by moving the translator with 
several constant velocities. These experiments have not been done on the 
H-drive yet. 

A new improved description of the friction phenomenon has been pro- 
posed by Canudas de Wit et al. [I]. The friction force model (named 
LuGre) has an internal dynamics and represents observed behavior such 
as spring-like response at stiction, friction velocity-hysteresis and varying 
break-away force. Motion at very small velocities is described particularly 
well with this model. 

4.2 Interpret at ion of LuGre-Frict ion 

LuGre friction is developed for contact-point friction problem.(Coulomb fric- 
tion is also developed for this kind of contact). Contact surfaces are often 
very irregular at microscopic level. Contact between the surfaces only take 
place at a number of small, irregular asperities. Contacting asperities form 
junctions (Adhesion). The contacting asperities act as stiff springs with 
dampers, giving rise to microscopic displacements (stick) and return forces. 
If the displacement becomes too large, the junctions break. This is the 
start of macroscopic sliding. The friction force where this occurs is called 
breakaway force. Physically, the stress-strain characteristics of the asperity 
junctions are responsible for this behavior 

Additionally boundary layers are present on each surface. These layers 
consist of lubricants and (or) oxidated material. At high speeds, a fluid lu- 
brication film is built up in the contact interface. In Partial fluid lubrication 
region, where the contacting surfaces are supported by both this fluid lu- 
brication film and solid-to-solid contacts at the asperity junctions, lubricant 
is drawn into the interface: there is a build-up of a fluid lubrication film. 
Higher velocities result in a thicker lubrication film, causing the friction force 
to decrease since the shear forces in the lubricant are smaller then those in 
the asperities. This negative viscous friction is called the Stribeck effect. 
Stribeck effect is, in part, responsible for stick-slip motion. 



These phenomena can be described by using the LuGre friction model 
given in equation (4.1) to (4.3). 

Ffriction = aoz + a l Z  + 022 Tangential friction force (4.1) 

. . z = x - -  '" z Average deflection of the junctions (4.2) 
9 (4 

cog(&) = Fcoulomb + (Fstutic - ~ ~ ~ l ~ ~ ~ ) e - %  Stribeckcurve (4.3) 

where a 0  is the normalized longitudinal lumped stiffness, a1 the nor- 
malized longitudinal lumped damping, a2 the normalized viscous relative 
damping, us is the Stribeck relative velocity and z is the internal friction 
state. 

Compensation schemes for velocity and position control are possible with 
this dynamical friction model. Finally, the model is shown to be well-defined 
everywhere and is appropriate for control law design. 

4.3 Equations of Motions with Friction 

Unfortunately literature has not given an proper value for the internal fric- 
tion state (z), so LuGre friction is no option. The information derived by 
A. Verwezj [9] is used. Friction is now modelled as combination of Coulomb 
and viscous friction (4.4): 

where bv is the constant for viscous friction (16[Ns/m]) and bc is the 
constant for coulomb friction (5[N])  and yi is the velocity in y-direction of 
body i. 

In figure 4.1 a representation of Coulomb and viscous friction as function 
of velocity yi is to  be seen. (not real measurement data) 

Using this model for the friction of the system the statical friction is 
neglected. When a moment is applied on the system it would not immedi- 
ately start moving, but start as the applied moment has become bigger the 
statical friction. (velocity is increased). The use of a arctangens-function 



Figure 4.1: Friction Force vs. Velocity 

then a sign-function is better to model Coulomb friction. (The stiffness of 
the arctangens must be set to a high value). 

C is the "stiffness" of the arctangens. (lengths g,h: 0.12[m]) 
The equations of motion with friction are derived in appendix D. In state 

space notation the equations are: 



4.4 The extra moment 

xz 

Finally an expression can be derived, which gives a expression for the extra 
moment (4.7) : 

X =  

Only the z-component of the matrix of equation (4.7) is important: (due 
to the special form) 

{- Mmotwl + ml (fay3 cos(Ql) - x2a sin(01) - 
mlcos(&) 

- 2  
da& C O S ( ~ ~  - 82) - duo2 sin(& - 02) 

-(a2 + &)&) + a cos (81) (bvyl + bc arctan ($1)) 

-9 cos (01) (b& + bc arctan (yl))} 

1 
4 

74{k($e(x2 sin('92) - (yl + 33) ~os(02)) - x2y4 
+$Q(Y~ + y3)x4 - ~(;(YI + 93) cos(~2) - fx2 sin(04))+ 
b(;x2(~1+ y3) + f e82(x2 cos(02) + ;(yl+ ~ 3 ) @ 2  sin(e2)) 

1 .  -- 2xi (91 + ~ 3 ) 5 2  - ~ 2 ~ 4  + f 5 4  ( ~ 1  + 93) 
- f 04 (x2 C O S ( ~ ~ )  - f (YI + 93) sin(04)) 

+mld(yl cos(Q2) - $1 sin(02) - c0s(0~)(b,y~ + b, arctan (7jl))) 
+m3d(x3 sin(02) - Y3 cos(O2) + cos(Q2)(bVy3 + b, arctan (jl3)))} 

2 
4 

m3 cos(83) (Mmoior3 + m3 (- jey3 ~0463)  - 52e sin (03) - 
- 2  

de82 cos(Q2 - 03) + de02 sin(02 - 193) 

I 
-(e2 + &)&) + e cos (03) (b& + bc arctan ($3))  

+h cos (03) (bvy3 + bc arctan (y3))) 
I =I- ~ 4 ~ 4  + k(fxa(yl+ y3) + f a 4  sin(82) - x2y4 - cos(02) 

-fa sin(04) + fy4 cos(04)) + b(jx4(y1 + jC?) + ;c&x~ COS(&) - ~ 2 ~ 4  

+ f ~ 8 2 ~ 4  sin(02) - fx482 cos(Q4) + y4i4 - fx4e2 sin(Bq)) 
The result of simulation using uniform motion is shown in figure 11. 

Because the model is still solved by the explicit integration routine the result 
is not satisfying. The result for the y2-sledge is becoming less then zero, this 
is a result of the small displacement and the high value for the friction force. 



Figure 4.2: Uniform Motion with Friction 

Meztra = Mmotorl - Mmotorg + ml (a i l  cos(Q1) - a21 sin(&)) - a cos (01) (bvyl + bc arctan (yl)) 
+g  cos (81) (bvyl + bc arctan (yl)) + m3(ey3 cos(Q3) - ex3 sin(63)) 

-e cos (Q3) (buy3 + bc arctan ( ~ 3 ) )  - h cos (03) (bvy3 + bc arctan ($3)) 

(4.8) 

When expression (4.8) is filled in the equations of motion the following 
result has been found (figure 4.3 ,uniform input). 



Figure 4.3: Equations of motion with extra moment 



Conclusion and 
Recommendat ions 

5.1 Conclusion 

The H-drive has to perform high-accuracy tracking. A problem is tilt ,caused 
by the movement of the x-sledge. The problem is to find an expression for the 
extra moment, offered to one of the parallel linear drive-modules (y-sledges) 
to prevent tilt. In order to find a solution the equations of motion are 
derived with and without friction. Special attention has been paid deriving 
the motor constant and the manner to model friction. 

The equations of motion are derived using Newton's Second Law and 
Angular Momentum Theorem. After deriving the equations of motion sev- 
eral simulations have been done. The results for the simulations are not 
satisfying. There are numerical problems. The used explicit integration 
scheme, Runge-Kutta, is not a proper manner to  solve differential algebraic 
equations. The model has not been validated using the experiments done by 
A. J. v.d. Voort. A proper explanation has not been found for the "strange" 
increasing second peak in the transfer function by moving the x-module. 

Implementing LuGre friction has also not been posssible because liter- 
ature did not give a proper value for the internal friction state. In the 
equations of motion is used for the friction force a combination of Coulomb 
and viscous friction. Using this representation statical friction is neglected. 

Finally an expression for the extra moment has been found. Simulating 
the system with this expression filled in tilt can be prevented. 



5.2 Recommendat ions 

0 In Robotics it is common to use Denavit and Hartenberg-notation. 
This notation is internationally used and makes it possible to resemble 
models of manipulators; 

Three propositions are made for a manner to model friction. (LuGre 
friction and the use of a sign or arctangens function) If it is possible to  
derive an expression for the internal friction state z the use of LuGre 
friction is desirable. LuGre friction is a new improved description for 
contact-point friction problem; 

0 In order to get better results for the inverse-dynamical problem the 
equations of motion can be gotten in the following forms: 

1. Unreduced system equations (used in this raport); 

2. Partially reduced system equations; 

3. Semi-state space representation. 

Algorithms for the solution of differential-algebraic equations are less 
developed. Proposals of how to  proceed are: 

0 1. Discrete integration (Direct integration of unreduced equations) 
The algebraic equations will be remodelled in second order differ- 
ential equations. The acceleration equations will be joined t o  the 
equations of motion and solved together. No attention is paid if 
kinematical constraints are valid; 

2. Constraint violations stabilization techniques Deviations of the 
kinematical constraints are used at the end of each integration 
step to make corrections in the next step. This method is a 
variant of discrete integration; 

3. Generalized coordinate partioning method The generalized coordi- 
nates will be divided in dependent and independent magnitudes. 
The system of differential equations will be formulated in terms 
of the independent magnitudes and integrated. Afterwards the 
dependent magnitudes are determined using the kinematical con- 
straints. 

Probably this methods will not solve the numerical problem. A resolu- 
tion wil be the use of an implicit Runge-Kutta method (Singly diagonally 



implicit Runge-Kutta methods, extrapolation givs rise to a further class of 
Runge-Kutta methods: par example implicit Euler scheme) or use a (vari- 
able order) solver based on the numerical differentation formulas. 
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Appendix A 

Equations of Motion 

The equations of motion are given by the second law of Newton and the 
angular momentum theorem: 

The abbreviation dm = (3 x (J, (3) is used. For this problem it is 
possible to prove that Grn is 6. 

For the H-drive obtains: 

The mass-matix and inertia-matrix are: 

+ 
Proof. H, = (3 x (J, - (3) =6 



dot-product: a b = [ a 1  a 2  a ] - 1 f: = + a2b2 + i.3b3 

E 

Using the figures 2 and 3 it is possible to derive and expression for the 
force ( A S )  and moment equilibrium (AX). 

u 2  u 3  u 1  u 3  = cross-product: u x v = 

where with i, j  = 1, ..., 4, are the body-bounded position vectors. For 
these vectors obtains that: 

i j k  
u 1  u 2  u 3  

v 1  v 2  0 3  

where R(0i) is the rotation-matrix and @ is the right-handed orthonor- 
ma1 vectorbasis. 



cos(Qi) - sin(Qi) 0 
cos (Qi) 0 

0 1 

." = [ c  qT 
For each body B' of the H-drive can be written: 

Substituting the expression for the mass and inertia-matix (A.4) in (A.5) 
and (A.6) give: 

The unknown internal forces (g l  and &) appear in the equations of 
motions (A.7) and (A.8). First (dynarnical) interest is going out to the 
movement the system makes taking the applied load into account. (The 
kinematical and energetic constraints are not forgotten). The second interest 
is for the internal forces. This forces will be eliminated out of the equations 
of motion. This can be done by solving them out (A.7). 



This gives the following result: 

The kinematical and energetic conditions are: 

Proof. The first and second derivative of the position vector are: 
+ 

i5+i32-221-F2=0 
rl = r2 - G~ x zI2 + i52 x zZl 
rl = r 2 - ~ l ~ ~ 2 - ~ 1 ~ ( ~ l ~ , - , 2 ) + w 2 ~ ~ 2 1 + + 2 ~ ( ~ 2 ~ z 2 1 )  

For the position vector, angular velocity and inertia-matrix hold: 

ji . z ~ 7 ~  = j.8.9 
2 2 2  

The expressions for the body-bounded position vectors are: 



Substitution in the equations of motion, ignoring friction, the following 
expressions can be derived: 

Due to the form only the z-component is interesting. 

First row from the matrix of equation (A.lO): 

Mmot,,, + ml(ayl cos(Q1) - axl sin(&)) = J ~ &  (A.17) 

Third row from the matrix of equation (A.10): 

MmotoT3 - m3 (eyg cos(Q3) - ex3 sin(Q3)) = J3Q3 (A.18) 

Second row from the matrix of equation (A.lO): 



+dx3 sin(02)) 

a Fourth row from the matrix of equation (A.10): 

When the kinematical constraints are taken into account: 
- 2  

B2 - Bla sin(&) + 8Za cos(Q1) + &d sin(&) + B2d cos(82) (:) = ( c2 - & a c o s ( ~ ~ )  + Qlasin(B1) - 2  - e2d cos(02) + 02d - 2  sin(&) 
0 

- 2  - 2  
Ic2 - e2d sin(82) - Q2d cos(02) - 83e sin(Q3) + Bye cos(B3) ( i)  = ( ji2 + e2d cos(82) - 6:a sin(&) + &3 cos(83) + Q3e - 2  sin(6g) 

0 
and make one assumption: 

I. The centre of mass of body B~ is in the middle on the x-beam: y2 = 
Y1+Y3. 

2 ' 

The equations of motion in state space notation are: 

T  
state : X = ( Y I  ~1 02 8 2  9 3  7j3 y 4 )  (A.21) 

i = ( $1 c1 ilBz 8 2  $3 $3 tj4 lT 
xi is an expression for the state space variable. 





Appendix B 

Transfer function 

The transfer-functions of the system contain a lot of useful information. The 
transfer-function is determined by moving the system with constant speed, 
also called jogging, injecting noise on input I (figure B.1). This is done to 
&-;- llllllliLte nm-line2r 2nd psition effects like cogging and friction. A weak 

controller C(s) is used to make the translator track the desired trajectory r 
needed for jogging. (The functions are determined by A. J. v. d. Voort) . 

I 1 n: noise I 

C H 

Figure B.l: Control loop 

x: position 

The noise n and the current-input f are measured and the transfer- 
function S(s) between these two signals are determined. Studying figure C1 
shows that S(s) can be expressed as (B.l). S(s) is the sensitivity (closed loop 
with PD-controller) De open loop transfer-function Hol(s) can be derived 
out of the measured sensitivity by dividing by each frequency in the transfer 
function of the sensitivity the controller out. 

Controller P lan t  I 



Using ( B . l )  the transfer-function of the H-Drive is calculated. The re- 
siilting traiisfer fznctions are disp!ayed ir, figures B.2 m d  I3.3. 

Figure B.2: Transfer function x-sledge 

I t  can been seen that the system behaves like several masses which are 
connected via springs and dampers. Until the first mass is decoupled at the 
first resonance frequency, the system behaves like a single mass as can be 
seen in the bode-plots (gain decreases 40 dB per decade if the frequency is 
expressed in rad/sec, phase is -180"). This is in accordance with the theory. 

The first resonance of the X-axis occurs at 161 Hz. The first resonance 
of the Y-axis at  110 Hz. Ignoring disturbances the equation of motion can 
be written as (B.2). (p = T). 

By fitting (B.2) on the part of the transfer function where the system 
behaves like a single mass, the parameter a can be determined. 



Figure B.3: Transfer function yl-sledge 

Parameter X-axis Y-axis 
a (N/Akd 8,06 3,60 
lumped mass (kg) 9,21 20,6 



Appendix C 

% Eerste Stage Modelvorming H-drive 
% Initiele E'l:e Sehorende Sij het rjioctel met en zonder wr?jving 
% pr0b.m 
% Woensdag 12 december 2001 
clear all; 
close all; 
clc; 
% Tijd 
to  = 0; % Starttijd [sec] 
tf = 2; % Eindtijd [sec] 
% Begincondities voor het model 
Xo = [0;0;0;0;0;0;0]; 
% Oplossen met behulp van een ...- routine 
[t,x]=ode45('hdrzwr',to:O.l:tf,Xo); 
% Weergeven van resulaten in figuren 
figure(1) 
plot(t,x(:,l),'b',t,x(:,5),'r') 
grid 
xlabel('Time [sec]') 
ylabel('Position Y-sledges [m] ') 
title('Position with a eenparige snelheid') 
legend('y1 = blue7,'y2 = red') 
figure(2) 
plot(t,x(:,3) ,'b') 



grid 
xlabel('Time [sec] ') 
ylabel('Angle theta2 [rad]') 
title('Ang1e between the sledges') 

function xdot=hdrzwr(t,x) 
% Eerste Stage Modelvorming H-drive 
% Functie-file behorende bij het model zonder wrijving 
% hdrzwr.m 
% Woensdag 12 december 2001 
% Initieren van bekende parameters (of global in m-file) 
% massa's en massatraagheidsmomenten: 
m l  = 20.3; % massa y-slede 1 [kg] 
m3 = 20.3; % massa y-slede 2 
m2 = i5; % massa x -ba i~  
11 = 0.2; 
12 = 0.4; 
J 1  = 1/3*m1*11A2; % massatraagheidsmoment y-slede 1 [kgmA2] 
J 3  = 1/3*m3*11A2; % massatraagheidsmoment y-slede 2 
J2 = 1/3*m2*12^2; % massatraagheidsmoment x-balk 
J 4  = 0.01; % massatraagheidsmoment x-slede 
% Aandrijfkoppels LiMMS: 
Ma1 = 1; % koppel y-slede 1 [Nm] 
Ma3 = 1; % koppel y-slede 2 
% Waarden voor lichaamsgebonden positie-vectoren: 
a = 0.1; % [m] 
c = 0.2; 
d = 0.01; 
e = 0.1; 
f = 0.2; 
% Waarden voor de translatie veer en demper: 
k = 10; % veerconstante [N/m] 
b = 0.701; % dempingsconstante [Ns/m] 
% Constraints I: 
t h l  = 0; % Geen hoekverdraaiing mogelijk door y-sledes 
thdotl  = 0; 
thddotl  = 0; 



th3 = 0; 
thdot3 =O; 
thddot3 = 0; 
% Constraints 11: 
x2 = 0; % x-balk kan niet zich niet verplaatsen in x-richting 
xdot2 = 0; 
xddot2 = 0; 
xddotl = 0; 
xddot3 = 0; 
% Ingangssignaal: 
udot = 0.5; % snelheid [m/s] 
u = le-6; %+udot*t; % positie [m] 
% Weergave van model zonder wrijving 
% Model in State Space notatie[yl ydotl theta2 thetadot2 y3 ydot3 y4]: 
xdot(1) = x(2); 
xdot(3) = x(4); 
xdot(5) = x(6); 
th4 = x(3); 
thdot4 = x(4); 
thddot4 = xdot(4); 
xdot (7) = (l/(b*u)) *(k*(0.5*u*(x(l)+x(5))-x2*x(7)+0.5*~* (u"sin(x(3))- 

x(7)*cos(x(3)))+ ... 
fk(x(7)*cos(th4)-u*sin(th4)))+b*(O.5*u*(x(2)+~(6))-xdot2*~(7) +0.5*c*x(4)*... 
(u*~0~(~(3))-~(7)*sin(x(3)))+x(7)*udot-P(x(7)*sin(th4)-u*cos(th4)))-J4*thddot4); 
xdot (6) = 2/(m3*e*cos(th3))*(Ma3+m3*(e*xddot2*sin(th3)-0.5*xdot (2)*cos(th3)- 

... 
d*e*xdot(4)*cos(x(3)-th3)+d*e*(x(4) -2)*sin(x(3)-th3)-((eA2)+J3)*thddot3)); 
xdot (4) = 1/(J2)*((k*(0.5*c*(x2*sin(x(3))-0.5*(x(1)+~(5))*~0~(~(3)))- 

x2*x(7)+ ... 
0.5*u*(x(l)+x(5))-P(x2*sin(th4)-0.5*(x(1)+x(5))*c(th4))))+.. . 
b*(0.5*x2*(x(2)+x(6))+0.5*c*(x2*cos(x(3))-0.5*(x(l)+x(5))*sin(x(3)))- 

0.5*xdot2*(x(l) +x(5))-x2*xdot(7)+0.5*(x(l)+x(5))*udot+F(x2*cos(th4)- 

0.5*(x(l)+x(5))*sin(th4)))+ml*d*(xdot (2)*cos(x(3))-xddotl*sin(x(3)))+ ... 
m3*d*(xddot3*sin(x(3))-xdot (6)*cos(x(3)))); 
xdot(2) = 2/(ml*a*cos(thl))*(Mal+ml*(O.5*a*xdot(6)*cos(thl)-xddot2*a*sin(thl)- 

d*a*xdot(4) *cos(thl-x(3))-d*a*(x(4) A2)*sin(thl-x(3))-((â 2)-Jl)*thddotl)); 
xdot = xdot'; 

5 1 



function xdot=hdrzwr(t,x) 
% Eerste Stage Modelvorming H-drive 
% Functie-file behorende bij het model met wrijving 
% hdrzmrm 
% Woensdag 19 december 2001 
% Initieren van bekende parameters (of global in m-file) 
% wrijvingsconstanten: 
bv = 16; % visceuze wrijving 
bc = 5; % Coulombse wrijving 
% massa's en massatraagheidsmomenten: 
m l  = 20.3; % massa y-slede 1 [kg] 
m3 = 20.3; % massa y-slede 2 
m2 = 25; % massa x-balk 
11 = 0.2; 
12 = 0.4; 
J 1  = 1/3*m1*11A2; % massatraagheidsmoment y-slede 1 [kgmA2] 
J 3  = 1/3*m3*11"2; % massatraagheidsmoment y-slede 2 
J2 = 1/3*m2*12"2; % massatraagheidsmoment x-balk 
54 = 0.2; % massatraagheidsmoment x-slede 
% Aandrijfkoppels LiMMS: 
Ma1 = 0.01; % koppel y-slede 1 [Nm] 
Ma3 = 0.01; % koppel y-slede 2 
% Waarden voor lichaamsgebonden positie-vectoren: 
a = 0.1; % [m] 
c = 0.24; 
d = 0.45; 
e = 0.1; 
f = 0.12; 
g = 0.12; 
h = 0.12; 
% Waarden voor de translatie veer en demper: 
k =0.5; % veerconstante [N/m] 
b = 0.01; % dempingsconstante [Ns/m] 
% Constraints I: 
t h l  = 0; % Geen hoekverdraaiing mogelijk door y-sledes 
thdotl  = 0; 
thddotl = 0; 
th3 = 0; 



thdot3 =O; 
thddot3 = 0; 
% Constraints 11: 
x2 = 0; % x-balk kan niet zich niet verplaatsen in x-richting 
xdot2 = 0; 
xddot2 = 0; 
xddotl = 0; 
xddot3 = 0; 
% Ingangssignaal: 
udot = 0.45"t; % snelheid [m/s] 
u = udot*t+le-6; % positie [m] 
% Weergave van model zonder wrijving 
% Model in State Space notatie[yl ydotl theta2 thetadot2 y3 ydot3 y4]: 
xdot(1) = x(2); 
xdot (3) = x(4); 
xdot(5) = x(6); 
thd = x(3); 
thdot4 = x(4); 
thddot4 = xdot(4); 
xdot(7) = (l/(b*u))*(k*(0.5*u*(x(1)+x(5))-x2*x(7)+0.5*c*(u*sin(x(3))- 

x(~)*cos(x(~)))+ ... 
F(x(7)*cos(th4)-u*sin(th4)))+b*(0.5*u*(x(2)+x(6))-xdot2*x(7)+0.5*c*x(4)*... 
(u"cos(x(3))-x(7) *sin(x(3)))+x(7) *udot-P(~(7)*sin(th4)-u*cos(th4)))-J4*thddot4); 

xdot(6) = 2/(m3*e*cos(th3))*(Ma3+m3*(e*xddot2*sin(th3)-0.5*xdot(2)*cos(th3)- 

... 
O.5*(x(l)+x(5))*sin(th4)))+m1*d*(xdot(2)*cos(x(3))-xddotl*sin(x(3))+... 
-cos(x(3))*(bv*x(2)+bc*atan(x(2))))+m3*d*(xddot3*sin(x(3))-xdot (6)*cos(x(3))+ ... 
cos(x(3))*(bv*x(6)+bc*atan(x(6))))); 

xdot (2) = 2/(ml*a*cos(thl)) *(Mal+ml*(0.5*a*xdot (6)*cos(thl)-xddot2*a*. . . 
sin(th1)-d*a*xdot (4)*cos(thl-x(3))-d*a*(x() -2)*sin(thl-x(3))- ... 
((aA2)-(Jl/ml))*thddotl)+a*cos(thl)*(bv*x(2)+bc*atan(x(2)))-... 



g*cos(thl)*(bv*x(2)+bc*atan(x(2)))); 
xdot = xdot'; 



Appendix D 

Introducing Friction 

In appendix A the equations of motion without friction are derived. Now 
friction is substitued in the equations of motion. 

Substitution of (A.ll)  ti1 (A.16) and (4.5) the following expressions can 
be derived. (Due to the form only the z-component is interesting). 

First row from the matrix of equation (A.lO): 

(""'a'")) (;) = (  
0 

m l  asin(O1) 0 
amlyl cos(Q1) - amlxl sin(&) 



a cos(Q1) 0 0 ( a si281) ) x - ( buyl + b arctan (Gl) 0 
0 -a cos (01) (b,yl + bc arctan (yl)) 

The z-component is: 

Mrnotoq + ml (ayl cos(Q1) - ax1 sin(81)) - a cos (Q1) (bvyl + bc arctan (7jl)) 
+g cos (81) (b,yl + bc arctan ($1)) = Jlel 

(D-1) 

Third row of the matrix of equation (A.lO): 

Mmotor3 - mg(ey3 cos(&) - ex3 sin(&)) + e cos (63) (buy3 + bc arctan ($3)) 
+h cos (83) (bvy3 + bc arctan ($3)) = J3o3 

(D-2) 

e Second row of the m&ix of equation (A.?O): 

The z-component: 

~ 2 8 2  = k ( 0 . 5 ~ ~ 2  sin(Q2) - 0 . 5 ~ ~  cos(Q2) - X294 - fx2  sin(Q4) + x4y2 - fy2 cos(Q2) tfD.3) 

b(x2$2 + 0 . 5 ~ ~ 2 8 2  cos(Q2) - yak2 + 0.5cy282 sin(Q2) - ~ ~ $ 4  - fx204 cos(04) 

+y2k4 - fy282 sin(84)) + ml(di1 cos(Q2) - dxl sin(Q2)) - ~ c o s ( Q ~ ) ( ~ , $ ~  + 
+bc arctan ( y ~ ) )  - m3 (dji3 COS(&) + d23 sin(&)) + d c ~ s ( Q ~ ) ( b ~ $ ~  + bc arctan ($3)) 

When the velocity of both y-sledges is the same friction has no influence 
on the motion of the x-beam. 

In the fourth row of the matrix of equation (A.lO) no expression for 
the friction is to be found. 

Taking the kinematical constraints into account: 

5 2  + aQ1 sin (81) + do2 sin (82) (:) = ( 7j2 - a& cos (01) - do2 cos (02) 
0 



i2 - dB2 sin (82) + eQ3 sin (03) (;) = ( $2 + dB2 cos (82) + eQ3 cos (03) 
0 

and the assumption made i n  appendix A(y2 = -),the equations o f  
motion in state space notation axe: 

T 
x = ( Y l  $1 02 02 y3 $3 y 4 )  state : . T (A.21) 
X = ( Y I  8 2  82 $, y3 j4 ) 

x f  is an expression for the state space variable. 

x ;  
{-Mmotm + m1 ( f a y 3  cos(Q1) - x2a sin(&)- 

ml cos(81) 
.2 

da82 cos(Q1 - Q 2 )  - daQ2 sin(& - Q 2 )  J- 8 + a cos (01) (bvG1 + bc arctan ($1))  -(a2 + $1 1 )  

-g cos (01) (bWyl + bc arctan ($1))) 

1 
4 

J;{k($e(x2  ~ ~ ~ ( ~ 2 )  - (yl + y3) cos(Q2)) - x2Y4 
+;x4 (~1  i- ~ 3 ) x 4  - f ( f ( y 1  + y3) cos(Q2) - fx2 sin(Qq))+ 
b ( f x 2 ( ~ 1 +  $3) + f cep(x2 cos(Q2) + $(yl + w)& sin(02)) 

1 - -- 
2 X? ( ~ 1  + y3)52 - 2 2 6 4  + $&4(y1 + 113) 

- f  64 (x2 cos(Q4) - f (yl + 93) sin(Q4)) 
+nzld(yl cos(Q2) - xl sin(Q2) - C O S ( Q ~ ) ( ~ , $ ~  + bc arctan ( y l ) ) )  

+rngd(x~ sin(Q2) - y3 cos(Q2) + cos(Q2)(bV7j3 + bc arctan ( y 3 ) ) ) )  

2 
G 

,, ,os(s3) {MmotW3 + m3 (- f ejr3 cos(Q3) - x2e sin(&)- 
- 2  

de02 cos(Q2 - Q3) + deQ2 sin(& - Q3)  

-(e2 + $)03) + e cos (83) (bwW + bc arctan ( j r 3 ) )  
+h cos (83) ( h y 3  + bc arctan (j13))) 

1 &{-~434 + k( fx4(y1+ 33)  + 3 m 4  sin(&) - x2y4 - f eya cos(Q2) 
f x 4  sin(Q4) + fy4 cos(Q4)) + b(fx4($1+ $3) + f ~42x4 C O S ( Q ~ )  - i 2 y 4  

+$ c&y4 sin(&) - fx4& c0s(Q4) + y4i4 - fx4B2 sin(O4)} 

(D.4) 


