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1 Introduction 

The finite element method (FEM) is the traditional numerical tool used for the vibration analysis of 
complex engineering structures. In the past years the development of simulation methodologies that 
allow for the optimal design of engineering structures has become increasingly important. However, 
in  the development stage, experiments are necessary to provide comparison data that will allow to 
validate the results of the numerical methods. Experimental modal analysis is one of the most widely 
used tools to extract information over the dynamic behaviour of structures. 
When structures are very complex and computing times increase, we could also reduce the system 
equations using experimental data. With Component Mode Synthesis (CMS), the system is divided i n  
substructures and the subsystem-equations wiii be reduced using free inteiface mode shapes, 
boundary DOF and residual terms. After this reduction of subsystem equations is applied to all the 
subsystems, they are coupled and we are able to describe the dynamical behaviour of the entire 
structure. In this report, we only take a look a t  the reduction of one subsystem. 
The transformation matrix, which is used to reduce the subsystem equations, contains natural 
frequency and free interface mode shapes from the kept modes, which can be determined using 
Experimental Modal Analysis. Furthermore, the transformation matrix contains (a part of the) 
residual stiffness matrix and a residual mass matrix. The latter is approximated using smallvalues 
on the diagonal. The residual stiffness is the subject of this report. This residual flexibility can be 
computed, but we want to find out if it is possible to determine the residual stiffness from 
measurements. So the objective is: 

Can the residual flexibility matrix be determined experimentally? 

For comparison, we compute the residual flexibility from analytical formulas and using a Finite 
Element model a s  well. 

After the introduction, in the second chapter, we will have a look at Component Mode Synthesis and 
the equation for the residual flexibility matrix will be determined. In chapter 3, natural frequencies 
and mode shapes for a cantilevered beam are determined. This will be done using analytical 
formulas and using a finite element model. We also found analytical formulas for a cantilevered 
beam in a non-ideal clamp or when a mass, such as  accelerometer, is attached. So the influence of 
these factors can be determined. The computation of residual flexibilities is the subject of chapter 3. 
In chapter 5, the experimental set-up will be treated and in chapter 6, we will show the results of the 
measurements. We will end with conclusions and recommendations. 
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2 Component Mode Synthesis 

In this chapter, a Component Mode Synthesis (CMS) technique, based on free-interface eigenmodes 
and residual flexibility modes, will be considered. This technique was employed by Craig and Chang 
and modified by Martinez et al. [5] 
Component Mode Synthesis is used to assemble a system model using reduced components or 
subsystems. Avery simple structure can be seen i n  figure (1.1). This clamped beam can be  divided in 
two identical subsystems, namely cantilevered beams. In the first stage of CMS, the number of 
degrees of freedom (DOF) of the original model of a substructure is reduced, leading to a reduced 
component-model, which contains boundary DOF and generalised DOF. The latter correspond to the 

free-interface mode shapes. Not all free iiiterface 
system model w mode shapes are kept. The deleted free-interface 

modes will determine the residual flexibility matrix 
G. The latter approximate the contribution of the 
deleted high frequent free-interface modes on the 

+ x L {  dynamics in the low frequency range. In the  second 
stage of the CMS the reduced component models 

substructure I substructure II will be coupled to form the reduced system model. In 
caupllng d o h  

this report, the focus will be on the first stage of 
Figure 2.1 substructures CMS, i.e. the reduction process of a substructure. 

In this chapter we introduce the CMS technique in order to understand the residual flexibility 
concept and how this is used in CMS. A more thorough treatment can be found in appendix 1. 

We assume a slightly damped or undamped mechanical system, so  the discretized equations of 
motion can be stated as: 

where M and K are the mass and stiffness subsystem matrices, Z and& are the acceleration and 

displacement vectors, and f contains the loads applied on the subsystem. 5 and f can be  - - 
partitioned in two parts, 

where 5, contains the boundary DOF, which will be loaded, e.g. by the adjacent substructures and 

xI contains unloaded DOFs, the so-called internal DOF. f contains the boundary forces. Next, the 
-B 

eigenfrequencies wz and free-interface eigenmodes 4 can be determined, by solving the 
- 1 

eigenvalue problem (- o : ~  + K)@ = 0.  The modeshapes4 are mass-normalized: 
-1  -1 

q 5 i T ~ 4 ,  - 1 = 1 and - @,'K$. - 1  = mi2 

The following Ritz-approximation for & will be made: 
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where Q k  contains the kept free-interface eigenmodes, with eigenfrequencies below a user-defined 

cut-off frequency Go, . 

The column vector of generalized coordinates q is divided in the DOFs q , associated with the kept 
- - k  

free interface modes, and q , associated with the residual flexibility modes: q = 
-B - [al]. The 

matrix GB is  a submatrix of the residual flexibility matrix G . , finally, is the transformation 

matrix that re!ates q to x. 
- - 

The flexibility matrix is defined as the inverse of the stiffness matrix: 

where nk is the number of kept modes and N is the total number of modes of the subsystem. For 

simplicity, it is assumed that the component has no rigid body modes, so K - I  exists. The second 
term of this equation is considered as residual flexibility and therefore the residual flexibility matrix 
can be defined as: 

which can be partitioned in four parts: 

T 
where G,, is  a n,*n, matrix, GBB a ng*nB matrix and GIB = GBI a nl * na matrix. Note that N = nl + 

nB. In principle, G can be determined using equation (2.5), i f  solutions for mode shapes and natural 
frequencies are available. However, for large N, this approach will become cumbersome. 
Furthermore, to find an exact solution for the residual flexibility using (1.5), a sum to infinity is 
needed. In an analytical or numerical approach i t  is far more efficient and accurate to determine the 
residual flexibility matrix by subtracting the contribution of the kept modes from the complete 
flexibility matrix : 

T 
Now, by substitution of (2.3) in (2.1), followed by pre-multiplication with I; the reduced component 

equations can be derived: 
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The submatrices of the reduced massmatrix are defined as: 

I ,  = a k T ~ a k  and HBB = G B T ~ G B 1  

The submatrices of the reduced stiffness matrix are defined as: 

2 T R, = a k T ~ C D ,  and GBB =GB KG, 

Note: In Literature, the H,, - matrix from equation (1.9) will sometimes also be denoted as 

residual mass, but is  a different quantity. 
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3 Natural frequency and m o d e  s h a p e  

In chapter 2, we have seen the residual flexibility matrix can be 
determined when the natural frequencies and mode shapes are 
known. In this chapter, we will take a look at the natural 
frequencies and mode shapes of a cantilevered beam (a beam, that 
is clamped at  one end and free at the other end [2]). 
We will determine natural frequencies and mode shapes using the 
analytical approach and a finite element (FE) approach. In section Figure 3.1 Cantilevered beam 

3.4, we take a look at  analytical solutions for beams with a non-ideal clamp and accounting for the 
mass of the acceierometer. 

3. I Anal 'ca l  formulas for natural frequency and mode shape 

The natural frequencies and mode shapes of a cantilevered beam are exactly known and the 
formulas can be found in the literature [I]. Robert Blevins made some assumptions, on which his 
formulas are based. Because we have to reckon with these assumptions, they are listed below: 

The beams are uniform along the span 
The beams are composed of a linear, homogeneous, isotropic elastic material. 
The beams are slender. The dimensions of the beam cross section are much less than the length 
of the beam or the distance between vibration nodes. Rotary inertia and shear deformation are 
not considered. 
Only deformations normal to the undeformed beam axis are considered. Plane sections remain 
plane. 
No axial loads are applied to the beam. 
The shear centre of the beam cross section coincides with the centre of mass (i.e. the plane of 
vibration is also a plane of symmetry of the beam), so  that rotation and translation of the beam 
are uncoupled. 

In figure 2.2 the definition forx and Y is shown. These parameters are used to express the mode 
shapes. 

lalSlOEVlEWDF BEAM 

Figure 3.2 definition of x and Y 

For computing the natural frequencies and mode shapes, also boundary conditions are necessary. 
For a clamped boundary, this can be expressed as: 

which holds forx=O and means: no translation and no rotation. The rigid clamping applies a reaction 
force and a moment on the beam, which realises the boundary conditions given in (3.1). 
The deformation of the beam due to the vibration can be expressed by a summation over all modes 
i, which also denotes the number of half waves i n  the mode shape. 
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Where denotes the ith natural frequency, yi denotes the mode shape and 4 and &are constants 

that can be determined by setting the beam in motion. 

The natural frequency (Hz) can be expressed as: 

Where: ki = dimensionless parameter, depends on boundary condition and properties of the 
beam (mass, moment o f  inertia, e.g.) 

E = modulus of elasticity [ ~ / m ~ ]  
I = moment of inertia of beam about neutral axis [m4] 
L = length of beam [m] 
m =mass of beam per unit Length [kg/m] 

The mode shape can be expressed as 

The parameters Al and o, can be determined for a clamped boundary from the equations: 

A table with Al and or can be found in appendix 2 (table A2.1). More information about this 

equations can be found in [I]. 

These equations are implemented in MATLAB, to plot the mode shapes. (see fig. 3.5: analytical and FE 
solutions o f  the first four mode shapes.) 

Similar formulas can be found for the rotations o f  the beam. 
These can be derived using fig. 3.3 
If  we take a look at the element as presented in fig. 3.2, we can 
see, the angle 4 can be defined as: 

dx 
dy tanp = - 
dx  

(3.6) 
Figure 3.3 definition of cp 

dv which may be approximated by @ = - i f  4 << 1 
dx 

Therefore, an analytical solution for the rotation of the elements can be derived by differentiating the 
translational modeshape with respect to x. 
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for i=l,2,3, ... 

3.2 finite element solutions for natural frequencies and mode shape 

3.2.1 Model 

Using a finite element approach, obviously a finite element modei of the beam must be buiici before 
we are able to compute the natural frequencies and mode shapes. In this case, we make use o f  a 
simple 2-D flexible Euler-beam element as derived in [4]. 

The relation between force and/or moment f applied and the degrees of freedom u_ can be written - 
as: 

The positive directions of the degrees of 
freedom and applied forces and moments are 
defined as i n  figure 3.4 Figure 3.4 definition of DOF 

The element stiffness-matrix K o f  an Euler-beam (no shear) can be defined as K = J B ' D B ~ V ,  
ve 

where B is  a function, which denotes the place o f  the DOF within the element, defined as B = aN. 
N contains the shape functions forthe element. D Is the local stiffnessmatrix. This results in the 
following consistent element stiffness matrix: 

where E is the elasticity modulus [ ~ / m ~ ] ,  1 is the length of the element [m] and I, is the second 
moment of area [m4]about the z-axis (as defined in figure 3.4). In case o f  a rectangular cross-section, 
the second moment of area is defined as: 

bh3 
I = - , where b is the width and h is the height of the beam [m], [2]. 
" 12 
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The mass-matrix is defined as M = S p i V T ~ d v .  This results in the following consistent element 

K 

mass matrix M : 

where p = density of the beam [kg/m3] 
A = surface area of the beam [m2] 
I = length of the beam [m] 

Obviously, the number of beam elements to be used in the model of the cantilevered beam (figure 
3.1) must be chosen so high, that the highest eigenmode below the cut-off frequency can be 
described accurately. 
Further explanation on the element mass and stiffness matrix of the Euler beam element can be 
found in literature 141. 

3.2.2 Cantilevered beam in ideal clamp 

In case of ideal clamping, the degrees of freedom i n  the clamp are completely suppressed. Therefore 
these degrees of freedom are simply removed from the assembled element matrices. 
The mass matrix and stiffness matrix are determined and the eigenvalue problem 

(- @:M + ~b = 0 is solved to determine the eigenvalues and eigencolumns with MATLAB. The 
- I  

eigencolumns represent the mode shapes, the eigenvalues represent mi2, which is the square of the 
natural frequency i n  rad/s. 

This eigenvalue problem has been implemented in MATLAB (see appendix 1). Results are presented i n  
the following section. 

3.3 Comparison of analytical and finite element solutions 

To be able to compare the solutions for the natural frequencies computed using the analytical and 
the FE approach, we must use the same units, which will be Hz. The mode shapes represent - as the 
word says - only the shape of the response. With the MAC number we are able to find the correlation 
between modes, independent for normalization of the mode shapes. 

Before comparing the analytical and FE solutions for natural frequency and mode shape, we list the 
parameters used for computing the finite element mode shapes: 

E = 2, l  e l l  ~ / m '  (steel) 
p = 7850 kg/m3 (steel) 
L = 0,35 m 
b = 0,04 m 
h = 0,01 m 
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3.3.1 Comparison of anal'cal and finite element natural frequencies 

The first 1 0  natural frequencies are computed using the analytical formula (3.3) and by solving the 
eigenproblem of  the mass- and stiffnessmatrix using 10, 30 or 100 elements. The results are shown 
in  table 3.2. The error is defined as: 

In this table, we can see that the first three natural frequencies are almost perfectly matched with 
the analytical solution. When we use more elements, the higher frequencies also match better. Note 
that, i f  not correct, the numerical computed natural frequencies are always higher than the analytical 
solutions. 

Table 3.1 Numerical solutions for natural frequencies and errors w.r.t analytical solutions 

3.3.2 Comparison of ana/yfical and finite element mode shapes 

3877,O 
5792,O 
8089,O 
10769,O 
13833,O 
17279,O 

in  figure 3.5 can be seen that the lowest four finite element and analytical eigenmodes correspond 
very well. Forthis picture, the numerical solutions for the mode shapes are computed with a 
numerical model containing 30 elements. The numerical results are represented with the *. 

3887,O 
5823,O 
81 70,O 
10945,O 
14152,O 
17593,O 

The Modal Assurance Criterion (MAC) is a widely used technique to determine the degree o f  
correlation between different modeshapes. The MAC-number is defined as: 

modeshapes of first four modes - analytfcal and numerical -translations 

. 0,2579 
0,5352 
1,0014 
1,6343 
2,3061 
1,8172 

1 
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-2 

2 f 4  
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/ 
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2 I 

3877,O 
5792,O 
8090,O 
10772,O 
13839,O 
1 7290 ,O 

0  0  1 0 2  0 3  0 4  0.5 0 6  0 7  0 8  0 9  1 
x/L 

Figure 3.5 Analytical and FE solutions for first four mode shapes 

0,0000 
0,0000 
0,0124 
0,0279 
0,0434 
0,0637 

3877,O 
5792,O 
8089,O 
10769,O 
13833,O 
17279,O 

0,0000 
0,0000 
0,0000 
0,0000 
0,0000 
0,0000 
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The MAC-value is always between 0 and 1. A value of one means that one of the modes is just a 
multiple of the other, orthe same mode without normalization. Both modes must have the same 
number of DOFs. The analytical modeshape and numerical modeshapes are computed and the MAC- 
number is determined using these modeshapes. [3] So MACij represents the correlation between 
numerical mode shape i and analytical mode shape j. Because in this case we know the modes are 
the same (first analytical mode = first numerical mode), we are only interested in the diagonal terms 
o i the MAC-matrix. T ie  MAC numbers for the first 10 modes, for a different number of eiements, is 
presented in table 3.2. 

Table 2.2 Diagonal terms of MAC matrix 
Diagonal Terms of MAC matrix 

I number ot elements 

The following remarks can be made on these results: 
- The first 3 modes can be computed very accurately, even with only 5 elements 
- The more elements we use, the better the match with analytical mode shapes 

3.4 Ana/flica/so/utions for non-ideal situations 

In literature, also analytical solutions can be found for 
a Pinned-Free beam with a torsion spring at the pinned 
joint [I], see figure 3.6. The same formula for natural 
frequency can be used: 

i-\-L ------4 112 

= &(:) for i=1,2,3, ... (3.3) 
Figure 3.6 Pinned-Free beam with 
torsion spring at the pinned joint 

But in this case, other values for i$ must be used, 

k_L 
which depend on - , where k is  the stiffness o f  the torsion spring. These values are listed in table 

El  A 

A2.2, appendix 2. 

Using table A2.2 and (2.3)+, natural frequencies can be determined. These are presented in table 
2.3. for several values for the torsional stiffness o f  the spring. Note that the rotational stiffness of 
the beam is EI/L. 
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Table 3.3 Natural frequencies for non-ideal clamp 

From this data, we can conclude the frequency o f  the tested beam wi l l  be smaller because the clamp 
is not infinitely stiff. The absolute difference between the ideal analytical solution and the analytical 
solution for a pinned-free beam with torsion spring increases for higher frequencies, the relative 
difference decreases. 

Natural frequencies for non-ideal clamp 

When the accelerometer is attached for measuring the FRF, 
the structure slightly changes because of the mass 
attached at the end of the beam (see figure 3.7). We wil l  
take a look at the influence of adding a mass at the end o f  
the beam on natural frequencies. In literature, we found 

I- _I equations for the first natural frequency o f  a beam with 

torsion spring and point mass [I]. Values for A, for several 

ideal analytic 
solution 
68,2 

427,4 
1 196,8 
2345,3 

Figure 3.7 Pinned-Free beam with values for spring stiffness and mass can be found in table 
torsion spring at the pinned joint and 
mass at the end of the beam A2.3, appendix 2. 

Equation (3.3) can be used to determine the first natural frequency. Solutions are presented in table 
3.4. The accelerometers used for experiments weigh about 5 (translational) and 10 g (rotational). 

3877,O 3478,O 3593,2 
5791,5 1 5294.1 1 5423,O 

tors~on stlttness Nmlrad 

Table 3.4 Lowest natural frequency for extra mass on beam and torsion spring 

Lowest natural frequency for extra mass on beam 

k L / t l  - 1 - 

30,2 

31 5,2 
987,3 
2042,O 

ideal analytic extra mass [gl 
torsion stiffness 

solution U I 1 U,99 

Note that the influence of an extra mass attached to the beam decreases the natural frequency o f  the 
system. The more flexible the clamp is, the largerthe influence of the attached mass. However, the 
contribution of the extra mass on the difference between ideal analytic solution and non-ideal 
situation is relatively large for rather stiff clamps. 
We may conclude that a difference between analytical solutions and measurements o f  about 5% can 
be added to the influence of a non-ideal clamp and adding the extra mass of the accelerometer. 

k L / t l  10 - - 

S / , 6  

375,6 
1077,O 
2146,8 

k L / t l  100 - - 

66,Y 

41 9,4 
11 75,l 
2304,7 
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4 Computed residual flexi bilities 

In this chapter, the residual flexibilities at the end of the beam are computed usingthe analytical 
and finite element approach. 

In chapter 1, we have seen that the reduced mass- and stiffnessmatrix are defined as: 

&ifR =['U O 1, where ikk = @ k T ~ ~ k  and XBB = G,IMG~ 

0 HBB 

2 
where Qkk = a k T ~ a k  and GBB is a nBxnB matrix, the right lower part o f  the residual flexibility 

matrix G, which is defined as 

G = 2 a and partitioned as G = 
z=nk+l mi 

From (4.3) we can see, that only GB is needed in case we want to reduce the subsystem equations. 

Note that, for computing GBB we only need the DOFs at the end o f  the beam. 

4.1 Anal 'ca l  solutions for the residual flexibility 

When using the analytical approach, the residual flexibility is not a matrix with residual flexibilities 
in certain DOF's, but a function of x. So: 

where xl and x2 are both coordinates on the beam (as defined in figure 2.1). This equation must yield 
the same values as the numerical residual flexibility matrix, but only for translation components. To 
determine the other terms, we can use equations (4.5) and (4.6). 



For analytical solutions, an infinite number of natural frequencies and corresponding mode shapes 
can be determined. In table 4.1 we can see the results for accounting for a certain number of deleted 

4i,tr2 ('1 
mode shapes and for nk=l and nk=4. In table 4.1 g-tt denotes g(L,L)  = x , 

i=n,+l mi 

4 i ,m t2  ('1 
and g-rr denotes g(q(L) ,p(L))  = 

i=n,+l mi 

Table 4.1 Analytical solutions for residual flexibilties 
Analytical Solutions 

for 1 kept mode 

In  this table, we ca 

for 3 kept modes 

see, the first modes contribute most to the flexibility. When we keep 3 modes 
instead of 1 mode, the residual flexibility becomes 25 times smaller for g-tt, 10  times for g-tr and 5 
times for g-rr. 
Furthermore, we can see this residual flexibility does not change significantly if we account for more 
than 9 or 10 modes, however we do not account for mode number 11 till infinite, i n  that case. To 
determine the exact solution of the residual flexibilities, we return to the flexibility matrix a s  in (4.7). 
The solution for the residual flexibilities for an infinite number of modes can be determined by 
extracting the contribution of the kept modes from the flexibility of the beam. 

The flexibility of a cantilevered beam can be determined from the formulas given in appendix 2: 
Analytical solutions for flexibility of a beam. 
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Results for several positions on the beam are presented in table 4.3. The first column (x/L) denotes 
the position of the impact 

Table 4.2 Exact analytical solutions for residual flexibilities 

txact analytical solutions tor resldual flexibll~tles 

Note that the residual flexibilities for 1 kept mode corresponds with the second mode shape and for 
3 kept modes with the fourth mode shape, so mode n k + l  has great influence on residual flexibility. 

When we compare the results of table 4.2 with the residual flexibility we computed using the 
contribution of the deleted modes and the exact solutions (table 4.1), we can see there is a 
difference o f  about 1% for g-tt for 1 kept mode, and 18  % for 3 kept modes. For g-tr this difference 
is 4% for 1 kept mode and 31% for g-tr. For g-rrthis difference is 19  %for  1 kept mode and 55 % for 
3 kept modes. 
The reason for the differences between those approaches are: 
- The first mode shapes can be determined very accurate. Mode shapes for higher frequencies are 

more difficult to determine. So, using the kept mode shapes and the exact value for the 
flexibility of the beam is more accurate than using the deleted modes to compute the residual 
flexibility. 

- The contribution of the highest mode shapes are very small. That is why truncation errors play a 
role in the accuracy when computing the residual flexibility using the deleted modes. 

The differences for residual flexibilities computed with accounting for a number o f  deleted modes 
and computed using the stiffness of the beam and the kept modes are bigger for the residual 
flexibilities associated with rotations. That is  because these mode shapes are larger, especially for 
higher modes (see figure 2.5 for first four mode shapes). 
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4.2 finite element solutions for the residual flexibility 

In this section, a finite element approach is used to determine the residual flexibility matrix G,, 
again. Again the residual flexibilities are calculated in two ways. In table 4.3, we use: 

Table 4.3 Finite element solutions for residual flexibility 

Finite Element Solutions, 10 elements 
tor 1 k e ~ t  mode tor 3 k e ~ t  modes 

In this table, we can see the residual flexibilities for one kept mode can be determined with a relative 
small error (see table 4.1 for corresponding analytical solutions and 4.2 for exact analytical 
solutions). Forthree kept modes, this is more difficult. Furthermore, the solution keeps on changing 
when adding another mode. g-tt, g-tr and g-rr are defined as  in  table 4.1. 
The residual flexibilities for 1 kept mode can be computed within 1% error for g-tt and for g-rt. G-rr 
however is very inaccurate. 

In table 4.4 and 4.5, the residual flexibilities at the end of the beam are computed using equation 
(4.8) for several number of elements i n  the model. 

The relative error i n  table 4.4 and 4.5 is defined as: 

where g,,,, is the exact analytical solution from table 4.2. 



Table 4.4 Finite element solutions for residual flexibilities for 1 kept mode 

Finite element solutions for residual flexibilities, 1 kept mode 

f elements 

10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
110 
120 
130 
140 
150 

error (%) 

0,005/2 
0,00042 
0,00018 
-0,0001 7 
-0,00003 
-0,00027 
-0,00036 
-0,00039 
0,00568 
-0,00435 
0,00508 
-0,00266 
0,00473 
0,00031 
-0,00809 

error (%) 

0,00168 
0,00037 
0,00031 
0,00022 
0,00026 
0,00021 
0,0001 9 
0,000? 5 
0,00166 
-0,00078 
0,001 80 
-0,00040 
0,00162 
0,00054 
-0,00241 

Table 4.5 finite element solutions for residual flexibilities for 3 kept modes 
Finite element solutions for residual flexibilities, 3 kept modes 

f elements 

70 
20 
30 
40 
50 
60 
70 
80 
90 
100 
110 
120 
130 
140 
150 

error (%) 

0,3353 / 
0,02161 
0,00535 
-0,00376 
-0,001 38 
-0,00649 
-0,00843 
-0,00908 
0,11413 
-0,08948 
0,10182 
-0,05519 
0,09466 
0,00517 
-0,18478 

error (%) 

0,10608 
0,00421 
-0,00126 
-0,00280 
-0,00271 
-0,00318 
-0,00344 
-0,00376 
0,00810 
-0,Ol l o 3  
0,00912 
-0,00806 
0,00770 
-0,00068 
-0,02372 

error (%) 

rn 
0,00002 
0,00001 
-0,00001 
0,00000 
-0,00001 
-0,00002 
-0,00003 
0,00027 
-0,00020 
0,00035 
-0,00013 
0,00030 
0,00009 
-0,00066 

error (%) 

0,035/9 
0,00227 
0,00048 
0,00013 
0,00007 
0,00002 
-0,00001 
-0,00006 
0,00081 
-0,00055 
0,00104 
-0,00036 
0,00088 
0,00030 
-0,00188 

We have already mentioned, that the residual flexibilities are more difficult to determine using the 
finite element approach when 3 modes are kept. This is because higher modes have more influence 
on the residual flexibility and higher modes cannot be determined as accurate as the first modes 
using the finite element approach. However, the error is always smaller than 0.,5 %.We may 
conclude the residual flexibilities can be computed with a small error using the finite element 
approach. 
When a model with more elements is used to compute the residual flexibility, we get better results. 
However, i f  we use more than 140 elements, results get worse. This is because of truncation errors. 
Note that the results computed using the sum of the deleted modes is more accurate using the finite 
element approach than the analytical approach. This may be because of truncation errors in the 
analytical functions for the mode shapes (see (3.4)). 
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5 Experimental set-up 

5.1 Clamp 

The formulas for a cantilevered beam assume an infinitely stiff clamp, which means that at  the 
clamping translation and rotation are suppressed. In practice, we cannot realize an infinitely stiff 
clamp. We want to design a clamp that realises: 

1. A stiff clamp with respect to the stiffness of the beam 
2. The clamp must be able to hold beams of several sizes 

In the DCT-lab, we can make use of the steel rails along the wall. These heavy, steel rails are 
mounted on a concrete wall, oriented horizontally and mounted 40 cm above each other. 
To make maximum use of the stiffness of this rail, the clamp must be minimal as high as the rail. A 
nut can be pushed in the rail. A threaded wire is bolted in this nut, and than one side o f  the block is 
mounted on the rail. Then the beam can be clamped between the two parts of the clamp. At Last, this 
last part is mounted upon the rail in the same way. This can be seen in figure 5.1. 

This choice implies a vertical orientation of the beam. The first 10 cm of the beam will be used to 
clamp the beam. In this clamp, a wide variety of beams can be clamped. 
If  we want to  use a shaker, i t  must be mounted on the rail above. That is the reason, the beam has to 
be clamped in such a way, that the middle of the beam is 60 mm from the rail, so a shaker mounted 
on the rail can excite the beam exactly in the middle of the beam. 

Figure 4.1 Clamp 

In figure 4.1, the left figure is the side view of the clamp and the right figure is the front view. 
The clamp i s  very heavy and mounted to the steel rail (which is mounted on the concrete wall), so a 
rather stiff clamp is realised in this way. Moreover, the clamp i s  made of steel and we used an 
aluminium beam, so the clamp is relatively stiff with respect to the beam. 

(In order to  measure the accelerations, we must change the aluminium beam for a steel beam. This is 
explained i n  5.2) 
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5.2 Measurements 

In order to determine the mode shapes and natural 
frequencies experimentally, we use two computer programs, 
ME'scopeVES and SigLab. The first programme is able to 
determine the mode shapes and residual flexibilities out of 
frequency response function (FRO measurements. The latter 
is data acquisition software. 

A accelerometer 

Figure 4.2 excitation points 
For computing mode shapes, ME'scopeVES needs FRF's from 
several points on the structure to a reference DOF, which - in this case - is  the DOF at the end of the 
beam (boundary DOF). At the latter position, an accelerometer has been placed. We mark a number 
of points on the beam, and excite the beam at these points with a hammer. SigLab is able to 
measure the impact and the response in terms o f  force and acceleration signals, because we can use 
a hammer with a force transducer and an accelerometer (translation angular piezobeam (type 
8832A(E) from Kistler) that can detect translational and angular acceleration. 
Let us first treat some practical topics. 
Due to  an acceleration, an accelerometer wil l  provide a voltage, which is a measure for the 
acceleration. When the acceleration is too large, the voltage wil l  be too Large to measure with 
SigLab, that is, when the voltage exceeds 10  V (this is called overload). In that case, the acceleration 
measurement is not accurate, anyway. The combined translational and angular accelerometer is 
attached to the beam, which was, at first, an aluminium beam from 0,5 meter length, 4 centimeters 
wide and 8 millimeters high. 

Overload 
In order to have a smaller acceleration, we wil l  change the beam. Now a steel beam with dimensions 
350 x 40 x 1 0  mm (outside the clamp) is taken. This beam is shorter than the first one, which means 
the response at the end o f  the beam will be smaller. Moreover, the E-modulus of steel is higher than 
that o f  aluminium, therefore the response of the beam wil l  be smaller due to a certain impact. 
Note that, because this beam is stiffer than the aluminium one, the clamp is relatively less stiff. 

When this beam is clamped and tested, the angular acceleration can be measured. The translational 
acceleration, however, is stil l overloaded. Because o f  the working principle o f  this accelerometer 
and amplifier, the voltage due to angular acceleration can be divided or multiplied with 10. In case 
this voltage is divided with a factor 10, the voltage is small enough to  measure the rotational 
acceleration due to an impact, which can be applied to the beam. The voltage due to translational 
acceleration cannot be scaled and stil l is too big. Therefore, we use another accelerometer, which 
can only measure translational acceleration, but which is less sensitive to overload. 

Long vibration time 
When thevibration is not small enough at the end of the measurement time, leakage appears when 
the Fourier transformation is applied to the signal. To solve this problem, a negative exponential 
damping window is applied on the response-measurement. This window is multiplied with the 
measured signal and then only one percent of the original signal is left at the end of the 
measurement-time. SigLab applies this negative exponential window to the measured signals when 
deriving the transferfunction. Application of this window is necessary because the system is very 
slightly damped. 
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Small impact 
With this setup, some measurements can be made. For an acceleration that i s  not too b ig  to  
measure, we need to apply an impact of about 50 N to the beam. Therefore, we need a 
microhammer, which is smaller and lighter, and has a much more sensitive forcetransducer 
attached. Such a hammer k i t  with measurement range is 862 N is found. 

It must be checked, whether it is possible to measure the small residual flexibility with this 
equipment. The inertance [ m / s 2 / ~ ]  i s  given by 131: 

This equation wil l  be discussed in further detail i n  chapter 5. For now, we only focus on the 

contribution o f the  residual flexibility to the FRF, which is: -siw2. Note that al l  modes up t o  a 

certain cut-off frequency will1 be kept (m, = 1) and that consequently mi is expected to  be very 

large. SigLab determines FRFs using the auto- and crosspower spectrum of force and acceleration. 
Now we wil l  compute the contribution of the residual flexibility (see (5.2)) to the acceleration and see 
i f th is  quantity i s  large enough to measure. 

Note that this contribution is frequency-dependent. Because the FRF measurements seem t o  be 
noisy under 50 Hz, and an impact o f  minimum 30  N is  used to  set excite the beam, we treat 

A (50Hz,30N) as a "worst-case". ares.pex 

for rotational acceleration: 

rad 
'res.@,rot (50H~,30N) = -9.10-~ . ( 5 0 . 2 . ~ ) ~  .30 =-26,6- s2 

The acceleration is  measured with a range of [ - I 0  V, 1 0  V] resolution for translational acceleration. 
The sensitivity o f  the accelerometer is 98,12 m/s2/v. So 981,2 m/s2 can be measured usinga 1 6  bi t  
AD converter (in the SigLab module). So the resolution i n  translational acceleration is  

2.981,2mls2 m 1 s2 
= 0,0299- 

216 s t e p  step 

The resolution for rotational acceleration is  

2 - 2083,3 3rad 1 s2 vad 1 s2 
= 0,0636- 

216 steps step 

So the contribution o f the  residual flexibility to the acceleration can be measured using 
1,48/0,0299=50 and 26,6/0,0636=418 resolution steps for translational and rotational 
acceleration, respectively. 



Residual flexibilities of a cantilevered beam Peter Koliin 

5.3 Software 

The measured FRF's can be exported from SigLab in .BLK format, so ME'scopeVES is able to  import 
the measured FRFs. In order to assign the measurements to the right excitation and measurement 
points, we draw a structure that represents the beam, and the 5 measurement points are assigned 
on the same positions as we did on the steel beam. 
Now we assign the measurements to the DOFs, which can be done automatically, because the FRFs 
are labeled with numbers i n  SigLab. 
Now we are ready to compute modal parameters. At first the number o f  peaks should be determined. 
This can be done visually by counting the number of resonance peak in the FRF, or with the modal 
peaks function within ME'scopeVES. 
The second step is to determine the natural frequencies and damping. We define a frequency band, 
where ME'scopeVES may look to find natural frequencies, and give up the number of modes it has to 
compute. The translation measurements are almost without noise, so the modes can be determined 
in one single step. When the measurements are noisy, we need to define a small frequency band and 
determine each mode separately. ME'scopeVES also computes the modal damping. 
The last step is to compute the fit and residual mode shapes. A fit is  made on the measurements 
using the determined natural frequencies and modal damping. This can be done using four methods, 
Peak Method, CoQuad method, Rational Fraction Polynomial Method (RFP) and Complex Exponential 
Method (Compl. Exp.). The last two methods are used. RFP is a polynomial fit on the FRF 
measurement [16]. Compl. Exp. is  a time domain fit on the impulse response of the measurements 
[3].The residue mode shapes can be exported to a spreadsheet and translated i n  a mat-file, which is 
readable for MATLAB. 
The residual flexibility and mass cannot be determined using ME'scopeVES. That is why we export 
modal frequency and damping information, together with the residue mode shapes, to MATLAB. With 
MATLAB we are able to  determine the residual flexibility (see 5.2) 
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6 Results from measurements 

The impact and response measurements are used to compute a FRF using SigLab. ME'scopeVES is 
able to read these FRFs and compute natural frequencies and mode shapes. A synthesized FRF can 
also be computed and used in order to determine the residual flexibility. The way of determining 
these results is the subject of this chapter, together with the determined values for natural 
frequency, mode shapes and residual flexibility. 

6.1 Natural frequency from measurements 

Naturai frequencies o f tne  modes are determined by ideni-ifyingtke resonance peaks i n  the FRF. 
Especially for rotation measurements, a lot of noise is  present in  the FRF and therefore i t  i s  more 
difficult to determine the resonance peak that corresponds with the eigenmodes. 
Natural frequencies are determined using the Rational Fraction Polynomial method (RFP) and the 
Complex Exponential Method (Compl. Exp.) [ll, 171 

Table 6.1 Natural frequencies determined from measurements (2 kHz) 

Natural frequencies, determined from measurements (2 kHz) 

I analytical I translation 
C I error (%)I K 1 error (% 

Table 6.2 N; 
N 

analytical 

427,O 
11 97,O 
2345,O 
3877,O 

ural frequencies determined from measurements (5 kHz) 
tural frequencies, determined from measurements (5 kHz) 

translat~on I 

rotation 

Possible reasons for differences between analytical natural frequencies and measurements are: 
Extra mass o f  accelerometer and influence of cord from accelerometer to SigLab module 
Finite stiffness of the clamp in  the experimental set-up 
Measurement noise (for rotational acceleration, the resonance peak is  hard to determine 
because of the noise) 

C 
63,4 
401,6 
1118,2 

rotatlon 

K 

64,2 
401,7 
1118,3 

error (%) 
6, / 8  

5,95 
6,58 

error (%) 
5,56 
5,93 
6,57 

error (%) 
4,21 
5,93 
637  
7,22 
6,60 

K 

65,l 
401,7 
11 18,s 
2175,8 
3621,3 

C 
67,2 
419,9 
11 l8,5 
2177,2 
3561,7 

error (%) 
1,15 
1,67 
6,56 
7,16 
8,13 
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6.2 Residual flexibility yfrom measurements 

Now that we have measured the FRF, and ME'scopeVES has computed natural frequencies and mode 
shapes, we want to determine the residual flexibilities. In [3] ,  we found for inertance 

residuals ~ynthesizkd - FRF 

This equation points out, that we can use the difference between the measured FRF and synthesized 
FRF as a function of the frequency to  fit the residual flexibility and residual mass. 

1 
Measured - FRF - Synthesized - FRF = -si w2 + 7 (6.2) 

mil 

In order to  solve this equation, we need to compute the synthesized FRF. The easiest way to  
determine this, is using an equation for this synthesized FRF in terms of ME'scopeVES output. This 
equation can be found in [I51 

where R,,,,, is a component of the residue mode shape 
* 

poles p, = -0, + jw, and p, = -0, - jw, ,where 

2 

0 = (damping factor) 

U,  is  the damped natural frequency in rad/s 

1 
because - s;w2 + 7 is a real value, these residual terms only contribute to the real part of the 

mz1 
FRF. Therefore, we use the real part of (6.2) to fit the residual terms: 

Note that (6.2) could be expanded with a residual damping term dl jw to fit the imaginary part of 

the difference between fitted and synthesized FRF. This damping wil l  not be determined. 
* 

Also note that, in this case, we neglect the physical meaning of m,, (static approximation of lower 

deleted modes, which would be very Large, because we account all modes of the beam in the range 

from zero till the cut-off frequency) and treat this value as a parameter to shift the function -s;w2 
over the inertance-axis. 



Residual flexibility and mass can now be determined in a few steps: 
Make FRF- , modeshape, damping and natural frequency data readable for Matlab. (using export , 

within ME'scopeVES to a spreadsheet, and make a .mat file using this data) 
Compute the synthesized FRF 
Extract synthesized FRF from the measured FRF 

1 
Fit -s;w2 + 7 on this difference using a least squares curve fitting technique (lsqcurvefit 

mil 

within Matlab, see appendix 4) 

For translation measurements (which are almost noisefree) this method works perfectly. 

d~fference between measured and synthesized FRF FRF I I- magnitude 

0 2 4 6 8 0 500 1000 
omega2 [~radls)~ x 10' frequency [Hz] 

Figure 6.la difference between measured and synthesized FRF Figure 6.lb FRF fit with computed residual terms 

Figure 6 . l a  shows the real value of this difference and the fit. Figure 6. lb shows the magnitude o f  
measured FRF and the FRF computed by adding the residuals to the synthesized FRF. 

However, when the residual terms are fitted for only one kept mode, this method does not work. 
When fitting in such a small frequency band, almost every value for the residual flexibility can be 
used to have a reasonable fit. This is shown in  figure 6.2 a and b. 

difference between measured and synthesized FRF FRF 11- magn~tude 

1 02 

- 
Z 

N+ 
d 
E - 
P) 
U C 

r 
C - 

lo1 
55 60 65 70 75 80 

frequency [Hz] 

Figure 6.2a difference between measured and synthesized FRF Figure 6.2b FRF fit with computed residual terms 
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Another problem is found when we apply this method on the rotation measurements. These 
measurements contain so much noise, that we are not able to find a representative value for 
residuals. The fit is made on the noise, and not on the FRF. See figure 6.3a and b. 

Difference between measured and synthesized FRF FRF I I - magnitude 

omega2 [(rad~s)~] Frequency [Hz] 

Figure 6.3a difference between measured and synthesized FRF Figure 6.3b FRFfit with computed residual terms 

Difference between measured and synthesized FRF FRF I I - magnitude 

Figure 6.4a 

-4001 "81 I 
--- fit real 

difference between measured and synthesized FRF 

Frequency [Hz] 

Figure 6.4b FRFfit with computed residual terms 

However, i f  we determine the residual flexibility graphically, we are able to find residual terms that 
can reproduce an FRF that matches the measured FRF a lot better. These results are compared with 
the analytical results from table 6.2. Analytical solutions, residual flexibilities fitted on 
measurements and errors are shown in table 6.2. 

error = ganal - grneasured -100% 
8ana1 

Note that this error represents the difference between the residual flexibility from measurements 
and the analytical solution, which is  not really an error, because of the differences between the 
analytical model and the beam in  the clamp we used for experiments. 
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Table 6.3 R 

5 khz 1 b 
2 khz 

.- 

msidual Flexibilities, fitted on measurements at the free end of the beam 
Residual flexibilities, analytical and f i t ted o n  measurements 

modes kep modes kep 
Fit Method I analytical 1 &aeuremen: error (YO) I analytical I :easurerned 1 error ( ~ / o )  1 

Before we discuss these results, we present residual flexibilities from x/L = 0,2 and x/L = 0,8 with 
respect to the end of the beam and compare these with the analytical solutions. 

Compl. EXP. 
R F P 

Compl. Exp. 
R F P 

Compl. Exp. 
R F P 

Compl. Exp. 
R F P 

Table 6.4 Residual flexibilities at x/L= 0,2 
Residual flexibilities, analytical and  f i t ted o n  measurements xlL = 0,2 

Table 6.5 Residual flexibilities at x/L = 0,8 
Residual flexibilities, analytical and fitted o n  measurements xlL = 0,8 

The residual flexibilities from force to translation can be determined very well, when we look at the 
direct FRFs. The cross-terms cannot be determined very accurately, but the order of magnitude can 
well be determined. 
For residual flexibilities from force to rotation, results are poor. In this case the order of magnitude of 
the cross-terms can be determined vey  well, but the residual flexibility that follows from direct FRFs 
is about 10 times as big as the analytical determined value. 

9,3835E-08 
9,3835E-08 
9,3835E-08 
9,3835E-08 
2,6648E-06 
2,6648E-06 
2,6648E-06 

For direct FRFs (so residual flexibilities are elements of GBB ) we can see the error for 3 kept modes 

is much smaller than for 2 kept modes. This is because there are more data points to fit the residual 
flexibility for 3 kept modes. 
The difference between the results obtained with the Complex Exponential and Rational Fraction 
Polynomial method is very small. 

For the cross terms (so residual flexibilities are elements of GBI) only the order of magnitude 

corresponds with the theory. For some measurements, the coherence is very small, especially for 
low frequencies. 

18,55 
2,22 
44,21 
29,73 
833,41 
670,80 
838,l7 

I 87.63 

1 , I  124E-07 
9,591 9E-08 
1,3532E-07 
1,2173E-07 

2,4873E-05 
2,0540E-05 
2,5000E-05 

2.6648E-06 1 5.0000E-06 

2,9472E-08 
2,9472E-08 
2,9472E-08 
2,9472E-08 
2,9472E-08 
2,9472E-08 
2,9472E-08 
2.9472E-OX 

2,8297E-08 
3,0051 E-08 
2,9344E-08 
2,7761 E-08 
3,2000E-06 
3,0480E-06 
3,0000E-06 
2.0CCCE-05 

-3,99 
1,96 
-0,44 
-5,81 

10757,73 
IO241,98 
1 OO79,l2 

I 5585.08 
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7 Conclusions and recommendations 

The residual flexibilities of a cantilevered beam can be determined by f i t t ing the residual flexibility 
on the difference between the measured and synthesized FRF. The determined residual flexibility 
with respect to force - translation at the end of the beam corresponds well  with the theory. The 
measurement of the rotational acceleration contains so much noise, that a reasonable value for the 
residual flexibility cannot be determined from this measurement. The order o f  magnitude o f  the 

cross terms of the residual flexibility (elements of G,, and G B )  corresponds with the order of the 

magnitude o f  the theoretical solutions. 

Z 2 Recommendations 

I f  another method of measuring the rotational acceleration is  used, this element of the residual 
flexibility matrix may be determined, too. Measuring the rotational acceleration can be done with 
two translational accelerometers. The rotational acceleration can be determined using the difference 
between the accelerations and the distance between the accelerometers. The problem of this 
method is the fact, that the mass of two  accelerometers is added to the system, and that the 
computed rotational acceleration is an average over the distance between the accelerometers. The 
rotational acceleration could also be measured using two laser beams. In that case, no mass is 
added to the system and the distance between the two measuring points can be smaller. 

A better correspondence between theory and measurements can be reached by updating the model. 
The mass o f  the accelerometer and the stiffness of the clamp may be taken into account when 
making the model. The stiffness of the clamp is hard to determine. So we may take into account the 
mass of the accelerometer (which can be weighed very easily) and we may "tune" the stiffness o f  the 
clamp in such a way the natural frequencies o f  the finite element model or from analytical formulas 
correspond with the natural frequencies determined from measurements. 
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Appendix 1: Reduction of subsystem equations 

We assume a slightly damped or undamped beam, so the equations o f  motion can be stated as: 

where M and K are the mass and stiffness subsystem matrices, 2 andzare the acceleration and 

displacement vectors. f contains the forces applied on the subsystem. &and f can be divided in - 
two parts, 

where xB contains the boundary DOF, which wil l  be loaded, e.g. by the adjacent substructures and 

5, contains unloaded DOFs, the so-called internal DOF. f contains the boundary forces. Next, the 
-B 

eigenfrequencies mz and free-interface eigenmodes ( , by solving the eigenvalue problem 
- 2  

T 
(-OI'M + K)$ = 0 .  The modeshapes( are mass-normalized: ( M( = l a n d  ( 'K( = mZ2 

- 2  - 2  - 2  - 2  - 2  - 2  

The following Ritz-approximation for & will be made: 

where Q k  contains the kept free-interface eigenmodes, with eigenfrequencies below a user-defined 

cut-off frequency mc . The column of generalized coordinates q is  divided in the DOF q , - - k 

associated with the kept free interface modes, and q , associated with the residual flexibility 
-B 

modes: q = [i:] The matrix GB is a submatrix of the the residual flexibility matrix G . , 
- 

finally, is the transformation matrix that relates q to g . 
- 

Because the eigenvectors i n  9 are mass-normalized, the following equations can be applied: 

where a2 is  a diagonal matrix. 

The flexibility matrix is defined as the inverse of the stiffness matrix: 

where nk is the number of kept modes and N is the number of DOF in column 5. For simplicity, it is 

assumed that the component has no rigid body modes, so K-' exists. The second term o f  this 
equation is considered as residual flexibility and therefore the residual flexibility matrix can be 
defined as: 
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which can be partitioned in four parts: 

T 
where GzI is a n,*n, matrix, GBB a nB*nB matrix and GIB = GBI a n, * nB matrix. Note that  N = n, + 
nB. In principle, G can be determined using equation (1.6), if solutions for mode shapes and natural 
frequencies are available. However, for large N, this approach will become cumbersome. In an 
analytical or numerical approach it is far more efficient and accurate to determine the residual 
flexibility matrix by subtracting the contribution of the kept modes from the complete flexibility 
matrix . 

Now, the transformation can be written as: 

Note that GB = [z] are these columns of GB,  that are associated with the boundary D O R  rB . 

This transformation can be substituted in equation (1.1), which becomes: 

which can be written as: 

The reduced mass- and stiffness matrix and reduced force column can be determined. First we 
consider the reduced mass matrix: 

this Last s tep  can be derived using the orthogonality of G and" with respect to M and K .  
This implies: 
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and also, using the partitioning of G : 

The submatrices from M~ are defined as: 

I, = Q,~M@, and HBB = G,~MG, (Al.15) 

Next, we consider the reduced stiffness matrix. This matrix can be derived in the same way as the 
mass matrix. 

The upper-right partition and Lower-left partition of this matrix are zero a s  derived in (1.12) The 
submatrices of the reduced stiffness matrix are defined as: 

2 a, = CDkTK@, , a s  follows from the eigenvalue problem 

and G,, = G,~KG, as derived i n  (1.7) 

The reduction of the force column is very straightforward: 

Using these equations, the number of DOF can be reduced and experimental data can be used to 
describe the dynamic behaviour of the structure. 

sometimes, G, is also called @, , these matrices can be defined as: 

GB =@, = G O B =  [z :][>::I = [z] which is the right side of 6 ,  as we defined 

earlier. This can be used to proof G,, = G,~KG, : 
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Appendix 2: Datatables for use with analytical formulas for 
frequency and mode shape 

1,87510407 
4,69409113 
7,85475744 
10,99554073 
14,13716839 

7T 
(2i - l )_  for i > 5 

Table A2.1 Values for hi and oi for natural frequencies and modeshapes of a cantilevered beam 

Ai : i = 1,2,3,.. 

Table A2.2 values for hlfor pinned free beam with torsion spring at the pinned joint and mass at the free end of 
the beam (figure A2.2) 

oi : i = 1,2,3,.. 

Table A2.2 values for h,for pinned free beam with torsion spring at the pinned joint (figure A2.1) 

FigureA2.1 Pinned-Free beam with torsion 
spring at pinned joint 

kL - 
EI 

0 
0,Ol 

0,1 
1 
10 
100 

Figure A2.2 Pinned-Free beam with torsion 
spring at pinned joint and mass at free end 

4 =A($)  
i = l  
0 

0,4159 
0,7357 
1,248 
1,723 
1,857 

i=2 
3,927 
3,927 
3,938 
4,031 
4,400 
4,650 

i  = 3 
7,069 
7,069 
7,076 
7,134 
7,451 
7,783 

i = 4  
10,21 
10,21 
10,22 
10,26 
10,52 
10,90 

i = 5  
13,35 
13,35 
13,36 
13,39 
13,61 
14,Ol 

i  = 6 
16,49 
16,49 
16,50 
16,52 
16,72 
17,13 
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Appendix 3: 
solutions for flexibility of a beam 

Analytical 

In order to derive an exact solution for the residual flexibilities (accounting for an infinite number of 
modes), we subtract the contribution of the kept modes from the flexibility of the beam. 

The flexibility of a cantilevered beam can be determined using the formulas in  table A3.1. 

Force ,' moment Translation or rotation 

Table A3.1 translation and rotational response to loads on cantilevered beams 

The matrix G, does not only contain residual flexibilities at the end of beam, but also residual 

flexibilities from another point on the beam with respect to the end. Before computing these residual 
flexibilities, we have to find an expression for the stiffness due to a force at another point o f  the 
beam. 

Let us assume the impact i s  applied on the beam at x / L  = LF . The displacement at this point can 

be computed using the equations in  table 3.2. But the rest of the beam also contributes to the 

displacement at the end of the beam due to the rotation at x / L  = LF .This could be written as: 

translation 

Moment 

The stiffness can be derived using K=F/Y: 

Rotation 

Equivalently, we could derive an equation for k,,, , kF,, and k,,, 

MZ 
y=-  

2EI 

(Note that, for LF=L these equations correspond with the equations in tableA2.1) 

- 2EI 
k M , Y  - 7 Ml 

v=-  
EI 

- EI 
k ~ , ,  - -j- 
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Appendix 4: Matlab file for computing FE solutions 
for natural frequencies and mode shapes 

close all; clear all 
%%%%% FORMULAS FOR NATURAL FREQUENCIES AND MODE SHAPES %%%%%%%%%%%%%%%%%%%% 

%%% parameters 
L = 0.35; 
b = 0.04; 
h =0.01; 
rho = 7850; 
A = b*h; 
E =2.lell; 

%%% compose matrices 
ndof = (ne+l) *2; 
Ktot= zeros(ndof,ndof); Mtot=Ktot; 

for k=l:l:ne; 
ns= (k-1) *2+1; 
nf= (k-1) *2+4; 
Ktot (ns :nf ,ns :nf) =Ktot (ns :nf,ns :nf)iK; 
beam 
Mtot(ns:nf ,ns:nf)=Mtot(ns:nf,ns:nf)+M; 
element 
end 

Mnorm=Mtot; Knorm=Ktot; 
normering 
Ktot=Ktot (3 :ndof, 3 :ndof) ; 
and rotation are completely suppressed 
Mtot=Mtot (3 : ndof , 3  :ndof) ; 

%%% eigenvalue problem 
[Vs, Ls] =eig (Ktot, Mtot) ; 

lambda=diag (Ls) ; 
[ils, ill =sort (lambda) ; 
naar groot op imaginair gedeelte 
lambda=lambda (il) ; 
Vs=Vs ( : , il) ; 
zelf de manier 
natf reqnum=sqrt (lambda) / (2*pi) ; 

% length of beam [ml 
% width of beam [m] 
% height of beam Em] 
% density [kg/mA3 I 
% surface [mA21 
% E-modulus [~/m^2] 

% number of elements [ - I  
% length of one element [ml 

% moment of inertia [mA41 
% mass of beam per unit length [kg/ml 

% # of DOF 
% empty matrices 

% compose matrix for entire 

% using the matrix for one 

% complete matrix voor 

% ideal clamp: translation 

% sorteer labda van klein 

% sorteer eigenkolommen op 



Residual flexibilities of a cantilevered beam Peter Koliin 

Appendix 5: Matlabfile for determining residual flexibility 
from measurements 

clear all; close all 

load modeshapes-tr-5khzg % load modeshape data, fitted on measerements up to 
5khz using compl exp. 

load meas-tr-5khz % load measurement data 

% compute complex values for FRF from magnit~de and phase information: 
FRF~meas~ll=[Magn~tr~meas~5khz~l~1l.*cos(Phas~tr~meas~5khz~l~ll*(pi/180) ) t 

j*Magn-tr-meas-5khz-l-ll.*sin(~has-tr-meas-5khz-l-l1* (pi/l8O) )I ; 

% compute complex values for FRF from magnitude and phase information: 
ksi=demping/lOO; 
wO=natfreq*2*pi; 
sigmaO=sqrt ( (ksi. *2. *w0 .^2) . / (ones (l,len9th(wO) ) -ksi. *2) ) ; 
PO=-sigmaO+j*wO; 
Racc=Ak; 
freqstep=Fre~tr-meas-5khz(2)-Fre~tr-meas-5khz(l); 

Hlla=O; H11=[]; w=Freq_tr-meas_5khz(nl:n2,:)*2*pi; 
for il=l:length(w) 

for i2=1 
Hlla = Hlla + 1/(2*j)*((~acc(l,i2)/(j*w(il)-p0(i2)))- 

(~acc(l,i2)/(j*w(il)-pO(i2) I ) ) ) ;  

end 
Hll-1 (il) =Hlla; 
Hlla=O ; 

end 

% To compute residuals, extract synthesized frf from fitted frf: 
diff-tr-11-1 = FRF_meas_ll(nl:n2,:) - H11-1. ' ;  

% curve fit 
XO= [2e-8 0.11 ; 
Xll=lsqcurvefit('residual',XO,w,real(diff-tr-ll-l) ) ;  
Sll(1) =XI1 (1) 
M11(1)=X11(2) 

%%% PLOTS %%% 
figure 
% plot difference wrt wA2 
subplot (121) ; plot (w. ̂2, real (diff-tr-11-1) ,w.^2,real (-~ll(1) *w.^2 t 

l/Mll(l)),'--') 
axis square 
title('dif f wrt wA2' ) 
legend('real','fit real') 
xlabel ( 'wA2 ' ) 

% plot FRF and Fit: 
fit-magn-11 = abs(H11-1.' - ~ll(l)*w.*2 + l/~ll(l)); 
subplot(122); semilogy(Freq_tr-meas-5khz(nl:n2),fit-magn-ll,'-- 
,Freq_tr-meas-5khz,Magn-tr-meas-5khz-l-l1) 
axis square 
legend('With computed residuals', 'measured') 
title('FRF 11- magnitude') 
xlabel ( frequency ) ; ylabel ( ' 1 FRF I ' ) 


