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Abstract  

Because of the well-known difficulties of exact 
real/mixed p computation [19, 16, 31, efficiently com- 
putable upper bound tests are of great importance for 
both p analysis and synthesis. However, another im- 
portant issue is the introduced conservatism, and in 
this paper, we consider the worst case conservatism 
of these efficiently computable upper bound tests for 
real/mixed p analysis. It shown that any upper bound 
test, p, satisfying the condition p ( M )  _< p ( M )  5 
C dim(M)l-€ p ( M ) ,  must itself be NP-hard to com- 
pute. In other words, unless LLP # NP” is false, for 
any efficiently computable upper bound test, p, the 
worst case gap between the upper bound and the ex- 
act p is not bounded by O(dim(M)’-‘). Therefore, 
unless “P # NP” is false, no matter which efficiently 
computable upper bound test we choose, there will be 
examples with arbitrarily large j i /p  ratios, i.e. with 
arbitrarily large conservatism. 

1 Introduction 

In this paper, we consider the conservatism of efficiently 
computable1 upper bound tests for real/mixed p analy- 
sis [18,9, lo]. It is already known that exact real/mixed 
p computation is N P h a r d  [19, 16, 31, and therefore 
efficiently computable upper bound tests are of great 
practical importance ffor real/mixed p analysis. The fo- 
cus of this paper is the conservatism of such efficiently 
computable upper bound tests, and our main result is 
the following: Unless “P # NP” is false, for any effi- 
ciently computable upper bound test, ii, define 

then 

@(4 sup - = 00, nl-€ 

i.e., the worst case gap between the upper bound and 
the exact p, is not bounded by O(dim(M)l-E). 

An alternative statement of our result is the following: 
No matter how large C E R’, and how small E E 
IR’ are chosen, any upper bound test, p, satisfying the 
condition 

VM with p ( M )  # 0, 

p ( M )  5 p ( M )  5 C dim(M)’-‘ p ( M )  

must itself be hfP-hard to compute. 

Note that, standard upper bounds for reaI/mixed p 
are efficiently computable [18, 9, lo]. Therefore, these 
results also show that, unless “P # NP” is false, the 
worst case gap between standard upper bounds and 
the exact p, is not bounded by U(dim(M)’-‘). The 
conservatism of standard upper bound tests has also 
been discussed in [21,9,4,8,17], however our approach 
is to investigate the worst case conservatism using some 
tools from the theory of computation. 

As a related result, we would like to mention that, in 
[15], it has been shown that the worst case gap be- 
tween complex p and its standard upper bound grows 
no faster than O(dim(M)), i.e., 

~ ( n )  := sup { : p ( M )  # 0, dim(M) = n 
Based on these results, two natural questions are M 

“What are the best achievable conservatism levels 

mixed, and complex p ?”, and LLDo standard upper 
‘i.e. required computation time is bounded by a polynomial for efficiently computable upper bound tests for real, 

of the problem size. 
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bound tests have any optimality property with respect 
to the introduced conservatism ?”, but to best of the 
author’s knowledge these are still open problems. 

As another related result, we also would like to men- 
tion that, in [6],  using the PCP Theorem, it has been 
show that there exists an E > 0 such that, approxi- 
mating real p with conservatism bounded by (1 + E )  is 
”P-hard. However, the results of the present paper 
are proved without using the PCP Theorem (See [I], 
and references therein), and hence are more accessible 
compared to [SI. 

The rest of this paper is organized as follows: In Sec- 
tion 2, some approximation results about Legendre se- 
ries expansions are presented, in Section 3, the main 
result of the paper, the conservatism theorem is proved, 
and finally in Section 4, some concluding remarks are 
made. 

2 Legendre series expansion 

In this section, we consider uniform approximations of 
C([-l,l]) functions by polynomials. By Weierstarss 
theorem, it is known that the set of polynomials is 
dense in C([-1, l]), and hence for any f E C([-1, l]), 
and > 0, there exists a p E Q[t] such that 

Note that, in the above formulation, there is no con- 
straint on the degree of p .  However if we fix the degree 
of p ,  then we obtain a completely different approxima- 
tion problem. 

Fact 2.1 ([lS]): There exists a constant L > 0 such 
that, for any f E C([-1, l]), and any positive integer 
d, there exists a pd E Q[t] of degree d such that 

where the function wf is called the modulus of conti- 
nuity o f f ,  and is equal to 

In the proof of the Conservatism theorem, we need a 
similar strong result on approximation of C( [--I, 11) 
functions by fixed order polynomials. However, be- 
cause of the techniques used in the proof, we need 
a constructive result, rather than an existence result. 
In the following, we discuss some approximation re- 
sults about Legendre series expansions [13]. This will 
provide a constructive (infact a polynomial time com- 
putable) O(log(d) wf (2)) approximation, and will be 
sufficient for the proof of the conservatism theorem. 

Define Lk E Q[t], IC 2 0 as, 

and 

The set of all Lk’s are called Legendre polynomials, and 
satisfies the following inner product relation [13]: 

i.e. they form an orthogonal set in C([-l,l]). E’ur- 
thermore, by Weierstrass theorem, and the recursion 
relation (2), the set {Lk : IC 2 0} is dense, and hence 
forms an orthogonal basis in C([-l,l]). 

For a given f E C([-1, l]), the dth order Legendre se- 
ries expansion is defined as: 

k=O 

where 

(4) 

(5) 

Fact 2.2 ([13]): In the statement of Fact 2.1, the L 
value cannot be chosen arbitrarily small, i.e., there ex- 
ists an Lo > 0 value such that the statement of Fact 2.1 
is not true for L = Lo. 

Namely, by a dth order polynomial, we can guarantee 

d + m  lim Sd(t) = f ( t ) ,  for all t E [--I, 11, ( 6 )  

and 

O(wf (5)) uniform approximation, and in some sense 
this is the best that we can obtain (Fact 2.2). 

1 1  If(4 - Sd(t)I  I Hl%(d)Wf (;) > t E [-2, 2] 7 (7) 
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where H is a universal rational constant. The inequal- 
ity (7) will play a key role in the proof of the conser- 
vatism theorem. 

Note that, it is not guaranteed that s d  converges uni- 
formly to f on the interval [-1,1]. As a final remark, 
note that if Pd is the dth order Legendre series expan- 
sion of 

then 

therefore by using this Legendre series based method, 
we obtain a simple construction for an U(log(d) wf ( 3 ) )  
approximation. 

The above approximation results will be sufficient for 
the proof of the conservatism theorem. For further ap- 
proximation results which are not discussed here, we 
refer the reader to [13] and references therein. 

3 The conservatism theorem 

In this section, we prove the results stated in Sec- 
tion 1. The proof is based on the NP-hardness of the 
maxcut problem: It is shown that, if there exists an 
efficiently computable upper bound test satisfying 
the conservatism conditions stated below, then for any 
given graph G, one can construct in polynomial time a 
rational matrix MG, such that the decision version of 
the maxcut problem is equivalent to checking whether 
“ j i ( M ~ )  < 1” holds or not. The construction of MG 
involves several steps, and the polynomial approxima- 
tion results of the previous section will be used in this 
construction. 

After the above discussion to motivate the main idea 
of the proof, we now state and prove the conservatism 
theorem: 

Theorem 3.1 (The conservatism theorem): In the 
context of real/mixed 1.1 analysis, unless “P # NP” is 
false, for any efficiently computable upper bound test, 
p, with 

then 

i.e., the worst case gap between the upper bound and 
the exact p ,  is not bounded by O(dim(M)’+)). 

In other words, no matter how large C E Et+, and how 
small e E R+ are chosen, if an upper bound test, p, 
satisfies, p ( M )  _< p ( M )  5 C dim(M)’-‘ p ( M ) ,  for all 
M with p ( M )  # 0, then, p itself must be NP-hard to 
compute. 

Proof: Let C > 2, and 1 > e > 0, be ked rational 
numbers. We will first show that, if an upper bound 
test, F, satisfies 

VM with p ( M )  # 0, 

then, p itself must be NP-hard to compute. Note that, 
this proves the second statement, as well as the first 
one. 

Let G = ( N ,  E) be a (undirected) graph with n nodes, 
and e branches (n, e > l), and let mG denote the max- 
cut of G. Furthermore, let k be an integer 2 2. We 
have either m G  2 k ,  or mG 5 k - 1, but the problem 
of deciding which one holds is NP-hard [ll]. 

In the rest of the proof, we outline a polynomial time’ 
construction of a rational matrix MG. Each step pre- 
sented below is a polynomial time operation, and at 
the end we explain how checking whether “ ~ ( M G )  < 1” 
holds or not, can be used to solve the above decision 
version of the maxcut problem. By the NP-hardness 
of the maxcut problem, we will complete the proof of 
the above statement (8), and hence the first and second 
parts of the conservatism theorem. 

Now, we start the construction of MG: As in [6], define 
AG E Mat(n,Z) as 

-1 if i # j ,  and {i,j} E E 
if i # j ,  and { i , j }  fZ E , 

1 i f i = j  
( A G ) i , j  = 

then, 

~~ 

*In this Section, polynomial time means polynomial time with # O’ dim(M) = ’ respect to the number of nodes of G. 

1297 



It is possible to generate in polynomial time, rational 
numbers S, q1, q2 satisfying 

Let H be the universal rational constant defined in (7) 
of Section 2, and c, = :. Note that, this choice for c, 
will guarantee the condition 

-K 1 K 

Figure 1: &(z) lies between (Pl(z), and (Po(.) vx 2 1, log@) 5 C,&. 

It is possible to  generate in polynomial time, an integer 
d, and a rational number K, such that, Note that, by our choice of d and K, the condition (11) 

holds, and we get 

and 
where &(z) := Sd(s/2K). 

Now, define, 

Define (PO : IR -+ R as 

Then by a very simple geometric argument and (9), it 
follows that where m = (42 - S - q1)/(K - 1). Furthermore, define 

@ I ,  @ : IR -b IR as 

and 
Let Sd(x) be the Legrendre series expansion of 4(x) := 
(P(2Ks) of degree d [13]. Then, 

Note that 

where w1 is the modulus of continuity [13] of d(z). 
Since U@( 2) 2 4Kqzd-l, it follows that 

implies where Ay = diag(Y1 I2,j1. . , Y n l z d ) .  This is 
because, &(Y) is an LFT with A = Yid, 
and diag(Sd(Y1)...Sd(Yn)) is an LFT with A = 
diag(Ylld,. . . , Ynld). 
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Furthermore, the LFT on the right hand side of (13) is 
always well posed, therefore, det(I - M22Ay) # 0, and 

Hence. 

is singular iff I-(M22-M12M21)Ay is singular. There- 
fore, 

P ( M G )  = L, 
11G 

where MG = M ~ z  -- M12M21. Note that, dim(&) = 
2nd. 

Now, let p be an upper bound test satisfying 

V M  with p ( M )  # 0, 

p ( M )  5 p ( M )  5 C dim(M)’-‘ p ( M ) .  

If we use this upper bound test for the above ~ ( M G )  
computation, we get 

qzl 5 gzl 5 C (2nd)l-‘ $jl, 

where TjG := l / j i ( M ~ ) .  By our choice of d and K, we 
have 

C(2nd)’-‘ 5 Cd‘-’ 2 < K, 

and hence, 

1 
K VG 2 VG > -’%‘. 

Therefore, 

mG 2 k =+ (0 < VG I 1) * (0 < VG I 11, 

and 

mG 5 k - 1 3 ( K  5 VG < m) * (1 < i jG < CO). 

Since the whole construction from G to MG is poly- 
nomial time and the maxcut problem is NP-hard, the 
computation of ji must be NP-hard too. This com- 
pletes the proof. 0 

4 Conclusion 

In this paper, we investigated the conservatism of effi- 
ciently computable upper bound tests for real/mixed 
p analysis. It was shown that any upper bound 
test, ji, satisfying the condition, p ( M )  5 P ( M )  5 
C dim(M)l-‘ p ( M ) ,  must itself be NP-hard to com- 
pute. In other words, unless “P # NP” is false, for any 
efficiently computable upper bound test, ii, the worst 
case gap between the upper bound and the exact p, is 
not bounded by O(dim(M)’+). 
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