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Abstract 

The stable operating region of a compression system is often limited by the onset of surge. 
One way to suppress this aerodynamic instability is active control. For this purpose, a suitable 
combination of actuators and sensors must be chosen. This process, called Input Output (IO) 
selection, is the focus of this report. Four candidate sensors (compressor mass flow, plenum 
pressure rise, and total and static compressor face pressures) and three candidate actuators 
(close-coupled valve, bleed valve, and movable wall) are examined. 

For each possible combination of actuators and sensors (IO set), the IO selection method 
checks the existence of a stabilizing controller achieving a desired nominal performance level, 
which is quantified as an X, norm bound on the closed-loop. The specific IO selection goal 
for the compression system is to find an IO set for which a controller can be designed which 
stabilizes the nominal model in the face of exogenous disturbances and actuator limitations; 
such an IO set is termed viable. Essentially, the IO selection method is developed for linear 
systems. Therefore, the nonlinear compressor model is investigated by linearizations in various 
operating points, especially unstable ones. Due to this local character of the IO selection, 
subsequent studies (e.g. , simulations) are necessary for definite conclusions on IO set viability. 

The main contributions of this report are the following. First, the practical usefulness of 
the IO selection method for nonlinear systems is evaluated. Second, it is investigated if the 
IO selection can cope with performance specifications which are not straightforwardly cast 
into the X, framework. Third, the approach to IO selection for the compression system 
control problem is more rigorous than previously encountered in literature. 

It appeared, that the IO selection results are sensitive to the quantitative design specifications 
and model parameters. Unfortunately, accurate disturbance and actuator characterizations 
(especially for the movable wall) are hard to give for the compression system. Moreover, 
some design specifications are not straightforwardly transformed into the X, norm setting 
and are instead determined by iterative controller design and closed-loop simulation. Under 
the imposed specifications, the mass flow sensor and the close-coupled valve are the most 
promising, which is in line with results found in literature. However, simulations show that 
the movable wall should be used as a second actuator to meet the input constraints. One 
important subject for future research is to investigate the influence of more accurate design 
specifications and certain model modifications on the IO selection results. 

I 



Contents 

Abstract I 

1 Introduction 1 

2 input Output Selection Theory 3 

2.1 Nominal Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3 

2.2 Viability Conditions for Input Output Sets . . . . . . . . . . . . . . . . . . .  6 

2.3 Input Output Selection for Nonlinear Systems . . . . . . . . . . . . . . . . . .  8 

3 The Compressor Control Problem 12 

3.1 The Compression System Model and Control Goal . . . . . . . . . . . . . . .  12 

3.2 Sensor and Actuator Candidates . . . . . . . . . . . . . . . . . . . . . . . . .  18 

3.3 Quantitative Performance Specifications . . . . . . . . . . . . . . . . . . . . .  19 

3.3.1 Shaping Filters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  19 

3.3.2 Weighting Filters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  21 

3.4 Standard H ,  Design Assumptions . . . . . . . . . . . . . . . . . . . . . . . .  23 

4 Input Output Selection Based on Nominal Performance 28 

28 4.1 H. Optimization and Simulation for the Full IO Set . . . . . . . . . . . . . .  

4.2 H. Optimization for Typical Input Output Sets . . . . . . . . . . . . . . . .  39 

I1 



I11 

4.3 Input Output Selection Results . . . . . . . . . . . . . . . . . . . . . . . . . .  

4.4 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

5 Conclusions and Future Directions 

5.1 The IO Selection Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

5.2 The Compressor Control Problem . . . . . . . . . . . . . . . . . . . . . . . . .  

Bibliography 

A The Greitzer Compression System Model 

A . l  Nonlinear Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

A.2 Linear Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

44 

47 

51 

51 

52 

55 

60 

60 

67 



Chapter 1 

Introduction 

Compressors are widely used for practical applications such as air compression in industrial gas 
turbines and aircraft engines and gas pressurization and transportation in process industry. 
Unfortunately, the performance of compressors is hindered by aerodynamic flow instabilities, 
which may even lead to hazardous conditions due to large mechanical and thermal loads. 
Two types of instabilities can be distinguished: rotating stall and surge (see, e.g., [11,20,60]). 
This report will only focus on surge suppression. Essentially, surge is a self-excited cyclic 
phenomenon characterized by large amplitude fluctuations of pressure rise and mass flow 
and occurs in the compressor’s operating region corresponding to relatively small flows. From 
various viewpoints (such as safety and efficiency), it is desirable to enlarge the region in which 
stable compressor operation is possible. Active control is one way to achieve this [12,14,60]. 
A survey of rotating stall and surge control is given in [l i] .  

Besides modeling and controller design, an important issue in control system design is the 
selection of an appropriate number, place, and type of actuators (inputs) and sensors (out- 
puts), which will be referred to as Input Output (IO) selection. The employed set of actuators 
and sensors (the IO set) not only affects aspects like system complexity, hardware expenses, 
and maintenance effort, but the achievable performance as well. Due to the combinatorial 
nature of the problem, the number of “candidate” IO sets may be huge. As a consequence, 
favorable IO sets may be overlooked if IO selection were only based on physical insight or ex- 
perience. So, an efficient and effective IO selection method involving quantitative performance 
specifications will be helpful. It is referred to [6] and [46,49,50] for surveys of methods. 

The IO selection method discussed in [47,51] will be employed in the context of surge suppres- 
sion for a compressor. Essentially, this method checks conditions for existence of a stabilizing 
controller achieving an ‘Hm performance specification. Three candidate actuators and four 
candidate sensors are proposed, which are also among those examined in [42]. The struc- 
ture of the applied compressor model is the same as in 1191. The numerical data correspond 
to the gas turbine installation in the Energy Technology Laboratory of Eindhoven Univer- 
sity of Technology [57], where the (radial) compressor is part of a turbocharger. Since the 
IO selection method is restricted to linear system models, the nonlinear compressor model is 
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CHAPTER 1. INTRODUCTION 2 

investigated by linearizations in various interesting operating points, especially unstable ones. 

The IO selection method is aimed at finding the IO set(s)  f o r  which the desired Nominal 
Performance (NP) level can be achieved. For various reasons (such as costs), the accepted 
IO set(s) with the least actuators and sensors may be preferred. The N P  requirement is 
quantified as an R, norm bound on the closed-loop. More specific, the IO selection goal 
considered here is to find an IO set for which a controller can be designed which stabilizes the 
nominal mode! in the face of exogenous disturbances and actuator limitaticns. The dtimate 
control goal is to achieve robust performance, i e . ,  to jointly achieve stability and performance 
in the face of model uncertainties. This is one subject of further research. 

This report provides three important contributions: 

1. First, it is evaluated to which extent the IO selection method from [47,51], which is 
fundamentally developed for linear control systems, is useful for applications to non- 
linear control systems. Simulations with the nonlinear model also contribute to this 
evaluation. 

2. Second, the assessment of the IO selection method’s practical usefulness is continued, 
by applying it to a different type of control problem: while in [47,51], the method 
was used for an active suspension control problem, here it is used for a compressor 
control problem. Also (and again), performance specifications play a role, which are 
not straightforwardly transformed into the Ra norm setting. 

3. Third, the IO selection is more rigorous than the approach in [42], which is also based 
on linearization. That paper investigates the influence of the IO set on the ability to 
increase the operating range for which the linear compressor model can be stabilized. 
By considering proportional output feedback with a single actuator and sensor, the sec- 
ond order characteristic polynomials for the closed-loops are easily derived and provide 
clear insight in how the system parameters affect stability. However, there seems no 
need to stick to static control if dynamic control could lead to significantly better re- 
sults. Therefore, the alternative IO selection reported here allows for dynamic output 
feedback. The influences of limited bandwidth and gain constraints on the ability to 
stabilize the system are investigated to some extent in [42], as well as the prospects for 
stabilization with state feedback under disturbances. In this report, the IO selection 
method incorporates quantitative performance specifications (such as actuator limita- 
tions) and disturbance characterizations (such as sensor noise) in a uniform framework. 

The report is organized as follows. Chapter 2 discusses the key idea for the IO selection and is 
merely a summary of [47, Chapter 21, except for Section 2.3, which addresses IO selection for 
nonlinear systems. In Chapter 3, the compressor control problem is sketched and formulated 
in the set-up for IO selection. Chapter 4 describes controller design for some typical IO sets, it 
provides the IO selection results, and it shows simulations results for some promising IO sets. 
The final chapter draws conclusions and recommends topics for future research. 



Chapter 2 

Input Output Selection Theory 

The applied IO selection method is outlined. Section 2.1 introduces the standard set-up for 
linear control systems and quantifies the Nominal Performance (NP) property, which forms 
the basis for IO selection. The actual IO selection tools are discussed in Section 2.2. For a 
more detailed treatment, it is referred to [47, Chapter 21. Finally, Section 2.3 proposes a way 
to perform IO selection for nonlinear systems, based on the IO selection tools developed for 
linear systems. 

2.1 Nominal Performance 

The IO selection method considers finite dimensional, linear, time-invariant control systems in 
the standard set-up of Fig. 2.1. The following signals play a role: the manipulated variables 
u, the measured variables y,  the controlled variables z (which are ideally zero), and the 
exogenous variables w (such as reference signals and disturbances). The variables Z and G 
are introduced to distinguish the signals related with G and G. Note, that the system outputs 
are composed of measured and controlled variables; the latter are assumed fixed and are not 
necessarily equivalent to the measured variables. Therefore, in the context of IO selection, 
“output” will be used to refer to measured variables only. In analogy, “input” refers only to 
the manipulated variables and not to the exogenous variables. 

The Transfer Function Matrix (TFM) G is called the generalized plant, which includes the 
nominal plant G and the performance specifications V and W ,  which will be elaborated 
on later in this section. The controller is denoted K .  It is assumed, that G and K are 
real-rational and proper with stabilizable and detectable realizations; controllers with the 
additional property of being internally stabilizing are termed “admissible,” see [61, Section 
16.11 and [13]. Closing G with K ,  the nominal  closed-loop is obtained, which relates G 
and Z according to Z = &fG. Similarly, the generalized closed-loop M = W&fV results by 
closing G with K .  

3 
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Figure 2.1: Standard control system set-up 
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CHAPTER 2. INPUT OUTPUT SELECTION THEORY 5 

The formulation of NP for control systems in the set-up of Fig. 2.1 is now discussed; a brief 
treatment can also be found in [3, Chapter 31. One way to characterize performance is to use 
the “size” of the closed-loop TFM. More specific, norms could be used to quantify how large 
the controlled variables Z can get for a given class of exogenous variables W .  It  is referred 
to, e.g., [61, Chapter 41 for a discussion on several signal and system norms. To keep the 
controlled variables small, i. e., to achieve good performance, a controller must be constructed 
which guarantees the relevant closed-loop system norm to be smaller than a desired value (or 
ever, mir,imizes the norm). Thus, gocd Performance ccrrespcncls to a small closecl-loop norm. 

In this report, the focus will be on the %!, norm, which is appropriate for a variety of control 
goals. First, the Ym norm naturally arises when shaping the magnitude of certain closed-loop 
TFMs such as the (complementary) sensitivity, see, e.g., [34, Section 3.91 and [43, Section 2.71. 
This will be referred to here as the TFM-based motivation for the 3-1, NP formulation. 
Second, the 3-1, norm arises when minimizing the worst-case response for sinusoidal G [43, 
Section 4.101, or when minimizing the energy or power in Z for a certain class of exogenous 
variables G [43, Section 9.31. This will be called the signal-based motivation for the X, N P  
formulation. Since this motivation is appropriate for multivariable systems for which several 
objectives must be accounted for simultaneously, it is the focus in the rest of this report. Third 
(but not of direct importance for this report), the Xm norm is well-suited for representing 
model uncertainty [43, Section 7.21 and the small gain theorem [Si ,  Section 9.21 then provides 
a necessary and sufficient condition for stability against a class of unstructured uncertainties 
(robust stability) in terms of an 3-1, norm constraint for the closed-loop TFM. This could be 
called the uncertainty-based motivation for using the X, norm. 

For a stable TFM T ,  the 3-1, norm is defined as follows [61, Section 4.31: 

with 5 denoting the maximum singular value of a matrix. As should be clear from the signal- 
based motivation, the %!, norm can be given different interpretations in the time domain, 
one of which will be detailed. Consider the stable closed-loop &f and the signals W and 
Z. Suppose G has finite energy, which is expressed by the finiteness of its Lz norm defined 
as [61, Chapter 41, [43, Appendix A]: 

The energy of a signal now equals the square of its La norm. The Xm norm of &f relates the 
La norms of the exogenous and controlled variables according to [43, Section 4.101: 

Hence, the %!, norm of the closed-loop is directly related to the energy gain from the exoge- 
nous variables to the controlled variables. Because of relation (2.3), the ?Lm norm of a linear 
system is also called the L2 gain. Alternatively, the 3-1, norm can be interpreted to relate 
signals W and 2 having both bounded power, or bounded power spectral density, see, e.g., [33] 
and [61, Chapter 41. 
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A meaningful control problem formulation accounts for the (relative) magnitude of the ex- 
ogenous variables 6, for the (relative) importance of the controlled variables 2, and for the 
frequency dependence of these signals. For this purpose, V and W in Fig. 2.1 are introduced. 
V is referred to as the "shaping filter," since it is used here to characterize the (expected or 
known) energy or power distribution of the exogenous variables W over the frequency range. 
W is called the "weighting filter," as it is used to indicate which frequencies are crucial to be 
suppressed for the controlled variables Z. 

One strategy to define suitable V and W is the following. Obviously, diagonal forms of 
V and W are most easily interpreted and are the focus here. Choose the diagonal entries 
in V so they scale the relevant norm of w to unity, e.g., such that 112011~ 5 1 and hence 
maxIIw11211 112112 = II&?VII, [61, Section 5.71. Next, choose the diagonal entries of W as the 
reciprocals of the desired upper bounds on the relevant norm of each controlled variable. 
So, the smaller the controlled variable is required to be, the larger the associated weight 
should be. In this way, achieving N P  becomes the problem of constructing an admissible 
controller K for which the inequality IlMll, = //W&?Vllm 5 1 holds. In this report, the 
more general NP control problem of finding an admissible K which achieves llMllco < y is 
considered. Alternative approaches to selecting shaping and weighting filters are discussed in, 
e.g., [33] (multi-input multi-output systems) and [17,24] (single-input single-output systems 
with typical time domain requirements), while [3] gives suggestions for some typical control 
problems. 

In Section 2.2 it will be shown, that the ability of an IO set (together with a controller) to 
meet the NP requirement can be efficiently checked by a set of inequalities, which form the 
basis for the IO selection method. Finally, it is remarked that the robust stability property 
for unstructured uncertainties can also be expressed by IlMll, < y, see, e.g., [61, Chapter 91. 
However, in case of robust stability against structured uncertainties, or in case of robust 
performance (stabilization and performance achievement in the face of a class of uncertainties) 
the requirement 11M11, < y may be too strong. This is circumvented by using the so- 
called structured singular value p instead of the 3-1, norm, see, e.g., [39] for a mathematical 
treatment and [61, Chapter li], [43, Chapter 81, and [3] for control system analysis and 
synthesis with p. 

2.2 Viability Conditions for Input Output Sets 

The generalized plant G in Fig. 2.1 can be represented in the following state-space form: 

with 2 E IK"- the state vector and the inputs and outputs as defined previously: w E I K n w ,  
u E IK"-, z E IKn., and y E IR".. ?írn controller design for (2.4) aims at computing an as- 
ymptotically stabilizing controller, which achieves 11M11, < y. A state-space parametrization 
of such controllers is provided in [18], while for Dll = O, DZ2 = O the solution is also given 
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in [13]. In the development of this controller parametrization, six assumptions on (2.4) are 
made, which must be satisfied for Xm design with the MATLAB p-Synthesis and Analysis 
Toolbox [3] (abbreviated “p-Toolbox” ) and for the IO selection: 

1, 2. (A,B2)  is stabilizable and (C2,A)  detectable, 

3, 4. D12 has full column rank and DZl has full row rank, 

has full column rank ‘d w and [ A ;iw’ ::1 ] has full row rank ‘d w. A - j w I  B2 

57 ” [ C1 D12 

The assumptions can be given the following interpretations, see, e.g., [BI, [47, Section 2.31, 
and [61, Section 17.11. Assumptions 1 and 2 are necessary for the existence of stabilizing 
controllers. They imply, that the design filters V and W must be stable, since their states are 
uncontrollable and unobservable respectively. Assumptions 3 and 4 are sufficient to ensure 
proper controllers, which are physically realizable; the condition on D12 implies, that nz 2 
nu and that all inputs u must be weighted at  infinite frequency. The condition on DZl 
implies, that n, 2 nny and that all outputs y are noisy at infinite frequency. Assumptions 
5 and 6 are made for technical reason and, together with assumptions 1 and 2, they are 
necessary for the application of particular controller construction techniques (as implemented 
in the p-Toolbox). Assumptions 5 and 6 require, that the corresponding TFMs do not have 
transmission zeros on the imaginary axis. In many cases, these six assumptions can be relaxed 
to allow more general control problems, see, e.g., [35], and [61, Section 17.31 

In the derivation of the Xw controller parameterization, u and y are scaled and unitary 
transformations on w and z are performed; this is also done preceding the IO selection. 
Without loss of generality, these manipulations are such, that 

(by assumptions 3 and 4), and 

For more details on these transformations, see, 
admissible controller achieving llMllm < y, two Riccati equations must be solvable, see, 
e.g., [18] or [61, Section 17.11 for documentation of these equations. One of them is related 
with a state-feedback-like problem ( “state-feedback Riccati”) , the other with an observer-like 
problem (“observer Riccati”). The following lays the foundation for the IO selection method: 

There exists a n  admissible controller such that llMllm < y i f  and only i f  the following condi- 
tions hold [61, Section 17.11: 
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2, 3. The two Hamiltonians Hx and Hy associated with the state-feedback Riccati and the 
observer Riccati respectively do not have jw-axis eigenvalues. Moreover, Im(”-”-) L X ,  is 
complementary to each Hamiltonian’s invariant subspace corresponding to  the stable 
eigenvalues. 

4, 5. The solutions X ,  and Y, to the state-feedback and observer Riccati respectively are 
positive semi-definite: X, 2 O and Y, 2 O 

6 .  The spectral radius of the product X,Y, is smaller than y2: p(X,Ym} < y2. 

I n  the context of I O  selection, these conditions will be called the “viability conditions.” 

These conditions are given a short interpretation; for a more detailed treatment, it is referred 
to, e.g., [13] and [47, Section 2.41. The condition on Dll checks if the feedthrough from the 
exogenous variables w to the controlled variables z is not restrictive, since the controller cannot 
completely cancel this effect. The conditions on Hx and X, test if a controller employing full 
information on x and w (perfect output set) can meet the requirement. Complementary to 
this, the conditions on H y  and Y, check if a controller having full access to x and z (perfect 
input set} achieves the design goal. Finally, the requirement on p(XmY,) is used to test if 
suitably combined state-estimation and state-feedback yield the desired result. 

The key idea of the IO selection is now as follows. First, the designer’s requirements are 
expressed by the filters V and W so the N P  problem of computing an admissible controller 
achieving 11Mll, < y makes sense. It is remarked once more, that robust stabilization for 
unstructured uncertainties involves a similar requirement. Second, all candidate IO sets 
are subjected to the six viability conditions; as soon as one condition fails, the rest need 
not be checked. In this way, a large number of IO sets can be assessed, circumventing the 
time-consuming process of (optimal) controller design and closed-loop evaluation for each 
individual IO set. Note, that condition 1 also depends on the IO set under consideration, 
since (possibly very small) input weights and measurement noises are included in z and w 
respectively to guarantee that assumptions 3 and 4 are met; this issue is discussed in more 
detail in [48, Appendix DI. If Dll = O for the overall IO set, it will also be zero for the other 
IO sets and so condition 1 need not be checked. 

For nonlinear systems, an equivalent for the linear X, control problem will be formulated. 
This is commonly referred to as “nonlinear X, control,” which is not quite correct as will 
become clear in this section. Only the aspects of nonlinear X, control which are relevant for 
the IO selection are discussed here and many mathematical details are omitted. For a mini 
literature survey on this topic, see [48, Chapter 81. 

Consider the following nonlinear state-space description, which is affine in the exogenous 
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inputs w and manipulated inputs u: 

It is usxially assamecl, that a = O is the equilibrium, i.e., ~ ( 0 )  = O ,  a d  also that q ( 0 )  = 
O, c2(0) = O. Moreover, the mappings a ( a ) ,  . . . , 022(z) are assumed “enough times differen- 
tiable.” The compressor model can also be described in input affine form and by a suitable 
coordinate transformation the above assumptions are met. 

In literature on nonlinear X, control, some additional assumptions are made on the system 
description (2.7), see, e.g., [28, 30, 321. These assumptions are similar to the well-known 
“DGKF assumptions” for linear systems in [13J. Both for linear and nonlinear systems, the 
DGKF assumptions are more restrictive than those in Section 2.2 and are mainly introduced 
to simplify the involved algebra. The literature states (and shows [26]), that these assumptions 
can be relaxed [27,28] and therefore the qualitative statements in this section are expected to 
hold for nonlinear systems under less restrictive assumptions similar to those in Section 2.2. 

The matrices in the linearization G of Gnl for the equilibrium 2 = O are given by (see 
Equation (2.4)): 

A = e(0) B1 = & ( O )  Bz = &(O) 

c - acz 

Cl = %(O) Dll = O l l ( 0 )  a 2  = M O )  
2 - %(O) 0 2 1  = &(O) 0 2 2  = W O ) .  

With a slight abuse of notation, a,  w ,  u, z ,  and y in the linearization (2.4) now represent 
small perturbations from a = O, w = O ,  u = O, z = O, and y = O. 

Like for linear systems, the goal of nonlinear 3-1, control is to achieve closed-loop asymptotic 
stability together with a performance requirement. The performance is expressed in terms of 
the L2 gain of the closed-loop, see, e.g., [26,53]: 

Definition of L2 gain: The  closed-loop sys tem with zero initial 
5 y f o r  some y > O i f  

li z’(t)z(t)dt 5 y2 WT( t )W( t )d t  lT 
for  all T 2 O and for  all w ( t )  E L2[O,T]. 

The notation w( t )  E L2[0,T] expresses that J :wT( t )w( t )d t  < 

state is said to  have L2 gain 

(2.8) 

00, i.e., that the energy of 
the exogenous input w ( t )  is bounded in the time interval [O,T]. The terminology “nonlinear 
X, control” stems from the fact, that in the linear case the L2 gain of a stable system is 
equal to the Xm norm of its TFM, see Section 2.1. Note the nonstrict inequality in (2.8). 
This is common in literature on nonlinear X m  control, while for linear X m  control the strict 
inequality llMllm < y is more familiar. This difference is due to theoretical reasons, but not 
so crucial in practice. In [25], the strict nonlinear Xm control problem is treated. 
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Conditions for existence of a stabilizing controller achieving the C2 gain specification could 
lay the foundation for an IO selection method for nonlinear control systems. Such condi- 
tions have been derived and are collected in [48, Chapter 81. However, they only apply 
locally around the equilibrium. Essentially, the conditions require certain nonlinear partial 
differential (in)equalities, so-called Hamilton- Jacobi (in)equalities, to have a solution. These 
equalities can be interpreted as the nonlinear equivalent of Riccati equations. Finding an ex- 
act solution is generally not possible and a burdensome approximation procedure as discussed 
in [29,53] and [35, Chapter 91 would make the IO selection method iEe%cie&. 

In [53,54] (state feedback) and [28,30,45,55] (output feedback) it is shown, that the nonlinear 
31, control problem for Gril is solvable in a neighborhood of the equilibrium if the 31, control 
problem for the linearization G is solvable. This neighborhood will be denoted z,l E W ,  
with zcl the state of the closed-loop system. Thus solvability of the linear 31, problem is 
sufficient for local solvability of the nonlinear X, problem. So, one way to efficiently perform 
IO selection for a nonlinear system Gril is to apply the viability conditions from Section 2.2 
to its linearization G. It is emphasized, that such an IO selection method may be ineffective, 
since IO sets which are rejected for G may be viable for G,I; see the example in [29], where 
the X, problem is solvable for the nonlinear system, but not for the linearization. 

Unfortunately, the size of the region W where the nonlinear X, control problem is solved 
cannot be determined a priori. Instead, a controller must be constructed, substituted in Gril, 
and the closed-loop must be studied. More specific, for the associated closed-loop Hamilton- 
Jacobi (in)equality (see, e.g., [26,53]) it must be investigated for which states xCz a solution 
exists. According to [53,54] (state feedback) and [55] (output feedback), the l inear controller 
corresponding to the linearization G locally solves the nonlinear Xm control problem in a 
region z E fi. Intuitively, the validity region for the linear controller is contained in that for 
the nonlinear controller, i.e., I@ 5 W ,  but a formal proof is currently lacking [55, Section 7.41. 

In practice, control in an operating range rather than around one operating poin t  may be the 
objective, see the compressor control problem in Chapter 3. In that case, the IO selection 
method based on linearizations could be applied to an “operating grid,” i.e., a collection of 
interesting operating points. If an IO set is termed viable for the whole operating grid, this 
implies that for each investigated point there exists a linear controller solving the nonlinear 
31, control problem in a neighborhood I@ around that point. However, for an IO set accepted 
on this basis it is not guaranteed that the IO set is suitable for control “between” operating 
points. For an IO set which is accepted for a denser operating grid, it is expected that this 
requirement is more easily met. 

So, the IO selection method may be useful for screening of candidate IO sets, but it does not 
yield definite conclusions on IO set viability. For this purpose, additional studies should be 
performed, for instance according to the following three steps. First, for each investigated 
operating point a controller is designed. While a linear X, controller is easily obtained, 
nonlinear 31, controller design is considerably more difficult and will not be done here. 
Second, for each closed-loop the size of the validity region is determined. For this purpose, 
the rigorous but computationally demanding methods from [36, Chapter 91 and [30] may be 
used, but this will not be done. Also, simulations could be performed, e.g., for a suitable set of 
different initial conditions. Third, if the validity regions do not overlap, the IO set of interest 
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is subjected to IO selection for some additional operating points, followed by returning to  the 
first step. If all validity regions do overlap, the IO set is viable for the whole operating region 
and a suitable control strategy is chosen. One option is elaborated on below. 

Alternatively, the desired size of the validity region around each operating point could be 
taken into account during IO selection as follows. In a specified region around an  operating 
point, the differences between the linearized and nonlinear systems are treated as modeling 
errors. If these unmodeled nonlinearities are suitably bour,ded (see [5, Chapter 51, [39]), 
they can be accounted for in the set-up of Fig. 2.1 by defining an additional block, which 
“isolates” the uncertainties from the nominal plant G. A suitable IO selection method, or a 
robust controller design method such as p-synthesis, see, e.g., [61, Chapter 111, can be used 
to check if the IO set is viable for robust performance, i e . ,  if with the IO set it is possible to 
design a linear stabilizing controller achieving the performance specifications in the face of the 
unmodeled nonlinearities. Dealing with unmodeled nonlinearities together with IO selection 
based on robust performance and ,u-synthesis is a subject of future research. 

For an IO set with overlapping validity regions, gain scheduling could be considered as a 
potential strategy for control of the whole operating range. Gain scheduling involves adjusting 
the controller parameters or switching to different (pre-computed) controllers, depending on 
the operating conditions. This strategy requires measurements or good estimates of the 
operating conditions, which should be borne in mind during IO selection. For an introduction 
into gain scheduling, see, e.g., [i, Chapter 91; for a more advanced approach which might be 
useful for the compressor control problem, see [31]. In [37], a gain scheduling controller is 
used for surge suppression: for a set of steady-state operating points, state-feedback gains are 
computed based on linearizations and the feedback gain of the controlled system varies with 
the steady-state conditions. Gain scheduling will not be investigated in this report, but is an 
interesting topic for future research. 



Chapter 3 

The Compressor Control Problem 

The IO selection approach from the previous chapter is applied to the compressor control 
problem. In Section 3.1, the Greitzer compression system model and the control problem 
are discussed. Section 3.2 proposes the candidate sensors and actuators, while Section 3.3 
quantifies the performance specifications. Finally, Section 3.4 checks if the standard Xm as- 
sumptions are met and how small values for some design parameters can be used to meet 
them. 

3.1 The Compression System Model and Control Goal 

In compression systems, a gaseous fluid is pressurized by first accelerating it and then con- 
verting the kinetic energy into potential energy (pressure) [56]. Two main types of continuous 
flow compressors can be distinguished: axial compressors, for which the fluid leaves the com- 
pressor in a direction parallel to the rotational axis and centrifugal or radial compressors, for 
which the fluid leaves the compressor in a direction perpendicular to the rotational axis. In 
this report, the focus is on a radial compressor in a turbocharger. 

The stable operating region of compression systems is often limited by the onset of the un- 
stable flow phenomena surge and rotating stall. Surge is characterized by large amplitude 
fluctuations of the pressure rise and annulus averaged mass flow. This global type of insta- 
bility is an unsteady, axisymmetric, self-excited phenomenon and results in a large amplitude 
limit cycle oscillation in the compressor map. “Deep surge” is illustrated in Fig. 3.1: at the 
point of instability (indicated with 4) the mass flow suddenly and very rapidly collapses, even 
leading to reversed flow through the machine. Rotating stall is an essentially two-dimensional, 
local instability phenomenon in which one or more cells of severely stalled flow are rotating 
around the circumference of the compressor, although the averaged mass flow remains steady, 
see Fig. 3.2. These unstable flow phenomena can lead to undesirable mechanical and thermal 
loads and operation with considerably reduced performance and efficiency. Active control is 
one way to cope with these instabilities [14]. Only surge will be considered here. 

12 
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Figure 3.1: Compressor map with deep surge cycle [li] 
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Figure 3.2: Compressor map with stalled flow characteristic (111 
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Figure 3.3: The compression system with candidate sensors and actuators 

The Greitzer lumped parameter model schematized in Fig. 3.3 is used for the IO selection. 
Originally, this model was developed for azial compressors [19]. However, Hansen et al. [22] 
show, that this model is also applicable to radial compressors, as considered here. In the 
model, the compressor and its ducting are replaced by an actuator disk, ie., a plane ac- 
counting for the pressure rise across the compressor and a constant area pipe with length 
Le accounting for the fluid dynamics in the compressor. The flow in the compressor duct 
is assumed one-dimensional and incompressible. The compressed fluid is discharged into a 
plenum of much larger diameter, where the compression process is assumed isentropic, the 
pressure spatially uniform, and the flow velocity negligible. Finally, the fluid is delivered to 
a process requiring a certain pressure and/or mass flow, represented by a throttle in the exit 
duct. This throttle is modeled by an actuator disk across which the pressure drops. The 
constant area pipe with length LT does not turn up in the model, because the inertia effects 
in the relatively short throttle duct are assumed to be negligible. 

In general, the state of the compression system is determined by three dimensionless variables, 
i e . ,  the dimensionless compressor mass flow z1 = 4 ,  the dimensionless plenum pressure 
rise z2 = $, and the compressor rotational speed n, see Fig. 3.4. Information on how the 
dimensionless mass flow 4 and plenum pressure rise $ are obtained is given in Appendix A. 
In steady-state, zl, x2, and n are connected via the compressor characteristic Qc(xl) (also 
called speed line) and the compressor pressure rise equals the plenum pressure rise. So, in 
steady-state only two of xl, x2, and n are really independent. 

The employed Greitzer compression system model is restricted to constant speeds. In this 
report, five distinct n values are used, resulting in the five distinct compressor characteristics 
depicted in Fig. 3.4; see the Appendix for more details on QC. Corresponding to each speed, 
the investigated flow region is given by zlo E [F, 3F], with xl0 the nominal mass flow and 
2 F  the dimensionless flow where Qc peaks. Emphasis will be put on the characteristic corre- 
sponding to n3 = 80,000 [rpm]. This speed is close to the highest speed for which “reliable” 
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Figure 3.4: Compressor map with compressor characteristics Qc (xl) corresponding to various 
speeds n [rpm]. On the left from the peaks (zl < 2F), the linearized system G is unstable, 
while on the right it is stable. 

experimental data are available, also in the surge area, see Fig. A.1. For higher/lower speeds, 
control is expected to be more difficult/easier, which is studied in Chapter 4. 

Based on the principles of conservation of mass and momentum and under the assumption 
that the compressor pressure rise and the mass flow through the compressor are related purely 
algebraically (quasi-steady compressor assumption), the Greitzer model [19] provides a set of 
differential equations for z1 = 4 and x2 = $: 

Here, B is called the compressor stability parameter and @T the throttle characteristic. In 
fact, (3.1)-(3.2) is the state-space representation for the autonomous nonlinear compressor 
model. The nonlinear state-space model and its linearization (G in Fig. 2.1), including the 
controlled, measured, exogenous, and manipulated variables are documented in Appendix A. 

The stability of the equilibria (xl0, x20)  on the compressor characteristic Qc(xl) can be investi- 
gated by studying the linearization of (3.1)-(3.2). It is easily derived, that the two eigenvalues 
of the linearization are in the open left half plane (strict stability) if and only if: 

(3.3) 
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For further use, it is convenient to transform this local stability condition into an expression 
for the nominal mass flow xlo. In the investigated mass flow region x10 E [F, 33’1 the first 
part of (3.3) is always fulfilled for the considered system. From the second part it is derived, 
that the linearization of (3.1)-(3.2) is strictly stable if and only if: 

- 2F for the considered system and ‘d considered n. (3.4) 
F3 

3HB2 
xio > 2 F  - - - 

Here, H > O turns up in the description of the compressor characteristic \i,, see Fig. A.2. 
Note, that the stable mass flow region increases to the left for decreasing B-parameters. 
As a result of the approximate equality in (3.4), in the sequel the positively sloped part of 
@, (x10 < 2F) is said to correspond to an unstable linearization and the negatively sloped 
part (x10 > 2 F )  is said to correspond to a stable linearization. Condition (3.4) provides a 
sufficient condition for local asymptotic stability of the nonlinear system around the equilibria 
on Q C ,  see, e.g., [44, Section 3.31. In [41], the global stability of (3.1)-(3.2) is studied using 
Lyapunov’s direct method. 

The control goal considered in this report is to guarantee stable compressor operation under 
exogenous disturbances and actuator constraints with linear controllers that are locally de- 
signed for nominal operating points (xlo , xzo )  on  @,. This issue is particularly important for 
xlo < 2 F ,  where the linearization is unstable. However, it is also important for xl0 > 2 F  
where the linearization is stable, since the stability of the nonlinear system also depends on 
the exogenous disturbances and initial conditions. The possible control goal of maintaining 
the same flow/pressure for a setpoint change in pressure/flow (“capacity control”) will not be 
considered here. The reason is, that this goal can be achieved more efficiently by rotor speed 
manipulation, which is excluded from the model, than with the manipulations proposed in 
Section 3.2. 

This research will also study the influences of including x1 and/or x2 (as deviations from 
their nominal values) in the controlled variables Z, besides the inputs u. The first motivation 
is to keep the state trajectory of the nonlinear system close to the nominal point (xlo, zzO) 
where the linearization is valid. As already mentioned in Section 2.3, stability of the nonlinear 
system with a linear controller may be violated for operation outside the controller’s validity 
region fi. Moreover, the controlled behavior may be unacceptable, as will be illustrated in 
Chapter 4. As a second motivation, Section 3.4 will show that (tiny) weights for x1 and x2 
must be included to fulfill the fifth standard 31, assumption for the operating point where 
the linearization G has two purely imaginary eigenvalues. All considered controlled variables 
are listed in Table 3.1. 

The following exogenous variables W are examined, see also Table 3.1: 

0 Inlet flow disturbance W1 = A p a :  The upstream conditions of a compressor can 
fluctuate as a result of disturbances in upstream processes, which may occur in case 
of a serial compressor configuration, or in case of an aircraft jet engine undergoing a 
changing angle of attack or altitude. Also, the effects of an air cleaner in the compressor 
duct may play a role. 
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Table 3.1: Variables (all dimensionless) in the system model G of Fig. 2.1 

Symbol Description 
State variables x 

x1 compressor mass flow q5 
x2 plenum pressure rise $ 

Exogenous variables W* 
GI inlet flow disturbance A p a  
Ga outlet flow disturbance AG+ 
W3 compressor pressure disturbance Am, 
Wy sensor noise 

Zl compressor mass flow q5 
Z2 plenum pressure rise t+!~ 
u manipulated variables (inputs) 

u1 
uz 
u3 wall velocity z, 

yi compressor mass flow 4 
y2 plenum pressure rise $ 
y3 
u4 

Controlled variables Z* 

Manipulated variables (inputs) u 
adjusted close-coupled valve area parameter K,, 
bleed valve area parameter Kb 

Measured variables (outputs) y 

total compressor face pressure gO2 
static comm-essor face messure d3 

o Outlet flow disturbance W2 = AG+: In analogy to upstream system disturbances, 
changes in the outlet flow conditions may be caused by downstream disturbances, such 
as pressure pulsations due to an engine or a combustion chamber. 

o Compressor pressure disturbance W3 = Am,: Due to local unsteady flow in the 
rotor or diffuser, the compressor may show unsteady fluctuations in pressiire rise. 

o Measurement noise: In practice, sensors are never free of noise. Accounting for noise 
in all candidate sensors will also guarantee that the fourth standard î-l, assumption is 
met, see Section 3.4. 

Only nonpersistent disturbances (i. e., disturbances with bounded energy) will be considered 
here, though persistent disturbances such as steps may also occur. The latter could be due to 
changing delivery pressure or flow demands, which are manifested as changes in the throttle 
characteristic Q T ,  but which could also be represented by steps in Wz. For the stabilized 
system, a stepwise disturbance may result in a stationary operating point which is different 
from the nominal one. On the other hand, for nonpersistent disturbances stable compressor 
operation implies that the state trajectory x ( t )  returns to the nominal operating point (the 
nominal operating point may be also be retained under persistent disturbances by constant 
nonzero control action, but this is inefficient and undesired). 
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3.2 Sensor and Actuator Candidates 

A surge control system should include sensors detecting fluid disturbances that trigger surge 
and actuators introducing desired manipulations. Theoretically, a single sensor and actuator 
suffice for nominal stabilization, because surge is essentially a one-dimensional phenomenon; 
see also Section 3.4, where it is shown that G is both stabilizable and detectable for a single 
actuator and sensor respectively. However, in practice disturbances and actuator constraints 
play a role, making particular IO sets with a single sensor and actuator more suitable for 
control than others. Moreover, in the face of disturbances and actuator constraints, stabiliza- 
tion with one sensor and actuator may become impossible, which may be resolved by adding 
actuators and sensors. This section proposes candidate sensors and actuators. Details on 
their inclusion in the system model can be found in Appendix A. 

System operating information for surge control can be obtained by one-dimensional sensors 
which measure, e.g., static or total compressor face pressure, mass flow (velocity), and plenum 
pressure or temperature. Note, that a mass flow sensor is an intrusive element upstream of 
the compressor, which may be undesirable. As in [42], the measured variables are chosen 
according to y = [q5 I,!I I,!IO2 g2IT, with I,!IO2 the dimensionless total compressor face pressure 
and 7,b2 the dimensionless static compressor face pressure. These candidate sensors are listed 
in Table 3.1, while their locations in the compression system are shown in Fig. 3.3. 

As discussed in Section 3.1, the state of the compression system is determined by the rotor 
speed, the mass flow, and the pressure rise. Consequently, measures to suppress surge could 
aim at influencing these three variables. Since the compressor speed is assumed constant in 
the model (3.1)-(3.2), manipulating the speed will not be considered here as a potential control 
action. Ways to control speed are, e.g., the manipulation of current in an electric motor, or 
manipulation of the fuel injection into the combustion chamber in case of a turbocharger. 

To introduce manipulations of the compressor mass flow 4, variable inlet geometry, injectors in 
the compressor duct, valves closely coupled to the compressor, and bleed valves are proposed in 
literature. Heat addition in the plenum, varying plenum volume, or acoustic waves generated 
by a loudspeaker are suggested for manipulations of the plenum pressure rise I,!I. As in [42], the 
close-coupled valve area parameter Kcc, the bleed valve parameter Kb, and the dimensionless 
wall velocity u are chosen as candidate inputs, yielding u = [Kcc Kb u]’. It is emphasized, that 
K,, and Kb differ from their “standard” definitions; see Appendix A for details. Fast acting 
hydraulic valves are considered here. The movable wall may be constructed as a relatively 
slowly moving plate construction achieving large displacements, as well as a relatively rapidly 
moving loudspeaker cone with small displacements. The actuators examined in this study 
are also listed in Table 3.1 and depicted in Fig. 3.3. 

The nominal positions of the close-coupled valve and the bleed valve are chosen so control in 
two directions is possible and the efficiency loss is acceptable, see Appendix A. For the not- 
fully-opened close-coupled valve, this introduces a pressure drop across the valve, affecting the 
stability of the nominal operating points. If the close-coupled valve is present, the following 
expression, which is analogous to (3.4), provides a condition for strict stability of the linearized 
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compression system in the mass flow region xl0 E [F, 3F]: 

F3 4F3u1 4F3ulo 
x i O > 2 F - - - L -  -2F---- 

3HB2 3HcS 3HcS 
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(3.5) 

for the considered system and ‘v’ considered n. 

Here, c1 > O reflects the capacity of the valve and ulo > 1 represents the valve’s nominal 
position. The stable mass flow region increases to the left for increasing ulo values, but for 
efficiency reasons ulo should be small. 

3.3 Quantitative Performance Specifications 

In Section 3.1, the control goals were formulated qualitatively. For the purpose of IO selection, 
these goals are expressed quantitatively by means of shaping filters V (Section 3.3.1) and 
weighting filters W (Section 3.3.2), see Fig. 2.1. To limit the generalized plant’s order and 
hence to limit computational effort during IO selection, the diagonal entries in V and W are 
restricted to “low order” transfer functions. This is justified if this allows the disturbances 
and control goals to be represented accurately enough, which is assumed here. 

In the specification of the design filters V and W ,  the so-called Helmholtz frequency WH [rad/s] 
is used to scale design parameters related to frequency. The Helmholtz frequency corresponds 
to the natural frequency of the oscillations of the gas in the duct and plenum, in the absence of 
compressor and throttle [8], see also Appendix A. It is used for time-scaling in the compression 
system model: t = t“wH, with t the dimensionless time and f the time in [SI, see, e.g., [42]. In 
the frequency domain, the dimensionless frequency w = W/w, comes into being, with W the 
frequency in [rad/s]. 

3.3.1 Shaping Filters 

This section specifies the shaping filters Vl, . . . , V7, corresponding to the exogenous variables 
zü listed in Table 3.1. For Wl, Wz, and W3 the shaping filters are fixed according to the 
following form: 

This first order transfer function expresses the low-frequency character of the considered 
disturbances. Parameter wi models the frequency beyond which the disturbance is small, while 
wi models the typical magnitude of the disturbance. For rejection of stepwise disturbances, 
V ,  = y is often used, see, e.g., [33]. 

The specific choices for the steady-state gains ui and the cut-off frequencies wi are discussed 
next. It is emphasized, that due to lack of experimental data, the choice of these parameters 
is based on experience and intuition. Some parameters also depend on the considered nominal 
operating point (xl0, x z o )  on the compressor characteristic Qc (see Fig. 3.4): 
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Figure 3.5: Shaping filters for two nominal mass flows zl0: VI (-), V2 (..) V3 (--) 

1. Inlet flow disturbance 6,: It is assumed, that the disturbances due to aircleaner 
effects are typically 10 [Hz] or smaller and so w1 = 27r 10/wH. In addition, w1 is fixed at 
a fraction Al = 0.01 of the dimensionless ambient pressure: w1 = Al &. 

2. Outlet flow disturbance Gz: Parameter w2 is also chosen 27r10/wH, while it is as- 
sumed that the “magnitude” of G2 is a fraction AZ = 0.10 of the nominal mass flow zl0 
in the considered operating point: u2 = AZz1,. 

3. Compressor pressure disturbance G3: Parameter w3 is assumed to be related to the 
impeller’s rotational speed ni: w3 = w, with nb the number of blades. In addition, 
w3 is fixed at a fraction A3 = 0.05 of the nominal pressure rise zZ0 in the considered 
operating point: 2r3 = A3z20. 

For the third compressor speed n3 = 80,000 [rpm], Fig. 3.5 illustrates the choice of these 
shaping filters for the nominal mass flows xl0 = F and zlo = 3F, which give the best 
indication of the effect of the operating point on V, and V3. Note, that VI is independent 
of the operating point. V3 is approximately the same for zlo E [F, 3F], since the nominal 
pressure is approximately the same. 

The exogenous variables W also include sensor noise  noise^^) in Wy = [I& W5 W6 G7]*. To 
estimate the magnitude of the noise, experimental results for the laboratory set-up are used. 
This experimental system includes a pressure sensor (Data Instruments AB/HP) and a mass 
flow sensor. The latter measures the absolute pressure and temperature before an  orifice and 
the pressure drop across this orifice. From these three values, the mass flow is determined. 
For the 14 “most reliable” stationary operating points in the compressor map (see Fig. A.l), 
Root Mean Square (RMS) values are computed for mass flow and pressure measurement 
vectors. This results in 14 RMS values for the flow measurements and 14 RMS values for the 
pressure measurements. The means of these RMS values, ie., û1 = 1.1010-3 [kg/s] (mass 
flow) and û2 = 220 [Pa] (pressure), are used to characterize the magnitude of the y-noise. So, 
it is implicitly assumed, that the sensors applied for control are of the same type as those 
implemented in the laboratory set-up. Assuming a flat power spectrum for the y-noise, the 
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following constants are used as “shaping filters:” 

Q i  
v4 = 

Pa Ac UT ) 

The scalings paAcUT and ip,U$ make the mass flow and pressures dimensionless. 

3.3.2 Weighting Filters 

This section specifies the weighting filters W for the controlled variables Z listed in Table 3.1. 
In some cases, which will be explicitly mentioned, weights for Zl (compressor mass flow zl) 
and Z2 (plenum pressure rise z2) will be incorporated in the control problem. For simplicity, 
it is decided to choose the following static weights: 

(3.9) 

(3.10) 

The denominators scale the orders of magnitude of the controlled variables. This serves a 
better comparison of Zl, 2 2 ,  and the other controlled variables [Z3 Z3 Z5] = uT. Parameters 
pi and p2 can be used to express the relative importance of Zl and Z2: for pi = p2 = 1, 

minimizingzl- and 22- is-equafly important; -Moreover;-pf and p2 could be used as design- - - - - ~ - ~ - ~ 

parameters to obtain satisfactory closed-loop responses, see Chapter 4. Note, that z1 and z2 
in the linearization G are different from the states in the nonlinear system Gril. Since the 
weights apply to the linearization, the denominators in W, and W, could be set to specify the 
maximally accepted deviation of z1 and z2 from zero. However, this deviation could also be 
expressed as a fraction of the nominal nonlinear states zlo, z20 and could thus be accounted 
for via pi and p2. 

The controlled variables also include controller output weights (“u-weights”) in u = [Z3 Z4 Z5IT.  
To start with, the weighting filters W3 and W4 for the close-coupled valve and bleed valve 
are considered. Since the bandwidths of these actuators are limited) high-frequency inputs 
cannot be realized. Therefore, W3 and W4 take the following form: 

(3.11) 

(3.12) 

Note, that these filters are made bi-proper if wo < 00, the reason for which is twofold. First, 
for the case considered here this allows for a state-space representation of the generalized 
plant G, which is impossible for nonproper filters. Second, biproper u-weights guarantee the 
full column rank assumption on Ol2 to be met (see Section 2.2), which is not guaranteed 
for strictly proper weights. Parameter wo is chosen large (wo = lo6), so W3 and W4 have a 
nonproper character in the frequency range of interest, see Fig. 3.6. 
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It is assumed, that both the close-coupled valve u1 and the bleed valve u2 have a bandwidth 
of 100 [Hz] (which are close to values given in [2,40]). So, w4 = w5 = 27rlOO/w~. The 
weights W3 and W4 involve ulo and uzo to keep the manipulated variables within limits, as 
is explained next. In Appendix A it is shown, that the input u1 (close-coupled valve) and 
u2 (bleed valve) in the nonlinear system are required to be in the ranges u1 E [ l , ~ )  and 
uz E [0,1]. With the nominal valve “positions” ulo and uzO this means, that the inputs u1 
and uz in the linear models must lie in the ranges [I - ulo, co) and [-uzo , 1 - uso] respectively. 
A stronger (symmetric) restriction on the linear inputs u1 and u2 will be used here, which 
requires the same absolute-valued bounds on positive and negative inputs: dz(ui, - 1) for u1 
and &(min(uzo, 1 - azo))  for u2. The reciprocals of these absolute bounds are used in W3 
and W,. Apart from the physical bounds on u1 and u2, these inputs should be small for the 
linearization to be valid. 

The following second order weight W5 for the movable wall is proposed: 

(3.13) 

Recall, that us is a dimensionless velocity. With W5 it is attempted to combine limiting the 
movable wall’s velocity u3 and its displacement “J,” u3 ( 7 ) d ~ ”  into a single controlled variable 
(alternatively, two different controlled variables and weights could be formulated). Both the 
velocity and the displacement are bounded by the physical construction. The bandwidth 
w6 strongly depends on the type of movable wall. In case of a moving plate, it is assumed 
that w6 = 27r50/w~ is representative, while for a loudspeaker a higher bandwidth is more 
appropriate (e.g., = 27r2OO/w~ as in [15]). For the time being, the moving plate will 
be the focus. Furthermore, it is assumed that the maximally achievable speed is 1.0 [m/s]. 
With the nominal speed u3, = O, the maximally allowable dimensionless speed in the linear 
model is u ~ , ~ ~ , ~  = l.O/w, with V, and A, the plenum volume and the movable wall area 
respectively. The maximum displacement is assumed 0.05 [m], giving u~,,,,~ = 0 .05 /2  as 
the maximum dimensionless displacement. 

A, 

In W,, the term & is used to account for the displacement limitation. If E = O, the weight 
contains a pure integrator. However, this introduces an eigenvalue in the origin which is un- 
detectable through Cz and, as a consequence, the second and sixth ?Lm standard assumptions 
are violated and the resulting controller may cause closed-loop instability. To circumvent this 
and to use the standard MATLAB machinery, it is decided to use an “almost integrator” by 
introducing the tiny perturbation E = lop6,  see e.g., [61, Section 17.31. A different approach to 
deal with unstabilizable/undetectable jw-axis modes introduced by design filters is discussed 
in [35]. 

Figure 3.6 shows the weighting filters for the inputs. Note, that W, behaves like an  integrator 
for low frequencies. While in Fig. 3.6 the parameters p3, p4, , and p52 are set at  identity, 
they could be chosen to express the importance of bounding each input compared to other in- 
puts and compared to Zl and Z2. Alternatively, in Chapter 4 these parameters are determined 
by iterative controller design and simulation to keep the inputs within their limits. 
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Figure 3.6: Actuator weights with p3 = p4 = psi = p S 2  = 1: W3 (-), W4 (..), W, (-.) 

3.4 Standard 31, Design Assumptions 

This section shows, that the standard í’í, controller design assumptions mentioned in Sec- 
tion 2.2 are met for all considered IO sets. 

Assumptions 1 and 2 require (A,&) and (C2,A) corresponding to the generalized plant’s 
state-space description (2.4) to be stabilizable and detectable respectively. Since the filters V 
and W are stable, this boils down to checking stabilizability and detectability of (Ä, Ba)  and 
(Cz, Ä) corresponding to the nominal plant model G. Notice, that controllability of (Ä, B2) 
is sufficient for stabilizability, while observability of (C2, A)  is sufficient for detectability. 

By computation of the controllability matrix P = [s2 AB,] and checking if its rank equais 
n = 2, it is easily shown that the IO sets with only one input guarantee controllability in 
the studied operating region zlo E [F, 38’1. This holds for all five compressor speeds that are 
considered. Trivially, all multi-input IO sets guarantee controllability as well. 

In analogy, for the IO sets with only one output the observability matrix Q = [CF ÄTC:lT is 
computed and it is checked if its rank equals n = 2. Measurements yl and y2 always guarantee 
observability. This is also guaranteed for y3 , provided the nominal (equivalent) compressor 
slope mee,, and the nominal (equivalent) throttle slope rnT,.). are not the same. For n3, 
the left plot in Fig. 3.7 shows, that this requirement is met in the investigated operating 
region. The plot appears to be the same for mc, instead of mc and/or mT, instead of rnT, 
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observability is guaranteed for all investigated mass flows, also for other compressor speeds. 
For y4, observability is guaranteed under the following condition: 

:= 4B2mT(.).?, + 2(B2rn*,,)rnC(,, - l)xl, + mT(., - mq,, # 0. (3.14) 

The right plot in Fig. 3.7 depicts O, indicating that observability is always guaranteed, except 
for xl0 = 7.0410-’ = 2.09F without the close-coupled valve u1 and for xl0 = 6.4010-’ = 
1.90F with ul. Note, that O does not depend on the presence of the bleed valve u2, ie., the 
results for mT and mTe are the same. Though the IO sets with the single y4 are unobservable 
for these particular nominal mass flows, the systems are stable and hence detectable. This is 
shown in Figure 3.8, which depicts the eigenvalues of the linearization G with and without 
the close-coupled valve ul .  Also for the other four considered speeds, IO sets based on y4 are 
unobservable for one particular zlo value. However, in all cases the corresponding Ä-matrix 
is stable and hence in all cases detectability is guaranteed. 

The third and fourth 3c, standard assumptions require 012 and D21 to have full column 
rank and full row rank respectively. These assumptions are always fulfilled by the inclusion 
of bi-proper (actually, constant) shaping filters for the y-noise and bi-proper weighting filters 
for the u-weights. This is further discussed at the end of this section. 

The fifth and sixth assumptions are made with respect to matrices of the following form: 

C D ‘  1 A - j w I  B c =  [ (3.15) 

In [34, Section 8.3.71, it is stated that C loses rank at  those points on the imaginary axis 1) 
which are either uncontrollable or unobservable eigenvalues of A, or 2) which are transmission 
zeros of (A,  B ,  C, O). Recall, that V and W have no eigenvalues on the imaginary axis (if 
E in (3.13) were zero, W would have an eigenvalue in s = O). Moreover, it was shown 
that ( Ä , B 2 )  is always a controllable pair. This also applies for (A ,&) ,  which can be seen 
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Figure 3.8: Eigenvalues of the linearization G for rotor speed n3 = 80,000 [rpm], without u1 
(-) and with u1 (.e). Al and AZ denote the eigenvalues with the largest and smallest absolute- 
valued real parts respectively. The linearized system- excluding u1 is stable for zlo > 2.00F 
(*) and the linearized system including u1 is stable for zl0 > 1.81F (*). 
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Table 3.2: Design parameter settings for control problems “excluding” some variables 

Without y-noise Without u-weights Without 2-weights 
ol = 10-4 p3 = 10-5 = 10-5 
(92 = 10 p4 = 10-5 p2 = 10-5 

psi = 10-5 
Ps, = o 

immediately from the system matrices given in Appendix A. Observability of the pair (C2, Ä) 
is only violated for IO sets based on the single y4 for one particular zl0 value. However, in 
these situations the Ä-matrix does not have jw-axis eigenvalues (Ä is stable). If no weights 
are imposed on z1 and x2, Cl = O and the pair (Cl,Ä) is always unobservable. Also, the 
A-matrix has (two) jw-axis eigenvalues for one particular zlo, see Fig. 3.8. In that case, 
(Cl,Ä) is undetectable and the fifth assumption is violated. This can be circumvented by 
imposing (tiny) weights on lcl and 2 2 .  Though this need only be done for one zlo, for ease of 
implementation tiny weights will be used for the whole considered operating range, see below. 

Hence, only aspect 2) might prevent assumptions 5 and 6 from being met. The requirement of 
(A ,  B ,  C, 0)  having no jw-axis transmission zeros is equivalent to the requirement of C ( j w 1 -  
A)-’B + D having full rank for all frequencies [61, Section 3.111. First, consider the case 
without u-weights and y-noise, with Gi2 representing the TFM between u and z and G2, the 
TFM between w and y. Next, suppose actuator weights are accounted for by extending z 
with z, = W,u and sensor noise is accounted for by extending w with wy = Vyiuy. In that 
case: 

- - 

(3.16) 

Since the diagonal TFMs W u ( j w )  and V,(jw) have full rank for all frequencies (equivalently, 
the diagonal entries of W, and V, do not have jw-axis zeros or poles), it is easily seen that 
assumptions 5 (full column rank of G12( jw)  b’ w )  and 6 (full row rank of G 2 1 ( j ~ )  ‘v’ w )  are 
always met. 

As mentioned in the above, some variables must always be included in the control problem 
to meet the standard ?LW assumptions. However, to create insight in the control problem it 
could be useful to skip some variables, e.g., it may be interesting to know how perfect sensors 
(skipping y-noise) or actuators (skipping u-weights) affect the control problem, see Chapter 4. 
Therefore, to conclude this section “lower bounds” of some relevant design parameters are 
determined. On the one hand, the ?LW assumptions must be met with these parameters; 
on the other hand, the parameters should have a negligible influence on the best achievable 
N P  level. 

Parameter settings for three different cases are considered: first, the case “without y-noise” 
(fixing V4, . . . , V, at zero violates the assumption of DI2 having full row rank), second, the 
situation “without u-weights” (setting W3 = W, = W .  = O violates the assumption of DZ1 
having full row rank), and third the case “without z-weights” (for one nominal flow zl0, 
fixing W, and W, at zero violates the second and sixth standard ?LW assumptions). Small 
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values are determined for the parameters listed in Table 3.2. More specific, these values 
are chosen so the optimal closed-loop ‘H, norm maximally reduces t o l =  lop3 if the values 
are further reduced by a factor 10, at the same time preventing numerical problems due 
to bad conditioning. Here, t o l  is used as the stopping criterion in the y-iteration of the 
‘H, optimization. Without violating any assumption, p52 is set at zero. Determining û1 and 
0 2 ,  parameters p i , .  . . , p4, and p5i are fixed at one; determining p3, p4, and psi , the parameters 
01 = 02 = lo3, and pi = p2 = 1 are used; finally, determining pi and p2, the settings 
ûi = 1W2, g2  = lo3, and p3 = p4 = psi = 1 are used. Suitable choices for the cases labeled 
“without y-noise,” “without u-weights,” and “without %-weights” are listed in Table 3.2. 



Chapter 4 

Input Output Selection Based on 
Nominal Performance 

This chapter starts with designing Xm optimal controllers and performing simulations for 
the full IO set. Next, the optimal performance is compared for eight typical IO sets. This is 
followed by subjecting all 105 candidate IO sets to the viability tests for IO selection. Finally, 
some simulations are performed for the most promising IO sets. 

4.1 X, Optimization and Simulation for the f i l l  IO Set 

This section will focus on the full IO set. To start with, 31, optimizations and simulations 
are performed to find suitable settings for the p-parameters incorporated in the weights for x1 
and x2 and the controller outputs u. With these parameter settings, the influence of including 
and excluding y-noise and u-weights on the optimal closed-loop norm IIMllm is investigated. 
Also, these norms are compared for different nominal operating points and rotor speeds. 

Recall from Section 3.1, that the goal of control is to stabilize the system in the face of 
disturbances and actuator constraints. More specific, these constraints involve limitations on 
the C, norms (“peak values”) of the inputs ul, u2, u3, and on the integral of u3. The L,  
norm of the scalar signal ui(t) is defined as follows, see, e.g., [61, Chapter 41: 

Ilui(% := SUP l4t)l. (4.1) 
t 

Bounding the Lm norm of the inputs u under &-bounded exogenous variables 20 is typically 
the problem of bounding the Cl norm of the corresponding transfer function matrix, see, 
e.g., [7,9]. Due to the restriction of the IO selection to the Nm norm setting, the requirements 
on u must as well as possible be transformed into this setting. Unfortunately, this may not 
be straightforward. See Chapter 5 for a continued discussion on this issue. 

To find suitable settings for the p-parameters in the u-weights, an iterative procedure of 

28 
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3c, optimization and closed-loop simulation is used. The simulations are performed for both 
the linear closed-loop (G closed with K )  and for the nonlinear closed-loop (Gril closed with 
K ) .  The compressor speed n3 = 80,000 [rpm] will be considered. Moreover, the main focus 
will be on operation around the nominal mass flow zlo = F (the numerical value of F is 
given by Equation (A.10)). From Fig. 3.8 it is observed, that the eigenvalue with the largest 
positive real part occurs for zlo = F and therefore stabilization is probably more difficult than 
for other mass flows in the considered range. It will be required here, that the p-parameters 
derived for xl0 = F also give acceptable responses for controllers designed with the same 
parameters, but for different nominal mass flows. So, the p-parameters must be useful for the 
whole operating range. 

The closed-loop behavior is evaluated as follows. Starting from stationary operation in the 
specified point (zlo , x20), the following three disturbances are applied to the closed-loop: 

wl(t) = h u l  exp{-wlt} t E [O, te] , (4.2) 
t E [O, At) 

+u2 exp{-w2(t - At)} t E [At, te] ’ (“ &(t) = (4.3) 

Here, te is the (dimensionless) end time of the simulation and At = 2 is the (dimensionless) 
time between the disturbances. With respect to the disturbances, some remarks are made: 

1. First, f in (4.2)-(4.4) indicates the direction of the disturbances: either the case with 
W1, G2,  and W3 having positive sign, or the case with G1, w2, and W3 having negative 
sign is considered. 

2. Second, the disturbances in (4.2)-(4.4) belong to the class described by the shaping 
filters Vl, V2, and V3 proposed in Section 3.3.1. In fact, V,, V2, and V3 are directly 
related to  the Laplace transforms of the disturbances. In this context, it is emphasized 
that W1, ?ij2, and ‘w3 may not be appropriate representations of disturbances occurring 
in practice, but are rather representations of “worst-case” frequency distributions for 
the disturbances modeled by the shaping filters. 

3. Third, the influence of w1 (w2) is negligible once w2 (w3) occurs at t = At (t  = 2At): 
= 2.7010-4. Also, recall that w3 is related to the rotor speed and is wl(At) = 

much faster than w1 and w2: w1 = w2 = 4.11 and w3 = 3.29 lo3 for n3. 
wi(0) wz(At) 

Apart from these disturbances, sensor noises can be introduced in the simulations by applying 
uniformly distributed random signals (in discrete time) in the intervals [-V,, K], i = 4,.  . . , 7, 
see (3.7) and (3.8). 

To find suitable values for the design parameters, the following iterative strategy is employed. 
Initially, pi and p2 (in the weights Wl and W2 for x1 and x2) and p52 (in the “integral part” 
of the us-weight W5) are fixed at zero. For xl0 = F an 3cm optimization is performed for 
p3 = p4 = p5i = 0.10. The corresponding linear closed-loop is simulated for the disturbances 
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Figure 4.1: Closed-loop responses for xl0 = F to disturbances ül, ü2, and W3 in positive and 
negative direction: linear system, positive direction (-); linear system, negative direction (--); 
nonlinear system, positive direction (- -); nonlinear system, negative direction (-.). 

specified above. Based on the resulting peak values of each input in u, the parameters p3, p4, 
and p5i are adjusted. For instance, if u1 exceeds its limits, p3 is increased, otherwise it 
is reduced. It is emphasized, that input saturation is not implemented in the simulation 
program. It appears, that the displacement of the movable wall never exceeds its limits, even 
though pS2 = O. After three iterations, p3 = 8.82 lop2, p4 = 3.50 lop3, and p5, = 6.84 lop2 
give acceptable results for the linear closed-loop with llMllc0 = 0.85. If these settings are 
maintained for other operating points in the range xlo E [F, 1.8F] (where the uncontrolled 
system G including the close-coupled valve is unstable), the linear closed-loop responses for 
the newly designed controllers are also acceptable. 

Unfortunately, depending on the nominal mass flow and disturbance direction, these p- 
parameter values may lead to unacceptable behavior of the nonlinear closed-loop. Some 
simulation results for zlo = F are depicted in Fig. 4.1 and Fig. 4.2. Figure 4.2 also shows the 
limit-cycle and reversed flow behavior for the uncontrolled nonlinear system Gn1 (compare 
with Fig. 3.1). In terms of the coordinates for the linearized system, the state variables rcl 
and x2 are called “local,” while they are referred to as “global” for the nonlinear system. The 
responses are obtained without y-noise, since this creates more transparent figures, while the 
responses with y-noise are basically the same. Later in this section, some simulation results 
with y-noise will be shown. 

First, observe from Fig. 4.1 and 4.2, that the linear closed-loop exhibits a “symmetric re- 
sponse” with respect to (xlo, x20) for disturbances in positive and negative direction. Com- 
pared to the disturbances, the response is rather slow (smaller u-weights result in faster 
responses, but also in violation of the input constraints). Second, for the nonlinear system 
the response is not symmetric. For positive disturbances, the behavior of the nonlinear system 
is better than for the linearization, in the sense that rcl and x 2  are smaller. However, for neg- 
ative disturbances the nonlinear behavior is worse and u3 slightly exceeds its upper limit (not 
depicted). The state-trajectory x ( t )  does not return to the nominal operating point (xlo, 
Instead, the end state of the simulation x ( t e )  corresponds to a different equilibrium of the 
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Figure 4.2: Responses in the compressor map to disturbances in two directions, indicated with 
"+" and "-". Also, a part of the equivalent compressor characteristic Qc(xl) - Qcc(xl,ulo) is 
depicted (..). Left figurer uncontrolled response (counter-clockwise) . Right figure: controlled 
response (counter-clockwise): linear system (-); nonlinear system (- -); (o)  indicates x ( t e )  for 
the nonlinear simulation with the negative distcrbances. 
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nonlinear closed-loop; this can be shown numerically with the SIMULINK function t r i m .  The 
corresponding inputs u are nonzero, but relatively small. Simulations for each disturbance 
individually show (not depicted), that W1 has a much larger effect on the response than W2,  
which in turn has a considerably larger effect than the fast disturbance W3 (these conclusions 
cannot be drawn from Fig. 4.1). 

Though the controlled nonlinear system is stable for all investigated operating points zlo E 
[F, 3F], the resulting response is sornetirnes unacceptable. For instance, controller design 
for zlo = 1.5F and the same p-parameters (no results depicted) yields a nonlinear response 
with z ( t )  describing a large trajectory in the compressor map and all inputs exceeding their 
limits. Moreover, z( t )  does not return to the nominal operating point. In fact, the end state 
corresponds to a different equilibrium, which exhibits reversed flow: zl(te) = -0.28F. An 
attempt is made to circumvent these undesired phenomena by using nonzero weights W, and 
W2 for z1 and x2. Parameters pi and p2 are fixed at 0.1, p52 = O, and new settings for p3, p4, 
and psi are determined in the same iterative way as described before. After four simulations, 
the settings p3 = 9.20 lo-’, p4 = 3.30 yield acceptable responses 
and IIMllco = 0.89. 

and p5i = 6.29 

Various simulation results are depicted in Fig. 4.3-4.5. Comparing Fig. 4.3 with Fig. 4.1, it is 
evident that the response to disturbances with nonzero z-weights is considerably faster than 
with zero z-weights. Figures 4.3 and 4.4 also show, that the amplitude of z( t )  is significantly 
smaller. This means, that the state trajectory is closer to the nominal operating point where 
the linearization is valid. This is probably the reason, that this controller works better than 
the one designed without z-weights. Simulations for other points in the operating range 
zl0 E [F, 3F] show, that the nonlinear systems closed with the controllers obtained for the 
same pparameters are stable and that z ( t )  returns to the nominal operating point. The 
lower plots in Fig. 4.3 show some simulation results for the nonlinear system including y- 
noise. Though the noise results in a “spiky” response for z1 and z2 (and for the inputs u), it 
does not endanger stability. This also holds for other operating points. 

Figure 4.5 depicts the inputs u for simulations without y-noise and for zlo = F ,  corresponding 
to the state trajectories in Fig. 4.3. Note, that all inputs stay within their required upper and 
lower bounds. The displacement of the movable wall does not exceed its limits. Moreover, it 
almost returns to zero in this particular case, even though the displacement is not directly 
weighted (p52 = O).  Other simulations show, that this does not hold in general. The input 
constraints are also satisfied for other nominal operating points in the investigated range. 

The rest of this section is devoted to studying the influences of the nominal operating point, 
the absence of y-noise and/or u-weights, and the compressor speed on the optimal closed-loop 
Xm norms. Table 4.1 lists the various design parameters which will be used throughout the 
rest of this section and in Sections 4.2-4.3. It is emphasized once more, that these parameters 
are used for the whole operating range zl0 E [F, 3F], though they are actually determined 
for zlo = F .  Moreover, if not explicitly mentioned, the values p1 = p2 = 0.1 in the weights 
for z1 and z2 will also be applied in the operating range where the linearization G is stable. 
Note, that for a stable linearization G, no controller is needed for stabilization ( K  = O) and 
IIMlloo = O results for p1 = p2 = O. 



CHAPTER 4. INPUT OUTPUT SELECTION BASED ON NOMINAL PERFORMANCE 33 

O 
cll 

-0.005-, 

0.01 I I 0.01 I 

A 

i /  

i /  

I -0.015' -0.01 ' 
O 2 4 6 8 O 2 4 6 8 

Time t Time t 

0.01 1 I 0.01 1 

0.005 

H d o  
d o 2 -0.005 

-0.01 

-0.01 5 ' I 

O 2 4 6 8 
Time t 

\ I  
u 

-0.01 
O 2 4 6 8 

Time t 

Figure 4.3: Upper plots: closed-loop responses for xl0 = F to disturbances W,, W2, W 3  in 
two directions without y-noise: linear system, positive direction (-); linear system, negative 
direction (-.); nonlinear system, positive direction (- -); nonlinear system, negative direction 
(-.). Lower plots: closed-loop responses for xl0 = F to disturbances in two directions with 
y-noise: nonlinear system, positive direction (-); nonlinear system, negative direction (- -). 

Table 4.1: Design parameter settings for control problems including and "excluding" partic- 
ular shaping and weighting filters 

Included Not included 
ol = 1.1010-3 
02 = 2.20102 

el = 10-4 
8 2  = 10 

y-noise: 

p3 = 9.20 
p4 = 3.30 
psi = 6.29 
P52 = o  p52 = 0 

p 3  = 10-5 
p4 = 10-5 
p5i = 10-5 

u-weights: 

pi = 10-1 = 10-5 
x-weights: 5 p2 = 10-1 p2 = 10- 
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Figure 4.4: Closed-loop responses to disturbances in two directions (indicated with “fw” 
and “-w”) for the nominal mass flows xlo = F and xl0 = 1.50F (indicated with *) without 
y-noise: equivalent compressor characteristic sIc(xl) - sIcc(ul, xl0) (.-); linear system (-); 
nonlinear system (- -). 
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Figure 4.5: Inputs u for various simulations for xl0 = F without y-noise: linear system, 
positive disturbances (-); linear system, negative disturbances (..); nonlinear system, posi- 
tive disturbances (--}; nonlinear system, negative disturbances (-.). The bounds on u are 
indicated with solid straight lines. 
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Figure 4.6: 3-1, norms for four different cases: closed-loop system including y-noise and 
u-weights (-); closed-loop system including y-noise and excluding u-weights (.o); open-loop 
system with close-coupled valve (- -); open-loop system without close-coupled valve (--); (*) 
indicates the nominal mass flows xlo = 1.81F and xl0 = 2.00F. 

First, 3-1, optimizations are performed for the full IO set for the case with and “without” 
y-noises and/or u-weights. For the third compressor speed n3 = 80,000 [rpm], 21 operating 
points evenly spaced in the mass flow range xl0 E [F, 38’1 are investigated. The results for 
the closed-loop X, norms are depicted in Fig. 4.6, as well as the corresponding open-loop 
X, norms. As can be computed from (3.4) and (3.5), the region in which the uncontrolled 
linearized plant G with the close-coupled valve is stable is enlarged from xl0 E [2.00F, 3.00FI 
to zlo E [1.81F, 3.00F1, see also Fig. 3.8. Since the 3-1, norm is only defined for stable 
systems, Fig. 4.6 only depicts the open-loop 3-1, norms for the stable regions. Obviously, 
IO selection with a y value which is larger than the open-loop’s 3-1, norm makes no sense, 
since even the “empty IO set” is viable for this N P  requirement and thus so are all nonempty 
IO sets. 

During the 3-1, optimizations it appeared, that the sensor noise parameters O1 = 1.1010-3 
and Q2 = 220 have a negligible influence on the optimal X, norm, i.e., the plots with and 
“without” y-noise are the same, also in the case without u-weights. Only for larger Ol and 
O2 values, the influence of y-noise is noticeable (say, if the y-noise is increased by a factor 3 ) .  
Therefore, only the results with the original y-noise parameters are depicted in Fig. 4.6. 
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The first important observation from Fig. 4.6 is the large influence of input weights on the 
achievable %, norm. In the absence of these weights, 11M11, is smaller than the stopping 
criterion t o l =  in the %, optimization, except for nominal mass flows zlo < 1.4F, 
which is due to the weights for z1 and z2. Apparently, limiting z1 and z2 without actuator 
constraints is a relatively easy control problem, which is supported by closed-loop simulations 
for zlo = F (no results depicted). 

Second, Fig. 4.6 shows, that the optimal 31, nor= decreases for increasing nornioal mass 
flows, i. e., stabilization and disturbance rejection under input constraints is easier for large 
mass flows. This is made plausible by studying the location of the open-loop poles of the 
linearization G in Fig. 3.8. The two poles are real for the whole operating range zlo E [F, 3F], 
except for a small region around zl0 = 2.00F (without ul), or around zlo = 1.81F (with ul). 
Also, the poles are jointly stable, or jointly unstable. Starting from zlo = F ,  the unstable 
pole with the largest absolute-valued real part (A,) shifts further to the ju-axis for increasing 
xl0, while for zlo > 2F it shifts further to the left in the left half complex plane. Hence, 
Fig. 3.8 suggests that stabilization becomes easier for increasing xlo, which is supported by 
the results of Fig. 4.6. Note, that the weighting filters Wl and W2 depend on the nominal 
operating point and so do the parameters v2 and v3 in the shaping filters V2 and V3. However, 
7-1, optimizations for constant values of these design filters give similar plots as Fig. 4.6, i e . ,  
the control problem becomes easier for larger nominal mass flows. 

A third observation from Fig. 4.6 is, that in the large mass flow region (say zlo > 2F) ac- 
tive control does not improve the achievable NP level IlMIl,. Note, that the uncontrolled 
linearized system is already stable in this region and so the achievable 31, norm is mainly 
determined by the weights for z1 and x2. If larger 2-weights were specified, the difference be- 
tween the open-loop and the best achievable closed-loop %, norms would become significant 
in the large mass flow region. Closed-loop simulations for zlo > 2F show, that the response 
of the controlled linear/nonlinear system is indeed only slightly better than the response of 
the uncontrolled linear/nonlinear system. 

For the case including y-noise, u-weights, and z-weights, the optimal norms for the full 
IO set and the five compressor speeds nl, . . . , n5 are compared in Fig. 4.7 for 21 operating 
points zlo E [F, 33’1. Notice, that the norms increase for increasing speeds, at least for 
small mass flows where the linearization is unstable. Thus, for the full IO set the control 
problem is more difficult to achieve for increasing speeds. This is in line with the conclusion 
from [42], that control is more difficult for larger compressor stability parameters B, since 
B grows proportionaily with the rotor speed (see Appendix A).  Moreover, Fig. 4.7 shows 
that for each speed the optimal %, norm decreases for increasing nominal mass flows; the 
smallest 3-1, norm is found for zl0 = 3F, where the pole Al with the largest absolute-valued 
real part is furthest in the left half plane, while the largest %, norm occurs for zl0 = F ,  
which corresponds to Al being located furthest in the right half plane. 
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Figure 4.7: Optimal closed-loop norm llMllm from íYm optimizations for the full IO set for 
five rotor speeds. 
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Table 4.2: Typical IO sets subjected to X, optimizations 

IO set Outmts  Inputs Characterization 
1 y1 yz y3 y4 u1 u2 u3 full IO set 
2 Y l Y 2 Y 3 Y 4  u1 close-coupled valve 
3 Y1 Y z Y 3 Y 4  u2 bleed valve 
4 y lyzy3y4  u3 movable wall 
5 Y1 ul u2 u3 compressor mass flow 
6 Y2 u1 u2 u3 plenum pressure rise 
7 Y3 u1 u2 u3 total compressor face pressure 
8 Y4 u1 u2 u3 static compressor face pressure 

4.2 31, Optimization for Typical Input Output Sets 

In this section, 31, optimizations are performed for the eight typical IO sets listed in Table 4.2. 
By considering IO sets with all four sensors and one particular actuator on the one hand and 
IO sets with all three actuators and one particular sensor on the other, insight is gained on the 
importance of each candidate actuator and sensor. Also, the influence of actuator constraints 
on the achievable Xm norm is studied. The focus is on the third compressor speed n3 and 
the case including y-noise, u-weights, and z-weights. 

For the comparison of the typical IO sets, the same weighting filters for the controlled variables 
are used as in Section 4.1. Recall, that the pparameters in the weights were determined by 
iterative controller design and simulation for the full IO set, since the control problem is not 
straightforwardly formulated in the Xm norm setting by specifying design filters in the fre- 
quency domain. If the derived p-parameters are maintained for controller design with IO sets 
with fewer sensors and actuators (“smaller” IO sets), the resulting closed-loop responses may 
not be the best achievable. That is, iterative controller design and simulation for each indi- 
vidual IO set may lead to weights which yield better responses than with the weights derived 
for the full IO set. However, smaller IO sets will never have a better response than the best 
possible for the full IO set, not even by modifying the p-parameters. Also, with the same 
p-parameters, the optimal closed-loop Xm norm will never be smaller than for the full IO set. 
Recall from Section 2.1, that a larger X, norm implies a larger gain between exogenous and 
controlled variables. More specific, for the compressor problem with the disturbances W1, W2, 
and W3 dominating 20 and the inputs u dominating 2, c? larger Xm norm implies more control 
effort for disturbance rejection. Based on this, it is stated that good control is more dificult 
to  achieve for IO sets with large Xm norms resulting from Xm optimizations with the weights 
determined for the full IO set. Therefore, this section and Section 4.3 considering IO selection 
will employ the weights determined for the full IO set, see Table 4.1. In Section 4.4, it will 
be studied if the performance of promising IO sets can be improved by modifying weights. 

Figures 4.8 and 4.11 depict the results of the X, optimizations for the typical IO sets. Again, 
the controllers are computed for 21 evenly spaced points in the flow region zlo E [F, 3F].  
While Fig. 4.8 compares the results for the full IO set and the IO sets with a single actuator, 
Fig. 4.11 does so for the full IO set and the IO sets with a single sensor. The X, norms of the 
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Figure 4.8: Closed-loop norms IIMllco from Xm optimizations for IO sets 1-4 in Table 4.2: full 
IO set (-), IO set 2 with u1 (..), IO set 3 with u2 (--), IO set 4 with u3 (-.); (o) depicts the 
?lm norms of the open-loop system including the close-coupled valve and (+) the Nco norms 
excluding the close-coupled valve. 

uncontrolled systems including and excluding the close-coupled valve u1 are also depicted. 

Studying Fig. 4.8, it is observed that the achievable N P  level with the close-coupled valve u1 
comes closest to that for the full IO set, ie., IO set 2 is the best IO set with a single actuator. 
For the large mass flow region (say zlo > 2F),  the performance with u1 is approximately 
the same as for the full IO set. However (as already discussed in Section 4.1), for zlo > 2F 
a controller only improves marginally upon the N P  level for the open-loop system. This is 
due to the relatively weak control requirements if the open-loop linearization is stable. The 
second best IO set with a single actuator is IO set 4, which is based on the movable wall u3. 
In the small mass flow region (say zlo < 2F) ,  llM1lco is a factor two till three larger than 
for the full IO set. Clearly, the worst IO set with four sensors and one actuator is IO set 
3, employing the bleed valve u2. The conclusion, that u1 is the best actuator among the 
proposed candidates is in line with the main conclusions by Simon et al. [42], who state that 
actuators that are physically close to the compressor (see also Fig. 3.3) are the most effective. 
More specific, among their candidate actuators the close-coupled valve and an  air injector in 
the compressor duct (not considered here) are qualified the most promising. Explanations 
and physical interpretations for the differences between u2 and u3 are given next. 

Figure 4.9 shows the open-loop gains between each input and the compressor mass flow z1 
and the plenum pressure rise x2. To make a fair comparison of the influence of each input on 
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Figure 4.9: Open-loop gains between each input multiplied by its allowable magnitude and 
z1 and x2: u1 (-); u2 (..); u3 (--). 

x1 and xz, each relevant transfer function has been multiplied with the allowable magnitude 
of the corresponding input (ulo - 1 for u l ,  min(uLz0, 1 - uzo) for uz, and u~,,,,~ for u3). Based 
on Fig. 4.9, u3 might be termed best, followed by u1 and u2 respectively. However, it is 
emphasized that minimization of x1 and z2 under input constraints is not a proper reflection 
of the actual control problem, which also involves stabilization and disturbance rejection. 
Nevertheless, Fig. 4.9 suggests that the movable wall u3 is better suited for manipulating the 
system dynamics than the bleed valve uz. 

The above is also felt intuitively. For the considered compression system, the plenum volume 
and movable wall area are relatively large (see the system data in Table A.l), while the 
capacity of the bleed valve is relatively small. Therefore, the plenum pressure rise is more 
easily manipulated with u3 than with uz (the compressor mass flow is most easily affected with 
the close-coupled valve u l ) .  This statement is supported by simulation results for the system 
without compressor and disturbances, i .  e., for the second differential equation in (A.l) with 
zl(t) = O and lu2(t) = O. For a given initial nonzero plenum pressure rise ~ ~ ( 0 )  and throttle 
area parameter KT,  the time spans needed to make x2 = O ( i e . ,  to let the air out of the 
plenum) are compared for the fully opened bleed valve and the movable wall with maximal 
speed (no restrictions on its position). It appears, that x2 = O is achieved significantly faster 
with u3 than with uz (approximately 20 times faster for the particular situation considered). 
For a smaller plenum volume and a larger allowable magnitude of u2, control with the bieed 
valve is expected to become better. 

Figure 4.8 shows, that the worst '& norm for the full IO set occurs for xi,, = F :  llM1lm = 
0.89. Suppose IO selection for all considered operating points is performed with a y-value 
that is close to 0.89, say y = 1. In that case, all 45 IO sets based on a single actuator would be 
eliminated. Since all four sensors are used, this implies that all candidate IO sets employing 
only one actuator are certainly nonviable under this performance requirement (eliminating 
sensors will never improve the best achievable control). The IO selection in Section 4.3 
will also be performed for y > 1, since subsets of the full IO set may also yield acceptable 
responses. 
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Figure 4.10: Best achievable 3c, norms for IO sets 2-4 when the actuator bandwidths and 
allowable input peak values are varied by “Factor.” Left figure: influence of ulo (-) and w4 
(e.). Middle figure: influence of uaO (-) and w5 (e.). Right figure: influence of u3mas,i (-) and 
U 6  (*‘>. 

For the typical IO sets 2-4, the influence of the u-weights on the achievable NP level will 
be studied now. Recall from Section 3.3.2, that these weights include specifications for the 
actuator bandwidths (wg, w5,  and w6) and the allowable magnitude of the inputs (ulo, azo, 
u3m,s,i, and u~,,,,~). The original values for these parameters are multiplied by factors in a 
(logarithmically spaced) range between 0.1 and 10. Only one parameter at  a time is varied 
and the best achievable X, norms are computed. All X, optimizations are performed for 
zlo = F ,  the third rotor speed n3, and the design filter parameters in the left column of 
Table 4.1. The maximum allowable displacement of the movable wall u~,,,,~ is excluded from 
this investigation, since the corresponding weight is set to zero (pS2 = O). The results are 
depicted in Fig. 4.10. 

The following observation from Fig. 4.10 is in line with physical insight: for all inputs, the 
optimal 3c, norms decrease for increasing bandwidths and increasing allowable peak values 
of the inputs. For all investigated actuator specifications, IO set 3 based on the bleed valve u2 
has the worst NP level. The main conclusion from Fig. 4.10 is, that the achievable N P  level 
may be strongly affected by the actuator specifications (more general, by the u-weights). 
Therefore, the results of the IO selection may also strongly depend on the u-weights. So, on 
the one hand, by incorporating design requirements in a quantitative way via the weighting 
filters, it is possible to clearly distinguish between the prospects for candidate IO sets. On 
the other hand, incorrect quantitative specifications may yield incorrect results. Therefore, it 
is crucial that the requirements are as well as possible formulated in the ?-Lm norm setting. A 
similar remark applies for the specification of weighting filters for other controlled variables 
and for the specification of shaping filters (e.g., sensor quality represented by the y-noise filter, 
which is however not crucial here). It was also noted in [42], that the actuator bandwidth 
considerably affects the possibilities for active surge control, while a similar statement was 
made in [23] for active rotating stall control (in both papers, these conclusions are drawn for 
static output feedback). 
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Figure 4.11: Closed-loop norms llMllw from Xw optimizations for IO sets 1 and 5-8 in 
Table 4.2: full IO set (-), IO set 5 with y1 (..), IO set 6 with y2 (--), IO set 7 with y3 
(--), IO set 8 with y4 (*); (o)  depicts the Xw norms of the open-loop system including the 
close-coupled valve and (+) the 31, norms excluding the close-coupled valve. 
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The preference for the various sensors is investigated by studying Fig. 4.11. It is observed, 
that the achievable performance with the IO sets based on the mass flow sensor yl,  or the 
static compressor face pressure sensor y4 is the same as with four sensors. The performance 
with the total compressor face pressure sensor y3 is only slightly worse in the small mass flow 
region. The plenum pressure rise sensor y2 clearly has the worst performance in the small 
mass flow region. The conclusion that the sensors yl, y3, and y4 are better than y2 fits in with 
the conclusions by Simon et al. [42], who state that sensors in the compressor duct (especially 
the mass flow sensor gl) are the niost promising. It is emphasized, that their conclusion is 
based on proportional output feedback. 

If IO selection were again performed with y = 1, all seven IO sets based on the single sensor 
y2 would be eliminated. In the large mass flow region, the performance with the IO sets 
based on a single sensor does not significantly improve compared to the Performance with 
the uncontrolled system. This is logical, since this statement even holds for the full IO set 
including all candidate sensors. 

4.3 Input Output Selection Results 

In this section, all 105 candidate IO sets are subjected to the six viability tests of Section 2.2. 
The IO selection is set up as follows. Initially, the focus is on the compressor model corre- 
sponding to the third speed n3. It will first be checked if an admissible controller can be 
designed achieving llM1lm < 2, i e . ,  y = 2 during IO selection. From Fig. 4.6 it is concluded, 
that the uncontrolled system achieves this performance requirement for the stable mass flow 
region zlo E [2F, 3F], except for mass flows close to zlo = 2F. Therefore, the IO selection 
with y = 2 will only be performed for the unstable region xl0 E [F, 2F].  It will also be 
checked if llMJlm < 2 is possible for two lower and two higher compressor speeds. Table 4.3 
summarizes the IO selection results. 

For the IO selection with y = 2 in the range zl0 E [F, 2F],  a grid of 11 evenly spaced nominal 
flow points is used. To start with, all 105 candidate IO sets are tested for zlo = 1.OF and the 
accepted IO sets are checked for zlo = 1.1F; the IO sets which are still viable are tested for 
the next operating point, etc. This process is stopped after zlo = 2.OF has been checked, or 
if all IO sets have been termed nonviable. From Fig. 4.8 and 4.11 it is concluded, that for the 
typical IO sets the largest X m  norm occurs at zlo = F .  It is therefore expected, that for the 
other operating points in the investigated range zl0 E [F, 2F] no additional IO sets will be 
rejected. It is also expected, that IO selection eliminates more IO sets if the operating region 
is extended to lower nominal mass flows, but this will not be considered here. 

The influence of discarding y-noise, u-weights, and z-weights is also examined; for this pur- 
pose, the design parameters in Table 4.1 will be used. The IO selection starts for the case 
“without” y-noise, u-weights, and z-weights. This is followed by adding y-noise, u-weights, 
and z-weights (ir, this order). 
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Table 4.3: Overview of NP-Based IO selection results: (-) denotes absence, (+) denotes 
presence 

Case y Speed y-noise u-weights 2-weights Viable IO sets 
90 1 2  723 

90 2 2  n3 + 
83 3 2  723 + + 

4 2  723 + + + 82 
5 1  n3 + + + 28 

- - - 

- - 

- 

6 2  721 + + + 56 
7 2  n2 + + + 81 
8 2  n4 + + + 54 
9 2  n.5 + + + 54 
10 2 nl,  . . . ,  n5 + + + 28 
11 3 nl, . . . ,  n5 + + + 50 

Performing IO selection for the case “without” y-noise, u-weights, and z-weights at xl0 = F ,  
all 15 IO sets based on the single bleed valve u2 are eliminated. Apparently, the tiny weights 
are still too large to accept these IO sets for the N P  level y = 2. From Fig. 4.8 it could 
have been predicted, that uz is not very promising for control. As expected, IO selection for 
operating points up till zlo = 2 F  does not eliminate any additional IO sets. 

Next, y-noise is added. For zlo = F ,  the same IO sets are eliminated as without y-noise. 
Recall, that for the full IO set studied in Section 4.1 the negligible influence of y-noise was 
already noted. Again, no additional IO sets are rejected for continued IO selection in the 
range zl0 E [F, 2F]. 

In case of IO selection including y-noise and u-weights, but without 2-weights, 22 IO sets are 
nonviable for xl0 = F and y = 2 and no extra sets are eliminated in the rest of the operating 
range. The nonviable IO sets are the 15 candidates using the single bleed valve u2, the 
six candidates based on the single plenum pressure sensor y2, and IO set y3/u1. Figure 4.11 
already showed that measurement y2 is not very promising for control. However, from Fig. 4.8 
it is concluded that u1 is better for control than u2 and u3 and therefore one may expect, that 
the achievable performance for IO set y3/u3 is worse than for y 3 / ~ 1 .  The opposite is true and 
it seems the combination of y3 and u1 which does not work well. Indeed, the sixth viability 
test fails, but a physical explanation is lacking. 

In the presence of y-noise, u-weights, and 2-weights, 23 IO sets are rejected for xl0 = F .  
These are the 22 IO sets which were also eliminated in the absence of z-weights, together 
with IO set y 3 / ~ 1 ~ 2 .  Again, IO selection for the rest of the range zlo E [F, 2F] does not 
eliminate extra candidates. The complete IO selection for the 11 points in zlo E [F, 2F]  takes 
about 19 minutes CPU time on a SUN Sparc Station 10/31. It is remarked, that the efficiency 
of the current implementation could be improved, e.g., by directly eliminating subsets of 
larger nonviable IO sets, see the proposal in [48, Chapter 71. In the rest of this section, 
y-noise, u-weights, and z-weights will always be included in the IO selection (see Table 4.3). 
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If y = 1 is used instead of y = 2, 28 IO sets are termed viable. All of them use both the 
close-coupled valve u1 and the movable wall u3 and at least one of the sensors y,, y3 ,  or y4. 

At this stage, 82 IO sets are termed viable for y = 2 and rotor speed n3 = 80,000 [rpm]. 
Next, IO selection will be performed for the other four rotor speeds nl, n,, n4, and n5 (see 
the compressor characteristics in Fig. 3.4). 

For the lowest considered speed nl = 43,003 [ïpm], it zppears that 49 IO sets are eliminated 
for zlo = F .  These are IO set y1 y, y3 y 4 / ~ 1  u2 and its 44 subsets, together with four additional 
IO sets, which only use the mass flow sensor y,. Note, that IO selection for n1 eliminates 
more candidates than for the higher speed n3. This also holds in the absence of z-weights: 
45 IO sets are eliminated for nl,  22 for n3. These results conflict with the expectation in 
Section 3.1, that control becomes easier for lower speeds. Most remarkably, the close-coupled 
valve u1 does not work as well for n1 as for n3. A possible explanation is the following. For 
n1 and z10 = F ,  it is observed that the largest unstable real pole (Al = 4.30) is smaller than 
for n3 (A, = 18.01), while the smallest unstable real pole (A, = 0.23) is larger than for n3 
(A2 = 0.05). This generalizes to other speeds: for z10 = F ,  Al decreases for decreasing speeds, 
while A2 increases. Computing the two eigenvectors of Ä for z10 = F ,  it appears that the 
“mass flow dynamics” of the uncontrolled system G is largely determined by A l ,  while A, plays 
an important role in the “pressure dynamics.” Also, from Equation (A.l) in Appendix A it 
appears, that u1 occurs in the differential equation for the mass flow z1 and only indirectly 
affects rc2. Hence, for smaller rotor speeds control may become more difficult for ul, due to 
A2 shifting further to the right in the complex plane. 

For n2 = 60,000 [rpm], 24 IO sets are eliminated, which are the 15 IO sets using only the 
bleed valve u2, six additional sets based on the single plenum pressure sensor y2, and y3 ~ 4 / ~ 1  , 
y3/ui, and y4/u1 based on the ciose-coupled valve and one or two compressor face pressure 
measurements. For the higher speeds n4 = 90,000 [rpm] and n4 = 100,000 [rpm], the same 
51 IO sets are eliminated. These are IO set yl y2 y3 7 ~ 4 / ~ 2  u3 and its 44 subsets, y2/u1 u, u3 
and its three subsets, and y 3 / ~ 1  u2,  and y3/u1. 

There are 28 IO sets passing the IO selection with y = 2 for the five speeds n,, . . . , n5. These 
IO sets all employ both the close-coupled valve u1 and the movable wall u3, and either yl, y3, 
or y4. Considering the IO selection goal stated in the Introduction, IO sets yl/ul u3, ~ 3 / ~ 1  u3, 
and y 4 / ~ 1  u3 are preferable, for these are the viable IO sets with the least actuators and 
sensors. From Ra optimizations for nl , .  . . , n5 in the range zlo E [F, 3F], it is concluded that 
the optimal closed-loop norms are smallest for yl/ul u3. Therefore, closed-loop simulations 
will be performed for this IO set in Section 4.4. 

None of the candidate IO sets which employs only one actuator is termed viable for all speeds 
and y = 2. To investigate which IO set with a single actuator is most promising for control, 
IO selection could be performed with a lower N P  level requirement. Accounting for y-noise, 
u-weights, and rc-weights, and performing IO selection for y = 3 and the five speeds nl,  . . . , n5, 
it appears that 50 IO sets are viable. These IO sets employ at least the close-coupled valve 
u1 and at least one of the sensors yl ,  y3, or y4. The smallest viable IO set is yl/uLL1, using the 
mass flow sensor and the close-coupled valve (the single sensors y3 and y4 only yield viable 
IO sets in combination with u1 u,, or u, u3). This IO set is further examined by simulations. 
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4.4 Simulation Results 

In this section, closed-loop simulations are performed for three different IO sets: the full IO set, 
IO set yl/ul us (which is the smallest and most promising IO set viable for y = 2), and yl/ul 
(which is the smallest and most promising IO set viable for y = 3). It is emphasized, that 
attempts to determine the best possible controiler under ail kinds of situations are beyond 
the scope of this report. Instead, the simulation results only give a first indication of the 
(im)possibilities of each IO set. 

The simulations are restricted to the third rotor speed n3 and the nominal mass flow zlo = F ,  
corresponding to the “most unstable” linearization G. As in Section 4.1, the disturbances 
in (4.2)-(4.4) are applied to the closed-loop. To start with, the design filter parameters in 
the left column of Table 4.1 are used in the ?im optimizations for each of the three IO sets. 
So, y-noise, u-weights, and z-weights are included in the controller design. The responses of 
the three IO sets to positive and negative disturbances will be compared for the n o n h e a r  
closed-loop. If necessary, the u-weights for IO sets yl/ul us and yl/ul will be adjusted to 
try to meet the input constraints. To avoid messy pictures, only the results for simulations 
without y-noise will be depicted. For the investigated cases, adding y-noise never endangered 
stability, nor did it violate the input constraints. 

Figures 4.12-4.14 show some simulation results for ?im optimal controllers computed with 
the original weighting filter parameters. An important observation from Fig. 4.12 is, that 
the state response ~ ( t )  for the full IO set (11M11, = 0.89) and for yl/ul us (11M11, = 0.90) is 
approximately the same. Moreover, in Fig. 4.13 and 4.14, there is no visible difference between 
the corresponding inputs for these IO sets; the dotted and solid lines coincide. Apparently, 
the pressure sensors and the bleed valve in the full IO set do not improve control for this 
particular situation. 

A remarkable phenomenon observed in Fig. 4.12 is the fast rejection of disturbances with 
yl/ul (dashed line). The state response is faster than with the full IO set, or with yl/ul us. 
However, Fig. 4.13 and 4.14 show that the input constraints are violated with yl/ui, which 
may be the reason for the fast response. An attempt is made to circumvent this by iteratively 
increasing the p3 parameter in the ul-weight W, up till a factor 100. The norm llMllco increases 
proportionally, but the control action u1 remains unaltered. Apparently, it is impossible to 
stabilize the system for zlo = F ,  while meeting the input constraints in the face of the 
disturbances. As for LQR state-feedback control, a minimum “feedback gain” appears to be 
needed for stabilization. Also for IO sets based on the single bleed valve u2 and movable wall 
us,  the input constraints are violated and increasing the u2-weight via p4 and the us-weight 
via pSl does not improve the results. So, for IO sets with only one actuator it is impossible 
to reject the considered disturbances without violating the specified actuator constraints. 
Nevertheless, simulations show that the close-coupled valve u1 comes closest to the control 
objective (no results depicted). 

It is observed, that for nominal mass flows zlo 2 1.3F the IO set yi/ul is able to stabilize 
the nonlinear system under the input constraint. Note, that stabilization for zlo 2 F and 
yl/ul can be achieved by using a larger nominal value for the close-coupled valve’s “position” 
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ulo. This is possible by increasing ulo with a factor 1.7 and the stable region for the uncon- 
trolled system increases from zlo E [1.815’, 3.005’1 to zlo E [1.68F, 3.005’1. Unfortunately, 
the efficiency of the compressor deteriorates, because the nominal pressure drop across the 
close-coupled valve gets larger. 
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Figure 4.13: Inputs u for nonlinear closed-loop simulations for zlo = F without y-noise and 
disturbances in positive direction: full IO set (-); yi/ul u3 (..); yi/ul (--). The bounds on u 
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Chapter 5 

Conclusions and Future Directions 

This final chapter summarizes the main conclusions from the IO selection application for the 
compressor surge suppression problem. A distinction is made between conclusions concerned 
with the IO selection method (Section 5.1) and conclusions which are related to the compressor 
application (Section 5.2). A few directions for further research are also mentioned. 

5.1 The IO Selection Method 

1. Nonlinear Systems: The IO selection method can be used f o r  initial screening of candi- 
date IO sets, but subsequent studies are necessary. 

In this report, an IO selection method developed for linear systems was applied to a nonlinear 
compressor system. For an IO set to be locaEly viable around an equilibrium for the nonlinear 
system, it is su f ic ien t  that the IO set is viable for the corresponding linearization. Due to 
this sufficiency, IO sets may incorrectly be eliminated. For the compressor, the IO set should 
be globally viable. Therefore, the IO selection is performed for a collection of equilibria and 
linearizations. Unfortunately, for an IO set which is accepted on this basis, it is still not 
guaranteed that the IO set is viable for the nonlinear system and additional studies must be 
invoked to find this out. Hence, for nonlinear systems IO selection could be performed by 
checking the viability conditions for all candidate IO sets, followed by controller design for a 
manageable number of accepted candidates. 

2. Quantitative Performance Requirements: T h e  performance specifications m u s t  be 
accurately known f o r  the IO selection method to work well. 

The IO selection method is based on quantitative measures (more specific, shaping and weight- 
ing filters) to clearly distinguish between the prospects for the candidate IO sets. Though 
this addresses viability more rigorously than qualitative measures (such as controllability and 
relative degree, see [46,50]), the compressor application illustrated the sensitivity of actuator 
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preference to actuator specifications. Therefore, the design filters must be chosen appropri- 
ately for reliable IO selection results. This must be borne in mind if the exogenous variables, 
the sensor noises, and actuator specifications are only vaguely known or not fixed. 

3. 7-1, Norm Setting: The  IO selection method is based on  î-í, performance specifications 
and i s  no t  well-suited to deal with requirements in terms  of other norms. 

For application of the IO selection method, the N P  ïeqaiïements must be formdated in 
the ?i, norm setting. For this purpose, the exogenous and controlled variables must be 
scaled with respect to the appropriate signal norm (e.g., the C2 norm, or the power “norm”). 
Unfortunately, this may not be straightforward, e.g., in case of constraints on the peak values 
of certain signals (involving the Coo signal norm). For the compressor control problem, the 
control actions are required to stay within limits. Ideally, this is directly incorporated in the 
performance specifications (see, e.g., [7]), but here an iterative process of controller design and 
closed-loop simulation had to be performed (for the full IO set) to find suitable specifications. 
This ad hoc and time-consuming procedure is desirably circumvented during IO selection, 
but is nevertheless useful if IO selection is followed by 7-1, controller design. In general, a 
practical system is not limited to inputs and outputs of a single norm-type and a control 
problem formulation in terms of mixed system norms is usually more appropriate, see [58,59] 
for overviews on this topic. Therefore, the development of efficient and effective viability 
conditions for IO selection in case of mixed-norm control problems merits further research. 

5.2 The Compressor Control Problem 

1. Best Actuators and Sensors: Under the imposed specifications, the close-coupled valve 
and movable wall combined with the mass flow sensor is the smallest viable IO set. 

. In line with the conclusions from [42], the close-coupled valve u1 and the mass flow sensor 
yl (both located in the compressor duct) appear to be the most promising. Note, that u1 
directly acts upon the compressor mass flow x1 and that y1 directly measures zl. However, 
simulations with exponentially decaying disturbances and IO set yl/ul show, that the input 
constraints are violated. This can be circumvented by using the movable wall u3 as a second 
actuator, yielding yl/ul u3 as the smallest IO set viable for NP. The plenum pressure rise 
sensor y2 and the bleed valve u2 seem the worst options, which are both located further away 
from the compressor than y1 and u l .  This also fits in with the results in [42]. Actuator u2 
and sensor y2 are expected to function better in case of a smaller plenum volume. Also, it 
could be investigated if the bleed valve performs better if it is placed between the compressor 
and the plenum, as in [37]. Furthermore, future research should reveal the prospects for other 
actuators and sensors (see, e.g., [42]); promising results for an air injector in front of the 
compressor are shown in [10,42] and [4] (rotating stall). 

For the compressor problem, a lack of measurements hampered an accurate characterization 
of disturbances. Moreover, for the actuator weights (especially for the movable wall) the band- 
widths and achievable velocities and displacements have only been guessed and the nominal 
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positions of the valves should be based on more detailed efficiency considerations. Recall from 
Section 5.1, that the IO selection strongly depends on the quantitative specifications and so 
it is emphasized that the results may be considerably different in case of, e.g., other actuator 
weights. 

2. Influence of Rotor Speed: Generally, the control problem is  more di f lcul t  for higher 
rotor speeds. 

It has been demonstrated, that control with the full I O  set becomes more difficult ( i e . ,  the 
closed-loop '?i, norm becomes larger) for increasing speeds. A higher speed corresponds to 
a larger compressor stability parameter B,  which is stated to make control more difficult 
in [42]. Also for other IO sets than the full one, control is easier for lower speeds, except 
for IO sets based on the close-coupled valve. An exact explanation has not been found, but 
the most likely reason is that the plenum pressure dynamics is relatively more important for 
lower speeds and cannot directly be affected by the close-coupled valve. 

3. Simulation Results: Application of a linear controller t o  the nonlinear compressor m a y  
give unacceptable results. 

Linear dynamic controllers have been designed for the linearized compressor system and 
applied to the nonlinear system. While in [42] stability of the linear closed-loop cannot 
always be achieved in case of static output feedback, stabilization for the linear closed-loop 
is always possible with dynamic output feedback as considered here. 

From simulations it appeared, that the linear controllers may lead to unacceptable behavior 
of the nonlinear closed-loop: the state trajectory may end up in a different closed-loop equi- 
librium than the nominal operating point. This is avoided by including weights for the state 
variables representing the compressor map. In this way, emphasis is put on keeping the state 
trajectory in the neighborhood of the nominal operating point, since the linear controllers are 
expected to work better around the equilibria for which they were designed. Indeed, the com- 
puted linear controllers yield considerably faster responses and the state trajectory evolves in 
a smaller area around the operating point. It could be investigated in future research if gain 
scheduling controllers lead to further improvements. 

4. Extension of Compressor Model: In future research, the compressor model should be 
extended to  include rotor speed and to  describe rotating stall. 

For a better representation of reality, the Greitzer compressor model considered in this report 
should be extended into two directions. First, the compressor speed should be included as an 
additional state variable as in [16]. In this way, rotor speed manipulation can be used as an 
extra input and setpoint control becomes feasible (i. e., prescribing a desired constant mass 
flow or pressure for fixed pressure or mass flow, also see Section 3.1). Second, the model should 
be extended to describe also the rotating stall instability phenomenon (discussed in [li, 20]), 
which requires a two-dimensional model [38]. IO selection (and controller design) could then 
be studied for suppression of both surge and rotating stall. Due to rotating stall being a 
two-dimensional and local phenomenon, probably additional and differently located sensors 
and actuators are necessary for satisfactory control (231. 
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5.  Robust Performance: In future research, IO selection should be performed aimed at 
achieving robust performance. 

In this report, IO selection focussed on Nominal Performance (NP). However, for the compres- 
sor system various uncertainties play a role, e.g., uncertain compressor stability parameter, 
uncertain valve parameters, uncertain compressor and throttle characteristics, and unmod- 
eled compressor dynamics. The linearization errors could also be treated as uncertainties. 
Therefore, ct more rigorom control goal is to stabilize the system aad to meet the perfor- 
mance requirements in the face of a particular class of uncertainties, i.e., to achieve robust 
performance. In this context, IO selection could be performed aiming at finding the IO set(s) 
with the least sensors and actuators for which the desired level of robust performance can be 
achieved. The D-scale estimation approach in [48,52] could be used for this purpose. For the 
accepted IO set(s), ,u-synthesis could be invoked for controller design. Both issues could be 
subject of future research. 
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Appendix - -  A 

The Greitzer Compression System 
Model 

In this appendix, the state-space description of the nonlinear system model (Section A.l) and 
its linearization G (Section A.2) are given, corresponding to the Greitzer lumped parameter 
model [19] in Fig. 3.3. 

A . l  Nonlinear Model 

The following nonlinear state-space model (mainly based on [42]) can be derived, including 
all relevant variables listed in Table 3.1: 

See Tables A.l  for the meaning of the symbols and the numerical values of the constant 
parameters used in the MATLAB implementation. Note, that (A.l)  represents the nominal 
plant, ie., does not include design filters. The states x1 and x2 are the dimensionless com- 
pressor mass flow and the dimensionless plenum pressure rise respectively. These variables 
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Table A.l: Symbols and parameters associated with the Greitzer compression system model 

Symbol Description Value (Range) Unit 
Q C  steady-state compressor characteristic 
k c  
Q c c  

@T 

KT 
@ b  

C1 

c2 

VP 
AP 
A C  

L C  

rT 

a 
n 

WC 

UT 
MT 
B 
Pa 
PP 
Pa 

Nb 

close-coupled valve characteristic 
adjusted close-coupled valve characteristic 
throttle characteristic 
bleed valve characteristic 
throttle area parameter 
close-coupled valve capacity parameter 
bleed valve capacity parameter 
plenum volume 
plenum movable wall area 
compressor flow through area 
equivalent compressor duct length 
rotor radius 
number of rotor blades 
speed of sound 
number of rotor revolutions per minute 
compressor rotational speed 
impeller tip speed 
impeller tip Mach number 
compressor stability parameter 
absolute ambient air pressure 
absolute plenum air pressure 
air density under ambient conditions 

242 
153 
2.66 
1.13 

1.00 

6 
340 

4.19 lo3, . . . ,10.47 lo3 
3.15 lo2, . . . ,7.85 10’ 

0.92,. . . ,2.31 
10.27,. . . ,25.68 

5.38 10-3 

7.50 

40 103, . . . ,100 103 

1.01 105 

1.20 
W H  Helmholtz frequency 15.29 

are obtained via the following scalings: 

m C  
2 1  = 

Pa A c  UT ’ 

with rizc the original (dimensional) compressor mass flow, A p  the original plenum pressure 
rise, and the other parameters as specified in Table A.1. It is emphasized, that the scalings 
depend on the considered compressor rotational speed UT = W c T T  = %TT,  where TT is the 
rotor radius and n the number of rotor revolutions per minute [rpm]. 

In (A.l), the movable plenum wall u3 is modeled according to [21]. The relation for the 
dimensionless static compressor face pressure measurement y4 is derived from the Bernoulli 
equation, resulting in an expression of the form pstatic = ptota1- i p v 2 ,  with p and ?I the fluid’s 
density and velocity respectively. 
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The compressor stability parameter B in (A.l) is expressed as: 

5 
2a AcLc 

and can be interpreted as a measure of the ratio of pressure difference across the compressor 
duct and inertial forces, see, e.g., [60, Chapter 31 for more details. Notice, that B also depends 
on the compressor speed via U,. For the compression system considered here, Table A.l 
shows that the R-value varies in the range between 10 and 26. These valiies are relatively 
large compared to values encountered in literature (0.25 up to 2.7, see the survey report [60]), 
which is mainly due to the relatively large plenum volume V, and the high rotor speeds n. 

The following expression applies for the Helmholtz frequency wH: 

so B and WH are related according to: 

Manufacturer and experimental data for several compressor speeds are depicted in Fig. A.1. 
The experiments€ data to the left of the surge line in this figure are obtained as proposed 
in [16]: based on the fact that the B-parameter affects stability, for small plenum volume 
values V, and hence small B-values, steady-state measurements are performed in a region 
that would be unstable for large B-values. 

The steady-state compressor behavior is approximated with a polynomial in xl. To model 
the reversed flow phenomenon in an acceptable way, the minimal order of the polynomial is 
three (as in [38]). Here, the compressor characteristic Qc(xl) is chosen as follows: 

The coefficients F ( n ) ,  H ( n ) ,  and Qco(n) depend on the compressor rotational speed n [rpm]. 
Nevertheless, the notation Q c ( q )  is used instead of Qc(xl, n), since the system is studied for 
only one speed at a time. 

The data in Fig. A.l are used to obtain F ( n ) ,  H ( n ) ,  and Qco(n> as polynomials in n. This 
is done as follows. The third order polynomial in (A.7) is chosen such that the top of the 
approximation coincides with the surge point for each speed line (see Fig. A.1, where the 
dotted line connects the surge points). This completely determines F ( n )  and, as may be 
expected from Fig. A.l, a second order F ( n )  is satisfactory. Given F ( n ) ,  Qco(n) and H ( n )  
are determined by fitting the data in Fig. A.l  in a least-squares sense. The resulting orders 
of Qco(n) (third) and H ( n )  (second) are such that increasing the orders with one does not 
significantly improve the results. This ultimately results in the following expressions: 

Qco (n) = 2.25 lCP5n - 3.36 10-1°n2 + 1.72 10-15n3, ( A 4  
H ( n )  = 3.44 lo-*, + 2.66 10-"nn", (A.9) 
F ( n )  = 3.22 lo-* + 5.24 10-7n - 1.33 1O-l2n2. (A.lO) 
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Figure A.l: Manufacturer data for the considered compressor (Garrett T45 76 trim 1.40 A/R) 
for seven different speeds n [rpm] (-) and experimental data for four additional (mean) speeds 
n = 41,223 [rpm] ( o ) ,  n = 63,326 [rpm] (x), n = 76,286 [rpm] (+), and n = 91,617 [rpm] (*). 
The surge line is indicated by (.-) and p ,  is the delivery pressure of the compressor. 

Figure A.2: The cubic approximation of the compressor characteristic for a given speed. 
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For five different compressor speeds, the approximations !Pc(xl) are depicted in Fig. 3.4. 

The characteristics of the throttle, close-coupled valve, bleed valve, and throttle are in the 
same basic form (4 - fl) as in [2]: 

throttle: Q ~ ( 2 2 ,  KT)  = KT&, (A.ll)  
1 y 2 

close-coupled valve: 1JICc(x1, i&) = (- (4) 2;, 
Cl/ U I /  

(A.12) 

bleed valve: Qb(x2, u2)  = c2u2&. (A.13) 

KT is determined by the downstream process requirements, e.g., a constant pressure and/or 
mass flow delivery. A given KT results in a steady-state operating point (q0, x z O )  correspond- 
ing to the intersection of the compressor characteristic QC(x1) and the “load line” KT&. In 
this study, a grid of nominal operating points in the range xlo E [F, 3F] is studied and KT is 
computed  for each point. Noting that the nominal mass flow through the throttle must equal 
the nominal mass flow through the compressor xl0 minus the nominal mass flow through the 
bleed valve (if present) and using the relations (A.11)-(A.l3), this yields: 

(A.14) 

The close-coupled valve and bleed valve are closed (no mass flow) if iil = u2 = O; they are open 
(negligible pressure drop) in case .ril = u2 = 1. It is emphasized, that ‘Lil E [O, 11 and u2 E [O, 11 
cannot take negative values, since the valves can only destroy potential energy, manifested as 
a pressure drop. This notion plays an important role in the choice of the controller output 
weights in Section 3.3.2. 

The parameters c1 and ca represent physical properties of the actuating system and are based 
on information of the electric blow-off valve (ECONOSTO Stevi-E 12.440/CS23) implemented 
in the laboratory set-up. This information is documented in [57, Appendix DI. It is re- 
marked, that the bandwidth for such an electric valve is typically smaller than for hydraulic 
valves, which form the basis for choosing the bandwidth parameters in the actuator weights 
(Section 3.3.2). For subsonic flow conditions, the following relationship holds: 

ipnp;? , 
mu = O.143Ku (A.15) 

with mu [kg/s] the mass flow through the valve, K, [m3/hr] reflecting the capacity of the 
valve, ,oa = 1.2 [kg/m3] the (normalized) air density, pa,  [bar] the absolute pressure after the 
valve, Ap, [bar] the pressure drop across the valve, and Tbu [KI the temperature before the 
valve. The following linear characteristic can be determined for the valve: 

T T  
(A.16) 

with U [VI a voltage which can be “manipulated” in the range [O, U,,,] and U,,, = 10 [VI the 
maximum voltage. The input u associated with the valve is now defined as the ratio of the ac- 
tual and maximum voltage, i e . ,  u = E [ O ,  i]. In (A.16), parameter K,,,. = 160 [m3/hr] urn,, 
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c1(x) = 

is the maximum manufacturer-specified capacity corresponding to the fully opened valve. So, 
in a sense, K,,,, reflects the size of the valve. By scaling m, and Ap, with paAcUT (yielding 
4,)  and with $paUg (yielding +,) respectively, relation (A.15) can be written in the same 
form as (A.12) and (A.13): 

- - 
2 1  - 0  o 0 -  
x2 O 0 0  
o , DI, =05x7,  &(IC) = 1 o o , 
O O 1 0  
O O 0 1  

4, = CU&&, with: c = 0.143*&. (A.17) 

Fcr the close-cctipled valve Ul arid Eleed valve u2, it, is assumed that T b ,  = 390 [KI and that 
the values for KVma= are the same and equal to 160 [m3/hr]. Also, for the bleed valve, pa, 
is assumed to be equal to the ambient pressure p a ,  while Fig. A.l shows that pa, = 2 . 5 ~ ~  is 
representative for the close-coupled valve. This yields a c-value c1 = 242 for Ul and c2 = 153 
for u2. 

By defining u1 = (1/iil)’ and replacing @cc(zl,iil) in (A.l) by the following adjusted close- 
coupled valve characteristic: 

(A.18) 

the nonlinear compressor model becomes ufine in the exogenous variables tü and the inputs 
u. Note, that u1 = 1 and u1 = 00 correspond to the close-coupled valve being fully open and 
closed respectively. So, a fully closed close-coupled valve cannot be described properly by the 
affine nonlinear model and should be excluded as a possible situation. This is not restrictive 
here, since u1 is required to operate between 1 and 2u10 - 1, with ulo the nominal position of 
the valve (see also Section 3.3.2). The nonlinear model can now be written in the following 
form: 

with: 

2 = á(x) + B,(z).cu + B,(z)u 
z = C l ( 5 )  + Dll(Z)W + D12(z)u G,l : i y = ë2 (3) + Dal (+ + D&)u, 

(A.19) 
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The motivation to transform (A.l)  into an aEne representation is, that nonlinear control 
theory is often restricted to such forms. For instance, in the context of nonlinear ?lm control 
theory (see Section 2.3 and [48, Chapter 81) considerably more attention has been paid to 
affine representations. 

This part of the appendix concludes with a discussion on the settings of the inputs u1 , u2, and 
u3 in the nominal operating points, i. e., ulo, uzO, and uQO. For obvious reasons, the nominal 
dimensionless velocity of the movable wall is fixed at zero (uQ0 = O). However, to be able to 
control “in two directions” the nominal positions of the close-coupled valve u1 and the bleed 
valve u2 will not be fully open (u1 = 1) and fully closed (u2 = 0) respectively. 

First, ulo is set so the pressure drop across the close-coupled valve is not too large. More 
specific, ulo is set so the maximum pressure rise for the equivalent compressor character- 
istic Q,(zl) - Scc(zl ,ulo)  only reduces a specified fraction rl compared to  a fully open 
close-coupled valve. Given the expressions (A.7) and (A.18) and noting that the compressor 
pressure rise peaks at z1 = 2F,  the following holds for ulo: 

4F2 + rl(Qco + 2H)cf 
4F2 Ulo = (A.20) 

Requiring rl = 0.02 for n = 80,000 [rpm] yields the nominal setting ulo = 1.46 lo5. Due 
to this nominal position of the close-coupled valve, the stability region of the uncontrolled 
linearized system G is enlarged from zl0 > 2.00F to zlo > 1.813’. The stability region further 
enlarges for increasing rl values. Maintaining ulo = 1.46 lo5 for the other four considered 
speeds, the pressure reduction at zlo = 2 F  increases from 0.76% for n = 40,000 [rprn] to 
2.33% for n = 100,000 [rpm]. 

Second, uzO is set so the mass flow through the bleed valve is a fraction r2 of the total mass 
flow for the nominal operating point corresponding to zl0 = 2F,  i.e. 

(A.21) 

For n = 80,000 [rpm], r2 = 0.02 yields uso = 1.1710W5. In the considered operating range for 
this speed, this means that the mass flow through the bleed valve nominally varies between 
3.93% (for zl0 = F )  and 1.29% (for zlo = 3F). When u20 = 1.17 is maintained for other 
compressor speeds, the percentage mass flow through the bleed valve for zl0 = 2 F  reduces 
from 3.25% for n = 40,000 [rprn] to 1.85% for n = 100,000 [rpm]. 
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- - - 
- 1  o O 0 0  

o 1  O 0 0  

O 0  O 1 0  
c; = o o , D,, =O!jx7,  Dl2 = 1 o o 

o o _  O 0 1  

67 

, 

Table A.2: Symbols (all dimensionless) introduced for the linearization G 

Symbol Description Abbreviation of 
w c  x1 

mc slope of compressor characteristic a:, 1x10 

mc, slope of equivalent compressor characteristic 8x1 , 1 X l 0  > U I O  

mT slope of throttle characteristic (y) 1x20 

mT, slope of equivalent throttle characteristic ( a[@T ( ~ Z ) ~ x ~ b  (z2 ,.12)1 1 1x2, >u20 

S movable wall aero-elastic coupling parameter 3 = + @ 

~ [ * c ~ x l ~ - * c c ( x l  ,u111 

-L 

) I  T pressure drop due to close coupled valve area changes au1 210’2110 

I mB slope of bleed valve characteristic au2 2 2 0 > u 2 0  

- @Jjcc(xl,ul 

a @ b  (Z2>.12) 

2 

A.2 Linear Model 

In order to apply the IO selection method, the nonlinear system model (A.19) is linearized 
at  various interesting nominal operating points, as already announced in Section 2.3. This 
approach yields the linear state-space description in the form of (2.4) for the nominal plant 
G, excluding the design filters V and W :  

Table A.2 lists the symbols introduced in the linearization. It is emphasized, that mc in the 
matrices Ä and C2 is substituted by mc, if the close-coupled valve u, is used. In analogy, mT 
in Ä is replaced by rnTe if the bleed valve u2 is incorporated in the system. 


	Abstract
	1 Introduction
	2 input Output Selection Theory
	2.1 Nominal Performance
	2.2 Viability Conditions for Input Output Sets
	2.3 Input Output Selection for Nonlinear Systems

	3 The Compressor Control Problem
	3.1 The Compression System Model and Control Goal
	3.2 Sensor and Actuator Candidates
	3.3 Quantitative Performance Specifications
	3.3.1 Shaping Filters
	3.3.2 Weighting Filters

	3.4 Standard H Design Assumptions

	4 Input Output Selection Based on Nominal Performance
	H Optimization and Simulation for the Full IO Set
	4.2 H Optimization for Typical Input Output Sets
	4.3 Input Output Selection Results
	4.4 Simulation Results

	5 Conclusions and Future Directions
	5.1 The IO Selection Method
	The Compressor Control Problem

	Bibliography
	A The Greitzer Compression System Model
	A.l Nonlinear Model
	A.2 Linear Model




