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Abstract 

The Coupling Gmph Stability method, meant to analyse synchroniz&ion in net- 
works of identical (chaotic) systems, is explained and studied. It  is shown that 
this method is indeed a good approximation of the older eigenvalue method. 
New general results of how the topology of a network influences synchronization 
are given. In contrast to what is believed it is shown that is not the average 
path length in a network that is important but rather the 'weakest link', the 
edge that is loaded most heavily. 



Acknowledgements 

I want to thank dr. Igor Belykh and prof. Martin Hasler for making my stay at 
LANOS in Lausanne possible and enjoyable. I also need to thank dr. Oscar de 
Feo for his help with constructing an important algorithm, ir. Bart Vorselaars 
for many discussions, prof. Nijmeijer for supervising and commenting this report 
and the people of LANOS in general for their hospitality. 



Contents 

1 Complex Networks 7 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1.1 Overview 7 

. . . . . . . . . . . . . . . . . . . . . .  1.2 Elementary Graph Theory 7 
. . . . . . . . . . . . . . . . . . . . . . . . . . .  1.3 Random Graphs 10 

. . . . . . . . . . . . . . . . . . . . . . . .  1.4 Small-World networks 11 
. . . . . . . . . . . . . . . . . . . . . . . . .  1.5 Scale-Free Networks 12 

2 Synchronization 14 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.1 Introduction 14 

. . . . . . . . . . . . . . . . . . . .  2.2 Stability and Synchronization 15 
. . . . . . . . . . . . . . . . . . . . . . . . . .  2.3 Strange phenomena 16 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2.4 Applications 16 

3 Synchronization of Networks 
3.1 Introduction and assumptions . . . . . . . . . . . . . . . . . . . .  
3.2 Wu-Chua conjecture . . . . . . . . . . . . . . . . . . . . . . .  -- 

. . . . . . . . . . . . . . . . . .  3.3 Coupling Graph Stability method 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3.4 Example 

. . . . . . . . . . . . . . . .  3.5 On the improvement of the methods 
3.6 Algebraic connectivity of a graph . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . .  3.7 The influence of the complete spectrum 
. . . . . . . . . . . . . . . . . . . . . .  3.8 Graph embedding theory 

3.9 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

4 Results 27 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.1 Basic results 27 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  4.2 General bounds 28 
. . . . . . . . . . . . . . . . . . . . . . . .  4.3 The quest for structure 29 

4.4 Robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  33 
. . . . . . . . . . . . . . . . . . . . . . . . .  4.5 Shortcutsandcycles 34 

. . . . . . . . . . . . .  4.6 On the nature of network synchronization 34 

5 Conclusions and Recommendations 37 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  5.1 Rksum6 37 

5.2 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  37 
. . . . . . . . . . . . . . .  5.3 Recommendations and open questions 38 

A Calculating the coupling strength 40 



Introduction 

This report is a r6sum6 of my work done during my trainee ship at the nonlinear 
systems laboratory (LANOS) at EPFL, Lausanne. Under the supervision of dr. 
Igor Belykh I worked for three months on the subject of synchronization of 
dynamical systems in networks. Hereunder a motivation of this research and an 
outline of the report is given. 

In the last century the understanding of nature has been improved enormously. 
It has been reduced to a small number of different elementary particles and 
forces. Also the ability to model and understand very complex technical devices 
(like VLSI processors) has greatly improved. However, no matter how well these 
things are understood, it is clear that to understand the behavior of large real- 
world systems one needs to know more than only the behavior of its building 
parts. A very clear and notorious example is turbulence in fluid flows. The 
model to describe fluid flows (the Navier-Stokes equations) is already known for 
nearly 150 years but the behavior of turbulence is still not fully understood. 
This while the model is only based on rather elementary physical principles. 

So it seems that interaction between different subsystems that are each well 
understood can create an overall system behavior that is not understood. In 
other words: the total seems to be more than just the sum of its parts. Chaos 
theory shows that also rather simple and low-dimensional systems can have very 
complex behavior but the results in chaos theory do not completely explain the 
intricate behavior of larger complex systems, 

We observe that two factors that seem to be important in the behavior of 
complex systems are interaction and nonlinearity. Interaction between different 
parts of a system can be modelled as a network. If there is interaction between 
two parts then they are connected in the network. The clearest example is a 
computer network in which many computers are connected directly or indirectly 
with each other. The structure of this network has an influence on the efficiency 
of the communication traffic. 

Since the end of the 1990s a lot of discoveries on the structure of real-world 
networks have been made. By now it is clear that many of these networks have 
a so-called small-world or scale-free structure. Recently, also the dynamics in 
this kind of networks has been studied. The question is: how is this dynamics 
influenced by the network topology? Especially the synchronization properties 
have received a iot of attention recently. Synchronization in networks is the 
phenomenon that (identical) dynamical systems, that are in some way connected 



with each other, behave in identical ways because of the interaction between 
them. 

This kind of synchronization is the subject of this report. There is a con- 
nection between network synchronization and the story above about complex 
dynamical systems. In networks with (chaotic) systems typical behavior can 
sometimes be observed, not unlike these in more complex systems, Pattern for- 
mation (especially spiral waves) is observed both in cell networks as in systems 
described by a partial differential equation. As synchronization in a network is 
still rather comprehensible and can be studied with relatively easy methods it 
is like a paradigm for the more complex systems. 

However, network synchronization also has a value on its own. Clock syn- 
chronization in computer networks and understanding some important aspects 
of the working of the brain (91 are related to network synchronization. Cluster 
synchronization, when only parts of the network synchronize with each other, 
is also observed in biological systems, e.g. in insuline producing cells in the 
pancreas [221. In this report I try to give rather general rules for the relation 
between the structure of the network (the network topology) and the synchro- 
nization properties of the dynamical systems in the network. 

Structure of the report 

The report starts with chapter 1, an introduction of complex networks. Random, 
small-world and scale-free networks are described and their relevance is shown. 
In chapter 2, synchronization of two dynamical systems is explained in general. 
Strange phenomena are pointed out and applications are shown. 

Chapter 3 deals with the theory about synchronization in networks. The 
strength of the interaction between two dynamical systems in the network is 
controlled by the coupling strength. It is known that the minimum necessary 
coupling strength for synchronization depends on the network topology. The 
eigenvalue method gives the relation between the coupling strength and the 
network topology. This method is explained and it is shown that it does not 
work for all dynamical systems. Then, the new Coupling Graph Stability method 
is introduced and some examples are given. The strength of this method is that 
it is easier to get analytical results than with the eigenvalue method. As a 
new result, it is shown that this method, derived completely independent of the 
eigenvalue method, has a strong link with this eigenvalue method. By using 
graph embedding theory it can be shown that the Coupling Graph Stability 
method is a good approximation of the eigenvalue method for large networks. 
With this same graph embedding theory we can also derive a new method. This 
method gives exactly the same results as the eigenvalue method but it can be 
interpreted in electrical circuit terms. There are also some recycled results given 
in this chapter concerning inequalities and limit-points of eigenvalues. 

Chapter 4 contains some interesting known results and gives some new results 
using the new theory from chapter. These new results are mostly general and 
analytical. In appendix A the derivation of the parameter a is explained. 



Chapter 1 

Complex Networks 

1.1 Overview 
Many complex systems in nature and technology can be modelled by networks. 
These networks describe the interaction between the many different parts of the 
system. Some examples of systems that can be described naturally by networks 
are electronic circuits, computer networks like the internet, the world-wide-web 
of linked webpages, neural networks, neuronal networks and communication 
networks. Less obvious examples are ecological, linguistic, chemical and cellu- 
lar networks. See Barabbi and Albert [2] for an extensive review of complex 
networks and how network behavior can be found in real-world data. The in- 
formation in this chapter is mostly based on this review. 

As a network describes wether there is some sort of interaction between 
two parts of the complete system, it is natural to use graphs to formalize the 
network. A graph is basically a set of nodes (called vertices) of which some pairs 
of nodes are connected by lines (called edges). 

1.2 Elementary Graph Theory 
In this section all graph theoretic concepts to be used in this report will be 
defined and explained. All the information can be found in any basic work on 
graphs like Deo [lo] or Berge [6]. A graph g7 is defined as a set of eertices (also 
called nodes) V and a set of edges E. The number of nodes is n = IV(g)I and 
the number of edges is m = 1EfB)I. Graphically, we can represent a graph with 
a picture showing points (representing the nodes) and lines (representing the 
edges) connecting these points. If the nodes are numbered the graph is called 
a labeled graph, if not it is an unlabeled graph. Figure 1.1 is an example of a 
labeled graph. The vertices are given by V = (1,2,3) and the edge set is given 
by E = (a). 

The (non unique) labeling of the graph is not important for calculating most 
properties of the graph. To compute certain properties of an unlabeled graph, 
an arbitrary labeling can be chosen. So if labeled graphs are used, in this report 
statements are made for all isomorphisms of this graph. It is also possible to 
give the graph not oniy a labeiing but to ad weights and directions to the edges. 
In thii report this kind of graphs will not often be used. Also the existence 



Figure 1.1: A graph with 3 labeled nodes and one edge. 

of more than one edge between two nodes is forbidden just as the existence of 
an edge connecting a node with itself (the graph has to be simpdical). So in 
this report the graphs are unweighted, undirected and simplical. It will also be 
necessary that the graphs are connected. 

Before defining connectedness one has to define a walk on a graph. A walk is 
a sequence of nodes of which succesive nodes have to be connected by an edge. 
Then a path Pi3 between two arbitrary nodes i and j is defined as a walk that 
does not uses any nodes more than once. Now a graph is connected if there 
exists a path between any two nodes in the graph. So it is clear that the gaph  
in figure 1.1 is not connected as there does not exist a path between node 1 and 
3. A graph for which there is always one and only one path going from any 
node to any other node is called a tree. Cycles are paths in a graph that end 
on their starting node without using any other node more than once. Thus in 
a tree there exist no cycles. It is obvious that in a tree rn = n - 1. 

A graph N is called a sabgraph of graph G if the edge and vertex sets of 
graph N are subsets of the edge and vertex sets of graph g. So E(7-l) E E(B) 
and V(N) E V(6). A graph I-t is said to span graph g if it is a subgraph of 

and it has the same vertex set and it is connected. So V(N) = V(B) and 
the edge set is so that the graph 'H is connected. Especially spanning trees are 
useful in many applications. 

The degree d of a node in a graph is the number of edges that connect this 
node with other nodes. A graph with only nodes of the same degree is called a 
regular graph, see figure 1.2 for some examples of regular graphs. 

The genus of an oriGntable surface is the number of holes in the surface. The 
two dimensional Euclidean plane and the sphere have genus zero. If a hole is 
made through the whole sphere it becomes a torus and the genus of this surface 
is one. So the genus is the number of tori that are 'glued' to the sphere. If a 
graph can be imbedded on a certain surface this means that the graph can be 
drawn on the surface without any two edges crossing each other. The genus g 
of a graph is defined as the genus of the surface with the lowest genus on which 
the graph is imbeddable. 

In pure mathematics and computer science ezpanders and wncentrators are 
often used. Essentially, they are sparse graphs that are highly connected. Be- 
cause their formal definitions are very technical they are not given explicitly, 
see [29]. 

So far graphs were represented by two sets. It is also possible to represent 
a gaph  using a matrix. This way of representing graphs, however equivalent 
to the set representation, has some practical benefits. Two important different 



Figure 1.2: Two regular graphs with 10 nodes, (left) ring graph with 10 edges, 
(right) complete graph with 45 edges. (Source: Strogatz, Nature, vol. 410, 
2001) 

matrices used for this goal are the adjacency and the Laplacian matrix. The 
adjacency matrix A is defined as an n x n matrix with aij = 1 if and only if 
there exists an edge between the nodes i and j. So it will be a symmetrical and 
zero-diagonaI matrix. The adjacency matrix for the graph in figure 1.1 will be 

The Laplacian matrix is a n x n matrix with aij = -1 if and only if there exists 
an edge between the nodes i and j and aii = Ej f  aij. So on the diagonal the 
degree of the nodes is given. The Laplacian matruc for the graph in figure 1.1 
will be 

This Laplacian matrix will be used a lot in this report because of its special 
spectral properties. The eigenaalues of the matrix Q will be given by 0 = XI < 
X2 < ... 5 An and its accompanying eigenvectors will be given by 6, ..., e',. One 
very important property of the spectrum of the Laplacian matrix is that the 
graph is connected if and only if the second lowest eigenvalue X2, also called 
the algebraic connectivity a, is nonzero (the lowest eigenvalue is always zero). 
The fundamental theorems used to deal with the eigenvalues of this matrix are 
Fischer7s theorem and Gerschgorin's theorem. 

There also exists the incidence matrix B, the edges of the graph axe directed 
arbitrarily and indexed from 1 to m. The node from which the edge is directed 
away is called the tail, the node to which the edge points is the head. B is an 
rn x n matrix, where row i has a -1 in the column corresponding to the node at  
its tail and a 1 in the column corresponding to the node at its head and zeros 
in all other columns. 

The study of complex networks is traditionally the domain of graph theory. 
It is clear that many networks are not regular and in the 1950s Paul Erdos 
and Alfred R6nyi initiated the study of random graphs. As real-world network 
axe far from reguIar and often seem to be rather random, this random graph 
theory was used to think about the behavior of complex networks. However, 
also random graph theory could not explain some behavior of real networks. So, 



Figure 1.3: A qualitative classification of complex networks. SF means Scde- 
Free network and ER means Erdos-Renyi (random) network. (Source: Sol6 and 
Valverde, Santa Fe Institute) 

in 1998 Watts and Strogatz proposed a model for networks that are nor ordered 
nor completely random, the Small- World networks. Around this time it was 
dso observed by Barabhi and Albert that many red-world networks, like the 
internet and the world-wide-web, have a power-law distribution of the degrees of 
the nodes. This means that there are a few nodes, the so-called hubs, which have 
many connections to other nodes and there are many nodes that only have a 
few connections to other nodes. These networks are called Scale-Free networks. 

It should be noted that all these networks are defined in terms of how to 
construct them. Their typical topology follows from their construction rules. 
The construction is also always based on a probability of connection between 
nodes. This will be made clear in the next sections. In figure 1.3 one can 
see the differences between the different kind of networks. The area with high 
heterogeneity and some randomness is the area with Scale-Free networks. 

1.3 Random Graphs 

Erdos and Rhyi  defined in 1959 a random graph as n nodes connected by m 
edges, which are chosen randomly from all the (n" n)/2 possible edges. So 
every realization of a graph with n nodes and m edges is equiprobable. Note that 
by chosing m a connection probability p is associated directly. This probability 
is the probability that any given pair of nodes is connected by an edge. So 
p = 2m/(n2 - n). 

This defhition of random graphs looks very simple but with random-graph 
theory a lot or' great discoveries have been made. Arguably the greatest was 
that many important properties of random graphs appear suddenly. So, with a 



Figure 1.4: Random graph (Source: Strogatz, Nature, vol. 410, 2001) 

given probability p, almost every realised graph with this connection probability 
has a certain property Q or almost no graph has it. The transition between a 
property being very likely to very unlikely is very swift. For example, below 
a certain critical probability the network is made out of small isolated clusters 
but above this critical probability a giant cluster appears which spans the entire 
network. This behavior is also typical for critical phenomena and percolation 
theory. 

Random graphs have an important property, if p is not too small, the diam- 
eter of the graph is rather small. The diameter D is the longest path possible in 
the graph. Because the diameter is small the distance between any two nodes 
is rather small. 

Note that random graph theory is defined as a probalistic way to construct 
a certain graph and that the randomness is thus not a property of a given 
graph. In principle, one can create a very structured (whatever that means) 
graph with the definition, only this chance is very small. There is also a related 
and new method based on Kolmogorov complexity that decides if a given graph 
is random [8]. Not only is this method very powerful and elegant in proving 
certain important known results on graphs but it could be useful to understand 
synchronization as it is a way to distinct graphs with and without a typical 
structure. As said before, if a given graph has a strong typical structure it 
can not be considered to be random but it is possible that it is generated by 
a random graph proces. By representing the graph as a string it is possible t o  
calculate the Kolmogorov complexity of the string and thus of the graph. If 
this complexity is high then the specific graph is really a random graph. Note 
that in general one means graphs created by random graph theory if one speaks 
about random graphs. The problem: which graph can be considered structured 
will be dealt with in chapter 4. 

1.4 Small-World networks 

To find which properties of network are typically for a real-world network Watts 
as$ Strogata start with a regdas network (say, a ring like in figure 1.2) and start 
disconnecting some random edges and rewire this edges in a random way, see 
figure 1.5. These rewired edges form shortcuts as they make it possible to travei 
in a small number of steps from one node to another node anywhere in the graph. 



Figure 1.5: Relation between regular, small-world (Strogatz-Watts) and random 
network. (Source: Albert and Barabgsi 121) 

Figure 1.6 Newman Watts small-world network (Source: Strogatz, Nature, vol. 
410,2001) 

Already for a small number of rewired edges the the average path length in the 
network decrease drastic. Newman and Watts introduce a similar procedure, 
see the so-called shortcuts in figure 1.6, only they do not remove edges and 
only ad short cuts. So a small number of randomly added shortcuts changes 
the characteristics of the network enormously. This kind of network is found 
in social contacts. Because a small number of people have friends that live far 
away, the distance between any two people is surprisingly short, this explains 
the term small-world. The typical difference between random and small-world 
networks is that the latter has this small distance property and still has a small 
clustering coefficient. This means that in a smalfworld network, in contrary to 
a random graph, there do not need to be clusters of highly interconnected nodes 
to have a relatively low average path length. 

1.5 Scale-Free Networks 
Empirical studies show that many large networks have a typical degree distri- 
bution, the so-called scale free distribution. This means that the proportion of 

lNotice that short-cuts do not really exist as a property of a given graph, as there is no 
metric so the short-cut is not recognizable. What structurally changes in a graph when a 
short-cut is added is that there emerge one or more cycles in the graph. It is possible that this 
cycIe space is actually important for synchronization. Graph embedding [15] and imbedding 
[14] 1201 theories seem to confirm the idea that the cycle space is indeed important. 



Figure 1.7: Scale-Free network. (Source: Strogatz, Nature, vol. 410, 2001) 

nodes, P(k), having k links is a power law. The power-law distribution looks 
like P ( k )  -- k-7. This feature can not be explained with random-graph theory 
or with the small-world model. Barabhi and Albert proposed a way of making 
a network based on two construction principles that also play an important role 
in real networks: Growth and preferential attachment. Their way of construct- 
ing a graph is similar to random graphs as it is based on a probalistic argument 
but it has a few distinctions. We start with a small numbe~ mo of nodes and 
add a new node at each time step which we connect with ml 5 mo edges, When 
we have to chose to which nodes we connect the new node we assume that this 
depends on the degrees of the old nodes. The nodes that have the largest degree 
have the biggest chance to be connected to the new node. This mechanism is 
called preferential attachment also known as 'rich get richer' argument. The 
probability that a node i is connected to to the new node is defined in terms of 
the degree ki of this node: 

Scale-free networks generated by this rule are called BA networks. 



Chapter 2 

Synchronization 

Around 1665 Christiaan Huygens observed that two (identical) pendulum clocks 
that inftuenced each other behave exactly the same after some time. This is ap- 
parently the first documented observation of synchronization. In the 1980s two 
important papers of Fujisaka and Yamada 1121 and Afraimovich , Verichev and 
Rabinovich fl] showed that also two identical chaotic systems can synchronize. 
After a paper of Pecora and Carroll 1251 the subject received a lot of attention. 

The former chapter dealt with the structure of complex networks. Before we 
have a look on the synchronization of dynamical systems in a complex network 
we give an idea of synchronization of two, possibly chaotic, identical dynamical 
systems. A good survey on synchronization is Pecora et al. [27]. 

2.1 Introduction 

Essentially, synchronization means that two identical systems have, after some 
transient behavior, exactly the same behavior because of some interaction be- 
tween them. This is less trivial than it seems. If we have two identical chaotic 
systems (for example two Lorenz systems) that have no influence on each other 
and we give them slightly different initial conditions or a small perturbation, 
the solutions of the two systems will diverge and after some typical time the 
two solutions will be totally different. So these systems need to  interact with 
each other to have the same behavior. 

In this report synchronization only means synchronization of dynamical sys- 
tems described by ordinary differential equations. There is also a lot of theory 
on synchronization of maps (like the logistic map) but this is not discussed in 
this report. Two different ways exist to connect the two systems: one-way or 
master-slave coupling and two-way or mutual coupling. In the first one there 
is only one system (the slave) influenced by the other system (the master), this 
master system is unaffected by the slave system. The second way to couple 
the systems, mutual coupling, means that both systems are influenced by the 
behavior of the other system. This last way of coupIing is the one relevant for 
this report. 



2.2 Stability and Synchronization 
Before we analyze mutual coupling we need to define synchronization more 
rigorous. If we take two identical systems, system 1 and 2, defined by: 

In which 2 is a n-dimensional vector containing the state-variables, 2 contains 
the time derivatives of these variabies and f (5) is the, possibie nonlinear, equa- 
tion defining the dynamics of the system. These equations can be the chaotic 
Lorenz, Rijssler or Chua equations. Now assume that there is a mutual coupling 
between the two systems: 

and assume for simplicity that the coupling term is linear, implying that EO(&, &) = 
~ ~ ( 2 ~  -Zl) with EO a real number. If the solution of system 1 is &(t) and the sc- 
lution of system 2 is Z2 (t) then we say that the two systems are (asymptotically) 
synchronized if 

lim I.i(t) - &(t)l = 0. 
t-m 

12-31 

So if &(tf = Z2(t) the system is synchronized. 
To have synchronization the solutions of the two systems need to be confined 

to a subspace of the 2n-dimensional state-space. To clarify this, we give an 
example with the Lorenz system. 

Take two mutually mupled Lorenz systems. The state variables of the Lorenz 
equation are Z = (x, y, z). Depending on the value of parameters s, b and r, this 
system has a chaotic attractor. Now we couple the two systems by their x 
variables and in a linear way, this is called diffusive coupling. There are many 
possible ways to couple two systems to make synchronization possible but this 
is the simplest one. So system 1 is described by: 

and system 2 is described by: 

In both equations EO is the coupling strength between the two systems. It is 
clear that if the x variables of both systems are equal the coupling term (xl -xz) 
vanishes. If this also makes that asymptotical~y yl = y2 and zl = 22 than the 
system synchronizes. This depends on the specific system and its parameters. 
ID the case of the Lorenz system it is proven that for EO greater than a certain 
threshold synchronization is ensured, this subject will recur in a later chapter. 
In figure 2.1 typical synchronization behavior is shown. 



Figure 2.1: The synchronization of two Lorentz systems. In the figure the two x 
variables can be seen to synchronize. The simulation is made with parameters 
a = 10, b = 8/3, r = 28 and the coupling strength is so = 10. At = 0 the two 
systems have distinctive behavior (see the line and the dotted line), after t = 5 
the two solutions are indistinctive. 

2.3 Strange phenomena 
The former section gives a rather simple introduction to synchronization. There 
are, however, some phenomena that obscure this simple picture [27]. Phenom- 
ena that make the behavior less simple are for example bubbling, riddIed basins 
of attraction and oscillator death. As they are not really important for this 
report they will be ignored. There are also a lot of (sometimes subtle) different 
definitions of synchronization: general synchronization, phase synchronization, 
the difference between weak, strong and asymptotic synchronization. The dis- 
covery of anticipatory synchronization by H.U. Voss certainly deserves some 
attention, if only because it is very counterintuitive. If two (nearly) identical 
chaotic systems have master-slave coupling and there is a time-delay between 
them, then the slave system will eventually start anticipating on the master 
system. With this effect it is possible to predict a chaotic master system for 
arbitrary time. 

2.4 Applications 
At first sight it is hard to understand what the practical use of an abstract theory 
like the synchronization theory can be. However, the theory has already been 
used in some communication devices. So synchronization can be used for encod- 
ing a d  comzniu t ioz .  Another engineering application is the synchronization 
of two or more (industrial) robots. If necessary, they can be made to behave 
the same. Also the understanding of some biological phenomena (concerning 



pancreas, heart and neurons but also the behavior of fireflies) is improved by 
the theory [22]. Some research has been done on the synchronization of spati* 
temporal systems Like fluid .Bows (see 171, also for other physical applications 
of synchronization). In quantum theory research is done on quantum clock 
synchronization [13]. However, because of the very special dynamical behavior 
of quantum systems this kind of synchronization is difficult to compare with 
the 'standard' theory on synchronization and its study has a more information 
theoretical flavour. 



Chapter 3 

Synchronization of Networks 

3.1 Introduction and assumptions 
This chapter deals with the main subject of this report: synchronization of an 
ensemble of identical dynamical systems with symmetric and identical coupling. 
This means that each system can have diffusive mutual coupling (as defined in 
chapter 2) with any other system in the ensemble but the coupling strengths of 
all the couplings within the ensemble are equal (this means E is the same for 
any coupling), 

A natural way of thinking about this is in terms of networks or graphs. Each 
node in the graph represents a dynamical system and every edge of the network 
represents the (diffusive) mutual coupling between the two adjacent systems. To 
understand how systems behave if they are coupled in a network we will have 
to combine networklgraph theory with synchronization theory. Because of the 
assumptions we can represent the coupling netwark with a simplical, undirected 
and unweighted graph (see chapter 1 for definitions). Of course, the graph has to  
be connected (there exists a path from any node in the graph to any other node 
in the graph), otherwise there could be no synchronization between all systems. 
If we would be interested in the networks of nonidentical systems where the 
connection strength and the structure of the graph can change with time and 
where the edges can be directed it is much harder to say something about the 
dynamics 1211. 

Consider n identical oscillators which are nodes of a network and the coupling 
strength E is everywhere the same. This system is described by: 

where P(z) is the output function deciding on which variabie(s) the systems 
are coupled (on the x, y and/or ,r variable in the case of a three dimensional 
system l i e  the Lorenz system in the former chapter) and Qij (the ij entry of the 
Laplacian matrix defining the network structure) decides if system j is coupled 
to the system i under consideration. 

An important step in the research on network synchronization is the Wu- 
Chua conjecture 1331. Although it is not true in the general case, it shows how 
the second eigenvalue of the Laplacian matrix influences the synchronization 



conditions. Thus with the Wu-Chua conjecture one can analyse how the network 
topology influences the sufficient coupling strength needed for synchronization. 
Pecora and Carroll [24] and Pogromsky and Nijmeijer [28] showed that the Wu- 
Chua conjecture does not hold for all dynamical systems. For example, thanks 
to a so-called short-wave bifurcation the Rossler system does not obey it. 

In a recent paper, V.N. Belykh, I.V. Belykh and Hasler [5j present a com- 
pletely new method, the Connection Graph Stability method (CGS method). 
Given two coupled identical dynamical systems, for some dynamical systems it 
can be proven that there exists a threshold for the coupling strength such that 
it is assured that the two systems synchronize if the coupling strength is higher 
than this threshold. If this is the case, then the CGS method gives a good 
estimation how this threshold scales if a network is made with this specific dy- 
namical system. So this method tells which coupling strength is sufficiently high 
to assure synchronization in a network of systems if one knows which coupling 
strength is sufficient for synchronization between two of these systems. The 
method is analytically easy to apply and it gives some intuitive understanding 
what kind of networks are easier to synchronize. This is because it is based on a 
notion of the paths in the network. It is more conservative then the approaches 
based on eigenvalues but it guarantees global stability and is also usable if the 
couplings are time-dependent. 

3.2 Wu-Chua conjecture 

The Wu-Chua conjecture essentially says that the sufficientIy needed minimum 
coupling strength scales with the second eigenvalue of the Laplacian matrix (also 
called algebraic connectivity a)  that represents the network. 

The coupling strength necessary to ensure synchronization of two systems 
can be calculated numerically. For a given coupling strength, one has to calcu- 
late the transversal Lyapunov exponent and if this is smaller than zero then Iocal 
stability is ensured. This means that the two systems synchronize if their initial 
conditions are close enough to each other. As the definition of the transversal 
Lyapunov exponent is rather complicated and because it is not used in this 
report, it is not given. See JosiC [17] for the definition. One can think about 
the transversal Lyapunov exponent as the sensitivity of a traject for a small 
perturbance. If the exponent is (on average) higher than zero, the perturbance 
is likeIy to grow fast. 

Now there is a given network B in which the nodes are the given dynamical 
system and the edges represent that there is a mutual linear diffusive coupling 
between the two systems that are connected by the specific edge. The Laplacian 
matrix Q represents this graph B and the eigenvalues of Q are given by XI < 
X2 5 X3 5 ... 5 An, where n are the number of nodes (or systems) in the 
network and thus the dimension of the matrix is n x n. The Wu-Chua conjecture 
claims that the minimally coupling strength on each edge needed to ensure 
synchronization scales with X2. So the threshold for the coupling strength E 

that is sufficient to ensure synchronization of all systems in the network follows 
the following relation: 

with E* indicating the 

2&* 
E* = 0 

A2 ' (3-2) 

threshold value for the coupling strength (so ET) is the 



threshold for the sufficient coupling strength for synchronization of two systems). 
As this does not hold in general, in 1261 and 1241 the Master Stability Function 

method is introduced. This method uses not only the second eigenvalue, Xg, but 
also the maximum eigenvalue, A,, and this method claims to work in general. 
It is applied in [3] on the synchronization of small-world networks. 

Coupling Graph Stability method 
As the former methods we both baed oz the Laplacim eigemdues, if is net, 
easy to use them analytically. For very easy structures analytical results are 
known and in [24] an attempt is made to use Group Theory to give analytical 
results. However, most of the time the methods are used numerically. That it is 
hard to interpret the relation between the eigenvalues and the network topology 
(the structure of the network) is a drawback of the method. It is possible to 
compare two given networks by calculating their eigenvalues but it is hard to 
give more general results. The only known analytic and genera1 results consider 
the synchronizability of growing regular graphs [28]. 

The Coupling Graph Stability method (CGS) is introduced in Is]. It is 
assumed to give approximately the same result as the method based on the. 
algebraic connectivity if the networks are big enough (so for great n). Not only 
does this method not use eigenvalues but it does not depend on Lyapunov ex- 
ponents to calcuIate the critical coupling strength EO needed to synchronize two 
systems. This method uses a Lyapunov function approach to calculate a = 2~~ 
See appendix A for how to calculate the a and the results for systems like the 
Lorenz system. The differences between the Lyapunov function and the Lya- 
punov exponent approach is that the Lyapunov function approach guarantees 
global stability (so it is independent of initial conditions and is robust), it can 
often be done analytically and it can work for time-dependent coupling (this can 
be important for systems that only connect sporadic, see [4]). The drawbacks 
of this approach are that it is more conservative than the numerical Lyapunov 
exponent method and it can be difficult to  find a suitable Lyapunov function. 
It must be noted that the use of the Lyapunov function is not unique for the 
CGS method, one can also calculate a with the Lyapunov function method and 
than use the Wu-Chua conjecture (if it is valid) to calculate a sufficient coupling 
strength for a given network or graph 8. 

The CGS method is described by [5J: 

in which E* is the coupling strength sufficient to ensure synchronization of the 
systems in 8. And a = 2~ :  is two times the mentioned sufficient threshold ET) for 
synchronization of two systems, n is the number of nodes in the network and bk 
is a graph invariant, so it depends on the network under questioning. Another 
difference between the eigenvalue method and the CGS method is that bk has 
an understandable graph topological meaning and it is quite easy analytically 
derivable for a number of networks. An upperbound for this bk is defined as 
follows: 



Where PG is a, not necessarily unique or shortest, path in the graph g between 
node i and j, z(P6) is the length of this path (this is the number of edges that is 
passed going from node i to j through the edges of the chose path). So for every 
pair of nodes i and j there is a path P; chosen and for every edge k E E(B) 
the lengths of all paths passing through this are added-up. Now the maximum 
sum over all edges k is taken to be the approximation bk. 

The edges are arbitrarly numbered as k = l...m, so if we chose for every 
pair of nodes i, j one (arbitrarly) path PG then all the chosen paths are the 
elements of set IIC. The set of ail possible combinations of paths TI" is notated 
as II. Now we calculate the lengths of all paths and calculate for each edge 
k the summation of the lengths of the paths going through this specific edge. 
The edge for which this number is greatest is the bottleneck and it defines bk .  
As we want the smallest bk possible as we are calculating a sufficient (so an 
upperbound) coupling strength we minimize bl, over all possible sets of paths 
IIc. So if the graph is not a tree then there exist pair of nodes for which there 
is more than one path between i and j. As said before, the set containing all 
possible paths of graph G is II. 

With Pij containing all paths between node i and j .  To define TIc one path PG 
has to be chosen for every pair of nodes: 

IIc = {P; lVi, j; choose one path out PG). (3-6) 

And thus IIc II. So if we speak about Pij, we speak about all possible paths 
between node i and j and if we speak about P;, we speak about a specific path 
between node i and j. 

Note that this is not exactly the way bk is defined in [5] but in this form it is 
guaranteed to give the lowest number and therefore the best approximation of 
E * .  To make dependencies clear, the bk formula is formaliied somewhat more. 
First some general properties are given. For connected graphs it holds that 

with m the number of edges. The first inequality is equal if and only if the 
graph is a tree (and thus it has no cycles), the second inequality is equal if and 
only if the graph is the complete graph (every node is connected to every other 
node). For every pair of nodes i, j (i, j = l...n) there exists at least one path P$ 
(if the graph is a tree there exists exactly one path e j ) .  The length (z(P2))of 
the paths is bounded by: 

I < z ( P G < n - l ,  (3.9) 

the last inequality is equal between the two outer nodes of a path graph (a line 
of nodes). The number of pair of nodes (i, j) is: 



Now we introduce the load function +. Given any choice for the paths IIc: 

So we sum the lengths of all paths passing through a particular edge k. Now bk 
becomes: 

bk = min ( max (+(k))), (3.12) 
nC!3  k€E(G) 

and thus explicitly depends on the chosen paths. For the non-optimal bk we 
write: 

&k = rnax ($(lc)). (3.13) 
k€E(G) 

As there has been developed an algorithm that calculates bk in a non-optimal 
way because it choses rather arbitrarly, results of this algorithm should 
always be presented by br, if the graph is not a tree. In a tree there only is one 
path between every pair of nodes so fl = IIc and there is only one bk. So it 
follows that 

min rnax C ( z ( ~ i c j ) )  5 rnax min z(Pij) ,  k€E(B)  P,"j€Pij 
(3.14) 

nCcn ~ E E ( G )  

is equal if the graph is a tree. Note that the miniization in the last summation 
just means that a shortest path between the two nodes shouId be chosen (note 
that there can exist more than one shortest path between two nodes). 

In later chapters we will not only use bk and + but also 

It is clear that + and !V contain more information than bk and should thus be 
investigated. 

Important is the following conjecture of Belykh et at. 151 (this conjecture is 
not literally stated as hereunder) . 

Conjecture 3.3.1 (Belykh, Belykh and Hasler) The CGS method gives the 
same dependency for E* as a function of n as the eigenvalue method if  n is suf- 
ficiently big. The result of the CGS method will be more conservative as it is an 
upper estimate of the eigenvalue method. 

3.4 Example 
To make the methods clear an elaborate example is given. In this example the 
way to use the methods is explained and their differences and difficulties are 
indicated. This example will also be used later on in this report to clarify new 
methods or concepts. 

Given a graph definded by: 



It is clear that n = m = 5.  The eigenvalues and eigenvectors of Q can be 
calculated numerically: 

and 
& = [-0.6768 - 0.2049 - 0.00000.20490.6768]T (3.18) 

later it will be clear why only the second eigenvector is interesting. So if we 
have chosen a certain system for which we can and have calculated a parameter 
a (see appendix A for a calculation of a for the Lorenz system), we know, 
using the Wu-Chua conjecture, that E" = 5 = 1.4343~ is sufficient to ensure 
synchronization in the given network. 

Now we use the Coupling Graph Stability method. We see that there exist 
two different paths for eight pair of nodes i, j. So there are already 28 = 256 
different choices for IIC. In this case it is assumed that the shortest paths gives 
the best resuit, this is certainly not necessary. 

Now the edges are named: the edge between node 1 and 2 is edge a, between 
2 and 3 is b, between 2 and 4 is c, between 3 and 4 is d and between 4 and 5 is 
e. As n = m = 5 in this case there are (n2 - n) /2  = 10 diierent pairs of nodes 
in the graph. For every pair of nodes we chose the shortest path, so P12 = a, 
PIg = ab and PIS = abe and so on. Then we sum the lengths of all the paths 
going through a certain edge giving: the sum of lengths going through a, c and e 
is 8 and the sum of lengths going through edge b and d is 3. These are the $(k) 
values, it is clear that the maximum load here is 8. So bk = max $(k) = 8 

kEE(G) . , 
and thus E* = % = $a = 1.6a. It is clear that the Coupling Graph Stability 
method indeed gives an upper estimate for the eigenvalue method. 

3.5 On the improvement of the methods 
In the rest of this chapter graph embedding theory is used to show the relation 
between the eigenvalue and the Coupling Graph Stability method. Also, based 
on this relation a third method is proposed which combines the good properties 
of both methods. In fact, it will be shown that both the Coupling Graph 
Stability method and this third method are just good methods to approximate 
or even calculate exactly the second eigenvalue of a given graph. They are good 
alternatives to calculate the eigenvdues numerically. In contrast to numerically 
calculating, they give more understanding on what it is that makes a network 
well synchronizable. 

Also some general results on the relation between a (connected) graph and 
its Laplacian eigenvalues are given. These results give better understanding on 
what properties of a network are important. As far as known most of these 
results are not used in the literature on synchronization so far. 

3.6 Algebraic connectivity of a graph 
The second Laplacian eigenvalue of a graph is also called the algebraic connec- 
tivity. A lot of research has been done on this subject. Many important graph 
invariants can be estimated with the algebraic connectivity (and sometimes also 



with the maximal eigenvalue). Here the world is turned around and the graph 
invariants are used to say something about the algebraic connectivity and thus 
about the synchronizability of the network. In an overview on Laplacian eigen- 
values of graphs by Mohar [20] a lot of results are given. As the relations between 
the invariants and the algebraic connectivity are typically non-tight inequalities 
these relations are not as powerful as the methods described before but it is 
interesting to see how synchronization is related to different graph invariants. 
Therefore two of these inequalities will be given and written down in the form 

is greater or smaller then some relation. 

so the minimum degree gives a lower bound on the synchronizability. If the 
minimum degree is high the synchronizability can be good. 

There is also a relation between the algebraic connectivity A2, the maximal 
vertex degree b and the genus g of the surface in which the graph is imbeddeble 
[141. If n > 18(g f 2)2 then 

This means that a graph that can only be imbedded (not to be confused with 
the graph embeddmgs later on in this chapter) into surfaces with a high genus 
probably has a high algebraic connectivity and is thus better synchronizable 
than a graph with a low genus. 

Some results given by Mohar for the second eigenvalue are essentially the 
same as given by the CGS method. Adding an edge to a graph makes that 
5 decreases or stays the same. So if 81 is a spanning subgraph of G2 then 
X2(G1) 5 A2(G2). For a tree l / A 2  _< 1 with equality if and only if it is a star 
and this is thus the lowest value ]/A2 can have for a tree. 

The limit-points of the algebraic connectivity have been studied by Guo [16] 
and his results explain some of our observations. A limit point of the second 
Laplacian eigenvalue is defined as a real number r if there exists a sequence 
{&} of graphs such that 

Guo proves that the largest limit point obtained by a sequence of trees for X2 
is (3 - fl5))/2 x 0,382 . The second largest limit point is 2 - fl3) M 0.2679. 
And indeed, the inverse values for this limit points, 2.6180 and 3.7321, have 
been observed often for 5 when classifying trees. 

3.7 The influence of the complete spectrum 
In a paper by Maas [19] about dynamics on a graph it is shown that the influence 
of adding edges to the graph can be understood with help of the complete 
spectrum of the Laplacian matrix. Given a certain graph G, A2 and &. Now we 
search the minimal and the maximal values of all the entries of the eigenvector. 
If one wants to add one edge in this network this has to be done between the 
two nodes that are given by the indexes of the two extreme numbers. This 



will ensure the greatest decrease of 1/X2.  The method also works for the other 
eigenvalues and associated eigenvectors. The maximal possible decrease of 1 /X2  
by adding one edge is bounded by l /Xs.  So if we have a star network, all nonzero 
eigenvalues are equal. So adding an edge does not change 1/X2. In the graph in 
the example we should add an edge between node 1 and node 5 to increase X2 
maximally, as the eigenvector Z2 = [-0.6768 - 0.2049 - 0.00000.20490.6768]T 
and the first and fifth entry in this vector have the lowest and the greatest value. 

3.8 Graph embedding theory 

As the study of Laplacian eigenvalues permeates many mathematical disciplines 
that use graphs in one way or another, it is no complete surprise that there exists 
a method familiar to Coupl i i  Graph Stability in another domain. Kahale [18] 
presents a method to estimate X2 in a Markov chain context. It turns out 
that this method is equivalent to CGS. Guattery and Miller [15] show that 
the method is indeed a good way to approximate X2 and as they use graph 
embeddings to show this, they are able to improve the method so that is is 
exact. 

They also show that the mistake of the first approximation (CGS) method 
goes like log2(n) in the worst case, so it is not a tight approximation but it is 
reasonable. This means that the conjecture 3.3.1 seems to be correct. A nice 
aspect of their exact method is that it is interpretable in terms of electrical 
currents. The bk term in the CGS method was already understandable in graph 
terms but it is hard to give it a physical meaning. Now it could be possible to 
think about synchronization in terms of the electrical laws of Ohm and Kirchoff. 

The approach is based on linear algebra but the proofs are not given here. 
The essence of the embedding method is that a complete graph H is embedded 
into a graph B where both graphs have the same number of nodes. This means 
that any edge from node i to j in B is expressed as path(s) in 'H thus forming 
the embedding matrix r. It depends on how these paths are chosen how good 
the properties of this embedding are for calculating the second eigenvalue of 8. 
The 

The method results in the following inequalities: 

It may seem useless to substitute one eigenvdue problem with another but 
because of special properties the calculation should become easier. In fact, if 
a certain embedding I' is chosen, this inequalities represent the CGS method. 
The embedding matrix r includes one row for each edge e in H, that row is the 
flow vector for the embedding of e into 6. Thus r is a IE(H)I x IE(B)] matrix. 
Note that I? depends on both and 'H. Each row represents an edge in the 
complete graph, each ( i ,  j )  entry in this row shows how edge j in the original 
graph is part of paths in the embedding representing edge i in the complete 
graph. So the embedding mztrix I? depends on how the paths in the embedding 
are chosen. 



The upper bound on 1 / X 2  produced by the CGS method is more than or 
equal to mnl 4,. 1151, with dij the distance in number of edges between 
two nodes i, j .  A simple example can show that this lower bound for an upper 
bound of l / X z  can actually be lower than l / X z .  

If another kind of embedding is chosen, the current flow embedding that 
resembles an electric current, the inequality becomes an equality. The essence 
of this embedding is to chose the paths in the embedding according to electrical 
laws. Therefore directions are introduced in the embedding matrix. 

3.9 Applications 
Now it is clear how to analyse synchronization in networks applications can 
be discussed. A simple example of network synchronization can be seen in 
computer networks. Given a computer network in which every computer has a 
simple clock that is not very accurate. If the coupling between these clocks is 
strong enough they can synchronize and all give exact the same time. Another, 
more complicated example, is the working of the brain. It is assumed that the 
working of the brain is in essence a result of the (complicated) dynamics of the 
neurons and the interaction between them. Some experimental evidence hints 
that in some parts of the brain network synchronization plays an important role 
and that in this areas the neuron network seems to have small-world and scale- 
free characteristics. This is probably because of the efficient way these k i d  of 
networks synchronize [9]. It is important to note that in these brain networks 
the assumptions we made (unweighted, undirected graph and identical systems) 
are not valid. The dynamics of the neurons is quite difficult (simplified models 
of their behavior are the Hindmarsh-Rose, Hodgkin-Huxley and Wilson-Cowan 
equations) and the way they probably interact is with 'spiking'. This means 
that there is only sometimes an interaction between the neurons, the coupling 
is timedependent and only the Coupling Graph Stability method could be used 
in this case [4]. 

It is good to note that many real-world systems that seem to behave as 
synchronizing networks like the ones explored here are more complicated than 
expected at first sight. They can be weighted and directed and the coupling 
can be time-varying 1211. The systems can have small parameter differences, 
there can be an influence of noise and especially time-delay is expected to cause 
strange behavior. 



Chapter 4 

Results 

4.1 Basic results 

In this chapter the methods of the former chapter will be used. Especially if 
our new knowledge can shed another light on known results this will be pointed 
out. 

The value of bk/n, which says how E* scales with the graph topology, has 
already been derived for some special sort of graphs, partly by Belykh et al. [5]. 
This value for the path, star, ring, 2K-neighbourhood and complete graph is: 

Sort graph 
path graph (n is even) 
path graph (n is odd) 
ring graph (n is even) 
ring graph (n is odd) 
star graph 
2 connected stars (center to center) 
2 connected stars (node to node) 
2K-ring 
complete graph 

Where the connected stars are two identicd stars where an edge connects 
both stars at their center or between two (noncenter) nodes. Where the 2K- 
neighbourhood graph is defined as a ring graph and each node is also connected 
to any node that is maximally K steps away in the ring setting. 

It is clear that for great n, bs/n for the star graph is approximately 2 (1/X2 = 
1 in this case). Also, it is clear that for the path and ring graph the graph with 
an even number of nodes seems to synchronize relatively worse than the graph 
with an odd number of nodes. A simple calculation shows that if one has a graph 
with an even number of nodes and one adds a node, then bk/n will increase with 
approximately n/4 while for the case where one starts with an odd number of 
nodes this increase win be approximately 3n/4. 

In general, adding an edge to a graph G' will always resuit in the decrease 
or remaining constant of bk for the new graph 5;. The proof is trivial, adding 
an edge results in more possible paths between the nodes. So the set Ktg! C_ KIg. 
This means bk of a subgraph 3-1 of graph Q with V(H) = V(G), is always higher 



or the same as for G. Of course the inverse holds for removing an edge. In that 
case bk will increase or remain the same. This result has also been shown for 
I/& in chapter 3. Another result is that if the star graph is a subgraph of a 
graph then bk/n of the graph will be lower or equal to 2. But simple examples 
(e.g. the ring with four nodes) show that it is not necessary to have a star as 
subgraph to have bk/n < 2. 

Given this information and the fact that every graph with n nodes is a 
subgraph of the complete graph with n nodes, it is clear that the complete 
graph is the graph with lowest bk/n for all graphs with n nodes. It can also be 
proven that for tree graphs, the path graph is the one which has greatest bk/n 
and the star graph has lowest bk/n That this has already been proven for l / X z  
is remarked in chapter 3. 

4.2 General bounds 
These simple facts make it possible to state the boundaries for bk/n. The 
difference between the complete graph and the line is of order of magnitude n3 
for fixed n. The difference between the star graph and the line is of order n2. 

It  is very interesting to note that if we create a lot of Scale-Free networks 
with the BarabAsi-Albert method out of chapter 1, with mO = 2 and m l  = I, 
then it seems that the bk/n value is approximated very well by the value of 
coupled stars with the same number of nodes, see figure 4.1. So the question 
is if this kind of randomized graphs can be estimated by structured graphs in 
general. 

Now a view of the boundaries of bk/n and thus E* as a function of n and m 
will be given. Note that if there is an edge removed from the complete graph 
there exists only one resulting nearly-complete graph (up to isomorphism). The 
proof of this is rather trivial, take the adjacency matrix of the complete graph 
and remove one edge (by removing the two ones representing the edge in the 
matrix). Whatever the edge is that is removed, by relabeling the graph (chang- 
ing columns and rows in the graph) every other adjacency graph representing 
this nearly-complete graph can be made. So there is only one nearly-complete 
graph up to isomorpism. It can also be proven that X 2  = n for complete (CGS 
gives exact the same result) and X2 = n - 2 for the nearly complete graph. Now 
a general picture can be made that shows how the bk/n value behaves for all 
connected graphs with a given number of nodes, see figure 4.2. The behavior 
in figure 4.2 is confirmed by the figure 4.5 for all connected graphs with n = 5. 
And with the results for the path, star and complete graph also a general picture 
can be made showing the extreme behavior of bk/n for all connected graphs as 
a function of n. 

If one thinks about the gaps  in a 3D space where x, y and z are n, m and E. 

Take n is constant. Now the number of graphs with different number of edges 
m can be calculated. The minimal number of edges is n - 1 and the maximal 
number is (n2 - n)/2 so the number of graphs with a different number of edges 
is v. Instead of looking at E* as a function of n and rn, bk/n will be 
showed in figure 4.5. This makes the results system independent as the typical 
system behavior (Lorenz, Chua or another circuit) results in a certain a and 
E* = abk/nL 



bk and eigenratio of m0=2 SF network, averaged over 10 realizations. 
3WOr L /*91 + eigenratio 

Number of nodes 

Figure 4.1: br, as function of the number of nodes n. The average bk for the 
scale free networks are indicated by crosses. The dotted line that goes through 
the crosses is bk for two coupled stars. The steepest line indicates the behavior 
of the path graph which is the worst possible behavior. 

4.3 The quest for structure 
Now there are some general results on the boundaries of the magnitude of bk/n. 
It would be interesting to be able to say more about the structure of this space. 
Note that the choice to look at b k / n  (or equivalently at E " )  as a function of 
n and m is a logical choice but not necessary the only good one. Note also 
that, in contrary to much other research in this field, the view here is based 
on an estimation of I/Xz of a given graph and not on an estimation based on 
numerically examining a large number of (semi-randomly) generated graphs. 
The great challenge is to be able to explain with simple concepts why certain 
graphs synchronize better than others and which (families) of graphs are the 
best and the worst. 

For some special cases there are some interesting results. It has been shown 
analytically that many regular graphs synchronize very bad if they grow in a 
structured manner [28]. In [3] it is shown numerically that small-world graphs 
seem to synchronize quite well, better than hypercubes (a regular kind of graph) 
and random graphs that both seem to synchronize pretty well. Because of this 
and some other results the idea spread that networks that where somewhat 
randomized (especially small-world and scale-free networks) are very well syn- 
chronizabb. Intuition tells us that the best synchronizable graphs should be 
structured in a way and indeed, Nishikawa et al. 1231 recently showed by nu- 
merical means and with the Master Stability Function method that scale-free 
networks that are more homogenous indeed synchronize better than heterogene 
ones. If the average network distance 3 becomes smaller the network becomes 



Figure 4.2: General picture how bk/n behave as function of m for fixed n. The 
threshold for the coupling strength is located between the boundaries in this 
picture. It shows that, for a given number of nodes n, the threshold becomes 
Iower for a greater number of edges m. 

less synchronizable. This is seen as a surprise by the authors but it is not 
surprising from the CGS perspective. It is not only the path length but also 
the distribution of these path lengths over the edges that is important. So the 
heuristic explanation of Nishikawa et al. that increasing load on central nodes or 
hubs results in loss of synchronization is a nice explanation. It is not completely 
correct however, the star graph can grow unbounded but it remains that Xz = 1. 

Another understanding that can be obtained with CGS is the following: the 
argumentation with the average shortest path length seems to be wrong. The 
average network distance is defined as the minimum number of links that must 
be followed to go from one node to another, averaged over all pairs of nodes. 
Since the SF and SW networks are known to show enhanced synchronizability 
over lattices, one might expect that an SF network with smaller would have 
improved synchronizability. However, Nishikawa et al. observe the opposite 
phenomenon. In other words, as the network becomes more heterogeneous, it 
becomes less synchronizable, even though 5 gets smaller. 

A simple counterexample can show that the average distance is not of great 
importance for synchronization. Take a complete graph with 1000 nodes (so 
bk/n = 1/X2 = 1/1000). Now ad one node with only one edge to this graph. If 
we calculate bk/n it gives the same as for the star graph (2 instead of 1/1000, 
note that the star actually is a subgraph of this graph) and the numerically 
calculated eigenvalue gives X2 = 1, the same as the second eigenvalue of the 
star. Note that the average network distance does not change significantly by 
adding this one node! This is proof of the importance of the weakest link. One 
edge completely changes synchronization behavior. 

Some other sort of graphs that have not been analysed at all are expander 



Figure 4,3: It is shown how bk/n behaves as a function of n for some special 
cases. The path graph has the worst behavior and the complete graph has the 
best. Some other graphs, like the star and the coupled star, have intermediate 
behavior. 

and concentrator graphs [20] which are known to have relatively high X2 and 
Kolmogorov random graphs (81 which have a typical structure that could be 
good for synchronization. The first two have been analysed extensively for 
other applications but the Kolmogorov approach on graphs is only used in [S]. 
It is also very interesting because Kolmogorov entropy is mentioned often in 
general approaches to discover structure or patterns but most of the time it is 
not usable because of its uncomputability 1301. In the graph problem it turns out 
to be a powerful and usable tool. The question is if there is a significant differ- 
ence between studying the second eigenvalue of random graphs and Kolmogorov 
random graphs but the change of perspective could be interesting. 

So far a lot has been said about specific sorts of graphs. Now the big chal- 
lenge is to find a general answer on what makes a network good synchronizable. 
As may be clear from the given examples it is the question what it is in the 
structure of a given network that makes it good synchronizable. The most obvi- 
ous structural properties are symmetry, regularity and homogeneity. As noted 
before, regular graphs, however structured, are often bad synchronizable (there 
are some exeptions like hypercubes and the complete graph). Symmetry in 
a graph is not necessarily good (take for example the path graph or the ring 
graph which are rather symmetric) and the group theoretic approach proposed 
by Pecora [24j has not lead to any new discoveries as far as known. So, is horno- 
geneity a good concept? Lets start with the observation that in a non-regular, 
non-symmetric (whatever that means) graph, the load ?C, on the edges can be 



Figure 4.4: A general picture how b k / n  and thus E" behaves as a function of m 
and n. The shaded region represents the behavior of trees. 

the same on all edges. It seems reasonable to assume that it is a good thing to 
distribute the load over all edges (of course also the total load should be small). 
Now we introduce the homogeneity variable A: 

with @ = C $(k) ,  &, = bk and +,, = P/m. So A 2 1 and A = 1 if and 
k 

only if the load 11, is the same on a1 edges. This means that A is not invariant 
under the choice of paths IT, because P is not invariant under the choice for 
lTC, n or m. If this homogeneity variable is calculated for a11 connected graphs 
with n 1: 5 (see figure 4.5), it can be observed that for nearly all graphs that 
are optimal for given rn (have the lowest bk /n  of all graphs with given m), 
A = 1 except for the nearly complete graph (this is not unlogical as this graph 
is the only graph at given m = (n2 - n - 1)/2 and it has some kind of broken 
symmetry). So this seems to indicate that homogeneity of load distribution is 
indeed important. It is a pity that there are also graphs with A = 1 that are in 
general bad synchronizable , like the ring graph. 

Some other observations that can be made out of studying figure 4.5 are 
that all graphs that are worst synchronizable for given m are connected. If one 
starts with the path graph, one can create any worst-synchronizable graph by 
just adding edges. Clearly, this is not the case at the lower bound where the best 
synchronizable graphs lay. Actually, nearly always (except the trivial case when 
an edge is added to the nearly-complete graph) there are crossings indicating 
that the best synchronizable graphs are not connected or at least there is no 
improvement in synchronizability. A heuristic explanation for this fenomenen is 



Figure 4.5: Classification of all graphs with 5 nodes. Every cross indicates that 
there is a graph with the m and bk/n indicated in the figure. If there is a circle 
around the cross then there are more graphs with the same values. A line from 
one cross to another indicates that one can create one graph out of the other by 
just adding an edge between two nodes. A dotted line indicates that by adding 
an edge bk/n stays constant. Note the crossings at the lower boundary. 

that by adding an edge to a graph that is homogeneous one very likely disturbs 
some symmetry and thereby the homogeneity. This is also affirmed by the fact 
that there exists a graph with rn = n2 - n - 2/n that has the same second 
eigenvalue as the nearly-complete graph (which has a broken structure). 

4.4 Robustness 

In the synchronization literature some work has been done on robustness of 
synchronization. Pecora states [3] that if one makes a small-world network and 
one keeps on adding many shortcuts beyond the initial drop of the coupling 
strength, this brings in little extra stability, but it buys 'robustness'. As the 
number of added shortcuts grows, the synchronization behaviors of small-world 
and random graphs converge. This is, in dynarnical terms, the effective random- 
ization of the network through small-world addition. This randomized region 
is robust to edge deletion. The initial big drop in needed coupling strength 
when shortcuts are added and the small effect of the later on added edges looks 
natural if one keeps figure 4.5 in mind. 

Wang and Chen [32] investigate robustness numerically by removing random 
nodes. Then they conclude that adding edges buys robustness (already observed 
by Pecora) against random node removal. From the CGS point of view this 



is obvious as every subgraph has higher or equal bk .  Their way of looking at  
robustness seems to be identical as used in 'normalf network theory [2], therefore 
also the observation that synchronization in scale-free networks is not robust for 
specific attacks (on the hub nodes) is no surprise. 

Another natural way of looking at robustness could be the following: Given 
a graph with a certain number of nodes no, assign a probability p to every edge 
that it will fail. Now, for a certain probability (take for example 99%), there will 
be a maximal number of edges that fail nf,il,, So the robustness problem is 
reduced to analysing the subgraphs of this graph with n = no-nf,if,,,. The one 
with the worst synchronization properties gives a measure of robustness. E the 
degree of one or more nodes in the original graph is lower or equal than nf,ia,,, 
there are some subgraphs that will be disconnected aad no synchronization will 
be guaranteed for the chosen probability p. Of course, one can also attach a 
failure probability to the nodes. 

Note that it is likely that it are the subgraphs that arise when the weakest- 
linkfs) (the edges with the highest load $(k ) )  are removed that will have the 
highest l /Xz.  It is possible that these subgraphs each synchronize themselves 
(all the nodes in the subgraph synchronize) and thus this would create cluster 
or partial synchronization. 

4.5 Shortcuts and cycles 
As already has been mentioned in chapter I, if you have a graph and you are 
interested in synchronization of given networks, the concept of shortcut makes 
no sense. As soon as you ad a shortcut you can not distinguish the shortcut 
from other edges (as there is no metric induced on the graph). This also means 
that talking about 'locally coupled' and 'long distance couplings' doesn't make 
sense either, if talking about a given graph. Adding a shortcut is adding one or 
more cycles to a graph. In [15] it is shown that the cycle space is an important 
space for understanding the spectrum of the graph. It is true that Q = BTB 
with B the edge-vertex incidence matrix. The vectors with length n form the 
vertex space and the vectors with length m form the edge space (an entry in 
the vector assigns a value to the edge or vertex with the same number). The 
edge space can be partitioned in two orthogonal subspaces: the cycle space and 
the cut space where the cycle space is the null space of BT. There are also 
other hints that the cycle space is related to topology and algebra. This is not 
completely understood but there are different indications that the cycle space 
is important for synchronization. 

4.6 On the nature of network synchronization 
At last, a small observation on the nature of network synchronization is made. If 
one sees the simple methods used in this report it is not immediately obvious, but 
analysing network synchronization is analysing the high-dimensional ordinary 
differential equation 3.1. Actually, it is about guaranteeing the stability of a 
(sub)manifold, the diagonal hyperplane, and if the solution of the equation is on 
this manifold, all the systems are synchronized. Tn the case of partial or cluster 
synchronization there exist several other manifolds that, if stable, guarantee that 



certain dynamical systems synchronize with each other. Note that these partial 
states arise if the coupling strength is too low for complete synchronization 
and that there is some sort of 'route to synchronization7. By increasing the 
coupling strength there are some sudden changes in the partial synchronization 
regimes until complete synchronization is reached. This resembles the Ruelle- 
Takens route to turbulence, where the increasing of the Reynolds number causes 
bifurcations and the solutions of the Bavier-Stokes equation get more and more 
turbulent and unordered. Of course, this route goes from ordered behavior to 
unpredictable behavior and it describes the behavior of a partid differential 
equation while the network becomes more ordered as the coupling strength 
increases. Both are about how changing stability infiuences order. 

It is quite common that the behaviaur of high-dimensional (eve0 chaotic) 
systems can be captured by low-dimensional, models (center manifold theorem) 
but in the case of network synchronization the tools for analysis are simpler 
and not typical for analysing differential equations. This is possibly a result 
of the many different symmetries in the equation. All dynamical systems are 
identical, the couplings are symmetric (and linear) and the coupling strength is 
the same all over the network and sometimes the associated graph itself shows 
symmetry. Symmetry is a well known tool to analyse differential. equations and 
research is done on the relation between symmetry in the attractor of dynamical 
systems and symmetry in the resulting spatial patterns [ll]. Although symme- 
try simplifies the problem, it seems not to be the only essential concept here. 
The fact that, under certain conditions, the stability of the synchronization 
manifold depends on the discrete graph topology raises questions about the 
link between the discrete graph topology and the the topology of the dynamical 
systems (both partly describing the structure of equation 3.1). 

Synchronization can be very recognizable, but besides the interesting phe- 
nomology; to what extent is synchronization just an example of a more general 
phenomenon? (The concept of general. synchronization does not answer this 
question in this context! Nor does the synchronization of two spatial systems 
by finite means.) Is it a result of easy (partly discrete) topology or has it been 
discovered in this setting because it is easier to analyse and recognize than in a 
more complex (continuum) setting? As this is a rather abstract and not even 
properly defined question, an example could be the behavior of a partial differ- 
ential equation (e.g. Navier-Stokes) on a bounded two dimensional Euclidean 
domain. What happens if the domain is 'folded' to become a more complicated 
object? This is a~tually common practice, if periodic boundary conditions are 
imposed on a partial differential equation one actually works on a torus. But 
one can also connect a arbitrary point (and its neighbourhood) in the domain 
and 'glue' it to another neighbourhood and thus create a nonlocal interaction. 
It is not unlikely that because of these nonlocal interactions the behavior of the 
system will be more coherent and that this will influence pattern formation. 
This would be a rather strong analogy to network synchronization, the normal 
fluid being some kind of regular network in which viscosity plays the role of 
coupling strength and the nonlocal connections being short cuts. There is also 
an analogy to the observation about equation 3.20 in chapter 3 that networks 
with a higher genus will probably be better synchronizable than networks with 

IHere, with discrete topology the topology of a graph is meant and not a topology with 
open subsets as is usually meant. 



a low genus, only in the example there is no embedded graph on the surface 
but only a surface with on it a vector field. If this example would behave as 
expected than this would make the need and profits of a more general setting for 
synchronization clear. Another related questions is why there are so many net- 
works in nature, is the brain like a network because of implementation concerns 
or because it is really necessary for the functionality? 

The questions raised in this section, however rather speculative, seem to 
be interesting and still open. They also confirm the opinion, raised in the 
introduction, that synchronization of networks is a nice setting to think about 
more general and abstract problems. 



Chapter 5 

Conclusions and 
Recommendations 

In this report, first an introduction on synchronization and complex real-world 
networks is given. Also the essential results so far on synchronization in net- 
works of dynamical systems are given, based on eigenvalues. Then the new 
Coupling Graph Stability method is introduced and explained. This method 
uses the length of certain paths between a11 pair of nodes in the network to give 
an approximation how the needed coupling strength that ensures synchroniza- 
tion scales with the topology of the network. Although this method is based 
on rather easy concepts, it can be tricky to apply and to see what is essential. 
Therefore the method is formalised in this report, hopefully this formalisation 
will make the understanding more straight-forward. Then the method is eval- 
uated and compared to known results. New results and some simple heuristic 
understanding of the problem is given. 

5.2 Conclusions 
Some important conclusions can be made about the relation between the Cou- 
pling Graphs Stability (CGS) method and the eigenvalue method can be made. 
The conjecture 3.3.1 that CGS gives the same dependency as the eigenvalue 
method for networks with a great number of nodes n seems to be true. The 
maximal mistake of the CGS method relative to the eigenvalue method is of 
order fog2n. Also qualitative predictions about where the boundaries of the 
threshold coupling E* lay (the best and worst possible graphs are known) and 
that adding edges decreases the needed coupling strength, are both made with 
the CGS method. Before this could be done, it was proven with CGS that 
adding an edge lowers E* or keeps it equal and with this it is straightforyard to 
see that a subgraph of a graph has a higher or equal E* than the graph. 

It has been shown that the results of Nishikawa et ab. [23I that more ho- 
mogene small-world and scale-free networks synchronize easier than the more 
heterogene ones can be explained with the CGS method and that their reasoning 



with the average path length is dubious. The counter example shows that the 
'weakest link7 in a graph (the edge that is loaded most heavily) is very impor- 
tant for synchronization. This edge is a bottleneck and therefore determines 
the minimally needed coupling strength to ensure synchronization. 

As boundaries are knowm so it is known in general between which values the 
critical coupling strength E* can lay as a function of the number of edges and 
nodes. All graphs with 5 nodes have been classified and the results confirmed 
the theory. This classification also indicates that there is a remarkable crossing 
on the lower boundary while this does not happen on the upper boundary. A 
possible explanation is the introduced concept of homogeneity of loading. The 
graphs with a given number of edges m that synchronize best, mostly have 
the loading on their edges nicely distributed. Another observation, based on 
numerical calculations, is made for very simple scale-free trees. It seems that 
their mean second eigenvalue is very similar to that of two or three coupled stars 
with the same number of nodes. 

Some older results on Laplacian eigenvalues have been related to synchro- 
nization. It has been shown that also the second eigetlvector and all the eigen- 
values are important if one wants to improve synchronization by adding edges. 
It has also been shown that the CGS method can be seen as an embedding 
theory and that an improvement of this theory can lead to exact results for the 
approximation of the second eigenvdue. This method enables use to interpret 
the problem in terms of basic electrical laws. 

Robustness of synchronization in a network has already been studied nu- 
merically but here a new way is proposed that makes it possible to look at  the 
robustness problem in an analytical way using the CGS method and the sub- 
graphs of the graph under study. It  would be especially interesting if robustness 
and loss of synchronizability can be predicted with the load on the edges. 

5.3 Recommendations and open questions 
It would be interesting to find a way of calculating or indicating which edge 
will be the 'weakest link' without explicitly calculating all +(k). This will safe 
a lot of computation. It seems likely that, for a tree, the edge with the highest 
number of paths going through, is the bottle-neck edge. It is unIiiely that this 
holds in general but it might hold for all trees. 

It  would also be very interesting to study what happens if E is a little smaller 
than needed for complete synchronization. Are the eventually emerging synchro- 
nizing clusters divided by the 'weakest link' and is there a relation between this 
cluster synchronization and CGS? One would expect this, but at the same time 
it is not clear how CGS can tell something about the clusters in a regular graph 
as alI their edges are equally loaded. For non-regular graphs it is possible and 
likely that the subgraphs divided by the weakest-link become clusters if the 
coupling strength is to low for complete synchronization. 

To know between which two nodes there has to be added an edge to decrease 
l /Xz  maximally, one has to use the second Laplacian eigenvector. It would be 
interesting to look if this can also be done with the CGS method. Is it possible 
to find this optimal edge by only looking at $(k)? 

What happens if the systems behave different than assumed in this pa- 
per? What if the edges are weighted, difected and time-dependent? And what 



happens if there is time-delay or when the system are non-identic? Does the 
behavior change drastically or not? As observations concerning synchronization 
between neuron cells in the brain [9] are quite understandable from the perspec- 
tive of this report, while their behavior certainly is more complex than assumed 
here, it seems that part of their essential behavior is already captured by the 
rather simple network model of this report. It could be interesting to study 
expander and concentrators graphs and to look what it is in their structure 
that gives them a high second eigenvalue. As it was observed that scale-free 
trees behaved the same as coupled stars, the question arises if the behavior of 
randomized graphs can on average be described by very structured graphs in 
general? 

The greatest question remains open. How does the structure of the graph 
influence its synchronizability? If the number of edges and nodes is fixed, how 
does the graph topobgy influence the synchronizability? The observation that 
homogeneity of loading seems to be a good thing should be studied deeper. How 
does symmetry (breaking) play a role in this? Can one formalize the influence 
of symmetry by using groups or groupoYds [31]? The last and greatest question 
is wether the theory on network synchronization can be generalized in such a 
way that the analogy with spatial problems becomes rigorous. 



Appendix A 

Calculating the coupling 
strength 

In this appendix it is shown how the parameter a from the CGS method can be 
cdcdated for the Lorenz system. This appendix on the derivation of a for the 
Lorentz system is based on Belykh et al. [5]. 

Here we give the details of the proof of the assumption for the network of 
x-coupled Lorenz systems (we have knowingly chosen a scaIar version of the 
coupling which is the most difficult case from the stabilization point of view). 
The coupled system reads 

for which the matrix P = diag(1, 0,O) and the vector (xi,  yi, zi) stands for the 

vector xi. s, r, and b are standard parameters. Recall that ~ i i  = - 5 E,, i = 
j=1; j f i  

1, ..., n. 
We consider the network 

Where the function F ( s )  is the Lorenz equation in this case. We should make 
some assumptions and introduce the auxiliary system 

and the matrix A is A = diag(al, az, ..,ad), where ah 2 0 for h = 1,2, .., s and 
ah = 0 for h = s + 1, .., d. This system is the system for the difference variables 
where the coupling terms are excluded. The next equation should hold: 



With H the unit matrix. This is a crucial requirement for the method. It implies 
that the auxiliary system can be globally stabilized, provided the negative linear 
part's parameters al ,  a2, ..., a, are sufficiently large. In other words, this implies 
that oscillators of the system (A.2) can synchronize when the coupling is made 
sufficiently large. In general this is not always true. To solve the real problem 
of synchronization in a network of oscillators, given their individual dynamics 
and coupling structure, one should start from the question of whether or not 
the requirement (A.4) holds. To prove that the condition (A.4) is true for the 
coupled system (A.l), we shall follow the steps. 

a) The individual nonperturbed Lorenz system (&ij 0) is eventually dissi- 
pative and has an absorbing domain 

Hence, the coordinates of the attractor of the individual Lorenz system are 
estimated to be bounded by 

< b(r + a)/2&?, cp = x, y, (z - r - a). (A.5) 

It can be easily shown that the estimates (A.5) are valid for the coordinates 
of each oscillator of the coupled system (A.l). 

b) The auxiliary system (A.3) written for the difference variables Xu = 
x j  - xi, K j  = yj - yi, and Zij = zj - zi of the coupled system (A.l) and having 
the matrix A = diag{a, 0,O}, takes the form 

( E )  where Uij = (ti + &)/2 for { = x, y, z are the corresponding sum variables, 
and the extra auxiliary system's term -axij stands for the contribution of the 
coupling term in the original system for the differences. In the system (A.6), 
we got rid of the cross terms with the help of the formula 

To show that the trivial equilibrium of the auxiliary system (A.6) becomes 
globally stable provided the parameter a is sufficiently large, we consider the 
Lyapunov function candidates with the unit matrix H = I, 

Their derivatives with respect to the system (A.6) are calculated as follows 

"v, = - [(a + n ) ~ $  + ( ~ ( " 1 -  r - o)xijxI, + I$ - u ( ~ x ~ ~ z ~  + b ~ ? .  . I 
(-4.8) 

Therefore, applying the Silvester criterion for negative definiteness of the 
quadratic forms, we obtain the conditions a + u > 0, 



Taking into account the estimate (A.5) for the coordinates U(Y)  and u("), we 
finally obtain the following sufficient condition for negative definiteness of the 
quadratic forms: 

(A. 10) 

Therefore, under this condition, the trivial solution of the auxiliary system (A.3) 
is globally asymptotically stable and the condition (A.4) is true for networks of 
x-coupled Lorenz systems. 

This coznpleks the p r ~ f .  
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