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Abstract

In this paper we describe a numerical method to simulate the deformation of a
particular morphology arrising from a mould pressed into the surface of a plate
of hot glass. The deformation is driven solely by surface tension. This problem
occurs, for example, during the production of cathode ray tubes (CRT). One is
typically interested in the relation between the obtained morphology in the finally
cooled down glass and the originally pressed morphology by the mould. In this
paper a first approach is described to tackle this problem by modelling the fluid
as a temperature independent flow. Such a simplified flow can be described by
the Stokes equations. The numerical simulation is carried out by solving these
Stokes equations for a fixed halfspace through a Boundary Element Method
(BEM). The resulting velocity field then determines an approximate geometry
of the surface of the halfspace at a next time level by employing a variable step,
variable order Backward Differences Formulae (BDF) method. This numerical
algorithm is demonstrated for the deformation of a Gaussian distribution in both
the two-dimensional and axisymmetric case.

1 Introduction

It is important to know what kind of surface morphology is obtained for the
inner side of a CRT-screen which is produced by pressing a blob of hot glass in
a mould and cooling it down afterwards. When the mould is withdrawn from
the glass, the pressed CRT-form smoothes out since the viscosity of the glass is
still low enough for the occurrence of a fluid flow driven by surface curvature.
The deformation is driven solely by the surface curvature: the gravity force can
be neglected since the typical height of the peaks of the profile are very small
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« 1 J1m). This deformation effect causes the finally obtained form of the glass
to differ considerably from the profile of the mould. This influences the quality
of the produced screen directly, since in the "valleys" of the CRT-morphology,
carbon and phosphors coatings will be affixed.

A first attempt to model the above described problem is to make the sim
plifing assumption that the fluid is independent from the temperature. Then the
deformation flow of the glass can be modelled as an incompressible Newtonian
viscous fluid: the Stokes' creeping flow equations apply. Because the shape of
the profile of the glass is much smaller than both the thickness and the length
of the CRT-screen, the fluid domain can be considered as an infinite halfspace.
Hence the problem is reduced to the calculation of the smoothing of a profile on
a halfspace of viscous fluid driven by its surface curvature.

Recently De With and Corbijn [16] developed an analytical approach to de
scribe the morphological relaxation oftwo-dimensional glass profiles for arbitrary
temperature-time schedules. In their approach, the surface profile is modelled by
a Fourier expansion and for each separate term the decay in time is calculated.
From experimental verification, they obtained an excellent agreement with the
theoretical predicted shapes.

Based on the recent progress made in the theory of sintering of viscous
materials (cf. Van de Vorst et al. [11]-[14]), we present a numerical simula
tion method which is employs the BEM in combination with a time integration
method. Therefore, we have to formulate the Stokes problem for the halfspace
in terms of an integral equation of so-called hydrodynamical single- and double
layer potentials. Note that the BEM is ideally suited for the numerical solution
of problems involving an infinite domain because the problem surface has to be
discretized only. In the past such a formulation was already extensively applied
to simulate the motion of particles towards deformable interfaces. To mention
a few of these studies: Lee and Leal [9] considered the motion of rigid spheres
near a deformable plane wall; Geller et al. [6] and Chi and Leal [5] considered
the rising of drops towards a deformable interface. A general review.on the
application of the involved integral formulation is recently given by Stone [10].

In order to handle the surface deformation problem numerically, our code
is extended to simulate the evolution of an initially given two-dimensional or
axisymmetric profile on an infinite halfspace of glass. Basically, this extension
consists of the treatment of the infinite surface integrals which occur after dis
cretization by the BEM. We will focus on the solution of this particular problem
in the next section for both the two-dimensional and the axisymmetric formula
tion. Thereafter, we demonstrate the correctness of the numerical approach for
the coalescence of a cylinder on a halfspace by comparing the numerical results
to the exact analytical solution for this problem. Furthermore, the deformation
of a Gaussian surface profile is considered. In particular we study the difference
between the evolution of this shape in both the two-dimensional and axisymmet
ric case. Note that the numerical method may also be applied to investigate the
smoothing of cracks on a glass surface. Moreover, it can be used to study the
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viscous sintering of particles on a plate.

2 Numerical Solution Method

Here we start by outlining the solution method for the simulation of the deforma
tion of a two-dimensional profile; the axisymmetric case will be discussed at the
end of this section. As we mentioned above, the Stokes' flow on the halfspace
is solved by a BEM, which yields the boundary velocity field at a fixed time, in
combination with a time integration method. The BEM is applied to the integral
formulation for the Stokes problem based on the hydrodynamical single- and
double-layer potentials. In the two-dimensional case, this formulation reads for
a particular point (x) on the boundary of the halfspace (r),

!Vi(X) + t qij(x - Y)Vj(Y) dry = t uij(x - y)bJCy) dry. (1)

Here the vectors v and b denote the velocity and surface tension respectively.
The latter is equal to

hex) = I((x) n(x), (2)

where I( is the boundary curvature and n the outward normal vector. The kernels
qij and uij in equation (1) are equal to

I [ r.r']= - - 8.. logR + ...!....!...
41r IJ R2 '

(3)

respectively, where R =Irl =Vii + Ji.
Generally, the Boundary Element Method consists of dividing the boundary

curve into elements which are defined by a set of nodal points, say N in total.
Then, on each element the velocity and tension are approximated by Lagrangian
interpolation polynomials of degree one less than the number of nodes that are
invested to describe a single element. Substitution of these polynomials into the
integral equation (1) subjected to the discretized boundary curve and an arbitrary
collocation point yields two linear algebraic equations for the 2N unknown nodal
velocities. If we vary the collocation point in these equations over all the nodes,
a square full rank system of 2N linear algebraic for the unknown velocity field is
obtained. More about the implementation of the BEM can be found in Banerjee
[1], Becker [2] and Brebbia et al. [4], to name a few recently published books.

The BEM solution described above, applies for a domain with a closed
boundary curve; in the case of a halfspace, the infinite part of the boundary has to
be treated in a special way. A solution method, suggested by Beer and Watson [3],
is the introduction of so-called infinite boundary elements: the infinite boundary
part is considered as one element. To implement the infinite shape functions,
one applies the usual quadratic polynomials, by taking the limits of the intrinsic
variable, say s, equal to -1 to 00 instead of -1 to +1. In order to apply a Gaussian
quadrature formulae for the numerical integration of the obtained infinite integral,
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the integration limits have to lie between -1 and +1. This is easily achieved by a
suitable substitution for the integration variable. Finally, the velocity and tension
have to obey the decay conditions at infinity. This is performed by the assumption
that their variations over the infinite elements are as follows,

Ixo - x(-I)I
Vi(X) = I ()I Vie-I),

Xo - x s
(4)

where -1 :$; s :$; 00 and Xo is an arbitrary reference point in the fluid. Note that
v(-I) and b(-I) represent the velocity and the tension of the first unknown. It
appears that the same decay functions can be applied in the three-dimensional
case.

Beer and Watson applied this method to solve three-dimensional mining
excavations, Le. stationary problems. However, numerical experiments obtained
by us applying the above method, indicate that the method does not work properly
in the case of a moving boundary. This is due to the uncontrollable shape
of the quadratic polynomial approximation for the infinite element during the
boundary motion. Here, this problem will be circumvented by the application of
an analytical approximation for the shape of the infinite element which is derived
of both the analytical solution for the coalescence of a cylinder on a halfspace
and the solution for the deformation of a groove in a halfspace as is outlined
below.

In Hopper [8], it is shown that the shape function of the coalescence of a
cylinder on a halfspace can be described by

(5)

where h is the maximum height of the shape, i.e. a function of the time t.
Employing an asymptotic expansion for X2 -t 0 of equation (5) up to the second
order yields,

(6)

Let the truncation point be denoted by a, then for the infinite boundary shape we
obtain by substitution of equation (6) the following approximate expression

(7)

which is independent of h. It appears that the same approximate shape function
holds when the above derivation is employed on the analytical solution for the
deformation of an isolated groove (cf. Hopper [7]). Moreover, we can use
equation (7) to obtain an analytical expression for the surface tension b on the
infinite element.
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(8)(XE r).

In the case of the axisymmetric implementation, we cannot derive such an
analytical expression, simply because this problem cannot be solved analytically.
Therefore, we apply a simpler method which has already proven its usefulness in
the past: the boundary element mesh is truncated at a sufficiently large distance
from the region of interest. This approach is for the axisymmetric case exten
sively outlined by Lee and Leal [9], which they apply to simulate the interface
deformation caused by the rising of a spherical particle.

After solving the BEM formulation for a fixed domain, a time step has to be
carried out. The motion of the boundary is described by the application of the
Lagrangian representation for the boundary velocity v, i.e.

dx
dt = vex)

Applying the above equation for the system obtained by the BEM discretization
yields a system of nonlinear Ordinary Differential Equations (ODEs). Since it
appears that this system of ODEs can be stijffor certain type of shapes (e.g. fluid
regions which are having cusp-like regions), we have implemented a variable
step, variable order Backward Differences Formulae (BDF) method to solve
these ODEs. More details about this implementation are available in Van de
Vorst [14].

3 Numerical Results

The numerical solution technique outlined in the previous section is tested by
comparing the numerical results with a problem that can be solved analytically:
the coalescence of a cylinder on a halfspace. The analytical solution of this
problem is found by a conformal mapping technique which is described in Hopper
[8]. We compare the development of the height h of the cylinder in time. For
the initial geometry we have taken a cylinder with radius equal to 0.5, hence
h = 1 initially. Since the numerical code requires an initial contact between the
halfspace and cylinder, we use the analytical solution curve for h =0.99 as initial
shape. Moreover, the halfspace is truncated between -3 and 3.

In figure 1 we have plotted the numerically obtained decrease of the height h
by a solid line; the analytical solution is denoted by bullets. Itcan be observed that
an excellent matching is obtained between the numerical and analytical solution
for h during a large period of time. In the end a small, but acceptable, error occurs
due to the fact that the approximate shape of the infinite part becomes worse.
Also plotted, by a dashed line, is the numerically obtained height development
when the initial shape is used in the axisymmetric code: the coalescence of a
sphere with initial radius 0.5 on a halfspace. When both height evolutions are
compared, it can be seen that during the initial stage the deformation proceeds
at a similar rate; during later stages the height of the sphere decreases much
faster due to the fact that the fluid flows circularly around the sphere, while in
the two-dimensional case there is a planar flow field only. This behaviour can
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Figure 1: An excellent equivalence is obtained when the analytical (exact) height h of the
coalescing cylinder is compared to the numerical solution. Moreover, the difference in the height
development is compared to the coalescence of a sphere with the same initial radius.

t= 0

Coalesence of a cylinder with radius 0.5 on a halfspace

Coalesence of a sphere with radius 0.5 on a halfspace

Figure 2: A comparison between the coalescence of a cylinder on a plate and the coalescence
of a sphere with both equal radius of 0.5 for t = 0.0(0.2)3.0
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Two-dimensional shape

Axisymmetric equivalence

t= 0

Figure 3: A comparison between the deformation of a Gaussian distribution on a plate in the
two-dimensional and axisymmetric case at subsequent times t =0.0(0.1)2.0

also be observed in figure 2 which shows the shape evolution at subsequent time
stages t = 0.0(0.2)3.0.

Recently, the latter two problems have received a physical application in the
sense that these solutions can be used to determine the surface tension of a certain
glass at relatively low temperatures (600° C), cf. De With and Corbijn [15]

Next, we consider the deformation of a Gaussian distribution, i.e.

y = (9)

whereby we will vary the value of the parameter a which results in a sharper or
smoother peak in the initial geometry of the distribution. Again, the halfspace is
truncated between -3 and 3. Moreover, we use the initial shape of this distribution
for both the two-dimensional and axisymmetric case and compare the height h
decrease of the peak in both cases. In figure 3 we show the evolution of the
Gaussian curve obtained by taking a equal 4 at subsequent times t = 0.0(0.2)2.0.
Again we observe that in the axisymmetric case the deformation rate is faster
compared to the two-dimensional case. Both simulations show that the decreasing
peak shape fits within the original shape at any time. In figure 4 we have plotted
the height h development of the peak as time evolves. The influence of the value
a is illustrated too. Here we have taken for a, besides the above used value 4,
the values 2 and 8, i.e. a smoother and a sharper peak respectively. Moreover,
we used these initial shapes for the axisymmetric case too; the height evolution
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Figure 4: The two-dimensional and axisymmetric evolution of the height h of the peak of the
Gaussian distribution (9) is plotted for various values of a.

is also printed in figure 4. Ifwe compare both the development rates, we observe
that during the first stage of the smoothing, the results suggest that the height
decrease of an axisymmetric Gaussian peak for a certain value ao is similar to the
decreasing rate of a two-dimensional Gaussian curve with a a > ao, i.e. a sharper
peak distribution.

Finally, we investigate the behaviour of a Gaussian groove in a halfspace for
which the initial shape is obtained by taking the image of a peak profile. In figure
5 we show the shape evolution at subsequent time stages t = 0.0(0.1)2.0 for both
the two-dimensional and axisymmetric case. Here, we have again taken a equal
to 4. It is surprising to see the occurrence and smoothing out of a cusp-like groove
in the axisymmetric solution. This cusp-like shape is due to the ring load which
gives a large contribution to the surface tension vector b in the neighbourhood
of the symmetry axis. Another phenomenon that can be observed in figure 5 is
that in the two-dimensional case the width of the groove, when considered from
above, is increasing, while in the axisymmetric case the deformed groove shape
still fits into the initial geometry during the evolution which is a similar behaviour
compared to a peak deformation. The difference in evolution behaviour is also
demonstrated in figure 6 where we compared the height decrease of the peak
profile to the depth decrease (-h) in the groove. This figure shows an almost
similar behaviour for the peak and groove evolution in the two-dimensional case.
However, in the axisymmetric case, a different development is obtained due to
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Axisymmetric equivalence
Figure 5: A comparison between the evolution of a Gaussian groove on a plate in the two
dimensional and axisymmetric case at subsequent times t =0.0(0.1)2.0
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Figure 6: The difference in height development for an initial distribution curve which rep
resents a peak shape and the image groove shape otherwise for both the two-dimensional and
axisymmetric case. .
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the above explained cusp formation.
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