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Summary 

This study considers the modelling and identification of a nonlinear hysteretic system, 
the wire-rope isolator. Wire-rope isolators are well known for their excellent shock iso- 
lation characteristics. These can be explained by the hysteretic behavior originating 
from the dry friction between the wires of the isolator. 
A cyclic loading test was carried out on a wire-rope isolator to experimentally obtain 
its hysteretic behavior in the tension-compression mode. The isolator exhibits asym- 
metric hysteresis loops, which posses a hardening loading overlap in the loading curves. 
A differential model, known as a modified version of the original Bouc-Wen model, is 
proposed. This nonlinear differential model includes the time-history-dependent na- 
ture of the hysteretic force, known as the memory effect. An optimization problem is 
formulated in order to identify the model parameters from the experimental data of 
the cyclic loading tests conducted with the wire-rope isolator. The identified model 
describes the measured hysteresis loops in great detail. 
Finally, the dynamic response behavior of a wire-rope isolation system is evaluated. 
The method of slow frequency sweeping is used to approximate the steady-state frequency- 
response of the nonlinear hysteretic system. 

Keywords: hysteresis, memory eflect, modelling, identification, nonlinear dynamic re- 
sponse 
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Chapter 1 

Introduction 

The practical use of wire-rope (cable) isolators as shock and vibration isolators is well 
proven. An example of their application is the shock isolation of floating floors in a 
Naval environment. Here, the wire-rope isolators must protect an operational room 
with crew members and sensitive equipment against an underwater shock [I]. The use 
of wire rope isolators is preferred here because they are maintenance free and have 
excellent shock reduction characteristics. This is just one example out of the many 
possible applications. 
A wire-rope isolator is essentially made of one steel cable bent in such a way that four 
ends are clamped together, in the form of a helix, by metal retainers at the top and 
bottom of the isolator. A preliminary investigation of the wire-rope's static behavior 
revealed that there is a mechanical hysteresis present in the measured force during 
a tension-compression test. In other words a nonlinear damping phenomenon was 
measured. This hysteretic behavior is essentially the reason why the wire-rope isolator 
has such good shock reduction characteristics. 
The objectives of this study are to model and analyze the wire-rope's hysteretic behav- 
ior, both statically and dynamically. First, the wire-rope isolator's hysteretic behavior 
has to be characterized by experiments as much as possible. This will give us a profile 
for the shape of the hysteresis loop. A suitable model must be able to describe this 
hysteretic behavior. Having a suitable model structure one must be able to identify 
its parameters. With the identified model the static and dynamic behavior can be 
evaluated numerically. 
The subjects discussed in the previous paragraph will be chronologically treated in 
this report. Some general background information about hysteretic systems found in 
literature will be discussed first in the next chapter. Moreover an assumption about 
the hys~eretic behavior as it is studied ir, this report. will be given. in  Chapter 3 the 
experiments will be discussed. The proposed model and identified parameters will 
be treated in chapter 4 and 5 respectively. In Chapter 6 the dynamic response of a 
wire-rope isolator due to sine-sweep excitation will be investigated numerically. Finally 
some conclusions will be drawn and the recommendations for future research will be 
given in chapter 7. 



Chapter 2 

Literature on Hysteresis 

Hysteresis occurs in several phenomena. In physics it can be found in plasticity, shape- 
memory alloys, friction, friction-controlled backlash or play, ferromagnetism, supercon- 
ductivity and so on. Hysteresis leads to the dissipation of energy. Additionally, the 
occurrence of hysteresis plays an important role in high precision motion systems. 

2.1 What is Hysteresis? 

Hysteresis Loops In order to be able to discuss the modelling on hysteresis one has 
to define the properties of the hysteresis phenomenon to be studied. A common way to 
do this is to make a mapping of the output of the hysteretic system versus the input, 
creating an hysteresis loop. In this case the restoring force F versus the change in length 
of the wire-rope isolator, also called a loading cycle. As an example let us consider 
figure 2.1, and assume the following rules [12]. The system's state is charact,erized by 
two scalar variables u and w, which depend continuously on time, denoted by t. If u 
increases from u l  to u2, then the couple (u, w) moves along the curve ADC (loadzng 
curve); conversely, if u decreases from u2 to u l ,  then (u, w) moves along path CBA 
(unloading curve). Moreover, if u inverts its movement when u l  < u(t) < u2, then 
(u, w) moves into the interior of the region S bounded by the major loop ABCDA; this 
behavior must be described by the specific model. By a suitable choice of the input 
function u(t) the couple (u, w) can attain any interior point of S. Note that whenever 
u l  < u(t) < u2, w(t) is not determined by the value of u(t) at  the same instant; indeed 
w(t) depends on the previous evolution of u (memory effect), and possibly also on the 
initial state of the system. 

Rate Independence First experiments with the wire-rope isolator have indicated 
that the returning position after a single compression test differed from its starting 
position. This history dependent behavior is what is called a memory effect. One can 
distinguish between rate dependent and rate independent memory effects. Rate depen- 
dent memory is typically fading, hence scale dependent. Rate independent memory is 
persistent, and scale invariant [12]. 
For the wire-rope isolator this memory effect can be explained due to its physical struc- 



Figure 2.1: Continuous hysteresis loop. 

ture. The wires in the steel cable typically exhibit dry friction, for example Coulomb 
friction, which is non-smooth. This sort of small resistance between the wires makes 
the configuration of the wires, in any section of the steel cable, unique to a certain 
compression or tension load. And thus most certainly causing a memory effect. Re- 
membering the fact that Coulomb friction is rate independent, two remarks about the 
characteristics of our expected hysteretic behavior can be made. First, it is likely to 
assume that the hysteretic behavior of the wire-rope isolator is rate independent. And 
second, the configuration of the wires was fixed due to the clamped geometry of the 
wire-rope. However, it could vary more or less somewhat depending on the load and 
thus causing a memory effect. It seems then logic to assume that the memory effect 
can, in a way which is not defined yet, be eliminated. These defined characteristics 
will later be experimentally verified. 

So an assumption can be made about the type of hysteretic behavior to be studied. 

Hysteresis = A Rate Independent Memory Ejfect 

2.2 Wire-ropes in General 

The application of wire-rope isolators has ciose connections to the field of Civil Engi- 
neering. For example the hysteresis of wire cables in Stockbridge dampers was inves- 
tigated by Sauter et a1 [Ill. In these dampers, mechanical energy is dissipated in wire 
cables. They stated that the damping mechanism is due to statical hysteresis result- 
ing from Coulomb (dry) friction between the individual wires of the cable undergoing 
bending deformation. Here, Jenkin elements were used to model the statical hysteresis 
in the system. See figure 2.2a. These Jenkin elements were arranged in parallel forming 



Figure 2.2: (left) Masing model consisting of Jenkin elements, linear stiffness c and 
coulomb friction h. (right) Loading cycle for a Jenkin element, starting in (0,O) 

a Masing model, consisting of linear springs and Coulomb friction elements. A typical 
loading cycle for one Jenkin element has the following form, see figure 2.2b. 
A wire-rope isolator system was experimentally tested for the use as a vibration 
damper, by KO et a1 [6]. The experiments showed that the damping of the wire-rope 
isolator increased noticeably when the deformation of the damper attains a certain 
level. This is also a characteristic of the wire-rope isolator which will be experimen- 
taEy verified. 
Literature on the modelling of wire-rope isolators is scarce. The difficulty in modelling 
the wire-rope isolator's behavior lies among others in the fact that the wire-rope is 
bend over an angle of 180 degrees. This appears to introduce asymmetric loading 
curves which are also nonlinear in stiffness, as will be seen in the next chapter. The 
only known research on the modelling of wire-rope isolators, with the same geometry 
as in this study, is discussed in the following paragraph. 
Earlier research on the same type of wire-rope isolator as in this study was performed 
by TNO [I]. The wire-rope model consisted of a linear stiffness k combined with a 
Coulomb friction d. This describing function resembles the Jenkin element mentioned 
before. In order to approach the measured loading cycle more precisely they added an 
exponential decay to the damping force d on load reversal. The enhanced dry friction 
model becomes 

Where the rate of 
u, = 0 yields the 

decay is described by the deflection constant u,. The limit case 
standard dry friction model. In figure 2.3, a load cycle for the 



enhanced dry friction model is plotted. It was concluded that this simplified model is 
capable to describe the measured hysteretic behavior qualitatively. The advantage of 
this model is that it only contains 3 parameters. Loading cycles of different amplitudes 
were not compared with each other. An interesting nonlinear dynamic response was 
measured and simulated with this model. 

15000 

Figure 2.3: Loading cycle for the enhanced dry friction model 

The same type of nonlinear dynamic response for a wire-rope isolator was demon- 
strated by another source, Ni et a1 [7, 81. For the observed hysteretic behavior of the 
wire-repe isolator they used a modified version of the Bouc-Wen differential model. 
The development of this model started with the pioneering work of Bouc [3] in the 
field of hysteresis modelling. It was later adapted by Wen [13], and over the years 
numerous researchers proved its usefulness and versatility in the modelling of the kind 
of hysteretic behavior we observe in wire-ropes (cables). 



Chapter 3 

Experiments 

In this chapter a wire-rope isolator (Socitec, type Y005) will be experimentally tested 
in order to be able to analyze its hysteretic behavior in more detail. The wire-rope 
isolator used in this experiment has certain specific dimensions. Of course these di- 
mensions determine the magnitude of the hysteresis to be measured. But, considering 
the goal of this study, we can assume that the shape of the measured hysteresis loop 
resembles that of all other wire-rope isolators with a comparable geometry. And con- 
sequently, there will be only a scaling difference with the measured hysteresis loop in 
this study. 

3.1 Protocol 

Based on the available literature we can state a number of characteristics which are 
typical for the type of hysteretic behavior of a wire-rope isolator. It is most important 
to catch this behavior in all possible detail, because the results of the experiments will 
be decisive for the model, which will be derived from them. Therefor a testing protocol 
was writ ten. 

Testing Protocol 
1. With the experiment we want to measure a loading cycle for the wire-rope isolator. 
Only the vertical direction, as is from top retainer to bottom retainer, will be tested in 
this experiment, because this is the situation that will most likely approach a practical 
application, think of the floating floor example! This means that the force exerted on 
the wire-rope must be measured in tensile- and compression mode. 
2. It was suggested that the hysteretic behavior is rate independent. In order to check 
this, several excitation profiles are to be used, ranging from triangular to near sinus 
shape. To restrict peak accelerations or decelerations the excitation reversal points 
have to be smooth. 
3. The memory effect will appear after one completed cyclic loading, a steady-state 
periodic solution has then been reached. The memory effect is measured as the result- 
ing force for x = 0, see figure 3.1. 
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Figure 3.1: Memory effect measured in a hysteresis loop 

4. Different excitation amplitudes are to be tested. Showing possible varying hysteretic 
behavior for different excitation ranges. 
5. The energy loss percentages of all measured hysteresis loops will be compared with 
each other. 
6. (Small amplitude) excitations around an operating point are of particular interest 
because they resemble the practical conditions under which the wire-rope isolator nor- 
mally operates. 
7. It was also suggested that it should be possible to reset the memory effect. Attempts 
must be undertaken in order to prove this theory. 

3.2 Test Setup 

The setup for the quasi-static cyclic loading test was arranged on a tensile/compression 
bench as shown in figure 3.2. An axial load cell (type WN.805729 2.5kN) is used for 
measuring tensile and compression forces. 
The test setup provided a fixed position for the retainers of the wire-rope isolator. The 
retainers were bolted in metal blocks and clamped between the claws for test objects. 
The following factors were considered in the design of the experimental setup. Firstly, 
the hysteretic behavior of friction-type dampers may be significantly affected by static 
pre-loading (think of a mass load on top of the isolator). This study deals with the 
hysteretic behavior without the pre-loading effect. The experimental setup can meet 
this requirement by defining an initial Iength Lo for the wire-rope to be tested. The 
initial length, Lo z IlOmm, is defined by the length of the wire-rope isolator before 
it is fixed in the experimental setup. In this way all measured loading cycles in one 
experiment setup can be compared with each other. Any deviation from this length 
Lo, positive or negative, is called the deflection distance of the wire-rope isolator. 



Figure 3.2: (left) Test setup used to measure the cyclic loading. (right up) Wire-rope 
isolator in tension mode. (right down) Wire-rope isolator in compression mode 



The deflection length x is drawn on the horizontal axes of the loading cycle. Secondly, 
the loading forces are measured in an axial direction. Sideward movement of the 
retainers is prevented and they are aligned in axial direction. The resulting forces at 
the load cell, other than pure axial tensile and compression forces, are neglected. The 
experimental test setup was equipped with an excitation control and data acquisition 
interface. Data was acquired with a sample rate of 50 Hz. 

The hysteretic behavior experiment was then carried out by imposing quasi-static cyclic 
loading reversals with various amplitudes and excitation profiles. See figure 3.3. 

Figure 3.3: Periodic excitation profiles as used in the cyclic loading tests (left) fast 
profile (right) quasi-stationair excitation profile 

In order to ensure the modelling accuracy, the sampled data used for identification was 
required to cover at least one steady state cyclic loading period. It is not necessary to 
average the results because the measiireiiie~ts are cmsiste~t  f a -  repeated squences. 
Note that the reversal points x,,, and xmi, are continuous but not smooth. The 
memory-removing process was not conducted between the different load cycles. In 
appendix A an overview is given of the results of all measured loading cycles. Several 
excitation profiles were tested. It appeared that the quasi-static cyclic loading with 
the lowest excitation speed, figure 3.3 (right), gave us the best reproducible results. 
There are small differences in the measured loading cycles for the different excitation 
profiles. It is most likely that the differences are caused by non-static behavior. In 



order to make comparisons between the excitation amplitudes only the loading cycles 
produced with the quasi-static excitation profile, figure 3.3 (right), are considered in 
the rest of this report. 

In Figure 3.4 the measured hysteresis loops are shown, with the amplitudes for the 
deflection distance x ranging from k 5  to h20mm. It appears that the wire-rope isola- 
tor exhibits asymmetric hysteresis loops, and the asymmetry is increasingly apparent 
when the loading amplitude is increased. The isolator possesses hardening stiffness in 
tension and softening stiffness in compression. However, the cyclic loading amplitudes 
show softening hysteresis loops for relatively small deformation amplitudes (< 5mm). 
This can be explained by the fact that when the deformation of the wire-rope reaches 
a certain level the cables approach their limit of deformation allowed by the clamps. 
Note the initial zero force in the left figure. The reason for this is that it was the very 
first measurement for that experiment setup, therefore no memory effect was set yet. 

Figure 3.4: Measured hysteresis loops from cyclic loading tests: (left) with zero initial 
force and for varying amplitudes (right) 

Figure 3.5 illustrates the effective stiffness defined by equation 3.2 and the calculated 
energy loss percentage of the measured hysteresis loop. The energy loss percentage 
was calculated by dividing the surface area in the loop (energy loss) with the total 
amount of energy pumped in one cyclic loading. This relative change in surface area in 
the hysteresis loop represents the amount of energy which is absorbed by the wire-rope 
isolator. 



rgy loss % (real) effect~ve st~ffness (normed) I 

5 10 15 20 

d~splacernent amplrtude [mm] 

Figure 3.5: Effective stiffness (normed) and (real) energy loss percentage versus exci- 
tation amplitude 

In addition to the measured cyclic loading reversals, measurements on cyclic loadings 
around an operating point are done. One can think of the floating floor application. In 
this situation the mass of the floor causes an initial gravity force, exerted on the iso- 
lator, which sets the operating point's magnitude. The cyclic loading performed with 
operation points at  h12mm are given in figure 3.6. In order to be able to measure 
comparable memory effects, a standard cyclic loading with an amplitude of +15mm 
was performed between two following measurements. 

Figure 3.6: Cyclic loading around an operating point, (left) +12 mm, (right) -12 mm. 

It is clear that the wire-rope isolator's behavior in the load cycles around non-zero 
operation points is qualitatively no different from that of the standard load cycles. 
Hardening stiffness in the loading curve and softening stiffness in the unloading curve, 
loading overlap and asymmetric hysteresis loops again occur. Although in general, 
because the deflection distance is relatively smaller it can be said that the hysteresis 



loops become more symmetric. And also a new load overlapping zone for the cyclic 
loads is established after the first load reversal at *20mm., see figure 3.6. 

Finally, the ability to eliminate the memory effect after having completed a loading 
cycle was investigated. In literature it is suggested that it should at any time be 
possible, regardless of the history of loading, to start a cyclic loading with an initial 
zero force F(no memory effect). It was found that the de-memorization can be done 
in a manner which coincides with the physical nature of the source of the hysteresis, 
namely Coulomb friction. De-memorization can be done by taking the deflection of the 
wire-rope isolator as small as 1 mm over the starting point x = 0 after the completion 
of a cyclic loading. See figure 3.7. in this way the wires snap in place and the initial 
force for a following second cyclic loading is approximately zero. In figure 3.7 three 
separate cyclic loadings are performed, each after eliminating the memory effect. Note 
the zero initial force at the beginning of each loading cycle. 

2501 

Figure 3.7: Three dememorized cyclic loadings of which the memory effect was elimi- 
nated by taking the cyclic loading 1 mm over the endpoint x = 0 and back.) 

3.4 Conclusion 

'Nith the experimental results the shape of the characteristic hysteresis loop for the 
wire-rope isolator under study, with all its distinguishable properties, is determined. 
With these results one can search for a model capable of reproducing this kind of be- 
havior, both statically and dynamically. 
In the experiments it was found that the wire-rope isolator has the following properties 
which are found to be of significant importance to the model behavior: 

1. Figure 3.4 indicates that the wire-rope isolator exhibits asymmetric hysteresis 



loops during the tension-compression cycles, and the asymmetry is increasingly ap- 
parent when the loading amplitude is increased. 
2. The wire-rope isolator shows hardening stiffness in tension and softening stiffness 
in compression. 
3. For repeated cyclic loads the wire-rope isolator also showed an hardening overlap- 
ping loading envelope in the beginning of all excitation amplitudes. 
4. Elimination of the memory effect (de-memorization) is possible. 



Chapter 4 

Proposed Hysteresis Model 

The Bouc-Wen model is suggested for use in this study. It has a large flexibility in 
-&scribing hysteretic systems and is mathematically relatively easy to comprehend. A 
disadvantage of this flexibility is that the number of model parameters to be identified 
increases. Therefore the identification method will be decisive in successful application 
of the Bouc-Wen model. 
The Bouc-Wen model originates from 13, 131 and the model has been widely used 
to describe non-linear hysteretic systems [6, 71. The differential equation model is 
phenomenological and reflects local memory-dependent hysteresis. For a given time 
history of the displacement, the hysteretic restoring force can be completely specified 
by this analytical model. The Bouc-Wen model is expressed as 

where x ( t )  is the displacement and z ( t )  is the hysteretic force; a, P, y and n are 
model parameters. From equation 4.1, the slope of the hysteresis loops governed by 
the Bouc-Wen model can be derived as 

In the study of Ni et a1 [7], a modified version of the Bouc-Wen model, as defined by 
equations 4.1 and 4.2, was successfully applied in the modelling of a wire-rope system. 
In this study, the same modified version of the Bow-Wen model is used to describe the 
measured asymmetric hysteresis loops with a hardening overlapping loading envelope. 
This model is derived by modulating a symmetric hysteretic force with a non-linear 
elastic stiffness as follows: 



The nonlinear spring force function Fl(t) only depends on x(t), a positive value for 
x(t) means an increase in wire-rope length (tension) and negative values shortening 
(compression). F2(t) is used as a sort of shaping function, which also assures the 
hardening overlapping loading envelope [7]. And the symmetric hysteretic force is 
attained by solving 4.3d for z given the history of deflection distance x(t). The model 
parameters to be identified are {y) = {b c a! P y n kl kz k3). All nine parameters will 
be estimated simultaneously from experimental data in the next chapter. I t  will also 
be shown that the shape of the hysteresis loop can be translated into constraints for 
the parameters {y) in the identification process. 

4.1 Versatility 

In order to get a better understanding of the structure of the Bouc-wen model, each 
component of equation 4.3a is examined. In figure 4.1 all components of the Bouc- 
Wen model, with an arbitrary set of parameters {y) = {b c a P y n k1 kz ks) = 

(1.8 0.2 147.8 44.7 -15.5 0.43 39.1 1.4 0.16) [7], are shown. It is the key to a better 
u~derstanding of the structure of the model. And in the following paragraphs this set 
is manipulated in order to form new example hysteresis loops of which the Bouc-Wen 
differential concept is capable of. 
From figure 4.la it appears that the hysteretic variable z(t) has a 'finite' ultimate 
value z,,, which corresponds to the displacement x,,,. An analytical expression for 
the maximum of z(t) can be formed by solving 4.2 for 5 E 0. 

The hysteretic variabie xjt) has a constant value for most of the region of 3xcitat.tim. 
It is clear that the total restoring force F( t )  is the sum of its components. When 
the excitation causes the deflection distance to approach a certain level, where z(t) 3 

zm,,, the resulting hysteresis loops show an overlap in the loading force. The extra 
component Fz(t), figure 4.1 (right), is introduced in the modified version of the original 
Bouc-Wen model because of the desired possibility to model asymmetric hysteresis 
loops. 
To show the versatility of the Bouc-Wen differential model, three different example 



Figure 4.1: Example hysteresis loop with the Bouc-Wen model. (left) components of 
Bouc-Wen model (right) component F2(t) 

hysteresis loops are shown in figure 4.2. Examples of Dahl friction and Preisach type 
of hysteresis are given in [2] and 1101 respectively. The flexibility of the elastic stiffness 
Fl(t) has been used to create the desired shapes of the hysteresis loops. Combined 
with the symmetric 'finite' hysteretic force z(t), a hysteresis surface area with a certain 
width can be created. 
The preisach type example is really not a true preisach hysteresis loop, but an approach 
to it. Equation 4.5 was used for the elastic stiffness Fl(t) to model a Preisach type of 
hysteresis example 

1 

Fl (t) = alsign(x) - a2sign(x) . elzl+a3 (4.5) 

In which a l ,  a2 and as are parameters. 



Figure 4.2: Example shapes of hysteresis loops F ( t )  created with the Bouc-Wen differ- 
ential model; (upper left) buckling beam type of hysteresis, (upper right) Dahl friction 
type of hysteresis, (lower left) Preisach type of hysteresis 



Chapter 5 

Identification 

Determination of the model parameters using experimental input and output data can 
be accomplished by system identification techniques. These procedures, with a refer- 
ence to the Bouc-Wen model, are we11 described in literature. The least-squares method 
and the extended Kalman filtering technique, preferably in the frequency domain, are 
suggested. Because the author of this report has experience in using optimization 
techniques, they are used in the identification process described in this chapter. In 
general these optimization techniques require a large computational effort and have 
difficulties in dealing with non-convex optimization problems. It will be shown that 
with the formulation of smart constraints a near optimal identification of the model 
parameters can be found. 
However, it is recommended that future identification processes should be performed 
with the more robust identification methods as suggested in the literature, see section 
Discussion. 

5.1 Sequential Quadratic Programming 

The Sequential Quadratic Programming technique (SQP) is used to identify the pa- 
rameters of the proposed hysteresis model. SQP is implemented in MATLAB under 
the algorithm name FMINCON. It finds the constrained minimum of a nonlinear mul- 
tivariable function starting at an initial estimate. This is generally referred to as 
constrained nonlinear optimization or nonlinear programming (NLP). A big advan- 
tage of this algorithm is that it can handle constraints for the scalar function to be 
minimized, both equality and inequality constraints are accepted. Of course lower- 
and upper-bounds, for the variables to be optimized, can be formdated as well. The 
function to be minimized and the constraints must both be continuous. If not, the so- 
lution that FMINCON returns may be a local optimum. For the identification process 
this is the biggest disadvantage we have to deal with. Because of the sign functions 
in the hysteresis model the constraints and function to be optimized are non-smooth. 
And hence the optimization problem is non-convex. It is thus most likely that local 
optima will be found, therefor a multiple start SQP approach is chosen. In this way 
one hopes to find, for at least one optimization run, a local optimum close enough to 



the true optimum. Since the size of the feasible domain determines the probability of 
convergence to a local optimum. It is of the upmost importance to narrow the search 
region FMINCON has to deal with. This can be done by tightening the bounds for the 
variables in the optimization function. If necessary, this can be done iteratively, but 
one prefers to have good initial guesses for the variables. To accelerate the convergence 
rate a mesh of measured points on the hysteresis loop will be chosen and translated 
into inequality constraints for the optimization process. 

5.1.1 Optimization Problem Formulation 

The function to be minimized wiii be an error function (5.1) representi~g the differecce 
between the measurements and the simulated model output given a certain input. The 
input signal for the model is chosen to be a smoothed sawtooth signal, as it was used 
for the quasi-static cyclic loading in the experiments, see figure 3.3. Note that the 
hysteretic behavior has a rate-independent nature. And with the quasi-static excitation 
it is assumed that any dynamic behavior is avoided during the measurements. 
By substituting equations 4.3a to 4 . 3 ~  into equation 4.3d, an error function can be 
defined 

If the actual measured hysteretic behavior coincided completely with the proposed 
model, the error function e ( t )  would be equal to zero. The optimization process for 
the identification is to tune the model parameters {y), such that the constraints are 
satisfied for a minimum vaiue of the error function. Vv'ith x = (y), the following 
optimization problem can be formulated: 

min f (x) = Ile(t)ll = eTe (5.2) 
2 

A . x < b linear inequality 

c(x) < 0 nonlinear inequality 

lb  5 x < ub bounds 

5.1 2 Constraints and Initial Parameter Estimates 

Three types of constraints are formulated for this optimization problem. In the next 
paragraphs it will be shown that the shape of the measured hysteresis loop reveals 
some information about the model parameters to be estimated. Together with an 
initial estimate for the linear stiffness parameter kl, this information is incorporated in 
linear inequality constraints. An essential piece of information, which greatly reduces 
the computational expense, is the formulation of meshpoints. Meshpoints are the 
points on the measured hysteresis loop through which the model is forced to be fitted. 



It will be shown that meshpoints are placed on the most critical places of the hysteresis 
loop and that this information can be translated into nonlinear inequality constraints. 
And finally an upper- and lowerbound is chosen for the optimization variables. 
The three hysteresis shape parameters, P,  y, n and their interaction, determine the 
basic shape of the actual hysteresis (memory effect). The combination of ,B and y 
dictates whether the model describes a hardening or softening load-displacement rela- 
tionship. The proposed model, see figure 4.1 for an example, showed a discontinuity 
in the slope of the hysteresis loop for x > 0,  just after the reversal point. In Figure 5.1 
this behavior is shown in more detail. 

Figure 5.1: Discontinuity in the hysteresis loop of the proposed Bouc-Wen model. (left) 
force F, lower reversal point. (right) hysteretic force z(t) and distame x(t) 
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The following can be conciuded; Since after the discontinuity in figure 5.1 (but also in 
the measurements), the slope of F with respect to x decreases and x is approximately 
constant a t  a small range, the parameter p must be greater than zero. And the fact 
that for z > 0 there is a softening in the force F, /3 + y must be greater than zero. 
Furthermore, because the force F shows a small hardening stiffness for x + x,,,, the 
stiffness parameters k2 and k3 must have positive values close to zero. One could even 
perform a polyfit to obtain an initial estimates for the stiffness parameters. By writing 
this in linear inequality constraints the information is used by the optimization process 
to narrow the search. 
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Linear inequality constraints For implementation in MATLAB, the constraints 
have to be written in a negative null form. 

Note that if ,8 > G ,  then the only possible range for gamma becomes -P < y. 

Nonlinear inequality constraints Before we discuss the meshpoints, let us con- 
sider equation 4.4. For the steady state periodic solution we can approximate the 
measured datapoint F(x = 0) with the analytical expression for z,,,. With this 
nonlinear expression we can write the inequality constraint 

with the 10 prc. uncertainty margin 

In figure 5.3, the chosen meshpoints are plotted on the identified hysteresis loop. 
Through the meshpoints a measured data value is compared with the calculated output 
of the model for the corresponding coordinate ~ ( t ) .  The locations of the meshpoints 
are chosen in such a way that the static behavior of the wire-rope isolator is captured 
in its full extent. In order not to overconstraint the optimization process the number of 
meshpoints must not exceed the number of variables in the function to be optimized. A 
total of nine meshpoints were defined and written as nonlinear inequality constraints. 

with uncertainty margin 
n = llv 

Where F(xi) is the model output and Fm(xi) is the measured force value at  meshpoint 
xi. To give the fit of the model some tolerance with respect to the measured data, 
an uncertainty margin is used. The reason for this is that the proposed hysteresis 
model describes the hysteresis phenomenon with a certain accuracy which, in practice, 
is never 100 prc. More on this in the section Discussion. 



Bounds The bounds for the linear stiffness kl is chosen to be approximately + 10 prc 
of the initial estimate of 8N/mm. This initial estimate can be obtained by considering 
the wire-rope isolator's force F in the vicinity of x w 0. In this region the increase in 
stiffness is assumed to be linearly related to the distance x. The following upper and 
lower bound for k l  can be formulated 

lower bound < kl < upper bound 

The bounds for the parameters of the differential equation for the hysteretic variable 
x(t), see equation 4.3d, are difficult to obtain. In the optimization process the bounds 
for these parameters were iteratively tightened. 

5.1.3 Computational Algorithm 

The optimization process is implemented in a MATLAB script. To get an overview of 
the computational aspects, the program flow is drawn in a flowchart, see figure 5.2. 
The time span for the ode45 solver was taken to be 

In this way the output of the solver coincides with the required meshpoints for the 
nonlinear inequality constraints evaluation. Note that at each evaluation of the con- 
straints an one  stage iteration loop with the variables {y) is executed, which is of 
course superior to multiple stage iteration loops. 

5.2 Identified Model 

For the identification of the wire-rope isolator it was chosen to use one steady state 
period of the measured cyclic loading (amplitude 20 mm) for evaluation with the model 
output. In this way, the transient behavior of the hysteretic force z(t) is avoided. Which 
in fact is unnecessary to identify, because the transient behavior comes with the initial 
condition for zt,. In the optimization process it is skipped by using xto = F(,=o,to) as 
an initial condition for the ode45 solver. The sample time used for example in the 
calculations of F, 2 ,  F~ and F2 was set equal to 2e-2 seconds, remind the 50 Hz sample 
rate of the data acquisition. 

Tabel 5.1 shows the identification results of the model parameters in the tension- 
compression mode. Figure 5.3 illustrates the theoretical hysteresis loops produced by 
use of the proposed model and the identified parameters. They were obtained by 
applying the same cyclic displacement-loading sequence as used in the experiments. 
It is found that the identified hysteresis loop coincides well with the experimental 
measured hysteresis loop. In particular, the hardening overlapping loading envelope is 
well reflected in the theoretical hysteresis loops. 



constraints 
- lineq Ax=b 
- bounds 

fmincon 

ode45 
- meshpoints 

I I zmp - 
constraint 
-nonlineq 

Figure 5.2: Optimization process in MATLAB 



Figure 5.3: (upper) Identified model with meshpoints versus measurement (lower) 
Theoretical hysteresis loops produced by the identified model 



parameter 
b 
C 

Qr 

P 
Y 
n 
kl 
k2 
JC3 

value 
1 .O59eOO 
2.410e02 
7.109e04 

5.133e04 

-1.500e04 

O.l94eOO 
7.727e03 
0.000e00 
2.157e06 

unit 

[-I 
WI 

[Nm-'1 
~ 1 - n  

[g] 
[-I 

[Nm-'1 
[Nm-2] 
[Nm-3] 

Table 5.1: Identified model parameters in the tension-compression mode 

A good agreement between the measured and identified hysteresis loops verifies the 
validity of the proposed model (for small and large excitation amplitudes) and the 
accuracy of the estimation. This forms the basis for a successful analysis for the wire- 
rope's dynamic behavior, as will be discussed in the next chapter. 



Chapter 6 

Dynamic Response Prediction 

The identified wire-rope model includes a memory effect and is nonlinear. As a conse- 
quence the restoring force function F ( t )  cannot be explicitly expressed or analytically 
derived. Therefore, a numerical approach is used to compute and analyze the dynamic 
response. The response behavior of the hysteretic system will be studied by using sine 
sweeps. 
The describing model of the hysteretic behavior has to be able to deal with small 
amplitude excitations in order to evaluate a response behavior. From figure 5.lb it 
can be concluded that on load reversal the hysteretic force z(t), and thus F(t) ,  has 
a finite slope. This means that there are no initial coulomb like forces which prevent 
small amplitude excitations. Note that in principle the hysteretic model is valid for 
the range of -20mm to +20mm, because in this range the experiments were carried 
out (see chapter 3). 

6.1 The Numerical Experiment 

Figure 6.1 illustrates a wire-rope vibration isolation system. The isolator is installed for 
tension-compression mode. The system consists of a wire-rope isolator with restoring 
force F( t )  and a mass M on top of the isolator. The excitation u(C) is applied to the 
base of the isolator. Hence the wire-rope's deflection d(t) is determined by the difference 
between position of the mass x(t) and base displacement u(t): d(t) = x(t) - u(t) 
The equation of motion t,hen becomes 

Written as a system of three 1st order ordinary differential equations with the three 



Figure 6.1: Wire-rope vibration isolation system 

state variables xl = x, x2 = x, 2 3  = z 

The output equations give the isolator's deflection d(t) and its first time derivative $(t) 

6.1.1 Frequency Sweeping 

The base excitation u(t), used in this numerical analysis is a slow sine sweep with a 
constant acceleration amplitude. Because of the constant acceleration amplitude the 
excitation force has approximately an equal energy contents for different frequencies 
of excitation. And therefore comparisons can be made between the measured response 
for different excitation frequencies. 
In a sweep-up the frequency of the excitation signal is increased from a lower starting 
frequency fi to a higher final frequency f2, depending on the region of interest. The 
process reversed is called a sweep-down. Common schemes for changing the frequency 
are a linear, quadratic or exponential (see chirp.m in software program MATLAB) 
increase with time. In this analysis a linear increase in the excitation frequency f, 
between start frequency fl and final frequency fi, was chosen for a given time period 
t ,  (sweep-up), see equation 6.3. The sweep time t, must be large enough, so that the 
frequency sweep rate is small. In this way, steady-state behavior is approximated. 



Given the initial conditions the base velocity u(t) and base displacement u(t)can be 
found by integrating the prescribed acceleration signal ii(t). Frequencies below fi are 
filtered out to avoid drifting in the integrated velocity and the integrated displacement 
signals. In appendix B a MATLAB script can be found with the implementation 
details. 

6.1.2 Simulation 

The equation of motion is modelled with the program MATLAB Simulink. An ODE 
5 solver routine was used for numerical integration. The mass M is chosen to be 
10Kg. This makes it possible to use larger amplitude excitati~ns without exceeding the 
f 20mm validity region of the model. In order to make the experiment more sensitive to 
the nonlinear stiffness term k3d3 in equation 6.2, gravity's positive direction is reversed, 
see figure 6.1. 
First, a step response due to gravity, with initial conditions x(t = 0) = 0 and x(t = 

0) = 0 and without base excitation u(t) = 0, is shown in figure 6.2. 

Figure 6.2: Unforced oscillation, u is fixed 

Because there is a large amount of damping in the equation of motion, transient behav- 
ior will disappear relatively quick (tSettl, % 0.25sec, see figure 6.2). Subsequently, the 
region of interest for the frequency sweep is found by roughly estimating the 'natural' 
frequency. Near x = 0 we obtain 

In order for the ODE 5 solver to calculate an accurate response, and particularly 
because of our interest in superharmonic responses, the time step of integration has to 
be sufficiently small. In the simulations the time step of integration was set to 1% of 
the reciprocal of the highest frequency in the sweep signal. 



6.2 Results 

Using the response due to sine-sweep excitation, the steady-state frequency-response 
curves of the wire-rope isolation system (figure 6.1) can be approximated, see figure 6.3. 
For each frequency in the sweep-up signal the total relative displacement of the wire- 
rope isolator is taken as the response value on the y-axis of the graph. The total relative 
displacement was calculated by taking the difference of the maximum isolator length 
minus the minimum isolator length (d,,, - dmi,) within one period of the response 
signal. Different excitation amplitudes were simulated. The results in the frequency- 
response curves, represented by the dots in the figure, are somewhat misleading. These 
vertically aligned dots are the result of numerical inaccuracies ceused by the MATLAB 
script used to interpret the raw response data. There was no time left to the author of 
this report to correct these results by rewriting the MATLAB script. Nevertheless, it is 
believed that the shape of the response curve approximates the true dynamic behavior 
of the simulated wire-rope isolator. 

- 
excitation frequency [Hz] 

Figure 6.3: Frequency-response curves of steady-state total relative displacement for 
several acceleration excitation amplitudes A [$I 
The frequency-response curves show clearly the nonlinear behavior of the wire-rope 
isolator. The harmonic resonance frequency shifts to the left for increasing amplitude 
of excitation, indicating softening stiffness. Furthermore, superharmonic resonances 
are present. It is found that superharmonic behavior is only present when there is a 
certain amount of hysteretic behavior (damping). When the hysteretic force z ( t )  was 



A=4.2, freq=5.8Hz (primary harmonic) 

A=12, freq=3.0Hz (superharmonic 1) 

A=12, freq=I.SHz (superharmonic 2) 

8.2 8.4 8.6 8.8 9 9.2 9.4 9.6 9.8 10 
time [sec] 

Figure 6.4: Steady-state response of three periodic forced oscillations of the isolation 
system with constant excitation frequencies of 5.8, 3.0 and 1.6Hx respectively. 

excluded from the model, thus only considering 

no superharmonics were found in the dynamic response. In figure 6.4 three periodic 
forced oscillations of the isolation system with a constant excitation frequency of 5.8, 
3.0 and 1.6Hz respectively, are plotted in the time domain. These frequencies are 
chosen because they represent the frequencies of the primary and two superharmonic 
resonances. The influence of higher harmonics in the superharmonic responses is clearly 
visible. 

There were no differences found in response amplitudes between the sweep-up and 
the sweep-down excitations for one constant amplitude of excitation. Apparently, the 
amount of damping in the system is so high that cyclic fold bifii-rcations, which give 
rise to sudden jumps in amplitude, are not present. 
To prove that the model is nonetheless capable of producing this kind of jump behavior 
another configuration of the model parameters is treated in appendix C. 



Chapter 7 

Conclusions and Recommendations 

A quasi-static cyclic loading test has been carried out on a wire-rope shock vibration 
isolator. The isolator was tested up to very large deformations. It was observed that 
the isolator exhibited asymmetric hysteresis loops, and the asymmetry was enhanced 
with an increase in displacement amplitude. For large amplitudes the isolator dis- 
plays a hardening stiffness in tension and a softening stiffness in compression. Also, 
the hysteresis loops show a hardening loading overlap in the loading curve. Both the 
effective stiffness and the energy dissipation of the wire-rope isolator decreases when 
the amplitude of excitation increases. In figures 5.3 and 3.6 it can be seen that for the 
smaller amplitude excitations (< 5mm) the hysteresis loop becomes more symmetric. 
This implies that locally, the hysteresis could be approximated by a simplified (lin- 
ear?) model. This might be of importance when one wants to study small amplitude 
vibrations. 
A modified version of the Bouc-Wen model has been proposed to model the asymmet- 
ric hysteretic behavior. The model is rate-independent and possesses a memory for the 
history of the loading. 
A constrained optimization problem was formulated in order to identify the model 
parameters from the experimental data of the cyclic loading tests conducted with the 
wire-rope isolator. To enhance the optimization process constraints were derived from 
the shape of the measured hysteresis loop. Additionally, mesh points were defined 
through which the model should be fitted by the optimization process. The identi- 
fied hysteresis loop greatly matches the experimentally measured hysteresis loop. The 
identification procedure appeared to be computationally demanding and very sensitive 
for local optima. For this reason one should question the chosen identification method. 
Certainly when slightly different hysteretic shapes, of which the proposed model is 
capable of, are to be idenkified a m x e  rcbust, method is advised. A proposal for such 
a method will be given below. For larger amplitude excitations there seems to be a 
structural mismatch between the identified model and measurements. This is not be- 
cause of the identification process but rather because of the chosen model structure. 
The modified Bouc-Wen model was adopted from Ni et al. [7]. In their study they 
performed measurements with a wire-rope isolator ten times stiffer then the one used 
in this study. Therefore, it was necessary to model the discontinuity, which represents 
a change in the slope of z ( x ) .  In the proposed model for this study however, the dis- 



continuity could actually be excluded. 

The dynamic steady-state response of the model displayed superharmonic resonances 
and an amplitude dependent harmonic resonance. Because of the large amount of 
damping caused by the isolator there are no differences found in the frequency-response 
between the sweep-up and sweep-down excitation. 

In general, the wire-rope isolator proved to be an excellent shock isolator. 

7.1 Future Research 

Robust identification method Use the Fourier transforms of the error e, F, x and 
implement it in a nonlinear least squares estimate in the frequency domain [8, 141. By 
doing so one avoids the time effect and creates a more convex optimization problem. 

Dynamic properties Further investigation of the steady-state behavior of the model 
is recommended. Frequency sweeping is a computational demanding and simple ap- 
proach. More elegant methods exist: 1 .A multiharmonic frequency domain method, the 
Incremental Harmonic Balance (IHB) method, proposed by Lau and Cheung (1981), 
has been succesfully and extensively applied to the steady state oscillation analysis 
of nonlinear systems and related problems. 2.Another multiharmonic frequency do- 
main solution technique is the Galerkin/Newton-Raphson (GNR) method (Tamura et 
al. 1981; Ferri and Dowel1 1988; Wei and Pierre 1989). The GNR method and IHB 
method are equivalent in essence. Both of them consist of the combination of the 
Newton-Raphson incremental procedure and the Galerkin method (Harmonic Baiance 
Method), only the order of implementation differs. 3.Als0, the shooting method (see 
e.g. Parker and Chua 1989 191) and 4. the finite difference method (see e.g. Fey 1992 
[5]) could be used to find periodic solutions of the system. 

Shear mode It must be said that in this study only vertical tension- and compression 
testing of the isolator was performed, see figure 3.2. The same could be done for 
the shear mode by applying an horizontal cyclic loading. More symmetric hysteretic 
behavior is expected. 

On-line identification A chalienge would be to identify the hysteresis realtime by 
the use of Extended Kaiman fiitering techniques as suggested by Chassiakos et a:. in 
[4]. This would give access to high precision motion control applications dealing with 
hysteretic behavior. 
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Appendix A 

Measurements 





Appendix B 

Sweep Signal Script 

%input 
%begin frequency Hz 
fzero=0.08 
%end frequency Hz 
f end=2 
%duration of sweep sec 
t end=3000 

%dt=l/ (25*max ( [fend, f zero] ) ) ; 
%dt=2*pi/ (250*max ( [fend, f zero] ) ) ; 
dt=1/200 ; 
%t imevect or 
t=O:dt:tend; 

%frequencies, 1 octave per minute 
%vsw=-2 ; %sweep down 
%vsw=2; %sweep up 
%f =O. 1*2. ̂ (vsw*t . /60) ; 
%frequencies linearly inclined 
if fzerocfend I fzero>fend 

f = (f end-f zero) /tend. *t + f zero ; %sweepf requencies 
elseif fzero==fend 

disp ( ' error' ;break 
end 

tl=t; for k=2:length(t); 
tl(l,k)=dt+tl(l,k-1)*f (1,k-l)/f (1,k); 
if tl(l,k)>=l/f(l,k), 

tl(l,k)=tl(l,k)-round(-.5+f (l,k)*tl(l,k))*l/f (1,k); 
end ; 

end; 



%excitation acceleration amplitude 
ydd=l*cos (2*pi*f. *tl) ; 

%yddm=me an ( ydd) ; 
%ydd=ydd-yddm ; 

%integration to velocity 
yd=ydd . *dt ; yd=cumsum (yd) ; 

%first order highpass filter???? 
[a,bj=butter(l,le-3,'highz); ydf=filter(a,b,yd); 

%integration to position 
y=yd . *dt ; y=cumsum(y) ; 

%integrating filtered signal ydf 
yf =ydf . *dt ; ~f =cumsum ( yf ) ; 
%again filtering 
yf=filter(a,b,yf); ym=mean(yf); 

%y=y-ym ; 

%output 
disp( ['mean of yf = ' ,num2str(ym)l) 



Appendix C 

Dynamic response in case of a small 
damping 

In this additional dynamic response evaluation another set of parameters is used for 
the model. In this case, the nonlinear behavior plays a more significant role in the 
dynamic response of the model. The parameter values are given in table C. l  
In figure C.la, the frequency response, obtained in a similar manner as described 
earlier, is plotted. 
The use of sweep-up as well as sweep-down excitations made it possible to discover the 
nonlinear jump phenomenon. This behavior is shown in figure C.la for the system of 
table C. l  and in figure C.lb, where the last figure has merely an explanatory function. 

- m a l l  damping 

- - -. large damping 

Frequency + 

Figure C.l: (left) Frequency-response curves of total relative displacement for sev- 
eral acceleration excitation amplitudes A [s] ,(right) Illustrative example of the step- 
discontinuous behavior in the dynamic response. 

If the excitation amplitude and nonlinearity are sufficiently large, the frequency-response 
curve shows three solutions for a single excitation frequency. Branches da and bc are 



stable. Branches ab and cd are unstable. As the frequency is increased for the isolation 
system a point a is reached where the response value jumps to a much higher level 
(point b) with increasing frequency. If the frequency is initially substantially above 
resonance and is decreased, a downward jump occurs from point c to point d. This 
behavior is seen for softening systems. 
The dotted line in figure C.lb represents the case of large damping in the hysteresis 
loop. Note, that in this case the jump behavior, as described in the above paragraph, 
is suppressed and the response behavior is more stable. 

parameter 
b 
C 

a 

P 
Y 
n 
h1 
k2 

h3 

unit 

[-I 
[m-ll 

[Nm-'1 
~ 1 - n  

[-I 
[Nm-'1 
[NmV2]  
[NmP3] 

Table C.l: Model parameters [N m]. 
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