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Design entailing plastic flow is 

sometimes dangerous 

often prohibited 

always unavoidable 

0-1 

(From a lecture of Prof.Dr. J.B. Alblas) 
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?REFACE 

. Mechanics of plasticity for finite deformations, applied on strain

hardening materials is mathematically very difficult to deal with. 

In technical respect, however, the subject is rather important, especially 

in the case of metal processing. 

This Thesis tries to develop a relatively simple method of calculating 

these problems. 

In doing so, it wishes to serve two purposes: First, it is intended to 

be a, summary of the applied theory of plasticity as it may be used for 

research purposes. Secondly, it might be the basis for a series of 

lectures for third-year students in the Technological University of 

Eindhoven. 

The material has been collected from the literature and from original 

research. 

As for the manner of treating the material, our basic thought was that 

a - sometimes rough - mathematical appoximation of the actual situation 

(that is: strain hardening and finite strains) often makes more sense 

than an exact treatment starting from incorrect assumptions (that is: 

ideal plastic material and infinitesimal strains). 

Finally, it should be emphasised that part of this Thesis is considered 

to be a starting point for experiments. Some of the theories have already 

been verified, while others are being verified at the moment. Hence, it 

may appear in due course that some of the material offered will have 

to be adapted afterwards. 

Eindhoven, December 1966. 

r,·f 
I 
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1. Stresses 

1.1. Stress vector and stress tensor. 

The state of stress in a point P of a medium is mathematically 

described by the stress tensor. We consider a plane-element dS, 

through P, and parallel to the YOZ plane of a Cartesian coordinate 

system XYZ. 

The material on one side of the element generally transmits a 

force to the material on the other side. We will refer to this 
-+ 

force as dK. 

We pefine the stress vector in Pas: 

-+ 
-+ dK 
P = dS (1-1 ) 

We shall decompose this stress vector into a normal stress, 

perpendicular to the plane, and a shear stress, parallel to it. 

We shall call the normal stress 

stress in the directions Y and 

Similarly, we have for a plane 

a , the components of the shear x 
Z 'f and 'f respectively. xy xz 
perpendicular to the Y-axis a , 

y 
'f and 'f ,and for a plane yx yz perpendicular to the Z-axis a , z 

Fig. 1-1 

Components of the 

stress tensor near P. 

'f and'f (Fig. 1-1) zy zx 

These 9 quantities are the 

components of the stress 

tensor: 

a 'f 'fzx x yx 

Txy a 'fzy y 

l' 'f a xz yz z 

Thus, the first index of 'f refers to the plane along which it 

works, the second determines its direction. 

~) Numbers in square brackets refer to the literature index. 
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1.2. The conditions of eguilibrium 

Fig. 1-2. Equilibrium of stresses near P. 

Cartesian coordinates. 

In order to derive the conditions of equilibrium we consider an 

infinitesimal element (Fig. 1-2), loaded with stresses. We assume 

that all stresses can be differentiated with respect to their place. 

If, e.g., the normal stress on the YOZ plane is a t then the normal x 

stress on a parallel plane at a distance dx will be 
oa 

x 
ax + ax dx, etc. 

For the equilibrium of moments with respect to the Z-axis, we derive 

o~. O~ 

2~xy.tdX dy dz - 2~yx.tdx dy dz + o~y .t(dx~ d;y dz_ a;x .tdx(dy)2 dz = 0 

. (1-2) 

The last two terms are small of higher order than the first two 

and may be neglected. Then we find 

~ = ~ xy yx 

and, similarly, ~ = ~ and ~ = ~ • ~he stress tensor is yz zy' zx xz 
symmetrical. 

From the equilibrium of forces in direction Xwe find 

da a~ o~ 

( a x + ax x dx) dy dz + (~zx + a :x dz) dx dy + (~yx + a;X dy) dx dz + 

... a dy dz - ~ dx dv - T dx dz = 0 x zx v yx 

From (1-4) we can derive 

oa x -+ ax 
O~yx OTzX 
oy + --as = 0, 

(1-4) 



and, by cyclic changing of indices, 

OT ocr 
+ -.:f.:!:. + -.!. = 0 oy az • 

When we use a cylindrical coordinate system, we find for a wedge

shaped element (Fig. 1-3) 

Fig. 1-3. Equilibrium of stresses near P. 

Cylindrical coordinates. 

acr 1 aT a aT r rv rz 
or + r (f6 + -rz + = 0 

1-3 

aTre 
-+ or 

1 oOe 
r ae 

aT ez 2TrS 
+ +-az r = 0 (1-6) 

1 OTSZ --r as 
00 T --!. rz 

+ oz + r = O. 

Finally, for spherical coordinates, we find (Fig. 1-4) 

Fig. 1-48 Equilibrium of stresses near P. Spherical 

coordinates. 



1 a't r9 00 
---!:. + 
or --+ r aa 

o'tre 1 ~ 1 
+ - + or r as rsin 

o'tra 1 o't ace 1 -+ + ar r ae r sin 

1-4 

o't e 1 [(Oa- 0cp)cot s + 3'tr~ = 0 --!:!!. + -a acp r 

(1-7) 

00 1 
(3'trcp:+ 2'tacp cot e) ~+- = O. a ocp r 

1.3. Principal directions. Invariants ·[1J 

If the stresses in P on three perpendicular planes are given, we can 

calculate the stress vector p in any plane through P. We call the 

direction cosines of the unity vector ~ on the plane 1, m and n. The 

components of p are then given by (Fig. 1-5) 

Px = o .1 + 't .m + '" zx·n x yx 

Py = 't .1 + xy 0 y.m + '" .n zy 

Pz = "'xz·1 + '" .m + o .n yz z 

Fig. 1-5. Stresses on 

a plane near P .. 

J
-+pj follows from 

(1-8) 

Proof of (1-8). Consider 

OABC. If the area of 

6ABC = 1, then area 

area 60CB = 1 

area 60CA = m , 

area 60AB = n . 

The equations (1-8) then 

follow from the equilibrium 

of forces in directions X, 

Y and Z. 

(1-9) 



The normal and shear stresses on the plane are then found by 

a ;: p .1 + p .m + p .n x y z 

( 1-10) 

A principal direction is defined as a direction in which all shear 

stresses are zero. 

In the case of Fig. 1-5, P and n have then the same direction. Thus 

P III x a.l 

Py ;: a.m 
p ;: 

z a.n 

Substitution of (1-11) in (1-8) gives 

(a 
x - a)l + 't .m yx + 'tzx 

.n ;: 0 

'txy.l + (ay - a)m + 'tzy·n ;: 0 (1-12) 

'txz·l + 'tyz •m + {az - a)n ;: o. 

Using, in addition, 

We may solve a, 1, m, and n from (1-12) and (1-13). 

The homogenous linear set of equations (1-12) only has solutions if 

a - a 't 't 
X yx zx 

't a - a 't 
0 xy Y' zy = ( 1-14) 

't 't a - a xz yz z 

The solution of this 3rd-power equation in a always gives three 

real solutions. The matching principal direction are orthogonal. 

For (1-14) we write 

I .02 + I .a - I = O. 
123 

1-5 
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As the principal stresses in a point are the same, independent of the 

coordinate system, chosen 1
" 

I, and 13 must be invariant for' 

rotations of the coordinate system. They are the invariants of the 

stress tensor. We find 

If = v + v: + (I 
I X Y z 

I. = <Tx<J:
y 

+"'-v G":z + r.- ~ - 1: 2 _ t 2 _ '"[' 
.. v;, v Z x xy' y-z. 2.)( 

I, = v G: v.: + 21: T " ;} x y z xy yz zx 
_(1"[2-

y:zx 

(1-16) 

_ C- T'l.. 
z xy. 

Switching to principal stresses, we write 1, 2 and 3 instead of x, 

y and z, while all shear stresses disappear. From (1-16) we then 

find 

If depends on the hydrostatic pressure p. 

We define this quantity as 

= = - p. (1-18) 

If one main stress is zero, we have a plane state of stress, if 

two main stresses are zero, we have a linear state of stress. 

Let Gl = o. We choose the X and Y axes perpendicular to G3 t 

thus C;; and G;: lying in the XOY plane. Then ~ = G;. = O. 
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As G:Z :: v'3' the XOY plane is a principal one. Thus -r = -r = O. zx zy 
As in the equations (1-16) and (1-17) respectively,the magnitude of 

I1 and I2 respectively is the same. We find: 

(1-19) 

Fig. 1-6 shows the Mohr-circle for the plane state of stress. We see 

that its geometrical properties match (1-19). 

Fig. 1-6. The Mohr-circle for the plane state 

of stress. 

We can extend this figure, by also giving the directions of the planes 

on which the stresses work. If an element is loaded with a known magnitude 

of () ,<J and (J, we will call Il the angle between the X-axis and the x y z 
direction of Gi1 (Fig. 1-7). The pole P represents the point of inter-

section of the planes on which the stresses work. 

The vectorial sum of ~ and ~ gives the magnitude (not the direction!) 
. x xy 

of Px' the total stress on the plane parallel to the YOZ plane. 



Fig. 1-7_ Determination of the directions of the 

principal planes. 

Using 11, we find: 

centre : 

radius .r • max 

(j -cr ) 2 
x y + 1:'2 = 
4 xy 

Principal \/1} G"" x +G"y "" 
stresses : = 2 - + L • 

r.- - max 
\1 2 

Using principal stresses, we find 

LXl 
sin 2Jl 

l' = L sin 2Sl = xy max 
V;-G2 

2 
sin 2.Q • 

\,;':-v = x Y 
2 cos 2J1. 

Fig. 1-8 gives the formulae for a coordinate transformation 

1-8 
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Fig. 1-8. Rotation of coordinate system over an 

angle 'fo 

G"x 
(J1+G2 V1-G2 

cos 211 \I, \J1+CJ2 V;-G2 
2 C11- cr) = 2 + 2 = 2 + 2 cos x 

Cly 
\J1+G"2 G1-G2 cos 2.fl <Jy ' 

(11+02 (J,1-(J2 
2 (.n -Cf') = = 2 cos 2 2 2 

1: G1-G2 
sin 211 L \J1-G2 

sin 2(.n-lp) = 2 = 2 xy x'y' 

Fig. 1-9 gives another picture of the stresses as they work on 

different planes near the same point P. 

Fig. 1-9. Stresses near P 



Remark. When deriving the equilibrium of moments (1-3) the sign 

convention of T was as in Fig. 1-10. 
xy 

Fig. 1-10. Sign convention of~ according to 
xy 

equilibrium of moments. 

Fig. 1-11. ~ign convention of 1r aooording to 
xy 

Mohr circle. 

For the circle of Mohr, however, we have a convention as in 

Fig. 1-11. 

Our calculations will always contain the sign convention as 

used in Fig. 1-10 0 

1-10 

For the general state of stress it is also possible to draw circles 

of Mohr. We will, however, not deal with these here. 

1.4. The stress deviator. [11 
We may interpret the stress tensor as the sum of two other tensors 

the deviator stress tensor and the hydrostatic stress tensor. 

(J 
y "f zy = 

()-(J 
x m 

"fxy 

L xz 

\I-G"" y m 

-r 
yz 

1: zy 

C)-v z m 

deviator stress 

tensor 

+ o 

o 

o 

~ 0 

o ()m 

hydrostatic 

stress tensor 

(1-20) 
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We write 

(J' = \f"" -Cj" , etc. 
. Jt X n 

(1-21) 

In a deformable medium the hydrostatic stress tensor causes a change 

of volume while the shape remains the same; the deviator stress tensor 

causes changes of shape at a constant volume. 

The invariants of the deviator stress tensor are: 

,I~ = 0 

r' ,t t, " 2 2 2 
2 = (J cr + (J \l + rr'..- - r xy - !yz - r x y y z ~z~ x zx 

, 
Substituting (1-21) and (1-18), it follows for 12 

T' 
2 

1.5. The yield criterion. 

(1-22) 

( 1-23) 

Experiments have shown that certain combinations of stresses cause a 

remaining deformation. It has been found that a function 

\J = \i (\I""', ~ t c;-: , -r. ,r , -r ) then reaches a definite valve. 'x y z xy yz zx 
The magnitude of v is determined by material properties. 

If plastic flow occurs in an isotropic medium, we assume that the 

material remains isotropic during the flow process. As in this case 

\f is invariant with respect to coordinate transformation, we can also 

write: (j = (I~t 12,} 3' t)(t = time). 

Generally, the dependance on time (creep) is neglected. Moreover, 

experiments have proved that the volume remains approximately constant 

during the deformation process. This means that q is independent ofl 1• 

Thus \T = (f (I2 , I 3) t or rather (as changes of volume play no part) 

\I = (J (I; , I ;). 
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Next we also assume that no Bausinger effect occurs. This means that 

the tensile stress-deformation curve is congruent with the pressure

deformation curve. Then <f can only depend on even powers of the 

stresses. Therefore we cancel the dependence of CIon 1
3
'. Thus ~= V (I2 '). 

Acually, it appears that we Can assume a simple relation between cr 
and 12 I, viz. (j~ -312 ,. Thus 

<)2 :\12 +er: 2 +G'"" 2 _ <J"<J _ \l:G: _" \J + 3 r 2 + 3! 2 + 
x y·z xy yz zx xy yz 

31 2 
zx . 

(1-24) 

Or. in principal stresses, 

(1-25) 

This is the Von Mises flow-condition. For ductile materials it is found 

to describe reality pretty well. In a future chapter we shall see that Cf 
is connecteu with specific work. 

The physical background ot this flow condition is the hypothesis that 

flow occurs as soon as a definite amount of specific work is reached, 

its magnitude depending on the kind of material. 

For any combination of stresses for which U is attained, plastic flow . 

occurs. 

In other literature we often find V'= 3k2, in which k is called the 

"plasticity constant lt
• 

If Vis constant, not depending on the deformation, the material is called 

ideal plastic; if ~ depends on the deformations, 

We have a strain-hardening material. Most technical materials show 

strain-hardening during the deformation process. Exceptions are lead 

and mercury. 

When ~3= 0, we find from (1- 2. ~ ') 

(1-26) 

Fig. 1-12. The yield ellipse (plane. state of stress). 
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Formula (1-z6) is the equation of an ellipse (fig.1-12). For any point 

(~tcr 2) inside the ellipse, the deformation will be elastic. As soon 

as such a stress combination is attained that a point reaches the 

boundary and remains on it, plastic deformation occurs. For strain

hardening materials, ~ increases with increasing deformation. The 

ellipse then "growstl during the process, while the point remains on 

the boundary and can never go outside the ellipse. 

For ideal plastic material, the value of ~remains constant. The point 

remains on the boundary of the ellipse, while the size of the ellipse 

does ~ot increase. 

Finally, for a linear state of stress, we have according to (1-26) 

\J=\f 
1 

This means that ~ can be determined by a simple tensile test, by dividing 

the force through the momentary area of the section. In that case, a 

strain-hardening material will show an increase of V- , while its value 

will remain constant for ideal plastic material. 



x 
Fig. 1-1 

x 

Fig. 1-2 

Oz 

tyz 

t 
/~ 

yx I 

o + 30z d z 3z z 

_0 y 

y 

_ 0 ~ 
Y+ay dy 

1-14 

y 



x 

x 

"
"-

" I "-~ 

Fi g. 1-3 

-............ 

\" \ ~, 
\ 
\ 

Fig. 1-4 

y 

\ 

\ 
\ 
\ 

y 

1-15 



1-16 

y 

x Fig 1- 5 

Fig 1--6 

y 

o ___ a-r~--~L-----x 

Fi Q. 1- 7 



Fig. 1- 8 

Fig.1-9 

X' 
'----x -J~===-_I 

a 

~----x 

1-17 



y 1-18 

+ -

x 

Fig.1-10 

y 

+ -

x 

Fig.1-11 

Fig .1-12 



2-1 

2.1. Introduction. 

We consider in an undeformed medium the infinitesimal line element P~Q& 

(Fig. 2-1) with coordinates: 

Fig. 2-1. Deformation of an infinitesim~l l~ne element. 

P 
o = (x t .y 1 Z ). 

000 

= (x + dx t Y + dy ,z + dz ). 
,0 00 00 0 

Thus, with length dr t for which 
2 2 2 0 2 dr = dx + dy + dz • 
000 0 

The medium is now subjected to a deformation process. The point P then o 
moves over distances u, v and w in directions X, ~ and Z. The ~oint Qo 
moves over distances u + du, v + dv, W + dw. We call the deformed line 

element PQ. SO the original line element PoQe with length drb is deformed 

to PQ, with length 

2 2 2 2 dr = dx + dy + dz (2-2) 

For du, dv and dw near (x t Y , z ) we obtain 
000 

_~u ";)u + l!! ·dz du -o:x dxo + ~y dyo uz 0 = dx dxot 

dv ~v dx +l! dy + .E.!. dz dy - dy , =ox = 0 oy 0 dZ 0 0 

dw ';)w 
dx ilw dy ";)w 

dz - dz • -Qx +- +- dz = 
0 ay 0 6Z 0 0 

Fig. 2-2 gives an illustration of this deformation 

of strain. 

(2-3) 

for a plane state 

Fig. 2-2. Deformation of a line element. Plane state 
of strain. 

Using (2~3») we find for (2-2) 

dr2 = (du + dx )2 + (dv + dy )2 + (dw + dz )2 
000 

Once more using (2-3), we eliminate du, dv and dw from the last expression. 



We find: 

dr2 ={~ dx ~u ~u dz + dX
o

} 2 + iiV dy +rz CJX 0 Y 0 0 

{'Jv di 1v 'dv dz + dYo} 2 + - + - dy +rz ~x 0 oy 0 0 

+{~W dx dW ~W dz + dZo } 2 
+ - dy + -'iX 0 ly 0 c>z 0 

For infinitesimal strains we know that 

(OU)2 
'Ox t etc 1 

etc. 

«~ , etc. 
()X 

From (2-4) we now derive 

+ 

+ 

dr2 2 2~u dx2 + 20u dx dy + 2°U dx dz = dx + . bx oZ 0 0 by o 0 0 0 

2 2';)v d 2 +2~ dy dz 2)V dy dx + dy: + Yo + -
0 uy oZ o 0 ox o 0 

2 2 dW d 2 dW + dz + - z + 2- dz dx 
dZ 0 

Hence, 

2 
dr = 

0 oX 0 0 

(1 + 2 ~~) dX: + (1 
2(!~ + ~) dxodYo + 

+ 2~w dz dy 
Y' 0 0 

Next we introduce direction cosines for dr : o 
dx dy dz 

0 = 1. 
0 0 

dr = m ; ""dr = n dr 
0 0 0 

Then substitution of (2-5) gives: 

+ 

+ 

• 

2(~ u dW) + -+iz f)X 

2.2. Infinitesimal strains. 

We define an infinitesimal strain as: 

nl. 

dz dx • o 0 

a-2 

(2-4) 

(2-5) 

(2-6) 
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de dr - dro_ dr 1. = dr
o 

- dro -r 

SO 

(~J = (d£r + 1)2~ J€r + 1. (2-8) 

With (2-6) we find from (2-8) 

dE £:: 12 '()V 2 "Ow 2 ev = +-m+-n+-r bx "'by ~z llx 
+ ~) 1m. + (!..! + U) mn + (lE- + €I w) nl oy bY oZ . oZ ox 

(2-9) 
) ou Based on (2-9 we define tensile strains as dE =~, etc, and x ux 

she~r strains as dY ~~v + ~u • etc. Oxy oX v y 
From the definition of dY it follows by changing (x, y) and (u, v) IJxy 
respectively that dV 

,xY 
For (2-9) we write 

= dyyx, etc .. 

= de. 12 + dE m2 + d! n2 
+ tdr 1m + td If ml + x y Z xy ,yx 

+ tdv mn + t dY mn + tdy nl + tdY In • • yz 0 zy zx . Q xz 

From (2-10) it follows that the strains are components of the (symmetrical) 

strain tensor 

dE ~ dKzx 
x 2 2 

d~xy 
de d~ 

(2-11) 2 Y 2 

dlxz dryz 
d~ --

2 2 z 

It is obvious that dE represents an infinitesimal tensile strain in x 
X-direction. The physical meaning of dv is shown in Fig. 2-3: dV i~ oxy Ixy 
the infinitesimal change of the originally perpendicular angle between 

X and Y. 

Fig. 2-3. 
Meaning of dX : 

U xy 
dX - ~. dr = ~u. 

VI-OX' ~2 7>Y' 

2.3 .. Strain rates. 

)u 
+-. 

'by 

In plastic flow problems, strain rates are often more important than 

strains. We define 

dE 
=~ 

dt. 



2-4 

Now from (2-11) we find the components of the strain rate tensor. 

· . 
• b Ozx f. x 2 2" 

. . 
( xy · ~ £ 

2 Y 2 

. · 
rXz Oyz 

. 
~z 

2 ---z-

2.4. Small strains. 

The small strain is defined as the sum of infinitesimal strains, 

divided by the finite length of material s (Fig. 2-4). 

E 
x 

~[dt 1 . 
J. XJJ. 

4dx. 
l. J. 

dx. 
J. 

Fig. 2-4. Definition of "small strains". 

Remark. Generally, the small strain is B2i the finite sum of 

infinitesimal strains 

(2-14) 

This is only the case when ~ d£. dx. = 2:. d~.:z:. dx. , that is, when E.. 
l. J. J. -~ J. J J J. 

does not depend on x. , thus when the strain is the same everywhere. 
J 

This situation is called uniform strain. 

We define the small shear strains Y etc, analogously to the 
Oxy 2 

infini tesimal shear s1;rains t with t <?x, etc. 
U xy Uxy 

For a strain in direction r we find again 

£r = l. 12 + t. m
2 

+ E. 2 + Y 1m + >( mn + Y nl x y zn Oxy Uyz Qzn 
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2.5 Principal directions and invariants 

As in Part. 1.3 t ' we can calculate principal directions and invariants 

for the infinitesimal and small strain tensor. A Mohr-circle can also 

be constructed in the same way. 

For the first invariant we find 

Its physical meaning can be seen as follows: 

Consider a rectangular block with dimensions s1' s2 and s3 parallel to 

the principal directions. After deformation the lengths are s1(1 + ~1)t 

s2(1 + t. 2) and s3(1 + £3)· 

The change of volume is: 

V = s1 5 2s 3 ( 1 + '£1) (1 + £2) (1 + ~3) - s1 s 2s3 • So 

Since plastic flow occurs at a constant volume, we have for the plastic 

part of the deformation : 

The shear strains do not influence the change of volume. 

~: When the deformation is elastic, the change of volume is generally 

not zero: 

AV v-= E el + E el + ~ el = 
x y z 

2.6 The linear strain 

<:. el f el Eel. 
£:1 + 2 t 3 

The linear strain ~ is the (finite) elongation of the finite length of 

material s , divided by the original length (Fig.2.5). o 

Fig. 2-5. 
DefinitionQf" "linear strainlt 



s - s o s = - - 1. 
So 
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In this way we introduce tensile strains only, not shear strains. So we 

do not consider I:l as a tensor component. x 
When in a medium shear plays a part as well, we can introduce the finite 

tensi~strains in two different ways (Fig.2-6>, 

(a) as a quantity that indicates a change of length in a fixed 

direction (A ); 
a 

(b) as a quantity that indicates a change of distance between two points 

~oving with the material. (Ll b >. 
Fig. 2-6. 
Interpretation of8in a material subjected to shear. 

We shall define the linear tensile strain as mentioned in (b). The 

index refers to the original direction of the line element. 

For infinitesimal deformations the difference between ~a andAb disappears. 

Because of the incompressibility, we find for the linear strain, but 

only for prinoipal directionsl 

As the linear strain is defined with respect to the moving material, 

(2-19) cannot be applied to directions in which shear strains occur. 

So, (1 + ~ ) (1 +.1 ) (1 +~ ) - 1 I- o. See also the example in Part 2.7. x y z 
For a number of reasons, which will be explained later, we finally 

introduce a fourth definition of strain, viz. 

2.7. The logarithmic strain (natural strain). 

The logarithmic strain is the finite sum of small strains for which the 

linear strain is /j. 

s 

~f = JdsS = 
i i 

s o 

With (2-18) we find 

S = l.n (1 + Ll) (2-21 ) 
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For this type of strain as well, we only introduce tensile strain compo

nents. 

For main directions, we find with (2-21) and (2-19): 

d1 + ~2 + S3 = ln (1 +C::. 1 ) + In(1 +~2) + In(1 +b 3), 

~1 + ~2 + S3 = 0 

Note (1). For finite deformation we have again S x 

( ) " (" --J" t;:::J £ ~ J£. Note 2. For Ll""O we find c) '("<J~ 

+ [) + d F O. y z 

As we have not defined the shear strains for finite deformations, we first 

have to find the principal directions for any problem to be solved. 

We may do this as follows: 

For a certain state of deformation caused by tensile strain and shear 

strain, we formulate then tensile strain of an arbitrarily chosen element 

of line. Then, by means of differentation, we determine in what directions 

the tensile strain is extreme. These are then assumed to be principal 

directions. 

Example. A finite, rectangular element ABC D is deformed to ABCD 
o 0 

according to Fig. 2-7. 
The arbitrary line AE 

o in the undeformed element is stretched to AE. As 

in direction X no change of length occurs, we 

The deformation is entirely determined by the 

Figo 2-7_ 

have D E = DE. 
o 0 

angle O=LDoAD. 

Deformation of an element ABC D to ABCD. 
o 0 

For the tensile strains in coordinate directions we have 

6 = 0 x 
( AD -1 
0y = ln ADo= ln cos 0 
bz = 0 

So, we actually see that 

(2-23) 



~ + b y + bz -I o. x 

For the line AE the tensile strain is: 

hr 
AE ln cos ~ 

= lnAB = . cos V 
0 

As DE = D E - D D, we have o 0 0 0 

tan 5= tan V - tan 0 

Using cos Y = (1 + tan2y) -t t we :f'i.nd for S r 
( 1 + tan2

)J Or = t In 2. Using (2-24), this expression becomes: 
1 + tan ~ 

2 
=tln 1 + tan » 

2 
1 + (tan V - tan 0 ) 

2-8 

(2-24) 

We have now expressed the tensile strain in an arbitrary direction, 

which is determined by y , in Y itself and in the fixed angle ( 

determining the deformation. So, h is extreme, when: 
r 

From (2-26) we derive: 
2 

tan y - tan~tan 'Y - 1 = O. 

Subst~tution OJ tan~= 
tan y 1 = q + 1 + q 

tan V 2 = q - \f1 + q 
2 

2q, gives for the principal directio.s 

(2-26) 

(2-28) 

So the principal directions are fixed by 0)1' V2 ) = ()J'1(q«(», 'V 2(q'3»)). 

Unlike the case of small strains, the angle ( is no tensor component. The 

magnitude and direction of the principal strains, however, are 

unambiguously determined by a • 
Substitution of (2-28) in (2-25) gives 
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~ tln 1 + (9 + V 1 + ~)2 = 1 
1 + (q -V1+ql 

(2-29) 

62 
+ (9 - V1 

2'2 
t ln 1 + 9 ) = 

(q + V1 + 
2'2 

1 + q ) 

Thus, as 2)3 = Sz = 0, we find_that actually 51 + 62 + ~3. 0 , as was 

expected. 

So: In the rectangular block ABC D , deformed to the parallelogram 
o 0 

ABCD, there exist rectangular elements P Q R S with sides para~el to 
o 0 0 0 

the principal directions changing to elements PQRS, which are rectangular 

as well. (Fig. 2-8). 

Fig o 2-8. 
Deformation of a rectangular element with sides 

parallel to the principal directions. 

2.8. Elastic and plastic deformation. 

When dealing with elasto-plastic problems mathematically exactly, we 

must superimpose the elastic and plastic strains. 

(2-30) 

For finite strains, however, we have Eel ~~£pl. Therefore we shall 

often approximate 

tot [pl. t. ~ 

Example. For steel we have ~pproximately) 

E = 21 x 1010 N/m2 , and e.g. 

\)flow = 21 x 107 N/m2 

So c el = Uflow = 10-3. 
C max E 

£Pl om the contrary, may have a magnitude as high as 2 to 4, so that 

in many cases the approximation is admissable. 
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3. Constitutive eguations, [6J, [2J • 

3.1. The incremental stress-strain relations 

Both the strain tensor e .. and the stress tensor cr .. have 9 components. 
1J 1J 

We consider each of these as a component of a vector in a 9-dimensional 

space (R
9
). The yield condition: f(~ , ~ , ~ ,~ •••• ) =0/ may then x y z xy 

be represented as a curved surface in R
9

• (In R2 this "surface" is e.g. 

the yield ellipse, Fig. 1-12). 

For each combination of stresses for which f =r, plastic flow takes 

place. Then generally the magnitude of ~ increases (strain hardening). 

The surface "expands". 

Any state of stress for which f < 't causes elastic deformation only. 

Consider an external load (X~1), Fi1» where XK = volumeforces and 

FL = surface forces, causing an elastic state of stress u~:). We can 

represent this state of stress as a point P(u~:» in R9 (~~g. 3-1). 
1J 

We call this point the image-point of this state of stress. We will 

now change the external conditions to (X~2) t F~2»t so that plastic 

flow takes place, starting in Q. In the case of a strain-hardening 

material, Q generally moves along the surface, while at the same time 

the surface ttexpands ll
t e.g. until Q~ is reached. When we now restore 

the original external conditions (X~1), Fi1)~ we find that the state 

of stress does not return to P, but to pt. 

Fig. 3-1. Generation of residual stresses. 

This means that for one external load more than one state of stress 

exist. This phenomenon is called the generation of residual stresses. 

When a change of the external load does not bring the image-point to 

the surface, then a return to the original state of load also restores 

the states of stress and strain to their original situation. The 

process is then reversible and there is no dissipation of energy. 

In the theory of elasticity the latter theorem is known as the 

Theorem of Uniqueness of Solution of Kirchhoff, viz. for a given state 

of load there exists only one state of straino 
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Now we carry out an experiment of thought: Suppose, it is possible to 

pass through a cycle in such a way that (infinitesimal) plastic 
* deformation yet occurs. The original, elastic stresses we callVij 

(Fig. 3-2). 

Fig. 3-2. Cyclic process with infinitesimal plastic defor-

mation. 

We now change the stresses until the yield surface is reached (Vij). 

Then the external load adds an infinitesimal stressdvij , causing a 

plastic deformation dei~, and an infinitesimal elastic de~ormation 
as well. After this we change the external load so that U .. is 

l.J 
reached again. As an unproved hypothesis, which is, however, essential 

for the entire theory of plasticity, we will now suppose that 

Plastic deformation always entails dissipation of energz. 

Then, for an infinitesimal amount of energy, we have: 

pI "d(i .. de .. .., 0 
l.J l.J 

(3-1) 

(3-2) 

(We use the sommation convention). Superimposing plastic strain 

coordinates on the stress coordinates, (3-1) and (3-2) represent 

scalar products of stress and strain vectors. A positive scalar 

product requires a sharp angle between the vectors. As this 
* condition must be satisfied for all combinations of 0-.. -~iJ' and 

pI l.J 
deij , we can draw the following conclusions (Fig. 3-3): 

Fig. 3-3. 

(a) Inadmissible direction of dei~. 

(b) Inadmissible shape of yield surface. 

(c) dei~ has to be perpendicular to the convex surface. 

(a) The vector de~~ is perpendicular to the yield surface, If not 
l.J 

we can always find a situation which gives a negative scalar 

product. 

(b) The yield surface must be convex. 

(c) The most important conclusion, which is, in fact, the mathema

tical formulation of the condition mentioned in (a), is: 
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de~~ = dA 
~J 

These are the incremental stress-strain relations, associated with 

the yield condition. 

The factor of proportionality d~ appears to be not a constant, but a 

quantity whose magnitude depends on the local stress and strain. 

On the basis of (1-25), we write 

-2 f = B. (J (3-4) 

in which B is an arbitrary constant·. Then, using (1-25), we find 

Adding the squares of <3-5) we obtain 

(3-6) 

We now introduce the effective strain 

Then, sUbstitution of (3-7) in (3-6) gives 

-
dA =~ 

2Bcr-
(3-8) 

Substitution of (3-8) into (3-5) gives 

- G"2+G'3 
de 11 

de 
(Ci"1 =- - 2 ) 

Cf 

- "3+G"1 
de22 

de =- (<J2 - 2 ) 
~ 

(3-9) 

de
33 

de (~ _ Ci1+G"2 
= -= 3 2)· (j 



3-4 

These are the Levy-Von Mises equations. Of course, in these the 

arbitrary factor B has disappeared. 
1 

In literature. we often find B = 3- Then 

and 

1 -2 2 
f=-(j =k 

.3 . 
(3-10) 

(3-11) 

For all strains as defined in chapter 2 we may now write 

= ~ (r:- _ ()2 +(;3) t 
dA1 _ v 1 2 t e co 

(J 

~.2. Comparison of elastic and plastic deformation. 

The equations (3-9) hold exclusively for'the plastic part of the 

deformations. For the elastic part, we have Hooke's Law 

, cyclic (3-12) 

Comparison of (3-9) and (3-12) leads to the following table 

elastic state 

(a) E is a material constant 

(b) The total elastic strain is 

proportional to the stress 

(c) The constant of Poisson ~ 

is a material constant 

plastic state 

l; -- depends on the local stress and 
(] 
strain 

The infinitesimal increase of the 

plastic strain is proportional to 

the stress 

The factor t is the same for all 

metals and alloys 
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Adding the equations (3-12), we find 

For the boundary case elastic-plastic it actually appears that: 

lim = t 

3.3. Relations between stress and strain rate. 

From (3-9), dividing by dt, we find immediately 

(3-14) 

2.4. Incremental stress-strain relations for linear stress. 

From (3-9), when "2 = ~3 = 0, it follows that 

(1-27) 

Apparently, the effective stress-strain curve for a linear state of 

stress is identical with the true stress-strain curve of the material. 
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3.5. Specific work. 

Consider a prismatic bar, length 1 , area of the section F,stretched to 
o 

a length 1 as a result of an external load P, so that plastic deformation 

occurs. We neglect the elastic deformation. 

The infinitesimal (plastic) work consumed by this deformation is 

dW = P dl = ~1.F.1. ~ = V.~ cia1 • 

The i~finitesimal specific work, that is, the infinitesimal work per 

unit of volume, is: 

dA = v1 deS1 (3-18) 

For a general state of stress, we may superimpose 

With (3-9) we write for (3-19) 

The specific work is 

A = 

in which ~1' 62 and ~ are logarithmic strains. 

From (3-20) it appears that we may write for (3-11): 

dA, 
'2k2 

(3-20) 

(3-21) 

(3-22) 

In case of plastic deformation we may assume that the energy is almost 

entirely converted into heat [2J. 
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3.6. The deformation eguation [;2]. 

Experiments have shown that for many ductile materials a relation 

exists between V and J, which can be appoximated by (Fig. 3-4): 

- -m 
(j' = c. a • (3-23) 

Drawn on a log-log scale, this relation is represented by a straight 

line. 

Fig. 3-4 Experimental relation between ff and ~ for 

several values of m. 

In (3-23), c and m are material constants. c is the value of the 

effective stress if ~ = 1. m is the strain-hardening exponent. For 

m = 0 we have an ideal plastic material. With the help of this 

relation, we can express the specific work either in i or in j and 

material constants. 

A = (3-24) 

and also, f~om (3-24) 

m + 1} m 
-~ 1 

• (3-25) 

Remark 1. When an isotropic material is subjected to a non-uniform 

deformation, it will become anisotropic. 

Remark 2. The quantities c and m are characteristic of the behaviour 

of the material during the plastic deformation. Their magnitude, however, . 
largely depends on ~ • Moreover, they depend on temperature and struc-

ture of the material. In practice this. means that when examining a defor

mation process, they have to be determined from the process-data themselves. 
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The following t~bel gives some compression values of c and m (m deter

mined at L\.= 1 t 6.""'0, room temperature) [2]. 

Material c (N/m2 ) m 

Al 6061 - 0 t 21 x 107 0·2 

Al 6061 - T6 42 x 107 0.05 

Al 2024 - T4 72 x 107 0.09 

ex-Brass, C.R. 58 x 107 0.34 

SAE 1112, Ann. 77 x 107 0.19 

SAE 1112, C.R. 77 x 107 0.08 

SAE 4135, Ann 102 x 107 0.17 

SAE 4135, R.T.- R.C. 18 110 x 107 0.14 

SAE 4135, R.T.- R.C. 26 140 x 107 0.09 

SAE 4135, H.T.- R.C. 35 168 x 107 0.09 

Table I. 

Some static compression test data (From: Thomsen, Yang, Kobayashi, 

Mechanics of plastic deformation in metals). 

3.7. Integration of the plasticity eguations [2]. 

For infinitesimal deformations we have 

To find the relations between stresses and finite deformations, (3-9) 

has to be integrated. This means that the quantities in the right-hand 

side have to be known as.functions of b or as functions of an arbitrary 

parameter )J. 

Then, during the entire deformation process, all stresses have to be 

known. In the yield space the locus of the consecutive places of all 

image points is a line called the stress path. So the ultimate strain 

suiting a stress condition does not only depend on the stress condition 

itself, but also on the stress path. 
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Example 1. Let the stresses be known as funct~ons of a parameter~. 

\)1 = f1 (,.u) 

v2 = f2 (14) 

(J 3 = f 3 (p.) • 

Then we can f~nd: 

, 

S = g2 (p) ~f stra~n harden~ng takes place, that ~s ~f m I o. 

Us~ng (3-9), we f~nd: 

(3-26) 

(3-27) 

and s~mi.lar ~ntegra1s for d2 and b
3

.' In many ,cases these ~ntegrals can 

only be solved numer~cally. 

Example 2. We assume that dur~ng the ent~re deformat~on process a 

f~ed ration between the princ~pal stresses ex~sts. The stress path then 

~s a straight l~ne: 

CT . 2::(). 
t G: (~ , 

Subst~tution of (1-25) and (3-28) in (3-9) g~ves 

We find: 

~1 = K13 

~ = K2~ 
63 

-= K3& 

(3-28) 



where 

K = 
1 

, 
K = 2 

(){- 13 - 1 
2 2 

Eliminat~on of ~ and ~ from (3-30) and (3-31) leads to: 

S u: +CJ 
61 = fj (CJ1 - 2 2 3) , cycl~c 

We now ~ntroduce the Modulus of P.last~c~ty: 

-(f 
p==. 

S 
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(3-31) 

Then, similar to Hooke's Law, we wr~te for the integrated Levy- Von 

Mises equations: 

b
1 

1 
(G"1 

v2 +(3) 
= P - 2 

b2 
1 (\7. _ (/3 + (11 ) =p 2 2 

In (3-35) P is not a constant, as can be seen from: 



Fig. 3-5. The Pbysical meaning of the Modulus of 

Plasticity. 
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(3-36) 

We would emphasise that (3-35) should only be applied if during the 

entire deformation process a fixed ratio between the principal stresses 

or the principal strains is maintained. For the proof of the latter 

statement, see [5]. 

Example 3. For an ideal plastic material we cannot calculate the strain 

from the stresses, as ~ = c t thus b = g2~) cannot be found from ~ ; b 
then has to be given separately. 

Example 4. 
(a)A strain hardening material is subjected to a linear stress until it 

has yielded. Then a second stress is applied, while the first is kept 

constant, until renewed plastic flow starts to occur (Fig. 3-6). 
(1) deformation OA, elastic 

(2) deformation AA', plastic: 

1 1 - -- 1 1 ----( - m-m· -
01 = & = c qrI (as OAI =vII ); 

(3) deformation A'B, elastic. 

((' m-.m· 
()2 = ()3 = -yc <i'iI 

(b)We will now attain the same state of stress via OCB 

(1) deformation OC, elastic. 

(2) deformation CB, plastic with ~1 = ~2 -GII 

1 1 
S 6"2. 6 - -

cS1 tc m m. = '=' (\i1 - 2)= 2' = (f 
uII II 

1 1 - -
~2 1 m - m = - '2c ()II 

So we actually see that a different stress path gives a different 

ultimate strain in spite of the same ultimate state of stress. 
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Example 5. As Example 3. In this case, however, we let the material 

yield at B, keeping 6, constant (Fig. 3-7). We consider plastic 

deformation only: 

(1) deformation AA', as in Example 3. 
(2) deformation BB', ()1 

We calculate \f. from 
28' 

-2 

= (J , constant. 
II 

a:
III 

-2 = Cj' 
II 

2 
+Cf 

2B' 
- Ci <J 

II 2B' 

and find: 

VII 1 a;Bt = 2' ± '2 

in which obviously only the + sign is significant. 

The strains are: 

d"1 = dj [ i ~II - ~ - ,lG'II \ 2 l 
eJ1rr \Gllll ) J 

- m 
with ~II = cS • SUbstitution in (3-37) gives: 

for ~1: 

3UII .. - --ltn -2 'J 
-41 --:.S dS 

16c
2 

For $2 and J
3 

we find similar integrals. They can only be solved 

numerically. 

The total plastic deformation is then found by superimposing the 

calculated strains of (1) and (2). 

Example 6. We continue the example of part 2-7 and calculate the 

stresses that caused the strain as 'given in Fig. 2-7. 

(3-38) 
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From 0 we calculated ~1' ~2 and °3 - We found ~3 = 0, so °1 = -62 • 
We will now assume that the process took place while the ratio between 

the stresses was kept constant. Then, (3-31) gives: 

Next, we apply (3-34), for which P is first calculated from (3-35). 

Let'r = 600
, then ~ = i tan( = 0.866, leading to (2-29):, &1 = 0.796 

and £2 =-0.796. 

So ~ = 0.92-

Let the material constants be: c = 150 x 107 N/m2 

and m = 1.2 

= 150 x 107 

= 314 x 107 
Now P 

2J1 ·P 

2d2 oP = 

x 0.920
•
2 = 147.5 x 107 N/m2 

= 2() - G-: - v 
7 1 2 3 

- 314 x 10 = -V1 +, 2(/2 - (j 3 

o = -G""1 - \12 + u3 

From which: 
7/2 (11 = 105 x 10
7 

N m2 Gi2 = 105 x 10 N/m 

V3 = 0 

Thus the state of deformation was caused by a state of pure shear. 

For the principal directions ,we have, according to (2-28), 

tan))1 = 2.188 or)J1 = 65
0

30
1 

ttAn 11 2 = -0,456 

For the stresses in coordinate directions we find, according 

to Fig. 3-8. 

Fig. 3-8. Mohr circle and state of strain according 

to Example 6. 



tan» 1 

CJ = -~ x y 

= (f 2 
1 

From which we solve: 

'C;- = 67 x 107 N/m2 
x 

107 N/m2 
Cly = 67 x 

T = 81 x 107 N/m2 
xy 

... 

... Here we actually use a hypothesis: 
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The principal directions of stress and strain are identical. 

Theoretically, this assumption is incorrect; however for technical 

processes it describes reality pretty well. 

In Chapter 5 this will be discussed in more detail. 
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4. Applications of the preceding theory. 

4.1. Pure bending. 

A rectangular bar or a sheet of metal (thickness h, width b) is loaded 

by a bending moment M. Near the neutral zone,elastic deformation will 

take place, until the yield stress ~f has been reached. The outer 

layer will become plastic (Fig.4-1). 

Fig. 4-1. Rectangular bar, loaded by a bending moment M. 

As in the plastic region the strain increases, the stress will increase 

as well owing to the strain hardening. If the bar is bent to a radius r 

the strain will be 

In the elastic region, we have Hooke's Law: 

E 
(f = '::.Z r 

(We consider part y ~ 0 only). 

If the value ~f is reached, we have, according to (4-2), 

h 
e 

'2= 

In the plastic region the stress increases with increasing y, as 

Thus we can calculate the bending moment 

( 4-1) 

(4-2) 

(4-3) 

(4-4) 



h .e/2 

M = 2b J U ydy + 

o 

h/2 

2b f cr' ydy 

he/2 

With (4-2), (4-3) and (4-4), we find for (4-5): 

4-2 

(4-5) 

(4-6) 

We may simplify (4-6) on the assumption that vf is continu~s for y 

Thus 
= h /2 • e 

<ft" = c\i)m (4-7) 

c = G: 1- m 
f 

Em (4-8) 

(;) m+2 + 
bG: 3 2 

2bc 2(m-1) r 
M f = 

(m+2) m 3(m+2) E2 r 
(4-9) 

For small values of r, the elastic region may be neglected. We then 

omit the last term. 

We now remove the external moment. Then the radius increases from 

r to r • As soon as the moment decreases, all stresses decrease. o 

(4-10) 

Therefore, the entire ~ect~on is immediately elastic again. In the new 

situation the strain is 

A=Z o r 
o 

. The decrease of strain is 

= y(l _ ~ ) 
r .1;0 

(4-11) 

(4-12) 



, 
Hence, for the str,esses Ci' and (j" indicated in Fig. 4-1, we find 

o 0 

h 
o~y", e/2 

The ~quilibrium of moments now requires 

h/2 

+ J \Jo' y dy 
h / ' e 2 

SUbstitution of (4-3) and (4-13) in (4-14) and integration gives 

Eh
3 (1 _ 1) + 

24 r r 
o 

CU
f 

m+2 r2 

(m+2) Em+2 
+ = 0 
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( 4-14) 

(4-15) 

Assuming that r is small we neglect the last two terms and then find 

1 
r 

1 3c (h )m.1 
r = (m+2)Er 2r 

o 

We now define 

(4-16) 

~ =~max ,( 4-17) 

~ax is the strain in the outer layer of the bar or plate, if it is 

bent to a radius rG Then 

1 1 
3c~-1 

ax - - = (m+2)Er r r 
0 

from which, as r /r A61 t we derive (using 1A1 -ad 1 +t ir z. <i(1) 
o 

(4-18) 
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r 
....£ 
r 

When we consider a bar, of which the angle between the legs increases 

from r to CPo' (Fig. 4-2), we find 

Fig.4-2. Relation between angle and radius. 

Substitution of (4-20) in (4-19) gives: 

Example: 

Suppose a bar has the following data: 

h = 20 mm. 

r = 100 mm. 

~o = 45
0 

E = 21,000 x 107 N/m2 

c = 81.5 x 107 N/m2 

l'l1 = 0.22 

(4-20) 

Then we find b. = h/2r = 0.1 and flJ= 400 50'. This is the angle to max T 
be given to the plate dur.ing bending. 

Remark. Owing to the generation of a new, residual stress distribution 

in some cases renewed (secondary) plastic flow may occur. This has to 

be checked afterwards. In the case under consideration, no secondary 

plastic flow takes place, if 

( 4-22) 
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or 

B! (1 _ 1 ) L2c/:::,1-m 
2 r r max o 

(4-23) 

Using (4-18) we find from (4-23) 

(4-24) 

, 
This condition will always be satisfied. 

Hence, secondary plastic flow will not take place. 

4.2. Bending b: shear-forces. 

4.2.1. Shear stresses. 

It is known that bending by shear forces causes shear stresses in the 

longitudinal direction of a bar. We shall calculate these stresses for 

a bar with a rectangular cross-section made of exponentially strain

hardening material. (Fig. 4-3). Owing to the moment distribution 

M = M(x), we have the following situation: 

Fig. 4-3. Bending by shear forces in a bar with a 

rectangular cross section. 

We consider the equilibrium in direction X of the upper part of the 

bar, as shown in Fig. 4_3I1 • 

For the infinitesimal longitudinal force 

dL = L b.dx, we have xy 

(4-25) 



-r dx xy 

hl2 

f c~ 
:r 

m 
(;) drd:r 

As I - r: we find for s: xy - yx' 

h/2 

S = 2b f r x:rd:r 
o 
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(4-26) 

(4-28) 

We now simplify Fig. 4-3 b:r the assumption that the exponential stress 

curve is also valid for the elastic region. In other words, we consider 

the entire section to be plastic. Then (4-27) holds for the entire 

section. Hence, 

h/2 {(f+1 m+1/ S -2b j em dr = - '2 -:r J d:r 
(m+1)rm+1 dx 

( 4-29) 

S = _bmch (h-)m+1 ~ 
m+2 2r dx (4-30) 

We would have attained the same result b:r differentation of (4-10) with 

respect to x 0 

Apparently, just as in the linear theor:r of elasticity, we have 

s = !lli 
dx 

(4-31) 

Of course, this also follows from the equilibrium of forces (rig 4-3). 

4.2.2. The shape of the neutral phase. 

With the help of the preceding theory, we can find the differential 

equation of the neutral phase. We will illustrate this for the case 

of a bar fixed at one end and loaded with an evenly distributed load, 

as shown in Fig. 4-4. 
The moment is found to be 
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Fig. 4-4. Bar with load evenly distributed. 

We will assume that the strains are small. For that case we have already 

found for M the expression (4-9). We write this equation as 

(4-33) 

Substitution of (4-32) gives 

( 4-34) 

or, since the strains are small, 

(4-36) 

with boundary conditions y(O)- 0 and y'(O) = O. 

This differential equation can only be solved numerically. (4-36) 
holds for t~e plastic part of the bar. The maximum value of x for which 

plastic flow is found, follows from 

M max.el. 
= r.- 1 bh2 

v f " '6 = tq(l-x 1 )2 max.p • (4-37) 

The elastic part has to be "fixed" with an angle yl(X 1 ); then its max.p • 
shape may be calculated, e.g. with the theorem of Castigliano. 

To determine the region of incipient plastic flow, we generalise (4-3) 
into 

.,. he (}f 
y = -- = -- rex) 2 E 

(4-38) 

where rex) has to be calculated from (4-34) numerically. As a check 

on this calculation we have 

*' Ymax 
h 

= y*'" (x ) = -2 max. pl. (4-39) 
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We apply this theory to an ideal plastic material (m = 0), and find 

from (4-33) 

(4-40) 

from which we derive 

(4-41) 

Using (4-38), we find for the region of incipient plastic flow 

(4-42) 

Substitution of (4-37) in (4-42) actually leads to Y:ax = h/2 

If we wish to solve the problem for large strains, we may write instead 

of (4-33) 

M -m = c1r (4-43) 
with 

r = 
[ 2}3/2 
1+(y' ) (4-44) 

y" 

from which we find a differential equation of the neutral zone with the 

help of (4-32). 
A complete solution both for small and large strains follows, of course, 

by combining (4-34) and (4-44). 

Remark. For the sake of simplicity, the calculations in Parts 4.1 

and 4.2 were carried out for rectangular cross sections. We could easily 

extend the theory for symmetrical sections with respect to the I-axis. 

In that case we have b = bey) which has .to be integrated as well. 
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4.2.3. Collapse load analysis. L8] 

The plastic behaviour of a material is of importance in two fields 

of mechamical engineering: 

a) Metal processing. In this case we are mainly interested in forces and 

deformations during the process. The occurrence of plastic flow is the 

purpose of the process. 

b) Design of constructions. In this case we are interested in the state of 

load, for which plastic flow begins. The occurrence of plastic flow now 

is an undesirable limit-load phenomenon. 

Since in the second case the limit load is more important than the plastic 

behaviour itself, we may as well consider the material as ideally 

plastic. This strongly simplifies the calculations and still gives the 

necessary information regarding incipient flow. 

Consider a bar loaded with a moment distribution, M = M(x). We increase 

M until the bar breaks down, owing to the moment locally reaching a 

critical value. As the material is ideally plastic, this maximum moment 

does not increase further during deformation. On that spot, we have 

thus generated a plastic-hinge, which means a hinge transmitting a 

constant moment M~. 
By applying the virtual work principle, we can easily determine the 

force p~ which causes the moment M~. This principle simply states: 

The energy consumed by the load is the same as the energy needed to 

cause the deformation. 

Example 1. Bar and load according to Fig. 4-5. 

In the centre the moment M is maximum and a plastic hinge 

is generated. At the moment of collapse, we have 
~, >l < ;I< »/ p • 1 o~ = M . 2 o~ , thus P = 2M 1. 

Example 2. Bar and load according to Fig. 4-6. 

P ft.. 31 6'f = M~ 4 ~f' 
p* = 4M""/31 

(4-45) 

( 4-46) 



Example 3. Bar and load according to Fig.4-7. 
p,l(. = M~/l 

Fig. 4-7. 

Example 4. Bar and load according to Fig. 4-8. 
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(4-47) 

At first P increases to P1 ' the value for which the fixed 

end becomes a plastic hinge. Then P1 increases to P~t the 

value for which the centre of the bar becomes a plastic hinge 

as well. In that case we have 

Fig. 4-8. 

Example 5. Bar and load of Fig. 4-9-

There are two possibilities. 

(b) 2P*~Df= 2M*6tf+ M~&.f thence, p*= 3Mi'll 

(c) P*.1. ¥ = M.l'f. 3 ¥ + M·6<f ' hence, p"- = 5M* 11 

So, in reality, case (b) will occur. 

~ Torsion of a circular cylindrical bar. 

In order to find an appoximative solution of the problem we will 

suppose: 

(a) Small strains 

( 4-48) 

( 4-49) 

( 4-50) 

(b) Perpendicular cross-sections remain flat; there are no strains in 

direction X (Fig. 4-10) 

(c) In perpendicular cross-sections only shear stresses are generated. 

These are directed perpendicularly to the radius. 

(d) The cross-section will approximately become fully plastic. 

Fig. 4-10. Torsion of a cylindried bar. 



From Fig. 4_101 it follows that 

r r 

M = J ~!5tL= 2fT /r 2rY)C;r 
o area shear arm 0 

ring stress 

We now consider an infinitesimal disc (Fig.4_10
11

). 

Section 1 has rotated over an angle df with respect to section 2. 

It follows that: 
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(4-51) 

(4-52) 

As in these sections we have shear stress only, it can be understood 

that Gj = - G1. :: 1: • This can be easily proved by drawing the Mohr 

circles. 

It also follows that for small strains &1 = -E.2 = (. 
The principal directions always make an angle of 450 with respect to 

the X-axis. We will now calcul~te f= ref) • From (1-24) we find 

From (3-31) we find 

£ = \~('d9? f3 dx 

(4-53) 

. (4-54) 

(3-31) can be used in this case, as G2/V1 = -1 t hence, constant). 

Using ~ = c;,m, we find from (4-53) and (4-54): 

Substitution of (4-51) and integration yields 

2m+1 
M=

m+1 
3-Z-

(4-55) 

(4-56) 



or, as r. 
d</ - r-

max dx ' 

( 
2\ m+1 

M = :p-) 

4.4. Instability [2] • 
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(4-57) 

From practice it is known that plastic deformation cannot be continued 

unrestrictedly_ At a certain moment, the process becomes unstable. 

Then, ,for instance, buckling or necking occurs, followed by fracture. 

For some of these cases, we will give an example of calculation. 

4.4.1. Instability in tension. 

If a circular cylindrical bar is loaded with tension, the strain will 

at the beginning be uniform. During the deformation, the area decreases. 

Owing to strain hardening, however, at the same time the material 

becomes stronger. For a certain critical degree of strain the load 

will be maximum. At that moment, the necking process begins, and thus 

the strain is no longer uniform. Continuation of the necking process 

soon leads to fracture. 

The criterion for instability is 

dP dl = 0 ( 4-58) 

where P is the outside tensile force. If the momentary area of the cross

section is A, we have 

However, we have as well 

61 = 6 = ln i = ln ~ thence 
o 

Thus 

(4-59) 

(4-60) 



p = p (5) = 

or : 

In the case of compression, no instabilit7 occurs, as the area 

increases in that Case. 

1~11 = S = In ~ ,hence 
o 
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(4-61 ) 

(4-62) 

(4-63) 

(4-64) 

P = -cA (~)~e~ (4-66) 
o 

(4-67) 

4.4.2. Buckling [2J 

From the theor7 of elastici t7 we know that for a compressed bar the . 

buckling load is 

( 4-68) 

In (4-68) I is the linear moment of inertia, E the modulus of elasticit7, 

P the (elastic) buckling load and 1 the buckling length. e 
We introduce the radius of g7ration i, so that I= Ai2 (A=area). Then 

(4-68) 7ields 



p 
r:- e 
\J buckling : A 
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(4-69) 

in which A : l/i represents the slenderness of the bar. Now, if the 

bar is fully plastic, we replace E by the local slope of the U - £ 
curve. 

( 4-70) 

Then v'b kl+ has the value if: c£. m. For (4-69) we find in that case uc long 

_m 
ct: = 

Hence, plastic buckling does ~ occur if 

Example. For a certain 

E = 21000 x 107 N/m2 

c = 81.5 x 107 N/m2 

material we have 

m = 0.22 

(j"f. = 30 x 107N/m2 

(4-71) 

(4-72) 

A bar of this material, ¢ 20 mm, is subjected to a pressure-force of 

50,000 N. What is the admissible length. 

(a) to prevent elastic buckling, 

(b) to prevent plastic buckling? 
l 

(a) From (4-68) we have le = 7l~~' 9 with 

I 10 3 -9 
1 ~ 3. 14 21 • 10 _ x 2 • 10 = o. 584 m. 

e 5.104 

~ This value is not quite the same as would be found from (4-8). The'reason 

is that the deformation equation is not quite applicable to small strains. 
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(b) I ~l =[£1\ = ~/E = 1.43.103 • This is the smallest strain for which 

the bar becomes fully plastic. 

From (4-72) we find 
\~ 20 

Ap= TT~m/{=39=1/i,inwhichi=4 =5mm. 

Hence, 

1 = 5.10-3 .39 = 0.195 m. 
p 

Conclusion. If 1)0.584 m, elastic buckling occurs. If 0.195< 1< 0.584 m, 

plastic buckling occurs after incipient plastic flow. 

If 1<0.195 m, no buckling occurs at all. 

Note. The quantity 1 is not necessarily the real length, but the 

buckling length. 

:4.4.3. Instability of a thin-walled sphere under internal pressure. [l] 

The criterion of instability is 

~ = 0 (4-73) 
d~ 

in which p is the relative pressure. From symmetry considerations, 

we have (Fig.1-4) 

.(4-74) 

If r is the radius and t the shell thickness, it follows that from 

the equilibrium of a semi-sphere p1Trl: 217r'"tCiU , he.nc.e. 

(4-75) 

Inside we have Clr = -p, outside q;. = O. As G1'2t. GO~. 

Hence, we approximate 



CI ~O 
r 
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(4-76) 

(4-77) 

As the strain path is straight (this follows from (4-74) and (4-76), 
we have 

~ : g (~ _ <Jy+ Va ) = _ ~ 
r Ci r 2 

> 6e: - I = br 
Also dr = ln~ , hence 

o 

(4-78) 

t = t e - l ( 4-79) 
o 

<' <:: tTir' r 
OlD: 00 : ln - = In - ,hence, 

1 Zrrr'" r 0 

r : r e-$!2 (4-80) 
o 

Using (4-75), (4-77), (3-23). (4-79) and (4-80). we find 

p = 2..t<ip = 2tQ"" = 2loit~g= 2C ... i!~c~m 
I r r;,e ro 

or 

(4-81) 

(4-82) 

(4-83) 
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.h2:. The tensile te st [10]. 

Up to now we have supposed that a linear state of stress was generated near 

the neck. However, this is not entirely true. ~ridgman gave an approximative 

solution to this problem. 

He calculated a correction factor by considerating the equilibrium of 

an infinitesimal element of a torus near to the minimum diameter of the 

neck. In Fig. 4-11, EFGH is a segment of a sphere with its centre in O. 

ADHE and BeGF are segments of toruses, of which MN is the radius of the 

main circle. 

ABFE and DCGH are flat planes through OP. ABCD is a flat plane, perpen

dicular to OP and MN. 

We will assume that only principal stresses are working on such an 

element. 

From the equilibrium of forces in direction r, we find that 

\ 

( r.- h iArz) . I,../( dr) d8d (r. '()G"r)( + dr) dllh' + 
\J z + 0 z Slon p r + "2'" r + "r + Tr r rJ 

/ f 
.' I 

Fig. 4-11 1 show~/that/from geometrical considerations we find'!. 
/! / 

/ 

/ 
;// 

/ 

Fig. 4-11. Equilibrium near the neck. 

h = R ¢ + ~ (cos ¢' - cos ¢) 

hI = R ¢ + j cos (¢t + d¢') - cos ¢ 

With ~-85) we find for (4-84), if we omit all higher order terms 

( 4-84) 

2 u . .!: = \J 
z a r 

2 (2r. _ !! _ R) _ 
2a 2 [ 

2 2J 2 2 J r !~r R + a Z~ r + Ci6 [R - y(a a - r ) 

(4-86) 
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From circular symmetry we find that 

(4-87) 

while the incompressibility requires 

d£ = -idE 9 z (4-88) 

Using (3-9) and (4-87) we find 

Using (1-25) we find 

- V 2 2 2 <f = (f + r.- + r:-~ - r.- G": - r-- c:J":" - r-(J - ~ _ f. r \lz 'l v "r z IJ z 8 v& r -\Iz Vr ( U-z./u,,) ( 4-90) 

From the experiments of Bridgman it appeared thatl in the minimum 

section was constant. Hence, ~ is constant there as well. Substitution 

of (4-90) in (4-86) then yields. 

dG"r [R a
2 

- r2 J r<f 0 - + +-= dr 2a a (4-91) 

With boundary condition r.-( ) 
\J r r=a = 0, hence, V(r=a) =<lz. Separation of 

variables and integration gives 

2 2 
_ --(fl (a +2aR-r ) 

Vr - n 2aR 

The load P has to satisfy 

P = 2 
= 11 a G;ave 

from which we find 

G" = <Jz ave o + (2R/a)] ln (1 + a/2R) 
) 

(4-92) 

( 4-93) 

(4-94) 



or 

(f = C() 
z ave 

in which 

'-1 
C = L( 1 +2R/a)In( 1+a/2R)] 
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(4-95) 

(4-96) 

In order to find the real value of~, we must multiply the value of 

~ ave with C. 
Fig. 4-12 gives its numerical value 

Fig. 4-12. Correction factor C according to Bridgman. 

i&:. Friction. 

In most metal working processes, friction plays a part. This friction 

generally takes the character of metallic friction without a lubricant. 

as the temperature and the pressure are too high for a lubricant. 

For a moderately loaded slider, we have a reasonable approximation 

according to Amontons' Laws. 

According to these, the coefficient of friction is independent of 

(a) the magnitude of the normal force, 

(b) the magnitude of the real contact area, 

(c) the speed of sliding. 

We have 

in which f= frictional force, A = real contact area, L = average r . 

(4-97) 

shear stress needed to overcome resistances caused by surface irregu-

larities. For the normal force N, we have 

N = A .<:J 
r 

(4-98) 

in which ~ is the average normal pressure. Combination with (4-97) yields 



in which ~= T)J should be constant. 

We will now discuss what happens if the normal pressure increases 

so strongly that plastic flow occurs. To this end, we consider a 

hard slider moving over a soft layer. 
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(4-99) 

Parts of the layer make contact with the slider and owing to the normal 

pressure, which may be very high locally, are "welded" together. Other 

parts may cause resistance by enclosing parts of the slider. Because 

of these effects, the toplayer of the softer material will move along 

with the hard slider. Under it, we have a layer which, consequently, is 

subjected to plastic deformation. The frictional force is the force 

needed to cause this plastic straining (Fig. 4-13) 

Fig. 4-13. Plastic strain by friction 

A reasonable solution to the analysis of this problem is not yet 

available. An approximation which is used frequently is that the 

stresses in the sublayer build up in such a way that the resistance 

against shear becomes maximum. In that case we have from (1-24) 

T xy = Tmax =. (J /'(3 

If a coeffacient of friction is introduced, we have 

! 'max () 
fA = vy = G"., (3 

which may differ locally, as 

~ Thick-walled tube under internal pressure [11 

For a treatment of .this problem we will assume: 

(a) small strains, 

(b) the length of the tube to be infinite. There are no boundary 

effects. Hence, ~ = 0 
(lZ 

(4-100) 

(4-101) 



We introduce cylindrical coordinates r, e and z. 

Since we have circular symmetry, ii = o. 

From (1-6), we now find for the equilibrium in direction r~ 

:: 0 
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(4-102) 

Fig.4-14. Thick-walled tube under internal pressure. 

4.7.1. Tube locked in direction Z. Ideally plastic material. 

We now have 

= 0 

First, we consider the stresses in an entirely elastic section. As an 

approximation, we will assume that we have also for elastic deformation 

c. + e + 29 rvo, hence, 1> =i. Using (3-12) we find z r 

For the strains, we find (Fig.4-15) 

C (u+du)-u au 
= :: "Sr r dr 

(r+u)de - rdO u 
= =-rd9 r 

Hence, using (4-103) and the assumed incompressibility 

OU 
'Or 

u 
+ - = 0 r 

Integration of (4-107) and substitution in (4-106) yields 

(4-104) 

(4-105) 

(4-107) 
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(1-108) 

in which 0" is an integration constant. Introducing G = modulus of 

rigidity, we write for (4-104) 

?GLZ = Tt~ -th'r +~) 1 =~ t 
1 as G/E = 3 for y= t. For {lz' see (1-21). 

Apparently, we have 

\l z = \1m + 2GE z t cyclic 

With (4-110) and (4-108), we find 

4Gc1 
~ -U(} = -~ 

r 

Substitution in (4-102) yields 

with boundary conditions ~(a) = -p and ~(b) = o. 
r r 

Integration of (4-112) yields 

using (4-111), (4-113) and (4-105) 

2 ( b2 ) Cf~ = p~ 2 1 + 2' 
b - a r 

(4-109) 

(4-110) 

(4-111) 
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Up to now we have assumed that p was sufficiently small to prevent 

plastic flow. Assuming that the material is ideally plastic, we 

have 

( 4-115) 

or, using (4-105): 

r--:- -...- = 2k . if \J(f V r 

Hence, according to (4-114) and (4-115), no plastic deformation occurs, 

if 

2b2 pa 
2 2 < k , a~r~b 

reb - a ) 

The left-hand side of (4-116) is maximum if r=a. 

(4-116) 

Apparently, plastic yielding begins at the inside of the tube. 

Substitution of r=,a in (4-116) gives the value p. of incipient plastic 

flow for the inside of the tube. 

(4-117) 

Hence 

o <p <p. complete elasticity 

p = p* incipient plastic flow 

p > p* increasing region of plastic flow. 

The equilibrium in the plastic zone requires (substituting (4-115) 
in (4-102» 



With boundary condition (j' (a) = -p p> p* 
b r 

Using (4-118), (4-115 ) and (4-106), we find 

(lr = 2k(ln r/a)-p ) 
\)0 = 2k( 1+ln r/a)-p p> p. 

~z = k + 2k(ln r/a)-p 
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(4-118) 

(4-119) 

In this stage of elasto-p1asticity, the formulae (4-114) do not hold any 

more, either for the plastic or for the elastic part of the tube. We 

will calculate the new elastic stresses from (4-114) by the assumption 

that on the elasto-plastic boundary (radius f ), we have 

Hence, we replace the tube a-b with pressure p by an entirely elastic 

tube r-b with pressure p*. From (4-114) we find 

2 
in which, according to (4-117): p* =,(1 - L) k, hence 

b
2 

flf( b 

(4-121) 

(4-122) 

We calculate the magnitude of f by as-suming continuity of (lr for r=f. 
From (4-119) and (4-122), we find 

(4-123) 

From (4-123),r can be found numerically. The pressure p** for which 



the tube becomes fully plastic, can by found by substitution of 

f;:; b in (4-123). We find 

p*. = 2k log b/a 
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(4-124) 

We will now consider what happens, if we load the tube with a pressure 

p for which p* <p <p" and then release the pressure. It is clear that 

in that case residual stresses will be generated. As the releasing 

occurs entirely elastically, we must subtract (4-114) from stresses 

according to (4-119) and (4-122), respectively. We find 

a <r<r:. • . 
\L ::: 2k(ln.!:) ;ea2 
r a - p - b2 _ 2 a 

2 
\)0 ;:; 2k(1+ln!:) - p -

;ea 
1>2 _ 

/>L.r 4 b : 
I 

kf2 a;. ;:; ( 2 
b 

a 

b2 
(1 ) -2' 

r 

(4-125) 

b2 . 
(1 + 2') 2 a r 

(4-126) 

Could renewed (secondary) plastic flow occur? It may be imagined that· the 

inside of the tube, which was mainly loaded with tensile stresses, will 

after releasing be compressed so heavily that it becomes plastic again. 

The criterion for the occurence of this phenomenon follows from (4-115a ) 

and (4-125) 

(4-127) 

with (4-117) we obtain for (4-127) 



Vo - IJr 

2 
= 2k(1 - ~) 

2 p*r 

Secondary. plastic flow may occur, if 

2 
2k(1 - ~) <- 2k 

p*r2 

This will again be generated for r=a. Then we find from (4-129) 
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(4-,128) 

(4-130) 

This means that we have to raise the pressure at least to double the 

value for incipient plastic flow in order to obtain secondary plastic 

flow. In that case, however, the tube must not collapse, in other 

words, p < p* *. Therefore this will only occur if 

2p*< p** (4-131) 

Using (4-117) and (4-124) we obtain from (4-131) 

(a)2 b 1 - - <In-b a 
(4-132) 

from which we derive b/a )2.22. This is the condition under which 

secondary flow may be generated. If b/a<2.22 it is fundamentally 

impossible to create this phenomenon. It is called the shake-down 

condition. In constructions we will generally take care that the latter 

condition is satisfied. 

4.7.2. Tube locked in direction Z. Strain hardening material. 

Since an ideally plastic material hardly exists in practice, the calcu

lated shake-down condition has only a limited value. Hence, we shall re

peat the calculation for an exponentially strain hardening material. 

It is clear that formulae (4-102) to (4_114a ) remain unchanged. For the 

yield condition we now obtain, however, 



From (4-108) we see that the strain path is straight. Hence, 

and, for (4-133), we find 

Hence, substituting (4-113) 

-2m A.r 

With (4-114) it follows that no plastic flow occurs, if 

Again, plastic flow begins for r=a, if p=p*. 

Using (4-137) and (4-136), we find: 

( )

_1 2 2 
p. = c 1-m (1-'~):: B( 1- ~) 

m+1 m b2 b2 
3-Z- G 
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(4-133) 

(4-134) 

(4-135) 

(4-136) 

(4-137) 

(4-138) 

Substitution of (4-135) in (4-102) gives the differential equation for 

the equilibrium in the plastic area. 

"'()(j"r A -2m-1 
~ = .r (4-139) 

With the boundary condition ~(a) = -po With the help of (4-135), 
r 

integration gives 
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( 
a-2m r -2m) 

(Jr = A ~ - 2m - p 

(4-140) 

(
-2m ) a 2m-1 -2m 

"9 = A -- - -- • r - p 2m 2m 

At the elasto-plastic boundary we have again (4-120) and (4-121). 

However, p* is now given by (4-138). As in (4-122), we find 

r;- = B('2 (1 _ b
2

) 
''V r 2 2 

b r 

(4-141) 

The magnitude/ off then follows from (4-140) and(4-141) for r =f 

A (-2m -2m) a -f) _p 
2m , 

from which f can be solved numerically. 

p** follows from (4-142) iff = b 

* A (-2m -2m) p* = 2m a - b 

Again, we release the load, hence, superimpose (4-114) on (4-140): 

(-2m -2m) 2 

(1 
_ b~) 

~ = 
A _a ___ r_ _ p _ J2a 

2m 2m b 2_ 2 a r 

(4-144) 

( -2m ) 
2 (1+:: ) \fg= A a 2m-1 -2m pa 

-- - --·r - p -2m 2m b2 _ 2 a 



Secondary flow occurs only if 

(. -_ A r-2m 
\Jb-\Jr 

This flow will begin for r=a, hence, from (4-145) 

2 

> -2m ( a ) p Aa 1--
b

2 

However, this is only possible, if p <p" t so 

Hence, for the shake-down condition, we derive 

If m-':lto , the right-hand side becomes 

lim 
m-o 

b = Ina 

1 _(~)2m 
2m 

;: 

a 
2mln'b 

1 - e 
2m 

;: 

1 - 1 -

Indeed, for this case we find again (4-132). 

2mln ~ -b 
2m 

2 
(2mln~) 

2 

Numerical solution of (4-148) gives the picture of Fig. 4-16: 

Fig. 4-16. The influence of M on the shake-down. 
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(4-146) 

(4-147) 

(4-148) 

- ... 

The explanation of this phenomenon is. of course, that strain hardening 

tends to prevent the occurrenoe of seoondary plastio flow, as then a 

higher degree of deformation would be necessary to oreate this. We see 

from Fig.4-16 and from (4-148) that, if m-po.5, we always have shake-down. 

Seoondary plastic flow then cannot oocur at all. 
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2. Some special methods of solution. 

~ The general problem. 

In chapters 1 to 3 we derived a mathematical model for finite 

straining with strain hardening. 

5-1 

Though it would be possible to define shear components of natural 

strains, we have preferred not to do so" as a more direct approach 

is possible. Instead of the constitutive equations for finite shear, 

we ~se the following hypothesis: 

In an isotropic medium the direction of extreme elongation is a 

principal direction both for strain and stress. 

(In fact, we have already used this hypothesis in Example 5,Part 3.7.) 
Actually, in theoretical respect, this hypothesis is incorrect. Hill 

[5J, proved, however, that the direction of extreme strai~ equals 

the direction of extreme stress. In technical processes, though, the 

principal directions of strain and strainrate will generally be coinci

dent. 

In order to deform a material efficiently, the direction of deformation 

is generally kept constant during the entire process. Then the principal 

directions of strain and strainrate are the sarne or become the sarne, 

if deformation continues. 

If the direction of deformation changes abruptly, we may as well consider 

the deformed stage as a fresh initial one. 

We may then calculate stresses and strains of the new process under the 

assumption that the new material properties can be determined from the 

preceding straining. If m is small we may, in the second stage,consider 

the material as ideally plastic with <1' = CAm constant. Ethen is the 

preceding effective strain. 

The following table gives a summary of equations and variables as they 

follow from the theory. 
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equations new number of number of 
variables new variables equations 

eq. of equilibrium (ix' Vy' Vz 

'Txy. Ty z' 't':z.x: 
6 3 

transformation eq.for 
\)1 t v2' 0'3 3 3 

principal directions 

yield condition fj 1 1 

effective strain ~, 61 t S2 t 03 4 1 

constitutive equations 

for principal direc- - - 3 
tions 

deformation equation - - 1 

principal direction 
(g) strain = principal - - 2 

direction stress 

TOTAL: 14 14 

Adstruction. 

Re: (b). From (1-15) we can solve V
1

, ~2 and Gi3- Hence, from (1-15) 

we derive 3 equations. 

Re: (f). We suppose the quantities c and m to be known. 

Re: (g). The orthogonal coordinate system l' 2' 3' should be rotated 

in such a way that it coincides with 1 It 2" 3". First rotate it so 

that 1'// 1ft. (1 equation). Then 2'//211 (another equation) Then, 

automatically, 3'//3". Renee, the third equation is dependent. 

Though it is theoretically possible for any well-defined problem to 

solve these equations, We have no general adoptable procedure for this. 

Therefore, in practice we use special methods, which are sometimes approx-

imative, or semi-experimental ones. This chapter deals with three of 

these methods, viz., virtual work, slab method of solution, and 

visioplasticity. 
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~ Virtual work [2J. 

We will suppose that boundary friction does not influence the stress 

distribution as this follows from the strains, but yet influences the 

workconsumption of the system. Then we apply the virtual work principle 

(see Part 4.2.3). 

5.2.1. Hollow sphere under internal pressure. 

For, a thick-walled hollow sphere under internal pressure p, inside 

radius a, outside radius b, if the inside radius increases from a to 

a + da, the incremental external work is. 

2 dWE = p.4lTa da 

The work consumed by the shell is: 

As dWE = dW
I

, we find 

-1 b3 -1 _ 
3pa (3' - 1) da = v d l 

a 

Using the kinematic relation between da and di and the deformation 

equation, we may calculate p. 

We apply this procedure for a thin-walled sphere, thickness of wall t. 

Equation (5-3) then simplifies to 

p da = t?J' db 

in which t is the momentary wall-thickness. 

The strains are 

t b = In
r t 

o 

(5-4) 
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From (5-5) we see that the 
I 

- V 2 2 b = -(4+1+1 hn g, = 
3 a o 

strain path is straight. Hence 

2ln §. 
a 

o 

Differentiation of (5-6) with respect to a yields, after solution 
of da 

Substitution of (5~7) in (5-4) then yields 

2 -
p = t (ao) (j (L)e _d/2 

o a a 
o 

ln x 
or, using e = x and (5-6) 

t a 2 
p = 2( 0

3
0 )(1" 

a 

From (5-5) it follows that 

tit = (a la)2 
o 0 

Hence, 

!2t)
p = 171 (J 

(5-6) 

(5-7) 

(5-8) 

(5-10) 

in which ~ represents the effective stress caused by the pressure p. 

Moreover, we have <J =<ilfand<rr ...... O (See part 4.4.3·) 

5.2.2. Wire drawing. 

We will simplify the process of wire drawing as follows: 

(a) Plane sections remain plane during straining. 

(b) Along the boundary acts a friction stress ~ = Y/~, 
max 

which does not infuence the internal stress distribution. 

Fig. 5-1 gives the meaning of the symbols used. 

Fig. 5-1. Wire drawing. 



From geometrical considerations, we find 

r = x tanot 

r = r tan 0(. 
o 0 

r 1= r 1 tan\)(.. 

The equation of continuity requires 

2 
r dx = 

For the stra.ins, we have 

dx r 
Ox 

0 = ln dl = 2ln-
r 

0 

dr = -In r /r 
0 

be = -In r /r 
0 

Hence ( compare (5-6» 

~ = 2ln r /r = 2ln x /x o 0 

d~ = -2dx/x (dx<O, hence d:5>O) 
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(5-14) 

The force needed to draw the wire is P. Then, the incremental external 

work is P d\. Th.is is equal to the .internal stra.ining and boundary 

friction work required for a displacement of d1
1

- If a d.isc at x moves 

over a d.istance dx, the work required is (exept for the friction). 

Us.ing (5-13), (3-23), (5-15) and (5-16) we wr.ite for this 

2 x m d 
= -21Tr dl (2ln...2.).2f. 

1 1
c x x 

(5-18) 



The shear stress caused by bouniary friction is 

:x: m 

1: max = (f /0 = "'ff (2ln-i ) 

For the conicals boundary of a disc, radius r, height d:x: this 

becomes an infinitesimal force 

dx dF= 2 Tfr -.,.. 
COSCI. max 
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(5-20) 

I~ the disc moves over dx, contracting over dr, the boundary moves 

over dx/cosx. The work then is 

dF~= 
cos ()(. 

(5-21 ) 

d
2
Wr has to be integrated from Xo to ~; d

2Wrr from x1 to xo. Hence 

the total incremental work is 

or, using (5-18) and (5-21), 

dW = (2 + }t . ) V3' s:in 2oe. 
m dx 
)-

x 

Application of the virtual work principle then yields (substituting 

(5-12) in (5-23» 

(5-24) 

For the maximum allowable value of P we have 

2-
p* = rr r (J ( ) = r-r1 

(5-25) 



Thus, drawing is only possible if 

r m 4 
(In-r

O
) < (2+ -~-2.~) ) 2

m 
3 sin 
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(5-26) 

We can also treat the problem of wiredrawing under the assumption 

that plastic friction does not occur. In that case we may introduce 

a constant coefficient of friction fA-. If the force normal to the wall 

is Nt the axial equilibrium requires P=N sin ~ + N cosoc, or 

u N =~ P (5-27) 
r sin C\.+ftcos I)(. 

The area of the boundary is 

2 2 
v(ro - r

1 
) 

A = sin c<. 

Assuming that the friction force is equally distributed over the 

boundary of the cone, we have: 

For an infinitesimal element from the boundary area, we find a 

force dF from (5-29), viz. 

dF = 21Trdx. 7: = 
cos ()(.. 

2J1:P tan ~ .rdx 

cos '0{. ) 

(5-28) 

If this element moves over a distance dx, then the energy dissipated 

by friction is 

2 ' d WII = dF .;;d;;;;,;x;....-_ 
cos Ot 

= 2pP tan IX..r2dxdx 

(r 0 2- r 1 2)(sin (X. + /tcos fX,) r cos D{. 

= 2 2· . 
(ro - r 1 )(sin .... +,.acos(t,) r cos I)(, 

(5-31) 
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Hence, if the entire cone moves over a distance dx, then 

By adding (5-32) and the deformation part of (5-24), we find the 

total incremental work. Application of the virtual work principle 

then gives a solution for p. 

5.2.2. Deep drawing. 

Fig. 5-2. Deformation by deep-drawing. 

A circular blank with an initial radius R is drawn in the shape 
o 

of a cylindrical bowl with radius R .• The wall thickness is t. 
~ 

The momentary depth of the bowl is h, the momentary outside radius 

of the blank is R, the rounding radius of the drawing ring is p. 
The radius r is an arbitrary diameter on the part of the blank which 

is yet horizontal. We will assume that t «R, r, R. and R and that 
l. 0 

moreover I' L....( R .• 
l. 

Further, we will assume that t remains constant during the entire 

process. 

During the straining, work is consumed by: 

(I) The contraction of the horizontal part of the blank; 

(II) The bending and straightening, respectively, of the blank at a radius Pi 

(III) The friction of the blank on the radius f ; 
(IV) The friction of the blank-holder (This will be neglected); 

(V) At the beginning of the deformation process: 

The shaping of the lower radius of the product. This will be neglected 

as well. 

From the continuity 'equation it follows that: 



if r is the initial magnitude of r. Hence, 
o 

2 2 
r - r 

h = --o;:;;o~ __ 
2R. J. 

If r=R, then r = R , hence o 0 

R = V R 2 - 2R. h I 
o J. 

Further, by differentiation of (5-35), we obtain: 

R. 
dr = - ...1:. dh r 

We calculate the strains on radius r. 

(We introduce cylindrical coordinates r, e and z). 

69= ln r/ro = 
b(= - 6& 

-In r /r o 
Sz = 0 

Apparently, we have 

S = 'If In:o 
or, using (5-34): 

8 = B In (1 
2R.h 

+ _J._) 
2 

r 

Differentiation yields 

The effective stress on radius r is 

(dr -< 01) 
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(5-36) 

(5-39) 

(5-40) 

(5-41 ) 
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The incremental specific work on radius r is 

The incremental strain energy in a ring with radius r, height t and 

width dr is 

= 2f1'rdrt dAr 

With (5-37) and (5-42) we find for (5-44): 

8" 2 R. htdhdr 
~ 

(5-44) 

The incremental strain energy for the entire horizontal part of the 

blank is then 

R 
d2W = r V;o2- 2R.h 

dWr f ~ fr(h,r)dhdr ~r(h)dh (5-46) = = r 
R. r=R. 
~ ~ 

Hence, ~r can be calculated as a function of h. 

Next, we calculate the work, needed to bend the blank around the 

radius p and draw it straight again. (Fig.5-2). From the continuity 

it follows that 

Hence, using (5-37): 
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Fig. 5-2. Bending the blank according to the radius 
of the die. 

Now we will consider the material as ,ideally plastic with yield stresses 

(f1 and <r2 at places 1 and 2, respectively. G:1 and (J 2 are determined 

by the preceding strain hardening. 

At 1 and 2, respectively, we may calculate the effective strain from 

(5-40), with r=R.+fl and r=R., respectively. 
l. I l. 

(5-48) 

b2 = ~ ln (1 + ~ ) 3 R. 
l. 

From (5-48) follow the values of ~1 and~2: 

(5-49) 

We consider the entire section to be plastic. The average effective 

strain in the section then is: 

-, t o = 2f (5-50) 

As ~1 and ~2 are constant, the specific work is 

(5-51 ) 

Hence, the straining-energy for the bending and straightening of the 

infinitesimal rings 1 and 2 is: 
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dw - t • t .211 Rl.' • dX2 2 = \11 2f 

Using (5-47) we derive from (5-52) 

W (- -) rrt
2
Ridh (0 ( ) d II =dW1 +dW2 = (f1+\l2 I' =nthdh 

Finally, we calculate the constribution of the work consumed by the 

friction of the blank at the radius of the die. We consider the blank 

as a string drawn over a rough circular cylinder. The force at the 

"pulling partll is P and equals the force needed for deep-drawing. We 

know that the force at the other end then equa~s: 

P = P e o 

-pO 

if & is the angle sub tended by the string on the cylinder and It the 

coefficient of friction. In this case, 0 =~/4. If we displace P over 

a distance dh, the work consumed by friction is: 

,ttTr 

dWIII 
-" = (p - P ) dh = P(1- e )dh. 

o 

Now we may app~y the virtua~ work principle. 

Using (4-46), (4-53) and (4-55), we derive: 

)1.11 

p = (rI + CfII}e 
:if 

Remark. Wire-drawing was an example of a steady-state process. 

A steady-state process is defined as one in which, in the fixed 

coordinate system, a~~ strains are independent of time. 

If this condition is not satisfied 9 we have a non-steady state 

process. 

Examp~es of steady-state processes are: 

(5-56) 



chip-forming processes, wire extrusion, sheet rolling. 

Non-steady state processes: punching, forging, bending. 

~ The slab method of solution. 

We simplify the process as follows: 
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(1) A plane perpendicular to the direction of flow is a principal plane. 

(2) The stress in such a plane is invariant. 

(3) Friction forces do not influence the internal stress-distribution. 

Using these assumptions we choose a set of principal planes and 

consider these as slabs of infinitesimal thickness. A balance of 

forces yields an equation of equilibrium, which may be integrated 

analytically or numerically and together with the boundary conditions 

gives a(n) (average) solution. 

Example. Thick-walled sphere (inside radius a, outside radius b) under 

internal pressure. We consider an infinitesimal spherical shell with a 

radius r(spherical coordinates r, e and ~ ). In order to calculate 

infinitesimal .sl::'\a.i.h!o " we consider dr as a displace men t. 

Then, analogously to (4-106) it follows that 

With (2-20) it follows 

r 

S~ = r .!k = r 
r 

0 

hence 

br = -2ln r/r 
o 

ln r. 
r 

0 

that 

(5-59a) 

As the ratio between the strains remains constant, it follows that 



From 

K:::: 2ln r/r o 

( 1-7) we derive, 

d~r 2( \lr -<[0) 
-+ dr r 

since f< _d_O 
~ -rtf - , that 

= 0 

As va =\f~ and <i9;()r' it follows with (1-25) that 

\f =G:-v 9 r 

Hence, 

in which 
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(5-60) 

(5-60a) 

Since m is small we may assume an average value of {j" and consider 

(J ft v (r). Then, integration of (5-62) and substitution of the boundary 

condition vr(b) = 0, yields. 

-v r 
- b = p :: 2 vln

r 
(5-64) 

We divide a thick-walled sphere into a number of slabs. The ultimate 

pressure then follows from 

h 
Ptot :: A P1 + b 112 + .... + A Pn = ~ b. Pi 

i= 1 (5-65) 

- b _ r 1 
= 2(/ 1ln- + 2 u1 _2l n -2 + 

0- r 1 2 
...... 

n 

p.
t 

:: 2L 
ot i=.1 

(5-66) 
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In the case of'a thin-walled sphere, it follows from (5-64), using 

a <:::<t, that 

which is identical with (5-11). 

~ Visioplasticity. 

Visioplasticity is an experimental method for the determination of 

strains and/or strainrates. 

On a test specimen a grid pattern is produced, e.g. by photographical 

methods. During the application of a known load the deformations of the 

grid pattern are photographed and measured afterwards. From these data 

strains and stresses are calculated. 

Generally, this method is only applicable to plane states of strain, or 

states of strain for which the plane on which the grid is produced, is a 

principal plane .. 

Fig. 5-4. Successive stages of strain of a grid. 

We will treat the case of a non-steady state process. With intervals 

of time A t we make photographs of the deforming grid and on successive 

photographs we see patterru as in Fig. 5-4. 
We take care that each rectangle is so small that during the straining 

it can be approximated by a parallelogram. We will assume that the strain 

of such a parallelogram is uniform. 

We also introduce a moving coordinate-system X - Y and consider the strains 

with respect to this system. The angle Jl determines the rotation of the 

parallelogram as a whole. 

The quantities which determine the straining are 

(= the change of the originally right angle. 

a1= the new length in direction 1. 
b1= the new length in direction Y. 
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We shall calculate the principal directions for an arbitrary element. Fig. 

5-5 gives a pi~ture of the deformation. The area of the parallelogram 

does not have to remain constant, hence D3 ~ 0 is allowed. In Fig. 5-6 

we see the same straining process, split up into two stadia: 

(I) ABC D _A B'C'D', 
o 0 000 

(II) A B'C'D'--A BCD. o 0 

Fig.5-5. Deformation of ABC D to A BCD. 
00000 

We consider the straining of an arbitrary element of line AE 
o 

characterised by the angle~, to AoEt characterised by~and to AoE 

characterised byV • Their lengths are called rot r' and r, respec

tively_ 

For the first stage we have: 

Fig. 5-6. Strain of Fig. 5-5, split up into two stadia. 

r' 
= In

r o 

For the second stage 

6r = ln r 
II r' 

The total strain follows from 

a r = ln r 
ro 

r r' = ln (z:.- • r-) = 
o 

r r' 
In z:.- + ln -

ro 

(5-68) 

(5-69) 

(5-70) 

(5-71) 



Apparently - even in this non - linear case - we are allowed to 

superimpose these logarithmic strains. From Fig. 5_61 
we find 

2 2 2 r = x + Yo 0 0 

2 2 
2 2 (rt) = x (1 + A ) +y (1+D.) 

0 xI o YI 

!l1 - a b 1 - b 
With ~ and b. = b xI a YI , 

We introduoe: 

2 
(1+ A 

xI 
) = u 

(1+ AYr)2 = v 

From (5-72) and (5-73) we also have: 

(~:r= u sin2
, + v 2 

oos '? 

x Xo 
tan, = 0 - tan "7 =-

Yo Yo 

Using 

tan, = Vv/u"i tan., 

• 21) 
Sl.n / 

2 
= tan '1_ 

2 1+ tan, 

2 1 
cos i = -....:..--2 ' 

1+ tan i 

and (5-75), we find for (5-74) 

\(? 

2 
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(5-72) 

(5-74) 

(5-76) 



(~J = 

Hence 

2 uv (1+ tan ~ ) 
2 u + v tan j' 

2 2 = iln u + i In v + i In (1+ tan~) - i In (u + tan~) 

For the second stage of strain we find 

'< r o = In--; r II r 
= In ~ cos V 

Using (5-76) it follows from (5-79) that 

~ = - In cos V - iln cos (1+ tan2~) r II 

Hence. using (5-71) we find 

br = i In u + i In v - In cos V - i In (u+v tan2~) 
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(5-77) 

(5-78) 

(5-80) 

However, we are interested in $r = ~r(u,v,.,))) as u, v and 0-
characterise the strain of the grid and 9 the ultimate position of r. 

From Fig. 5_6II we see: DiE = D'D + DIE', or 

tan~ = tan)} - tan ( (5-82) 

Intoducing 

tano = w 

it follows with (5~82) that 

ar = i In uv - In cos'Y - i In {u + v(tan)} _ w)2) (5-84) 

If we wish to know ar as a function of'u t v and wand the angle), which 

does not depend on time, we subsubsitute (5-82) and (5-75) in (5-81) 
and find 
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(5-85) 

The principa~ strains and directions are found the most readi~y from 

(5-84) by requiring that 

= 0 

from which we derive 

• 2 ' 1 
tan 1 - (.!L + w - - ) tan)1 - 1 = 0 vw w 

Introduce 

u 
vw 

1 + W _ 
w 

= 2p 

(5-86) 

(5-87) 

(5-88) 

then (compare with (2-28» the principa~ directions are given by 

, tan ~ 1 

tan)} 2 

V 
21 

= P + 1 + P 
,r 21 

=P-V 1 + p 

Substitution in (5-84) yie~ds 

( _ i"l UV {1 + (p + ~f1 
01 - -z- ..I.n ""2,'1 2 

u + v(p - W + ~ + p ) 
i"l uv i 1 + (p- \J"U7)21 
Y..I.n \~~ 

u + v (p - w - V1 + p ) 
~ 2 = 

d 3 = - (J 1 + S 2) = -t ~n uv 

• 

(5-89) 

(5-90) 

We are interested in the va~ue of 61 which permits of app~ication in 

the constitutive equation. 

This quantity is B2i ~ ~1 as it is of no importance how d1 itse~f 
changes as a function of time, but how the e~ement of ~ine whose 

strain is momentari~y a principa~ strain changes its ~ength as a function 

of time. 
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,'I 

Hence, we wish to know 

(5-91) 

D Dr is an operator used for the 

material derivate. It is a symbol indicating how the distance between 

two material points changes as a function of time. Fig. 5-7 illustrates 

this. The material point E has the positions E't E'I and En,. at t=o, 

t = l1t, and t = 2At respectively_ In position (2) the line AE" is 

parallel to a principal direction. The quotient giving the value of 
• S1 is then 

~ ~ ln AEflt AE' 
1 2 At (5-92) 

Only if AE' and AE lit indica ted principal directions as well, could we 

find !1' by a straight forward differentiation of (5-90). The calcula

tion pattern now is as follows: From consecutive straining patterns 

we measure a 1 , b1 and r . From these data we graphically determine u (t)t 

v (t) and w (t), and by measuring the slopes we find dt V and w. 
As, according to (5-85), 

, =~' (uet), vet), w(t),~) r r I (5-93) 

it follows that 

dtr ()Sr • ddr • ~Sr • 
(5-94) dt = ¥U u +-y + ow w dV 

~&r tan , r ean '? HI) . -

l>u = 
2 '{uv' 1+ (~tan_" + w)2 

L [1- ,{if. tan' (;t~ .. , .... w) ] 
2v Vv 2 

1 + ( ;; tan, + w) 

~ tan?) + w 
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Next we sUbstitut'e the angle » in (5-95) since the principal directions 

~, and V2 are known. Using (5-75) and (5-82), we find 

tan Y (tan Y - w) = 
2v (1 + tan2y) 

= sin 2 P (tan}1 - w) 

2v 

vS r 
ov c 1 [1 2v 

u tan -y (tan)J -
2 v( 1 + tan P) 

1 [1 _ u sin 
2 'I (tan V -w) 1 = 2v 'j 

v 

tan V = ";";';---......,.-
1 + tan2y 

. 2 ,I = sJ.n y 

For V = Vi' we substitute (5-89), and.Jv,ith (5-76) find that 

. 2,) 2 + 2p2 + 2p ~ 
sJ.n )I 1 = 3 + 2p2 - 2"' 

+ 2p V1 + p 

(5-96) 

Finally, substitution of (5-97) and (5-89) in (5-96) and substitution 

of (5-96) in (5-94), together with (5-88), gives a very complicated 

expression for 

• • 
f) 1 = S 1 (u,VtW,UtV~w) 

Remark. The expression found in this way is not entirely exact. We have 

not considered the rotation rate of ~1. However, if S1 does not change 

its direction rapidly, the effect will be small. In this calculation 

we neglect it. • 

w: now assume tha~ S1~ ~2 ~nd 53 have been established in this way. 

(03 follows from b1 +~2 +~3 = O)-!._ With (3-4) we then calculate for 

each element of grit the value of5 • The equations (3-13) and (1-25) 

are now 4 equations with 4 variables t viz. (J 1 t G" 2 t V 3 and (f. These 

can be solved. Rotating the local stresses over angles (rr/2 - y 1}i ... .o.i 
we find the values of <l:: t CJ. and"! in the fixed coordinate system_ x y xy 
The integrals of these stresses over the area of the section must yield 

the outside load. • 
For every calculation we find a value of J andG. If we plot these 

values we may find a deformation-rate equation, by supposing that, for 



• 
- I 

instance, a relation \f = c' 8 m exists. 

Experiments will have to show if c f and mt are better material 

constants than c and m. 

5-22 

If this is the case, it would be a strong argument for finding future 

solutions by dividing the equations (3-9) by dt in stead of integration 

demonstrated in Part 3.7. 
The disadvantage of more difficult methods of measuring may then weigh 

less heavy than the advantage of the existence of actually invariant 

material constants. 
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Fig.5-3 
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