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This paper examines synchronization of a set of metronomes placed on a lightweight foam

platform. Two configurations of the set of metronomes are considered: a row setup containing

one-dimensional coupling and a cross setup containing two-dimensional coupling. Depending on

the configuration and coupling between the metronomes, i.e., the platform parameters, in- and/or

anti-phase synchronized behavior is observed in the experiments. To explain this behavior, mathe-

matical models of a metronome and experimental setups have been derived and used in a local

stability analysis. It is numerically and experimentally demonstrated that varying the coupling

parameters for both configurations has a significant influence on the stability of the synchronized

solutions. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4965031]

Synchronization of pendulum clocks was first observed in

1665 by the Dutch scientist Christiaan Huygens, who

described anti-phase synchronization among two pendu-

lum clocks. Today, more than three centuries later, the

phenomenon is still not entirely understood. It is, for

instance, known that there exist multiple types of limit

behavior which are influenced by the coupling between

the clocks or metronomes; however, it is unclear what

determines stability of these regimes. This paper contrib-

utes to the understanding of Huygens’ synchronization

by performing experiments with two configurations of a

set of metronomes, containing one- and two-dimensional

coupling. Numerical simulations are conducted to vali-

date both models. The models are utilized to obtain

stability conditions for synchronized behavior for both

configurations.

I. INTRODUCTION

The word “synchronization” is often encountered and

used during daily life. A few examples are cardio-locomotor

synchronization during running and cycling (Nomura, Takei,

and Yanagida, 2003); synchronization of circadian rhythms

with the light and darkness cycle (Aton and Herzog, 2005);

and synchronized clapping of an audience to express appre-

ciation (N�eda et al., 2000). In the last decades, synchroniza-

tion has emerged as a popular field in scientific community

with various examples in physics, computer science, and

biology (see, e.g., Strogatz, 2003 and Pikovsky, Rosenblum,

and Kurths, 2003). Synchronization is also widely employed

in engineering. Consider, for instance, phase-locked-loop

systems and their applications (Gardner, 2005 and Leonov

et al., 2015).

Although synchronization is currently receiving wide-

spread interest, it has been observed for several ages. The

first reported observation of synchronization comes from the

Dutch scientist Huygens (1967)—inventor of the pendulum

clock (Thomson, 1842, p. 67). In a time in which science

heavily relied on empirical data, Huygens did an intriguing

discovery. While developing pendulum clocks to improve

time keeping at sea—which what he believed would solve

the longitudinal problem—Huygens noticed that the pendula

of two clocks supported by a wooden beam always con-

verges to a state in which the pendula swung in opposite

motion, now known as anti-phase synchronization. In his

letter, dated at February 22, 1665, Huygens described this

effect as “odd sympathy” and conducted various experiments

to explain this behavior. As far as we know, Huygens never

explicitly mentioned in-phase synchronization in his letters.

By the first of March 1665, Huygens correctly identified the

effect as being the small oscillations of the wooden support

beam driving the pendula to the anti-phase synchronized

state. This phenomenon is now known as Huygens’ synchro-

nization, which is generally defined as two pendulum clocks

or metronomes that can interact via a coupling medium.

Several studies have addressed the phenomenon origi-

nally described by Huygens. For instance, Bennett et al.
(2002) tried to mimic Huygens’ experiments by using cou-

pled pendulum clocks and investigated synchronized behav-

ior by varying the mass ratio between pendula and coupling

structure. Both the anti-phase synchronized state, as reported

by Huygens, as well a peculiar effect named “beating

death,” i.e., when one clock cease to run, were observed.

Czolczynski et al. (2011) repeated Huygens’ experiments

using high-precision pendulum clocks and observed, depend-

ing on the initial conditions, both in- and anti-phase synchro-

nization. Some authors approach Huygens’ synchronization

from a more theoretical point of view. For example,

Jovanovic and Koshkin (2012) and Pe~na Ramirez et al.
(2014a) used the Poincar�e method to pursue analytical
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results on the effect of damping and stiffness, respectively.

Pe~na Ramirez et al. (2014b) approaches Huygens’ synchro-

nization problem by considering a flexible coupling struc-

ture. Their numerical results show besides in- and anti-phase

synchronization also four other phenomena: “quenching,”

“beating death,” “partial synchronization,” and “modulating/

intermittent behavior,” i.e., periodic amplitude modulation is

observed which results in intermittent escapement operation.

Inspired by these numerical results, Pe~na Ramirez et al.
(2016) constructed an experimental setup containing monu-

mental pendulum clocks and performed the classical

Huygens’ experiment. Although in contrast to Huygens’

observations, in-phase synchronization was solely observed,

the study experimentally, numerically, and analytically dem-

onstrates synchronization of two pendulum clocks and shows

that Huygens’ conclusions about the coupling bar oscilla-

tions were right.

Next to experiments with real pendulum clocks, there are

experimental setups containing metronomes which have

completely other properties such as maximum pendulum angle,

size, and weight. The results can therefore not be directly com-

pared. The most basic setup was used by Pantaleone (2002),

consisting of two metronomes placed on a beam rolling on two

empty soda cans; it can be argued that this experiment differs

from the original one of Huygens as no unique “ground state”

exists in this case. Pantaleone’s experimental results showed

mainly in-phase synchronization between the metronomes.

Increasing the base damping resulted in a stable anti-phase

solution. A more sophisticated experimental setup was used by

Oud, Nijmeijer, and Pogromsky (2006). Their results showed

anti-phase synchronization; however, decreasing the coupling

bar support stiffness or adding mass to the pendula gave rise to

a stable in-phase solution.

Despite the accumulation of literature, there is a surpris-

ing absence of literature that examines Huygens’ synchroni-

zation with more than one-dimensional coupling. Although

Ikeguchi (2014) conducted experiments with various metro-

nome groups placed in different spatial configurations

involving one- or two-dimensional coupling, it did not pro-

vide a theoretical explanation for the observed phenomenon.

In fact, analytical results might be highly non-trivial for such

a system (see, e.g., analytical calculations in Kuznetsov

et al., 2007). Furthermore, it is noteworthy that with increas-

ing the number of pendulum clocks or metronomes in the

analysis, the number of possible initial conditions increases

as well. Since the ultimate synchronized behavior is deter-

mined by these initial conditions, it might be useful to

employ a numerical continuation and bifurcation analysis

tool to investigate synchronization regimes and the corre-

sponding stability. Koluda et al. (2014) used such a continu-

ation tool to investigate synchronous states of two self-

excited double pendula attached to a common beam, and

Hoogeboom, Pogromsky, and Nijmeijer (2015) provided a

first approach by applying it on a coupled metronome model.

However, with improving the camera system enabling to

also measure the coupling bar displacements in the experi-

ments, it was noticed that the used model provides inaccurate

results for the coupling bar displacement.

As a means of addressing the aforementioned issues, this

paper’s main objective is to investigate the existence and stabil-

ity of synchronization regimes with multidimensional coupled

metronome systems when a subset of the system parameters—

the coupling structure parameters—is subject to change. An

improved model is required to obtain accurate results for the

pendulum angles and coupling bar displacement.

The remainder of this paper is organized as follows.

Sec. II starts with introducing the experimental setup and

the measurement system. Furthermore, an improved metro-

nome model is derived. In Sec. III, experimental and

numerical results are provided of the configuration with

one-dimensional coupling between the metronomes. In

addition, a local stability is performed to gain more insight

into the dynamics. Similar results for the configuration with

two-dimensional coupling are provided in Sec. IV. Finally,

Sec. V summarizes the results and provides the

conclusions.

II. METHODS

A. Experimental setup

Figure 1 depicts the experimental setup that was used in

this study, which is a mimicked version of the setup used at

the Ikeguchi Laboratory (cf. Ikeguchi, 2014). It consists of a

lightweight platform made of foam with metronomes placed

on top. The platform is connected to a supporting metal frame-

work via thin metal cables. Platform oscillations induced by

the metronomes causes the metronomes to synchronize and

results into small support cable deflections. Depending on the

spatial metronome configuration, the platform moves in one-

or two-dimensional horizontal space. Thus, the metronome

system exhibits one- or two-dimensional coupling.

To measure the horizontal platform displacement and

the pendulum angles, a contactless measurement system with

video cameras is used. This camera system requires no addi-

tional instrumentation on the metronomes or platform

besides placing markers and covering the metal objects with

glossy surface to prevent reflections. The camera in front of

the experimental setup is used to measure the pendulum

FIG. 1. Experimental setup with two metronomes and camera system to

measure the pendulum angles and platform displacement.
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angles, and the camera above the experimental setup mea-

sures the platform displacement. Calibrated cameras and

checkerboards with known pattern sizes are utilized to calcu-

late the orientation and distance of the cameras with respect

to the setup, which is needed to transform the marker coordi-

nates from the image coordinate system to the world coordi-

nate system. A synchronized video system is developed and

applied to ensure that the video capture of the two cameras

was synchronized.

B. Metronomes

The metronomes used in the experiments are Nikko

Lupina 311 metronomes. An example of such a metronome,

along with a schematic model representation, is depicted in

Figure 2. The pendulum of these metronomes consists of a

bar with two masses. The lower one is fixed, and the top one

can be set at different heights. By adjusting the height, the

moment of inertia of the pendulum around the rotation point

is changed, resulting in a different natural frequency ranging

from 40 bpm to 208 bpm. During the experiments, the mass

was fixed at the lowest position so that the metronomes oscil-

late with their highest possible frequency of 208 bpm. To

compensate for air resistance and friction in the pendulum

hinge, an escapement mechanism is present inside the metro-

nomes which drives the pendulum each back and forth sway

by a small kick when the pendulum crosses the upright

position.

Our previously used metronome model (Hoogeboom,

Pogromsky, and Nijmeijer, 2015), containing one lumped

mass, is a commonly applied model in literature (see, e.g.,

Oud, Nijmeijer, and Pogromsky, 2006 and Czolczynski

et al., 2009). However, as discovered later, this model pro-

vides an inaccurate match for the platform displacement;

therefore, an improved metronome model is used, consisting

of two points masses mp and mb located at lengths ‘p and ‘b

from the rotation point, respectively. The equation of motion

for this model is relatively straightforward and is given as

ðmp‘
2
p þ mb‘

2
bÞ€hþ d _hþ ðmp‘p � mb‘bÞg sin h ¼ uðh; _hÞ;

(1)

where d is the damping due to the pendulum hinge friction

and air resistance, g denotes the gravitational acceleration,

and u represents the escapement function.

Modeling of this escapement mechanism is not trivial

and several approaches have been used in literature, for

example, by using a van der Pol damping term. In this study,

the escapement mechanism is modeled as an impulsive input

that drives the pendulum between two angles and is defined

as (see Kapitaniak et al., 2012, pp. 12 and 13)

uðh; _hÞ ¼
s; if � hs � h � he � _h > 0;

�s; if � he � h � hs � _h < 0;

0; otherwise;

8>><
>>:

(2)

where s is the driving torque of the escapement mechanism,

and hs, he denote the angles between which the escapement

mechanism operates. This representation imitates real metro-

nome behavior because when the escapement mechanism is

not engaged, for instance, when the pendulum is stopped in

the middle of a swing and is pointing downwards, the pendu-

lum remains steady, whereas a van der Pol escapement mech-

anism function would continue to drive the pendulum. The

presented escapement function (2) is, however, discontinuous

and results in a non-smooth model. To avoid numerical issues

later on in this study, the discontinuous escapement function

is approximated by the following smooth function:

u h; _h
� �

¼ ss
tanh shþ hsð Þ

2e
� tanh sh� heð Þ

2e

� �
; (3)

where s ¼ tanhð50 _h=eÞ provides the sign of the pendulum’s

velocity, and e determines the transition width between

escapement torque on and off.

To identify the metronome model parameters values,

some measurements are made. The pendulum masses mp and

mb are determined by using a scale. The pendulum lengths ‘p

and ‘b and angles hs and he between which the escapement

mechanism operates are determined by geometric measure-

ments. The value for e is selected using a simulation study.

The remaining two parameter values, being the pendulum

damping d and escapement mechanism driving torque s, are

estimated using a standard least squares estimation method.

Table I lists all the resulting parameter values.

III. RESULTS AND DISCUSSION: ONE-DIMENSIONAL
COUPLING

One of the simplest spatial configurations of a set of

metronomes is two metronomes placed side by side, as

shown in Figure 1. The metronomes are placed as such on

the platform that the forces exerted by the metronomes are

along the platform’s major axis, which results into platform

vibrations along the same direction. Hence, the system con-

tains one-dimensional coupling.

As a first step, an experimental study has been con-

ducted. All experiments were started with the platform in

rest, and the pendula were initialized from random positions.

After some time, the metronomes synchronize, and they will

remain in that state till the energy stored in the spring of the
FIG. 2. Nikko Lupina metronome (left) and model representation consisting

of two point masses (right).
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escapement mechanism vanishes or the experiment is

stopped.

A. Experimental results

Figure 3 presents an experimental result with the pen-

dula released from initial conditions close to anti-phase syn-

chronization. As can be seen in roughly the first 20 s,

metronome 2 oscillates with amplitudes and frequency larger

than metronome 1 before the metronomes synchronize in-

phase. This is related to the Dutch National Science Quiz

discussion about synchronization frequency presented in

Pe~na Ramirez et al. (2016). Similar in-phase results were

obtained by performing more experiments, even when the

metronomes were released from initial conditions close to

anti-phase synchronization, indicating possible instability of

the anti-phase solution for this particular set of parameters.

B. Modeling the experimental setup

To explain the experimental results presented in Figure 3,

a model of the experimental setup is derived. To this end,

consider the schematic representation depicted in Figure 4.

Herein, ~e0 represents a fixed world frame, and ~e1; ~e2 repre-

sent body fixed frames to the platform and metronome,

respectively. Vertical platform displacement is neglected

since only small horizontal platform oscillations are

expected. Platform rotations are also neglected as the metro-

nomes are placed on the platform in such a way that the line

of action of the forces exerted by the metronomes goes

through the center of mass of the platform CM, indicated by

the thin dashed line.

As generalized coordinates, the following set is chosen

qT ¼ ½x; h1; h2�, which represents the horizontal platform dis-

placement and the pendulum angles with respect to the verti-

cal. Under the assumption that no dry friction is present, the

equations of motion are derived using the Euler-Lagrange

equations, and this results into the following equations of

motion for the experimental setup:

Mt€x þ c _x þ kx ¼ �
X2

i¼1

p €hi cos hi � _h2
i sin hi

� �
; (4a)

I €h1 þ d _h1 þ pg sin h1 ¼ uðh1; _h1Þ � p€x cos h1; (4b)

I €h2 þ d _h2 þ pg sin h2 ¼ uðh2; _h2Þ � p€x cos h2; (4c)

where Mt ¼Mþ 2mpþ 2mb; I¼mp‘
2
pþmb‘

2
b, and p¼mp‘p

�mb‘b.

To identify the platform parameter values, an estimation

procedure is followed. Since the metronome parameter val-

ues are already estimated in Sec. II B, only the platform

parameters need to be estimated; therefore, both pendula

were fixed to the metronome casing ð€hi ¼ _hi ¼ hi ¼ 0Þ,
reducing (4a) to

Mt€x þ c _x þ kx ¼ 0: (5)

A scale was used to measure the platform mass with metro-

nomes Mt. The platform support damping c and stiffness k
were estimated by exciting the platform in the x-direction

and using this measurement in a standard linear model esti-

mator. The parameter values obtained with this procedure

are listed in Table II.

TABLE I. Estimated metronome model parameter values.

Parameter Value Unit

m p 0.0185 kg

mb 0.0086 kg

‘p 0.0245 m

‘b 0.027 m

d 0.0024 N mm/s

g 9.81 m/s2

s 0.0451 N mm

hs 0.1920 rad

he 0.2793 rad

e 0.05 …

FIG. 3. Experimental result with met-

ronomes initialized close to anti-phase

synchronization. Pendulum angles h1:

black and h2: gray (top) and platform

displacement x (bottom). The metro-

nomes synchronize in-phase after tran-

sient behavior of roughly 20 s.

FIG. 4. Schematic drawing of experimental setup presented in Figure 1. Top

view of the experimental setup (left) and front view of a single metronome

(right).
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C. Computer simulations

With the aim to validate the model, systems (4a)–(4c)

are numerically integrated with initial conditions close to the

experiment shown in Figure 3, and the parameter values are

listed in Tables I and II. Figure 5 depicts the results, and as

can be seen, the simulation results show excellent agreement

with the experimental results, even though dry friction is

neglected in the model. Other extra comparisons between

experiments and simulations gave more or less similar

results. It can therefore be concluded that the improved

model is able to capture the dynamical behavior of the exper-

imental setup and can be applied to investigate the dynamics

of the setup. To further investigate the dynamical behavior

of the setup, the model is utilized in a simulation study with

randomly chosen initial conditions. The results show that

independently of the initial conditions, in-phase synchroniza-

tion is obtained, which complies with the experimental

results.

D. Local stability analysis

The method of investigating dynamical behavior by

numerical integration is particularly useful for transient

behavior. It is, however, not very efficient when the focus is

on periodic solutions and how they evolve when parameters

are varied. In that case, a numerical continuation and bifurca-

tion tool might be more efficient. With such a tool, the exis-

tence and local stability of periodic solutions can be

determined, yielding a branch of solutions in the solution-

parameter space. In this paper, the continuation tool AUTO

(Doedel and Oldeman, 2012) is used, and the resulting dia-

grams show the phase difference between the metronomes

versus the platform parameters. The phase difference between

metronomes 1 and 2 is denoted by Dh1;2 and equals zero

when the metronomes are synchronized in-phase, i.e., when

the in-phase synchronization error einðtÞ ¼ h1ðtÞ � h2ðtÞ van-

ishes, and equals p when the metronomes are synchronized

anti-phase, i.e., when the anti-phase synchronization error

eantiðtÞ ¼ h1ðtÞ þ h2ðtÞ vanishes.

Since the stationary solution ðx; h1; h2Þ ¼ ð0; 0; 0Þ cannot

be used as a starting point, starting branch points are periodic

solutions which are obtained by solving two initial value

problems: one for an in- and the other for an anti-phase solu-

tion branch. Note, however, that the obtained results with

AUTO only provide local stability information, and they do not

provide information about the basin of attraction. In the

sequel, we refer to the in- and anti-phase solution branch as it

comes from the continuation tool. We emphasize that it is

possible to have multiple in-phase solutions with different

periods. A complete study of these situations is out of the

scope of the current publication. Furthermore, the influence

of one parameter at the time is investigated. When, for exam-

ple, the platform mass is changed, the bifurcation diagrams

for the platform damping and stiffness changes as well.

1. Influence of platform mass

First, the limit behavior is investigated using AUTO when

the platform mass is subject to change. Figure 6 presents the

results of this study. On the vertical axis, the phase differ-

ence between the metronomes is indicated. Thus, the upper

line denotes the anti-phase solution branch and the lower

line denotes the in-phase solution branch. Furthermore, the

solid black lines denote stable solutions and dashed gray

lines denote unstable solutions [for the in-phase solution this

means that there is at least one stable/unstable solution (this

implies to all similar diagrams)]. Starting with the estimated

mass value, it can be seen that solely the in-phase solution is

stable, which corresponds to the experimental observations.

For platform mass values lower than approximately 0.12 kg

besides a small interval around 0.075 kg, a stable in- and

anti-phase solution coexists. By changing the varying param-

eter M into the damped eigenfrequency of the beam support

in Hz

fd ¼ x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

q
=2p; (6)

with undamped eigenfrequency x0 ¼
ffiffiffiffiffiffiffiffiffiffi
k=Mt

p
, total mass

Mt ¼ M þ mp þ mb, and dimensionless damping factor

f ¼ c=2
ffiffiffiffiffiffiffiffi
kMt

p
, the unstable interval in the anti-phase solution

branch around 0.075 kg seems to coincide with the natural

frequency of the metronomes. With two ticks or beats per

oscillation cycle, the metronome’s frequency setting of 208

TABLE II. Estimated platform parameter values with two metronomes

configuration.

Parameter Value Unit

M 0.3778 kg

c 0.0185 Ns/m

k 14.7467 N/m

FIG. 5. Numerical integration result of

systems (4a)–(4c) with initial condi-

tions close to the experiment presented

in Figure 3. Pendulum angles h1: black

and h2: gray (top) and platform dis-

placement x (bottom).
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bpm equals 104 cycles per minute or 104=60 � 1.733 Hz.

One can conjecture that this coinciding behavior is caused

by resonance.

2. Influence of platform damping

As a second parameter study, the influence of the plat-

form damping on the stability of the synchronized solutions

is studied. Figure 7 presents the result of this study, and as

can be seen, for the estimated damping value only the

in-phase solution is stable. With a significant increase in plat-

form damping to almost 20 Ns/m, a stable anti-phase solution

is obtained; however, this in turn results in an unstable in-

phase solution. As a result, for this particular set of parameter

values, the damping seems not to be an important factor for

the stability of the synchronized solutions. In the damping

value range of 12 Ns/m to 19 Ns/m, it appears that neither the

in- nor the anti-phase solution is stable, which is rather pecu-

liar. To verify this, numerical simulations with virtually exact

in- and anti-phase initial conditions were started at 16 Ns/m.

The simulation results show diverging behavior, which indi-

cates that both solutions are unstable and the results com-

puted with AUTO appear to be correct.

3. Influence of platform stiffness

As a last parameter study, the platform stiffness is sub-

ject to change. Figure 8 presents the resulting diagram. As

one can see, for the estimated platform stiffness, the in-phase

solution is stable. In fact, the in-phase solution is stable

within the chosen platform stiffness range of 0 N/m to 75 N/

m. The anti-phase solution is stable for stiffness values larger

than 47 N/m, besides a small unstable section similar to the

diagram presented in Figure 6. To verify the stability disap-

pearance, a similar analysis has been conducted by changing

the varying parameter k in the damped eigenfrequency of the

beam support fd, and the unstable section again appears to

coincide with the natural frequency of the metronome, sup-

porting the hypothesis that the instability is probably caused

by resonance.

E. Experimental validation

From the local stability analysis, it can be deduced that

by changing the platform parameter values, a stable in- and

anti-phase solution can be obtained. To experimentally test

these results, the experimental setup has been changed. Since

it was infeasible to reduce the platform mass with the

required amount (only the plastic metronome casings could

be removed), the platform support cables have been replaced

with stiffer substitutes. With the altered setup, a new platform

parameter identification procedure was executed, and the

obtained platform parameter values are listed in Table III.

The obtained stiffness value precisely locates in the region of

coexistence of solutions, as can be seen in Figure 8. Note,

however, that the estimated damping value has also been

changed. Therefore, a new stability diagram with the updated

parameter set has been made. Figure 9 presents this diagram

in which the oscillation frequency of the metronomes and

platform versus the platform mass is shown. The curved line

represents the in-phase solution branch whereas the straight

horizontal line represents the anti-phase solution branch. The

original stiffness value korig as well the increased stiffness

value knew are indicated by vertical dashed-dotted lines. As

can be seen, a stable in- and anti-phase solution coexists with

the increased stiffness value. The diagram also reveals that,

with an even further increase in the stiffness value, multiple

in-phase solutions can coexist with different frequencies.

Since that particular solution lies beyond the current parame-

ter setting, it cannot be experimentally verified.

With the changed experimental setup, a new set of

experiments has been conducted. The experimental results

show besides a stable in-phase solution also a stable anti-

phase solution, supporting the local stability analysis. Both

experimental results are presented in Figures 10 and 11

together with numerical simulation results obtained with the

FIG. 7. Stability diagram of systems (4a)–(4c) for the phase difference

between the metronomes Dh1;2 as a function of the platform damping c.

Note the interval 12 Ns/m to 19 Ns/m in which both the in- and anti-phase

solution branches are classified as unstable.

FIG. 8. Stability diagram of systems (4a)–(4c) for the phase difference

between the metronomes Dh1;2 as a function of the platform stiffness k. Note

the unstable interval in the anti-phase solution branch is also present in

Figure 6.

TABLE III. Estimated platform parameter values with two metronomes con-

figuration and stiffer support cables.

Parameter Value Unit

M 0.3778 kg

c 0.3868 Ns/m

k 47.0899 N/m

FIG. 6. Stability diagram of systems (4a)–(4c) for the phase difference

between the metronomes Dh1;2 when varying the platform mass M. Stable

solutions are denoted by solid black lines, whereas unstable solutions are

denoted by dashed gray lines (for the in-phase solution, this means that there

is at least one stable/unstable solution).
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parameters listed in Tables I and III and initial conditions

close to the aforementioned experiments. As one can see, the

results show similar behavior in synchronization time and

final synchronized state, whereas the transient behavior

shows some differences in amplitude. These differences are,

however, not significant, and therefore, it can be concluded

that this model is, to a large extent, able to predict the

dynamical behavior of the experimental setup.

F. Discussion multiple coexisting in-phase solutions

In Figure 9, it can be seen that two in-phase solutions

can coexist. To investigate this further, several computer

simulations have been performed to obtain the other in-phase

solution. It turns out that when the platform is initialized in-

motion, i.e., x 6¼ 0 and _x 6¼ 0, the solution can converge to

the other in-phase solution. With this knowledge, a new sta-

bility diagram has been made for the original parameter set.

Figure 12 presents the results in which the upper and lower

line represent an in-phase solution branch and the line in

between represents the anti-phase solution branch. The upper

and middle line represented the in- and anti-phase solution

branch in Figure 8. As can be seen, at least two in-phase

solution branches exist with different frequencies for the

original parameter setting. In the stiffness range of 30 N/m to

55 N/m, both in-phase solutions are stable as well.

To show the difference in frequency and/or amplitude,

computer simulations have been performed with a stiffness

value k ¼ 48 N/m. Figure 13 shows the solution for the upper

and lower branch. From the figures, it can be deduced that

for the in-phase solution with the highest frequency the met-

ronomes and platform oscillate out-of-phase, whereas with

the lower frequency in-phase solution, the metronomes and

platform oscillate in-phase. Furthermore, a slight difference

in amplitude is noticeable.

The lower frequency in-phase solution is never experi-

mentally observed because the stiffness value was insufficient

during the experiments. Moreover, the platform needs to be

initialized in-motion to be in the basin of attraction of that

solution branch, which might introduce extra complexities.

FIG. 9. Stability diagram of systems (4a)–(4c) for the oscillation frequency

of the metronomes and platform as a function of the platform stiffness k.

The curved line represents the in-phase solution branch, whereas the straight

line represents the anti-phase solution branch.

FIG. 10. Increased platform stiffness analysis: experimental result (left) and numerical integration result of systems (4a)–(4c) with initial conditions close to

the experiment (right). The metronomes synchronize in-phase.

FIG. 11. Increased platform stiffness analysis: experimental result (left) and numerical integration of systems (4a)–(4c) with initial conditions close to the

experiment (right). The metronomes synchronize anti-phase.
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Further research is needed to experimentally verify the other

in-phase solution.

IV. RESULTS AND DISCUSSION: TWO-DIMENSIONAL
COUPLING

Section III considered synchronization of two metro-

nomes with one-dimensional coupling. Experimental and

numerical analyses have been conducted with the aim to

gain insight into what determines the stability of the synchro-

nized solutions. Since the numerical analysis showed a good

agreement with the experimental results, this section presents

similar experimental and numerical analyses with four met-

ronomes containing two-dimensional coupling. This means

two extra metronomes and one extra horizontal degree of

freedom for the platform.

A. Experimental setup and results

Figure 14 depicts the experimental setup used for the

two-dimensional coupling analysis. As can be seen, it consist

of two perpendicular groups of metronomes which are placed

45� rotated relative to the platforms’ principal axes. Coupling

between the groups is achieved through platform motion, and

since it can move in both horizontal directions, the system

exhibits two-dimensional coupling. To measure the pendulum

angles of both groups of metronomes, the same camera system

is used, such that each camera measures one group. To obtain

the platform displacements, a third camera above the experi-

mental setup was actually required similar to the camera setup

presented in Sec. II A. During the experiments, only two cam-

eras were available. Therefore, the platform displacements

were calculated from the marker positions obtained with the

cameras placed on the side of the experimental setup. This

calculation procedure assumes small horizontal platform

oscillations and no platform rotations.

As a first step, an experimental study has been conducted.

In all synchronization experiments, the metronomes are

released from random positions with the platform as still as

possible. Since the metronomes are initiated by hand, this is

not completely possible. When an experiment is started, it

takes, depending on the initial conditions, roughly 20 s before

the two groups of metronomes are synchronized in-phase.

This means that the diagonal metronome groups synchronize.

The phase difference between the diagonal groups depends on

the platform motion and can take any value. An example of

such an experiment is presented in Figure 15. Notice that in

FIG. 12. Stability diagram of systems (4a)–(4c) for the oscillation frequency

of the metronomes and platform as a function of the platform stiffness k.

The curved lines represent the in-phase solution branches, whereas the

straight line represents the anti-phase solution branch.

FIG. 13. In-phase solution with high-frequency (left) and in-phase solution with low frequency (right). Both solutions are obtained with k ¼ 48 N/m. Note that

with the left solution the platform and metronomes oscillate out of phase while with the right solution, the platform and metronomes oscillate in-phase.

FIG. 14. Experimental setup with four metronomes placed in such a way

that on the platform it contains two-dimensional coupling. The cameras in

both lower corners were used to obtain the pendulum angles and platform

displacements.
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this case both diagonal metronome groups synchronize in-

phase after initial transient behavior, while the phase difference

between the diagonal groups converges to anti-phase, i.e.,

h1 � h2 � �h3 � �h4; _h1 � _h2 � � _h3 � � _h4; x � 0, and

_x � 0. For roughly the first 12 s, the platform displacement in

the y-direction, presented in the bottom plot, shows a normal

sinusoidal shape; thereafter, the negative peaks are slightly flat-

tened. The cause for this is unclear.

B. Modeling the experimental setup

Likewise to Sec. III B, a model of the experimental

setup is derived for further dynamical investigation. To this

end, consider the schematic representation as depicted in

Figure 16. Herein, ~e0 represents a fixed world frame, ~e1 rep-

resents a body fixed frame to the platform, and ~e2; ~e3 repre-

sent body fixed frames to metronomes 2 and 4, respectively.

The platform has two degrees of freedom in the horizontal

plane, and its motion in both directions is constrained by two

equally assumed constant linear springs and dampers.

Although the experimental results with the setup show that

the horizontal platform displacements are larger compared to

those in Sec. III A, the vertical displacement is still expected

to be insignificant and is therefore neglected in the model.

Rotations of the platform are also neglected as the

metronomes are placed in such a way on the platform that

the line of action of the forces exerted by the metronomes

goes through the center of mass of the platform CM, indi-

cated by the thin dashed lines.

As generalized coordinates, the following set is chosen

qT ¼ ½x; y; h1; h2; h3; h4�, which represents the horizontal

platform displacements and the pendula angles from the ver-

tical. By applying the Euler-Lagrange formalism, one finds

the following equations of motion for this system:

Mt€x þ c _x þ kx ¼ �p
X4

i¼1

vi

ffiffiffi
2
p

2
; (7)

Mt€y þ c _y þ ky ¼ �p
X2

i¼1

vi

ffiffiffi
2
p

2
þ p

X4

i¼3

vi

ffiffiffi
2
p

2
; (8)

I €hi þ d _hi þ pg sin hi ¼ ui � p €x þ €yð Þ
ffiffiffi
2
p

2
cos hi; i ¼ 1; 2;

(9)

I €hi þ d _hi þ pg sin hi ¼ ui � p €x � €yð Þ
ffiffiffi
2
p

2
cos hi; i ¼ 3; 4;

(10)

with Mt ¼ M þ 4mp þ 4mb; I ¼ mp‘
2
p þ mb‘

2
b; p ¼ mp‘p

�mb‘b; ui ¼ uðhi; _hiÞ, and vi ¼ €hi cos hi � _h2
i sin hi. By look-

ing at the equations, one can clearly see that this is a two-

dimensional coupled system as the platform dynamics (7)

and (8) contain coefficients depending on hi and the metro-

nome dynamics (9) and (10) contain coefficients depending

on x, y.

To estimate the parameter values, a platform parameter

identification procedure is followed. Since the metronome

parameters are already estimated in Sec. II, only the platform

parameter values need to be estimated. Therefore, the pen-

dula of the metronomes were fixed to the casing, reducing

(7) and (8) to Mt€x þ c _x þ kx ¼ 0 and Mt€y þ c _y þky ¼ 0,

respectively. The platform mass with metronomes Mt was

determined by using a scale. The unknown damping c and

spring k constants were estimated by using a standard linear

model estimator. Despite that the platform is rectangular and

FIG. 15. Experimental result with met-

ronomes released close to anti-phase

synchronization. Pendulum angles h1:

black and h2: gray (top), pendulum

angles h3: black and h4: gray (center),

and platform displacements x: black

and y: gray (bottom). After initial tran-

sient behavior, the diagonal metro-

nome groups synchronize in-phase,

and the phase difference between the

diagonal groups converges to anti-

phase.

FIG. 16. Schematic drawing of experimental setup depicted in Figure 14.

Top view experimental setup (left) and front view of a single metronome

(right).
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the suspension points are not symmetrically spaced, the

spring and stiffness coefficients were considered to be equal

in both horizontal directions for the sake of model’s simplic-

ity. This also implies that the platform solely in one direction

needs to be excited to obtain a measurement which can be

used for the parameter estimation procedure. The parameter

values belonging to this fit are listed in Table IV. As can be

seen, the stiffness and damping value are larger than the val-

ues obtained in Sec. III B with the same support cables. This

increase in the stiffness constant can be explained by the fact

that the platform is modeled as a linear model in which the

vertical displacement is neglected. Although the platform in

the experiments hardly displaces in the vertical direction,

some movement is there. Thus, besides the platform supports

cable deflections, the force due to gravity and platform mass

with metronomes is also taken into account in the spring con-

stant, and with an increase in total mass, the self restoring

force increases as well.

C. Computer simulations

With the aim to validate this model, systems (7)–(10) is

numerically integrated with initial conditions close to the

experiment shown in Figure 15, and the parameter values are

listed in Tables I and IV. Figure 17 depicts the simulation

results, and by comparing this figure with Figure 15, one can

see that the simulation model produces almost identical

results as in the experiment for the pendulum angles. The

platform displacements, shown in the bottom plots, slightly

differ in the amplitude and phase, which seems to be mainly

caused by the flattened sinusoidal shape in the last 10 s of the

experiment.

To gain insight into the system dynamics, more simula-

tions were performed with randomly chosen initial conditions

in which solely in-phase synchronization among the groups

was observed. By changing the platform parameter values in

the simulations, it is possible to obtain other stable limit

behavior. In fact, the following four synchronized configura-

tions are theoretically possible: (1) in-in-phase, i.e.,

ðh1 ¼ h2; _h1 ¼ _h2Þ; ðh3 ¼ h4; _h3 ¼ _h4Þ; (2) anti-anti-phase,

i.e., ðh1 ¼ �h2; _h1 ¼ � _h2Þ and ðh3 ¼ �h4; _h3 ¼ � _h4Þ; (3)

in-anti-phase, i.e., ðh1 ¼ h2; _h1 ¼ _h2Þ and ðh3 ¼ �h4;
_h3 ¼ � _h4Þ; and (4) anti-in-phase, i.e., ðh1 ¼ �h2; _h1 ¼ � _h2Þ
and ðh3 ¼ h4; _h3 ¼ _h4Þ. Since the platform is considered to

be symmetric, the last two synchronized configurations are

equal but opposite. Furthermore, due to the symmetric plat-

form, there is no preferred platform motion, i.e., the platform

can evenly move in the x- or y-direction. Consequently, the

phase difference between the two synchronized groups of

metronomes, denoted by Dh12;34, is free, i.e., when the phase

difference between the group is perturbed with a small angle,

it would remain perturbed and never automatically return to

the unperturbed case. In other words, the system preserves or

remembers the phase difference between the groups of

metronomes.

D. Local stability analysis

As in Sec. III, we want to conduct a local stability analy-

sis to gain insight into what influences stability of the syn-

chronized solutions. Unfortunately, with this system, there is

a problem because, as previously indicated, the system con-

tains a continuum of periodic solutions while only the stabil-

ity of a limit cycle can be determined with AUTO.

Asymptotically stable limit cycles have the property that all

trajectories in the vicinity tend towards the limit cycle as

t!1. Therefore, to be able to perform a local stability

analysis, the model must be changed such that it contains an

attracting limit cycle for an in-phase solution and one

for an anti-phase solution, similar to the model presented in

Sec. III B, while maintaining an accurate prediction of the

dynamics of the original system.

To do so, consider the case that all the metronomes are

synchronized in-phase with equal amplitudes, i.e., h1 ¼ h2

¼ h3 ¼ h4 and _h1 ¼ _h2 ¼ _h3 ¼ _h4. Consequently, the right

hand side of (8) equals zero and the equation transforms to

Mt€y þ c _y þ ky ¼ 0. With zero initial condition yð0Þ ¼ 0, the

solution remains zero, and the model can be changed such

that the generalized coordinate in the y-direction is removed,

i.e., the platform is restricted to solely move in the x-direc-

tion. In addition, the phase difference between the groups

must be restricted or at least the system must be altered such

that Dh12;34 ¼ 0 is the lowest energy state in the system. To

do this, a virtual spring can be attached to the pendula of two

metronomes placed on a different diagonal. In this way, two

metronomes, for example, metronomes 1 and 3, are forced to

synchronize while the phase difference between the diagonal

groups, metronomes 1, 2 and 3, 4, is free, resulting in the fol-

lowing set of equations:

Mt€x þ c _x þ kx ¼ �p
X4

i¼1

vi

ffiffiffi
2
p

2
; (11)

I €h1 þ d _h1 þ pg sin h1 ¼ ui � p€x

ffiffiffi
2
p

2
cos h1 � q; (12)

I €h2 þ d _h2 þ pg sin h2 ¼ ui � p€x

ffiffiffi
2
p

2
cos h2; (13)

I €h3 þ d _h3 þ pg sin h3 ¼ ui � p€x

ffiffiffi
2
p

2
cos h3 þ q; (14)

I €h4 þ d _h4 þ pg sin h4 ¼ ui � p€x

ffiffiffi
2
p

2
cos h4; (15)

where I ¼ mp‘
2
p þ mb‘

2
b; p ¼ mp‘p � mb‘b; vi ¼ €hi cos hi

� _h2
i sin hi; ui ¼ uðhi; _hiÞ; q ¼ �ðh1 � h3Þ, and � represents

the virtual spring stiffness. Selecting this value requires

some attention. On the one hand, this value must be as small

as possible to minimize the influence on the dynamical

behavior of the system. On the other hand, the value must be

TABLE IV. Estimated platform parameter values with four metronomes

configuration.

Parameter Value Unit

M 0.6366 kg

c 0.0285 Ns/m

k 24.3431 N/m
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large enough to maintain numerical stability; therefore, after

some simulations, the value is selected to be 0.01 Nm/rad.

Systems (11)–(15) are used to determine the local stabil-

ity of the in-in-phase, denoted by Dh13;24 ¼ 0, and anti-anti-

phase solution, Dh13;24 ¼ p, i.e., h1 ¼ h2 ¼ h3 ¼ h4; _h1

¼ _h2 ¼ _h3 ¼ _h4, and h1 ¼ �h2 ¼ h3 ¼ �h4; _h1 ¼ � _h2 ¼ _h3

¼ � _h4, respectively. These two solutions are actually two

particular periodic solutions of systems (7)–(10). By adding

the virtual spring, the obtained results cannot be directly

translated in the stability of the original system; however, it

certainly gives an indication of stability of the synchronized

solutions.

1. Influence of platform mass

Figure 18 shows the influence of the platform mass M
on the limit synchronized solution. On the vertical axis, the

phase difference between the metronomes 1, 3 and 2, 4 is

presented. As can be seen, the in-phase solution is stable

over this whole interval of platform mass. A stable anti-

phase solution only arises with a significant decrease of plat-

form mass besides a small unstable section near the natural

metronome frequency, similar to the results with two metro-

nomes shown in Sec. III D. In fact, an almost identical dia-

gram is obtained.

2. Influence of platform damping

In the second bifurcation parameter study, the platform

damping is subject to change. The computed results are

depicted in Figure 19. As can be seen, for this particular set

of parameter values, the platform damping seems not to

influence stability of the in- and anti-phase solution because

the anti-phase solution is unstable over the whole interval,

whereas the in-phase solution is stable over the whole inter-

val. This result shows similarities with the local stability

result from Sec. III where the platform damping was also

insignificant.

3. Influence of platform stiffness

Finally, the influence of the platform stiffness on the

limit synchronized solution is considered. From the results

depicted in Figure 20, it can be deduced that only with a sig-

nificant increase in platform stiffness, a stable anti-phase

solution can be observed. Likewise to the results presented

in Figures 8 and 18, an unstable section is present in the anti-

phase solution branch which seems to be near the natural

metronome frequency.

E. Experimental verification

Similar to Sec. III E, an experimental analysis has been

performed with the stiffer support cables to validate the local

stability analysis. For this, a platform identification proce-

dure has been executed, and the results obtained are listed in

Table V. By comparing the values in Table V with Figure

20, it can be concluded that the increased stiffness value is

not within the stable anti-phase range when neglecting the

change in damping value. This conclusion is supported by an

experimental study where solely in-phase synchronization of

FIG. 17. Numerical integration result

of systems (7)–(10) with initial condi-

tions close to the experiment shown in

Figure 15. Pendulum angles h1: black

and h2: gray (top), pendulum angles

h3: black and h4: gray (center), and

platform displacements x: black and y:

gray (bottom). Compare this figure

with Figure 15.

FIG. 18. Stability diagram of systems (11)–(15) for the phase difference

between the synchronized metronome groups 1,3 and 2,4 Dh13;24 as a func-

tion of the platform mass M. Stable solutions are denoted by solid black

lines, whereas unstable solutions are denoted by dashed gray lines.

FIG. 19. Stability diagram of systems (11)–(15) for the phase difference

between the synchronized metronome groups 1,3 and 2,4 Dh13;24 as a func-

tion of the platform damping c.
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the groups is observed. One experimental result is shown in

Figure 21, along with a numerical simulation result obtained

with the platform parameters listed in Tables I and V and ini-

tial conditions close to the aforementioned experiment. As

can be seen, the groups of metronomes synchronize in-

phase. Other experimental results showed equal behavior.

As an extra model verification, the experimental and

numerical results are compared. As can be seen, the result

shows similar behavior for the pendulum angles. The plat-

form displacements, shown in the bottom figure, show some

small differences in the amplitude. Nevertheless, the model

seems to be able, to a large extent, to predict the dynamical

behavior of the setup.

V. CONCLUSIONS

The aim of this study was to extend the current knowl-

edge of coupled metronome systems and provide new

insight into the existence and stability of synchronization

regimes with multidimensionally coupled metronome sys-

tems. To achieve this, an experimental setup has been con-

structed which consists of a rectangular platform made of

lightweight foam that is suspended at the corners by four

thin cables. Furthermore, a contactless measurement setup

containing video cameras was developed. With the experi-

mental setup, experiments with various spatial configuration

of a set of metronomes were performed in which synchroni-

zation among the metronomes was observed. To further

investigate the dynamical behavior of the system, models

for the dynamics of the experimental setup were developed

and identified using experimental data. These models are,

then, validated by comparing computer simulations with

experimental results, after which they were used to reveal

local stability of the synchronized solutions when a subset

of the system parameters, the platform support parameters,

was subject to change. Based on the local stability analysis

results, the experimental setup has been changed by replac-

ing the support cables with stiffer substitutes. With the

updated setup, the two metronomes configuration also

showed stable anti-phase synchronization as predicted by

the stability analysis.

Based on the presented results, it can be concluded

that the model of the experimental setup, containing an

improved metronome model consisting of a double point

mass pendulum, closely matches the dynamical behavior

of the experimental setup with two configurations of a set

of metronomes. The presented method and model can be

used to numerically investigate the existence and stability

TABLE V. Estimated platform parameters with four metronomes configura-

tion and stiffer support cables.

Parameter Value Unit

M 0.6366 kg

c 0.2673 Ns/m

k 62.8719 N/m

FIG. 21. Increased platform stiffness analysis, experimental result (left) and numerical integration result of systems (4a)–(4c) with initial conditions close to

the experiment (right).

FIG. 20. Stability diagram of systems (11)–(15) for the phase difference

between the synchronized metronome groups 1,3 and 2,4 Dh13;24 as a func-

tion of the platform stiffness k.
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