
 

Prefix orders as a general model of dynamics

Citation for published version (APA):
Cuijpers, P. J. L. (2013). Prefix orders as a general model of dynamics. In E. Bonelli, M. Ayala-Rincón, & I.
Mackie (Eds.), Pre-proceedings of the 9th International Workshop on Developments in Computational Models
(DCM'13, Buenos Aires, Argentina, August 26, 2013; in conjunction with CONCUR'13) (pp. 25-29)

Document status and date:
Published: 01/01/2013

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/a6c8a0b9-9ef1-4f13-9696-1ff33c771297


Submitted to:
DCM 2013

c© P.J.L. Cuijpers
This work is licensed under the
Creative Commons Attribution License.

Prefix Orders as a General Model of Dynamics

P.J.L. Cuijpers
Department of Mathematics and Computer Science

Eindhoven University of Technology
p.j.l.cuijpers@tue.nl

1 Introduction

Whenever I am confronted with a new type of dynamical system, one of the the first questions that arises
is: ”how does this system behave?” Also, any book that studies the dynamics of a computational system,
a control system, a physical system, a biological system, etc., starts by defining in some way ”what the
executions of such a system look like.” As an example, in automata and process theory, executions are
described as runs over a transition system [5], while in control theory, executions are usually functions
of time to some variable-space [6]. In hybrid and cyber-physical systems theory, these two notions have
been combined by defining time as a mix of continuous and discrete steps [1].

The notion of ‘a set of executions’ appears to be crucial in the study of dynamical systems, and while
executions are often defined as functions of time, there is still much debate on what an appropriate notion
of ‘time’ is. For me, this was a reason to see if I could characterize the essential properties of a set of
executions without considering the notion of time. Admittedly, the word ‘essential’ is biased towards
process theory in this case, for in this paper I generalize the notion of execution of a dynamical sys-
tem in such a way that computer-science notions like implementation, refinement, specification, parallel
composition and branching bisimulation are still defined in a natural way.

Using category theory as a compass, I start by formally defining my ’object of study’ in the next
section. I give axioms that characterize the idea of a ‘prefix order’ on executions, and use this idea as
a basis throughout the remainder of the paper. In the subsequent sections, I propose different ‘structure
preserving maps’ to characterize the different notions from computer science mentioned above.

In this paper, I only develop a very basic theory of dynamics. Admittedly, this may raise more
questions than it answers, and many possible continuations for research impose themselves immediately.
In the concluding section, I sketch a number of these directions for future research in which I expect the
proposed generalization will be useful.

2 Prefix Orders

In [2, 3] the notion of branching bisimulation between processes is studied on runs over a transition
system, rather than directly on the transition systems themselves. The authors show that, after unfolding
a transition system into its set of executions, branching bisimulation can be characterized using relations
that are forward- and backward- bisimulation relations. It was observed in [3] that the resulting definition
of bisimulation only uses the notion of ‘prefix’ on the runs, rather than requiring a notion of ‘silent-steps
followed by a single observable step’. This observation becomes important when developing a notion of
bisimulation that works for arbitrary types of execution, in which a notion of ’next step’ does not always
exist. Moreover, the subsequent sections show that just capturing the notion of prefix order on executions
in an order theoretic fashion already gives us a very flexible general model of dynamics.

http://creativecommons.org
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In literature, the notion of ‘prefix’ is often defined using some notion of time. An execution is then
defined as a function e : [0, t]→ X from some interval [0, t] over time to a set X , and another execution
f : [0, t ′]→X is a prefix of e if t ′≤ t and for all τ ∈ [0, t ′] it holds that e(τ)= f (τ). This notion of prefixing
leads to an order relation on executions, which on closer inspection satisfies the following axioms.

Definition 1 (Prefix order) A prefix order 〈U,�〉 consists of a set of executions U and a prefix relation
�⊆ U×U that is:

• reflexive: ∀a∈U a� a;

• transitive: ∀a,b∈U a� b ∧ b� c ⇒ a� c;

• anti-symmetric: ∀a,b∈U a� b ∧ b� a ⇒ a = b;

• downward total: ∀a,b,c∈U (a� c ∧ b� c) ⇒ (a� b ∨ b� a);

In this definition, only the downward totality is special; the other three requirements simply say that
prefixing is a partial order in the classical sense. Downward totality means that, although the future of
a system may be branching from a given point of execution, the past is always totally ordered. In [4],
this is called the perfect recall property of executions: at any point of execution the complete history
of the system so far is remembered. Another way of looking at it, is saying that the set of executions
behaves like a tree structure, except that it may be dense (in continuous systems there is no ’next’ point
of execution), there may be no root (in some systems history is infinite), and there may be multiple trees
next to each other (for example because there are multiple initial states to consider).

Two important notions on a prefix order are the future and the history of an execution.

Definition 2 (History and future) Given a prefix order 〈U,�〉 and an execution u ∈ U, the history and
future of u are defined by

• history: u− , {v ∈ U | v� u};

• future: u+ , {v ∈ U | u� v};

A map f : U→ V between two prefix orders is then

• order preserving if: ∀u,u′∈U u� u′ ⇒ f (u)� f (u′);

• history preserving if: ∀u∈U f (u−) = f (u)−;

• future preserving if: ∀u∈U f (u+) = f (u)+;

with the obvious lifting f (A), { f (a) | a ∈ A} of f to subsets A⊆ U.

Incidentally, the well-known idea of ‘computation trees’ as executions (see e.g. [2, 3]) is obtained by
studying only prefix orders in which each history is a finite set, while the idea of ‘initial states’ at which
a system is turned on is captured by studying only prefix orders in which each history has a minimum.
Furthermore, one should note that any history or future preserving function is also order preserving.

3 Bisimulations as history and future preserving surjections

In this section, the previously mentioned result of [2, 3], capturing branching bisimulation using futures
and histories, is generalized to prefix orders. However, in contrast to [2, 3], I do not use a relational
definition of branching bisimulation here, but a definition using spans (as proposed by [7]).
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Definition 3 (Labeled transition system) A labeled transition system is a tuple 〈X ,A, i,→〉, consisting
of a set of states X, a set of observables A, an initial state i ∈ A, and a transition relation→⊆ X × (A∪
{τ})×X with the unobservable τ 6∈ A. Given a∈ A∪{τ} I write x a→ x′ for (x,a,x′)∈→ and x0

a
� xn+1

whenever there exists a sequence x0 . . .xn+1 such that xi
τ→ xi+1 for every i < n and xn

a→ xn+1.

Definition 4 (Run) A run over a labeled transition system 〈X ,A, i,→〉 is a sequence ρ ∈ ((A∪{τ})×
X)∗ such that, if ρ is not empty, it holds that i

ρ1(0)→ ρ2(0) and ρ2(n)
ρ1(n+1)→ ρ2(n+ 1) for all n+ 1 ∈

dom(ρ). The set of all runs is denoted R(→), is prefix ordered in the usual way, and is observed by a
function π : R(→)→ A∗ defined recursively as π(ε) = ε , π(ρ · τ) = π(ρ), and π(ρ ·a) = π(ρ) ·a, for
a ∈ A.

Definition 5 (Branching Bisimulation) Two labeled transition systems 〈X ,A, i,→1〉 and 〈Y,A, j,→2〉
are branching bisimilar if there exists a relation R ⊆ X×Y such that iR j and

• if xRy, and x a→1 x′, then either a = τ and x′Ry, or there exist y′,y′′ such that y
τ

�2 y′ and
y′ a→2 y′′ and xRy′ and x′Ry′′;

• if xRy, and y a→2 y′, then either a = τ and xRy′, or there exist x′,x′′ such that x
τ

�1 x′ and
x′ a→1 x′′ and x′Ry and x′′Ry′.

Theorem 1 Two labeled transition systems 〈X ,A, i,→1〉 and 〈Y,A, j,→2〉 are branching bisimilar if and
only if there exists a prefix order 〈U,�〉 and span ( f ,g) of history and future preserving (surjective) maps
f : U→ Runs(→1) and g : U→ Runs(→2) such that π(g(u)) = π( f (u)) for every u ∈ U.

Note that the requirement that f and g are history and future preserving implies that they are surjective
whenever their domains have a single minimum (i.e. a single initial state). However, I would like to
propose the above theorem as an alternative definition for branching bisimulation in the future, and on
arbitrary prefix orders surjection is not guaranteed while I feel a complete refinement should be surjective
(thus guaranteeing that all initial states are related whenever there is more than one).

In the next section, I will argue that history preserving maps model refinements of a specification.
As a consequence, the above theorem may be interpreted as: two specifications are branching bisimilar
if and only if they have a common refinement. In other words, branching bisimulation is a way to define
that two specifications are ‘consistent’ with each other.

The definition of bisimulation using spans is flexible, and can easily be adapted for multiple ‘views’
by considering systems that have multiple labels. For example, one can treat the observation of time
and of actions separately in a system with timed runs. This separation of concerns is more difficult to
achieve using the traditional definition. On the negative side, the notion of bisimulation through history
and future preserving spans does not coincide in general with the notion of bisimulation through history
and future preserving relations as proposed in [2, 3]. For certain pathological prefix orders (such as the
‘negative natural numbers’ −N and the ‘negative countable ordinals −Ω) a history and future preserving
relation exists (−N×−Ω) while there cannot exist a span of history and future preserving surjections. As
I like the ‘common refinement’ interpretation of branching bisimulation, I vote for the more restrictive
definition using spans in this paper.

4 Refinements as history preserving maps

In the previous section, I discussed maps that are both history and future preserving. However, the
idea that elements of a prefix order represent executions puts more emphasis on the past than on the
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future. Even more strongly, the next theorem shows that the history of an execution in fact contains all
information about that execution.

Theorem 2 Any prefix order 〈U,�〉 is isomorphic to the prefix order 〈U−,⊆〉, with U− = {u− | u ∈ U}.
I.e. there exists a bijection f : U→ U− such that f and f−1 are order preserving (and consequently
history and future preserving).

In itself, this already justifies the study of history preserving maps as a category. But further justifica-
tion can be found in the observation that a history preserving map f : U→V models how each execution
of U maps to a (more abstract) execution in V. At every point of execution in U, f tells you exactly
where the system is in V, thus showing how U is a refined version of the behavior in V. Indeed, this re-
finement may not be complete. Therefore, the history preserving maps are suitable to describe arbitrary
refinements, while surjective history and future preserving maps describe complete refinements. In the
category of history preserving maps, notions like parallel composition and disjoint union arise naturally.

Definition 6 (Product) Given a family of prefix-orders {〈Ui,�i〉 | i ∈ I} a joint execution is a set of
tuples H ⊆∏i∈I Ui, modeling a history of concurrent points of execution (synchronous or interleaving),
with a maximum: ∃h∈H∀i∈I Hi = h−i , and no crossings: ∀h,g∈H (∀i∈I hi �i gi)∨ (∀i∈I gi �i hi).
(Here ∏ denotes the usual Cartesian product on sets, hi denotes the i’th element in a tuple h, and
Hi = {hi | h ∈ H} lifts this to sets of tuples.)

The parallel composition of this family, is the set ‖i∈I Ui of all joint executions, ordered by the relation
v, defined for all G,H ∈‖i∈I Ui by G v H ⇔ G ⊆ H ∧ ∀h∈H∀g∈G(∀i∈I hi �i gi)⇒ (h ∈ G). Together
with the parallel composition, the family {πi : (‖ j∈I U j)→Ui} of canonic projections is given by πi(H)=
max(Hi) for every i ∈ I and H ∈‖ j∈I U j.

Theorem 3 The parallel composition of a family of prefix orders coincides with the categorical product
in the category of history preserving maps.

Definition 7 (Disjoint union) Given a family of prefix-orders {〈Ui,�i〉 | i ∈ I} the disjoint union is the
disjoint union on sets:

⊎
i∈I Ui = {(i,u) | i ∈ I ∧ u ∈ Ui}. This set is ordered by the relation v, defined

by (i,u)v ( j,v) ⇔ i = j ∧ u� v, and equipped with a family {ιi : Ui→
⊎

j∈I U j} of canonic insertions
given by ιi(u) = (i,u) for all i ∈ I and u ∈ Ui.

Theorem 4 The disjoint union of a family of prefix orders coincides with the categorical co-product of
this family in the category of history preserving maps.

Finally, combining the two categories in the tradition of process algebra, branching bisimulation
using spans turns out to be a congruence with respect to the two constructs discussed above.

Theorem 5 If there exists a span of history and future preserving surjections between prefix orders U
and V, then for any prefix order X there exists a span of history and future preserving surjections between
U ‖ X and V ‖ X, and between U

⊎
X and V

⊎
X.

5 Discussion and Concluding remarks

I have shown that dynamical systems can be modeled as a set of executions under their natural prefix
ordering, and that history preserving maps represent the refinement of a specification, thus allowing
refinements between various types of dynamics in one unified framework. Furthermore, if refinements
are complete in the sense that all and only specified behavior is refined, then the corresponding maps are
surjective and future preserving.
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One of the next steps, is to deal with structured operational semantics in a categorical fashion. Is it
possible to create maps from any operation defined using structured operational semantics to the compo-
nents it depends on? In general, the composition of two systems does not lead to a refinement, so there
will not simply be a history preserving map. For example, the system X

⊎
Y does not have natural maps

back to X and Y. However, there are natural partial history preserving maps from X
⊎
Y to X and Y.

From the point of view of X, the composition X
⊎
Y is a combination of refinement and specification.

The newly specified part is therefore undefined in the map to X, while the refinement is mapped in a
history preserving way. For the study of operational semantics in a category theoretic way, I therefore
expect that partial history preserving maps may be helpful.

Another possible step, is to add more structure to the notion of prefix order, thus becoming less
general but more applicable. Prefix orders really only model the dynamical properties of a system. If one
would like to study timing, continuity, energy, or other properties, an observation map (like the one used
in section 3) is needed. Incidentally, the map used in section 3 is itself a history preserving map, but other
types of maps are conceivable as well. For example, if π : U→ Q and π : V→ Q map the executions
of two systems to some (partially ordered) quantity Q, one could define that U is an over-approximation
of V if there is a history and future preserving surjection f : U→ V such that π( f (u))≤ π(u) for every
u ∈ U. Furthermore, the idea of prefixing is intimately coupled with the notion of concatenation, since
prefixing is also often defined as: x� z iff ∃y x · y = z. It seems therefore reasonable to also study which
semigroups 〈U, ·〉 admit a natural prefix order. Finally, one could also study probabilistic systems by
imposing a measure on the anti-chains of the prefix order, or one could study continuous systems by
making using of the natural interval topology on prefix orders, and consider continuous maps between a
prefix order and some physical variable.

In conclusion, adding observations in order to study different types of dynamical systems is remi-
niscent of the definition of executions as functions of time. Looking back, perhaps I did not succeed in
eliminating the notion of time from our modeling paradigm after all. In stead, one could say I did succeed
in capturing, in an order theoretic way, the notion of a dynamical system as a function of branching time.
Acknowledgements go to Harsh Beohar, Erik de Vink and Ruurd Kuiper for their continuing support.
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