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Summary

When the wall of a blood vessel is damaged, the immediate response of the
body to prevent blood loss is the creation of a platelet plug, i.e. a patch

of platelets around the injury. The process is both chemical (platelets are
chemically activated to adhere to the injured wall) and mechanical (platelets

are convected by blood flow, which interacts with the forming plug).

In this thesis a continuum model for platelet plug formation, growth,
and deformation under flow, which allows to study the interaction between

platelet plug morphology and local haemodynamics, is presented. The nu-

merical framework consists of four parts: a biochemical model for platelet
plug formation, a plug growth model, a solid mechanics model to describe

the plug mechanical properties and a fluid-structure interaction coupling be-
tween the solid plug and the blood flow. The biochemical model consists

of a system of convection-diffusion-reaction equations, each of which repre-

sents the dynamics of platelets and chemical species involved in the process.
The plug growth model defines the plug interface displacement based on the

outcome of the biochemical model, i.e. on the number of deposited bounded
platelets on the injured part of the vessel wall. The solid mechanics model

describes the plug as a neo-Hookean elastic solid and permits to study plug

deformability, which is caused by external forces induced by blood flow and
pressure distributions. The blood flow field is computed through the Navier-

Stokes equations, which can be modified with the addition of the Brinkman
term to include plug porosity.

All equations are approximated and solved through the finite element

method (by means of an in-house code). To simulate plug growth through the
displacement of the plug interface, mesh update and remeshing techniques

are used. All convection-diffusion-reaction equations and the Navier-Stokes
equations are treated with an arbitrary Lagrangian Eulerian approach. The

solid mechanics equations are treated by means of an updated Lagrangian

approach.
To show the capabilities of the model, results for different cases are shown:

low and high shear rates, presence and absence of red blood cells, different
inlet distributions for platelets. The plug is treated as an impermeable or

as a porous solid, coupled with different shear moduli. Each case leads to
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a different plug development. We underline the importance of including a

growth model and of treating the plug as a deformable solid, to capture a

realistic plug formation and growth process. Moreover, since the final aim
of developing such a model is its application to clinical cases, verification

against experimental results is required. This is necessary for a correct cali-
bration of the parameters which have been taken so far from literature data.

To show the possibility of model verification, an application to design an ex-

perimental setup based on a microfluidic device developed in our group is
shown.

The platelet plug dynamics model takes into account the biochemical, bio-
physical and biomechanical aspects of platelet plug formation and can there-

fore be included in the general category of theoretical models for thrombus

formation under flow. In comparison to the existing models, it proposes an
explicit update of the platelet plug interface which can be tracked from the

onset of the process, and a framework which includes the solid mechanics of
the platelet plug coupled with the the blood flow dynamics. The constitutive

relation for the solid plug can be easily changed for further investigation of

the plug mechanical properties. Also, the biochemical model can be easily
extended to include more chemical species and describe complete thrombus

dynamics.
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General Introduction

Haemostasis is the complex process which prevents blood loss. It normally keeps the
blood in a fluid state and repairs the walls of veins and arteries in case of injury.

Although qualitatively well described and understood, a deeper understanding of the

phenomenon require quantitative data. Mathematical models of haemostasis, thanks
to their quantitative nature, are a powerful tool for this purpose. In literature, a

number of numerical models has been developed in the last decades, trying to describe
a single aspect of haemostasis or the phenomenon as a whole. However, little attention

has been given to clot growth and fluid-solid interaction between the growing clot

and the blood flow. In this thesis, we develop a continuum model for platelet plug
formation, growth, and deformation under flow. It consists of a biochemical model,

a plug growth model, a solid mechanics model for the plug and a fluid-structure
interaction coupling. The model is tested under different conditions and applied to

design an experimental setup.
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1.1 Background

Haemostasis and wound healing are the complex processes which prevent

blood loss [Guyton and Hall, 2000]. Under physiological conditions, these
processes keep the blood in a fluid state and constantly repair the walls of

veins and arteries by forming and dissolving solid blood clots. Haemosta-
sis can be achieved by means of four mechanisms (see Fig. 1.1): vascular

constriction, platelet plug formation (or primary haemostasis), blood clot

formation (or secondary haemostasis), and clot stabilization and dissolution
[Robertson et al., 2008]. Based on [Guyton and Hall, 2000] unless otherwise

indicated, schematic descriptions of all mechanisms are given in the follow-
ing paragraphs.

Figure 1.1: Schematic description of the four mechanisms of haemostasis: 1.

vascular constriction, 2. platelet plug formation, 3. blood clot formation and
4. clot stabilization and dissolution.

When wall injury occurs, vascular constriction is the first response of the

body to immediately diminish the loss of blood (see Fig. 1.1, 1). By reducing

the vessel lumen, the flow rate decreases and, consequently, the blood loss
reduces. The degree of contraction depends on the severity of the wall injury.

The contraction is a consequence of the trauma itself: neural signals cause an
increase in the concentration of calcium ions in the vascular smooth muscle

cells, which leads to local myogenic spasm. In smaller vessels platelets are the
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main responsible for this process, thanks to the release of the vasoconstrictor

thromboxane.

Primary haemostasis leads to the formation of a platelet plug, i.e. an ag-

gregate of platelets which forms a temporary patch at the site of injury (see

Fig. 1.1, 2). Platelets, or thrombocytes, are discoid cell fragments of about 2-3
µm in diameter which normally flow in blood in a quiescent (or unactivated)

state. Platelets are coated on their surface with glycoproteins, which prevent

adherence to endothelial cells. In addition, endothelial cells are coated with
a layer of glycocalyx, which repulses platelets. When endothelial cells are

damaged, platelets start to adhere. At the same time, exposition of collagen
and, above all, binding of von Willebrand factor (vWF) to exposed colla-

gen activate the platelets. Detailed information about platelet activation are

summarized in [Kamath et al., 2001]. Activated platelets change their shape
completely: they swell and start to form long pseudopods which stretch out

from their surface. The final result is an irregular so called star-shape with
long filaments attached. Moreover, a certain degree of stickiness permits

the adhesion of platelets to damaged endothelium and to each other. Acti-

vated platelets release large quantities of granules (containing ADP) or syn-
thesize and release them (containing thromboxane), which act on surround-

ing platelets to activate them as well. Thanks to this continuous activation of
platelets the final plug, i.e. a composite of unactivated and activated platelets,

is formed. If the rip in the blood vessel is small, the platelet plug alone can

close it completely. Regarding characteristic times, platelets start to adhere to
the damaged endothelium within seconds after the injury and the complete

platelet plug forms in about 1 to 3 min.

Secondary haemostasis leads to the formation of a blood clot (see Fig.

1.1, 3). As already mentioned, if the injury of the vessel wall is not small,

the platelet plug alone cannot close it completely since it is too loose. Blood
clot formation (thrombogenesis) is therefore necessary. A blood clot is dif-

ferent from a platelet plug because it consists of a fibrin matrix, in which
blood cells (both red and white), platelets and plasma are entrapped. If the

damage of the wall is severe the blood clot starts to form in about 15 to 20

s, while if the damage is mild in about 1 to 2 min. If the opening is not
too large, the entire rip of the vessel is covered by the clot within 3 to 6

min. The process which leads to blood clotting is the coagulation cascade,
which starts in about 10 to 20 s. It involves more than 50 substances which

can be classified in two categories: procoagulants (substances which trigger
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coagulation) and anticoagulants (substances which inhibit the process). The

balance between procoagulants and anticoagulants determines if blood will

coagulate. The blood coagulation cascade is traditionally divided into two
separate pathways, which come together after a number of reactions. The

intrinsic (or contact pathway) is triggered by the exposition of collagen when
the vessel wall is damaged or by contact of blood with a foreign material. The

extrinsic pathway (or trauma pathway) is triggered by the release of tissue

factor when a vessel ruptures. In spite of this traditional description, the two
pathways are actually coupled to each other and do occur at the same time.

Therefore it is more accurate to talk of a coagulation network rather than
a coagulation cascade [Colman et al., 2001]. The two pathways converge in

the production of thrombin, with which the common pathway begins. Pro-

thrombin is actually converted into thrombin and much of the prothrombin
first attaches to prothrombin receptors of platelets which have already ad-

hered to the damaged vessel wall. Platelets are therefore important for the
production of thrombin. Thrombin converts fibrinogen into fibrin, which is

the protein that makes the blood clot stable through the formation of fibers.

Fibrin fibers can adhere both to platelets or to the damaged vessel wall. To
avoid an excessive growth of the clot, developing fibrin fibers adsorb a rel-

atively big amount of thrombin. The rest of the thrombin is inactivated by
antithrombin, a protein present in blood plasma with which thrombin can

combine. The process of fibrin generation and adhesion can take about 5 to

10 min.

When the blood clot is formed, clot stabilization and clot retraction occur

(see Fig. 1.1, 4). Clot stabilization involves the internal growth of connective
tissue by means of fibroblasts and the secretion of growth factors by platelets,

which makes the clot more stable in time. Clot retraction gradually shrinks

the clot: when the clot begins to contract it secretes its serum, i.e. its fluid
part from which most of clotting factors have been removed. Platelets greatly

help the process by activating contractile proteins inside themselves, which
cause severe contraction of their pseudopods attached to the fibrin network.

Thrombin released by platelets also accelerates the contraction. As the clot

contracts, the edges of the damaged wall are pulled closer to each other in
order to seal the rip completely. The clot retraction process takes about 20

min to 1 hour. Clot retraction gradually leads to complete clot dissolution,
i.e. clot lysis which is mainly promoted by the proteolytic enzyme plasmin

(or fibrinolysin). Mechanical factors like high shear stress can also cause clot



6 Chapter 1

dissolution [Robertson et al., 2008].

Despite the complexity of haemostasis, it is in physiological cases qualita-

tively well described and understood. The knowledge of the process becomes
particularly important in case of diseases related to primary or secondary

haemostasis, like haemophilia or thrombophilia, or in case of vascular im-
plants and endoprosthesis, such as stents, artificial heart valves or flow di-

verters for aneurysms. In the first case it is important to know how much

each species contributes to the disease. In the second case the whole phe-
nomenon is very significant: blood clotting greatly affects the functionality

of cardiovascular devices and plays a crucial role for flow diverters. In both
cases a more quantitative description of the haemostatic process would there-

fore be very useful [Xu et al., 2012], to have a deeper understanding of the

problem and to find possible solutions.
Mathematical models and computer simulations which combine biochem-

ical knowledge with modelling techniques could be of great help [Xu et al.,
2012], given their quantitative nature. Before applying these models to non-

physiological cases, however, it is necessary to develop them for physiologi-

cal cases. This already brings to a deeper understanding of the haemostatic
process itself [Xu et al., 2012]. It is also necessary to verify models through

experiments, given the large number of parameters involved [Xu et al., 2011].
Once a model is verified, it could be used for instance to predict the best de-

sign associated to cardiovascular devices [Moiseyev and Bar-Yoseph, 2013].

1.2 State of the art

In recent years, a number of numerical models for studying primary haemosta-

sis, secondary haemostasis and clot stabilization and retraction has been pro-

posed [Xu et al., 2011], [Flamm and Diamond, 2012], [Moiseyev and Bar-
Yoseph, 2013]. It is possible to classify these models in three major cate-

gories: platelet plug formation models, blood clot formation and/or retrac-
tion models and blood clot phase change over time models. Platelet plug

formation models focus on platelet dynamics, i.e. on the description of the

platelet activation pathway. The first models described platelets as single
entities, i.e. with a discrete approach [Fogelson, 1984]. More recent mod-

els describe platelets with continuum approaches and are therefore more
suitable for modelling platelet plug formation in larger vessels [Fogelson,

1992], [Wang and Fogelson, 1999], [Fogelson and Guy, 2004], [Sorensen et al.,
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1999a], [Sorensen et al., 1999b], [Tokarev et al., 2012]. Blood clot formation

models can be further subdivided into three minor categories, due to the

complexity of the thrombogenic process. It is then possible to define coag-
ulation pathway models, fibrin network models and integrated thromboge-

nesis and multiscale models, as classified by [Xu et al., 2011]. Coagulation
pathway models aim to describe the coagulation cascade. They are useful to

determine quantitative relationships between the chemicals involved. Most

of the models use ODEs to describe the reaction kinetics occurring in the dif-
ferent pathways [Kuharsky and Fogelson, 2001], [Fogelson and Tania, 2005].

A few models make use of kinetic Monte Carlo simulations to capture the
stochastic effects of the coagulation factors at very low concentrations. Fibrin

network models aim to describe the polymerization of fibrin fibers, but they

are just a few up to now, due to the complexity of the process. Examples
of these kind of models are given in [Boryczko et al., 2004] and [Guy et al.,

2007]. Just in recent years integrated thrombogenesis and multiscale models
have been developed, which aim to give a more complete description of the

blood clotting process. Continuum approaches are used in [Anand et al.,

2005], [Narracott et al., 2005], [Bernsdorf et al., 2008], [Bódnar and Sequeira,
2008], [Leiderman and Fogelson, 2011], while discrete approaches are used

in [Pivkin et al., 2006], [Xu et al., 2008], [Xu et al., 2009], [Kamada et al.,
2010]. A microscale discrete model and a macroscale continuum models are

presented in [Fogelson and Guy, 2008]. Blood clot phase change models

(i.e. models for studying blood clot composition and changes in mechanical
properties in time) have also been proposed in the last decades [Soares et al.,

1999]. Examples include the work by [Karšaj and Humphrey, 2009], in which
different constitutive relations of the developing clot in time are considered,

and by [Noailly et al., 2008], in which a poroviscoelastic model for fibrin is

presented.

However, so far clot growth and fluid-structure interaction between blood

flow and clot has not been deeply investigated. In fact, not much attention
has been given to how biophysical processes influence thrombus formation

and development [Leiderman and Fogelson, 2014]. Such knowledge would

be of importance for general insight in the blood clot formation process. In
literature, the first attempts to model clot growth have been proposed by

[Richardson, 1973] and [Ruckenstein et al., 1977]. The first work proposes a
model for a hemispherical clot growth, depending on the blood flow velocity

field in which the thrombus is placed. An improvement is proposed in the
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second work, in which the essence of thrombus growth is tried to be mod-

elled, and the flux of platelets which adhere to the clot and contribute to its

growth is explicitly taken into account. [Wilson et al., 1986] modelled depo-
sition of subsequent layers of proteins and platelets for simulating thrombus

growth. Effects of embolization are also considered. Disturbances in the flow
caused by different shapes of a clot have been studied by [Folie and McIn-

tire, 1989], but no thrombus growth is implemented. Interaction of a grow-

ing platelet plug with fluid is proposed in [Leiderman and Fogelson, 2011],
who treated the platelet plug growth as a concentration of bounded platelets

and described the presence of a porous solid clot by means of addition of
the Brinkman term to the Navier-Stokes equations. A different approach is

shown in [Tokarev et al., 2012], in which platelet adhesion and detachment to

a platelet plug is modelled by moving the plug boundary through the level
set method. The displacement is determined through the size of each platelet

which is captured by the growing plug. Another study based on the level set
method is proposed in [Weller, 2010]. The displacement of the plug bound-

ary is dependent on the velocity of depositing platelets, which is assumed

to be antiparallel to the flux of depositing platelets. No initial formation
of the platelet aggregate is modelled. Complete interaction of growing clot

with the fluid is shown in [Anand et al., 2005]. Clot formation is made pos-
sible through the growth and diminishment of two viscoelastic fluids with

different mechanical properties, one representing the clot and the other rep-

resenting the blood flow. The viscosity of the clot is increased with a factor 10
to 30 with respect to the viscosity of blood. A similar approach but extended

to 3D computations is proposed in [Bódnar and Sequeira, 2008]. The model
of [Goodman et al., 2005] considered flowing blood flow and increased the

viscosity with a factor of 105 in the clot region. By dynamically changing

this region the clot growth could be tracked. [Xu et al., 2009] created a mul-
tiscale model for studying the formation of blood clot in flowing blood. The

submodel for platelets is discrete, therefore a continuum-discrete coupling is

presented at the clot-blood interface.

1.3 Objective of the study

Given this literature overview, to our knowledge a continuum model with
an explicit definition of blood clot growth and a continuum fluid-structure

interaction coupling in which it is possible to easily change the solid constitu-



1.4. OUTLINE OF THE THESIS 9

tive relation has not yet been developed. Therefore our general objective is the

development of such a model. We chose to implement a continuum model

because we focus on the investigation of the interaction of the blood clot with
global flow phenomena on a macroscopic scale (' 100 µm). A number of

questions could then be investigated: to which extent does haemodynamics
affect the clot growth? Does the clot make significant changes to the flowing

blood flow inside and around it? Is it possible to predict the clot dimension?

How does the blood flow influence mechanical properties of the clot? As a
future perspective, we see the possibility of using these models for testing

and improving cardiovascular implants [Moiseyev and Bar-Yoseph, 2013] or
for predicting the efficacy of flow diverters for the treatment of aneurysms

[D’Urso et al., 2011]. Applications to microfluidic devices for coagulation

tests would also be possible.

To focus on the development of the model, we consider platelet plug for-
mation and growth instead of complete blood clotting. This choice simplifies

the biochemistry of the process without affecting any other steps of the model
development. Our specific objective is then the development of a continuum

model for platelet plug formation, growth, and deformation under flow.

To reach our goal the following framework is necessary: a biochemical

model for modelling platelet plug formation, a plug growth model which
takes into account the time-dependent changes of the plug shape and com-

position, a solid mechanics model which describes the plug mechanical prop-
erties and, consequently, a fluid-structure interaction coupling between the

solid plug and the blood flow.

1.4 Outline of the thesis

The numerical framework for modelling platelet plug formation, growth and

deformation under flow, is proposed in chapters 2 and 3. In chapter 2, the
biochemical model for platelet plug formation and the plug growth model

are described. In chapter 3, a solid mechanics model for the description of

the platelet plug mechanical properties is derived, together with the fluid-
structure interaction (FSI) coupling between the solid plug and the blood

flow. The complete model is extended in chapter 4, where platelet plug
porosity in included and its effects on plug development are investigated.

In chapter 5, an application of the model to design an experimental setup
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is performed, showing the versatility of the model and the possibility of its

verification through comparison with experimental data.



2

Biochemical and growth models

A continuum model for platelet plug formation and growth is presented in this chap-

ter, which allows to study the interaction between platelet plug morphology and
local haemodynamics. The numerical framework consists of two parts: a biochemical

model combined with a new plug growth model. The biochemical model is a system
of convection-diffusion-reaction equations, each of which represents the dynamics of

platelets and chemicals involved in the plug formation process. The plug growth

model defines the plug interface displacement based on the outcome of the biochemi-
cal model, i.e. on the number of deposited bounded platelets on the injured part of the

vessel wall. Results for different cases are shown, together with a comparison between

the sole biochemical model and the complete model which includes plug growth.

The content of this chapter is based on [Storti et al., 2014]
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2.1 Introduction

In this chapter, we aim at establishing a computational strategy for the for-

mation and growth of a platelet plug. To achieve this goal, we combine an
existing two-dimensional biochemical model of convection-diffusion-reaction

equations [Sorensen et al., 1999a] with a new plug growth model. We move

the plug interface in the normal direction according to the flux of deposit-
ing platelets. This way of treating the plug growth has not yet been deeply

investigated in literature. Moreover, this approach permits to simulate both
influence of flow on plug formation and influence of plug growth on flow.

We take the biochemical model from literature. We focus on haemodynam-
ics and platelet plug properties, i.e. on platelet dynamics, chemicals directly

involved with platelets and on the common pathway of the coagulation cas-

cade. The best model which matches all our requirements and an established
model in literature [Flamm and Diamond, 2012] is the model of [Sorensen

et al., 1999a]. It describes local flow haemodynamics, platelet dynamics,
the interaction of platelets with the injured vessel wall and the thrombin-

related part of the coagulation common pathway, which is triggered by the

granules released and synthesized by platelets. The main outcome of the
model, beside the distribution in space and time of all species involved, is

the number of platelets which bound to the damaged surface, i.e. the num-
ber of platelets that forms the platelet plug. On this information, the growth

model is based. Mathematically, the [Sorensen et al., 1999a] model consists

of a complex system of convection-diffusion-reaction equations all coupled to
each other. Each equation represents the dynamics of platelets or of chemical

species. Since the model is continuous, both platelets and chemical species

are modelled as concentrations in blood.

The platelet plug growth model is based on the outcome of the biochemical
model of [Sorensen et al., 1999a], i.e. on the number of bounded platelets

to the damaged surface. We assume that the platelet plug growth is pro-

portional to the flux of bounded platelets and that the growth happens in
normal direction with respect to the plug interface. The interaction of the

growth model and the biochemical model is based on a Lagrangian update
of the platelet plug geometry and an arbitrary Euler-Lagrange update of the

fluid domain.
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2.2 Mathematical framework

Biochemical model

The biochemical model we chose for simulating platelet plug formation dy-

namics is based on the one presented in [Sorensen et al., 1999a]. The model

is capable of describing the evolution in time of seven different species and
the mutual interactions between each other. The no-heparin case only is con-

sidered. Since we choose to use a continuum model, all species are modelled
as concentrations in blood:

1. unactivated platelets cup (PLT/ml);

2. activated platelets cap (PLT/ml);

3. adenosine diphosphate cadp (µM);

4. thromboxane ctx (µM);

5. prothrombin cpt (µM);

6. thrombin cth (µM);

7. antithrombin cat (µM),

where PLT is the number of platelets and µM = nmol/ml. Since 1 ml = 1

cm3, we express all lengths in cm.
A schematic representation of the dynamics of the selected species is

shown in Fig. 2.1. In healthy vessels there is no wall damage, so unacti-
vated platelets, prothrombin and antithrombin are passively transported in

blood. A certain amount of activated platelets (cap is 1% to 20% of cup) is

also convected by the flow. When a portion of the vessel wall is damaged,
the platelet plug formation process starts. This consists of reactions which

lead to platelets activation, platelets adhesion to the damaged wall, release
of chemicals by activated platelets and thrombin production.

To describe this complex phenomenon, a system of convection-diffusion-

reaction equations all coupled to each other is derived in [Sorensen et al.,
1999a]. The general form for each species is the following

∂ci
∂t

+ (v · ∇)ci = Di∆ci + Si(cj), j = 1, . . . ,N, (2.1)
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Figure 2.1: Passive transport of platelets and chemicals in healthy blood ves-
sels (left); reactions happening in case of vessel wall injury which leads to the

formation of a platelet plug (right). Figure published in [Storti et al., 2014].

where ci is the concentration of species i, v is the local blood flow veloc-
ity, Di is the diffusion coefficient of species i and Si(cj) is the source term of
species i which can depend on all species j (N is the total number of species).
The first three terms describe the variation of ci in time, its passive trans-

port in blood and its diffusion in the blood vessel, respectively. The reaction

term Si(cj) describes the production/consumption of each species, possibly
depending on the dynamics of all others (including species i itself). For con-

venience the x and t dependencies of ci(x, t) and v(x, t) have been omitted in
our notation.

The domain we use to analyze the model consists of a 2D channel which

represents a blood vessel. A part of the lower wall is injured, i.e. platelets and
chemicals can react with it. This complex interaction is modelled through

an influx/efflux boundary condition, i.e. by means of a Robin boundary

condition: adhesion to the wall is described as an efflux from the domain,
while production at the wall site as an influx into the domain.

We first give an explanation of the reaction terms Si(cj) for each species
and then focus on boundary conditions, both on the injured wall and on the
other boundaries of the domain.

Reaction terms Si(cj)

Reaction terms Si(cj) describe the production/consumption of species i de-
pending on the concentration of species j, where j = 1, . . . ,N and N is the
total number of species. In our case N = 7. Further explanation is given for
each species.

When the platelet plug formation process starts, unactivated platelets are
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activated by chemicals and they convert into activated ones (Fig. 2.2). The

activating chemicals are ADP, thromboxane and thrombin.

Figure 2.2: Platelet activation by chemicals. Figure published in [Storti et al.,

2014].

The reaction term for these two species must then be the same with a
different sign

Sup = −kpacup,
Sap = kpacup,

(2.2)

i.e. the concentration cup decreases of a factor kpacup and the concentration

cap increases of the same factor. kpa is a constant first-order reaction rate

which determines the rate of activation of unactivated platelets by means of
activating chemicals, so kpa = kpa(cadp, ctx, cth). The value of kpa is defined as
a threshold:

kpa =

{

0 if fact < 1,
fact
τpa if fact ≥ 1,

(2.3)

where τpa is a characteristic time constant which describes when platelet
activation starts. fact is an activation function which depends on the activat-

ing chemicals:

fact =
cadp

cadp,crit
+
ctx
ctx,crit

+
cth
cth,crit

, (2.4)

where the terms in the denominators are minimum critical concentrations

below which the chemical does not trigger the process.
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ADP and thromboxane are released by activated platelets (Fig. 2.2); throm-

boxane is actually first synthesized and then released by activated platelets.

Their reaction terms read then as follows

Sadp = λjkpacup,

Stx = spjcap − k1jctx,
(2.5)

where λj is the amount of ADP released per activated platelet, λjkpacup is
the rate at which ADP is generated from newly activated platelets, spj is the

rate of synthesis of thromboxane by activated platelets and k1j is a first-order
reaction rate constant for the inhibition of thromboxane.

As schematically shown in Fig. 2.3, the thrombin generation cycle starts

with prothrombin attachment to platelets prothrombin receptors. Thrombin
is then generated from prothrombin and inhibited by antithrombin.

Figure 2.3: Thrombin generation cycle. Figure published in [Storti et al.,
2014].

The reaction terms for the thrombin cycle in physiological cases, are then

the following

Spt = −βcpt(φacap + φucup),
Sth = βcpt(φacap + φucup) − k2catcth,
Sat = −βk2catcth,

(2.6)

where φu and φa represent the different rates of thrombin generation from
prothrombin at the surface of unactivated and activated platelets, respec-

tively, β is the conversion factor for thrombin to prothrombin and k2 is a
second-order rate constant which inhibits the formation of thrombin by an-

tithrombin cat.
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Boundary and initial conditions

To derive proper boundary conditions for the problem, we first derive the
weak form of the general equation (2.1). Multiplying equation (2.1) by a test

function v ∈ V, where V is a proper functional space, we obtain

∫

Ω

∂ci
∂t
v dΩ +

∫

Ω

(v · ∇)civ dΩ = (2.7)

=
∫

Ω

Di∆civ dΩ +
∫

Ω

Siv dΩ ∀v ∈ V,

where Ω represents our domain. Integrating by parts equation (2.7), it
becomes

∫

Ω

∂ci
∂t
v dΩ +

∫

Ω

(v · ∇)civ dΩ = (2.8)

=
∫

Ω

Di∇ci∇v dΩ −
∫

Γ

Di
∂ci
∂n
v dΓ +

∫

Ω

Siv dΩ ∀v ∈ V,

where Γ represents the boundary of the domain. We have then to impose

boundary conditions on the term

−
∫

Γ

Di
∂ci
∂n
v dΓ = (2.9)

= −
∫

ΓR

Di
∂ci
∂n
v dΓ −

∫

ΓN

Di
∂ci
∂n
v dΓ −

∫

ΓD

Di
∂ci
∂n
v dΓ,

where ΓR, ΓN and ΓD represent the Robin, Neumann and Dirichlet parts

of the domain, respectively. These three subdivisions of the boundary rep-
resent the injured wall, the healthy walls and the inlet, respectively. We first

focus on the Robin boundary conditions.

Robin boundary conditions can be written in the following strong general
form

Di
∂ci
∂n

= Ri(cj), j = 1, . . . ,N, on ΓR (2.10)

where Ri(cj) is the specific adhesion or release term for each species i
which can depend on species j (N is the total number of species). Imposing
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this boundary condition means then imposing a flux on the damaged wall.

A positive flux describes efflux from the domain, so adhesion of the species

to the wall, while a negative flux describes influx into the domain so release
at the wall. It is possible to define a specific Robin boundary condition for

each species i.

Unactivated and activated platelets tend to stick to the damaged wall (see

Fig. 2.4, left). Unactivated platelets can adhere only to the wall but not to
each other; activated platelets can also adhere to each other due to their shape

and the amount of stickiness associated to their state.

Figure 2.4: Unactivated and activated platelets interaction with the wall. Un-

activated platelets tend to adhere only to the damaged wall (reaction coef-

ficient krs); activated platelets tend to adhere to the damaged wall (reaction
coefficient kas) and to each other (reaction coefficient kaa) (left). Surface func-

tion fs which describes the saturation of the wall with respect to platelets,
with limit values fs = 1 when the wall is completely empty and fs = 0 when
the wall is completely filled with platelets (right). Figure published in [Storti

et al., 2014].

The boundary condition is then in both cases an efflux which depends

on proper reaction coefficients. The saturation of the reactive wall has to
be included as well (Fig. 2.4, right). When the wall is completely filled

with platelets, adhesion of further platelets to the wall itself is not possible
anymore while adhesion of activated platelets to each other can still happen.

The boundary conditions read then as follows

Dup
∂cup
∂n

= fskrscup, on ΓR,

Dap
∂cap
∂n

= fskascap + Mas
M∞
kaacap on ΓR.

(2.11)
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Both first terms on the right hand sides of boundary conditions (2.11)

represent adhesion of the platelets to the injured wall, through the heteroge-

neous reaction rate constants krs and kas. fs = fs(x, t) is instead the surface
function that indicates the saturation of the injured part of the wall (Fig. 2.4,

right): if fs = 1 the wall is completely empty, if fs = 0 the wall is com-
pletely filled with platelets. It is computed separately through the following

equation defined on the injured wall only











∂ fs
∂t

= −
(

krs
M∞
cup + kas

M∞
cap

)

fs, on ΓR,

fs|t=0 = 1, on ΓR,

(2.12)

where M∞ is the total capacity of the surface for platelets, i.e. the maxi-
mum amount of platelets which can stick to a certain area.

The second term on the right hand side of the activated platelets bound-
ary condition (2.11) represents adhesion between depositing activated platelets

and surface-bound activated platelets. The adhesion is governed by the het-

erogeneous reaction rate constant kaa. Mas is the portion of the total surface
coverage occupied by activated platelets (Fig. 2.5, top). It is also associated

to an equation which is defined on the injured vessel wall only











∂Mas
∂t

= θ fskrscup + kas fscap + kpaMr, on ΓR,

Mas|t=0 = 0, on ΓR,

(2.13)

where Mr is the portion of the total surface coverage occupied by unacti-
vated platelets (Fig. 2.5, bottom)











∂Mr
∂t

= (1− θ) fskrscup − kpaMr, on ΓR,

Mr|t=0 = 0, on ΓR,

(2.14)

and θ is the fraction of adhering unactivated platelets which activate upon

surface contact.
ADP and thromboxane are released by activated platelets, so at the in-

jured wall by activated platelets which are bounded to the wall (Fig. 2.6).
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Figure 2.5: Portion of the total surface coverage occupied by activated (top)
and unactivated platelets (bottom). Figure published in [Storti et al., 2014].

Figure 2.6: ADP and thromboxane generation at the wall. Figure published

in [Storti et al., 2014].

The boundary condition is then an influx

Dadp
∂cadp

∂n
= −λj(θ fskrscup + kpaMr), on ΓR,

Dtx
∂ctx
∂n

= −spjMat, on ΓR.

(2.15)

The first flux indicates generation of ADP (λj) by bounded unactivated

platelets ( fskrscup) which are activated at the wall (θ) and by newly activated
platelets by means of activating chemicals (kpaMr). The second flux repre-

sents generation of thromboxane (spj) by means of the total amount of acti-

vated platelets which forms the plug Mat. In fact, thromboxane first has to be
produced by activated platelets and then released. Mat is the total amount of

deposited activated platelets with contributions from both activated platelets
adhered to the wall and to each other (Fig. 2.7). It can be computed through

the following equation defined on the injured vessel wall only
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∂Mat
∂t

= θ fskrscup + fskascap + kaa
M∞
Mascap + kpaMr , on ΓR,

Mat|t=0 = 0, on ΓR.

(2.16)

Figure 2.7: Portion of the total surface coverage due to activated platelets

including platelet-platelet adhesion. Figure published in [Storti et al., 2014].

The thrombin cycle at the injured wall works in the same way as in the

vessel lumen, but no antithrombin is involved (Fig. 2.8).

Figure 2.8: Thrombin generation cycle at the wall. Figure published in [Storti
et al., 2014].

The boundary conditions are then an efflux for prothrombin and an influx

for thrombin

Dpt
∂cpt
∂n

= β(φaMat + φrMr)cpt, on ΓR,

Dth
∂cth
∂n

= −β(φaMat + φrMr)cpt, on ΓR.

(2.17)

Neumann and Dirichlet boundary conditions are imposed on the rest of

the walls.
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Homogeneous Neumann boundary conditions are prescribed for all species

on the healthy part of the walls and at the outlet

Di
∂ci
∂n

= 0 on ΓN . (2.18)

Dirichlet boundary conditions are imposed at the inlet. Constant values

equal to physiological or experimental concentrations in blood are prescribed

for all species. Inlet boundary conditions for platelets are more complex be-
cause a skewed inlet can also be imposed [Sorensen et al., 1999a]. In fact,

we consider two different configurations: platelet-rich plasma or full blood,
i.e. absence or presence of red blood cells. When modelling platelet-rich

plasma, a constant inlet is prescribed for platelets, which value is set equal to

their well mixed bulk average concentration. When modelling full blood, the
higher concentration of red blood cells at the centreline of the vessel tends to

push platelets away. The result is a higher concentration of platelets in the
proximity of the vessel walls. A skewed inlet must therefore be prescribed

but we also test the effects of a constant inlet. In all cases the concentra-

tion of activated platelets is assumed to be 5% of the inlet concentration of
unactivated platelets.

Initial boundary conditions are set to physiological or experimental values
for all species and to the well mixed bulk average concentration for platelets.

This means that the same concentrations as the Dirichlet inlets are prescribed.

Poiseuille blood flow profile

When the sole biochemical model is considered (no growth model imple-
mented), the domain for the blood vessel does not change in time. The blood

flow velocity is therefore imposed through a Poiseuille profile:







ux = U
(

1−
(H − y)2

H2

)

,

uy = 0
(2.19)

where ux and uy are the velocities in x and y direction, respectively, U is

the maximum velocity at the centreline and H is the half height of the blood
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vessel. Since the fluid is assumed to be Newtonian the maximum velocity

can be computed from a given fluid shear rate γ̇ through the relation:

U =
1

2
γ̇H. (2.20)

Deposited bounded platelets

The most relevant outcome of the biochemical model is the amount of de-

posited bounded platelets cbp (PLT/cm
2) on the injured wall, i.e. the sum of

the concentrations of unactivated and activated platelets that adhere to the
wall and the concentration of activated platelets that sticks to other already

bounded activated platelets. It can be computed by means of the flux of
unactivated and activated platelets through the reactive wall

∂cbp

∂t
= fskrscup +

(

fskas +
Mas
M∞

kaa
)

cap on ΓR. (2.21)

cbp defines the platelet plug: the plug growth model is therefore based on
this concentration.

Platelet plug growth model

The platelet plug growth model is based on the concentration of deposited
bounded platelets cbp on the damaged part of the vessel wall (platelet-surface

adhesion plus platelet-platelet adhesion), i.e. on the main outcome of the
biochemical model [Sorensen et al., 1999a].

Defining the flux of of deposited bounded platelets jbp as:

jbp = −
∂cbp

∂t
, (2.22)

which, according to equation (2.21) is equal to

jbp = − fskrscup −
(

fskas +
Mas
M∞

kaa

)

cap , (2.23)

we can formulate the platelet plug growth model, i.e. the displacement

ubp in space and time of the plug interface (Fig. 2.9).
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Figure 2.9: Schematic idea of platelet plug growth model: the plug interface

follows platelet deposition and adhesion according to the flux of deposited
bounded platelets jbp. Figure published in [Storti et al., 2014].

Since jbp is measured in PLT/(cm
2s):

|ubp| = jbp ·Vp · ∆t , (2.24)

where Vp is the volume of a single platelet measured in cm
3 and ∆t is

the time step measured in s. Therefore ubp is dimensionally a displacement.

Voids between each platelet need to be considered as well: not all space
is occupied by deposited platelets but only a fraction. Defining α the void

fraction between platelets we can then conclude that:

|ubp| = jbp · (1+ α) ·Vp · ∆t . (2.25)

Moreover, the platelet plug can grow in all directions. We assume that

it grows in normal direction with respect to the plug own interface. The
displacement can therefore be more precisely defined as:

ubp = jbp · (1+ α) ·Vp · ∆t · n , (2.26)



26 Chapter 2

where n is the normal vector with respect to the plug interface.

From a practical point of view, the platelet plug growth has to be trans-
lated into a mesh update: the plug interface has to move to simulate and

follow the plug growth and expansion. Subsequently, the whole mesh has
to change and the nodal points have to be redistributed in order to diminish

elements deformation as much as possible. An ALE (arbitrary Lagrangian

Eulerian) method is chosen.

Following [Hulsen, 2014], given the (fixed) spatial coordinates (position
vector) x, it is possible to define moving curvilinear coordinates ξ, which can

be mapped into the fixed ones via the function x̂:

x = x̂(ξ, t) . (2.27)

The function ci = ci(x, t) can then be associated to the moving curvilinear
coordinate system as:

ci(x, t) = ĉi(x̂(ξ, t), t) ≡ c̄i(ξ, t) , (2.28)

where ξ represents the grid coordinates. When the grid can move inde-
pendently from the material, the formulation is called ALE.

The grid time derivative can be defined as

δci
δt

=
∂ci
∂t

|ξ=const =
∂c̄i
∂t

(2.29)

or, using the chain rule, as:

δci
δt

=
∂ĉi
∂t

+
∂x̂

∂t
· ∇ĉi , (2.30)

where
∂ĉi
∂t
is the local time derivative (usually denoted by

∂ci
∂t
) and ∂x̂

∂t
is

the so called grid velocity, which we denote as w. Equation (2.30) can then
be rewritten as:

δci
δt

=
∂ci
∂t

+w · ∇ci . (2.31)

In the Eulerian formulation the grid is fixed, so w = 0 and:

δci
δt

=
∂ci
∂t

. (2.32)
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In the Lagrangian formulation the mesh moves with the material, so the

grid velocity is equal to the fluid velocity (w = v) and:

δci
δt

=
∂ci
∂t

+ v · ∇ci ≡ ċi , (2.33)

where ċi is the material derivative.

The combination of equations (2.31) and (2.33) leads to:

ċi =
δci
δt

+ (v−w) · ∇ci , (2.34)

where the grid time derivative can be described as in the Eulerian formu-

lation with the time derivative of the nodal values and the grid is represented
by the moving mesh.

The general form of the convection-diffusion-reaction equations reads

then as follows

∂ci
∂t

+ ((v−w) · ∇)ci = Di∆ci + Si(cj) . (2.35)

The grid velocity w is relatively small because the displacement ubp is
small, but it is important at the reactive interface where it is comparable to

the fluid velocity v.

The grid displacement (or the new position vector of the domain) has

to be computed through a suitable subproblem. In the most simple case a
Poisson problem associated to each dimension is sufficient, but in this case

compressibility/expansion of the mesh has to be included to simulate platelet
plug growth and/or retraction. Therefore a slightly compressible elastic solid

problem is chosen. To obtain the compressibility property the divergence-

free constraint for the displacement u of the material coordinates has to be
relaxed. This can be achieved by means of the compressibility modulus k, so

∇ · u+
p

k
= 0 , (2.36)

where u is the displacement of the solid grid and p is the pressure of the

solid grid.
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Blood flow

When the growth model is also considered, the domain changes in time due
to the displacement of the platelet plug interface. An imposed Poiseuille

blood flow velocity is therefore not valid anymore. The correct new velocity
profile has to be computed at each time step by the solution of the Navier-

Stokes equations and the Poiseuille profile is prescribed only at the inlet of

the vessel. The grid velocity w has to be included in the convective term











ρ ∂v
∂t

+ ρ((v−w) · ∇)v = −∇p+ η∆v ,

∇ · v = 0 ,

(2.37)

where v is the velocity of the blood flow and p is the pressure. No-slip
boundary conditions are prescribed at the vessel walls (both healthy and

damaged) together with a stress-free boundary condition at the outlet.

Model implementation

All equations are solved through the finite element method. An in-house fi-
nite element code, written in Fortran 95/2003, is used [Hulsen, 2014]. Taylor-

Hood triangular elements are chosen to discretize the 2D domain, so a quadratic
approximation for the velocity, a linear approximation for the pressure and a

quadratic approximation for each concentration of the convection-diffusion-

reaction system. A linear approximation is used for the 1D equations associ-
ated to the reactive wall only ( fs, Mas, Mr , Mat).

An implicit Euler time discretization is used for all equations with a time

step ∆t = 1 s. No differences in the solutions are observed when solving
each equation with a time step ∆t = 0.1 s.

The nonlinear term in the Navier-Stokes equations is treated completely

explicitly since Re ≪ 1. The Reynolds number is based on the vessel half
height H, on the maximum velocity at the centreline U and on the blood

density ρ and viscosity η. Its definition is then:

Re =
UHρ

η
. (2.38)
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All equations are solved in dimensionfull form. However, since the con-

centration of platelets is of order 108 and all other concentrations are of or-

der 1, for numerical reasons we have to make the scales homogeneous. Each
quantity (concentration or parameter) containing the number of platelets PLT

is then scaled with a factor 108, changing the units of measurements for
platelets to 108 PLT/ml. This ensures optimal conditioning of the matrices

associated to each equation.

The resulting system of equations is not solved at once, but each equation
is separately solved. Due to the dependencies of the physical variables on

each other, for every time step a sub-iteration cycle is needed.
When the platelet growth is implemented, the reactive wall displacement

can reach a big portion of the vessel. Therefore the solution of a slightly com-

pressible elastic solid problem alone is not enough to prevent nodes overlap
and too large elements deformation. For this reason remeshing has to be

performed. We implement remeshing by means of the mesh generator Gmsh
[Geuzaine and Remacle, 2009]. The boundaries of the new mesh have to be

provided, in particular a good description of the interface representing the

plug. This has been achieved through a B-spline function which smoothly
connects all points of the curve representing the interface. When varying

the parameters of the biochemical model, it can however happen that for
certain cases the B-spline is not enough to guarantee convergence. High cur-

vatures can appear around the central part of the plug interface. To solve this

problem, we chose for these cases only to additionally smooth the interface.
Further explanation will be given in the following section. This choice did

not alter the final trend of the results.

2.3 Test cases

In order to validate the computational framework we are proposing and to

show its versatility, we apply the model to different physiologically relevant
configurations. By varying flow conditions, diffusion coefficients and initial

and inflow platelets concentrations, different cases are investigated. In the

analysis we focus on the concentration of deposited bounded platelets, which
is the main input for the platelet plug growth model we introduced in this

study. We expect different bounded platelets distributions and different plug
size and shape, depending on the haemodynamic conditions and on the inlet

distribution of platelets. We also expect an important role of the plug growth
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model to correctly simulate both the influence of the flow on plug formation

and of the growing plug on flow.

All parameters are taken from literature and a qualitative comparison is

shown with the computations performed in [Leiderman and Fogelson, 2011].
At this stage the model will not be verified with experimental results because

the study is focussed on the computational framework and its validation.
As a future perspective, it will be possible to link the model to dedicated

experiments and in-vitro or in-vivo applications.

Model parameters

The domain for our simulations is a two-dimensional vessel as proposed in

[Leiderman and Fogelson, 2011]. The vessel height is 0.006 cm and the ves-
sel length 0.024 cm. This choice for the vessel height ensures the validity of

a continuum model approximation. Capillaries should be treated in a dif-
ferent way. Extensions to bigger vessels are instead possible. The injured

wall is placed at the centre of the lower wall of the vessel and it is 0.009

cm long. For computational convenience, we assume symmetry of the ge-
ometry. We therefore consider the lower half of the vessel only (Fig. 3.6).

To obtain this symmetry condition in our system of equations, we impose
homogeneous Neumann boundary conditions on the upper wall for each

convection-diffusion-reaction equation and a homogeneous Dirichlet bound-

ary condition for the y-component of the velocity in the Navier-Stokes equa-
tions. Note that this condition enforces a symmetry on the forming plug as

well, i.e. it is like assuming the plug would grow in the same way on both
walls if considering a full vessel.

Robin boundary conditions are imposed on the entire lower wall. To sim-
ulate the nonreactive part, the reaction rate constants krs and kas are reduced

to a value which is 10−8 times the value at the reactive part. Moreover, θ
is set to zero to prevent the unactivated platelets in this area to release ago-

nists after activation. To prevent sharp changes of these 3 parameters at the

transition of nonreactive to reactive surface, their values are smoothed with
a hyperbolic tangent function. In fact, sudden jumps could restrict conver-

gence of the convection-diffusion-reaction system.

We consider different configurations, as shown in Fig. 2.11. Different
haemodynamic conditions are imposed by changing the shear rate of the

flow γ̇. To cover a relevant physiological range [Robertson et al., 2008], we
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Figure 2.10: Schematic representation of the 2D vessel for the simulations:

the reactive wall is a part of the lower wall. Symmetry of the geometry is
assumed, therefore only the lower half of the channel is considered. Figure

published in [Storti et al., 2014].

choose γ̇low = 100 s−1 as low shear rate and γ̇high = 1000 s−1 as high shear
rate of the flow. For both cases, the presence or absence of red blood cells

(RBCs) can be taken into account. Since in experiments both platelet-rich
plasma and full blood are used, it is important to check if our computational

framework can handle both cases. This is achieved by changing the diffusion

coefficients of the larger species, i.e. platelets [Turitto et al., 1972], thrombin,
prothrombin and antithrombin [Keller, 1971]. RBCs have in fact a diffusion-

increasing shear dependent effect. In the no RBCs case, the inlet distribution
for platelets cp, both unactivated and activated, is constant. In the RBCs

case, cp is higher at the wall due to the higher distribution of red blood

cells at the centreline of the vessel which push the platelets away from the
centre. Therefore a skewed inlet concentration as proposed in [Leiderman

and Fogelson, 2011] is also prescribed.

Regarding the flow parameters, we set the maximum velocity at the in-

let (see equation (2.20)) according to the shear rate γ̇low or γ̇high. When the
platelet growth is implemented, we also solve the Navier-Stokes equations.

We choose to set constant values for viscosity and density equal to their val-

ues in blood: η = 0.035 g/(cm s) and ρ = 1.1064 g/cm3 [Sorensen et al.,
1999a]. Given these flow parameters, Re = 0.01 when γ̇low is prescribed and

Re = 0.1 when γ̇high is prescribed. We therefore expect laminar flow with

velocities in both x and y direction, but without any recirculation regions.

Diffusion coefficients of platelets and of larger chemical species depend
on different shear rates and hematocrits (see Table 2.1). The higher the hema-

tocrit, the higher the diffusion coefficient, depending on the shear rate. For
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Figure 2.11: Different configurations for different simulation cases: low (100

s−1) or high shear rate (1000 s−1), constant or skewed cp, absence or presence
of red blood cells. Figure published in [Storti et al., 2014].

thrombin related chemicals the augmented diffusion coefficients are com-

puted through the method proposed in [Keller, 1971]: the increasing factor is
linearly proportional to the shear rate of the flow and to the red blood cells

size. So Di can be computed as:

Di = 0.18 d
2 γ̇

4
, i = {pt, th, at}, (2.39)

where d is the average diameter of a red blood cell (d = 5.5 µm [Sorensen

et al., 1999a]) and γ̇ is the characteristic shear rate imposed (γ̇low or γ̇high, in
s−1).

Initial concentrations of all species and critical activation values for ADP,
thromboxane and antithrombin are reported in Table 2.2. Initial concentra-

tions are well mixed bulk average concentrations in healthy blood vessels,

while critical activation values are taken from [Sorensen et al., 1999a].

Inlet concentrations are the same as initial concentrations. As already
mentioned, different inlets (constant or skewed) can be prescribed for platelets.

We choose to impose the constant inlet and the most skewed one proposed

in [Leiderman and Fogelson, 2011] (see Fig. 2.12). The general form of the
skewed inlet concentration, based on the work by [Eckstein and Belgacem,

1991], is the following

cup,INLET = c0[1+ KR(m−1)(1− R)(l−1)], (2.40)
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Table 2.1: Values of the diffusion coefficients (cm2/s) for all species. 1 =

[Turitto et al., 1972], 2 = [Folie and McIntire, 1989], 3 = [Keller, 1971]. Table

published in [Storti et al., 2014].

ci Di no RBCs source Di, RBCs,

γ̇low

source Di, RBCs,

γ̇high

source

cup 0.1x10−7 1 2.5x10−7 1 2.5x10−7 1

cap 0.1x10−7 1 2.5x10−7 1 2.5x10−7 1

cadp 2.57x10
−6 2 2.57x10−6 2 2.57x10−6 2

ctx 2.14x10−6 2 2.14x10−6 2 2.14x10−6 2
cpt 3.32x10−7 2 1.69x10−6 2,3 1.39x10−5 2,3

cth 4.16x10−7 2 1.77x10−6 2,3 1.4x10−5 2,3
cat 3.49x10−7 2 1.71x10−6 2,3 1.4x10−5 2,3

Table 2.2: Initial concentrations of all species (physiological values in blood)

and critical values of the activating species. 1 = [Leiderman and Fogelson,

2011], 2 = [Sorensen et al., 1999a]. Table published in [Storti et al., 2014].

ci Initial conc. source crit. values source

cup 0.7x108 PLT/ml 1
cap 0.05 cup 2

cadp 0.0 µM 2 2.0 µM 2

ctx 0.0 µM 2 0.60 µM 2

cpt 1.1 µM 2

cth 0.0 µM 2 9.11x10−4 µM 2

cat 2.844 µM 2

where c0 is the concentration at the centre of the vessel, K is a parameter

that defines the amplitude of the concentration, R is the relative lateral po-
sition (R = |y − H|/H, where H is the vessel half height) and m and l are
proper exponents. To describe a peak concentration at the wall l = 2 and m
must be chosen high enough. We choose m = 21, K = 500 and c0 = 0.32x108

PLT/ml. In this way a peak to centre ratio of 10 is imposed. cap,INLET = 0.05
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cup,INLET.

Figure 2.12: Constant (thick line) and skewed (*) inlet concentrations for un-

activated platelets. Figure published in [Storti et al., 2014].

Specific parameters for each of the reaction terms Si(cj) are listed in Table
2.3. All values are taken from [Sorensen et al., 1999a].

The parameters for the wall functions fs, Mas, Mr and Mat and for Robin

boundary conditions are also taken from literature data (see Table 2.4). krs,
kas and kaa, i.e. the constant reaction rates of unactivated platelets with the

wall, of activated platelets with the wall and of activated platelets with other

already bounded activated platelets, respectively, are estimated to the best fit
with experimental results in [Sorensen et al., 1999a]. However, since platelet-

platelet reaction rates should depend only on platelets properties and con-

centration, we assume these values to be constant independently of the ex-
perimental (or simulation) set-up. We therefore use the values proposed in

the training cases of [Sorensen et al., 1999b]. Moreover, we set the parameter
θ equal to 1, so we assume that all platelets activate upon surface contact.

In case of platelet growth we have to define the volume of a single platelet

Vp and set the void fraction parameter α (equation (2.26)). Since the major-
ity of the bounded platelets is activated, we assume we can approximate

their volume to a sphere: Vp = (4/3)πR3p, where on average Rp = 1.25 µm
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Table 2.3: Reaction parameters for each Si(cj) [Sorensen et al., 1999a]. U are
the National Institutes of Health Units (NIH units) for measuring thrombin

activity. Table published in [Storti et al., 2014].

Specific parameters for Si(cj)

λj = 2.4x10
−8 nmol/PLT

spj = 9.5x10
−12 nmol/(PLT s)

k1j = 0.0161 s
−1

k2 = 7.083x10
−3 (µM s)−1

β = 9.11x10−3 nmol/U
φa = 3.69x10

−9 U/(PLT s µMpt)

φr = 6.50x10
−10 U/(PLT s µMpt)

τpa = 1 s

Table 2.4: Parameters for wall functions and Robin boundary conditions with
source. 1 = [Sorensen et al., 1999b]. Table published in [Storti et al., 2014].

Parameters for wall functions and Robin b.c. source

krs = 3.7x10
−3 cm/s 1

kas = kaa = 4.6x10
−3 cm/s 1

Mbig = 7x10
6 PLT/cm2 1

θ = 1

[Robertson et al., 2008]. The result is Vp = 8.2 µm3. We think this approxi-
mation is reasonable since the volume of a quiescent platelet is about 5− 6
µm3 [Robertson et al., 2008], but platelets swallow in their activating process.
We then define α = 1−Vp/Vcube, where Vcube is the volume of a cube which
edge is the same length of the diameter of the sphere. The result is α = 0.48,
i.e. 48% of the volume is empty. We are aware that better approximations
for α could be taken from experimental data. For example in [Wufsus et al.,

2013] different platelets volume fractions (1− α) are measured depending on
different platelets densities. However, our approximation is very precisely

defined and it falls in the range of values (0.01÷ 0.61) reported in [Wufsus
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et al., 2013].

Numerical parameters

For each of the cases visualized in Fig. 2.11, 10 minutes of platelet plug

formation process are investigated, so the final time T = 600 s.

When the no-growth case is considered, a structured mesh of 12341 nodes
and 6000 triangles refined towards the bottom wall is used. The reactive wall

consists of 101 nodes. When the growth case is implemented, an unstruc-

tured mesh of 9000 nodes and 4315 triangles refined towards the bottom wall
is instead used (see Fig. 2.17, left). The reactive wall consists of 225 nodes.

Negligible differences are observed when increasing the number of elements.
When solving the no-growth cases on the unstructured mesh of the growth

cases the same trends in the results are obtained but all curves are much

more jagged.

When implementing remeshing, the only case which required additional
smoothing of the plug interface was the skewed inlet case associated with low

shear rate. Instead of passing to the B-spline all nodes of the plug interface,

the even (or odd) nodes of the curve were selected. This choice ensured
convergence as it suppressed small oscillations in the solution of the plug

interface displacement due to platelet adhesion.

When solving the skewed inlet platelet concentration case with high shear
rate, the top part of the mesh required refinement due to the growth of the

plug which almost reaches the top wall. Therefore, the final number of nodes

was increased to 21553 and the number of elements to 10546 (see Fig. 2.17,
right).

Regarding simulation times and size of the matrix associated to each

equation, we report information for the most expensive case only, i.e. the

skewed inlet platelet concentration with high shear rate. The elapsed CPU
time for the entire simulation is about 48055 s and the average CPU time per

time step is about 80 s. The average CPU time per iteration is about 6 s and
the average number of iterations per time step is about 6. The size of each

square matrix is 21508 and the number of nonzeros is 243766.
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2.4 Results

Bounded platelets distribution

For each case proposed in Fig. 2.11, we first solve the sole biochemical system

of convection-diffusion-reaction equations and we compute the distribution

of bounded platelets cbp on the lower wall of the vessel (see equation (2.21)).
In a first stage we therefore do not let the plug grow. The domain does

not change in time and the Poiseuille velocity distribution is imposed and is
constant in time. Visualizations consist of 1D plots which show cbp at final

simulation time along the bottom wall.

In the no RBCs case, relatively low concentrations of bounded platelets at

the injured wall are computed (Fig. 2.13, top left). The first and last part of
the lower wall are not injured, so no adhesion happens there. At the front

of the central reactive part cbp reaches its maximum value and it gradually

decreases along the rest of the injury. For both cases (low shear rate and high
shear rate) the shape of the distribution is similar, but in the high shear case

the deposition is about twice as high as in the low shear case.

When the effects of RBCs on platelets and chemicals are considered in the
model, the distribution of bounded platelets increases. Fig. 2.13 (bottom left)

shows the constant inlet case for low and high shear rates. Fig. 2.13 (right)

shows the skewed inlet case for low and high shear rates. cbp is higher both in
case of constant inlet (about 5 times the no RBCs case) and in case of skewed

inlet (about 10 or 20 times the no RBCs case, depending on the shear rate).
The shear rate increase has this time different effects when combined with

different inlet distributions. In the constant inlet case, the shape of cbp is very

different depending on the shear rate: when the shear rate is high the shape
is skewed to the end of the injury and the distribution of bounded platelets

reaches a constant value. In the skewed inlet case the shape is similar for
both shear rates, but when the shear rate is high cbp is almost twice as high.

In our next simulations we focus on the platelet plug growth model. At

each time step, we move the injured wall according to the flux of deposited

bounded platelets (equation (2.26)). In this way we can translate the distri-
bution of bounded platelets in a visual 2D platelet plug formation. In our

model the plug is considered as a rigid solid, so blood cannot flow inside
but it influences the plug growth and shape. On the other hand, the form-

ing plug is an obstacle for the blood flow, which then changes its velocity
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Figure 2.13: Distribution of bounded platelets at the lower wall of the vessel
for all cases proposed at final time T = 600 s. ◦ = γ̇low, � = γ̇high. Constant cp,

no RBCs (top left); constant cp, RBCs (bottom left); skewed cp, RBCs (right).
Note that maximum values on y axis are different for each picture. Figure

published in [Storti et al., 2014].

field accordingly. It is therefore not possible anymore to impose a certain

velocity field, but it must be computed at each time step with Navier-Stokes
equations. We simulate again (but now including the effect of platelet plug

growth) the cases of Fig. 2.11 and for each of them we show a close-up image
around the injured wall (Fig. 2.14).

A summary of the results for all cases is depicted in Fig. 2.16, where
the evolution of the platelet plug in time is visualized. As predicted by the

sole biochemical model, in the no RBCs case, platelet deposition is low, for
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Figure 2.14: Visualization of simulation results are restricted to the yellow

box. Figure published in [Storti et al., 2014].

low shear rate especially. A higher diffusivity due to RBCs combined with
a skewed inlet concentration significantly increases the number of deposited

bounded platelets, thus the plug is much higher and much more visible. The

maximum heights for each plug are reported in Table 3.1.

Table 2.5: Maximum heights (cm) of platelet plug for all cases at different
times (s). Table published in [Storti et al., 2014].

γ̇low γ̇high
time max plug height max plug height

200 2.7x10−5 5.8x10−5

400 5.1x10−5 1.1x10−4

600 7.2x10−5 1.5x10−4

200 1.7x10−4 1.5x10−4

400 3.5x10−4 3.1x10−4

600 5.2x10−4 4.9x10−4

200 3.4x10−4 6.0x10−4

400 6.2x10−4 1.4x10−3

600 8.7x10−4 2.2x10−3

To quantitatively visualize the plug growth in time, it is possible to com-

pute its area as a function of time as in [Bark et al., 2012]. We observe a linear
growth in all cases (Fig. 2.15).

Regarding the shape of the plug, it matches the predictions of the sole
biochemical model for the no RBCs case and for all low shear rate cases.

The maximum peak concentration is at the proximal part of the reactive wall
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Figure 2.15: Area change of platelet plug in time for all cases. Figure pub-

lished in [Storti et al., 2014].

and cbp gradually decreases along the injury. Different shapes are instead
obtained for high shear rates in the RBCs case. The peak distribution this

time is shifted to the distal part of the injury.

When platelet deposition is high, mesh update and remeshing must han-

dle quite large deformations. Mesh deformations for skewed inlet platelet

concentration cases are shown in Fig. 2.17. In the high shear rate case the
plug edge is very close to the top wall (Fig. 2.17, right). The final number of

nodes is 17878 and the final number of elements is 8695. The final number of

nodes on the reactive wall is instead 279 and 651 in total on the lower wall.

To show quantitative data of platelet deposition when plug growth is

included, we compute final cbp along the plug interface. For each case, a
comparison with the distribution without plug growth is proposed.

Fig. 2.18 (top row) shows the no RBCs case. For both shear rates, the
no-growth distribution (black line, �) is comparable to the growth-included
distribution (red line, ◦). Small differences can be observed at the very front
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of the injury and at the very end. A quite jagged distribution, especially

in the growth-included simulation, is obtained. This can be related to the

high Sherwood number which causes fluctuations in platelet deposition. The
Sherwood number is defined as Sh = kH/Dplt, where k is the general reac-
tion rate constant for platelets and Dplt is the diffusion coefficient of platelets.

By taking an average value of k = 4x10−3 cm/s, based on krs and kas = kaa,
we obtain Sh = 1200 since Dplt = 0.1x10

−7 cm2/s. Sherwood numbers of the

order of 102 or higher can be considered high [Sorensen et al., 1999a]. Our

Sh is of the order of 103.

Fig. 2.18 (middle row) shows the RBCs case with constant inlet. For
low shear rate cbp is comparable to the no-growth case and the effect of the

growth is mainly visible in a slightly higher peak concentration at the vertices
of the injury. For high shear rate the situation is different. When growth is

modelled (red line, ◦), the shape of the plug is slightly different: cbp gradually
increases to reach its maximum peak at the distal part of the reactive wall.
In the no-growth case (black line, �) cbp is instead more constant along the
injury. Plug size is comparable.

Fig. 2.18 (bottom row) shows the RBCs case with skewed inlet. Similar
results as in the RBCs case with constant inlet are obtained. If for low shear

rate the growth case is comparable to the no-growth case, for high shear
rate the plug shape and bounded platelets distribution are different. For the

growth case, the peak concentration is shifted to the distal part of the injury

(red line, ◦), after which the platelet plug is decreasing rapidly. Total platelet
deposition cbp is slightly higher than in the no-growth case and it is less

smooth, showing a second peak in the middle of the injured part.

2.5 Discussion and conclusion

Biochemical model

The biochemical model we implemented [Sorensen et al., 1999a], can be ap-

plied to an arbitrary number of different configurations. By tuning the dif-

fusion coefficients of the species and the inlet distribution of platelets, it is
possible to consider full blood or platelet and plasma only. By changing the

shear rate of the flow, different haemodynamic conditions can be applied. We
chose to simulate six different cases: presence or absence of RBCs, constant

or skewed inlet concentrations of platelets and low and high shear rates. We
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took all parameters and their variations needed to define different cases from

literature.

Since we chose to use the domain and the values for platelets inlet con-

centrations similar to what is proposed in [Leiderman and Fogelson, 2011],
we can compare the trends of our results to what they obtained. A more

precise comparison is very difficult due to the differences between the two

models. In [Leiderman and Fogelson, 2011] they consider in fact the poros-
ity of the plug and the full coagulation cascade, while we simulated a rigid

nondeformable solid plug and the thrombin-related part of the coagulation
cascade only. They consider a full-height channel with the injury on one side

only, while we chose to assume symmetry of the domain. They always model

the RBCs effects, while we made a comparison between the no RBcs and the
RBCs cases.

Despite these differences, we observe the same dependence of platelet de-

position on the distribution of platelets at the inlet. Given a fixed shear rate,

cbp is much higher when a skewed inlet is prescribed (Fig. 2.16, columns).
The main reason is the higher availability of platelets in the proximity of the

wall. The same effect is caused by RBCs, though to a much lower extent.

In fact, when comparing the RBCs case with constant inlet to the no RBCs
one, cbp is higher when full blood is considered. This difference can be ex-

plained by recalling the diffusion increasing effect of RBCs. Higher diffusion
coefficients result in a higher availability of platelets in the proximity of the

wall.

Focusing now on the shear rate, [Leiderman and Fogelson, 2011] do not

observe any clear difference in total plug size or shape in relation to differ-
ent shear rates. However, they divide the platelet plug into different regions

depending on the density of deposited bounded platelets cbp and they un-

derline an increase in high-density areas when increasing the shear rate for
the skewed inlet cases. We do not define the same divisions for our plug. We

can thus comment on total plug size and shape only. Regarding plug size,
higher adhesion and deposition when increasing the shear rate is observed

for the no RBCs case (Fig. 2.16, first row, red lines ◦) and for the RBCs case
with skewed inlet (Fig. 2.16, third row, red lines ◦). Final cbp is about twice
as high for the high shear rate case. For the RBCs with constant inlet case,

no clear difference in total plug size in relation to the shear rate is observed
(Fig. 2.16, second row, red lines ◦). Final cbp is slightly lower for the low shear
case but the difference between the two distributions is negligible. Regarding
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plug shape, a dependence on the shear rate is observed when platelet deposi-

tion and adhesion is high enough, i.e. when RBCs are included in the model

(Fig. 2.16, second and third row). In case of low shear rate the plug shape
is skewed towards the proximal part of the plug and cbp decreases rapidly

along the injury. In case of high shear rate it is skewed to the opposite (distal)
part and cbp is more constant along the injury. This effect is not observed in

the no RBCs case, due to the low total platelet deposition which can thus not

be influenced by haemodynamic effects.

Summarizing the last observations, we can conclude that the order of

magnitude of platelet plug size is mainly determined by the amount of
platelets available at the injury site. Platelet plug shape is determined by

the shear rate imposed when platelet deposition is enough to influence and

to be influenced by the flow. The higher the shear rate, the higher the convec-
tive effects on platelets and chemicals. As direct consequence, platelets tend

to adhere towards the end of the injury rather than to its frontal part.

Growth model

If we focus on platelet plug growth, the growth model gives explicable re-

sults, given the limitations we imposed. As shown in Fig. 2.18, in general
it is not possible to neglect the effect of plug growth on the local flow phe-

nomena. Discrepancies in fact arise for higher shear rates and higher platelet

deposition [Weller, 2010]. Therefore, a biochemical model alone is not always
suitable for a good investigation of the adhesion and deposition phenomenon

and a good prediction of plug size and shape.

When the plug height is significant with respect to the vessel height,

haemodynamics play a crucial role in platelet deposition and plug devel-

opment. It is the case of full blood simulations: the interplay between plug
and flow influences bounded platelets distribution and plug shape (Fig. 2.16,

second and third row). In particular, the shear rate plays a dominant role.
In case of low shear rate the platelet plug shape is still comparable to the

no-growth case (Fig. 2.18, left column, second and third row), but the situ-

ation is different for high shear rate. The effects of the flow on the plug are
clearly visible (Fig. 2.18, right column, second and third row), especially for

the skewed inlet case. The peak distribution of deposited bounded platelets
is shifted to the right end of the reactive part and cbp is less smooth along the

injury, presenting two peaks and thus a peculiar shape.
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When platelet deposition is very low the plug is so small that it doesn’t

influence blood flow and vice versa. Low deposition occurs for the no RBCs

case, in which the plug is hardly visible in 2D visualization plots (Fig. 2.16,
first row). The final distribution of bounded platelets (Fig. 2.18, first row)

is then comparable for the growth (red line, ◦) and no-growth cases (black
line, �). The main difference between the two cases is the quite jagged
curve obtained for the growth case. A similar phenomenon is observed in

[Sorensen et al., 1999a] when the Sherwood number is high. They show re-
sults for different Sh and observe a relatively jagged curve when Sh = 100.
The explanation is linked to the discrete nature of the system of convection-
diffusion-reaction equations, which models platelet deposition and adhesion

as a local phenomenon. Our Sh = 1200 due to the very low platelets diffusiv-
ities caused by the absence of red blood cells, thus the phenomenon is more
visible than in the reference case. When full blood is considered, Dplt is one

order of magnitude higher so the obtained curves are smoother.

Concluding remarks

Recalling the goal of this chapter, we aimed to develop a continuum biochem-
ical model for platelet plug formation and at defining an explicit plug growth

model. We can conclude that we achieved this goal by taking the biochemical
model from literature [Sorensen et al., 1999a] and defining an explicit plug

growth model. The model can be easily applied to different configurations

by changing its parameters. Diffusion coefficients, platelet inlet distributions
and shear rate play the major role. The platelet plug growth model is of

great importance and shows that, when platelet deposition is significant, its
interaction with blood flow dynamics can not be neglected.

Attention must be paid to the way in which the role of red blood cells is
taken into account. Here we took a pragmatic approach in which we changed

the diffusivity of the large constituents and the inlet profile of the platelets.
Moreover, we set a constant fluid viscosity for all cases, but in principle the

viscosity of blood should be higher than the viscosity of plasma, except in the

boundary layer region close to the wall. A more thorough study is therefore
needed to include the dynamics of the red blood cell inhomogeneity and

their influence on the convection of platelets and smaller constituents. The
void fraction parameter α together with the volume of a depositing platelet

should also be further investigated. Here we made a simple assumption



2.5. DISCUSSION AND CONCLUSION 45

considering the volume of activated platelets comparable to the volume of a

sphere and we computed α consequently. We also assumed a linear growth of

the platelet plug with the void fraction. These assumptions make the model
simple and well-defined. However, different values of α should be tested

[Wufsus et al., 2013], together with the possible role of fibrin concentration
in the determination of this parameter.

Recalling our general objective, we aim to develop a continuum model

with an explicit definition of blood clot growth and a continuum fluid struc-
ture interaction coupling in which it is possible to easily change the solid con-

stitutive relation of the clot. We have for the moment a rigid (nondeformable)
plug that grows inside the vessel lumen. To get results more comparable to

real experiments and clinical data, we need to define a constitutive relation

for the platelet plug and study the effect of different constitutive relations on
the plug shape. Effects of porosity should also be taken into account. From

a practical point of view, this implies the implementation of a fluid structure
interaction coupling between the solid plug and the blood flow. To go fur-

ther and develop a model for a complete blood clot, we need to include in

the biochemical model the fibrinogen-fibrin cycle. This is possible by means
of a relatively simple extension of model [Sorensen et al., 1999a]: two ad-

ditional equations for fibrinogen and fibrin, together with proper boundary
conditions, should be implemented.

In conclusion, based on the existing biochemical model of platelet depo-

sition [Sorensen et al., 1999a] a continuum model for platelet plug formation
and growth has been developed that allows to study the interaction between

platelet plug morphology and local haemodynamics. The model opens the
way to the development of continuum models for full blood clot formation

and growth in physiologically relevant configurations.
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Figure 2.16: 2D visualization of platelet plug growth in time for all cases; for
each picture from top to bottom: t = 200 s, t = 400 s, t = 600 s. Figure
published in [Storti et al., 2014].
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Figure 2.17: Mesh deformation in time for skewed inlet platelet concentration

cases; from top to bottom: t = 200 s, t = 400 s, t = 600 s. Figure published
in [Storti et al., 2014].
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Figure 2.18: Distribution of bounded platelets at the lower wall of the vessel

in case of plug growth (red line, ◦) or no plug growth (black line, �) at final
time T = 600 s. All cases are shown. Note that maximum values on y axis
are different for each picture. Figure published in [Storti et al., 2014].
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Solid mechanics and FSI models

A solid mechanics model for the platelet plug coupled with a fluid-structure interac-
tion model for the blood flow-plug system is presented in this chapter. It consists of

an extension of the biochemical and plug growth models presented in chapter 2. The

platelet plug is treated as a neo-Hookean elastic solid, of which the implementation
is based on an updated Lagrangian approach. The framework is applied to different

haemodynamic configurations coupled with different shear moduli of the plug. Re-
sults about plug growth, shape and size, as well as the stress distribution, are shown.

Based on the simulations performed, we conclude that the deformability of the platelet

plug is essential for its growth.

The content of this chapter is based on [Storti and van de Vosse, 2014]
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3.1 Introduction

We have developed in chapter 2 a continuum model for platelet plug forma-
tion and growth. By combining a biochemical model based on the work of

[Sorensen et al., 1999a] with a new plug growth model, the process of plug

development could be described from its early beginning. Particular focus
was given to the importance of including plug growth and to the plug inter-

action with the surrounding blood flow. Different haemodynamic conditions
led in fact to different platelet plug shape and size. The plug was treated as

a rigid (nondeformable) solid.

In the current chapter, it is investigated to what degree the assumption of
platelet plug rigidity is valid and the influence of platelet plug deformation

is explored. From a practical point of view, this implies the definition of a

proper constitutive relation for the plug and the implementation of a fluid-
structure interaction coupling between the solid plug and the blood flow. We

therefore focus on the last two aspects of the framework we aim to develop.

The solid mechanics model for the platelet plug must take into account its
deformability properties when a force is applied on it. Since the plug is sur-

rounded by the blood flow, a certain traction force is constantly applied on it
which may influence the final plug shape and size. Although we are aware

a viscoelastic constitutive relation would be the most suited to describe the

plug, as a first approximation we choose a simpler elastic incompressible
(neo-Hookean) solid. The plug characteristics are then defined by one pa-

rameter, which is the shear modulus. Since the area of the plug increases
in time due to platelets accumulation, an updated Lagrangian formulation is

chosen to properly solve the equations for the solid.

The fluid-structure interaction couples the effects of the blood flow on the
solid plug and vice versa. As already explained, a traction force exerted

by the flow is constantly applied on the platelet plug. On the other hand,

the plug growth and shape change influence the fluid dynamics of blood
by acting as an obstacle to the flow. We choose to implement a simple FSI

sequential scheme in which the force of the fluid is passed to the solid as
a Neumann boundary condition. The displacement of the solid is used to

update the fluid domain accordingly.
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3.2 Mathematical framework

In order to add to the biochemical and plug growth models the solid me-

chanics and FSI parts, two different domains are necessary, one representing
the blood vessel and one representing the platelet plug. We define therefore

ΩF, Ω and Γi (see Fig. 3.1). ΩF represents the domain of the fluid, in which
the biochemical model is formulated, Ω the domain of the solid, in which the

solid mechanics model describing the plug behaviour is formulated, and Γi

represents the fluid-solid interface, i.e. the platelet plug interface in contact
with the blood flow.

Figure 3.1: Definition of the domains representing the blood vessel (ΩF), the

platelet plug (Ω) and the FSI interface (Γi). Figure published in [Storti and
van de Vosse, 2014].

Biochemical model and plug growth model

The model developed in chapter 2 is now solved on the domain ΩF and

on the reactive boundary Γi. The solid plug Ω is treated in a first stage

as an impermeable solid, i.e. blood cannot flow inside and no biochemical
reactions happen inside the plug.

Solid mechanics model

The platelet plug is not a rigid solid but it can deform under the influence
of the blood flow, which exerts a certain force on its surface Γi. Therefore

a suitable solid model must be implemented to properly describe the plug
behaviour [van de Vosse et al., 2003].

Defining x0 the position vector of a material point in the reference (unde-

formed) configuration Ω0, it is possible to define the deformation gradient
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tensor F = (∇0x)
T, where ∇0 is the gradient operator with respect to the

reference configuration and x the position vector of the material point in the

current configuration Ω (see Fig. 3.2, black). For an incompressible material
the momentum and mass balance equations read as follows

{

∇ · σ = 0 in Ω,

J − 1 = 0 in Ω,
(3.1)

where σ is the Cauchy stress tensor and J = det(F) represents the volume
change between the reference configuration Ω0 and the current configuration

Ω. We have assumed that the deformation is quasi-static (consequently no
time dependence is involved), that inertia can be neglected and that the solid

is incompressible. The second equation ensures incompressibility. For an

incompressible material σ = −pI+ τ, where p is the pressure and τ is the
extra stress tensor. For the sake of simplicity, we consider in a first stage the

platelet plug as a neo-Hookean elastic solid. Its constitutive relation is the

following

τ = G(B− I), (3.2)

where B = FFT is the Finger tensor and G is the shear modulus.
The set of equations (3.1) is completed with the following boundary con-

ditions:

x = xp on ΓD,
σ · n = t on ΓN ,

(3.3)

where xp is the prescribed position vector on the Dirichlet part of the
boundary ΓD, t is the prescribed traction force on the Neumann part of the

boundary ΓN and n is the normal vector with respect to the Neumann bound-

ary.

In order to solve the set of equations (3.1), we first derive the weak form.

We define the test functions w ∈ W and q ∈ Q, where W = {w ∈ [H10(Ω)]2}
and Q = {q ∈ L2(Ω);

∫

Ω
qdΩ = 0}, and we multiply and integrate equations

(3.1)











∫

Ω

w · (∇ · σ)dΩ = 0,
∫

Ω

q(J − 1)dΩ = 0.
(3.4)
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Applying integration by parts and the Gauss’ theorem on the first equa-

tion we obtain











∫

Ω

(∇w)T : σdΩ =
∫

ΓN

w · tdΓN,

∫

Ω

q(J − 1)dΩ = 0.
(3.5)

The system of equations (3.5) is nonlinear with respect to the current
unknown configuration Ω. Therefore its solution requires evaluation of all

integrals on a known configuration and linearization of all quantities which

depend on the current position vector x, i.e. the stress tensor σ, the deforma-
tion gradient tensor F, J, and the traction force t. Two choices are possible

for the definition of a known configuration (see Fig. 3.2, black): the initial
undeformed reference configuration Ω0 or the last known configuration Ωn,

i.e. the last converged configuration at the previous time step. The most

common choice in solid mechanics is the first one. In this case a total La-
grangian approach is used and all integrals are evaluated on the reference

configuration Ω0. However, for our case there is no unique initial reference
configuration because at the beginning of the process no platelet plug exists,

so no solid is defined and the domain keeps enlarging in time due to platelet

accumulation. This means Ω0 is defined by the current configuration Ωn and
will contain residual stresses. Our choice is then the second one, i.e. to use

an updated Lagrangian approach [van de Vosse et al., 2003].

The deformation from the last known configuration Ωn at t = tn to the
current unknown configuration Ω at t = tn+1 is described by F∆, which is
related to F through the relation F = F∆ · Fn, where F represents the de-
formation from the reference configuration Ω0 to the current unknown con-

figuration Ω and Fn from the reference configuration Ω0 to the last known
configuration Ωn. The three deformation gradient tensors are then defined

as follows:







F = (∇0x)
T,

Fn = (∇0xn)
T,

F∆ = (∇nx)T,
(3.6)

where xn is the position vector of the material point in the last known

configuration. Consequently, ∇ can be expressed as ∇ = F−T
∆

· ∇n,
∫

Ω
dΩ =
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Figure 3.2: Schematic representation of the deformation of the solid domain
for the total and updated Lagrangian approaches (black); schematic represen-

tation of the Newton iteration scheme for the updated Lagrangian approach

(red). Figure published in [Storti and van de Vosse, 2014].

∫

Ωn
J∆dΩn, where J∆ = det(F∆), and

∫

ΓN
dΓN =

∫

ΓN,n
J∆dΓN,n, where ΓN,n is

the Neumann part of the boundary of Ωn.

The evaluation of the integrals on Ωn is then the following



























∫

Ωn

(∇nw)T : F−1
∆

· σ J∆dΩn =

∫

ΓN,n

w · (σ · F−T
∆

· nn)J∆dΓN,n,

∫

Ωn

q(J − 1)J∆dΩn = 0.

(3.7)

The nonlinear set of equations (3.7) is solved by means of the Newton

iteration scheme (see Fig. 3.2, red). Each unknown can be written as the sum



56 Chapter 3

of an estimate (∗) and an error (δ):

σ = σ∗ + δσ,

F∆ = F∗
∆

+ δF∆,

J = J∗ + δJ,
J∆ = J∗

∆
+ δJ∆,

x = x∗ + δx,

(3.8)

and substituted into equations (3.7), which, after elaboration (see ap-

pendix A for details), can be written with respect to the most recent con-
figuration Ω

∗























∫

Ω∗

(∇∗w)T : (−(∇∗δx)T · σ∗ + δτ + (∇∗ · δx)σ∗)dΩ∗ −
∫

Ω∗

p∇∗ ·wdΩ∗ =

−
∫

Ω∗

(∇∗w)T : τ∗dΩ∗ +
∫

ΓN

w · (σ∗ · n∗)dΓN,

∫

Ω∗

q(∇∗ · δx)dΩ∗ = −
∫

Ω∗

q
( J∗−1)
J∗ dΩ

∗,

(3.9)
where δτ = τ − τ∗ and p = p∗ + δp is the total pressure. The term

δτ can be further expanded and expressed in terms of δx by means of the

constitutive equation of the solid. In our case τ = G(B− I), thus

δτ = GδB = G(δF · FT + F · δFT) =
= G[(∇0δx)

T · FT) + F · ∇0δx] =
= G[(∇0δx)

T · F−1 · F · FT + F · FT · F−T · ∇0δx] ≈
≈ G[(∇δx)T · B+ B · (∇δx)],

(3.10)

or, with respect to the most recent configuration Ω
∗, δτ ≈ G[(∇∗δx)T ·

B∗
∆

+ B∗
∆
· (∇∗δx)], where B∗

∆
= F∗

∆
· F∗T

∆
. Substitution in equation (3.9) leads

to







































∫

Ω∗

(∇∗w)T : (−(∇∗δx)T · σ∗ + G[(∇∗δx)T · B∗
∆

+ B∗
∆
· (∇∗δx)]+

+(∇∗ · δx)σ∗)dΩ∗ −
∫

Ω∗

p∇∗ ·wdΩ∗ =

= −
∫

Ω∗

(∇∗w)T : τ∗dΩ∗ +
∫

ΓN

w · (σ∗ · n∗)dΓN ,

∫

Ω∗

q(∇∗ · δx)dΩ∗ = −
∫

Ω∗

q
( J∗−1)
J∗ dΩ

∗,

(3.11)
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where all unknown quantities are expressed in terms of the displacement

δx and total pressure p. It is then possible to associate to each time step

∆t = tn+1− tn a number of iterations M. Defining i the index for the iteration
cycle, where i = 0, . . . ,M, equations (3.11) can be rewritten as follows















































∫

Ω∗
i

(∇∗w)T : (−(∇∗δxi)
T · σ∗

i + G[(∇∗δxi)
T · B∗

∆,i + B
∗
∆,i · (∇

∗δxi)]+

+(∇∗ · δxi)σ∗
i )dΩ

∗
i −

∫

Ω∗
i

pi∇
∗ ·wdΩ∗

i =

= −
∫

Ω∗
i

(∇∗w)T : τ∗
i dΩ

∗
i +

∫

ΓN,i

w · (σ∗
i · n

∗
i )dΓN,i,

∫

Ω∗
i

q(∇∗ · δxi)dΩ
∗ = −

∫

Ω∗

q
( J∗i −1)
J∗i
dΩ∗
i .

(3.12)

At each iteration step i the current displacement δxi and the current to-
tal pressure pi are computed. δxi is used to update the current converged

configuration Ω
∗
i to the next converged configuration Ω

∗
i+1 (see Fig. 3.3).

B∗
∆,i = F∗

∆,i · F
∗T
∆,i, where F

∗
∆,i represents the deformation gradient tensor be-

tween two subsequent iteration steps. Note that the extra stress tensor τ∗
i

is the sum of all previous stresses, i.e. τ∗
i = τ∗

i−1 + τ∗
i−2 + · · · + τ∗

0 . This is
the main point of the updated Lagrangian approach and allows to solve all

equations on the current estimated configuration Ω
∗
i .

In our case the domainΩ representing the solid appears when the platelet

plug starts to form, i.e. at the second time step of the simulations. It consists
of two boundaries (see Fig. 3.1), the lower one representing the part of the

plug which is in contact with the wall and the upper one Γi representing

its reactive interface in contact with the blood flow. Homogeneous Dirichlet
boundary conditions are imposed on the bottom wall representing a fixed

boundary, i.e. δx = 0. Neumann boundary conditions are imposed on the
reactive wall Γi , i.e. σ∗ · n∗ = σF · n

∗ = tF, where σF is the stress tensor of

the fluid and tF the traction force exerted by the fluid on the solid.

Fluid-structure interaction

Since the platelet plug is surrounded by the blood flow along its upper sur-
face, a fluid-structure interaction coupling is implemented to model the ef-

fects of the fluid on the solid plug and vice versa. The FSI coupling can be
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Figure 3.3: Schematic representation of the iteration scheme for the updated
Lagrangian approach. Figure published in [Storti and van de Vosse, 2014].

further subdivided into two parts, the fluid-solid coupling and the solid-fluid

coupling (see Fig. 3.4). The blood flow exerts a traction force tF on the solid,

which can cause deformation of the plug. On the other hand, the solid acts
as an obstacle for the fluid, changing its stream at every time step. Note that

the fluid-structure interaction coupling is implemented in a sequential way.

Fluid-solid coupling

The traction force exerted by the fluid on the solid is computed by means of
the total stress tensor of the fluid σF:

tF = σF · n, on Γi, (3.13)
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Figure 3.4: Schematic representation of the fluid-structure interaction cou-

pling. Figure published in [Storti and van de Vosse, 2014].

where n is the normal vector with respect to the fluid-solid interface. σF
is computed through the pressure of the fluid pF and the viscous stress tensor
of the fluid τF:

σF = −pFI+ τF, (3.14)

where

τF = 2ηD, (3.15)

and

D =
1

2
(∇v+∇vT). (3.16)

The traction force tF is then passed to the solid as a Neumann boundary

condition. Moreover, since the solid keeps growing in time due to the accu-
mulation process, the solid mesh at time tn+1 is always slightly bigger than

the solid mesh at time tn. All quantities in the new part of the solid mesh are

first set to 0 through an interpolation algorithm. However, to ensure continu-
ity of physical variables, the pressure and the stress tensor along the reactive

wall are then assigned the same values as in the fluid.

Solid-fluid coupling

To keep track in time and space of the part of the fluid domain ΩF occupied

by the solid, the fluid mesh is updated at every time step. The plug interface
is moved according to the displacement of the solid δx given by the solution

of the solid mechanics equations earlier explained.
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Model implementation

The biochemical model together with the growth model are solved through
the finite element method, where a quadratic approximation for all chemical

species, a biquadratic approximation for the velocity and a linear approxi-
mation for the fluid pressure are chosen. Further details are given in chapter

2. The additional equations for the solid are also solved and implemented

through the finite element method, where a biquadratic approximation for
the displacement and a linear approximation for the pressure are chosen.

The solution algorithm for each time step is the following:

1. solve the biochemical system;

2. compute the platelet plug growth due to accumulation of platelets, i.e.

the displacement of the plug interface ubp;

3. compute the traction force of the fluid tF and solve the equations for
the solid;

4. update the fluid domain through δx+ ubp;

5. update the solid domain to take platelet accumulation into account
through ubp.

The fluid-structure interaction coupling is solved in a sequential way, i.e.

first the traction force is passed to the solid and then the displacement is
passed back. No iteration cycle is needed for this algorithm because the

displacement of the solid is very slow compared to the accumulation process.
The FSI interface is conforming (see Fig. 3.5), i.e. the nodes on the fluid and

solid sides are exactly the same.

All time-dependent equations, i.e. the biochemical system and the Navier-
Stokes equations, are solved in time through the Euler implicit method with

a time step ∆t = 1 s.
Mesh update is not enough to prevent nodes overlap and too large ele-

ments deformation. Therefore, remeshing is also necessary [Geuzaine and

Remacle, 2009]. To make sure the coupling at the fluid-solid interface is con-
forming one single mesh for the whole fluid-solid system is generated and

then split into two parts. The plug interface is smoothed through a B-spline
function. L2 projections are used to transfer the values of all physical quan-

tities belonging to the biochemical model and the Navier-Stokes equations,
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Figure 3.5: Fluid mesh and solid mesh with conforming coupling. Figure

published in [Storti and van de Vosse, 2014].

while interpolation is used to pass the solid-related quantities, i.e. the pres-
sure of the solid and its stress tensor.

3.3 Test cases

To test the effects of modelling the solid plug as a deformable solid, platelet

deposition must be high enough so that the effects of the blood flow are
visible on the plug and vice versa. Therefore we choose to simulate the last

two cases proposed in chapter 2, i.e. presence of red blood cells and a skewed

inlet concentration for platelets (both activated and unactivated), under two
different shear rates. All parameters are taken from literature. In addition,

we test different shear moduli G for the platelet plug. We expect comparable
results to the sole biochemical model with growth for high G and different

plug shape and size for lower G.
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Model parameters

All parameters for the simulations are the same as the ones proposed in
chapter 2. We therefore give here a brief summary only.

The domain for the simulations is a 2D vessel as proposed in [Leiderman
and Fogelson, 2011]. The vessel height is 0.006 cm and the vessel length

0.024 cm. The injured wall is placed at the centre of the lower wall of the
vessel and it is 0.009 cm long. Since we assume symmetry of the domain

for computational convenience, just the lower half of the vessel is considered

(Fig. 3.6). At the beginning of each simulation the fluid mesh only is present
and the solid mesh appears at t = 2 s when platelet deposition begins.

Figure 3.6: Schematic representation of the domain for the simulations: 2D

channel representing the fluid domain (light blue) in which all chemical reac-
tions occur and growing area representing the platelet plug (light red). The

injury is placed at the centre of the lower wall. Symmetry of the geometry
is considered, so half of the vessel only is drawn. Figure published in [Storti

and van de Vosse, 2014].

We consider different configurations by varying the shear rate of the flow

and the shear modulus of the plug. In this way different elastic properties
of the plug can be tested, coupled with different haemodynamic conditions.

We choose γ̇low = 100 s−1 as low shear rate and γ̇high = 1000 s−1 as high
shear rate, and we vary the shear modulus between 100 ÷ 1 kPa (Ghigh =
100 kPa, Gmedium = 10 kPa and Glow = 1 kPa). Ghigh is the average value

for atherosclerotic plaques, so it represents a stiff platelet plug for our case.
Gmedium is the average value for intraluminal thrombi of abdominal aortic

aneurysms, so it still represents a stiff plug. Glow represents a soft plug.

We choose to simulate full blood with a skewed inlet concentration of
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platelets (both unactivated and activated). All parameters for the convection-

diffusion-reaction system (diffusion coefficients of all species, reaction rates,

initial concentrations, etc.) and all parameters for the blood flow (density,
viscosity and inlet distribution of velocity) are reported in chapter 2.

Numerical parameters

For each of the proposed cases, 10 min of platelet plug dynamics is simulated.
The final time is then T = 600 s.
An unstructured mesh for the fluid domain refined around the bottom

wall is used for all cases, while a uniformally distributed unstructured mesh

is used for the solid part. The initial number of elements of the fluid domain
is 4323 (9016 nodes), which reduces in time due to the reduction of the vessel

lumen. The final number of elements is about 3900 (around 8000 nodes)
and the precise number depends on the final shape of the domain. The

reactive wall consists of about 250 nodes. The number of elements of the solid

mesh keeps increasing during the whole simulation because the platelet plug
keeps growing, thus the solid domain keeps enlarging. The final number of

elements for the high shear rate case is about 6000 elements (12000 nodes)
and about 2000 elements (4000 nodes) for the low shear rate case.

The low shear rate-high shear modulus case was the only one which re-

quired additional mesh refinement for the fluid part in order to reach con-

vergence. The final mesh consists in fact of 9900 elements for a total number
of nodes of 20457.

Regarding computing times, the average total CPU time for an entire sim-

ulation is about 25000 s and the average number of iterations per time step

is about 5. The average CPU time doubles to about 57000 s for the low shear
rate-high shear modulus case but the average number of iterations per time

step remains the same. Regarding the size of the square matrices associated
to the two-dimensional equations, the average size is about 8900 for a total

of 100000 nonzero elements. The size of matrices for the low shear rate-high

shear modulus case is instead 21000 for a total of 240000 nonzero elements.

3.4 Results

For each of the proposed test cases, we solve the whole system of equations

described in the previous sections, i.e. the biochemical model including plug



64 Chapter 3

growth, the solid mechanics equations for the platelet plug and the FSI cou-

pling. At each time step the plug interface is moved, according to the flux

of depositing bounded platelets jbp and to the displacement δx caused by the
traction force tF. The platelet plug is treated as a deformable solid, but no

effects of porosity are considered at this stage, i.e. blood cannot flow inside
the plug.

To visualize the stress distribution inside the plug, we compute the von
Mises stress σ̄M, which can be derived from the Cauchy stress tensor σ. For

a two-dimensional case

σ =

[

σxx σxy
σyx σyy

]

(3.17)

and the von Mises stress is defined as

σ̄M =
√

σ2xx − σxxσyy + σ2yy + 3σ2xy. (3.18)

We visualize the plug development in space and time by means of 2D

plots. A summary of all results is shown in Fig. 3.7. The von Mises stress is
visualized inside the plug, together with the flow field around it.

When γ̇high is applied, platelet deposition is high and the plug occludes a
big portion of the vessel. If the initial development of the plug is comparable

independently of the imposed shear modulus (see Fig. 3.7, right column,

t = 200 s), the final shape and size is quite diverse. When Ghigh is imposed,
the plug reaches about three quarters of the vessel half height and the final

shape is symmetric with a small peak at its distal part (see Fig. 3.7, right

column, top picture). When Gmedium is imposed, the plug size is comparable
to the high shear modulus case but the shape is skewed in the flow direction

(see Fig. 3.7, right column, middle picture). When Glow is imposed, the final
plug occludes only one fourth of the vessel half height and it is elongated

in the direction of the flow (see Fig. 3.7, right column, bottom picture). At

t = 400 s the platelet plug is already developing over the distal part of the
injury, on top of the healthy wall, and it reaches a quite different final shape

in comparison to the other two cases.

When γ̇low is applied, platelet deposition is lower. All pictures show a

comparable development of the plug independently of the shear modulus
imposed (see Fig. 3.7, left column). The final shape is asymmetric with

a pronounced peak at the front part. The only difference can be observed
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Figure 3.7: Visualization of platelet plug development in time for all test
cases: low and high shear rates (100 and 1000 s−1), low, medium and high

shear moduli (1, 10 and 100 kPa); for each picture from top to bottom: t = 200
s, t = 400 s and t = 600 s. The von Mises stress is visualized inside the plug,
together with the flow field around it. Figure published in [Storti and van de

Vosse, 2014].

when Glow is imposed (see Fig. 3.7, left column, bottom picture): the peak of
the final plug is slightly shifted in the flow direction when compared to the

two previous cases.
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To describe the platelet plug development in a quantitative manner, we

report maximum plug heights at different times (see Table 3.1). All maximum

heights are comparable when a low shear rate is imposed. For the high shear
rate case all maximum heights are comparable till t = 400 s, while final height
is lower when a low shear modulus is imposed (1.7x10−3 cm vs 2.2x10−3 cm).

Table 3.1: Platelet plugs maximum heights (cm) at different times (s) for all

test cases. Table published in [Storti and van de Vosse, 2014].

γ̇low γ̇high
time max plug height max plug height

200 4.2x10−4 6.1x10−4

Ghigh 400 8.5x10−4 1.4x10−3

600 1.3x10−3 2.2x10−3

200 4.2x10−4 6.1x10−4

Gmedium 400 8.6x10−4 1.4x10−3

600 1.3x10−3 2.2x10−3

200 4.2x10−4 6.0x10−4

Glow 400 8.6x10−4 1.3x10−3

600 1.3x10−3 1.7x10−3

Another way to quantify plug development is by computing its area over
time (see Fig. 3.8). The values are comparable when considering the same

shear rate, so volume growth is not too much affected by the shear modulus
while shape is. When imposing γ̇high the growth is nonlinear.

Regarding the von Mises stress distribution, the highest values for all

cases are observed when t = 600 s. When γ̇low is applied, the peak stress
values are located at the front of the plug and reach a value of the order of 10

Pa. When γ̇high is applied, the stress values are quite constant along the plug

(order of 100 Pa) and reach a minimum at its distal top part (order of 10 Pa).
In both cases the low shear modulus case show lower final values of the von

Mises stress, which is about three quarters of the values of the previous cases
when a low shear rate is imposed and about half when a high shear rate is

imposed.
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Figure 3.8: Change of platelet plug area in time. Figure published in [Storti

and van de Vosse, 2014].

3.5 Discussion and conclusion

Plug characteristics and interaction with the flow

The extension of the model described in chapter 2 by including the solid

mechanics equations for the plug and the FSI coupling, is capable of adapting
to different configurations. It can handle different haemodynamic conditions

coupled with different shear moduli of the plug.

When Ghigh is imposed, results are comparable to the ones obtained for

the nondeformable solid case presented in chapter 2. For the high shear rate

case, the platelet plug develops in the same way over time, to reach the same
maximum height and a similar shape and area (see Fig. 3.7, right column,

top picture). Results are also similar for the low shear rate case (see Fig. 3.7,
left column, top picture). In both cases the fluid does not play a crucial role

in the plug development but it mainly affects platelet deposition.

When decreasing the shear modulus, the plug becomes more sensitive to

the effects of the fluid and adapts its shape accordingly. However, for the low
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shear rate case the effects of the fluid are very limited and are visible only

when Glow is imposed, where the maximum peak of the final plug is slightly

shifted in the direction of the flow (see Fig. 3.7, left column, bottom picture).
For the high shear rate case, the fluid plays instead a much bigger role. This

difference is due to the higher platelet deposition which generates a bigger
plug, that occludes a higher portion of the vessel. A bigger plug is therefore

more subject to the force exerted by the blood flow and this results in a more

visible deformation. When Gmedium is imposed the plug development up to
t = 400 s is comparable to the stiff case, but the final plug shape is skewed
in the direction of the blood flow (see Fig. 3.7, right column, middle picture).
When Glow is imposed the plug starts to deform in the fluid direction at

t = 400 s to reach a completely different shape at final simulation time T. In
this case, the region covered by the plug is not limited to the area above the
wall injury but it expands on top of the healthy wall as well (see Fig. 3.7,

right column, bottom picture).

Given the comparison between the different shear moduli imposed and

the comparison with the nondeformable case proposed in chapter 2, we can

conclude that G = 100 kPa represents a stiff medium and it is thus probably
not suited for correctly modelling a loose platelet plug. Such values of the

shear modulus are measured for atherosclerotic plaques, which are stiffer
than blood clots and platelet plugs. We can come to a similar conclusion

for G = 10 kPa, which is in the range of values for intraluminal thrombi
of abdominal aortic anuerysms. In fact, although flow effects are visible on
the final plug shape for the high shear rate case, the difference with the

high shear modulus case is very limited. By comparing our results to the
in-vivo case proposed in [Furie and Furie, 2005], G = 10 kPa seems to be
the most suited value for correctly modelling the platelet plug stiffness. In

fact, it predicts a plug growth in the direction of the flow field which covers a
part of the healthy wall as well. Moreover, the von Mises stress distributions

confirm these observations because the values of the stress for the medium
and high shear moduli are higher than those in the low shear modulus case,

for both values of the shear rate.

Given the observations in the previous paragraph, we can conclude that it
is important to include a solid mechanics model for describing the behaviour

of the plug. As a consequence, the implementation of an FSI coupling is
necessary, which permits to investigate the flow effects on the plug and vice

versa. A careful choice of the shear modulus is also of importance, for future
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verification of the model with experimental data. At this stage, we have not

performed any verification because the study is focussed on the extension of

the computational framework and its validation.

Concluding remarks

The objective of this chapter was the extension of the biochemical and growth

model for platelet plug formation and growth proposed in the previous one,
in order to investigate the flow effects on the solid plug and vice versa. By

implementing an elastic solid model for the description of the plug through
an updated Lagrangian approach coupled with an FSI algorithm, the de-

formability of the platelet plug and its interaction with the surrounding flow

field could be taken into account. The model is capable of adapting to dif-
ferent configurations: it can handle different haemodynamic conditions and

different elastic properties of the solid. By choosing the correct values of
the shear modulus, the complete model predicts platelet plug development

closer to in-vivo measurements and it is therefore more suitable for clinical

and experimental applications. It also gives the possibility to compute and
visualize the stress distribution inside the plug.

Attention must be paid to the formulation of the constitutive relation for
the platelet plug. Since the focus of the paper was on the implementation of a

framework, we treated in a first stage the plug as a simple neo-Hookean elas-

tic solid. However, the definition of a viscoelastic or poroviscoelatic constitu-
tive relation would probably be more suited. We also considered a uniform

constant shear modulus G for the entire plug, but since the plug develops
in layers of adhering platelets the shear modulus should be considered time

and space dependent.

As a future perspective, the effects of porosity could be investigated by
treating the solid plug as a porous obstacle for the fluid. Intrathrombus

transport can in fact play a role in clot formation and development [Leider-
man and Fogelson, 2014]. Since the platelet plug consists of a core of tightly

packed activated platelets surrounded by a shell of more loose platelets, the

transport of chemical species is diffusion-dominated in the core and thus
much slower than in the outer region [Tomaiuolo et al., 2014]. This results

in different thrombin concentrations in the different thrombus areas, which
affect platelet activation and final thrombus shape and composition. More-

over, the model could be verified through comparisons to experimental and
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clinical data. In recent years, the development of microfluidic devices to

study in-vitro thrombus formation has made great progress [Colace et al.,

2013] and offers therefore an ideal tool for obtaining quantitative experimen-
tal data suitable for model verification. Finally, since our general objective

was the development of a numerical framework for the description of blood
clotting, in order to describe a thrombus, the fibrin-cycle should be added

to the biochemical model, i.e. additional convection-diffusion-reaction equa-

tions for fibrinogen and fibrin dynamics.



4

Modelling platelet plug porosity

A model for investigating the role of platelet plug porosity is presented in this chap-

ter. It consists of an extension of the platelet plug dynamics model presented in the
previous ones. By adding the Brinkman term to the standard Navier-Stokes equa-

tions the porous nature of the plug can be taken into account. It represents frictional

resistance to the flow due to the presence of a porous solid. The parameter which
describes the porosity is the permeability of the plug. Based on the assumptions for

packing of platelets proposed in chapter 2, we set the value of the permeability equal to
1.42x10−10 cm2 and we vary the haemodynamic conditions. Results of plug growth,

shape and size are compared to the nonporous case. Upstream plug growth is higher

in the porous case, when the deformation effects caused by the flow are not dominant.
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4.1 Introduction

As more extensively explained in chapter 1, the platelet plug forms through
platelet activation and deposition along the injured part of the vessel wall. As

shown by intravital microscopy, platelet activation in space and time is not
uniform [Brass et al., 2011], leading to a final heterogeneous plug structure.

At the very beginning of the process platelets tend to adhere to the injured

wall in a slightly activated form, to immediately afterwards bind stably or
detach from the forming plug. This results over time in the formation of a

core of highly activated platelets surrounded by a shell of slightly activated
ones [Welsh et al., 2014]. Plasma can flow inside the plug in the gaps between

platelets, but as long as the plug matures the core tends to become more

compact, thus reducing the gaps between platelets and hindering the flow
[Brass et al., 2011]. These observations suggest that the platelet plug should

be treated as a porous medium instead as an impermeable block, whose
degree of porosity is higher in the shell [Brass et al., 2011]. Convective and

diffusive transport of molecules inside the plug is therefore possible and it

plays a role in platelet plug development [Brass et al., 2011], [Welsh et al.,
2014]. The hindered transport in the core causes a higher local concentration

of thrombin and granules secreted by platelets, promoting platelet activation.
On the other hand, transport in the shell limits the accumulation of thrombin

around the core and consequently the growth of the core.

In recent years, mathematical models of thrombus formation were ex-
tended to treat the clot as a porous medium and investigate the influence of

intrathrombus diffusive and convective transport on its growth and devel-
opment [Leiderman and Fogelson, 2014]. In [Xu et al., 2010] the effects of

porosity are included by computing the flow inside the clot through Darcy’s

law. Results show that thrombin production is not particularly affected by
porosity, thus the choice of a constant average value of porosity over time

is acceptable. In [Leiderman and Fogelson, 2011] thrombus porosity is in-
cluded in the Navier-Stokes equations by the addition of the Brinkman term.

The porosity is dependent on the concentration of bounded platelets and

varies therefore in space and time. Diffusion is the main responsible of
intrathrombus transport of molecules, which results in increased upstream

thrombus growth. The diffusion-dominated transport inside the thrombus
is also shown in the work of [Tomaiuolo et al., 2014]. More recent models

focus on the core-shell structure of the clot and investigate the differences in
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intrathrombus transport in the different regions [Leiderman and Fogelson,

2014]. An example is the work of [Leiderman and Fogelson, 2013], who ob-

serve that early thrombus growth is greatly helped thanks to the enzymes
transported by plasma, but later growth is more difficult since enzymes are

confined inside the core.

In the previous chapters we have developed a continuummodel for platelet

plug formation, growth and deformation under flow, in which the plug was
treated as an impermeable solid. In the current chapter we investigate the

possibility to model plug porosity and the effects on plug final shape and

size. The parameter that defines the porosity is the permeability, which is a
measure of the capacity of a porous material to let flow pass through it. The

higher the permeability, the more porous the material.

To include the effects of porosity in the framework, we treat the solid

plug as a permeable obstacle for the fluid by means of the addition of the
Brinkman term to the Navier-Stokes equations [Brinkman, 1947], which rep-

resents frictional resistance to the fluid and is inversely related to the perme-

ability of the solid.

4.2 Mathematical framework

Since the solid plug is now treated as a porous material, all chemical species
can diffuse, be convected and react inside the plug as well. Therefore the

convection-diffusion-reaction system explained in chapter 2 is solved on both

domains Ω and ΩF (see Fig. 4.1). Attention must be paid to the treatment
of platelets which can react but cannot move inside the plug. Further details

are given in the next section.

Brinkman term

The modification of the Navier-Stokes equations which permits the descrip-
tion of transitional flow through a porous medium, combines the Darcy’s law

with the standard Navier-Stokes equations [Brinkman, 1947]. The Darcy’s
equation describes the steady flow through a porous medium by relating

the pressure gradient of the fluid to the permeability of the solid and to the
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viscosity of the fluid. In our case the equation is the following

v = −
kplug

η
∇p , (4.1)

where v is the mean velocity in the porous medium and kplug (cm
2) is

the permeability of the platelet plug. The Navier-Stokes equations describe

the flow through a completely permeable medium. In our case they read as
follows











ρ ∂v
∂t

+ ρ(v · ∇)v = −∇p+ η∆v ,

∇ · v = 0 .

(4.2)

Combining equation (4.1) with equations (4.2) leads to the modified Navier-

Stokes equations











ρ ∂v
∂t

+ ρ(v · ∇)v = −∇p+ η∆v− η
kplug
v ,

∇ · v = 0 ,

(4.3)

where − η
kplug
v is the Brinkman term and it represents the damping force

of the porous medium, i.e. frictional resistance to the fluid. Note that if the

value of the permeability kplug is low, equation (4.3) approximates the Darcy’s

equation (4.1) and if the value of the permeability is high it approximates the
standard Navier-Stokes equations (4.2).

To simulate platelet plug porosity, the Brinkman term is added to the
Navier-Stokes equations in the solid domain Ω only (see Fig. 4.1). This

is like assuming an infinite value of the permeability in the fluid region ΩF.
Continuity of stress and velocity result at the fluid-solid interface Γi. All other

boundary conditions are unchanged, i.e. a Poiseuille profile is prescribed at

the inlet, a no-slip boundary condition is prescribed at the bottom wall (in
both healthy and unhealthy regions) and a stress-free boundary condition is

prescribed at the outlet. Symmetry of the domain is assumed, so on the top
wall a homogeneous Dirichlet boundary condition for the y-component of

the velocity is imposed.
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Figure 4.1: The Brinkman term − η
kplug
v is added to the porous part of the

domain only (Ω), i.e. to the one representing the platelet plug.

Validation of the Brinkman term

Before adding the Brinkman term to the general framework, we first test its
effect on the velocity field. For this purpose we define a test mesh consisting

of two domains, one representing the fluid and one representing the solid

(see Fig. 4.2), and we add the Brinkman term to the solid part only (i.e. to
the red domain only). Symmetry of the domain is assumed and a Poiseuille

velocity profile is imposed at the inlet.

Figure 4.2: Test mesh for validation of the Brinkman term: fluid domain
(blue) and porous solid domain (red).

By varying the permeability, different degrees of porosity can be tested.

We varied kplug between 10
−12 cm2 and 1 cm2, covering a complete range of

materials from an impermeable solid to a completely permeable one. Results
for kplug = 10−10, 10−7 and 10−4 cm2 are shown in Fig. 4.3.
When the permeability is very low (10−10 cm2 or lower), the velocity dis-

tribution in the solid is of the order of 10−4 cm/s and it increases up to 10−3

cm/s close to the solid-fluid interface. This situation resembles therefore an

impermeable solid (see Fig. 4.3, top picture). When the value of the perme-
ability is increased (up to 10−7 cm2), a certain velocity field with values of

the order of 10−2 ÷ 10−1 cm/s appears inside the solid part as well (see Fig.
4.3, middle picture). When increasing the permeability value even further

(up to 10−4 cm2 or higher), the flow completely penetrates the solid with
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values around 10−1 cm/s (see Fig. 4.3, bottom picture), resembling a channel

without any solid obstacle.

We therefore showed that by tuning kplug different velocity distributions
can be obtained, which represent the presence of an obstacle inside the fluid

with different degrees of porosity.

Figure 4.3: Velocity distribution on the test mesh for different permeability

values; from top to bottom: 10−10, 10−7 and 10−4 cm2.

Model implementation

The numerical solution of the complete system of equations is implemented
through the finite element method. All details are explained in chapters 2

and 3. When including the Brinkman term in the general framework, the
grid velocity must be taken into account since we use an ALE approach. The

modified Navier-Stokes equations become then











ρ ∂v
∂t

+ ρ((v−w) · ∇)v = −∇p+ η∆v− η
kplug
v ,

∇ · v = 0 ,

(4.4)

where the Brinkman term is treated completely implicit in time.
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4.3 Test cases and model parameters

To test the effect of modelling the platelet plug as a porous solid on its de-
velopment and final shape and size, we consider the last two cases proposed

in chapter 3. A skewed inlet concentration for platelets (both activated and
unactivated), presence of RBCs and a low shear modulus for the plug (G = 1
kPa), coupled with two different values of the shear rate (γ̇low = 100 s−1 and
γ̇high = 1000 s−1), are then prescribed. This choice reflects the importance
of including the effects of deformability in the platelet plug formation and

growth processes, which are hardly visible for higher values of the shear
modulus. All parameters for the simulations are the same as those proposed

in the previous chapters and all their values are taken from literature.

We compute the value of the plug permeability based on its porosity, i.e.
on its void fraction parameter as calculated in chapter 2. Further details are

given in the next section. Moreover, since all species are now present in the
inner part of the plug as well, the biochemical reactions can also happen

inside the plug. To test the effect of considering the plug reactive or nonre-

active, we include or exclude the reaction terms Si(cj) in the solid domain
Ω (see Fig. 4.1). When the plug is considered nonreactive, we expect results

comparable to the nonporous case.

Platelet plug permeability

The permeability of a porous medium can be computed by means of empir-

ical models which are based on the porosity of the material, on the distri-

bution of the solid particles inside the medium and on the size of the solid
particles. The porosity is defined as the ratio between the volume of voids in

the porous solid and its total volume. The Carman-Kozeny model [Kaviany,
1995] can be used to calculate the permeability of a porous medium

kmedium =
α3

36c(1− α)2
d2p , (4.5)

where α is the porosity of the medium, dp is the average diameter of the

solid particles inside the medium and c is the Kozeny-Carman constant. We
use c = 5 since the solid parts in the porous medium are spherical [Kaviany,
1995].
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In our case, the porous medium consists of a matrix of bounded platelets

embedded in blood flow, and attached to the injured part of the vessel wall.

As explained in chapter 2, since the majority of bounded platelets is activated,
we approximate their shape to spheres and we assume an ordered packing

of platelets. These assumptions lead then to α = 0.48 and c = 5. Given these
values, and assuming an average diameter of platelets dp = 2.5 µm [Robert-

son et al., 2008], the platelet plug porosity can be computed and the result is

kplug = 1.42x10−10 cm2. Such value of the permeability is in good agreement
with experimental values for platelet-rich clots [Wufsus et al., 2013] when

the platelet density is of the order of 108 PLT/cm3, which is the same density
that we compute.

Model assumptions

Although experimental evidence show that thrombus porosity is not homo-

geneous in space and time [Brass et al., 2011], we assume in a first stage a

constant value of permeability for the whole platelet plug and for the whole
simulation time.

For convenience we also assume equal diffusion coefficients for all species

inside and outside the plug, i.e. the diffusivity is not affected by the presence
of a porous medium. If this approximation is acceptable for all chemical

species, platelets are actually the matrix which form the porous plug and

cannot therefore diffuse nor be convected inside the plug. However, given
the lower diffusion coefficients of platelets with respect to the other species

(one or two orders of magnitudes lower), we assume it is possible to include
in a first stage their diffusion terms inside the plug as well. Moreover, given

the low permeability value we expect low velocities inside the plug, so we

also include the convective terms of platelets. We expect in fact a negligible
effect. The most relevant term in the equations for platelets is the reaction

term Si(cj), so we focus on testing its influence on total platelet deposition
and plug growth by including or excluding it inside the platelet plug.

Numerical parameters

As in chapters 2 and 3, 10 min of clotting activity is simulated, i.e. the final

simulation time is set to T = 600 s.
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Due to the addition of the Brinkman term, all convection-diffusion-reaction

equations and the Navier-Stokes equations are now solved on the complete

domainΩ + ΩF. An unstructured triangular mesh is used for all cases, whose
number of elements increases in time with the growth of the solid plug. The

initial number of elements is about 4700 (10000 nodes) and the final num-
ber of elements is about 21000 (43000 nodes). In order to reach convergence,

the mesh needs refinement around the reactive fluid-solid interface, which

consists of about 360 nodes. The solid mechanics equations are solved on
the solid domain Ω only, whose number of elements increases in time up to

about 5500 elements (12000 nodes).
Regarding computing times, the average total CPU time for an entire sim-

ulation in the low shear rate case is about 62000 s and the average number of

iterations per time step is about 5. The average CPU time doubles to about
122000 s for the high shear rate case but the average number of iterations

per time step remains the same. Regarding the size of the square matrices
associated to the convection-diffusion-reaction equations, the average size is

about 43000 for a total of 500000 nonzero elements.

4.4 Results

For the four cases proposed (low and high shear rates, reactive and non-

reactive plug), we apply the whole framework developed in the previous

chapters with the addition of the Brinkman term to the Navier-Stokes equa-
tions. In the nonreactive platelet plug case, i.e. Si(cj) = 0 in Ω, we obtain

comparable results to the nonporous case. We therefore focus on the reactive
case only. We first visualize the velocity distribution for the chosen value of

porosity kplug = 1.42x10−10 cm2. We then focus on platelet plug development
by means of 2D plots: the von Mises stress (see equation (3.18)) is plotted
inside the plug, together with the velocity field inside and around it.

Since the computed value of plug permeability is low, the plug behaves
as an obstacle for the flow field, which mainly develops around it (see Fig.

4.4). The velocity field changes in time to adapt to plug growth and shape

change. For the low shear rate case, the velocity magnitude inside the plug is
around 10−5 cm/s, while the maximum velocity in the middle of the channel

is around 0.3 cm/s. For the high shear rate case, the velocity magnitude
inside the plug is one order of magnitude higher (around 10−4 cm/s), as

well as the maximum velocity in the middle of the channel (around 3 cm/s).
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Figure 4.4: Visualization of velocity field in time for kplug = 1.42x10−10 cm2

and for low and high shear rates (100 and 1000 s−1). From top to bottom: t =
200 s, t = 400 s and t = 600 s.

Depending on the different shear rates prescribed, the plug grows and

deforms in a completely different way (see Fig. 4.5). When γ̇low is imposed,
the initial development of the plug shows a peak at the frontal part of the

injury, which becomes more pronounced in time, especially between t = 400

s and t = 600 s. The final peak height is about half of the channel half height.
When γ̇high is prescribed, the initial development of the plug is nearly sym-

metric along the injury. Between t = 200 s and t = 300 s, the plug becomes
skewed at the front, while the shape completely changes between t = 300 s

and t = 400 s when it becomes skewed at its distal area. From this moment

on growth and deformation happen mostly in the direction of the flow.

Regarding the von Mises stress distribution, the values reach the maxi-
mum at t = 600 s. When a low shear rate is prescribed, values are of the

order of 10 Pa and the peak stress is located at the frontal apex of the plug.
When a high shear rate is prescribed, values are of the order of 100 Pa and

the distribution is quite constant along the plug.
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Figure 4.5: Visualization of platelet plug development in time with kplug =
1.42x10−10 cm2, G = 1 kPa and low (left) and high (right) shear rates. The

von Mises stress distribution is visualized inside the plug, together with the
flow field inside and around it. From top to bottom: t = 200 s, t = 300 s, t =

350 s, t = 400 s, t = 500 s and t = 600 s.

4.5 Discussion and conclusion

Influence of porosity on platelet plug development

The addition of the Brinkman term to the Navier-Stokes equations is capable

of describing the presence of a porous solid in a fluid domain. By tuning
the permeability it is in fact possible to mimic different degrees of porosity,

which result in different velocity distributions (see Fig. 4.3).

We have computed a value of the plug permeability based on the as-

sumptions that activated platelets can be considered spherical particles and
that they pack in an ordered way. This is consistent with the choice of the

void parameter fraction α explained in chapter 2. kplug = 1.42x10−10 cm2
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is also in good agreement with experimental literature data for platelet-rich

clots of the same density as ours. In fact, when the platelet plug density

is of order 108 PLT/cm3, the reported experimental value of permeability is
1.1x10−10 cm2 [Wufsus et al., 2013]. Another choice consists in increasing

the experimentally measured permeability for thrombi as in [Leiderman and
Fogelson, 2011]. In general, the values reported in literature for platelet plug

permeability are low (1.1 ÷ 0.15x10−10 cm2 [Wufsus et al., 2013]) but the low
degree of porosity is sufficient to allow intrathrombus transport and reactions
[Leiderman and Fogelson, 2011].

Attention must be paid to the choice of setting a homogeneous value of
permeability in both space and time. If this choice is a good first approx-

imation, the value of kplug should actually depend on the concentration of

bounded platelets and vary therefore in the developing plug regions.

It is interesting to compare platelet plug development in time for the

porous (see Fig. 4.5) and nonporous (see Fig. 4.6) cases. When γ̇low is pre-
scribed, the final plug shape is comparable for both cases. The most evident

difference is the final plug size: in the porous case the final area is about 3

times bigger. The peak at the front of the plug is much more pronounced and
its final height is about 0.4x10−3 cm higher. This is due to intraplug transport

and reactions of platelets and chemicals. The effects of intraplug convection
and diffusion can be quantified by calculating the Péclet number inside the

plug. We define the Péclet number like in [Leiderman and Fogelson, 2011] as

Pe =
VL

Di
, (4.6)

where V is the velocity magnitude inside the plug, L is the length of the

injured part of the vessel wall and Di is the diffusion coefficient of species

i. Given V of the order of 10−5 cm/s, L = 0.009 cm and Di = 10−5 ÷ 10−7

cm2/s, then Pe = 10−5 ÷ 10−2. Since the Péclet number in the platelet plug
is low for all species, they can penetrate mainly by diffusion and they thus
reach their maximum concentrations at the front of the plug. This generates

a higher concentration of activated platelets in this area, and consequently

a higher concentration of bounded platelets. When γ̇high is prescribed, it is
interesting to follow the whole plug development. In the porous case the

shape of the plug up to t = 300 s is completely different with respect to the
nonporous case, showing a skewed distribution at its front part and a higher

total platelet deposition. It stands to reason that the cause is the same as for
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the low shear rate case, i.e. the higher availability of platelets at the front

of the plug due to intraplug diffusion and reactions. Although the Péclet

number is one order of magnitude higher in this case (Pe = 10−4 ÷ 10−1),
diffusion still plays a bigger role than convection. This also causes higher

platelet deposition: the plug area is in fact 2 times bigger in the porous case
when t = 300 s. Between t = 300 s and t = 400 s, however, the effects of the flow

on the plug become dominant and its shape changes completely. It becomes

skewed at its distal part, thus its shape is comparable to the nonporous case.
From t = 400 s on, the flow effects become even more dominant since the plug

becomes shorter in the radial direction and it elongates in the flow direction
to reach a final shape similar to the nonporous case, though shorter in length

and higher at its frontal area.

Figure 4.6: Visualization of platelet plug development in time for the non-
porous case, G = 1 kPa and low (left) and high (right) shear rates. The von

Mises stress distribution is visualized inside the plug, together with the flow
field around it. From top to bottom: t = 200 s, t = 300 s, t = 350 s, t = 400 s, t

= 500 s and t = 600 s.
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Attention must be paid to the values of the diffusion coefficients inside

the platelet plug. We have set for convenience the same values of diffusion

coefficients inside and outside the plug for all species, assuming a similar
diffusivity in different mediums. However, due to the presence of a porous

medium, all diffusion coefficients should be lowered inside the plug. More-
over, since platelets are the matrix which form the porous medium, they

should be considered fixed inside the plug. This implies the diffusion terms

in the convection-diffusion-reaction equations for platelets should eventually
be removed in Ω. The same holds for the convective terms.

The von Mises stress distribution inside the plug is of the same order of

magnitude for both porous and nonporous cases when comparing the same
haemodynamic conditions, because we didn’t include porosity in the solid

mechanics behaviour of the plug.

Given this comparison between the model including porosity and the

original one, we can conclude porosity plays a role when the flow effects
are not dominant, i.e. when a low shear rate is prescribed or when the plug

height is still too low to feel the effects of the flow through deformation. Dif-

fusive intrathrombus transport plays a dominant role on convective transport
and it increases upstream plug growth, as already observed by [Leiderman

and Fogelson, 2011]. If the plug is considered nonreactive, i.e. if Si(cj) = 0
in Ω, no additional platelet activation comes from the inner part of the plug,

thus the result is completely comparable to the nonporous case.

Concluding remarks

The objective of this chapter was to include platelet plug porosity in the

model developed in the previous ones and investigate its effects on plug
development and final shape. By the addition of the Brinkman term to the

Navier-Stokes equations, the permeability of the plug could be modelled.
The two most relevant cases proposed in chapter 3 were taken into account,

i.e. a low and a high shear rate for the blood flow coupled with a low shear

modulus for the platelet plug. The results show effects of porosity on plug
development are visible when the plug is modelled as reactive and when it

does not feel the effects of the haemodynamic deformation.

Given the current status of model development, the most important next
step is its verification and calibration with experimental data. In fact, the

model includes all important aspects of platelet plug formation, growth and
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deformation under flow, but before any application to medical situations is

possible, we need comparisons to experiments. In particular, the calibration

of the plug permeability value would be very valuable.
As a more general future perspective, a study of the influence of lowering

diffusion coefficients for platelets inside the plug could be performed. More-
over, the permeability value should be treated in a space and time depen-

dent manner, whose value should depend on the concentration of bounded

platelets inside the plug. Finally, the effects of porosity should be included
on both the fluid and the solid sides. At this stage, the fluid velocity is af-

fected by the presence of a porous obstacle but the constitutive relation of the
solid is not affected by porosity. Therefore, the constitutive relation for the

plug should be modified into a poroelastic one.



5

Towards an experimental

application

The final aim of developing mathematical models for studying blood clot dynam-
ics, is their application to clinical cases. However, these models need first to be

verified by comparison with experimental data. In this chapter the platelet plug
formation, growth and deformation model is applied to design a possible experimen-

tal setup, based on a microfluidic device developed in our group. Results show the

model can handle the experimental geometry and its haemodynamic conditions, when
plug porosity is not included. As a future perspective, comparison of model predicted

platelet plug thickness to experimentally measured plug thickness could lead to model
verification and parameter calibration.
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5.1 Introduction

The final aim of developing mathematical models for platelet plug dynamics

and blood clotting is their application to medical cases. The quantitative na-

ture of such models [Xu et al., 2012] could be used for instance to investigate
nonphysiological situations such as clot formation in aneurysms [Bedekar

et al., 2005], [Biasetti et al., 2012], or to improve the design and the efficacy of
biomedical tools, such as cardiovascular implants [Moiseyev and Bar-Yoseph,

2013], flow diverters [D’Urso et al., 2011] or microfluidic devices for coagu-

lation tests. However, before such applications are possible, it is necessary
to verify the models against data of well-designed experiments [Moiseyev

and Bar-Yoseph, 2013], which permit model refinement [Xu et al., 2011] and
parameter calibration.

Experimental data can be obtained from in-vivo or in-vitro models. Cur-
rent in-vivo models consist of intravital microscopy in animals testing [Furie

and Furie, 2005], [Brass et al., 2011] and mainly provide qualitative data.
In-vitro models consist of flow chambers with a coated platelet-activating

surface [Roest et al., 2011] and are more suitable to obtain quantitative data.

In the last two decades these models have made considerable progress in
probing thrombus formation and they are becoming more and more precise

thanks to the possibility to their downscale to the microscale level [Westein
et al., 2012], [Colace et al., 2013], which permits a very fine control of the flow

conditions.

In literature, blood clotting models have been compared to experiments

either proposed in previous literature or performed in the same group. For
example, the model of [Sorensen et al., 1999b] is first calibrated by fitting

model parameters with the in-vitro experimental results of [Wagner and

Hubbell, 1989], and it is then validated against the in-vitro experimental
setup and results of [Hubbell and McIntire, 1986] and [Alevriadou et al.,

1993]. A portion of the experimental setup is used as computational do-
main and total platelet deposition is compared. The diffusion coefficients

of platelets and their reaction rate constants are calibrated by trial and er-

ror to obtain the best fit to experimental data. The model of [Bernsdorf
et al., 2008] is applied to an in-vitro model previously developed in the same

group. Hypercoagulable milk is used as a substitute for blood. A qualitative
comparison of final clot shape is performed. [Tokarev et al., 2012] compare

the model with in-vivo experiments by [Falati et al., 2002] and [Begent and
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Born, 1970]. Platelet deposition and thrombus growth over space and time

are qualitatively compared to experimental images. Moreover, a quantitative

comparison of the thrombus growth rate constant is performed with the ex-
perimental data of [Falati et al., 2002]. The results of [Begent and Born, 1970]

are also used for validation by [Xu et al., 2009]. Final clot size at different
blood flow rates is qualitatively compared. [Goodman et al., 2005] quantita-

tively compare the model to an in-vitro experiment previously developed in

the same group [Goodman et al., 2000]. Calibration of two parameters (the
kinetic constant for platelet adhesion and the single-platelet embolization

function of shear stress) is performed through best fit to experimental data.
Thrombotic locations are compared to the experimental results, together with

thrombus growth rates on different materials and under different flow rates.

[Flamm et al., 2012] compare a multiscale model to microfluidic experiments
performed in the same group. Donor-specific platelet deposition under flow

is investigated through comparison of total platelet deposition. The model of
[Leiderman and Fogelson, 2011] is not directly compared to any experimental

data, but the motivation of developing such a model comes from experimen-

tal observations. For instance, the investigation of clot size depending on dif-
ferent near-wall excess of platelets is motivated by measurements of platelets

distribution both in-vivo [Tangelder et al., 1985] and in-vitro [Eckstein et al.,
1988]. Moreover, the difficulty in finding certain parameters in literature (as

the value of plug permeability), together with the consequent need of exper-

iments is underlined. The model is extended in [Leiderman and Fogelson,
2013] to investigate intrathrombus transport, motivated by previous in-vivo

results by [Brass et al., 2011].

In the previous chapters we have developed a continuummodel for platelet

plug formation, growth, and deformation, in which particular focus is given

to blood flow-solid plug interaction. We have tested the effects on plug de-
velopment of different shear rates of the blood flow, of different shear moduli

of the plug and the effects of plug porosity. We have developed an adequate
framework for use in future clinical applications. However, the majority of

model parameters has been taken from literature and a verification of the

model against experimental data is still necessary. In our group an exper-
imental setup has been developed [Jacobs, 2013], which permits to visual-

ize clot formation and development. It consists of a static mixer [Neerincx
et al., 2011] for anticoagulated full blood and a coagulation buffer, and a flow

chamber. A part of the chamber can be coated with collagen, thus starting the
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platelet plug formation process. Although experiments with this setup are

still in their initial stage, as a future perspective a verification of our model

with these experiments can be performed.

The aim of the study presented in this chapter is to propose an in-vitro

experimental configuration that is well-designed to verify the outcome of
model predicted platelet plug formation and to calibrate and derive model

parameters.

5.2 Experimental setup and simulation setup

An experimental microfluidic setup that has been developed in a previous
study (see Fig. 5.1, [Jacobs, 2013]) consists of a static mixer which blends

anticoagulated full blood (human or porcine) with a coagulation buffer (cal-

cium chloride and other substances). When the mixture reaches the main
chamber, the anti-coagulant factors are removed from blood, thus platelets

tend to activate to form a plug as soon as they encounter a collagen-coated
surface.

Figure 5.1: Complete microfluidic device (left) and middle and lower parts
(right); the main chamber and the static mixer are indicated. Adapted from

[Jacobs, 2013].

Different collagen coatings can be tested, e.g. an entire wall of the cham-
ber can be coated or additional elements (pillars or bricks) can be added

inside the chamber and then coated. The chamber is 3.9 cm long (L), 0.1 cm
wide (W) and 0.0125 cm tall (H) (see Fig. 5.2, top). To be able to compare 3D

experimental results with 2D simulations, we need to approximate a part of
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the chamber with a twodimensional channel. A good approximation is pos-

sible when a cylinder of 0.005 cm in diameter whose lateral surface is coated

with collagen, is placed in the centre of the chamber (see Fig. 5.2, bottom).

Figure 5.2: Size of the main chamber of the experimental setup (top): length
L, width W and height H; blood flows from left to right. Addition of a

cylinder whose lateral surface is coated with collagen (in light blue) in the

centre of the chamber (bottom).

Imagine to cut the middle of the chamber with a plane as in Fig. 5.3
(top). The resulting channel can be considered the domain of our simulations,

which can be better visualized as in Fig. 5.3 (bottom). However, to reduce

computational costs, we do not consider the entire plane but an area around
the collagen coated part only, as shown in Fig. 5.3 (bottom, dotted line). The

final simulation domain consists therefore in a twodimensional channel 0.015
cm long and 0.0125 cm tall with a coated cylinder of 0.005 cm in diameter

placed in its centre.

Mathematical framework

The mathematical framework described in chapters 2 and 3 is now applied
to the new simulation domain, which can be split into a fluid domain and

a solid domain (see Fig. 5.4). ΩF represents the fluid domain where blood
flow and platelets and chemical species are transported. Ω represents the

solid domain which grows in time to follow the plug development. Γi rep-
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Figure 5.3: Visualization of the domain for the simulations: approximation of

the chamber with a twodimensional plane (top). The domain with the coated
area (in light blue) can be better visualized in a 2D plot (bottom); to reduce

computational costs a small area around the coated cylinder is considered
(bottom, dotted line).

resents the reactive interface on which Robin boundary conditions for all

convection-diffusion-reaction equations are imposed. On the top and bot-
tom walls homogeneous Neumann boundary conditions are prescribed for

platelets and chemical species, while no-slip boundary conditions are im-
posed for the Navier-Stokes equations. Inlet and outlet boundary condi-

tions for all quantities are comparable to the ones prescribed in the previous

chapters. Additional information regarding inlet boundary conditions for
platelets and velocity are given in the next section.

Simulation parameters

The experiments can be performed with human or porcine full blood, subject

to different wall shear rates (γ̇low = 800 s−1 or γ̇high = 1600 s−1). We choose
to simulate human full blood, therefore the majority of parameters can be set

to the same values as in chapter 2. Given the presence of red blood cells, a
skewed inlet concentration for both unactivated and activated platelets is pre-

scribed. This choice is consistent with previous assumptions (see chapter 2),
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Figure 5.4: Definition of the domains representing the channel (ΩF), the

platelet plug (Ω) and the FSI interface (Γi).

although probably not of great importance. We take into account both shear

rates, which modify the diffusion coefficients of the larger chemical species
(prothrombin, thrombin and antithrombin) according to equation (2.39). All

values of diffusion coefficients are shown in Table 5.1. Moreover, given the
shear rate, it is possible to define the average velocity at the centreline of the

vessel U with a twodimensional approximation, which is valid when we can

considerW = ∞, i.e. W ≫ H. This results in:

U =
γ̇H

6
, (5.1)

which is about 1.7 cm/s for the low shear rate and about 3.4 cm/s for
the high shear rate. Since we consider the flow to be fully developed in the

chosen simulation domain, we impose a Poiseuille velocity profile at the inlet.
We also test the effects of prescribing a pulsatile flow, as defined in [Xu et al.,

2010]:







ux = U(1+ ǫ sin(ωt))
(

1−
(H − y)2

H2

)

,

uy = 0,
(5.2)

where ǫ is the amplitude of the pulsatility and ω is the period of oscil-

lation. We set ǫ = 0.2, ω = 1 s and U = 1.7 cm/s. We therefore test the
pulsatile effects for the low shear rate case only, because we expect a similar

influence of a pulsatile flow independently of the average velocity.

The reaction rate constants for unactivated and activated platelets (krs, kas
and kaa) and the fraction of unactivated platelets which adhere upon surface
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Table 5.1: Values of the diffusion coefficients (cm2/s) for all species. 1 =

[Turitto et al., 1972], 2 = [Folie and McIntire, 1989], 3 = [Keller, 1971].

ci Di, RBCs,

γ̇low

source Di, RBCs,

γ̇high

source

cup 2.5x10−7 1 2.5x10−7 1

cap 2.5x10−7 1 2.5x10−7 1
cadp 2.57x10

−6 2 2.57x10−6 2

ctx 2.14x10−6 2 2.14x10−6 2
cpt 1.12x10−5 2,3 2.21x10−5 2,3

cth 1.13x10−5 2,3 2.22x10−5 2,3
cat 1.13x10−5 2,3 2.22x10−5 2,3

contact (θ), are now set on the whole reactive wall without any smoothing.

The mechanical properties of the platelet plug are included in all cases and
the value of the shear modulus is set to G = 1 kPa. We perform simula-
tions including and excluding plug porosity. When including porosity we set

kplug = 1.42x10−10 cm2.

Numerical parameters

We consider 20 minutes of clotting activity, i.e. we set the final simulation

time T = 1200 s.

An unstructured triangular mesh refined around the cylinder and at the
centreline of the channel is used for all cases. It consists of about 10300

elements (about 21000 nodes), which keep relatively constant for the whole

simulation time. The reactive wall consists of about 460 elements. The mesh
representing the growing plug consists of about 2200 elements (about 4900

nodes) at final simulation time.

Regarding computing times, the elapsed final CPU time for an entire sim-
ulation is about 62000 s for the low shear rate case, 99000 s for the low pul-

satile shear rate case and 122000 s for the high shear rate case. For each case
approximately 4 iterations are necessary to solve the convection-diffusion-

reaction system at each time step. Regarding the size of the square matrices
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associated to the biochemical system, their average size is about 20000 and

the number of nonzeros is about 237000.

5.3 Results

For each of the proposed cases (γ̇low, γ̇low pulsatile and γ̇high), we apply the

complete framework to the experimental geometry and we focus on platelet
deposition around the reactive interface, i.e. around the coated cylinder. We

first show results for the impermeable case. We visualize platelet plug de-
velopment in space and time by means of 2D plots: the von Mises stress

(see equation (3.18)) is plotted inside the plug, together with the flow field

around it (see Fig. 5.5). We then show results for the porous case. For this
case, simulations do not reach convergence due to numerical oscillations of

the convection-diffusion-reaction system of equations. We therefore visual-
ize the location of these oscillations and give a possible explanation for this

behaviour.

Impermeable case

Platelet plug development in space and time when the plug is treated as an
impermeable medium is shown in Fig. 5.5. Platelet plug shape is symmetric

for all cases around the reactive cylinder with respect to the middle horizon-

tal axis, and this shape is maintained throughout the whole simulation time.
For both low shear rate cases platelet deposition is higher in the upstream

region to reach its maximum at the top and bottom areas, which results in
an asymmetric plug with respect to the middle vertical axis. The plug is then

thicker at its frontal-top region and thinner at its distal area. The effect is

slightly more pronounced for the pulsatile case. For the high shear rate case
plug shape is symmetric up to t = 800 s and it becomes slightly asymmetric

by the end of the simulation. However the plug is thicker this time at its dis-
tal area but maximum thickness is still located at the top and bottom regions.

Differences in final plug shapes can be better observed in Fig. 5.6, where a

magnification of final shapes for all cases (top) together with a quantification
of plug thickness along the x-direction (bottom) are shown. Since the plug

is symmetric with respect to the middle horizontal plane, thickness along its
upper portion only is computed. For all cases maximum thickness is reached

at the top of the plug, i.e. at the channel halfway. For the low shear rate
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cases average thickness is comparable and maximum thickness is the same

but the distribution in the upper and downstream regions is different. The

pulsatile case shows a higher thickness in the upstream area when compared
to the steady case and the opposite holds in the downstream area. For the

high shear rate case average thickness is lower than in the previous cases and
downstream deposition is higher than upstream one.

Figure 5.5: Visualization of platelet plug development in time with G = 1 kPa,
low (left), low pulsatile (middle) and high (right) shear rates. The von Mises

stress distribution is visualized inside the plug, together with the flow field
around it. From top to bottom: t = 400 s, t = 800 s and t = 1200 s.

Total maximum platelet deposition is achieved when γ̇low is prescribed.
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Figure 5.6: Visualization of final platelet plug shape for low (top, left), low

pulsatile (top, middle) and high (top, right) shear rates at t = 1200 s. Quantifi-

cation of platelet plug thickness (bottom) along the x-direction for low (blue),
low pulsatile (black) and high (red) shear rates.

In this case the final plug area is about 7.66x10−6 cm2. A comparable platelet

deposition is achieved for the γ̇low pulsatile case with a final plug area of

about 7.43x10−6 cm2. Platelet deposition is lower when γ̇high is imposed: the
final value of the area is in fact about 5.46x10−6 cm2.

Regarding the von Mises stress, the distribution is symmetric for all cases

with respect to the middle horizontal axis with higher values in the upstream
region (see Fig. 5.5). The maximum values are reached at final simulation

time and their order is of about 500 Pa for both low shear rate cases and of
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about 1000 Pa for the high shear rate case.

Porous case

When the platelet plug is treated as a porous solid, blood can flow inside the

plug and thus all species can be convected, diffuse and react in the plug as

well. We assume and impose the same diffusivities inside and outside the
plug for all species, as explained in chapter 4. Although the velocity distri-

bution in the domain can be computed and is in good agreement with the

expectations (see Fig. 5.7), the convection-diffusion-reaction system shows
oscillations of all quantities at the fluid-solid interface Γi. In Fig. 5.8 the

concentration of thrombin at the interface is shown as an example. These
oscillations prevent convergence of the simulations.

Figure 5.7: Velocity distribution for the porous case (cm/s). The average

velocity inside the plug is of the order of 10−3 cm/s.

5.4 Discussion and conclusion

Platelet plug development

By approximating a threedimensional experimental geometry with a twodi-
mensional domain, the model could be applied to an in-vitro setup devel-

oped in our group, to which a coated cylinder has been added. Geometri-
cal and haemodynamic parameters were taken from the experimental setup.

Three different haemodynamic situations were proposed, which could all be
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Figure 5.8: Thrombin concentration for the porous case(µM). Oscillations at

the fluid-solid interface prevent convergence of the biochemical system.

handled by the model. The platelet plug could be treated as an imperme-
able solid, but the inclusion of porosity led to oscillations of the biochemical

quantities.

When the plug is considered impermeable, results about plug develop-

ment show a symmetric shape for all cases with respect to the middle hor-
izontal axis (see Fig. 5.5). This is in good agreement with the symmetry of

the geometry and the resulting symmetric velocity field with no recirculation

regions. The low shear rate cases show an asymmetric shape with respect to
the middle vertical axis, due to higher upstream deposition which results in

a maximum plug thickness at the top and bottom areas (see Fig. 5.6, blue
and black). This shift in maximum thickness with respect to the starting

point of the reactive interface is due to convection effects. Final plug areas

are comparable for both steady and pulsatile cases, showing no influence of
a pulsatile flow on final total platelet deposition, given the same mean veloc-

ity. The only significant difference is final plug shape: in the pulsatile case
the plug is thicker upstream and thinner downstream. This might be due

to the alternation of lower and higher velocities: lower velocities increase

upstream deposition while higher velocities maintain final total deposition
comparable to the steady case. The high shear rate case shows instead a

more symmetric shape with respect to the middle vertical axis, with a lower
total platelet deposition and thus a lower final plug thickness (see Fig. 5.6,

red). This different plug development is due to the higher velocity at the
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centre of the channel (about twice as high as in the low shear rate cases),

which convects platelets and chemicals faster along the channel, lowering

the residence time along the reactive interface and dragging species to the
downstream area. The final effect is in fact a slightly higher thickness in

the downstream region. Platelet deposition is in general relatively low for all
cases with respect to the height of the channel. Plug development is therefore

mainly determined by platelet accumulation and deposition, with negligible

plug deformation effects caused by the flow.

The von Mises stress distribution is higher for all cases at the frontal area,
where the plug is directly hit by the flow. Moreover, the higher the velocity

the higher the traction force exerted by the fluid on the solid, thus the von
Mises stress is higher for the high shear rate case (and its value is about twice

as big as in the other cases).

When the plug is considered porous, the final velocity field is in good

agreement with our expectations. The velocity profile is symmetric along the
channel and around the cylinder, with low values inside the growing plug

due to the low value of plug permeability imposed. However, all biochemical
species show oscillations at the solid-plug interface Γi, which prevent conver-

gence of the convection-diffusion-reaction system of equations. A possible

reason might be the increase of the Péclet number (see equation (4.6)), due to
the higher velocity at the centre of the channel and the bigger channel height.

To eliminate the oscillations a mathematical stabilization of the whole system
might be necessary, which has not at this stage been performed.

Concluding remarks

The objective of this chapter was to propose an in-vitro experimental configu-
ration that is well-designed to verify the outcome of model predicted platelet

plug formation and to calibrate and derive model parameters. Given an ex-
perimental setup developed in our group, we show the model can be applied

to such setup through approximation of a threedimensional geometry to a

twodimensional one. This is possible via the addition of a coated cylinder in
the centre of the flow chamber. The model can handle the new simulation do-

main and the different haemodynamic conditions which can be imposed in
the experiment. Although no comparison is possible at this stage, the model

can give indications for the experiments. It is for instance not necessary to
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apply a pulsatile and a steady flow since differences in plug development are

not significant. It is instead more interesting to apply different shear rates.

It has not been possible at this stage to include the porosity of the plug in
the simulations. A stabilization of the biochemical system would in fact be

necessary to eliminate the oscillations in the solutions.
As a future perspective, the outcome of the model could be quantita-

tively verified against experimental data, through comparison of platelet plug

thickness. This quantity could be measured experimentally via microscopy
images. Such comparison would also lead to parameters calibration. By

fitting the results of the model to the experimental ones, calibration of the
diffusion coefficients for platelets and of the reaction rate constants for un-

activated and activated platelets (krs, kas and kaa) would be possible. These

parameters are calibrated in the model of [Sorensen et al., 1999a] as well, on
which our model is based. Additional calibration might be possible for the

shear modulus of the plug, given the difficulty of finding the value of this
parameter in literature. The same holds for the platelet plug permeability.
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General Discussion

An overview and a general discussion of the continuum model for platelet plug for-

mation, growth and deformation developed in this work is presented in this chap-
ter. Model characteristics, together with main advantages and disadvantages are

highlighted. The model is capable of describing the platelet plug dynamics process

and to handle different setups and haemodynamic configurations. Model verifica-
tion through experimental results is necessary to tune model parameters and verify

model assumptions, especially plug shear modulus and permeability. A comparison

of the main features of the model with existing models in literature is also presented,
together with possible future directions.
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6.1 A continuum model for platelet plug development

In this work a continuum model for platelet plug formation, growth and de-

formation under flow is presented, in the more general context of mathemat-

ical models for thrombus development. The main framework is described in
details in chapters 2 and 3. It consists of a biochemical model for platelet plug

dynamics, a plug growth model, a solid mechanics model for the plug and
a fluid-structure interaction coupling between the solid plug and the blood

flow. The biochemical model describes the behaviour of platelets and chem-

ical species through a system of convection-diffusion-reaction equations. Its
main outcome is the concentration of bounded platelets to the injured part of

the vessel wall. The plug growth model describes the displacement in space
and time of the plug interface, based on the outcome of the biochemical

model. The solid mechanics model describes the deformation of the platelet

plug, which is influenced by the traction force exerted by the surrounding
blood flow. This force is included in the model via a fluid-structure interac-

tion coupling, in which the blood flow dynamics is described by means of
the Navier-Stokes equations. The main framework is extended in chapter 4

to include plug porosity, which is modelled via the addition of the Brinkman

term to the Navier-Stokes equations. The framework is tested under different
conditions: low and high flow shear rates, constant or skewed inlet concen-

trations of platelets, different platelet plug shear moduli. Also, inclusion of

porosity is investigated. Platelet plug development and final shape and size
are influenced by these conditions.

Given the different results the model produces by varying its parameters

and the difficulty in finding values for certain parameters in literature (like
plug shear modulus or plug permeability), a verification is necessary before

any application to clinical cases is possible. It consists of comparisons of

model results to experimental data and of parameters calibration through
the best fit against experimental results. In chapter 5 the application of the

model to design an experimental setup is presented, which opens the way to

its future verification and calibration.

All in all, the model is capable of describing the main biochemical aspects
of primary haemostasis (dynamics of platelets, of chemicals released and syn-

thesized by platelets, of thrombin and of the thrombin-related species), which
result in the formation of a platelet plug. The model links the biochemical

background of the phenomenon to the biophysical and mechanical factors
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involved in the plug development process, i.e. to the plug solid dynamics

and its deformation caused by the flow. Model results show the importance

of including platelet plug growth and deformation to correctly compute fi-
nal plug shape and size. When including deformation, a careful choice of

the shear modulus is necessary to capture the correct behaviour of the plug.
When investigating porosity, differences in platelet plug development over

time are observed.

One of the main advantages of the model is its versatility, i.e. the capabil-

ity to be applied to different configurations and to handle variations of the
parameters. Another relevant advantage is the possibility to make changes

in certain parts of the framework without affecting any other. For example,

the constitutive relation for the platelet plug could be made more complex
by changing the solid mechanics equations without affecting the biochemical

model or the fluid-structure interaction coupling. Another example could be
the addition of more chemical species to the biochemical model, which would

require the inclusion of more equations in the convection-diffusion-reaction

system, but no other parts of the framework would be affected.

One of the main disadvantages is the difficulty in scaling the framework to

larger length scales or higher velocities, which tends to make the convection-
diffusion-reaction system unstable due to the increase of the Péclet number.

Given this general overview of the platelet plug dynamics model, it is

interesting to include it in the context of theoretical models for thrombus

development. Following the classification proposed by [Xu et al., 2011],
the model belongs to the category of continuum integrated thrombogene-

sis and multiscale models, which aim to give a more complete description
of the blood clotting process. In particular, it belongs to the recent subcat-

egory of models for thrombus formation under flow, as defined in [Leider-

man and Fogelson, 2014]. These models try to combine the biochemical,
biophysical and biomechanical aspects of blood clotting, via PDE models

for coagulation kinetics and platelet deposition under flow. Our model fo-
cuses on the platelet plug formation process by combining the biochemical

aspects through the convection-diffusion-reaction system, the biophysical as-

pects through the plug growth model and the solid mechanics model for the
plug, and the biomechanical aspects through the FSI coupling and the com-

putation of the blood flow field. The description of the biochemical system
via PDEs is very common in literature, as in [Sorensen et al., 1999a], [Lei-

derman and Fogelson, 2011], [Tokarev et al., 2012], [Weller, 2010], [Anand
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et al., 2005], [Bódnar and Sequeira, 2008], [Goodman et al., 2005], [Xu et al.,

2009]. The main differences consist in the number of chemicals included in

each model. Our model is based on [Sorensen et al., 1999a] and it includes
7 species, necessary to describe the platelet plug dynamics process. Com-

plete thrombus dynamics description is not included at this stage. Platelet
plug growth is treated in literature in different ways. The concentration of

bounded platelets can be computed in space and time as in [Leiderman and

Fogelson, 2011]. The concentration of fibrin can be computed in space and
time to track the regions in which it exceeds a critical value, as in [Anand

et al., 2005] and [Bódnar and Sequeira, 2008]. The volume of deposited
platelets in a grid cell can be computed at each time step and when a cell

is completely filled with platelets it is assigned to the thrombus, as in [Good-

man et al., 2005]. The level set method can be used to track the clot-blood
flow interface, by means of the flux of adhering platelets which can be con-

sidered antiparallel to the flux [Weller, 2010] or in the normal direction with
respect to the interface [Tokarev et al., 2012]. We chose to track platelet plug

growth through the flux of adhering platelets as well, but via an explicit def-

inition of the plug displacement. The big advantage of this is the possibility
to follow the process from its onset, i.e. from its early beginning. When

making use of the level set method an initial clot-flow interface must be al-
ready defined. To our knowledge, the solid mechanics properties of the clot

are not deeply investigated in existing models for thrombus formation under

flow. Few models propose the description of the blood-clot system via two
viscoelastic fluids with different mechanical properties, where the viscosity

of the clot is increased with respect to the viscosity of blood, as in [Anand
et al., 2005] and [Bódnar and Sequeira, 2008]. The model of [Goodman et al.,

2005] proposes the same approach for a simpler Newtonian fluid. Other

models focus on studying clot phase changes in time, as in [Noailly et al.,
2008] and [Karšaj and Humphrey, 2009], but the interaction with the blood

flow is not considered. The model of [Fogelson and Guy, 2008] takes into

account both the solid dynamics of the platelet plug and the interaction with
the surrounding blood flow, via inclusion in the Navier-Stokes equations of

a cohesive stress tensor. The definition of the stress tensor is based on the
elastic links between platelets. We have proposed a neo-Hookean elastic de-

scription of the solid plug to set the basis of the solid mechanics model and

of the FSI coupling. The constitutive relation can however be easily changed
to a more complex viscoelastic or poroviscoelastic relation, without chang-
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ing any other parts of the framework. This would give the possibility to test

different mechanical properties for the platelet plug. In the model of [Fogel-

son and Guy, 2008] the solid mechanics of the plug is treated in a different
way, because the constitutive relation of the plug results in a stress term

directly included in the Navier-Stokes equations. Moreover, the biochemi-
cal model describes the dynamics of platelets and of one chemical activator

only. In the last years, motivated by experimental observations [Brass et al.,

2011], mathematical models for thrombus formation under flow have been
extended to treat the clot as a porous medium and investigate the influence

of intrathrombus transport [Leiderman and Fogelson, 2014]. As in [Leider-
man and Fogelson, 2011], we have included plug porosity via the addition of

the Brinkman term to the Navier-Stokes equations.

To conclude, the platelet plug dynamics model takes into account the bio-
chemical, biophysical and biomechanical aspects of platelet plug formation

and can therefore be included in the category of theoretical models for throm-
bus formation under flow. In comparison to the existing models, it proposes

an explicit update of the platelet plug interface which can be tracked from the

onset of the process, and a framework which includes the solid mechanics of
the platelet plug coupled with the the blood flow dynamics. The constitutive

relation for the solid plug can be easily changed for further investigation of
the plug mechanical properties. Also, the biochemical model can be easily

extended to include more chemical species and describe complete thrombus

dynamics.

6.2 Future perspectives

The model presented in this work opens the way to a number of future devel-

opments, which would improve the main framework to make it more suitable
for clinical applications.

First, a verification of the model against experimental data should be per-
formed [Moiseyev and Bar-Yoseph, 2013]. We have already showed that the

framework can be applied to design an experimental geometry in the mi-

crofluidic domain. A comparison of the results with experiments would be
very valuable to tune model parameters and to set a specific value for plug

shear modulus and plug permeability. This would lead to the possibility of
making the constitutive relation for the plug more complex. A viscoelastic or

poroviscoelastic constitutive relation would require in fact more parameters



6.2. FUTURE PERSPECTIVES 109

whose values are difficult to find in literature. An ideal tool for obtaining

quantitative experimental data is offered by microfluidic devices to study in-

vitro thrombus formation [Westein et al., 2012], [Colace et al., 2013], which
match the current scale of our model and permit a very fine control of the

flow conditions.
Second, the model could be extended to include more aspects of the bio-

logical process. Few directions are possible. The biochemical model could be

extended to simulate a complete blood clotting dynamics, i.e. to include sec-
ondary haemostasis. The fibrin cycle should then be added to the convection-

diffusion-reaction system. The solid mechanics model could be extended by
changing the constitutive relation of the plug, from elastic to viscoelastic or

poroviscoelastic. The plug permeability model could be extended by making

the permeability value space and time dependent. It should in fact be related
to the concentration of deposited bounded platelets of the forming plug as

in [Leiderman and Fogelson, 2011]. The higher the concentration, the lower
the permeability.

Third, a few number of parameters would require further investigation.

When including plug permeability, the diffusion coefficients of all species
should be set to different values inside the plug or in the surrounding blood

flow. In fact, the diffusivity inside the plug is hindered due to the presence of
a porous medium as modelled in [Leiderman and Fogelson, 2013]. The void

fraction parameter used for the plug growth model and for computing plug

permeability is based on the assumption of an ordered packing of platelets,
but different assumptions could be tested. When taking into account the

effects of red blood cells, a more thorough study would be required to include
the dynamics of red blood cells inhomogeneity and their influence on the

diffusion coefficients of all species, on the inlet profiles of platelets and on

fluid viscosity.
Finally, to scale the model to larger length scales or higher velocities, a

mathematical stabilization of the convection-diffusion-reaction system would

be necessary. Another approach could be the implementation of a multiscale
method, in which the current model would be solved in the area around the

injury only. Different applications up to the arterial scale could then be taken
into account, like cerebral [Bedekar et al., 2005] or abdominal aortic [Biasetti

et al., 2012] aneurysms.





A

Linearization of the solid

mechanics equations

The nonlinear set of equations (3.7) is solved by means of the Newton itera-

tion scheme. Substituting expansions (3.8) leads to



























∫

Ωn

(∇nw)T : (F∗
∆

+ δF∆)−1 · (σ∗ + δσ)(J∗
∆

+ δJ∆)dΩn =

∫

ΓN,n

w · ((σ∗ + δσ) · (F∗
∆

+ δF∆)−T · nn)(J∗∆ + δJ∆)dΓN,n,

∫

Ωn

q(J∗ + δJ − 1)(J∗
∆

+ δJ∆)dΩn = 0.

(A.1)

If the error δx is sufficiently small, the term F−1
∆

= (F∗
∆

+ δF∆)−1 can be
further elaborated as follows

F−1
∆

= (F∗
∆

+ δF∆)−1 = [F∗
∆
· (I+ F∗−1

∆
· δF∆)]−1 =

= (I+ F∗−1
∆

· δF∆)−1 · F∗−1
∆

≈

≈ (I− F∗−1
∆

· δF∆) · F∗−1
∆

=

= F∗−1
∆

− F∗−1
∆

· δF∆ · F∗−1
∆

=

= F∗−1
∆

− F∗−1
∆

· (F∗−T
∆

· δFT
∆
)T =

= F∗−1
∆

− F∗−1
∆

· (F∗−T
∆

· ∇nδx)T =

= F∗−1
∆

− F∗−1
∆

· (∇δx)T,

(A.2)

and, defining δ(F−1
∆

) = F−1
∆

− F∗−1
∆

= −F∗−1
∆

· (∇δx)T, it becomes

(F∗
∆

+ δF∆)−1 = F∗−1
∆

+ δ(F−1
∆

). (A.3)
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Substituting term (A.3) into (A.1), neglecting the second order terms and

rewriting unknown and known quantities on the left and right hand side of

the equations respectively, leads to



















































































∫

Ωn

(∇nw)T : δ(F−1
∆

) · σ∗ J∗
∆
dΩn+

+
∫

Ωn

(∇nw)T : F∗−1
∆

· δσ J∗
∆
dΩn+

+
∫

Ωn

(∇nw)T : F∗−1
∆

· σ∗δJ∆dΩn+

−
∫

ΓN,n

w · (δσ · F∗−T
∆

· nn J∗∆ + σ∗ · δF∆)−T · nn J∗∆ + σ∗ · F∗−T
∆

· nnδJ∆) =

−
∫

Ωn

(∇nw)T : F∗−1
∆

· σ∗ J∗
∆
dΩn+

+
∫

ΓN,n

w · (σ∗ · (F∗−T
∆

· nn))J∗∆dΓN,n,

∫

Ωn

q((J∗ − 1)δJ∆ + δJ J∗
∆
)dΩn = −

∫

Ωn

q(J∗ − 1)J∗
∆
)dΩn.

(A.4)

The right hand side of the first equation represents the unbalance of mo-
mentum with respect to the estimated configuration Ω

∗, which is used to

iteratively reduce the errors expressed by the δ quantities. Comparably, the

right hand side of the second equation represents the unbalance of mass with
respect to the estimated configuration. Note that the surface integrals of the

left hand side of the first equation are commonly not included in the iteration
cycle, together with all terms with the error δJ∆ in both equations. This ap-

proximation does not affect the final solution because no changes are made

to the right hand side, though it might decrease convergence speed.
All unknown variables are now written with respect to the estimated po-

sition vector x∗, so it is possible to rewrite equations (A.4) with respect to the
most recent configuration Ω

∗. Moreover, if the error δx is sufficiently small,

then the terms J and J∗ can be further elaborated as follows

J = det(F) = det(F∗ + δF) = det((I+ δF · F∗−1) · F∗) =
= det(I+ δF · F∗−1)det(F∗) ≈
≈ J∗(1+ tr(δF · F∗−1)) = J∗ + J∗tr(F∗−T · δFT)T =
= J∗ + J∗tr(F∗−T · ∇0δx)

T = J∗ + J∗tr(∇δx)T =
= J∗ + J∗(∇ · δx),

(A.5)
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so, recalling δJ = J − J∗,

δJ = J∗(∇ · δx),

and, similarly,

δJ∆ = J∗
∆
(∇ · δx).

Substituting the expansions of δ(F−1
∆

), δJ and δJ∆ into equations (A.4)
leads to equation (3.9), where the second equation has been divided by J∗ to

get a symmetric stiffness matrix.
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