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CHAPTER I 

INTRODUCTION 

In the last few decades the physics of systems with less than three 

dimensions have been widely studied. Much recent work, both theore

tically and experimentally, has focussed on one-dimensional (ld) 

magnetic systems (~fikeska, 1979). The reasous for this growing 

interest seem at least two-fold. First, ld systems offer the oppor

tunity to study the general theoretica! problem of an infinite 

ensemble of interacting particles in its simplest form. Results can 

provide a better understanding of the more complex behaviour of 

three-dimensional systems. Secondly, experimental efforts have 

resulted in a growing number of adequate realizations of quasi one

dimensional systems. In addition to these merits, one-dimensional 

systems are of interest because they reveal certain particular 

characteristics which are not - or to a less extent - present in 

other systems. These particular characteristics refer both to the 

equilibrium properties, such as the field dependenee of the correla

tion length ( Boucher et al., 1979), as to the dynamic response 

functions, such as the possible existence of non-linear excitations 

or solitons ( Mikeska, 1978). 

Even for linear chain systems, however, analytic solutions for the 

thermodynamic behaviour are restricted to a number of simplified 

cases. Apart from the well known solutions for the S = ! Ising model 

(Ising, 1925), Fisher (1964) reported that the linear chain problem 

could also be solved for the purely Heisenberg (isotropic) coupling 

in the classical limit of infinite spin ( S + oo ). The instructive 

results obtained from this model motivated a number of theoreticians 

to start an investigation of more general spin Hamiltonians in the 

classical limit. Static and dynamic properties were obtained in a 

number of cases, which all had in common a rotational symmetry about 

one axis. 

As we will show, a confrontation of these results with experimental 

data establish that the behaviour of real systems with S = ~ (or even 
2 

lower) can be described fairly well within the framework of the 

classica! model. However, the presence of even a .small anisotropy can 

have a drastic influence. This is clearly demonstrated by the fact 



that in the Ising model the correlations develop much faster than in 

the Heisenberg model, giving rise to an exponential increase of the 

eorrelation length when T goes to zero. Sinee the thermadynamie 

variables, such as ~' X• , are directly related to the correlation 

functions, it may be expected that anisatrapie terms will stron~ly 

modify their behaviour. This expectation has in fact been eorroborated 

by experimental evidence, as we will show. 

On basis of these features it seemed worthwile and necessary to 

extend the calculations on the isotropie (and/or uniaxial) classical 

chain with orthorhombic anisotropy. 

In chapter II of this thesis we will present the theory for this 

model. The derivations will be based on the transfermatrix-forma

lism. The solutions of the relevant eigenvalue problem will be 

obtained with numerical methods. We will direct our attention to 

the thermadynamie properties of the model in chapter III. In 

partienlar we will emphasize cross-over effects caused by the 

anisotropy or by a magnetic field. 

In the remainder of this thesis we will concern ourselves with a 

number of experimental results, especially on phase diagrams. We will 

mainly deal with a study on the behaviour of the three-dimensional 

ordering temperature TN. Although in ld systems with nearest neighbour 

interactions no long range order (LRO) can exist at finite temperatu

res (Lieb and Mattis, 1966), such a transition is triggered in quasi 

one-dimens ional sys tems by the small interchain interact i ons. Th is 

transition to a long-range ordered state as a function of parameters 

such as, the anisotropy, the magnetic field or a concentratien of 

diamagnetic impurities, is the subject of chapter IV. 

In chapter V we will discuss in more detail the anomalous field 

dependenee of TN for a selected series of quasi one-dimensional 

Heisenberg antiferromagnets. The experiments are performed on a number 
++ 5 

of Mn -compounds (S = 2) with a varying degree of one-dimensionality 

and varying anisotropies, enabling an experimental study of the in

fluence of these parameters on TN. 

Parts of chapters II, III and IV have been publisbed by Boersma 

et al. (1981). 
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CHAPTER II 

THEORY 

2.1. Introduetion 

In 1964 Fisher (1964) drew attention to the fact that apart from the 

few already well-knmm analytically solvable model systems, such as 

the Ising model in one (Ising, 1925} or two dimensions (Onsager, 1944), 

an explicit solution could be obtained for the isotropie Heisenberg 

chain, in the limit of inifite spin. For this model he derived ana

lytic expressions for the thermadynamie variables. 

Blume et al. (1975) and Lovesey and Loveluck (1976} showed that 

the theory of Fisher could be extended, taking into account the influ

ence of an external magnetic field. Analytic expressions could not be 

derived, however, but accurate results could be obtained with numeri

cal methods. On the ether hand Loveluck et al. (1975) introduced an 

uniaxial single-site anisotropy in the system! All these approximations 

have in common that the system still contains rotational symmetry 

about some axis. 

In the classical chain with orthorhombic anisotropy, the model with 

which we are dealing in this thesis, this rotational symmetry is lacking 

This fact gives rise to a considerable complication of the problem. 

Therefore, we have been cernpelled to tackle the problem with numerical 

methods. 

In this chapter we will present the theory for this model and discuss 

the relevant numerical methods. The chapter will be organized as follows. 

In section 2 we will discuss the Hamiltonian. After that we will give 

a short survey of the transfer matrix formalism. In the fourth section 

of this chapter we will introduce the orthorhombic anisotropy in the 

model and show how a reduction of the central problem can be obtained 

by using some group theory. In section 5 the numerical methods applied, 

will be presented. Finally we will conclude this chapter with a dis

cussion of the accuracy and the range of applicability of the method 

presented here. 

t We would like to note here that for the zero fieLd case analytic 
expressions were obtained for a general anisotropy by Rae (1974) in 
terms of Lamé wavefunctions, about which, however, not much is known. 
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2.2. The Hamiltonian 

Before we will go into the details of the theoretical treatment of the 

problem, we would first like to discuss some more general aspects 

related to the starting Hamiltonian. Since a large number of papers 

appeared on magnetic model systems, also a large number of different 

Hamiltonians have been introduced. Judging from the inconsistent use 

of various narnes for these model systems, apparently some confusion 

does exist about the nomenclature of the limiting cases (Steiner et 

al., 1976; Borsa et ai., 1978; Takeda et al., 1980a). Since we will 

refer to several of these model Hamiltonians, we would like to start 

with a review of the classification of relevant Hamiltonians, which 

we will be using in this thesis. 

For this purpose it is convenient to consider a diagonalized 

Hamiltonian of the following form 

(2. I) 

in which the first term denotes the (anisotropic) exchange interaction 

Jaa and the second term denotes a single-site anisotropy, D. We will 

discuss the physical aspects of this Hamiltonian in appendix A. For the 

moment, however, we will treat Eq. (2.1) as a mathematica! entity. 

We will first discuss the case D = 0. In that case, whatever the 

further restrictions on Jaa, we are dealing with a three component 

(n ~ 3) spin system and hence 

(2 .2) 

In table 2.1 we have tabulated the model systems and their nomen

clature, resulting from restrictions and simplifications of the inter

action Jaa. In order to reduce the degrees of freedom of the inter-

acting spins, one might state that n 

insert 

or 

4 

(st)2 

+ (sr) 2 s<s + I) 

(s~)
2 

S(S + I) • 

2 or n = I and equivalently 

(2.3) 



[" 
I 

REFERENCES 
0, n = 3 INTERACTION NOMENCLATURE 

S=oo S=~ 

-· 

H=-2: (fCXEIJEIJ+l + isotropie HEISENBERG a,b c d,e 

,YYsYs1f. 1xx = 1yy = 
+ 

" i i+l in a plane XY f 
JZZEf.S~ ) 

1 xx = JYY, 1 zz = 0 1.- 1.-+1 

I g I along one axis z h 

D -oo, n 2 INTERACTION I NOMENCLATURE I REF 

I 
s= s>~ 

H=-2zrriJEfi+1 + isotropie PLANAR b,i 
1~ 

Jyy sY.sY. 1) 
1.- 1.-+ 

1 xx = 1yy j 

along: one axis PLANAR ISING 

REFERENCES 
D =>+"", n = I INTERACTION NOMENCLATURE 

S="' S=~ S>! 

H=-2'i~zs~Ef.+1 • 1.- 1.- 1
zz ISING b k 

1.-

Table 2.1. Nomenclature of the different model systems, characterized 

by the Hamiltonian 
H 2 L ( TEf:SX. + JYY#,#, + JZZEf.SZ) 

i<j 1.- J 1.- J 1.- J 

2 
D L (S~) • 

i 1.-

I 

Beferences are confined to spatially one-dimensional systems. 

(a} Fis her, 1964 (g) Thompson, 1968 

(b) Stanley, 1969 (h} Suzuki et al., 1967 

(c) Bonner and Fisher, 1964 (i} Joyce, 1967a 

(dJ Blöte, 1975 (j) Loveluck 1979 

(e) de Neef, 1976 (k) Ising, 1925 

(f) Katsura, 1962 
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In physical reality, however, these roodels may be thought to originate 

as limiting cases from the (n=3) Hamiltonian (2.1) including D. This 

limit may be obtained either theoretically by D approaching + or -

infinity or physically (as we will discuss later on) by T approaching 

zero for finite values of D. 

\ 
\ 

0.3 \ 
I 

o.lo.s 
NO I -3-

\ 
\ 

0.2 \ 
\ 
\ 
\ 
\ 
\ 

0· -1.0 

\ 

r• ·0.1 

I 
I 
I 
I 
I 

/: I . 
I 
I 
I 
I 

2.1. 

Probability density as 

function of the azimuthal 

angle e for different 

values of the anisotropy 

n parameter D. 

For negative values of D there is - so to say - a penalty for the 

spins being directed along the z-direction. In the limit of D + -oo a 

z-component of the spins is ultimately forbidden. Hence the spin has 

transformed into a two-dimensional vector (Loveluck, 1979). An illus

tration of this behaviour is shown in figure 2.1. In the figure the 

probability density to find a spin at an angle 8 from the z-direction 

is shown for different values of D. In this example the results were 

computed with the ld classica! model. For D +-co the curve narrows 

down to a Ó-peak at 8 = TI/2, illustrating the reduction of the degrees 

of freedom of the spin to the XY-plane (n 2). For positive values of 

D we get an analogous picture. The probability density is now peaking 

at 8 = 0 and 8 =TI, which means that in the limit of D +co the system 

has only spin components along the z-direction (n 1). This last 
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model is cornmonly referred to as the Ising model and should be dis-

tinguished in principle from the (n 3) Z-model. The same distinction 

should be made between the (n = 3) XY-model and the (n = 2) planar 

model also tabulated in table 2.1. Inspeetion of this table reveals 

further that such a distinction leads to the so-called planar Ising 

model which, to our knowledge, so far escaped the attention of theo

reticians, since no results have been reported. 

In chapter IIIwe shall further discuss the properties of these model 

systems. In particular we will show then that limiting cases, which 

correspond to infinite D, can physically also be realized at a finite 

value of D by letting the temperature approach zero. 

Now, let us define the Hamiltonian for the classical model of a 

one-dimensional system, containing orthorhombic anisotropy, in an 

external magnetic field. If only nearest-neighbour-interactions are 

present, the Hamiltonian descrihing the properties of an infinite 

chain can be written as 

(2.4) 

We will consider here three contributions to this Hamiltonian: a term 

due to the exchange interaction HEX' a term due to a magnetic field 

HF, and a term due to a so-called single-ion anisotropy HSI' The or

thorhombic exchange part of the Hamiltonian, HEX' is written as 

a = x,y,z • (2 .5) 

The other terms are given by 

(2.6) 

and 

(2. 7) 

In these expres~ions !. is a classica! three-dimensional unit vector, 
~ 

localized at site i. The actual spins are normalized, taking (Fis her,: 

1964) 

(2. 8) 
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Note that in this way the t., with commutation relations 
~ 

(2.9) 

commute in the classical limit S + oo, and thus lead to the classical 

Hamiltonian, given in this case as 

H (2. JO) 

We will, in this thesis, emphasize the effects caused by the aniso

tropy in the exchange interaction. We like to note here, however, that 

anisotropy represented by H51 , will essentially lead to the same 

results. Moreover, since we will be dealing mostly with Mn++_systems in 

which the anisotropy is mainly due to anisatrapie (dipolar) exchange 

effects, the single-site anisotropies, D and E, are small. We will 

therefore omit the term in Eq. (2.10) for the remainder of this 

chapter. In appendix A we will discuss the physical background, leading 

to our choice for the Hamiltonian. We will show, furthermore, how 

can be accounted for in the derivations. 

The exchange part of the Hamiltonian, HEX' can be written in a more 

convenient form by defining the anisotropy parameters ez and e as xy 

e z J 

J 
e xy 

where the interaction J is given by 

J + J + J 
J 

XX yy zz 
3 

J 
(2 .ll) 

(2. 12) 

A negative value of J indicates an antiferromagnetic coupling. Sub

stitution of Eq. (2.11) and (2.12) into (2.5) yields 

(2. 13) 

1 X X Y Y )} + 2 e (s.s. 1 - s.s.+J • xy ~ ~+ ~ ~ 

8 



2.3. The transfermatrix formalism 

Now we have defined the Hamiltonian, the question is how to obtain the 

partition function, the spin correlation functions and other thermo

dynamic functions from it. An elegant method to achieve this is based 

on the transfermatrix formalism, which we shall shortly review here. 

For a more extensive treatment we refer the interested reader to 

Emch (1972). 

In 1941 Kramers and Wannier noted that the partition function for 

the one-dimensional Ising system with cyclic boundary conditions 

could be expressed in the eigenvalues of a 2 x 2 matrix. The same 

principle can be used in the more general case of a one-dimensional 

assembly of N interacting systems or spins, each with n possible 

energy levels. With the definition of the symmetrie transfermatrix V 

(2. 14) 

where U(xi,xi+l) is the interaction Hamiltonian of two neighbouring 

systerns, the partition function can be written as 

n 

t: (2 .15) 
p=1 

where À are the eigenvalues of the transfermatrix V (Domb, 1960). 
p 

We would like to note that we implicitly assumed the existence of a 

"good quanturn number" for each of the n energy levels. This implies 

that the presented rnethod is only applïcabe when the Harniltonian of 

the system, U commutes with the operator xi' e.g. S~ in an Ising system. 

In the case, characterized by a continuous range of 

energy levels, the summations go over in integrations, but the method 

retains its applicability. The eigenvalues À result now, however, 
p 

from an integral equation 

À ljl (x.) , p p ]. (2. 16) 

where the integration extends over all the possible states in system 

i+]. One should note that in the classica! case the commutation 

condition is obeyed (compare Eq. (2.9)). 

9 



Let us now apply the transfermatrix formalism to the present model. 

We substitute therefore 

K is defined by 

for x. and K 
l. 

with cyclic boundary conditions 

(2. 17) 

(2. 18) 

For convenience we will denote the classica! spin vector components in 

a spherical representation 

t. = (s:',s~,s7) 
l. l. l. l. 

The central integral equation now becomes 

À1j1(8.,ijl.) 
p p l. l. 

(2. 19) 

(2.20) 

Because of the linearity of this equation there exists a complete or

thornormal set of solutions. Furthermore all eigenvalues will be real 

due to the symmetry of the kernel (Courant and Hilbert, 1968). 

I · h h 1 · f · aB b t l.S easy to s ow t at corre at1.on unct1.ons, <sisj>' can e con-

veniently expressed in the eigenfunctions and eigenvalues of this 

equation. Hence, all thermadynamie funttions can be computed. We will 

return to this subject in detail in chapter III. First, however, we 

will consider a methad to obtain the solutions of (2.20) in the next 

sections. 

2.4. Theory of the eigenvalue probtem 

It is clear that the symmetry of the Hamiltonian, and thus 

the symmetry properties of the kernel K, strongly influence the com

plexity of the eigenvalue problem, given by Eq. (2.20). In the purely 

isotropie case without a magnetic field, the salution is straight-

10 



forward and can be obtained analytically (Fisher, 1964; Joyce, 1967b). 

It can be verified that the eig<mfunctions in that case are the 

spherical harmonies and the eigenvalues are the spherical Bessel

functions. When a uniaxial anisotropy is introduced, the spherical 

symmetry in one 9irection is lost .. The eigenfunctions in that 

case can be represented by the spheroidal wavefunctions 

(Joyce, l967a; Hone and Pires, 1977}. These eigenfunctions are, 

however, substantially more complex for calculational purposes. 

Therefore Walker et al. ( 1972) applied numerical methods to obtain 

solutions to the problem. Several other cases were reported. 

Blume et al. (19.7 5) and Lovesey and Loveluck (1976) treated the model 

in an external magnetic field, while Loveluck et al. (1975) treated 

the problem with a uniaxial single-site anisotropy. All these authors 

used numerical methods to obtain solutions to the eigenvalue problem. 

All reports mentioned above share the azimuthal (i.e. ~) symmetry. 

In that case the eigenfunctions can be written as 

(2.21) 

Inserting this relation in (2.20), the ~-dependence can be separated, 

and the integral over ~i+l can be explicitly performed. 

In the case of orthorhombic anisotropy, the case we are dealing 

with in this thesis, the symmetry around the z-axis is , however. 

Therefore, the inherent eigenvalue problem (2.20) is complicated, due 

to the presence of two integration variables 8 and ~. To our knowledge, 

the problem cannot be expressed in terms of tabulated functions. 

Therefore, we will adopt a numerical approach. As it is very incon

venient to handle a problem with two integration variables numerically, 

we will eliminate the integration over ~i+l in Eq. (2.20) by expanding 

the eigenfunctions ~p and the kernel in the following Fourier series 

~ (8. ,<jl.) p ]. ]. 

and 

+oo • I 

L ~ ' (8.)el.m ~i 
,! 2n sine. m'=-co m P 1 

]. 

(2.22) 

ll 



In the remainder of this chapter, we will replace the indices 

i,i+l by 1,2, which is allowed by the translational invariance of the 

problem. Substituting Eqs. (2.22) and (2.23) into Eq. (2.20) leads, 

because of the orthogonality of the functions exp(-im~) to the set of 

coupled integral equations 

(2.24) 

in which the Km! are given by the inverse Fourier transfarm of 

Eq. (2.23) 

(2.25) 

For convenience we will omit the indices p from now on. However the 

reader should note that we are still dealing with a number of eigen

values. · 

It is obvious that Eq. (2.24), which is the central problem in this 

chapter, cannot he solved without further simplifications. Before 

.•. 

E cz 0 o' 
V V 

I I l I rl z 

I I I -I 

I -I I -I r3 x 

l -I -I I r4 y 

TabZe 2.2. The eharaater table of the point group c2v (=2mm). 

12 

There are four one-dimensional irr>ed'Uffible representations, 

denoted by ri (i 1,4). The transformation properties are 

given in -the last eolwrm. ( See 'l'inkham, 1964). 



tackling the problem with numerical methods, we will show that this 

set of equations can be separated into four smaller subsets, using the 

c2v-point symmetry (= 2 mm) of the Hamiltonian (2.10). The character 

table.of the c2v-group is given in table 2.2. As the Hamiltonian is in

variant under the symmetry operation of c
2
v' also the kernel, and with 

that the series expansion of Eq. (2.23) must retain this invariancy. 

Applying the symmetry operadons to this series expansion, yields the 

following conditions for Kmt 

for [m- t[ odd (2.26) 

and 

(2.27) 

These properties of the kernel can also be derived algebraically from 

the properties of the modified Bessel-functions, as will be shown in 

appendix A. In this appendix, we will also treat the Hamiltonian, in

cluding single-site anisotropic terms. Finally, we will show that the 

equations presented here reduce to the known results when the orthor

hombic anisotropy terms vanish. 

From the property, given in Eq. (2.26), it can be inferred directly 

that the set of equations, (2.24), splits up in two subsets, one for 

even m,t and one for odd m,t. We will now show that due to Eq. (2.27) 

these equations will split up again, so that finally four independent 

subsets are obtained. We will first proceed for odd m,t. We consider 

Eq. (2.24) for a given odd value of m, and rearrange the terms in the 

summation over t to obtain 

1T 

"' I d82 (sin8lsin82)! [ K2m+l,2t+J~2t+l + K2m+l,-(2t+l)q,-(2t+J)] 
0 

(2.28a) 

An analogous equation for -m is given by 

1T 

t~o I d8 2 (sine I sin82) ~ tK-(2m+1) ,2t+l ~2t+l +K_(2m+l} ,-(2t+l) ~-(2t+ l) ]= 
0 

(2. 28b) 

13 



Addition and substraetion of these two equations, respeetively, 

leads to the following set of equations 

TI 

~ J d82(sine I sin82) i [K2m+J ,2~+J+K2m+J ,-(2~+])]<~>;~+1 (82) 
~=o 

0 

and TI 

L J d82(sin81sin82)![K2m+l,2~+l-K2m+l,-(2~+J))<~>;~+I{e2) = 
~=o 

0 

where we made use of Eq. (2.27). 

(2.30) 

In Eqs. (2.29) and (2.30), we used the following definition for the 

symmetrie and antisymmetrie parts of the eigenfunetions, <!>. 

(2.31a) 

and 

(2.3lb) 

with k 1 0. 

For even m,~ an analogous procedure ean be applied. Some eompli

cations, however, arise, beeause of the m = 0 and ~ = 0 terms. There-

fore, we will treat the m = 0 equation separately. For a 

of m 1 0, Eq. (2.24) reads 

For -m, we get 

1T 

value 

(2.32a) 

J d82(sin81sin82)i{~II[K_2m,2~<1>2~+K_2m,-2~<1>-2~J + K-2m,o<l>o} = 
0 

(2.32b) 
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Addition and substraction of these two equations, respectively, leads 

with application of Eq. (2.27) and division by /2 to 

and 

0 

+ 
À<i>2m(el) • 

m = 1,2,3, ... 

1T 

I I d9 2 (sine 1 sine 2)l(K2m, 2~-K2m,-2~J<i>;~(e 2 ) 
i= I 

0 

m I , 2, 3, ••• 

(2,33) 

(2.34) 

where we made use of the definitions given in Eqs. (2.3la) and (2.3lb). 

For m = 0, Eq. (2.24) yields 

rr 

I d92(sinelsin92)~{Ko,o<i>o ool[Ko,2~<i>2~ + Ko,-2~<i>-2i]} = À<i>o (2.35) 
0 

This equation can be written 1o1ith the aid of Eq. (2.27) as 

1T 

I d92(sine,sin92)~{Ko,o<i>o + ~V2~Il[Ko,2~<i>2i + Ko,-2~<i>-2~]} 
0 

Finally Eqs. (2.33) and (2.36) can be combined into the following 

equation 

1T 

l I de 2 (sine 1 sine 2)![i2m, 2~+K2m,-2~J<i>;~(e 2 ) = À<i>;m(9 1), 
~=o 

0 

m 0,1,2,3, .. , (2.37) 

where <i>+ <i> and 
0 0 

15 



(2. 38) 

The Eqs. (2.29), (2.30), (2.34) and (2.37), which will form the 

basis for further derivations, clearly show that there are four 

different types of eigenfunctions, each belonging to one irreducible 

representation of the group c
2
v The Fourier expansions, given in 

Eq. (2.22)read for the different cases 

lj!l(t) (n sinS)-~Jmi <P;mcos(2m<jl) 
+ l 

+ <P 'v 0 2 f 
(2. 39a) 

00 

1jl2 (ii) (n sin6)-~ I <P;m sin(2mtjl) 
m=l 

(2. 39b) 

1jl3 es> (n 
-! 00 + 

sin6) 1: <P 2 +I 
m=o m 

cos ( (2m+ I )<)>) (2,39c) 

00 

ljl~ (ii) (n sin6)-~ I <P; +I 
m=o m 

sin((2m+l )<!>) (2.39d) 

where the superscript i refers to the representation. 

2. 5. Nwnerieal approach 

The four equations (2.29), (2.30), (2.34) and (2.37) cannot be 

solved analytically to our knowledge. It is, however, possible to 

approximate the eigenfunctions and eigenvalues with numerical methods. 

The first step in the approximation will be a discretization of the 

integrals following a method described by Blume et al. (1975). To 

this end, the integrals over e 2 are approximated by a summation. If 

not mentioned otherwise, we will use a Gauss-integration formula 

NI 

ff(6)d8"' ) w.f(e(j)) . 
j=l J 

(2.40) 

The weights w. and the abscissas S(j) are tabulated for instanee in 
J 

Abramowitz and Stegun (1970). NI denotes the number of integration 

points. Proceeding by example Eq. (2.37) yields with (2,40) 
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I 
.Q_=o 

( · e · e< i ))l[- ( e e (i)) nn ls~n 2 K2m2.Q_ I' 2 - ( (i))] 
+K2m-n 8 1• 82 

( 2 . 41 ) 

By choosing a se t of values fo r e
1

, identical t o the absc is sas 

used for e 2 , this set of equa t ions can be replaced by a set of mat rix 

eigenvalue equa tions. Defining 

( 2.42) 

and 
I 

(wiwj sine(i)sine(j )) ~ 
(2 . 43) 

Eq. (2.36) y i elds 

(2 .44 ) 

i, j 1, 2 , •.• , N
1 

m, .Q_ 0, I , 2, ... 

+ whe r e H
2

m
2

.Q_ i s a r eal symmetrie N x N matrix. No te that t he s ubscripts 

and 2 have been omitted, because of the cho i ce e;j) = e~j ). 
To handle t hese equations numerically, approximations are necessary, 

due to the infinite summat i en over .Q_ and the infinite number of equa

tions m. For tunately , it can be shown that i f the dev i a tions from 

uniaxia l symmetry are sma ll, Kmi i s a s harp peaked func tion a r ound 

lm- .Q_ I = 0 . This may be inferr ed direc tly f r om Eq . (A9), derived i n 

appendix A, which we r epea t here f or convenience 

0 (8 1 , e 2) 2n I~-_! ( !exyA(e 1 , e 2)) 
2 

luJ+ .Q_ (A ( 8 I , 8 2) ( I - ! e 
2
)) • 

2 

A and 0 a re defined by Eqs . (A3) and (A2), re s pec tively . 

(A9) 
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The behaviour of the modified Bessel-functions as a functi on o f 

their argument is shown in figure 2.2 (Abramowitz and Stegun, 19 70) . 

For small values of e , the higher order Bessel-fu nctions, correspon
xy 

ding to larger lm- ~~ values , do not contribute much to Kmt' as can be 

clearly seen Erom the figure. Note that in the ideal case of uniaxial 

Pig . 2.2 . 

Va lue of the mo 1-i fi ed Re.c;se l 

f wtv t i om; of t he firs k i nd a.o 

a f mc t 1:on of t he"·Y' arr :<mcm• 

for the oroders 0,1, 2, 3. 

symmetry, i.e. e = 0, Im- ~ will only be non-zero for m = ~ . This 
xy -2-. 

property leads to the conclus~on that, for a given value of m, only a 

few terms in the summatien over ~ need to be retained, which implies 

that it is suff icien t to consider only a few mat ri ces H2m2~ . On t he 

other hand onl y a restricted numbe r of equa tions m need to be t aken 

into account. In the uniaxial case, only m = 0 or m = I terms con

tribute to the physically interesting variables like susceptibility, 

correlation length, etc., as shown for example by Blume et al. (1975 ) . 

We will dis cuss this property somewhat more explicitly in chapter III. 

Because of this fact, it can be shown tha t in the case the devia tions 

from uniaxial symmetry are small, the maj or con tribut ion to the 

variables will be given by the matrix elements belonging to l m• va lues 

of m. These features will be exploited in the following way. Because 

of the rapid decreas e of importance of the matrix e lements belonging 

to inc r eas ing values of lm - ~ ~, we will neg l ect all s ubmatrices of 

Eq. (2 .38) , wi th lm- 9" 1 > 2 k , where k deno t es the order of the 

approximation involved. Fu r thermore , only k equations will be retained 

because of the second argument gi ven above. Proceeding in this way, 
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Eq. (2.39) reduces to, e.g. for k 2, 

(2. 4 5) 

-+ where ~2m denote the approximative eigenvectors. 

For a given value of k the original problem of solving the eigen

functions and eigenvalues for four infinite sets of coupled integral 

equations has been reduced to the salution of four N x k matrix eigen

value equations. The elements of the blocks Hm~ can be calculated from 

Eq. (2.38) with the aid of the tabulated weights and abscissas of the 

integration method. The kernel Km~' defined in Eq. (2 .25), can be 

evaluated for all pairs e. ,8. with the aid of expression (A9) , given 
l J 

1n the appendix. The modified Bessel-functions involved are inserted 

1n the computer program. The resulting matrix eigenvalue equations can 

then be solved with standard computer routines, yielding the eigen

values À, and the eigenveetors ~+, with which the eigenfunctions ~ 

can be approximated. 

In some cases the actual calculation of some physical variables may 

be simplified by general symmetry arguments, which lead to a reduction 

of the number of eigenvalue problems to be solved. For further details 

on this subject, we refer to the theory section of chapter III. 

It will be clear from the arguments given above, that there are 

several inherent limitations to the present computational method. 

The validity of the approximations involved, and the resulting range 

of the methad will be discussed in the next section. 

2.6. Accuracy of the methad 

With the theory and the numerical approach presented in the previous 

sections, we are now able to approximate the eigenvalues and eigen

functions defined by Eq. (2 .20). The accuracy of the pre sented methad 

will strongly depend on the values of a number of external parameters. 

Also the kind of model system involved, or more accurately the aniso

tropy will influence the results. 

To get an idea of the accuracy of the methad we will first discuss 

the isotropie case. In that case the eigenvalues and eigenfunctions 

can be solved analytically with the result 
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(2. 46) 

and 

(2. 4 7) 

whe re i
1

(x) 1s the modified spherical Bessel function of the first 

kind, and Ylm are the spherical harmonies (Joyce , 1967b). The lar gest 

eigenvalue from which the partition function can be determi ned 

directly is given by 

À 
0 

(2 . 48 ) 

using Lq. (2 .4 1). As an example, the evaluation of th is eigenval ue 

which can be computed exactly, is calculated with the numerical meth

ocis presented above, using different integration me thods. The com

parison is ahown in table 2.3. 

A comparison with the exact results leads to the following con 

clusions. First the table demonstrates the well-known f act (Stoer, 

1979), that, to obtain the same accuracy, the application of the 

Gauss-integration methad involves less integration points than the 

Newton-Cotes approach. Consequently, the dimeosion of the blocks H~ 

needed to compute the eigenvalues and eigenvector s, using the farmer 

method, will be smaller, which is obviously an i mpo rtant feature 

in the numerical methad presented here . Secondly, i t can be de

duced from table 2 .3 that the number of integration points needed 

to obtain a eertaio accuracy rapidly increases when the reduced tem

perature T* = kT/2IJIS 2 decreases. This feature, inherent to the 

central problem in this thes is, will farm one of the limitations to 

the numerical me thad presented , because a highe r number o f integra

tion points involves the sa lut ion of larger matrices. 

In the isotropie case , t r eated above, the inaccuracy wa s induced 

by the discretization of the i ntegral equation. ~~en, however, a more 

general case with a lack of rotational symme try is considered, the 

second approximation, treated insection 2.5., wi ll introduce more 

inaccuracies. To demonstrate the influence of this t runcation of the 

Fourier- series (2. 23), we will campare the mat r ix e lemen ts H ml ' for 

given va lues of e' , e2 , to H In this way an es timate can be made 
00 

about the range of validity of the metbod presented bere. As meotioned 
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T* 0.10 0.05 0.03 0.02 

"o I. 3840xl 04 1.5242xJ08 5.6466xl0 13 
6.5153xl0

20 

GAUSS 

6 5.2xl0 
-2 

3.3xl0 
-I 

7.0xl0 
-I 

1.1 

2x6 2.5xl0 
-5 

1.7xl0 -3 1.9xl0 -2 
9.5xl0 

-2 

16 
. -8 

2.5xl0 3.5xl0 
-5 

I. 6xl0 
-3 

1.6xl0 
-2 

24 6.6xl0-IO -7 -5 - 9.8xl0 7.0xl0 

2xl6 - - - -

SIMPSON 

4x3 l.lxlO 
-2 

7.7xl0 
-2 

2.5xl0 
-2 

5.lxl0 
-I 

12x3 1.7xl0 
-6 

3.3xl0 
-6 

6.6xl0 
-5 

8. lxlO 
-4 

24x3 l.OxlO -7 l.OxlO -7 
l.lxlO 

-7 
1.5xl0 -7 

Table 2.3. Relative inaccuracies in the determination of the 

largest eigenvalue À0, E = !Àcalc- À0 ! /À0, 

for Gauss and Simpson integrations with several 

numbers of integration points for various values 

of the reduced temperature T·•. The value of ~t0 , 

which is given for the isotropie case by Eq. (2.43), 

is presented in the table. A dash denotes an accuracy 

better than 10-11 . 

before, a complete decoupling of the blocks HmR. takes place-, for the 

uniaxial case implying that the blocks HmR. with mI R, are null matrices. 

For a given amount of anisotropy in the XY-plane, a certain coupling 

will exist. We will estimate the amount of coupling with the afore

mentioned ratio H 0 /H • Therefore the values of H_ 0 /H , as calculated 
mx, 00 1llJC 00 

with the computer are plotted in figure 2.3 for three different sets 

of augles 6
1

,6
2

. H 0 /H is plottedas a function of e /T*, the para-
mx, oo xy 

meter characterizing the deviation from uniaxial symmetry, as can 

be easily derived with the aid of (A9). The ratio of the matrix 

elements H 0 /H is given by 
ffix, oo 
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Fig. 2. 3a. 

2.3c. 

60 

e1.e2."'t' 
r"~o., 

1Ö12 .. ~~-···~'- __l____,_L_i 

104 10-3 10-2 10-l 1 

Fig. 2.3b. 

e,·e2·rr12 
r*= 0.1 

exy n* 

,(p-~,~llrr 

exy n* 

Fig. 2.3. Ratio of the matrix etements Hmt/H00, for different 

vatues of e1, e2 as a function of the parameter e :r:y/T*. 

In 2.3a. e
1 

= e2 w/20. The influence of the 

temperature is ittustrated with the dashed tines, 

computed forT* 0.05. In 2.3b. G1 = e2 = TI/4 and 

in 2.3c. 81 82 TI/2. 
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(2. 4 9) 

where A = sin6
1
sin6

2
, in the case = 0. The reader should note that 

the magnetic field has no effect on this expression. Evaluating Eq. 

(2.49) for Ae /T* << I and A/T* > I yields with the asymptotic expan-
xy 

sion of the modified Bessel-functions for small, respectively large 

arguments, in first order in T* 

m-.Q. 

(2. 50) 

The equation shows that for increasing , the importance of the 

matrix elements Hm.Q. increases. This is displayed most clearly 1n the 

figures. For instance, for moderate values of e /T*, the matrix 
xy 

elements H40 are still small, but they increase fast with increasing 

e /T*, meaning that for large anisotropies ar for low reduced tem-
xy 

peratures, more blocks will have to be taken into account. For small 

values of el,e2, as illustrated in figure 2.3a, the expansion (2.50) 

is not adequate. In that case it is advisable to evaluate the functions 

of A/T* in Eq. (2.49) in a small argument expansion. In the same 

figure the results for a lower reduced temperature, T* = 0.05, are 

displayed leading to a slightly larger influence of the non-diagorral 

blocks. 

It can be concluded from figure 2.3, that the approximations intro

duced in sectien 2.5. will lead to reasonably accurate results for 

sufficiently small values of e /T*. For example, for e /T* < 0.1 in 
xy xy 

an approximation using k = 3, the elements of the neglected non-diago-

rral blocks are smaller than 10- 6 times their correspondent elements in 

H • 
00 

The coupling for larger values of m,.Q. with the same lm- 21 value 

gives rise to an effect of the same order of magnitude as compared to 

elements with lower m,2. It can be shown, however, that neglecting the 

contributions from these terms will nat influence the results for the 

eigenfunctions at small m-values significantly. This is because the 
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physically interesting variables are mainly determined by the eigen

functions with small m. 

Finally, we would like to make some summarizing remarks on basis of 

the presented examples. From both cases it is obvious that the reduced 

temperature ultimately sets the limit to the applicability of the 

method. When the temperature is lowered, more integration points are 

needed, due-to the less smooth behaviour of the kernel, and more 

blocks have to be taken into account, since the influence of terms 

with larger lm- ~~ increases. Both features lead to the needof 

larger matrices. To retain sufficient accuracy at lower temperatures, 

the dimension of thematrices increases roughly proportional to T- 3
• 

Therefore we will confine ourselves in the remainder of this thesis 

to reduced temperatures > 0.02. In general, the accuracy of the com

putations will be checked by using increasing values of N and k until 

a good converganee is obtained. Finally, it may be remarked, that the 

coincidence of our results with the previously publishad results for 

uniaxial cases has been verified. 
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CHAPTER III 

THERMODYNAMIC PROPERTIES 

3.1. Introduetion 

With the theory outlined in chapter II it is in principle possible to 

calculate a number of thermadynamie properties of a classica! chain 

with orthorhombic anisotropy, with or without a field. In principle 

all thermadynamie functions can be expressed in the eigenvalues and 

eigenfunctions of the transfer matrix equation (2.20). In this chap

ter we will discuss the behaviour of the thermadynamie properties 

and the correlations as a function of a number of parameters such as 

temperature and magnetic field. In particular the effects originating 

from the presence of orthorhombic terms will be emphasized. 

We will start in section 2 with a short review of fluctuation 

theorems for magnetic systems,from which the magnetic response func

tions like the susceptibility can be derived. Hence, we will show how 

the correlation functions and consequently the thermadynamie proper

ties, can be expressed in th~ eigenvalues and eigenfunctions of 

Eq. (2.20). 

In the third section we will show some results for the different 

model systems, introduced in table 2.1, and discuss some properties. 

In particular we will demonstrate the influence of anisatrapie terms 

on the correlations. A number of examples will be presented, where a 

cross-over between different model systems, caused by the anisotropy, 

is observed. Next we will demonstrate the influence of the magnetic 

field on the correlations for different directions and different 

anisotropies. 

In section 3.4 we will direct our attention to the predictions 

of the model for the thermadynamie properties, especially to the 

susceptibility and the specific heat. We will conclude the chapter 

with a discussion of some illustrative experiments. 
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3. 2. Magnetic response functions 

As shown by Blume et al. (1975) probability densities ~an be easily 

expressed in the eigenvalues and the eigenfunctions of the transfer 

matrix equation. With the aid of these probability densities the 

correlation functions can be derived, and hence, by using the correct 

fluctuation theorem, the thermadynamie properties. Therefore we will 

praeeed in the following way. After a short review of Blumes results, 

as far as these are applicable to our model system, we will evaluate 

the two-spin correlation functions and express these directly in the 

eigenvalues and eigenfunctions of one of the four sets of integral 

equations presented insection 2.4, Eqs. (2.29), (2.30), (2.34) and 

(2.37). After that, we will discuss the fluctuation theorems we will 

he using in the derivations of the wave-vector dependent susceptibi

lity and the correlation length, followed by the relations between 

these quantities and the eigenvalues and eigenfunctions of Eqs. (2.29), 

(2.30), (2.34) and (2.37). Finally, we will shortly discuss a methad 

to obtain expressions for other thermadynamie properties. 

Following Blume, we define the probability density 
-+ -r -+ -+ WN(s 1, ••• ,sN)ds 1 .•. dsN, i.e. the probability that the N spins of the 

chain point in the solid angle ranges dt1, ••• ,dtN about the directions 
-+ -r • • 
s 1, •.• ,sN. WN Ls then gLven by 

-+ 
I ••• dsN ' (3 .I) 

where ZN is the partLtLon function. The other probability densities 

can now be derived from WN. For example, w~(S 1 ,sp+l)ds 1 dsp+l defined 

as the joint probability that two spins a distance p apart along the 

chain point, respectively, within the ranges ds 1 and dSp+l about the 

directions t 1 and tP+l' are obtained from WN(s 1 ... tN) by integrating 
-+ ->-over all other spins, except s 1 and sP+ 

1
• 

As argued in section 2.3·, the eigenfunctions 1jJ farm a complete set 

which can be assumed orthonormal. Therefore, the kernel K can be ex

panded in terms of the eigenfunctions, with the result 

(3 .2) 
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p _,. + 
With the aid of this equation an evaluation of w2(st'\.+t) yields, 

using the orthonorrnality of the eigenfunctions, 

(3. 3a) 

In the thermadynamie limit (N + oo), only the q' 

the summation, and 

0 term survives ~n 

(3.3b) 

In a similar way the probability, that a single spin points in the 

range dt
1 

about the direction è
1

, w
1 
(è

1
), can be obtained, which 

results in 

(3 .4) 

This leads to the conclusion that the probability for a single spin is 

just the square of the eigenfunction belauging to the highest eigen

value t. 

The correlation functions can now be easily expressed in eigen

values and eigenveetors of Eq. (2.20), making use of this formalism. 

f CJ.(+ ) b b' f . f h . th . . h Let s e an ar 1trary unct1on o t e sp~n on p pos1t~on, t e 
p p 

Greek superscript denoting a Cartesian coordinate direction, then the 
a .... e .,. 

correlation function <f 1 (s 1)fp+l(sp+l)> can be easily evaluated 

(3. 5) 

which yields with (3.3.b) 

tNote that we made already use of this property in figure 2.1. 
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In principle all correlation functions can be treated this way. 

In the model presented in this thesis, however, these expressions 

cannot be evaluated easily. We showed in chapter II, that Eq. (2.20), 

containing the two independent variables ~ and e, could be rewritten 

as a set of coupled equations in e by applying Fourier ex~ 

pansions to eliminate the ~-dependence. Using the c2v-symmetry of the 

Hamiltonian,. this set splits up in four subsets which could be tackled 

numerically. We will now show how some specific correlation functions 

can be expressed in the eigenvalues and eigenfunctions of this set of 

four equations, (2.29).(Z.30),(2.34)'and._(2.37). It will be established 

that the c
2
v-symmetry will enable us to consider only one of the sub

sets for the evaluation of a given correlation function in most of 

the cases. 

Let us consider the correlation function <sasS >, denoting the I p+l 
correlation between the a-component of the spin on site I and the 

S-component of the spin on site p+l, where a,S = x,y,z. From 

Eq. (3.6) we obtain 

With the aid of some elementary group theory it was argued in 

sectien 2.4 that the eigenfunctions Wq transferm according to 

one of the four irreducible representations ri of the group c2v' 

For the character table of this group we refer to table 2.2. 

(3.7) 

In the following we will denote the representation to which an 

eigenfunction or the correspondent eigenvalue belengs with a super

script i. Eq. (3.7) canthen be written as 

4 oo J.ÎP • 
.2 ~ (-f) Jd;I1/IL(;I)s~1/l~(;l) 
1=1 q=O Ào q 

x 

(3. 8) 

where we made use of the fact that the eigentunetion w
0

, belonging to 

the largest eigenvalue À
0

, transforms according to the first irreduc

ible representation r 1, as can be inferred from symmetry arguments. 
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As eigenfunctions belonging to a different representation are mutually 

orthogonal, only a restricted nurober of integrals of the type 

(J. 9) 

will yield a non-zero result. Only when the function f~(s 1 )~~(; 1 ) 

transfarms according to r i, terms lolill survive. '1aki.ng use of this 

property, Eq. (3.8) can be reduced to 

oo )_i P 2 

<s~s~+ 1 >= o08 q~o(~) I Jds~~(s)sa~~ (s)l , (J . I 0) 

with i = I for a = z, i 3 for a x and 4 for a y, and 6 ·S is 

the Kronecker delta. 

:Ie will. illus trate the application of this formula for a = z. In 

that case only integrals containing eigenfunctions belonging to r 1 
survive, and we ge t 

00 À ~ ~ 

~ (À4
) 1 J d~ J de sine ~ 1 

(s)cose ~1 
(s) 1

2 
. 

q 0 
(J. 11) 

q - o o -~ 0 

Inserting the Fourier series expansion of Eq. (2.39a) in this equation 

yields 

~ ~ 

Y (:q)pl J d~ r de sine 
q=o o · 

<IJ+ 00 

~ !in81. )20 + I cos(Zr~)<!>+ 2r] x 
r= l q ' 

-~ 0 

+ 

[
<Po o 

case ---;:1- + I 
r=l 

(J. 12) 

The integral over d<j> can now be performed, lolith the r esu lt 

[ 
+ + 

case <llq,O<!JO,O + "' + + ]1 2 
/:<ll 2<!J02 • 0 · 13 ) r= I q, r , r 

The relation (3.13) can now be calculated with the eigenva lues and 

eigenvectors, computed by means of the numerical methods presented 1n 

section 2.5. We therefore discretisize the integral with the same 

N-points Gauss integration methad as used in these computa tions. The 
-+ 

final result in terms of the eigenveetors ~k then becomes 
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Other correlation functions can be evalua ted in the same way. 

In the uniaxial case only the q = 0 term in the last summa~ion 

survives, as this term corresponds to the only non-zero-tenn in the 

Fourier-expansion of F.q. (2.22). The equation is, in that case , 

identical to the formula given by Blume et al. ( 1975) . It can be in

ferred from the expression (3. 14) that in the calculation of such 

correlation fun c tions the main contribution to the final result wil l be 

given by the term with r = 0, in the case of small devia tions from 

t he uniaxia l symmetry. We a lready inco r po r a t ed t his argument in the 

discuss ion of the numerical methods given in sect ien 2.5 . Eq. (3 .14) 

is thus approximated by 

oo \ P N k-1 2 
z z I ( qJ I I I - + -+ I <ss > = L ..,-- L cos(8.) L Ijl 2 (El .)lj!O? (8.) , 
I p+ I " , . _ I J _ q r J - r J q=o o ]- r-o 

(3 . 15) 

where k denotes, as before , the order of the approximation invo lved . 

We will now focus our attention to the determination of response 

functions of the sys t em , such as the wave-vector dependent suscept i 

bility. It can be shown that the response fu nctions can be derived 

from the correlation functions, which have been ca lculated above, by 

means of fluctuation t heo rems . We will therefore consider the thermo

dynamic fluctuations 1n our mode l system . We will essent ia lly fellow 

the treatment preseneed by Lovesey and Love luck ( 1976), who studied the 

fluctuations in a classical paramagnetic system in an applied field. 

The assumption is made t ha t volume and pressure effects can be 

neglec ted. The Gibbs di s tribution Q\' caoooical in the internal 

energy U and t he magnetization ~1, is defined a s 

where \ labels the values of U and M, and h* 

function Z, i s given by 
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( 3. I 7) 

From this distribution the average values of thermodyn Emi c varia bl e s 
t zz can be derived. The isothermal susceptibility Xe• can be evaluated 

from the first derivative of <M> to the field, yielding after some 

algebra (Stanley, 1971 ) 

2 
S< (M - <M>) > ( 3 . 18) 

A sameprocedure for the wave- vector dependent susceptibi lity Xaa(k) , 
t 

yields 

(J . 19) 

where the derivative of ~\ 1s taken with respect to a magnetic 

field in the a - direction . This susceptibility, which describes the 

elastic cross-sectien for the scattering of thermal neutrons, reduces 

in the long wavelength limit (k = 0) to expression (3 .1 8) fora= z . . . 
In (3. 19 ) ~\ denotes the comp l ex conJugate of the k-th Fourier 

component of the magnetization dens ity ~ · Evaluating this formula 

for a one- dimensional magnet with spacing unit y , we get, with t he 

definition 

s -- L exp (ik~) s~ 
Nl ~=--«> 

(3 . 20 ) 

the following relation 

(3. 2 I ) 

Similar relations can be found for e ther response f unctions in Lovesey 

snd Love luck (19 76). 

Eq . (3.21) can now be expressed in eigenvalues and eigenfunctions 

of the transfermatrix equation, using the methad desc ribed above. 

Proceeding by example, Eq. (3 . 21) yields for a= z , with the a id of 

Eq. (J . 15 ) 

·r Note that the expectation value of an operator A can be obtained 
from a statist i cal average, <A> = t ~QÀ. 

À 
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where c
2 i~ given by 
q 

N k-1 + 12 
c

2 
= I L cos(8.) L ~ 2 (S .)ïj/02 (8 . ) 

q j = I J n=O q n J n J 

(3 .22) 

(3. 23) 

The summatien over p can be performed analytically by interchanging 

the two summat ions. In that way , by expressing cos(k) as t he sum of 

two exponents, a simple geome trie series results . Performing the a l 

gebra, leads to 

,\ 2 - ,\ 2 

B L c2 o q 

q= I q ,\ 2 
- 2 ,\ ,\ cosk+À 2 

0 0 q 0 

(3 . 24) 

Inserting k = 0, k = ~, r espec tively, the normal susceptibili ty and 

the s taggered s usceptibility are obtained. 

It can be s hown tha t in t he iso tropi e case, wi thou t a magnetic 

f.ield, the well-known results are recovered. In tha t case the pair 

corr e lation can be written as 

( 3 . 25) 

where u is given by 

(3. 26 ) 

Inserting (3.25) ~n (3 . 2 1) , yie lds 

(3 . 2 7) 

whi ch is in accordance with the fo rmul a given by Fishe r ( 1964 ). 

From the susceptibility, t he correlation leng t h K-I can be evalua ted. 

We will therefore use the definition given by Lovesey and Love l uck 

(19 76), basedon a small k-expans ion 

(3. 28) 

where k 0 desc ribes the ferr omagne ti c case, and k TI the ant iferro-
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rnagnetic case. It is easily shown, that ~n the isotropie case the 

exact resul t is reproduced (Loveluck et al., 1975) 

I 

K ~ (I - u) u 2 (3. 29) 

In the more general case, K can be expressed ~n the eigenfunctions 

and eigenvalues of the transfermatrix equation, proceeding largely ~n 

the sarne way as described above. After perforrning analytically one of 

the series involved, we finally obtain the result, e.g. for an anti

ferromagnetic array 

2 
K 

Ct 
À~\3 
--;;; 
'0 

(3.30) 

where the superscript i denotes the representation needed, and depends 

on a in the same way as in (3. 10). 

We would like to conclude this section with a remark. As shown 

above the evaluation of corr•e l..'l.t i on functions involves the salution of 

Eq. (2.20) for all eigenvalues. In several cases it is also possible 

to obtain the thermadynamie quantities from the partition function. In 

that case only a salution for the largest eigenvalue of Eq. (2.20) 

is needed. This evaluation of a thermadynamie quantity involves one or 

more differentiations of the partition function with respect to its 

conjugate variable, however. In the calculation of the susceptibility 

X the derivative with respect to the magnetic field has to be taken 

twice. To compute X therefore requires an accurate knowledge of the 

largest eigenvalue and its derivative as a function of the field. An 

evaluation according to this method may therefore pose severe numer~

cal problems. 

tNote that in the antiferromagnetic case expression (3.28) is derived 
from an expansion for small k*~ n-k (Loveluck et al. ,1975). 
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3 . 3 . Corre Laiions 

Befere dis cussing the i nf luence o f anisatrapi e terms i n de t ail , w~ 

1•ill fir s t return to th e model sys tems discussed in sectien 2. 2 . Tll ~se 

mode l systems can be considered as t he limiting cases o f t he Hami ltoni

an (2.1 J) under dis cussion in thi s thesis. It can therefor2 he e xnect t! rl 

that a s tudy of th e behav iour of the model systems will con tribute 

to the understanding of t he behaviour of cas es ~ith an intermediate 

an isotropy . 

In fi gure 2 . I we showed t he probability densit y to find a spin in 

a certain angle 8 for several val ues of the single-site an isotropy , D. 

In figur e J . I an analegeus picture i s shmvn , but no'" the den si t y is 

ploteed for different valu es o f the reduced tempersture T* f or several 

model sys t ems. The behaviou r of the (n = J) models is obtained fr om 

numeri ca l computations basedon the Ham il tonian defined i n Eq. (2 . IJ) . 

The He i senberg , XY and Z-mode l re sult from thi s equation by substitu-

ting t he appropriate values of e and e . The si ngle spin probabi litv 
z xy 

dens ity i s obtained from the square of t he e i genfunction bel on~ing t o 

the larges t eigenval ue, according to Eq. (3 .4 ) . Th i s e igenfunc tion is 

approx imated with th e appropriate eigenvec t o r in a disc r ete numher of 

points, in acco rdance with the numerical me thods presented io chapterIL 

Let us no1" consider t he result s displayed in f igure J . I . The mod el 

s ys tems 1.Îth a spin dimensionality n < J , are not shmm in the Figure. 

For the planar (n = 2 ) model th e pr obability density i s a 6- fun c tion 

a t 8 = n /2 , whereas the Ising (n = I) model i s a 6-func tion at 8 = 0 or 

e = n. 

The de ns ity for the isotropie Heisenberg sys tem is a straight 
I 

ho rizonta l l ine at a height of 
4
n. The va l ue 4n co rresponds t o t he 

surface of a unit sphe re with 0 as centre. Thi s density is tempe rature 

i odependen t. 

For the (n = J) XY-model a bell-shaped curve ~s obtained, narrow in g 

dolm a t lOI,er tempe r a tures t o a 6- peak at e = n/2. In this limit, nbtR ined 

f or T* = 0, t he single sp in probability density for the (n = 3) XY -

tNote that on substitution of ez =-I, exy = 0 in (2. IJ) fo r the XY 
model or e z = 2 , exy = 0 f or t he Z-model , the i nteraction paramet e r J 
has to be corrected with a const ant fa c tor I . 5 or 3 respe c tivel y, t o 
get a correct cernpar isen between differen t models . 
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8 '" ' ' di" f e r>ent va lues of th' r·ed1 cec! terrrrel' o. tw•;:: P* 

u · S~' t 'el'al mode l Ays tems . 

sys tem co inc ides with th e (n = 2) planar system. It can be in fe rred 

from the f i gure, h01vever , that at finite temperatures a diffe~ e nce 

bet<veen the dens ity of s pins in t he (n = 3) XY-mode l and the ( n = 2) 

planar model shows up. The difference i s reflec ted in the width of t he 

c urves . A finit e width implies a finite probability to fi nd the s p in ~n 

an angle 8 i n/2, meaning tha t the re i s a fi ni te chance o f fi nd i ng a 

sp in out s ide t he XY- plane , even t hough the mutua l i nteractions are con

fin ed t o this p lane . At l atv temperatures the dif f e r ences between XY and 

pl anar are min i mal implying that in t he description of experimenta l 

sys t ems at low temper a tures t he planar model, which is easier solvable, 

could be a r ea sonable substitute for the XY-mode l (Love luck, 1979 ) . 

In the case of i ncreasing tempera tures the di s t r i but i on of the s pi ns 

become s more and more i so tropic , which i s d i splayed by th e inc reas ing 

width of the curves . Finally in t he limi t T* + 00 the curves wil l 

coincide tvith t he straight horizontal line at !n, which represents 

the isotropie sys tem. 
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An analogous be haviour can be obse r ved Eor the (n ~ 3) Z-model , whi ch 

tJÏll final ly co iuc i de wit h the (n ~ I ) Ising model for T* ->- 0 and wi t h 

the (n ~ 3) Heisenberg model f or T*-+ oo 

Th i s inte rest ing behaviour o f the model sys t e ms with di f fe r e n t 

tempera tures is also refl ected in the behaviou r of phjsica l variabl es. 

In figure 3.2 t he in ve r se co rrel a tion l eng th K i s s hown a s a function 

f 
I 

--,--

Olt-

r 
;< 

0.01 

0.01 

.. , 

XY 
n , ) 

Pianar 
n-2 

.I -----1. J j _ 
0.1 

I 
I 
I 
11s,ng 
I n ,1 

I 
I 
I _J__.,___ I 

Fig . 3 . 2. rnver~r. col'reZ.a "ion len9~h of t he spin ":omponents a l ong 

~he pre en •ed rh>Md1:on for diff erent. mode l systems versus 

reduced temperature T*. 

of t empe r ature. The re sul t s for the (n ~ 3) roodels Heisenberg, XY 

and Z are obtained numer ica lly tvi th the aid oE Eq. (3 . 26) . For 

the planar model we used an analogous relation, wh i ch expr esses 

the correlations in the e i genfunctions and eigenvalues belonp, ing 

t o the n ~ 2 model. For details of th e de rivations fn r this model 

we refer to a ppendix B. Fo r n ~ I we pl oteed the exact expr es sion 

for the inverse cor relation lengt h in an S ~ 1/2 quanturn mechanica l 
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Ising system (see for ins tanee Stanley, 1971). The l atter system 

is in fac t identi ca l to the (n = I) classical case (two discrete 

orientations per site) . The figure clearly demonstrates the cross 

over effec t s between the different Model systems Mentioned ab ove . 

The inverse correlation length K [or all (n = 3) models coincides 

a t hi gh temperature s , resembling the isotropie Heisenberg case. 

At low temperature s the >.'Y-model displays a cross over to the pl anar 

modeland the Z-mode l will finally co incide with t he Ising model. 

Given the results plo tred in figure 3.2 we would like to make soMe 

additiona l comrnents on t he behaviour of the calcul a Led co rrelation 

lenp, th in the ade l systems a t lo<V temperatures. 1L can be seen that 

K( T) for th e Heisenberg , XY and planar model approaches a straight 

line with a s l ope of 45° forT+ 0 in accordance with th e low t e~

perature expansion of (3.29) 

K T * (3.31) 

for the Heisenberg case, and 

r*/2 (J. 32) 

for the planar and XY-model. Expression (3.32) can be evaluated from 

K ~ ln (A
0

/A
1
) given by Loveluck (1979) . The lsing and Z- models show a 

much faster increase of the co rrelations with decreasing temperatu re, 

reflected in t he steep descent of K. For the Ising S = 1/2 model the 

spin pair correlations can be derived analytically from 

u tanh ( l /T*), ( 3 . 33) 

which leads for low temperatures to 

-2 / T* 
K = 2e . (3. 34) 

For the Z- model, Thompson ( 1968) gives in first order in r* 

u 
a - 2/T* 

1 - r* e (3 .35) 
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wh ere a is a cons t an t t o be determi ned . At l ow temperatu res we ge t 

K (3 . 36 ) 

We wi ll now r e turn to t he des c r i ptio n of c r os s-ove r ef f ces , 

s pecifically i n s ys t ems wich a sma ll aniso tropy . l<e 1ál l dcr1ons trate 

cr oss-over e ff ects by means of the behav i our of <s 2> as a function a 
of T * f o r the three spin componen ts a = x , y , z . Res u l ts of numeri cal 

calcul a tions on this varia bie are shown in fi gure 3.3 . Two di ffere nt 

~" (f) 
V 

0.8 

O.l 

!s ong _ _ e,y·.Ol ) ,fl 1 
I '-z -v. 

- - - e,y •.001 

J 
I 

0.2 0.3 
T"·kl /21J IS IS• II 

Fi(J . 3 . 3 . L . e ~ai"1·cn a Z.ue of ihe ·pi n eomponents < ~:: 2> , a = x , y , z , 

as a f unc ion o ·· :re 'ur'ed tempel'ature . The dashed- t.lo Ued 

l-in ., repre. er the imitinJ r·rtsef:. to ·e ·Jwt both c rve.s 

t or <s 
2 

> coincide . 
z 

value s of th e anisotropy par ameter e a re consider ed. The val ue of xy 
e

2 
i s cho s en negative in which case the s pi ns f avour an orien tation 

in the XY-plane. The value s of e a re chosen a s sma ll pos itive num-
xy 

bers, whi ch i mplie s that the spins t end t o be d irec t ed t oward s th e 

x-axis. Inspee tion of the figure s hows that i n t he hiRh t emperature 

r e gion t he system behaves like an i s ot r op i e Heisenbe r R s ys t em 

(n = 3), f o r which a ll expec t a tion va lues <s 2 > equa l 1/ 3 . Thi s fact a 
1s in agreeme nt with th e be hav io ur of th e corr ela t i on l ength discus-

sed above . At lower t emper ature s th e e ff ec t of e
2 

becomes noticeabl e 

38 



and the system behaves as a ( n = 2) planar system , 1.e. <s 2 > = <s 2 > x y , 

<s 2 > = 0. Fo r still l ower temperatures also the influence of e 
z ~ 

becomes impo rtant and a cross-over to lsing-like beha,iour occurs 

( <s 2 > = <s 2 > = <s 2z> = 0). From these observations it cao be con-x , y 

cluded th at in anu reai systems a rn'»oss - o 1'1 to Ia i nr bci:.:~v-·.a1 t.:r "_ ~ ~'r 

Z: t• e ...... ~ _ctec.i c:t Zo t r:: rrrpe fi~tUPPo ~ r~ovi del r-J•at (, p har1'u ml ie ~,:i ~J.,~S ·y·'; 

n •, .""'or>bi.dden by DY"flie"Cl"Y . 

An estimate of the temperatures associated with t he two di f fe r ent 

cross-overs, cao be made by using simil a r argumen ts as given by faria 

and Pires (1979) fora sys tem with uniaxial anisotropy. Thev arRue haL 

l l m.· t emp r atures t il e relevant ene r gy di f f erences a ssocia t ed 1-1 ith 

the anisotropy are these fo r a correlated chain ~egment r at h e ~ than for 

a si nRle s pin. Therefore he ( irst cross-ove r te pera ure T~ , associa-
1 

ed with the Hei senbe r g planar cros s-over, can be anprox i ma t Pd bv 

or ( '1 '17) 

based on the low temp erst ure approximation for the correl a tion l en ~ t h ~ 

in an isotropi e sys tem (Eq. (3.31)). Applicat i n of (3.37) t o t he 
. . * example of ft gure 3 .3 yte l ds Tc 1 

0.316. A simi l ar esc imate cao be 

* used to define a se cond cross - over t emperat ure Tc
2

, associated wit h 

the planar-Ising transiti on. Applying the l u" t emperature expan ·i on 

for th corre l. a tion l ength in a planar model (3 . 32), we ge L 

e 
,- . _EL 
., 2 /e 

xy 
(3.38) 

where the factor J/2 in e ar1ses from the definition of the Hamil-xy 
tonian (2.13). Applica ti on of Eq. (3.38) to the t"•o cases presented in 

figure 3.3, yields T~ 2 0.1 for exy = 0.01 and r~ 2 = 0 . 0316 for 

exy 0.001. In this way the temperature region cao be divided tn 

three parts; T* < T~ I isotropie, T~ 2 < r* < T~ I p l anar and r* < T~ 2 
.Ising behaviour. 

Apart from the cross-over caused by the anisotropy, it cao be sho'm 

that also magnetic .fie d can induce cr>oss- over e:fL'e t s . To illustrate 

this effect the inverse correlation length is plotted in figure 3.4 as 

a f unction of T* for two va lues of H* = glJSH/2/JIS. The system, shoorn 

in the figure, has a"small negative value of ez which will causi a 
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·t:g . 3 . 1 . Inver>se cor>r> i aU on ength vePsus r>edu.ce d ~emperaturoe _îor 

a chain witl1 a smal. easy-plane anisotr>opy , e
2 

= - 0 . 01 , 

dispZaying a cr>oss-over from Heisenberg to XY (cu e "H*=O") . 

l'lw .?U.PVe s "H'=l " and "e = 0. 003 " sh07.J the effect of a 
xy 

mag-J<etic fi r'ld applied para Lle l to the easy-plane (H*//y), 

or a small anisotr>opy in. that plane,r>espective l y. Both 

curves demons t ra· e XY - Z cr>oss- over>. Dasheel lines denot.e 

the zero-fi e lel Umi tinrr cat;es. 

planar-like behaviour at low temperatures . When an external magnetic 

field is applied parallel to the XY-p lane, the system shows a cross

over to an I sing-like system similar to the cross - over that would have 

been induced by anisotropy in the same plane. To demonstrate this 

effec t we included the dott e d curve ~n the fi gure . khis curve r eflects 

the behaviour of K in the case of a small orthorhombi c anisotropy in 

the XY-plane. It i s obvious from inspee tion of the figure, that the 

behaviour in both cases is indeed comparable. 
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The reduction of the e ffec tive sp in-dirnens ionali t y by an ex ternal 

magnetic field demonstrared above , has been predicted by Villain 

et al. ( 1977), who argued that this reductioo rnay be t he reas on for 

the observed anomalous increase of the Néel-ternperature in quasi 

one-d imens ional systerns when a field i s appl i ed. We will return t o 

the consequences o f this behaviour for the phase diagrams of quasi

one-dimensional sys te rns in chapter V. 

An external magnetic field can also produce a cross-over in a ferro

magn e tic system . In a ferromagnetic system, however, there is no 

competition be tween the exchange interaction and the ~agnetic field, 

apart from poss ible anisotropy. This f ac t makes the study of the an ti

ferromagnetic sys tem more interes ting from a theoretica ! po in t of v iew. 

r1oreover, since 1~e will be dea ling only with antiferromagnetic systems 

in the experiment&, we will confine ourselves to antiferromagne ts i n 

the remaioder of this thesis . 

Let us now consider the behaviour of the correlation lengt h as 

a function o f the external rnagnetic fi e ld sornewhat more ~n detail. 

In one o f the papers devoted to the behaviour of t he quasi one-dimen

sional anti"fe rromagnetic system TMMC in a magnetic field, Borsa et a l. 

( 1978 ) argued th at the correlation length in an isotropie He i senberg 

sys tem would increase quadratically with H/T. His arguments were based 

on a per turbation expans i on . He predicted a sirnilar behaviour f or the 

pure planar case . In order t o verify to what ex tent these ap proxi

mations are app licable , we will confront the r esul ts f r om the per t ur

bation expansion with numerical cornputations based on the model des

cribed in this thesis. Therefore the reduced i nve r se corre lat ion l eng th 

K/ K i s plotted in figure 3.5 as a function of H* / T*. The drawn 
0 

curves r epresen t the result s obtained f rom the i so tropie model . The 

uppe r c urve was computed forT*= 0.1, while the lower was obtai ned for 

T* = 0 . 05. The dashed cur ves represent the perturba tion theory r esults . 

Due to the fact that this theory is based on the low tempe rs ture ex

pression (3 . 3 1) for K
0

, it prediets a sl ieht ly i nco rrect value of K
0

• 

The correlation length i s therefore presented in reduced form. 

For l ow values ~f H*/T* the perturbation theory yie ld s correct 

results . Mor eover, in this region the corre l ation l~ngth depends only 

on the sealing variable H*/T* in accordance with a sugges tion of Bouche r 

et al. ( 1979). For highervalues of H*/T*, however, thi s variab l e is 

no langer a co rrect seal ing variable, which is il l ustrated by the 
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t heory [01' t he -isotr>opic and p Zanal' case . Dro:z.m cw'ves 

r epresent computat·z'ons on an isotropic~ model at i;l,;o d 'i_('j'r -
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(T* = 0. 05, !J . l) . Dashed urves ··'enot an am:.o; tJ'O • . case 

wi t h e z = - 0 . 01 at the samc r ed ;eed tempe:rat.tu•eo . 

sp litting of the two drawn curves . Furthermore, H*/T* cannot be used 

a s a uni versal seal ing variable anymore when an anisotrop y is intro

duced. Th i s fact is demonstraeed by the two dashed-dotted curves, 

repre senting an arbitraril y chosen anisotropic case for two tempera

tures. lf the decrease of the co rre l ation length i s written as (Borsa 

et al., 1978) 

(J '39 ) 

the va lue of C amounts to 60 for the isotropie Hei senberg case and t o 

16 for the pure planar case . For the anisotropic cases in between, 

the coe ffi c ient C gradually decreases as a function of t he anisotropy, 

and increa ses as a func tion of t emperature, demon s traring again the 

competieion between ani sotropy and t emperature. 
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For higher values of the field, the behaviour of the correlation 

length becomes markedly different. In figure 3.6 we plotted the re

duced correlation length for some systems at a constant reduced 

temperature r* = 0.1, as a function of the reduced magnetic field ~n 

a wider range! ihe correlation length is plotted forthespin c ompo

nents in the preferred direction x. Applying a field ~n a direction 

perpendicular to the spins in the isotropie case, first leads to an 

incr ea.c e of the correlation length, caused by the tendency of the anti

ferromagnetically coupled spins to orient themselves perpendicular to a 

planar1 T*=0.1 

2 
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P.ig . 3.6. Fiel-d dependenee of the correlation Zengthof he spin com

ponlimts in the "pre fe r-Ped" direction (x) for s evera l a;·t i 

ferromagnetic systems. The directio;l of the f ;:eld is ph,cn 

in the fi au:re . 7'he dotted curve repr es ents a sys';em havi ;;g 

a s mall orthor ombic anisotropy (e
2

:::: -0.01, e :::: 0.002). 
xy 

1.Note that the maximum of the horizontal scale in figure 3.5 
corresponds to a value of 0.4 for H* in figure 3.6. 
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magnetic fie ld. For higher values of the fie ld , the correlation l ength 

starts to dec rease again . Now , the magnetic field is s trong enough to 

compe t e with the exchange interaction, tryi ng to orient the spins along 

its direction . In that way the contribution to the antifer::nomagn("! ',•: '? 

corre lations, from which ~x is bui lt up, decreases. 

For a system with a small easy-plane t ype of anisotropy denoted i n 

the figure by the dashed cu rves, the effect of the magnetic field 

is even mo re drast i c, provided that th e fiel d is app lied i n the 

plane of aniso tropy (~y) . ~~en the fie ld is applied perpendicular to 

the XY-pl ane, an ef fect i s observed whi ch i s even smaller than in t he 

Heisenberg case . 

These results can be explained in terms of cross-over demonstrat ed 

above. In the i so tropie case the fiel~ can transform, as it were, the 

system ~n a planar-like system , thereby enhancing the correlation 

length. However , the maxi mum enhancement that can be obtained in that 

case is a factor 2, as can beseen f rom (3 . 31) and (3.32). \.Jhen an 

easy plane anisotropy i s present , however, the syst ems co uld be t rans

formed in Ising-like behaviour , when the field is applied . This can 

lead to an, in principle, unlimited increase of ~ . as can be deduced 

f rom (3.32) and (3.34). 

Furthermore, the figure shows the behaviour of a system ,;ith a 

small I sing term in the x-direct i on . In this case the aniso t ropy also 

enhances the effect of the magnetic fie ld some,~hat , compared to the 

isotropie system , at l east for low fields. Finally the dotted line 

shows the XY - sys tem, now, however, perturbed with a small orthorhomb ic 

aniso tropy term in the XY-p l ane . This anisotropy leads to a sligthly 

l ess pronounced increase of ~ wi th H* . Unfortunate l y the computations 

performed for this figure, are seve r e ly plagued by numerical problems 

so that the purely XY-system with a field in the XY-plane could oot be 

approximated. This i s caused by the fact, that in the simulation of a 

field in the y-d irec tion the anisotropy parameters of Eq. (2 .1 3) have 

to be adapted. The ana logon for the XY-case , for examp l e , ~s obtained 

for e = 0.5 and e = 1. 5 ·~At normalvalues of the reduced tempera-
z xy 

ture this would vialate the condi tion e /T* << I used in our appr oxi
xy 

mations. An impression of the behaviour of the XY-c.ase in a field coul d 

tin fact t his is an XZ-case with H~z. 
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ba obtained by computing the field dependenee of the correlation 

length for the planar model, discussed in appendix B. The results are 

included in figure 3.6. As could be expected the application of a 

field gives rise to a drastic increase of the correlation length, even 

at this rather high value of the reduced temperature. 

In the cases treated above we have restricted ourselves to a dis

cussion of the correlations between spin components in the preferred 

direction. In figure 3.7 we also show the correlations between other 

spin components. In particular we will demonstrate the competition 

between these correlations. We plotted therefore the correlation 

length of the spin components in the three principal directions in a 

one-dimensional antiferromagnet with a small orthorhombic anisotropy 

as a function of the external magnetic field. The field is applied in 

the preferred direction, i.e. Vz. For small values of the field the 

correlations, in the directions perpendicular to the field, will grow 

as argued above. The correlations between the z-components decrease, 

because a parallel to antiferrornagnetic aligned spins will sup-

press the correlations in the direction of the field. 

Fig. 3. ?. 

Field of the correlation 

length the spin components along 

the three principal directions for a 

one-dimensional antiferromagnet with 

a small orthorhombic anisotropy 

(e 0.01, e =0.015). The field 
z ;ry 

is applied in the eaay direction. 

T"·0.1 

15 

0 0,2 O.t. 
H" 
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For a given value of the field the curves denoting the correlations 

between the x-components and the z-components, respectively, inter

sect. Above that field the correlations between x-compo1J.ents are the 

larger. The field at which these curves intersect, willibe shown to 

be a very good approximation of the spin-flop field in quasi-one

dimensional antiferromagnetic systems or if it would exist a spinflop 

in an antiferromagnetic chain. We will return to this point in the 

discussion of the experimental phase dia?,rams in chapter V. 

For higher values, not shown in figure 3.7, the correlations between 

the x- and y-components will decrease again. The system will finally 

display ferromagnetic behaviour, with the spins correlated ferro

magnetically in the direction of the field. 

3.4. Other thermadynamie variables 

In this section we will discuss the behaviour of other tpermodynamic 

variables. Our attention will mainly be devoted to the s~sceptibility 

X· We will start with a review of the behaviour of x in several analy

tically solvable models, and campare these with numeric.:A results ob

tained for the anisotropic classical model which is disc~ssed in this 

thesis. Next, we will make some remarks on the specific heat. 

In the (n 3) Heisenberg, (n 2) planar and (n I) Ising 

classica! roodels an analytic expression for the susceptibility can 

be easily derived from the fluctuation theorems, with the result 

(Stanley, 1969) 

x (3.40) 

where n is the spin dimensionality, y 1 = tanh(I/T*), 

I
1

(1/T*) /I
0

(1/T*) and y
1 

= L(I/T*) coth(I/T*)- T*, with, as 

before, T* = kT/2IJIS(S + 1). The values of yn for n = l:and n = 3 

agree with (3.26) and (3.33). To facilitate a comparison of the sus

ceptibilities for different model systems, we define a nqrmalized sus

ceptibility x* as 

(3 .41) 
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where, consistent with (2.12) J* is defined as 

(3.42) 

In table 3.1 we show these definitions for the classical model systems. 

Inspeetion of this table shows that a normalization of the leading 

term in the expansion at high reduced temperatures may be obtained, if 

n x* is considered. In that case the susceptibilities for different 

model systems will be equal in the limit T* -* "'· Furthermore, this 

methad enables us to campare the susceptibility of different model 

systerns, also for systerns with a zero 

Ising model. 

at T = 0 like the 

Model system J* 

• 

T* x x* 

n=3 

J T C/3T* I/3T* 

XY 2 ]_T• C/2T* I/3T* 3J 2 

z .!.J 
3 

3T C/T* 1/JT* 

n=2 

Planar J T C/2T* I/2T* 

Planar Ising .!.J 
2 

2T C/T* I /2T* 

n=l 

Ising J T C/T* 1/T* 

Table 3.1. properties for different model systems, 

in the reduoed quantities, used in the thesis. For the 

susceptibilities only the leading term of the high temper

ature series expansion (Rushbrooke and Wood. 1958) is 
::: ::: ::: presented. C is defined as Ng v

6
S /k. The other entries 

are defined in the text. 
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We will start with a discussion of the behaviour of th~ susceptibility 

in different classical model systems. In figure 3.8 we ulotted the 

reduced susceptibility nx* for the (n 3) XY-model anq the (n 
I 

Z- model, tagether 1-lith the results for the exactly soivable (n 

3) 

I) 

Ising, (n = 2) planar and (n = 3) Heisenberg isotropie classical 

models. Furthermore, in the figure are shown two cases :with an inter

mediate anisotropy, which we shall discuss later on. In all cases the 

susceptibility parallel to the preferred direction, if jactually 

present, is displayed. We would like to note, however, that in model 

systems with a spin-dimensionality n > 1 more than one preferred direc

tion or alternatively none can exist. Because of the fact, that a more 

or less perpendicular orientation of antiferromagnetically coupled 

spins is energetically more favourable (Néel, 1932), the spins will in 

such a case immediately ori~nt themselves perpendicular to a mag-

netic field, even if this is infinitesimally small. Therefore, 

the susceptibilities displayed in figure 3.8 are in fac~ perpen

dicular susceptibilities for the (n = 3) Heisenberg, XY and the 

(n 2) planar model systems, as well as for the uniaxijil case 

with e = -0.1. This observation explains the finite value of the 
z 

susceptibility at T = 0 for these systems. The zero-tempersture limit 

for the isot.ropic classical systems, which can b.e evaluated from 

Eq. (3.40), is given by (Stanley, 1969) 

nx Hn-1) (3.43) 

The curves for the XY-model and the Z-model were obt~ined from 

numerical calculations. The susceptibi li ty in the XY-mod.el displays 

a behaviour very much alike the planar model, even at relatively high 

reduced temperatures. This implies that in calculations:of the sus

cepti~ility, the much easier solvable planar model will give good 

results in XY-systems. The siightly higher values of the suscepti

bility in the Z-model at low temperatures, compared to that of the 

n = 1 Ising model, can be qualitatively understood as follows. 

Because in the former model the spins are - in prin~iple - free to 

point at a small angle from the Z-axis, a finite magnetization can 

arise in the chain at low temperatures, which will lead .to a finite 

susceptibility. A similar argument may be used to explain the differ-
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T~ 

Fi[!. 3. 8. Reduced susceptibility u.s a of temrerature for 

cases in the c~assica~ two 

mod&l system, denoted the dashed curves. upper 

C1Arve r>epr>esents a uniaxiat case ( e z :::: -0. 1), whi Ze for> 

the 7-0uler> e~a'"ve a"lso an or>thor>ombic disturbanc:e is inc"lu-

ded the r>esults for> the XY- and 

by dotted cuFJes. For> com-

also r>esu"lts for n 

ar>e shown. 

1, n = 2, n = 3 - c"lassica"l 

ence between the susceptibility in the XY- and planar models. 

The results for two systems with an intermediate anisotropy are 

also plotted in 3.8. We chose a negative value for ez' in 

which case the spins will favour an orientation in the XY-plane. The 

upper curve was computed for exy = 0, the lower with a small ortho-

rhombic term e 0.01. As could be expected from the small value of xy 
ez' the upper curve shows a behaviour alike the Heisenberg model for 

a large range of reduced temperatures. Only the absolute magnitude of 

x* is shifted somewhat down in the direction of Xiy· At low tempera

tures, the anisotropy attains a more pronounced influence on the be

haviour of x*. The XY-character of the system becomes dominant. Un-

fortunately, the numerical methods presented in this thesis do not 

allow a very reliable estimate of the r* 0 limit. Nevertheless, the 

curve seems to interseet the r* = 0 axis at some value intermedia te 

between the va lues for Heisenberg and XY. 
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'Ihe other curve, ref lecting a system wi th a small or,thorhombic 

perturbation displays a drastic decrease of the suscept1ibility at low 

temperatures, presumab ly extrapolating to zero at T* = p. He, re the 

very pronounced influence of a small anisotropic term a~ low tempera

tures is demonstrated once again. 

o.sr-----.----.---,--.----.---.---,---.---, 

S·112XY ,., 
I \ 

I \ 
I \ 

0.6 n·3 \ 
\ 
\ 
\ 
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3. 9. Redueed for antiferromagnetie etassieal 

model systems as a funetion of the reduced temperature. 

Numerical ealeu'Lations for some 

included in the 

spin systems are 

We will proceed with a comparison of the predictions of X in the 
• -r classical model with some results obtained for finite spLn systems . 

Therefore, we plotted in 3.9 nx* as a function of T* for the 

isotropie classical models, with n = I, 2 and 3, togethe:t with 

results for the S ! (Bonner and Fisher, 1964) and S = I (Weng, 1968) 

Heisenberg models. These results were obtained from an extrapolation 

of exact calculations on finite chains. 

50 

t Note that the spin-dimensionality in a quanturn system is always 
(n = 3). 



All results display the same characteristic features. The intersec

tion point at T * 0 gradually shifts down, going from the (n 3) 

classical model (S oo), via S I, S =! to the (n = 2) classical 

model (S = 00), while the maximum susceptibility is attained at 

increasing temperature. 

Finally, we note that the susceptibility in the S 

is given by 

XY model, which 

* x x (3.43) 

displays the same behaviour. 

We will conclude this section with some remarks on the specific 

heat. With the aid of fluctuation theorems, the specific heat can be 

expressed in spin correlation functions (see for example Stanley, 

1971, p.Z63). In these relations four-spin correlation functions are 

needed. In principle, these can be evaluated in the sarne way as the 

two-spin correlation functions. However, the algebra needed to ex

press the four-spin correlation functions in the eigenvalues and 

eigenfunctions of the transfermatrix equation is a lot more cumber

some. Therefore, sorne authors prefer to cornpute the specific heat 

by a numerical differentiation of the internal energy, using 

c trl _i_ <'rl> aT .'I 
(3.4'>.) 

The internal energy per spin is given by 

<E> 
t 

N- 1 <H> , (3.46) 

which reduces, when no external magnetic field is applied, to 

t 

<E> = -ZJs 2 [(1 +ez)<sis[+ 1> + (1 1 x x + 1e )<s.s. 1> + xy 1 1.+ 

+ (I - le - le ) <s! s! >] 2 z 2 xy 1 1+! 

(3.4 7) 

Note that the internal energy E is defined bere by TdS dEH1dH, 
where S is the entropy. In sorne textbooks E is indicated as the 
enthalpy. 
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0.4-
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r" 

3.10. heat versus reduced temperature for the cZassicaZ 

model system with a uniaxial 

after Loveluck et aL (19?5). 

foP the systems, 

with 

system (drawn curves). 

In the isotropie case, characterized by 

yields 

<E> -2 J iF u - coth _!_] 
T* 

e xy 

the resuZts 

S = 5/2 are 

classical Heisenherg 

0, this expression 

(3. 4 8) 

where we used Eq. (3.25) and (3.26). This leads with (3.44) to 

c 
(1/T*) ] 

(3. 4 9) 

in accordance with the expression given by Fisher (1964). 

In figure 3.10 we plotted the behaviour of the specific heat as a 

function of temperaturé, as presented by Loveluck et al. (1975) in the 

uniaxial case. Due to the lack of quantization in the classica! model, 
t 

the specific heat does not approach zero at T = 0. We note from the 

figure that the introduetion of an anisotropy leads to a maximum in 

tNote that the value of C at T = 0 is in accordance with the predie
tien from classical statistica! mechanics, C =!kB (n,- I) 
(Stanley, 1969). 
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the specific heat. The anomaly is most pronounced for positive D, 

where an Ising-like behaviour is introduced. For comparison numerical 

calculations on the specific heat of quanturn systems with spin quanturn 

number S = 5/2 and S = 1/2 arealso shown in the figure (de Neef, 1976 

and references therein). For low temperatures the specific heat goes 

to zero, reflecting the quanturn nature of the system. In principle 

the specific heat in the classical model can be computed in the case 

with orthorombic anisotropy, using Eqs. (3.45) and (3.47). However, 

in the region where orthorhombic terms will substantially influence 

the specific heat - the low temperature region - severe numerical 

problems arise. Given the fact, that the classical model does not 

predict the specific heat for real - quanturn - systems in this region, 

the numerical ingenuity needed to perfarm these calculations does nat 

seem warranted. Moreover, adequate theoretical descriptions for quan

turn systems are available (see for instanee K. Kopinga, 1976 and re

ferences therein). 

3.5. Some experimental results 

In this section we will illustrate the arguments given above with some 

experimental examples. First, we will confront the numerical results 

obtained for the susceptibility with the anisatrapie classical model 

with experimental data on the quasi one--dimensional Heisenberg anti

terramagnet Csl1nC1
3 

• 2H20. Secondly, we will discuss the interesting 

behaviour of the specific heat observed by Takeda et al. (1980b) in 

copper-benzoate. Finally, we will make some remarks on the behaviour 

of the correlation length. A more extensive discussion óf experimen

tal results is presented in chapters IV and V. 

The isotropie classical theory of·Fisher (1964) is aften used to 

determine the intrachain exchange parameter from susceptibility 

measurements at high temperatures. Walker et al. (1972) considered the 

influence of dipolar anisotropy on the behaviour of the susceptibility 

in the quasi one-dimensional antiferromagnet (CH3) 4NMnC1 3 (Till1C). They 

compared their experiments with the results from the classical theory 

extended with uniaxial anisotropy. In that way, a qualitatively 

correct description of the observed susceptibility could be obtained. 

There were, however, two serious problems. Firstly, the values of the 
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di po lar anisotropy needed to ge t a satisfac tory agreerne,nt wi th ex

perimental data, were unreasonably large. Secondly, the predicted 

susceptibility did not approach zero in the zero-temperfture limit. 
I 

The latter observation is due to the sirnplified uniaxial symmetry 

of the model. As can be inferred from figure 3.8 a lack of ortho

rhombic anisotropic terms leads to a finite susceptibility at T n. 
On basis of these facts, it seemed worthwile to coi'ë':ont the classica! 

model containing an orthorhombic anisotrc···:' '"'. t' e>x -,er; "l.'j'nta1_ 

data. Unfortunately, however, no detailed experimental data on TMMC 

are available. Therefore in figure 3.11 results for the susceptibility 

are examplified for Cs11nC1
3 

•2H
2
o for \vhich adequate experimental data 

are reported by Kobayashi et al. (1973), although it would he nrefera

ble to compare the predicted behaviour with data on a system havin<' a 

lower reduced three-dimensional ordering temperature • The drawn 

0.25 

0.20 

0.15 

* >< 

0.10 

0.05 

0 0.1 

0 

0.2 

T"·kT/21JIS 2 

0.3 

Fig. 3.11. Susceptibility of CsMnCl 3• along the three principal 
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directions : 0= easy (x), 0 = intermediate(y), à= hard(z). 

The drawn curves are predictions from the classical spin 

model with orthorhombicanisotropy. The value of the intra

chain interaction and the anisotropy is taken
1

from other 

sourees (See table 5.1.). The data are scaled'to match 

the theo1•etical prediction at T = 14 K. The arrows 

denote 4. 89 K and-14 K, respectivelp. 



lines reprasent the susceptibility computed with the classica! model. 

The curves are simultaneously scaled on the average experimental 

value of the susceptibility at 14 K. The qualitative agreement seems 

rather satisfactory, given the fact that no interchain interactions 

are taken into account. It must be noted that some of the character

istic features of the susceptibility even in the three-dimensionally 

ordered state, which occurs below T~ = 0.0873, are predicted correct

ly by a paramagnet ie theory. The parallel susceptibi 1 i ty drops to 

zero for decreasing T, whereas the perpendicular susceptibilities 

increase for lowering T, in accordance with the experimental data. 

We would like to proceed with an illustrative example of the 

behaviour of the specific heat. 

In section 3.3 we showed that in the classical model with anisotropy 

a cross-over from one model system to another could be induced by 

a magnatie field. \ve wi11 now show that a similar cross-over can 

be observed in the behaviour of the specific heat at 

low temperatures. We will therefore make use of some experimental 

results, obtained recently by Takeda et al. (198Gb). In figure 3.12 

a:: 
u 

o.os.------,------,.------r----.----, 

0.06 

0.02 

0.5 
HKl 

H:12k0e 
o H /Ie 

• H f/b 

• 

;:;.12. E'xperimental speaifia heat of Cu(C6H5COO) 2.3H20 in an 

external magnetic field of 12 kOe after Takeda et al. (1980b}. 

The drawn lines r•epresent the theoretical prediations 

for an S = 1/2 XY, and an S 1/2 Heisenberg system, resp. 
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ferromagnet is plotted as a function of temperature. fn the figure 

the·theoretical predictions for an S = ~ Heisenberg chain and for an 

S = ! XY-chain are included. 

The experiments are performed in a magnetic field. From
1

inspection of 

the figure it can clearly be seen, especially for the data points 

represented by the open circles, that a cross-over from Heisenberg 

to XY occurs at lmv temperatures. Th is cross-over is inc\uced by the 

external magnetic field. Although these experiments deal with a 

quanturn system, it is clear that the observed field induced cross-over 

in the spin dimensionality provides supporting evidence for the 

computed cross-overs in the classica! model system. As a counterpart 

we like to draw attention to the low temperature specific heat of 

TMMC (de Jonge et al., 1975} tvhich, although it can not be compared 

with actual calculations, seems to show an anisotropy induced cross

over from XY to Heisenberg behaviour at increasing temperatures. 

This observation is in agreement with ether experimental, data, as we 

will di~cuss later on. 

We will conclude this chapter with some remarks on the correlation 

length. As this variable offers the opportunity of a dir>eat study of 

the behaviour of the individual chain, it would be interesting to 

compare experimental data with the theory presented above. Unfortuna

tely, however, measurements on the correlation length are difficult 

to perform and the reported evidence is rather scarce. 

Very recently sol'le results were obtained on the 'correlation 

length as a function of temperature and magnetic field in the quasi 

one-dimensional antiferromagnet CsMnBr
3

.2o
2
o. A prelimin~ry analysis 

of the data seems to indicate a reasonable agreement of the 

experiment with the classica! theory. A more detailed analysis is in 

progress. The only other experimental results, to our knowledge, 

on the correlation length in quasi one-dimensional antiferromagnetic 

systems in a magnetic field were reported by Boucher et Ál. (1979). 

He determined the correlation length in the compound (CH3)
4

NMnC1
3 

(TM}1C) from neutron scattering data. Given the very low reduced 

ordering temperature of TM}1C, the correlation length of a highly 

isolated chain could be studied down to rather low values of T*. 

The results could be fairly well described by the classica! (n=2) 
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model, as demonstrated by Loveluck (1979), although in an earlier 

report by Birgeneau et al. (1971) the correlation length was fitteu 

with the (n J) Heisenberg model. The fact that the (n = 2) model 

explains the behaviour of the correlation length in TMMC correctly at 

low tem~eratures originates from the profound easy-plane anisotropy 

in this compound. This anisotropy gives rise to a cross-over from 

Heisenberg to planar already at values of T* higher than the experi

mentally interesting region (Hone et al. 1977). Furthermore, these 

experiments on TMHC are of importance because it lvas suggested 

recently that the increase in the correlation length in a perpen

dicular field, predicted by the planar model, may be attributed 

to non-linear excitations or solitons (Boucher et al., 1980a). 

Further research on this subject with the aid of nuclear spin 

lattice relaxation experiments confirmed this suggestion. The ob

served exponential increase of the reciprocal relaxation time as a 

function of the magnetic field is in agreement with the soliton 

picture (Boucher, 1980b). These experiments give astrong indication 

of the importance of non-linear excitations in the field of one

dimensional magnetism. However, we would like to emphasize that the 

classical planar model offers a good description of the correlation 

length and of the phase diagram in TMMC, because this model includes 

possible soliton contributions to the correlation length since no 

linearizations have been used. We will therefore return to the 

classical model which we are discussing in this thesis, hearing in 

mind that in the physical interpretation of experiments contributions 

of non-linear excitations might be present. 
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CJ:IAPTER IV 

INTERCHAIN INTERACTIONS 

4.1. Introduetion 

As already mentioned in the introduction, the purely one-dimensional 

model with nearest-neighbour interactions only, which has been dis

cussed in the previous chapters, cannot sustain long range order (LRO) 

at finite temperatures. For some limiting cases like Heisenberg (Mermin 

and Wagner, 1966) and Ising (Thouless, 1969), a rigorous proof has 

been given of this conjecture. We will assume in this thesis that these 

proofs can be extended also to the case of a general orthorhombic aniso

tropy. Any LRO found in experimental ld systems must therefore be 

attributed to interchain interactions. In this chapter we will concern 

ourselves with the relations between the purely one-dime~sional model 

arid this physical reality. 

We will deal in the experiments with quasi one-dimensional systems, 

i.e. systems in which the isolated chains are couplèd by small 

interchain interactions J'/k << J/k. These systems show a three

dimensionally ordered state below a certain temperature TN. It can 

be argued that three dimensional ordering and thus TN in such systems 

is largely induced by the correlation length within the individual 

chains (Steiner et al., I 976). Therefore , al though this seems a 

rather indirect method, a study of TN provides us with the opportuni

ty to confront the predictions for the correlation length (and thus 

XsT as we shall show later on) in the individual chain with experiment. 

The relation between the correlation length, ~ and the ordering 

temperature TN can be expressed as 

(4. I) 

where J' is the interaction between the chains and C is a constant 
n 

depending on the spindimensionality n (Villain and Loveluck,I977). 

This relation can be motivated as follows. The exchange energy between 

two spins on neighbouring chains is given by J'S 2 • At low temperatures 

the chain can be considered as a Succession of magnetized units of 
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length ;. The interaction energy between two of these units (not on 

the same chain) is therefore of the order ;J'S 2
, which leads to an 

ordering temperature TN proportional to J's 2
; (Steiner et al., 1976). 

A sealing argument given by Villain and Loveluck (1977) leads to the 

same conclusion. 

Instead of this rather intuitive relation a somewhat more 

consistent formula can be derived, following essentially a method 

presented by Scalapino et al. (1975) for an array of weakly coupled 

chains. Treating the interchain interactions J'/k in a mean-field 

approximation, the coupled chain problem is reduced to that of a 

single chain in an effective field, or - for antiferromagnetic 

chains - an effective staggered field. We assume the single-chain 

properties known as a function of temperature, magnetic field etc. 

The staggered magnetization can then be written as 

<1F 
()h , (4. 2) 

where F denotes the free energy of the chain and h the staggered 

field. In the mean-field approximation, the interchain interactions 

are treated as an effective staggered field, proportional to m
1
D 

h (4.3) 

where z is the number of nearest neighbour chains. In principle these 

two equations with the two unknowns h and mlD can be solved. [n 

figure 4.1 we illustrated a graphical method to obtain mlD and h. 

The curves correspond to Eq. (4.2), while the straight line is 

a representation of Eq. (4.3). For low temperatures there exists a 

simultaneous solution to (4.2) and (4.3), with a non-zero staggered 

magnetization, corresponding to an ordered state of the system. 

The critical temperature TN is defined as the temperature at which 

this solution vanishes, or the temperature at which the initial 

slope of the curve representing Eq. (4.2) equals the ~lope of the 

straight line. This can be expressed as 

lim (<lmiD/'ah) 
h+O 

l /2zJ'. (4.4) 
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4.1. Reduced stagge~ed magnetization ve~sus staggered ld, 

folîo~ing from the ld-classicaZ model, for three different 

temperatures. The dashed Zine denotes the mean-fieZd 

condition (Eq. (4. 3) ) • The black dot denotes a salution 

~th a non-zero spontaneous staggered magnet~zation. 

The left hand side of this expression is just equal to the one

dimensional staggered susceptibility, so that the ordering condition 

becomes 

In the isotropie case a simple relation.between XsT and ~ can be 

evaluated at low temperatures (Imry et al., 1975). From Eq. (3.21) 

with k = TI we get with Eq. (3.25) for low temperatures 

(4.5) 

2 
Xsr A;t3 !3 ( 4. 6a) 

which leads with Eq. (3.31) to 

(4.6b) 

in accordance with the result of Imry et al. (1975). 

Inserting (4.6) in (4.5) leads to expression (4.1) derived by Villain 

and Loveluck (1977). 
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In principle, Eq. 4.5 offers the oppurtunity to study the effect of 

several variables on the ordering temperature of quasi one-dimensional 

systems, which is straightforward when ''e considera variable J' /k. However, 

several other variables have an effect on the ordering temperature 

through their effect on XsT' These variables include the anisotropy, 

an external rnagnetic field, and - for instanee - the concentratien of 

diamagnetic impurities. 

We will discuss the influence of several variables in this chapter. 

We start in sectien 2 discussing the effect of J'/k, since this allows 

us to investigate the validity of the mean-field approximation of the 

interchain interaeticus and hence Eq. (4.5), by cernparing the predicted 

behaviour with exactly solvable models. In sectien 3 we will treat 

the influence of the anisotropy on the ordering temperature more 

explicitly. In the next Sectiens we,will finally discuss the indirect 

influence on TN of seme other variables which influence XsT' After a 

short discussion on the influence of a magnetic field, which will be 

treated more extensively in chapter V, we will treat the chain 

containing diamagnetic impurities in sectien 5. 

In this sectien we will test the validity of the mean-field approxi

rnation of the interchain interaeticus (Eq. (4.5)). We therefore plotted 

the reduced ordering temperature TN obtained from Eq. (4.5) as a 

function of the relative interchain coupling I zJ '/J I tagether with the 

results from some exactly solvable models in figure 4.2. The results 

for the limiting cases of the classical model, Heisenberg (n ~ 3) and 

Z (n = 3), were obtained from a numerical computation with the aid of 

Eq. (4.5). In the same way the curve for an arbitrarily chosen aniso

tropy was cemputed. Exact results are obtained for the mean-field 

theory, in which al.l interaeticus are treated within this approxima

tion, and for the two-dimensional Ising model (Onsager, 1944), which 

the following expression for TN 

(4.7) 
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For the Heisenberg model the ordering temperature was derived with a 

Green's functions methad by Oguchi and Honma (1963). Results from this 

model are denoted by "Oguchi" in the figure. 

Let us now campare the different results. We will discuss the 

Ising case. A calculation of the staggered susceptibility in an Ising 

chain is straightforward (Stanley, 1971). A mean-field treatment of the 

interchain interactions via Eq. (4.5) (see Hone et al., 1975 and 

references therein) yields an ordering temperature which aoincides 

with the exact results obtained from Eq. (4.7) in the whole range of 

!zJ'/JI presented in figure 4.2. Furthermore it can be.observed from 

inspeetion of the figure that the results obtained via iEq. (4.5) for 

the classical Heisenberg model are qualitatively in agreement with the 

prediedons from the Green' s functions theory. In this ;case the only 

difference is a small shift towards higher ordering temperatures, which 

most probably reflects mean-field effects in Eq. (4.5). It must be 

+ 
tf) 

tf) 

0.5; 

I 

IZJ'IJI 

Fig. 4.2. Vatue of the reduaed ordering temperature quasi 
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noted, however, that the qualitative similarity of both curves strongly 

suggests the use of Eq. (4.5} in a reduced form in practical appli

cations. By calculating a relative shift of TN' with respect to some 

reference point, as a function of some variable, such as the mag-

netic field, it can be expected that the inaccuracy brought about 

by the observed small shift is avoided. We will make use of this 

methad in sections 4 and 5. Summarizing we may state that both cases 

discussed above strongly suggest that Eq. (4.5}, provided that this 

expression is used in reduced form, gives a reliable estimate for the 

actual relation between XsT and TN for quasi one-dimensional systems. 

We would like to conclude this section with two further remarks 

with respect to the results presented in fig. 4.2. First, we note 

that if all interactions are treated within the mean-field approxi

mation the predicted value of TN is much too high. This is not sur

prizing, given the fact that this mean-field theory yields a non-zero 

ordering temperature even in the purely one-dimensional case. Secondly, 

further inspeetion of figure 4.2 shows that the effect of anisotropy 

is most pronounced for low values of lzJ'/JI. At highervalues of 

lzJ'/JI the ordering temperatures for different values of the aniso

tropy - at least for systems with the same spin-dimensionality - all 

converge to the snme value. 

Unfortunately, no direct experimental evidence on the magnitude 

of J' is available to provide us with a separate experimental verifi

cation of the conclusions given above. Only in some quasi one-dimen

sional Ising systems the interchain coupling can be determined 

experimentally by spin cluster resonance techniques (v. Vliromeren et 

al., 1979}. We will praeeed with a discussion of the drastic effects 

of the anisotropy in the next section. 

1.3. The anisotropy 

In order to discuss the anisotropy, we will introduce the parameters 

a and S to characterize the energy gaps without being affected by the 

direction of the field. a denotes the reduced energy difference ~Eie 

between two antiferromagnetically ordered states of the chain, aligned 

along the easy axis and the intermediate axis, respectively. 

An analogous definition is used for the reduced energy gap ~Ehe 

between the easy and hard axis to obtain S. 
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4. 3. 

Redueed ordering of a 
0.08 system of Loosely aoupled ahains 

B 

as a function of anisotropy 

for a constant value of 

!zJ'/JI 
a arul x is 

ax , x > 

The meaning of 

in the text. 

(4. 8) 

For x< I, an interchange between hard and intermediate axis takes 

place. 

The behaviour of the ordering temperature T* as a function of the 
N 

smaller anisotropy gap denoted by a, is plotted for several values 
-3 

of x in figure 4.3, for an arbitrary value of !zJ'/Jl = 7Xl0 • 

P..esul ts for T~ ar;·e obtained froin numerical computat ions of the 

staggered susceptibility as a function of a from Eq. (4.5). The figure 

shot.;s the cases x = 0, corresponding to an easy p lane t;Ype of aniso

tropy, and x I, in which case the intermediate and ha~d axis are 

identical. Furthermore, two curves are shown for highe~ values of x. 

For x approaching infinity, the system is gradually converted to an 

XY-system. We expect that in this case the behaviour of the curves 

will be identical to the results obtained from the planar model. 

Therefore, results from that model are also shown in figure 4.3. 

From inspeetion ofthis figure it can be concluded that the curves 

for high values of x indeed approach the predictions of the planar 

model. 

For small values of the anisotropy gaps, TN appears to be a 

linear function of a/TN' suggesting 
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T* 
N 

(4. 9) 

This formula is quite analogous to a relation between the ordering 

temperature and the single-ion anisotropy D, derived for instanee 

by Shapira (1970). In these derivations all interactions were 

treated in a mean-field approximation. The linear behaviour of T~ 

with a/TN dissappears for higher values of the energy gap, which 

1s most clearly demonstraeed by the curve for x = 8. The constants 

c
1 

and c2 depend on the value of zJ'. 

4.4. The field 

An external magnetic field H will influence the ordering teMoerature 

through its influence on XsT indiractly. In chapter V we will 

discuss the effect of H in detail. In this section we will restriet 

ourselves to some observations on the behaviour of XsT in a field. 

In figure 4.4 we plotted the staggered susceptibility as a 

function of the reduced temperatures for a number of values of the 

reduced field, H* = gv
8
H/2jJjS. The curves are computed with the 

classical model for an isotropie system. The figure shows that XsT 

initially inereases as a function of H* for all temperatures. 

After attaining a maximum value for H* ~ I , XsT will decrease 

again for higher fields. Furthermore the construction of 'a three

dimensional ordering temperature in a field TN(H*) is also shown. 

In this construction we made use of the following expression 

(4. 10) 

based on the assumption that Eq. (4.5) retains its validity in the 

presence of an external field. 1-lith Eq. (4.10), TN(H*) can be graphi

cally determined by intersecting the horizontalline, XsT = XsT(T~(O) ,0) 

with the appropriate curve. In this way the intrinsic inaccuracy brought 

about by the mean-field approach is avoided as mentioned above. 

Furthermore the value of zJ', which is difficult to determine, is 

scaled out of the problem. He will apply this method in the compu

tations on phase diagrams, which we shall present in chapter V. 

In anisotropic systems, the procedure is similar. It is then iMpor

tant however, to calculate the susceptibility in the appropriate 
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y* 

Fig. 4.4. Temperature dependenee OÎ the staggered susaeptibility OÎ a 

classiaal ahain. The curves are aharaaterized by the value 

OÎ the exterr,al Îield H*. The aonstruat<:on to ob

tain TN(H*) using Eq. (4.?) is also shown. 

direction, i.e. the direction of the spins in the ordered state. This 

direction is easily determined, because it >vill lead to the highest 

prediction of TN. The direction of the external magnetic field, which 

is parallel to the z-axis, according to the Hamiltonian of Eq. (2.13), 

can be simulated to be parallel to the x- or y-axis, by rotating the 

anisotropy frame. When we, proceeding by example, want to compute a 

case with the external field parallel to the intermediate axis, we 

derive for the values of e and e , 
z xy 

and 

e 
z 

e 
xy 

-J 3 int-J a 
-

3
- = 3(x-2) 

J -J 
easy hard 

J 

(4.11) 

ax, (4. 12) 

where we assumed x= easy, y =.hard and z = intermediate. 

We will return to the application of these methods . in chapter V. 
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4.5. Diamagnetia impuPities 

The substitution of magnetic ions by diamagnetic or weakly magnetic 

impurities has been shown to provoke rather drastic effects in quasi 

one-dimensional antiferromagnetic systems (see for example, Schouten 

et al., 1980a and references therein). Especially the strong reduction 

of the three-dimensional ordering temperature has been the subject of 

a number of experimental and theoretica! investigations. This strong 

reduction can be explaineq as follows (Hone et al., 1975). 

Because of the large intrachain interaction J, the magnetic correlations 

along the individual ebains are very well developed in the para

magnetic region, especially at lower temperatures. As argued in the 

introduetion to this chapter (Eq. 4.1), this means that the presence 

of even a very small interchain coupling J', may already trigger 3d 

long-range order. As a first approximation, it is assumed that the 

substitution of impurities gives rise to a decrease of the intrachain 

correlations. As a consequence the "net effect" of the interchain 

interactions and hence the 3d ordering temperature are strongly 

reduced. 

Generally, the problem is treated theoretically by consiclering 

the interchain coupling within a mean-field approach, whereas the 

properties of the individual chains are calculated within the 

classica! model. Results reported in literature are based on iso

tropie chains (Hone et al., 1975; Thorpe, 1975). Because of the 

drastic influence of orthorhombic anisotropy on the chain proper

ties, and because of the poor agreement of the theory with some 

experiments (Dupas et al., 1978), it seems worthwile to confront 

computations on the classica! model containing orthorhombic aniso

tropy presented here, with experimental data. 

We will divide this section in two parts. In 4.5.1 we will discuss 

the application of the theory presented in chapter II and III on the 

impure chain. In 4.5.2 we will confront the numerical results with 

experimental data. 
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4.5.1. Theory 

Essentially, we will follow the same approach as presented in 

chapters II and III, expressing the correlation functlons and therma

dynamie properties in the eigenvalnes and eigenfunctions of Eq. (2.20). 

As we want to determine the ordering temperature TN, via the mean

field treatment of the interchain interactions as described above, 

we are interested in the computation of XsT in the impure chain. 

As shown in chapter III, this susceptibility can be expressed as a 

sum of pair correlation functions (Eq. (3.21)). The pair-correlations, 

however, are derived in the thermadynamie limit, N ~ 00 (see Eq. (3.11) 
.t. 

and so on)'. For a randomly diluted system, these equations will be 

a good approximation, only if the average length of the chain seg

ments is very large, i.e. for small impurity concentrations p. 

Furthermore, for a finite anisatrapie chain segment, the pair corre

lations function <s~S~ > will be both dependent on i and on the 
1 1+q 

length N of the chain segment. Therefore the staggered susceptibility 

XsT will not be the same for all magnetic ions. In principle, such 

modifications could be computed, as argued by Blume et al. (1975). 

The rather large amount of extra algebra involved does, however, not 

seem warranted, as other essential parameters like the interchain 

interaction are also treated in a rude approximation. Therefore, 

we will assume p << I, and treat the correlation functions in the 

thermadynamie limit as above. 

As the correlation functions <sasa> do not fall off with distance, 
0 q 

as a single exponent like in the isotropie or Ising èase, we will 

not apply the recursion relation given by Thorpe (1975) and by Hone 

et al. (1975), but praeeed in a slightly different way. We assume 

that the impurities are randomly distributed. This isithe so-called 

quenched limit (Brout, 1959). In principle Eq. (3.21) is still valid 

for an infinite diluted chain with the following modifications. If 

the site labelled o contains an impurity, both <szsz>, and<sz> 2 are 
0 0 0 

equal to zero; <sz> 2 = 0, if the site p is occupied by an impurity. 
p 

t We would like to note that in the isotropie classica! wodel 
(Thorpe, 1975) a chain with free ends was studied~ meaning that 
exact results could be obtained for finite chainsr 
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If we have a random distribution of impurities, a configuration 

average over an infinite ensemble of systems, yields 

< 1-q) l: c ~, (4 .13) 
q=o 

(4 .14) 

in which we used Eq. (3. 15), and the definition of c in Eq. (3.23). 
q 

The configuration average <<szsz>> can be obtained as follows. Let 
0 q 

s
0 

be a magnetic ion belonging to an arbitrary chain segment. The 

probability that s 1 is also a magnetic ion is equal to (1-p), and 

hence the probability that a chain of magnetic ions s s
1

, ••• , s is 
0 p 

present is equal to (J-p)P. For such a chain we assumed Eq. (3.15) to 

be a good approximation; if an impurity would be present within the 

chain, <szsz> would be equal to zero. Taking a configuration average 
0 p 

over all sites s
0 

(both magnetic and non-magnetic) we obtain 

<< (4.15) 

Substitution of Eq. (4.13), (4.14) and (4.15) into Eq. (3.21), yields 

for the susceptibility per site h>r a diluted system 

(4. I 6) 

In this way, only the eigenvalues are modified withafactor (1-p), 

while the other procedures remain unaffected. The expressions for 

a = x,y can be derived in a similar way. 

To obtain the three-dimensional ordering temperature from the 

susceptibility, we will use Eq. (4.5). A slight modification however, 

is necessary, because tor a diluted system the effective interchain 

coupling zJ' will be reduced by a factor (l-p) for· small values of p. 

This leads to the expression 

2(1 (4. I 7) 

To deduce the ordering temperature with the aid of this equation, we 

will use a similar graphical method as described in the previous 
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section. Platting (1-p)XST along the vertical axis against T*, the 

relative change of the ordering temperature can be obtained by con

struction, without knowing the value of 2zJ'. Insertin~ the experi

mental value of TN(O) for the pure case, then yields the ordering tem

perature as a function of the impurity concentration. 

In figure 4.5 a comparison is made with the results from the method 

described above and the results for an isotropie case. The relative 

change of the ordering temperature is plotted against the 

concentration, for different values of TN(O). All curves are obtained 

using the same amount of anisotropy. It can be seen from the figure 

that the influence of the anisotropy drastically Lncreases with lowering 

temperatures, or better one-dimensional systems. This fact is in 

accordance with the behaviour of the correlation length as demonstrared 

in figures 3.5 and 3.6. 
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4. 5. Reduction of the three-dimensional ordering temperature 

as a function of impurity eoneentration (p), for several 

quasi one-d~mensional magnetie systems having different 

degrees of one-dimensionality. The results are eharaeterized 

by the value of the reduced ordering temperature for p = 0 : 

Tt/O) = kTN(0)/2J,rJB2. Dashed lines denote the isotropie 

case; drCMn curves denote the results obtained using the 

anisotropy parameters : e
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4.5.2. 

We will now confront the theory derived above with some experimental 

results. First, we will present experiments on the 3d ordering tempe

rature for some quasi Jd compounds as a function of the concentration 

of impurities. Next, we will discuss the experimental phase diagram of 

an impure system. We will conclude this section with some remarks on 

the susceptibility in impure chainlike systems. 

In figure 4.6 we plotted the results of experiments on TN obtained 

on (CH
3

) 2NH2MnC1
3

(DMMC) and CsHnC1
3

·ZH
2
o (CMC). The farmer system was 

doped both with Cd- (non-magnetic) and Cu-impurities, while CMC was 

doped with Cu-impurities. The 3d ordering temperature was obtained 

from measurements on single crystals of about 0.2 grams, 

, CMC --
' ..... ..... ê 

z 
08-

OMMC 

0.01 0.02 
p 

Fig. 4.6. Behaviour of 7'N(p) for DMMC:Cd; DMMC:Cu; and CMC:Cu. 

ExperimentaZ data on DMMC:Cd are denoted open circZes, 

data on DMMC:Cu and CMC:Cu are denoted by bZack dots. 

The bZaek squares repreaent data obtained VeZu et aZ. 

(1978) from 

for eomparison. The predictions assuming an 

intraehain interaction (J/k = - 3.0 K for CMC and J/k = 
- 6.5 K for DMMC) are represented by a dashed curve. The 

drawn curves the effect of an appropriate amount 

of anisotropy. 
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and was identified by the maximum of the À anomaly. For further data 

on the properties of the pure samples, we refer to chapter V, where 

anisotropy values etc. are presented. First, we will discuss the 

data of DMMC:Cd. 

Inserting the anisotropy values in table 5.2 ~nd J/k -6.5 K, 

obtained from measurements on pure DMMC, in the theory yields the 

drawn curve in the figure. For cernparisen also the results of the 

isotropie case are shown. It is obvious that the agreement with the 

experimental data is significantly improved by the introduetion of 

the anisotropy. To get a goed fit of the experimental data with the 

isotropie model, we had to insert a value of J/k = -8.2 K which is 

clearly outside the tolerabie range for this parameter. 

The black data points, obtained on DMMC:Cu show nearly the same 

decrease of TN, as the DM}fC:Cd data. This indicates a rather weak mag

netic interaction between the Cu- and Mn-ions, a fact which seems in 

contradietien with results obtained on impurity-doped TMMC by Dupas 

et al. (1978). This difference is rather surprising, given the fact 

that the Mn-Cl
3 

chains in DMMC and TM}1C are largely similar (see 

chapter V, andreierences therein). Further research on the impurity

host interaction seems necessary to clarify this question. 

The results on CMC:Cu are also plotted in figure 4.~. In this case 

the theoretica! predictions for the decrease of TN as a function of p 

are somewhat high. The difference between the anisotropic theory and 

the theory is neglectable in this case, which is due to the 

higher ordering temperature of the pure sample. The discrepancy between 

theory and experiment may beattributed to the non-negligible interaction 

between the Cu-Mn-pairs in this case (Schouten, 1981). 

Next, we will consider the effect of an applied field. It is 

obvious that the presence of impurities reduces the intrachain corre

lations. On the ether hand, it has been established that these corre

lations are enhanced by an applied magnetic field (see for example, 

de Jonge et al., 1978, and references therein). To study the competitive 

effect of the field and the dilution, the magnetic phase diagram of 

DMMC:Cd was determined ly. The results are plotted in 

figure 4.7. The experiments were performed for each the three 

principal directions of the magnetic field. The open symbols denote 

the data for p = 0, which are plotted for comparison. ~or all three 

principal directions the phase boundaries of the diluted system 
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display a more or less constant shift towards lower temperatures 

with respect to pure DMMC, except for the highest fields. 

In principle the phase boundaries can be computed with the aid of 

the theory presented in this section. In chapter V we will treat 

such methods in detail. We remark here only that the theoretica! 

curves in the impure case show the same tendency of a more or less 

constant shift to lower temperatures (Schouten et al., l980a). These 

results do not corroborate the intuitive picture of a correlation 

length restricted by the impurities, because the field can enhance 

the correlation length. This remarkable fact might be due to corre

lations via neighbouring chains. Further research on this subject 

seems necessary to this sup,gestion. 

Fig. 4. 7. 

[~ 

I DMMC 

phase diagram of DMMC:Cd j"or each of the three 

principal directions of the external magnetic field. Data 

for p = 0.77% and p 0 are denoted by black and open 

symbols, respectively. The curves are a to the eye. 
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We will conclude this chapter with some remarks on the suscepti

bility X· Let us start with a derivation of X in the impure case. 

When impurities are inserted in a chain of ions, we may 

assume that these will give rise to a number of infini~e, independently 

behaving chain segments. Because of the random distribution of the 

impurities, exactly one half of these segments will consist of an odd 

number of spins. This implies, however, that these cha.in segments have 

a resulting non-zero magnetic moment! When we assume that on basis of 

their large mutual distance, these magnetic moments do not interact, 

they should invoke a paramagnetic contribution to the ,susceptibility. 

This effect provides us with the opportunity to verify the consistency 

of the theory presented in this section. When the arg~ments given above 

are correct, the susceptibility of the impure chain can be written as 

x (4. 18) 

where x
0 

is the susceptibility of the pure chain, and C is the Curie

Weiss constant. Plotting the inverse difference of X and XJl-p) as a 

function of T should give rise to a straight line, with a known slope. 

Computations were performed for two impurity concentrations, p = 2.5% 

and p = 5% with the isotropie classical model. The results were 

found to agree with Eq. (4.18) within 3%. The largest' error was 

found for p = 5%. 

These observations corroborate the consistency of the presented theory. 

The paramagnetic contribution to the susceptibility in an impure 

chain has also been observed experimentally. For details of these 

results we refer to Schouten (1981). We would like to' note, ho\-Tever, 

that the anisotropic model presented in this section, also gives a 

qualitatively correct description of the essential features of his 

experiments. 

Summarizing the results presented in this section, we conclude 

that the anisotropic classical spin model offers a good description 

of the peculiar features observed in diluted quasi one-dimensional 

compounds. The calculations clearly demonstrate the ~mportant 

influence of the anisotropy. 
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CHAPTER V 

PHASE DIAGRAMS 

5.1. Introduetion 

In this chapter we will direct our attention to the phase diagrarns 

in weakly anisotropic antiferrornagnets. We will start with a short 

treatrnent of the general features of the phase diagram, based on the 

rnean-field approximation (MFA). We will restriet ourselves toa 

uniaxial an tiferromagnet. 

A typical example of a phase diagram of such a systern is given 

in figure 5.!. In fact this figure displays two different phase 

diagrams. The dashed line denotes phase transitions observed with 

the rnagnetic field applied in a direction perpendicular to the 

rnagnetic rnornents. The drawn lines represent the phase diagram 

obtained with a parallel rnagnetic field. Let us first consider the 

latter case. We will first ernphasize that we are dealing with an 

anisotropic systern, i.e. the rnagnetic moments have a so-called 

"preferred" direction in zero-field. This preferenee is caused by 

the anisotropy in the systern, which rnay be due to a number of causes, 

e.g. crystal field effects, dipolar effects etc. For small rnagnetic 

fields and temperatures below the Néel temperature, TN, the spin 

--._ ......... , 

SF 

' ' ' \ 
\ 
\ 
\ 
\ 

\ 

p 
5.1. 

TypicaZ phase diagram of a weakZy 

anisatrapie Heisenberg antiferro

magnet. The drawn curves repreaent 

phase boundaries obtained with the 

magnetic field appZied along the 

preferved direction. The dashed 

curve shows the phase boundary 

obtained with a perpendicuZar 

field. The dotted curve indicates the field dependenee of the ordering 

temperature TN observed in CsMnCZ 3.2H20. 
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system is in an ordered state. The spins are aligned antiferro

magnetically in their preierred direction, i.e. along the 

axis. This situation will be called the antiferromagn~tic phase (AF). 

It bas been pointed out, however, that an orientation antiferro-

magnetically coupled spins more or less per•pendieuZar>' to the mag

netic field is energetically more favourable (Néel, 1932). Therefore 

a competition arises between the anisotropy, favouring a parallel 

orientation, the magnetic field favouring a perpendicular orientation 

of the spins and the exchanee interaction which faveurs an antiferro

magnetic alignment of the spins. At a certain critical value of the 

field, the spins flop over, via a first order phase transition, into 

an alignment that is predominantly perpendicular to the easy axis. 

We will call this alignment the spin-flop phase (SF). I<Jith increasing 

magnetic field the competition between the antiferromagnetic exchange 

interaction and the field becomes important. The spins gradually 

align themselves parallel to the magnetic field, finally entering 

the paramagnetic phase (P) at the SF-P-boundary. The three phases, SF, 

AF and P, coexist in the bicritical point (Fisher and Nelson, 1974). 

When the magnetic field is applied perpendicular to the magnetic 

moments, a simpler phase diagram is obtained denoted by the dasbed 

line in figure 5.1. Here, only the phases AF and P exist. In all cases 

the AF-P and the SF-P transitions are second order phase transitions. 

The transition fields at T 0 can be determin~d in MFA 

(Gorter and Haantjes, 1952), or from a spin-wave calculation 

(Feder and Pytte, 1968) §. I<Jith the Hamiltonian defined in Eq. (2.10) 

the transition field is (with E 0) 

( ~ 8JS - DS) (S. I) 

for the field applied along the easy direction, and 

t In fact the moments are in this case rotated slightly away from the 
antiferromagnetic axis into the direction of the , thus gaining 
field energy. 

§ In these calculations the phase transitions are determined at the 
values of the field where an appropriate spinwave frequency goes 
to zero to become complex or negative afterwards. 
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( - 8JS + DS) (5.2) 

for a perpendicular field. In these expressions the exchange inter

action was supposed to be isotropic. HE denotes the exchange field, 

whereas HA denotes the anisotropy field. An expression for the spin

flop field is given by 

S ( - 8JD + (5.3) 

These expressions are in agreement with the well-known MFA 

results (Nagamiya et al., 1955). Analogous expressionscan easily be 

derived for anisotropies resulting from anisotropic exchange. 

In systems containing orthorhombic anisotropy, the equations 

(5. 1) - (5.3) are modified through the introduetion of an extra 

anisotropy term, e.g. characterized by E. In that case, two different 

phase diagrams are obtained for the two perpendicular directions. 

We will return to these cases later on in this chapter, in discussing 

the experimental results. For details we refer for example to 

Nagamiya et al. (1955). 

The discussion of the phase diagrams in weakly anisotropic anti

ferromagnets given above, has served to explain experimental phase 

diagrams in a number of systems (see for exarnple, Shapira and Foner, 

1970 and references therein). However, in 1969 measurements of 

Butterworth and Woollarn indicated an increase of the Nêel temperature 

in CsMnC1
3

·2H
2
o, when a magnetic field was applied along the a-axis 

or c-axis. We showed this increase with the dotted line in fig. 5.1. 

This phenomenon was in absolute contradiction with the mean-field 

theory discussed above. Later on such a rise of TN was also found in 

several other systems, such as in CsNiC13 by Almond and Rayne (1975), 

in the copper salt a-CuNSal [a-bis(Nmethylsalicyldiminato)-Cu] by 

Clark et al. (1975), and in tetramethylammonium-manganese-trichloride 

(TMMC) by Dupas and Renard (1976). These experimental observations 

seemed to indicate that the anomalous behaviour of TN is restricted 

to quasi one-dimensional antiferromagnetic Heisenberg or XY-systems. 

On basis of these observations several attempts were made to ex

plain this effect theoretically. Imry et al. (1975) stuclied the 

theoretica! behaviour of a system of loosely coupled Heisenberg 
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chains. From the suppression of the quanturn fluctuations in a field, 

they deduced an increase of the ordering temperature TN. They stared 

that this theory could predict the magnitude of the ri~e of TN' found 

in a-CuNSal by Clark et al. (1975), which did amount toa factor 2.3. 

A recalculation of their theory leads, however, to a rise of TN two 

orders of magnitude smaller, a fact also reported by Dupas and Renard 

(1976). A more promising approach was suggested by Villain and 

Loveluck (1977), who attributed the rise in in these compounds to 

an effective lowering of the spin dimensionality by the magnetic 

field. They predicted a maximum rise of TN of an Heisenberg system 

with a factor /2, although they suggested that this ~actor might even 

be larger, due to a decrease of the spin fluctuations ,with the lower

ing of the spin dimensionality. Their arguments were based on numeri

cal calculations on the classical spin model by Blume et al. (1975) 

and Lovesey and Loveluck (1976). 

Given the results presented above, we starred a systematic research 

on phase diagrams in quasi one-dimensional Heisenberg compounds, with 

a varying degree of one-dimensionality and anisotropies 

(de Jonge et al., 1978; Boersma et al., 1978). Almost all experiments 

were performed on Mn++ systems. Mn++ was chosen for various reasons. 

In the first place there was a good variety of quasi one-dimensional 
++ 

Mn systems known, making it possible to do a research 

of the essenrial features of the effect under study. Secondly, Mn++ 

has a high spin-quanturn number S = 5/2, which makes it possible to 

approximate its behaviour theoretically w~th a classical spin (Steiner 

et al., 1976). In view of the possible explanation of the increase of 

TN by the classica! model, this seemed to be a good j'ustification 

for this choice. 

The phase transitions were determined in most cases with a conti

nuous heating technique, which we shall discuss in section 2 of this 

chapter. We will then proceed with a survey of magnetic a~d chemical 

properties of the series of compounds used in the in 

section 5.3, before discussing the experimental results in section 5.4. 

It may be clear from the previous chapters in this thesis, that the 
! 

anomalous increase of TN in a field originates, indirectly, from the 

increase of the correlation length in a magnetic field shown before. 

We have, however, retained in this chapter the historica! sequence 
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of events for the sake of clarity. In section 5 of this chapter we will 

confront the experimental results with the classical theory discussed 

in the previous chapters. We will then show that the introduetion of 

an orthorhombic anisotropy considerably influences the results 

(Hijmans et al., 1978). 

We will proceed with a discussion of some additional experimental 

results on phase diagrams, in particular for the copper compound 

CuC1
2

•2(NC
5

H
5

) in section 6. Finally we will summarize the presented 

results insection 7. 

5.2. Ex:perimental methode 

A phase transition from the paramagnetic state to the long range 

ordered (L.R.O.) antiferromagnetic state is generally accompanied by 

a variety of changes in thermadynamie bulk properties as well as 

changes in the microscopie interactions. To be more specific one may 

think of the À-anomaly in the specific heat (Schelleng and Friedberg, 

1969), the change in the derivative of the susceptibility x (Dupas 

and Renard, 1974), but also changes in the local magnetic fields 

detectable by nuclear magnetic resonance (Nl1R) (Dupas and Renard, 

1976) or electron spin resonance (ESR) (Hennessy et al., 1973) or 

even more exotic features as changes in the transport properties 

(Buys, 1980), magnetostriction (Almond and Rayne, 1975) or optical 

scattering (Griffin and Schnatterly, 197ll). In fact all these 

effects have been used according to reports, to find the phase 

transition. In our investigations we have mainly made use of the 

À-anomaly in the specific heat to detect the phase transition. We 

define the transition temperature to coincide with the maximum of 

this anomaly. Restrictions to this metbod arise only in case of a 

rounding off of the anomaly, which makes it difficult to get a good 

definition of the transition temperature. We will apply the following 

method. 

The single crystal under investigation is mounted on a thin copper 

plate tagether with a heater - a roetal film resistor - and a set of 

resistance thermometers. The assembly is adiabatically suspended in 

a superconducting solenoid. The magnetic field can be regulated be

tween 0 and 90 kOe. The cryostat enables us to attain temperatures 

down to 1.15 K. Todetermine the maximum of the specific heat anomaly, 
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we use a "continuous heating" technique. A constant electrical power is 

fed into the heater, so the crystal is supplied with a more or less 

constant heat input if spurious heat leaks are not too large. Due to 
i 

the sharp decrease of the specific heat at the high tamperature side 

of the À-anomaly, a sudden change in the derivative of the temperature 

with respect to time occurs. This change can be registered by record

ing the resistance of the thermometer as a function of time. An il

lustration of a typical recorder output is given in figure 5.2. 

In our experimental set-up two thermometers are used, a carbon 

resistor and a germanium resistor. The latter is used to calibrate 

the carbon resistor at zero magnetic field, which is ~ecessary be

causa of the bad reproducibility of the carbon resist~r. Unfortu

nately, the germanium resistor cannot be used for H # 0, because of 

its strong field dependence. The magnetoresistance, [R(H)-R(O)] / R(O), 

of the carbon resistor is much smaller, and moreover reproducible and 

independent of the direction of the applied magnetic field. At a tem

parature of 4.2 K the magnetoresistance amounts to less than 10% at 

the highest available field (Neuringer and Shapira, 1969). The mag

netoresistance below 4.2 K can be determined directly by calibrating 

the thermometer against the vapour pressure of liquid' 4He. For higher 

temperatures we proceeded in a similar way as Belanger (1969). The 

value of the resistance obtained from the calibration, against the 

germanium thermometer in zero field, is corrected for the field with 

the relation 

(5.4) 
1 + 

where I',R is the difference between R(H) and R(O). In contrast with the 

results of Belanger, who obtained 

B(T) B' 
' 

where A' and B' are independent of T, we obtained th~ best fit of 

(5.1) to our calibration measurements with 

A(T) 
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CsMnCl3. 2H20 

H //a 60k0e 50mm/mln 

7Q 

5. 2. TypicaZ recorder output of a continuous heat1:ng experiment. 

The va1-.iation in the resistance of the the:t'trlometer versus 

time is shown. The vaZue of RN corresponding to the NéeZ 

tempen2ture is indicated by the change in the derivative 

of R vs. t. RN should be corrected for the overshoot, 

whieh is also shown in the figure. 

With these corrections the experimental resolution was of the order of 

3 mK at H = 0, gradually changing to 10 mK at H = 90 kOe. The main in

accuracy is caused by the "rounding off" of the À-anomaly. In some 

cases, especially when phase transitions in impure samples have to be 

detected, the À-anomaly is strongly "rounded off" and a change in the 

curvature of the recorded variation of the temperature versus time is 

hardly observable. In these cases the phase transition is determined 

by measuring the specific heat with a discontinuous heating metbod 

(Kopinga, 1976). This method, however, has the important drawback 

that the detection of a phase transition requires at least 30 data 

points, involving a relatively lengthy experimental procedure. There

fore this metbod is only used in those cases where the continuous 

heating method yielded inaccurate results. 

At low fields some data points were obtained by a nuclear magnetic 

resonance technique similar to that applied by Dupas and Renard (1976). 

We monitored the absorption signal induced by resonance of the hydro

gen nuclei. The frequency at which these nuclei are at resonance is 
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determined by their local magnetic field, i.e. the sum of the ex

ternal magnetic field and an internal field waich is proportional to 

the sublattice magnetization. In our experiments the temperature of 

the crystal was decreased very slowly, and the phase transition was 

identified with the point at which the "paramagnetic" absorption 

signal disappeared. In the cryostat we used for these experiments, 

a temperature of 1.1 K could be obtained. With a conventional magnet 

fields could be reached up to 11 kOe. 

5.3. ChemicaZ and magnetic properties 

The experiments discussed in this thesis, were performed on a 

number of quasi one-dimensional manganese compounds. These systems 

are built up of more or less linear chains of tin++_ions. The chains 

are generally separated by large non-magnetic ions or complexes. A 

strong coupling along the chain is provided by superexchange 

via one, two or three halide ions conunon to tops, edges; or fa ces of 

neighbouring octahedra. Examp les for each of these types of bridging 

are presented in figures 5.3a, 5.3b and 5.3c, respectively. 

Compound TN IJI/k IJ' iJl s . I a. B!a T* 
crH N 

HnC1
2

.2H20 MC 6.8 0.45 0.3 4@-1 ~1 8.6@ I 

(C
5

H
5
NH)UnC1

3 
.H

2
0 PMC 2.38 0.69 0.04 39% ,-2 1.5 2.0@-l 

(CH
3

)
2

NH
2
MnC1

3
.2H2o DMMC.a 6.36 2.75 0.016 19% I. 7@ - 3 7 '1.3@-l 

Cs~1nBr 
3

• 2H20 Qffi 5.75 3.0 0.011 15% 5. 
-3 4 1. 1@ 

-I 

CsMnCl
3 .2H20 CMC 4.89 3.2 8@-3 12% 2.5@-3 4 8. ,-2 

(CH
3

)
2

NH
2
MnC1

3 DMMC 3.60 6.5 1@-3 3.4% 6.3@ -4 8 3. ,-2 

(C
5
H

5
NH)MnC1 3 PMCA 2.32 6.5 4@-4 1.6% 2.0@ 2 

(CH
3

)
4

NMnC1
3 

TMHC 0.84 6.7 1@-4 I% 1.,9@-4 6.5 7.2@-3 

TabZe 5.1. Review of some characteristic magnetic pàrameters of the 

compounds studied in this thesis. The definitions of the 

various entities are given in the text. 
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compound abbr. se eh a in ') dl/ dl_ NSC C'i-I SY 

)!. " CsNnCl
3

.2H
2
o CMC Pee a a 124 .8 4 .56 5. 75 P2bc' ca ' 

CsMnllr
3

. 2H
2

0 CNB Pee a a 126.5 t, 0 8 5.9 7 Pc 'ca' 

(CH
3

)
2

NH
2

MnCl
3

. 2H
2

0 DMMC . aq Cmca c 127.6 4.67 6 . Ot, 

NnCL
2

.2H
2

0 MC C2l m c 3 0 7 5 0 7 C2 cl2m 

C
5

H
5

NHMnCl
3

.H
2

0 PMC P2 I In b 
93.2 

3. 6 7 7 . 33 
9 I . I 

7':! 0 7 
(CH

3
)

2
NH

2
MnCl

3 
DMMC P2 I I c. c 78 . 3 3.23 8.38 P2 . I I c 

77 0 2 
(C5 H5NH ) ~1nCl 3 PMCA 

(CH
3

) 
4

NMnCl
3 

TMMC P2
1
l a c 78.7 3. 25 9. IS 

Tab 1 5 . ?. . Re iew of' some characte · .. tic! f ea iw•es of t he '!ft,"!Ti"<~l 

and ma!:m .ie s 1 tctu:re of the 1'1W?(7anes " c~mpounds 

,_t;w:lied in this thesis . 7'1 ç compoundc are gl"oup ,: 

aeco:rding to r;he number of haii de ,:ons in t:he s zt e r 

exchange path . The .nt 1"'1:es have the :o l o-J·i nl} meaninr. 

SC = crys t alZog:raphic spaeeg:roup, ehain = cry tallo

graphic dir e tion of the chains, ~ = angl~ {s) 

b 

b 

a 

b 

a* 

Mn - Cl(BrJ - fVm, dl/ = t he shortest.. dis tanC'e be-tw."en 

t,wo Mn ++-i ons on U te same chain, dl_ = s h(lr e " t rit: s tance 

beween t wo Mn ++-i ons on di .ffer ent chaüw, MSG = ma("le 1 r 

S[-aC J r Oup, easy = direction of the maqneti. moments in 

zero-fi e ld. 

The Mn++_ion has five valenee electrons, wh ich have parallel spins 

because of Hunds's rule, so that the spin quanturn number S = 512 . 

The orbi tal moment L = 0, because all orbital d-states are occupied . 

There is as a consequence practically no crystal field effect and the 

anisotropy is therefore mainly of dipolar crigin (Steiner et al., 1976). 

Given these facts we can assume that these systems can be described 

adequately with a Heisenberg Hamiltonian with anisotropi c exchange. 

The mos t r e levant magnet i c parameters of the series of compounds 

are presented in table 5. I . From this table it may be seen, that we 
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have chosen a series 1n which the degree of one-dimensionality varies 

over a relative l y large range. The e ntries of t he tabl e [the ra tio o f 

the interchain co upling J' and the intracha i n coupling J, the critica l 

entropy Scr it' and kTN (0)/2IJI~ 2 ] are various en tities by which t he 

spat i a l magne tic dimensionality of the systems can be estimated. 

Furthermore , it is c l ea r from the table tha t this ser ies provides us 

with the oppor tunity to s tud y the influence of t he an isotropy, cha rac 

t e rized by the parameters a and i3, defined in chapter IV. 

We shall now praeeed with a successive discussion of each of the 

compounds presented in table 5.1. We not e here that apart f rom a 

s urvey of magnetic properties in t able 5. I, the essentia l structural 

data of these compound s are given in table 5.2 . 

CsMnCl
3

· 2H 20 (CMC) i s certa i nly one of t he most stud ied linear ant i

ferroma gnetic s ys tems . The compound has an orthorhombi c symmetry and 

be l e ngs t o the crys t a llographic space group Pcca . Each unit cell 

contains four formula units. The manganese atoms are surrounded by 

cis-octahedra, with four chlor ine and two oxycen ions. The octahedra 

are linked tagether v i a one ch lorine i on , t hus fo rming chains in the 

a-direction. A drawing of the chain i s presented in figure 5 . 3a . Th e 
+ cha ins are separated i n the b-direc tion by the Cs -ions, whereas a 

weak hydragen bonding exists between l ayers pn~al l e l to the a - b plane . 

Quasi one-dimensional behaviour can be expected due t o t he short 

exchange path in the chain, and t he goed separation between the cha ins . 

Be low TN; 4 .89 K, the spin system in CMC o rders in three dimensions . 

The magneti c space group was determined to be P
2

bc ' ca ' (Spence et a l., 

1970) . All exc hange interactions are antiferromagnetic . The spin

preEerred direction i s the b-axis . The intrachain interaction was 

determined by a l arge number of t echniques (see Kopinga , 1976 and 

reEerences the rein). An ave rage of the exper imenta l result s yields 

3.2 ~ 0 . 3 K. Knowled ge about the interchain interac tions was obtained 

by a spinwave analysis of the suscep tibility in t he ordered state 

(lwash ita and UryG , 1975 ) . Supporting evidence for the intrachain

interchain interaction ratio was fo und with various experimental 

methods (see Kopinga 1976 and references t herein) . The anisotropy con

s tant a ca n be determined from th e spin-flop fie ld. An accurate va l ue 
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b 
J- -, 

Fig. 5.3a. Sehematic representation of the crysta llographi c structure 

of CsMnCZ3. 2H2o and CsMnör 3.2JJ
2
0 . Adjacent Mn ++-ions are 

Zinked by a sing e halide ion . 

of S is more difficult to find. We chose a va lue of 4 for S/a , inter

mediate between dipale calculations and experimental results obtained 

with antiferroma gne tic resonance (AFHR) (Botterman, 1976 ) .· 

CsMnBr
3

·2H2o (CMB) is crystallographically isostructural with CMC. 

The magnetic spacegroup, however, is different, as was established by 

S1vÜste (1973) \vith NMR. The spacegroup Pc'c'a',was found lateralso 

for the deuterate by Basten (1979) with neutron diffraction. 

This implies that in CMB the interaction in the b-direction is ferro

magneti c , in contrast with the negative value of Jb in CMC. 

From susceptibility measurements the interchain interaction was 

found to be IJ I/k = 3.0 K (Botterman, 1976 ) . With this value of 

IJ I/k, and the ordering temperature TN = 5.75 K, application of a 

Green's functions formula (Oguchi, 1964) yields J' / J = 1.1 10-
2 

Thi s estimate ha s tobe cori s idered with care, because Op,uchi's formula 

does not take into account the anisotropy. The anisotropy in c~m 

differs from the anisotropy 1n CMC, as is established from the 
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higher value of the spin-flop field ~n CHE. Th is diEferenee in 

anisotropy might well contribute to the higher ordering temperature ~n 

CHB (compare 1,.2 of this thesis), implying that the estimate of J'/J 

is not very reliable. For B/a a factor !, was found Erom magnet ization 

rotation diagrams (Botterman, 1976). 

The properties of 0111-lC.aq are not so '"ell kn01m, yet. Therefore , most 

of the entries to tables 5. I and 5.2, still had t o be determined. The 

structure of this compound is described by the crystallographic space 

group Cmca (Capu t o and Willett, 1977). It contains ci s MnClt,(H 2o) 2 
octahedra, running along the c-axis. The chains are hydrogen-bondcd ~n 

the b-direction, while the organic (CH 3) 2NH 2 group separates the 

chains in the a-direction. The exchange path invol ve s one chlorine-ion, 

like in CHC and CHB. Single crystals of DMHC.aq could be grown by 

sl01-1 ly evaporating a solution of (CH 3) 2NH 2Cl and HnC1 2 · t,H 2o in an 

equimolar ratio. The pink, rather large needles grow in two different 

ways . It was established by X-ray diffraction measurements that the 

needle direction coincided with the (OO I ) or with the (0 I I) crystallo

graphic direction. Due to the separation of the chains, quasi one

dimensional behaviour could also be expected for this compound. 

Specific heat measurements were performed, in order todetermine 

the intrachain interaction, the ordering temperature and the critical 

entropy. Results are plotted in figure 5.4. The ~ - anomaly at 6.359 K 

is character i stic for the onset of the Jd ordering of the spin system. 

We would like to draw attention to the anomalously sharp maximum, 

compared to the maximum in ether quasi ld Heisenberg systems . The latti ce 

contribution was calculated following a model reported by Kopinga 

et al. (1976). The magnetic contribution could be found by substracting 

these calcu lations from the total specific heat. The best fit of the 

magnetic specific heat with an S = 5/2 Heisenberg chain model , in the 

paramagnetic region yielded an intrachain interaction J/k = - 2 . 75 K, 

a value close to the intrachain interactions in CHC and CHB. This value 

was further corroborated by susceptibility measurements (Carlin, 197 8) 

which yielded J/k = -2 . n5 ·K Erom a fit with the isotropie classical 

Heisenberg model. From the experimental data, also the critical en-

86 



u 

8 

7 
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Fig. 5.4 . Magneti c heat capacity of (CH
3

)l'HllnCZ
3

. 2H
2
0. The open 

circlcs correspond to ·the e:x:perimental data minus the 

calculated l at tice contribution . The drcwn curve denot:es 

t he theoretical estimate for an S = 5/2 Hei senbe Pq linear 

chain system with J/k = - 2.7 K. The >.-anomdy , ind-i~a .,:;zp t he 

onse t of thr ee- di mensi onal ordering, i s shc<Wn i n the irwert 

i n more detai l . 

tropy could be determined. The result is 197. , indi ca ting a fair degree 

o f one-dimensiona lity in this compound. The anisotropy ga ps were also 

de termined experimentally . a follows direc tly from the spin-f l op fie l d, 

while the value of 8 cou ld be obtained from AFMR- meas urements. The best 

co rrespondence of the experimenta l re s ults with the molecular fie l d 

theory (Nagamiya , 1955) , was obtained for B/a 7 . 

NMR experiments l<ere performed to get some information about the 

magnetic structure of this compound. Although there we re some problems 

in the inte r pr etation of the results, which might be due to a crystallo

graphic phase t r ansi t ion at l ow tempera tures , it was es t ablished tha t 

the magnet i c moments lied along the a-axis and were ordered antiferro

magnetically a l ong the c- direction . More exper iments seem, however, 

necessary to determine the magnet i c s pacegroup. 
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MnC1 2 · 2H 20 (MC) has a monoc l inic structure, with crystallographi c spaee

greup C2/m . The compound is built up of chains of trans-octahedra , 

linked together by Cl-Cl-edges, along the c-direction. The chain is 

displayed in figure 5.3b. Single crys tals are easily and very qui ckly 

c 

)__, 
~Mn \;'@/ 

QCl 

0 . 

d 

Fig . 5. 3b. !3o el'laiic represe11tation of ihe crystal Zor'raphi c s t 1>ucturoe 

of (C5H5NH)MnCl 3 . H2o and the ahains of MnCl 2.2H2o. Adjacent 

Mn++- ions are linked by two halide ions . 

grmro., though care must be taken that no impuration 1vith MnC1
2 

•4H
2
o 

occu r s . 

The sys tem ord e r s antif e rromagnetically be l ow TN = 6.8 K. The intra

chain exchange interac tion amoun t s t o J/k = - 0.45 K, as determined from 

s usceptibility measurements (McElearney e t a l., 1973). On basis of 

specific heat measurement s it was s uggested by Ba iley et al . (1969) • 

that t he sys tem s hows no magnetic linear cha in cha r ac teri s tics . This 

s uggestion was confirmed by the susceptibility measurements of 

NcElea rney e t al. (1973) '"ho found an interchain interact i on of 

zJ ' / k = -0. 48 K, a magn i tud e equivalent with the in trachain exchange. 

The magnetic spaeegreup of MC was reported t o be c
2
c2/m by Spenee et 

a l. (1970), 1áth the moments aligned antiferromagnetically along the 

b-axi s . 
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(PMCJ 

PHC also has a monoclinic structure, with spaeegreup P2
1
/n (Caputo 

et al., 1978). In this compound the large pyridinium cations c
5

H
5

NH+ 

separate planes of hydragen bonded chains. The chains consisring of 

HnCl5H
2
o octahedra run parallel to the b-axis. The hydragen bonding 

is in the (!OI)direction. Susceptibility measurements by Richards 

(1973) yielded an intrachain exchange constant J/k = -0.69 K. From 

specific heat measurements the critical entropy was faun& to amount 

to about 40%, indicating that the salt will nat show very pronounced 

one-dimensional characteristics. This fact, was also corrob'l!l"rated by 

EPR experiments (Richards, 1973). 

The ordering temperature was determined fromt the position of the À

anomaly in the specific heat. The interchaÜ!:J interactions where esti

mared with a Green's function formula (Oguchi, 1964). 

We would like to remark that tbe poor one-dimensionality in the 

last two compounds, could be due to the type of bridging. It seems 

that a double balide-bridge will not lead to a strong interaction in 

, the chain for Mn++ ions. Therefore for the realization of approximations 

of one-dimensional systems this group of compounds seems less interes

ring than systems with one or three halide br:idges. 

TMHC is the best realization of a one-dimens::ilCI1lllal Heisenbe!lW, system 

known at the moment. Dingle et al. (1969) ~rted one-dim~ionality 

in TMHC, estimating in a rough approximatiam the interchaim inter

actions four to five orders of magnitude Slll'óilllller than the ii.ntrachain 

interaction. In the mean time this fact ha$ been corrobo~ted in 

many experiments. The compound is built up of Mn-cl 3 -Mn <ihains paraltlel 

to the c-axis (see figure 5.3c). lt belongs to the crys~allographi~ 

space group P6/m (Morosin and Graebner, 1967). Belm.; 'Il'=l28 K, hQ!IIIlever, 

a crystallographic phase transition changes the hexago:eal structUl'e to 

a monoclinic structure. The change to P2 1/a gives ri~e to Qnly a slight 

shift of the chains in the ac-plane, without modifying essentially the 

internal structure (Peercy et al., 1973). Large single crystals are 

easily grown by slow evapatation of an aqueous salution of, 

tetramethylammoniumchloride and MnC1 2•4H20. 
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Three-dimensional ordering occurs at TN = 0,84 K, a rather low ordering 

temperature, consistent with the high degree of one-dimensionality. In 

an early report on TMHC (Dingle et al., 1969), the intrachain 

interaction was estimated J/k = -6.3 Kon basis of a fit of suscepti

bility experiments with the isotropie classica! Heisenberg model. 

Fig. 5.3a. Sehematia representation of the erystallographic strueture 

of (CH3J2NHjfuCZ 3> (CH3J4NMnCZ 3 and (C5H5NH)MnCZ 3. Adjacent 

Mn++_iO~$ are Zinked by three haZide ions. 

Specific heat experiments, reported by de Jonge et al. (1975) yielded 

J/k -6.7.:!:. 0.5 K. The magnetic entropy removed below TN amounts to 

about 1% of the total magnetic entropy R Jl.n 6, indicating again a very 

pronounced one-dimensional magnetic behaviour (Takeda, 1974). 

Due to the low value of TN' only recently some knowledge was obtained 

about the ordered state of THMC. Takeda et al. (l980a) reported a bi

critical field of JJ.4 kOe at Tb= 0.50 K, on basis of specific heat 

experiments, so that the anisotropy gap a can he determined. The other 

anisotropy gap B was recently determined with neutron diffraction 

measurements by Heilmannet al. (1979). Because of the relatively 

large value of B/a = 6.5, good results were obtained ip the description 

of several variables with the aid of the planar model, in particular 

for the behaviour of the correlation length in a magnetic field 

(Boucher et al., 1979). We will discuss some aspectsin relation to the 

phase diagram of TMMC in the next sections. 
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A structure report of DMMC, a low-syrnmetry analog of TMMC, was first 

given by Caputo and Willett (1976). DMMC is built up of linear ebains 
+ of face-shared Hnc1

6 
octahedra separated by (CH 3)

2
NH 2 cations (compare 

figure 5.3c). The ebains run along the c-direction, loosely conncected 

in the a-direction. A comparison with n!MC (see also table 5.2) shows 

that the major differences between the two compounds are the smaller 

interchain distance in D~!C and the distartion of the octahedra in 

DMMC, leading to different Mn-Cl-Un-angles. Due to the shorter !1n-:1n 

interchain distance, and a possible exchange path in this direction, 

we expect the interchain interactions in DMMC to be larger than in 

TMMC. The crystallographic space group has changed into monoclinic 

P2
1
/c. Single crystals of DMMC were obtained by evaporation of a 

saturated salution of equimolar quantities of anhydrous MnC1
2 

and 

(CH
3

)
2

NHC1 in ethanol. 

Due to the larger interchain intetactions, D~!MC orders at 

3.6 K. The intrachain interaction was reported to be J/k -6.9 K 

(Caputo and Willett, 1976) from susceptibility measurements. Specific 

heat experiments by Takeda et al. (1978) yielded a result of 

-5.8 + 0.7 K. A renewed analysis of these data, however, yielded a 

higher value J/k = -6.5 K, a value corroborated by impurity experiments, 

described in ~hapter IV. The critical entropy, deducted from specific 

heat measurements, was found to be 3.4%. The anisotropy gap a can be 

deduced from the spin-flop field, while an estimate of S is obtained 

from dipole calculations. These anisotropy gaps inserted in a spin-

wave calculation, gave a good fit ~vith susceptibility data in the 

ordered state, obtained by Buys et al. (1979). These authors also re

ported the magnetic space group, P2)/c, with the magnetic moments 

oriented along the a-direction. 

PMCA is not much studied, yet. There are, however, strong indications 

that this compound will have a high degree of one-dimensionality, 

and be comparable with D~1C and TMMC (Schouten et al., 1980). Un

fortunately, single crystals of PMCA have small dimensions of about 
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5 x 0.6 x 0.6 mm and are hygroscopic. These two facts complicate 

experiments. 

Specific heat experiments (Schouten et· al., 1980b), showed a braad 

À-anomaly at TN = 2.315 K, indicating the onset of three-dimensional 

ordering. The experiments were fitted with an intrachain interaction 

J/k = -6.5 K. The critical entropy was found to be 1.6%, indicating 

that this compound should show nearly as good one-dimensional charac

teristics as TMMC. 

We would like to conclude this section with an illustration of 

the degree of one-dimensionality in DMMC, THMC and PHC.L In figure 

5.5 we plotted the magnetic contribution to the specific heat for 

these three compounds, as a function of kT/J. The solid curve repre

sents the theoretical low-temperature estimate of CH (de Neef, 1976). 

From the figure it can be concluded that PMCA will hav~ a degree of 

one-dimensionality intermediate between TMMC and DMMC. 
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Fig. 5.5. Low temperature behaviour of the magnetic heat capacity 

of TMMC, DMMC, and PMCA as a function of th~ reduced 

temperature kT/\J\. The solid curve represents the 

theoretical prediction for an antiferromagn~tic S = 5/2 

Heisenberg linear chain system. 
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5. 4. Experimenta l r•esu lts 

In this sectien we will treat the experimental results, abtairred for 

the group of manganese compounds, given in table 5.1. In figures 5.6 

and 5.7 we plotted the phase diagramsof CMC and CMB, respectively. 

Because of the highly similar behaviour of these two compounds, we 

will discuss the results simultaneously. 
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Fig. 5.6. Experimental phase diagram of CsMnCl 3.2H20 for the three 

principal dir•ections of the external magnetic The 

dashed curves are a to the eye. 

The different sets of data points each correspond to a different 

direction of the magnetic field. The field is applied along the three 

principal magnetic axes. The phase transitions recorded with the 

field parallel to the·magnetic moments, i.e. parallel to the b-axis, 

displays a behaviour resembling the mean-field case, at least for low 

fields. For a given value of the magnetic field, the spin-flop tran

sition occurs, denoted by the dashed lines in the figures. At higher 

fields, the phase boundary displays a large shift to higher tempera-
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tures, in contrast with the mean-field prediction. The ordering tem

perature increases to more than 20% above its value at zero field. A 

similar increase is observed when the field is applied parallel to 

the a-axis (the direction of the chain) or the c-axis. The largest 

increase in TN occurs with the field applied along the intermediate 

axis, where a shift of over 30% for CMC and of about 26% for CMB, can 

be observed at the highest fields. For low fields (H < 10 kOe), the 

increase in .TN could be fitted with 

(5. 7) 

an expression suggested by Dupas and Renard (1976) on basis of the 

experimental results on TMMC. The coefficient C, obtained for the 

phase transitions with the field applied along the intermediate 

axis are presented in table 5.3, for both CMC and CMB. We will re

turn to a discussion of this table at the end of this section. 
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Another interesting feature that can be observed from the figures 

is the largely different behaviour of the phase boundaries for the 

three different directions of the magnetic field. This strongly 

suggests an important influence of the anisotropy. We will discuss 

this point more extensively in the next section. 

Let us first consider the other experimental results. In figure 5.8 

we plotted the phase diagram of PMC. Unfortunately, the phase tran

sitions with the field applied along the chain direction, could not 
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0 

1.0 1.1 

5. 8. Experimental phase diagram of (C.SH 5NH )MnCZ 3. for• tvo 

directions of the external magnetic field. The dashed 

curves den~te fits with a power law described in the text. 

be detected with the continuous heating method. The problems en

countered in this experiment could be due to a small canting of the 

magnetic moments, which would lead to a broad transition. However, 

the experiments performed with the field applied along the inter

mediate and easy direction, seem sufficient to study the main features 

of the phase diagram in this compound. In the first place, the ano

malous increase of TN demonstrared in CMC and CMB is hardly observable 

anymore. An increase of TN above its value at H = 0 is only recorded 

with the field applied in the intermediate direction and only amounts 

to 4%. Secondly, inspeetion from the figure shows a maxiurnurn of TN for 

a field of about 30 kOe in the intermediate direction and for a field 

of about 37 kOe in the easy direction. Above these fields, the ordering 
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temperature decreases rapidly with increasing magnetic field. An extra

polation of a fit of the data points for high fields to T = 0 

yielded a value for of 125 kOe. We neglected HA' which is in the 

d f ., kO ' h' d h . f d: ' h 3/ 2 or er o ~ e ~n t ~s compoun • T e f~t was per orme w~t a T -law, 

which was derived in a random phase approximation for the SF-P-transition 

hy Anderson and Callen (1964) and was corroborated by spin-wave cal

culations by Feder and Pytte (1968). From the value of.~, the intra

chain interaction is found to be J/k = -0.71 K which is in agreement 

with the susceptibility result of -0.69 K (Richards et'al., 1973). 

For low fields the data found with the field applied in the intermediate 

direction, were fitted with Eq. (5.7). The result for C is included in 

table 5.3, which we shall di&cuss later on. 

In figure 5.9 we plotted the phase diagrams of DMMC and TMMC. On 

'fMMC, where the anomalous increase of TN was first repprted by Dupas 

and Renard (1976) for fields up to 10 kOe, a lot of experiments were 

performed. The data points presented in the figure are: obtained from 

several references, indicated in the caption of the figure. Takeda et 

al. (1980) rirst reported experiments performed along the easy direction. 

They found the bicritical point at IJ kOe. 

Because of the considerable broadening of the·À-anomaly in fields 

above 10 kOe (Takeda et al., 1980a), the continuous heating method, 

used in the determination of the phase boundaries yielded unsatisfac

tory results forTMMC. Even the more elaborate method of determining the 

specific heat curve for a constant value of the field, sketched in 

section 5.2, did not produce accurate results. However, in a prelimi

nary experiment, where we swept the magnetic field at nearly isothermal 

conditions (heat leak between sample and 4 He bath very large), a 

sudden change of the temperature of the sample was observed at the 

phase transition. Using a slightly adapted method, in which we supplied 

an additional amount of heat to the sample in order to keep the tem

perature more or less constant, we succeeded in tracing the upper 

phase boundary for fields between 30 and 60 kOe. Results from this 

method are included in figur~ 5.9. One should note the very drastic 

increase of TN in this compound. At a field of 60 koe; the relative 

increase of TN already exceeds a factor 3. 

The phase diagram of DMMC, also displayed in figure 5.9 shows the 

same characteristic features, as observed e.g. in CMC~ In this compound 

the increase in TN with the field applied along the intermediate 
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Fig. 5.9. Magnetic diagram of (CH3J2NHl.fnCZ3 (DMMC) and 

(CH
3

J4NMnCZ 3 (TMMC). Some data on TMMC are taken J~om 

3 

other sources. (X= Takeda et al., 1980a; • = Groen et al., 

197?, Borsa, 19?8). The open airales indicate data points 

obtained from the inflection points in isotherms, as described 

in the text. The dashed curves are a guide to the eye. 

direction amounts to 60% at the highest fields. A remarkable feature 

of the phase diagram is the almost field independent phase boundary, 

measured with the field applied along the direction of the chains. 

All experiments reported above strongly suggest that the origin of 

the anomalous field dependenee of TN in these systems must be sought 

in their quasi one-dimensional behaviour. As an illustration we plotted 

in figure 5.10 the phase boundaries of these systems recorded with the 

magnetic field applied along the intermediate direction. We have plotted 

the reduced field H*, defined by H* = g~BH/2IJIS, along the vertical 

axis to get a correct çomparison between the different compounds. 

Inspeetion of this figure unambiguously leads to the conclusion that 

the increase of TN in a magnetic field largely depends on the degree of 
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Fig. 5.10. Experimental magnetic diagrams on a reduced field and 

temperature scale. For the manganese compounqs only the data 

obtained for the direction showing the larpest 

increase of TN are shown. For CuCl 2.2NC5F15 (CuPC) 

the average is showa. 

one-dimensionality of the system. With decreasing values of J'/J, 
> 

characterizing better one-dimensionality, the relative effect in 

TN(H)/TN(O) becomes larger. The dotted line in the figure represents 

data on the copper system CuC1
2

•2NC
5

H
5 

which we will discuss in sectien 

6 of this chapter in more detail. At this stage, however, we would like 

to note that the qualitative behaviour of the phase bouÓ.dary i.n this 

quanturn system (S = }), seems different from that observed in the 

manganese compounds. 

The low-field behaviour, represented by the value C (Eq. (5. 7)), 

for the manganese compounds is given in table 5.3. All values are 

obtained for the phase boundaries, with the field applied along the 

intermediate direction. We included the resuits of preliminary data 

on PMCA obtained by N}fR-experiments. Although no detailed data are 

available yet, due to experimental difficulties mentioned in sectien 

5.3, the low-field results seem to indicate a very pronounced field 

dependenee of TN in this compound, comparable to the shift in DMHC and 

~1C. Also included in the table are data on DMMC.aq, which we shall 

discuss in sectien 5.6. The low-field behaviour of series of com

pounds corroborates the arguments presented above, about the influence 

of the degree of one-dimensionality on the increase of :TN. 
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C(kOe-2) C' 

PMC 7.6@-5 0.07 

Tahle 5. 3. 
CMB 6.0@-5 

The value of the constant C, defined 
DMMC.aq 

in Eq. ( 5. 7) for the compounds stu- CMC 

died in this thesis. C' denotes the DMMC 

dependenee of on the reduced PMCA 7 

field and is de fined as TMMC 2 @ 

C' = C(H/H*J 2. Cu PC 8 

Summarizing the results of the experiments, we conclude that the 

degree of one-dimensionality will be of major importance for the 

explanation of the observed increase of TN in a magnetic field. 

Furthermore, we note that the largely different behaviour of the phase 

boundaries for different directions of the magnetic field in all 

compounds seems to indicate a pronounced influence of the anisotropy. 

These conclusions ferm the motivation for a theoretical approach, based 

on the exact description of the chain. In this approach the anisotropy 

will be taken into account. The confrontation of theoretical results 

with experimental data, will form the subject of the next section. 

5. 5. Theoretical description of the phase diag!'01718 

It has been shown in the previous sectien that the ordering tempera

ture TN(H) of a quasi one-dimensional Heisenberg antiferromagnet 

may increase when an external magnetic field is applied. It was es

tablished (de Jonge et al., 1978) that a theoretical approach which 

is based on the behaviour of the correlation length within the indi

vidual chains in the classical spin model, can explain this increase 

of TN qualitatively. The drastic influence of some anisotropy, which 

leads to essentially different phase boundaries with the field 

applied along different directions cannot be reproduced by this iso

tropie theory, however. Therefore, we will confront the experimental 

data with theoretica! predictions obtained from the classical spin 

model, including orthorhombic anisotropy. 

The interchain interactions will be treated within a mean-field 

approximation. In that case the three-dimensional ordering temperature, 

99 



TN' can be determined from the staggered susceptibility of the indi

vidual chains, as described in chapter IV. The ordering criterion will 

be applied in reduced form, according to Eq. (4.10), to 41iminate the 

intrinsic brought about by the mean-field ap~roacf. 
In the calculation of the phase boundaries, we will use no adjustable 

parameters. We will insert the experimentally determined ordering tem

perature in zero-field and the anisotropy constauts a and S, and the 

exchange interaction J. All values are chosen according to table 5.1. 

In the calculation of the phase boundary with the field applied 

along the easy direction we have to consider two different suscepti

bilities, corresponding to the directions of the staggered field in 

the antiferromagnetic and spin-flop state. The phase boundaries found 

in this way interseet at the bicritical field Hbic' which to a very 

good approximation, is given by g~BHbic = 41Jis~Zcî. For fields higher 

than Hbic the spin-flop phase yields the highest, and thus physically 
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the theoretica! predietien in the presence of orthorhombic 

anisotropy. The input variables for the calculations i.e. 

the anisotropy parameters a and S, the intraahain 

exchange interaction J/k and the temper-

ature TN(O) were chosen irt agreement with 



realized, value of TN(H), while for fields smaller than ~ie the 

situation is reversed. The reader should note that H_ . corresponds 
blC 

to the value of the fi~ld where the correlation lengths between 

different spincomponents interseet (see fig. 3.7). 

In figures 5.11 and 5.12 we plotted the computed results tagether 

with the data for CMB and CMC. We would like to note that 

the theoretica! results presented in this section slightly differ from 

the results presented by Hijmans et al. (1978). In the latter case, 

however, a mistake was made in the sealing of the magnetic field with 

respect to S. Bath phase diagrams display the same characteristic 

features. The qualitative behaviour is predicted correctly, and also 

the quantitative agreement is fair, certainly at low fields. However, 

an increasing discrepancy shows up between theory and at 

higher fields, especially when these are applied along the intermediate 

direction, and in the neighbourhood of the bicritical point. We would 

like to note that results obtained from the isotropie theory co1ncide 
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with the predictions for the curves obtained with the field along the 

intermediate directions. We will discuss the 

observed discrepancies at the end of this section. 

causes of the 

We will proceed with the results for PMC, DMMC and ~C. In figure 

5.13 the phase diagram of PMC is plotted together with the theoretica! 

predictions. Again the qualitative agreement between theory and experi

ment is satisfactory, despite the poor one-dimensionality of this 

compound. The model even offers a reasonable description at high fields . 
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5 .. 13. Phase diagr•arn of (C 5IJ 5NH )MnCt 3. H 20 (PMC). The drawn curves 

denote the theoretical in the presence of 

orthorhombic anisotropy. The retevant paremeters were 

chosen in agreement with tabte 5.1. 

The phase M.agram of DMMC is plotted in figure 5.14. The most 

pronounced discrepancies between theory and experiment are again ob

served at high fields and in the neigbeurhoed of the bicritical point. 

Since the phase diagram of TMMC could bedescribed fairly well, as we 

will show, using a planar (n=2) model (Takeda et al., 1980; Boucher 

1980b), the predictions of this model for DMMC have also been plotted 

in figure 5.14. One should note that, in contrast with the predictions 

from the (n=3) model, the results obtained from the planar model 

clearly overestimate the increase of TN in DMMC. This indicates that 

in this compound the spin fluctuations in the third (hard) direction 
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cannot be neglected. In TMMC, however, the planar model offers a 

remarkably good description of the phase diagram: The results, obtained 

from the theory described in appendix B, are shown in figure 5.15. 

These results corroborate the conclusion that the spin system in TMMC 

is in an XY-state at low temperatures (Hone and Pires, 1977), as we 

discussed in chapter III. One should note the small discrepancy between 

theory and experiment at high fields, which might originate from the 

same souree as the observed deviations in the other compounds, des

cribed with the (n=3) model. 

We will continue with a discussion of a number of possible causes 

forthese deviations. The most obvious reasonfordiscrepancies between 

theory and experiment may be attributed to the classical nature of the 

d 
. ++ • 

mo el. Although the sp1n quanturn number of the Mn -compounds 1s 

relatively large (S = 5/2), corrections for._quantum effects might he 
I 

necessary. As suggested by Imry et al. (1975) quanturn fluctuations could 

be suppressed by the magnetic field, thus leading to a more pronounced 

increase of T.N when a field is applied. As already mentioned above, 

however, this suppression would not give rise to an effect which is 

large enough to explain the observed differences between theory and 

experiment. For example, the correction on TN(H) according to their 

formula would only be in the order of 2% in DMMC at H = 0.3, which 

is considerably belo'" the actually observed deviation between experiment 

and theory of 13%. Although the theory of Imry et al. (1975) does not 

supply us with quantitative evidence for the suggestion that quanturn ef

fects form the major cause of the observed discrepancies between theory 

and experiment, we would like to note another interesting feature in the 

phase diagrams. From inspeetion of figure 5.14, the phase diagram of 

DMMC, one can note that the experimental data in this compound are 

somewhere in between the predictions of the (n=2) and the (n=3) model. 

This fact suggests that the spin fluctuations in the third (hard) 

direction, which have not been taken into account in the (n=2) model, 

are overestimated in the (n=3) model. One might speculate that this 

suppression of spin fluctuations can be attributed to quanturn effects. 

Another possible cause of inaccuracies is the mean-field treatment 

of the interchain interactions. The mean-field condition given by 

t We would like to note that we are not able to compare these results 
with results from the (n = 3) model, because the reduced ordering 
temperature of TMMC, given by T~(O) = 7.2xto-3 is far too low to get 
accurate results (compare section 2.6). 
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Eq. (4.2) does not take in~o account the inclination of the magnetic 

moments towards the direction of the magnetic field. This fact might 

1ead to a change in the effective interchain coupling, which would 

cause. inaccuracies in the determination of TN at higher fields. 

Although this seems to be a plausible argument to explain the observed 

discrepancies, a detailed research on the behaviour of the interchain 

interactions in a field will be necessary to verify this suggestion. 

Surnmarizing the results, we may state that the classica! model 

including orthorhombic anisotropy describes the experimental phase dia-

grams qual correctly for all three directions of the magnetic 

field. Further research on the influence of quanturn effects and on the 

validity of the mean-field treatment seem necessary, however. 

In the last sectien of this chapter we would like to present some 

additional experimental results. First we will discuss the phase diagram 

of CuC12·2NC
5

H
5 

(CuPC). Secondly, we will present the experimental data 

of (CH3) 2NH2MnC1
3

•2H20 (DMMC.aq). 

The research onthephase diagram of CuPCis motivated by the interest 

in the influence of quanturn effects on the phase boundaries. Moreover, 

CuPC is one of the best experimental realizations of an S = ~ Heisenberg 

antiferromagnet. 

We will start with a discussion of some relevant features of CuPC. 

Some data are included in table 5.1. Single crystals of this compound 

grow as fragile blue needles. The crystallographic space group is P2
1
/n 

(Morosin, 1975). The structure consistsof infinite linear chains 

parallel to the c-direction. The Cu++_ions are coupled via a double 

chlorine bridge. For the intrachain exchange interaction J. /k, a 

value of-13.6 K was found from susceptibility measurements, fitted 

with a linear chain Heisenberg model (Takeda et al., 1971). The 

critica! e~tropy was determined to be less than 3% from specific heat 

data (Takeda et al., 1973). A phase transitiontoa three-dimensionally 

ordered state was .observed at TN = 1.143 K in zero field. A descrip

tion of the specific heat above TN with the calculations of Bonner 

and Fisher (1964) for an S = ! linear chain Heisenberg model yielded 

IJI/k = 13.4 K, in agreement with the susceptibility results. The 
-3 

interchain interactions were estimated to be J'/J 2x10 by Hennesy 
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et al. (1973) on basis of EPR experiments. This value agrees with the 

value 3xlo- 3 estimated by Takeda et al. (1973) from the specific heat 

experirnents, using a Green's funètions theory. 

The phase diagram of CuPC was deterrnined with the continuous 

heating technique described in sectien 5.2. Sorne experimental problerns 

did occur, however. First the single crystals were very srnall, cornpli·· 

cating the orientation with respect to the magnetic field. Because of 

the srnall mass of the crystals several specimens were used in the same 

experiment to get a sufficiently large heat capacity. Great care had 

to be taken into account to avoid a rnisalignment of the specimens. A 

second problem was the relatively low value of the ordering temperature 

Due to the lirnitations of the calorie experimental set-up, measurernents 

below 1.2 K eould not be performed. Fortunately, however, also in this 

compound the Néel-temperature inereases in the presenee of an external 

magnetic field. Therefore, the phase di~grarn could be reeorded with 

continuous heating from H = 20 kOe to H = 90 kOe. Results are plotted 

in figure 5.16. In the insert of this figure experimentaldata are shown, 

obtained for low fields with NMR experiments. We will discuss these 

data later on. 

The measurements with the field applied perpendicular to the chain 

axis were performed along the two crystallographic axes 1 As these two 

sets of experimental data alrnost coincided within the experimental 

accuraey, these measurements are plotted as one set of data. From 

inspeetion of the figure two important features can be noted. First, 

the system behaves like a nearly isotropie systern. For H > 20 kOe, 

almost no difference is observed in the phase boundaries reeorded with 

the magnetic field applied perpendieular or parallel to the chains. 

Secondly, although the Néel-temperature inereases as a function of 

field, the behaviour of the phase diagram in CuPC is qu~litatively 

different frorn the phase diagrarns in the manganese eompounds, considered 

in the previous seetions. This distinet behaviour was already noted 

insection 5.4 and illustrated in figure 5.10. In figure 5.16 this 

non-elassieal behaviour is also evident from eomparison of the data 

with the theoretica! prediction, obtained from the isotropie classieal 

model. 

The low-field behaviour of CuPC was stuclied by means of nuelear 

magnetie resonanee (NMR), described insection 5.2. The results are 

shown in the insert of figure 5.16. In these experirnents the crystal 
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5.16. Magnetic diagram of CuCl2.2NC5H5 (CuPC). The data 

indicated with 11o 11 are the average of measurements with 

the field applied along each of the two crystaZZographic 

axes perpendicular to the chain. The drawn curve repre

sents the theoretical result for an isotropie classical 

chain. The low-field behaviour of TN, determined with 

NMR, is shown in the insert. 

could be rotated in a plane perpendicular to the chain axis. This 

enables us to determine the preferred direction of the spins. A small 

anisotropy is present between the easy axis and the intermediate axis 

as is demonstrated by the aceurenee of a spin-flop transition at 

3700 Oe. This value is in agreement with experiments by Andres et al. 

(1974) who reported a value of about 3500 Oe. At low fields, 

H < 5 kOe, the increase of TN could be fitted with Eq. (5.7). The 

value of the coefficiPnt C', which is included in table 5.3, is com

parable to the value,in DMMC. As DMMC and CuPC have a comparable 

degree of one-dimensionality, this result seems to suggest that quan

turn effects are not very important for the low field behaviour of TN. 

For high fields, however, the discrepancy between the prèdictións frbm 

the classical model and the experimental data, is just r.eversed with 

respect to the observed discrepancies in the Mn++_compounds. Although 

one might state that this effect is caused by the quanturn behaviour 
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of CuPC, this conclusion disagrees with the conjectures given in the 

previous section. Therefore, it seems recommendable to do experi

ments on other capper systems to study the influence of quanturn effects. 

A number of possible candidates for further research is given by 

Inoue and Kubo (1976). Unfortunately however, the problems encountered 

in the experiments on CuPC are also present in other capper systems. 

First, it is aften difficult to obtain large single crystals (see for 

example, Takeda et al., 1980b). Moreover, the ordering temperature of 

other known Heisenberg Cu++ systems built up from antiferromagnetic 

chains is located considerably below I K in most cases. Therefore, 

future experiments on capper systems will nat be straightforward. 

We will conclude this section with the phase diagram of DMMC.aq. 

The experimental data are plotted in figure 5.17. In contrast with 

the behaviour of the phase boundaries in other manganese compounds, 

in particular the similar compounds CMC and CMB, the largest shift 

of the ordering temperature at high fields is observed when the 

magnetic field is applied along the spin-easy direction. The crossing 

of the phase boundaries observed with the field applied along the 

intermediate and easy axis, respectively, has not been observed in 

any other compound. For magnetic fields perpendicular to the easy 

axis, the maximum of the increase of TN is observed at values of H 

which are much lower than the theoretical prediction, especially when 

the field is applied along the hard direction. On the other hand, the 

increase of TN with the field applied parallel to the easy direction 

has not attained its maximum value at 90 kOe. These features cannot 

be explained within the framework of the model presented in this 

thesis without modifications. 

A possible cause of errors could be a misorientation of the sample. 

As there seem to be some problems in the determination of the magnetic 

structure with NMR (de Jonge, 1980) also, we tried to verify 

the correct orientation of the magnetic axes experimentally. Several 

experiments have been performed in which the crystal was misorientated 

deliberately. The results of these experiments are also plotted in 

figure 5.17. From these data it is obvious that the origin of the pe

culiar behaviour of the phase diagram.should nat be sought in a mis

orientation of the sample. The curves recorded for the different orien

tations of the magnetic field show the behaviour that one might expect 

intuitively. 

108 



100r------,------,------.--,----, 

60 

50 

'-0 

20 

Fig. 5.17. Magnetic phase diagram of (CH3J2NH2Mncl 3.2H2o (DMMC.aq). 

Dashed curves are a guide to the eye. The drawn curûe 

represents the prediction follawing from the classical 

model with orthorhombic anisotropy, for the magnetic 

applied along the easy direction. The predictions 

for the other directions are not shawn. The crosses (x) 

denote data points obtained with the field applied in 

the intermediate-hard plane at an of with the 

hard axis. The data denoted by + wel'e obtained with the 

applied in the easy-intermediate plane at an angle 

of 10° with the intermediate axis. 

One might speculate further that the peculiar behaviour of the 

phase boundaries originates from the competition between different 

anisotropies. From the interaction points at T = 0, which can be 

easily evaluated, it can be deduced that intersections of the phase 

boundaries can occur. It is obvious, however, that an appropriate 

description of the phase diagram of DMMC.aq awaits a detailed 

knowledge of the magnetic structure, the microscopie interactions 

and anisotropy parameters. 
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5. ? . Surrrmary 

The results of this chapter may be summarized as follows. Experimental 

research on the phase diagrams on a selected series of quasi one

dimensional Heisenberg antiferromagnets, revealed that the anomalous 

increase of the ordering temperature in a magnetic field originates 

from the properties of the individual chains. Furthermore, it was 

established that the anisotropy, even though small, has a drastic 

influence on the phase boundaries. 

The phase diagrams could be described theoretically ~ith the aid of 

the classica! model presented in chapters II and III. The staggered sus

ceptibility of the individual chains x!~ was calculated within the 

framework of this model. A mean-field treatment of the interchain inter

actions was applied, in order to derive the three-dimensional ordering 
1D d' . . temperature from Xst , as we ~scussed ~n chapter IV. The theory, ~n 

which no adjustable parameters were used, a good qualitative 

description of the experimental phase diagrams for the three principal 

directions of the magnetic field. The quantitative agrèement between 

theory and experiment is fair, but deteriorates at high fields. Pos

sibie causes for this discrepancy may be attributed to,quantum effects 

or to the mean-field approximation of the interchain interactions. 
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APPEh'DIX A 

Before we present the evaluation of the kernel (Eq. 2.25), we will 

shortly discuss our choice of the Hamiltonian (Eq. 2.10). Generally, 

it is assumed that the exchange interaction between (real) spins can 

be described by an isotropie Heisenberg Hamiltonian, as long as the 
-+ 

operators Si act on the wavefunctions betonging to the "free-ion" 

representation. In this case some anisotropy may be present due to 

dipolar interactions. In various cases (L * 0) the combined effect 

of the crystal field and spin orbit coupling may give rise to a sig

nificant splitting of the free-ion multiplet. In the description of 

the low temperature properties one often introduces an effective 

(or spin-) Hamiltonian. In this effective Hamiltonian a fictitious 

spin is introduced whose value is deterroined by the number of relevant 

(populated) energy levels (Abragam and Bleaney, 1970). The same pro

cedure yields au isotropie exchange tensor between the fictitious 

spins as wellas au isotropie g-tensor, which are related (J ~ g2). 

Moreover, single-ion terros have to be introduced to describe the 

location of single-ion energy levels. 

We will now proceed with some mathematica! derivations. We will 

evaluate the kernel Km~' given in Eq. (2.25). It will be shown, 

that K~ can be expressed in modified Bessel functions of integer 

order. By means of this derivation, the symmetry properties concluded 

from group theoretica! arguments in chapter II will be established. 

Furthermore, it will be shown that the thus obtained solutions 

agree with the previously solved models in the limit of uniaxial 

symmetry. Finally, at the end of this appendix, we will show how 

single-site anisotropy terros can be inclu'ded in .the computations. We 

start, however, with the Hamiltonian of Eq. (2.10) with 0. In 

that case, substitution of Eq. (2.17) into Eq. (2.25), making use of 

Eqs. (2.6), (2.13) and (2.19), yields the following expression 

for the kernel 

1T 1T 

f dcp 1 J dcp 2 exp[A(6 1,e2) x 
-j[ -1! (Al) 

I 11 



where 

(A2) 

is the purely e-dependent part of the integral, and 

(A3) 

By substituting 

m n + k n - k (A4) 

and introducing the new variables 

n <Pz (AS) 

Km~ can be written as 

ece 1,e2) rd~ -ik~ 
exp{~exyA(e 1 ,e 2 )cos~}e x 

7T 

7T 

Km~(eJ,e2) J dn 
-inn 

exp{(l-~ez)A(0 1 ,8 2 )cosn}e , 

-7! 

0 for m - ~ odd 

where the 27!-periodicity of the functions involved has been used. 

With the aid of the well-known integral formulas (Gradshteyn and 

Ryzhik, 1965) 

and 

( d<P exp(p cos<f>)sin(m</J) 0 , 

7T 

J d</J exp (p cos<f>)cos (m</J) = 21T Im (p) , 

-7! 

(A6) 

(A7) 

(A8) 

where Im(p) is the modified Bessel function of order m, Eq. (A6) can 

be written as 
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(A9) 

This expression can be readily evaluated numerically with the aid of 

the tabulated functions. From this equation the property (2.27) can 

be deduced directly. If uniaxial symmetry is present, i.e. e = 0, xy 
Eq. (A9) reduces to 

(AIO) 

because of the fact that only the m ~ terros are non-zero due to the 

property of the modified Bessel function 

(Al I) 

where ê is the Kronecker delta. The special case given by Eq. (AIO) 

is in agreement with results reported in literature. 

We will now introduce a single-site anisotropy, via the Hamil

tonian of Eq. (2.7). This will lead to the following form of the 

kernel 

'Tl rr 

8*(8 1 ,82) 2
1
'Tl J dcjl 1 J d<Pz exp[A(8 1,e2) x 

-Tf -'Tl 

[ 
2 ] -imcjll i~cjl2 

exp L C.cos(2<f>.) e e 
i=l l. l. 

where 

(AI3) 

and 

c. 
1 

i 1,2 (Al4) 

The introduetion of a D-term does not give rise to essential diffi

culties as only the 8-dependent part in the integral is modified. 
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The E-term, however, implies additional difficulties in determining 

the integrand, suchthat we shall be campelled to treat these terms 

numerically. We apply the same method, presented above, leading to 

Defining 

C(t:) 

and 

'IT 

e*cel,e2) d'IT I dE; exp[!exyA<e,,e2)cost:]e-ikt;x 
-'IT 

(AIS) 

(AI6) 

(AI7) 

the argument of the exponent in the second in te grand can be wri tten as 

C(E;)cosn + S(t;)sinn F(E;)cos(n-~(t;)) , 

with 

F(t;) 

and 

~(t;) (s<o) arctan C(t:) . 

With these substitutions the kernel of Eq. (AlS) becomes 

)T 

Krnt(e 1,e2) = 0*(9 1,e2) j dE; exp[ 
-'IT 

A "] -ikt;-in~(O COS<., e , X 

'IT 

2
1
'IT J dn exp[F(t;)cos(n-~(t;)) ]e-in(n-~(t;)). 

-'IT 

(Al8) 

(AI9) 

(A20) 

(A21) 

The second integral can be evaluated with the aid of (A7) and (A8), 

re sul ting in 
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1T 

KmR(8 1,e 2 ) 8*(8 1,8 2 ) J dl.; expOexyAcosl.;)cos(kl.;+n(jl(l.;)) x 

-1T (A22) 

This integral can be determined numerically. Note that for D,E 0, 

Eq. (A22) reduces to Eq. (A9). 
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APPENDIX B 

In this appendix we will discuss the classical planar (n=2) model, 

defined in chapter II. For the isotropie case without a, magnetic field 

solutions for the thermadynamie properties were obtained by Joyce 

(1967a). Loveluck (1979) discussed numerical solutions for the model 

in the presence of a magnetic field. In this appendix we will discuss 

the planar model including an anisotropy •. In principle; we will praeeed 

in the same way as for the (n=3) model discussed in chapter II. We will 

shortly discuss the relevant methods applicable to the (n=2) case. 

Let us start with a definition of the planar Hamiltonian, 

exchange part n!X is, in agreement with table 2.1, given by 

With the definitions 

J 

and 

Eq. (BI) yields with Eq. {2.8) 

. The 

(BI) 

(B2) 

(B3) 

(B4) 

+ 
We would like to emphasize that in this appendix si is a two-dimen-

sional unit vector, defined by 

(s~,s~) = (cos~.,sin~.). 
1 ~ ~ ~ 

(BS) 

An external rnagnetic field is taken into account by 

(B6) 

The Hamiltonian HP will be given by 

+ H~ (B7) 
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As argued in section 2.3 the thermadynamie properties of a systern 

described by a Harniltonian of this type can be expressed in terms of 

the eigenvalues and eigenfunctions of a transfer operator KP' in this 

case defined as 

(B8) 

The resulting eigenvalue problem is given by 

(B9) 

where the indices i,i+1 are replaced by 1,2. This integral equation can 

be converted to a matrix equation by using the following Fourier 

expansions 

(B l 0) 

and 

(B 11) 

Substitution of Eqs. (BlO) and (Bil) into Eq. (B9) leads, because of 

the orthogonality of the functions exp(-im~), to the matrix 

value equation 

(BI 2) 

Multiplication of both sicles of Eq. (Bl2) with exp(-im~ 1 ) and inte

gration over ~~ yields 

(Bl3) 
m=O ,± I , ± 2 , • • • • 

in which the KmJI, are given by the inverse Fourier transform of Eq. 

(BIJ) 

(BI4) 

By using the c
2
-symmetry of the Hamiltonian (B7), it can be shown 

that the set of equations given by (B13) splits up in two smaller 

subsets. The details of this derivation are straightforward. With the 
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defini ti ons 

+ c_.Q. ) , MO 
and 

c_.Q, ) ' 

we get 

00 

~ (Km.\!. + Km-t) c~n 
and l=e 

~ (Km.\!. - Km-t) ctn 
.1!.=0 

where 

À 
n 

Km.Q. ' m;IO, 'i;IO 

Krot 
I 

Km.Q. m=Ov.\!.=0 IÏ 
I 

m=t=O. 2 Km.\!. ' 

(B 15a) 

(BI5b) 

(B 16a) 

m 0, I ,2, .. 

(Bl6b) 

m 1 '2, ... 

(Bil) 

In principle the Eqs. (Bl6a) and (BI6b) can be solved with standard 

computer subroutines after a truncation of the matrices. The conver

genee can be checked with successively weaker truncations. We would 

like to note, however, that the computation of each matrix element 

with Eq, (Bl4) involves a double integration. Therefore the u,;e of 

stàndard numerical methods for the evaluation of these integrals 

would involve much computer time. The integrals can be approximated 

accurately, however, with a numerical metbod based on an expansion of 

the exponent given in Eq. (BB) in terros of the modified Bessel 

functions. With this metbod the computation of the double integral of 

Eq. (BI4) is reduced to two infinite summations containing standard 

functions. Truncation of these series finally provides us with an 

approximation of Km.Q.' With this method accurate computations are 

possible down to reduced temperatures as low as T*= 0 •. 01 ,provided 

the field or the anisotropy are not too large. In the ,practical case 

of the calculation of the phase boundaries in TMMC, described in 

section 5.5, accurate results could even be obtained for reduced 

temperatures of 0.05 in the !ow-field region due to the small value 

of the anisotropy parameter o in this compound. 
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SAMENVATTING 

In dit proefschrift wordt een experimenteel zowel als (numeriek) 

theoretisch onderzoek beschreven aan magnetische systemen. Magnetische 

systemen zijn bij uitstek geschikt voor een studie van ~ollectieve 

verschijnselen, die op vele terreinen in de natuurkunde en vaak 

zelfs ver daarbuiten een belangrijke rol spelen. Deze collectieve 

verschijnselen treden op tussen de elkaar onderling beÏnvloedende 

microscopische magnetische momenten (spins). De enorme ingewikkeldheid 

van deze verschijnselen in algemene zin, noodzaakt ons tot de bestude

ring van eenvoudiger systemen. In dit werk houden wij ons bezig met 

ééndimensionale magnetische systemen, gekarakteriseerd door het feit 

dat slechts de spins op één en dezelfde keten een onderlinge wissel

werking vertonen. Enerzijds kan de bestudering van deze systemen een 

beter inzicht verschaffen in het gedrag van meer ingewikkelde 

modellen, anderzijds blijken zij een aantal interessante specifieke 

eigenschappen te vertonen. 

Ondanks de sterke vereenvoudigingdoor de ééndimensionaliteit is het 

probleem van een collectief ensemble spins slechts in enkele gevallen 

exact opgelost. Behalve de bekende oplossing van het S = ~ Ising 

systeem - de spins kunnen slechts twee posities innemen, up of down -

is het geval van een volkomen isotrope wisselwerking (Heisenberg) 

- dwz de wisselwerking tussen twee spins is in alle richtingen 

hetzelfde in het limietgeval van een klassieke spin (S ~ oo) opgelost. 

In dit model kunnen de spins vrijelijk in de ruimte bewegen. 

In hoofdstuk II·van dit proefschrift wordt besproken hoe oplossingen 

kunnen worden verkregen in het geval van een meer algemene, 

wisselwerking tussen deze klassieke spins. De aanpak is gebaseerd op 

het transfermatrix formalisme, dat leidt tot één of meerdere integraal

eigenwaarde vergelijkingen. Aangegeven wordt hoe, met behulp van 

numerieke methoden, een goede benadering van de eigenwaarden en 

funRties van deze vergelijkingen kan worden verkregen. 

In hoofdstuk III wordt beschreven hoe uit deze eigenwaarden en 

eigenfuncties de thermodynamische eigenschappen van het model kunnen 

worden afgeleid. Voorts zullen de resultaten van een aantal computer

experimenten worden gepresenteerd, die inzicht verstrekken in het 

fysische gedrag van het model als funktie van een aantal variabelen, 

zoals het uitwendig magneetveld of de mate van anisotropie. 
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De nadruk zal hierbij liggen op de demonstratie van "cross-over" 

gedrag tussen verschillende modelsystemen, zoals bv. de voornoemde 

Heisenberg en Ising-systemen. 

In het tweede gedeelte van het proefschrift wordt een aantal experi

menten besproken. Het is mogelijk gebleken éénkristallen te laten 

groeien, waarin de dragers van de magnetische momenten - in dit 

proefschrift meestal Mn++_ionen - in ketens liggen. Deze zijn onder

ling gescheiden door niet-magnetische ionen. In deze kristallen is de 

magnetische interaktie energie tussen naburige spins op één keten vele 

malen groter dan die tussen twee spins op verschillende ketens. Deze 

systemen worden daarom quasi-ééndimensionale verbindingen genoemd. 

Onder invloed van de kleine interketen interakties treedt er bij zeer 

lage temperaturen een totale ordening van de momenten in het kristal 

op. De overgang bij de ordeningstemperatuur TN is een gemakkelijk te 

bepalen experimentele grootheid. Deze zal het hoofdthema van de twee 

laatste hoofdstukken vormen. 

In hoofdstuk IV wordt de invloed van een aantal parameters, zoals 

bijvoorbeeld de verontreinigingsgraad, op TN besproken. 

In hoofdstuk V wordt een overzicht gegeven van de experimenten, die 

in het kader van dit proefschrift zijn uitgevoerd aan de veldafhanke

lijkheid van TN, het magnetische fasediagram, in een serie quasi

ééndimensionale Heisenberg verbindingen. De gekonstateerde anomale 

toename van TN in een veld blijkt zijn oorsprong te vinden in de 

ééndimensionaliteit van deze systemen. Bovendien blijkt uit de experi

menten de grote invloed can de anisotropie. Met behulp van numerieke 

berekeningen aan het anisotrope klassieke spinmodel (II, III) en een 

eenvoudige theorie ter beschrijving van de kleine interketen inter

akties (IV), is een goede theoretische beschrijving van de fase

diagrammen verkregen. 
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RESUME 

Cette thèse expose en détail les résultats d'une étude à la fois 

expérimentale et théorique (numérique) portant sur des systèmes 

magnétiques. Ces derniers se prètent par excellence à !'étude des 

phénomènes collectifs qui jouent un role important dans de nombreux 

secteurs de la physique, et même fréquemment au delà. Ces phénomènes 

collectifs se produisent entre les infimes moments magnétiques 

(spins) exerçant une influence les uns sur les autres. Devant 

l'extrême complexité de ces phénomènes, au sens général, force nous 

d'étudier des systèmes plus simples. En l'occurence, nous nous sommes 

penchés sur les systèmes magnétiques unidimensionnels, lesquels se 

distinguent par le fait que seuls les spins s'exerçant sur une seule 

et même chatne font apparaître une interaction mutuelle. D'une part, 

l'étude de ces systèmes peut déboucher sur une meilleure connaissance 

du camportement de modèles plus compliqués, et d'autre part ils se 

sant avérés présenter un certain nombre de propriétés spécifiques 

dignes d'intérêt. 

Malgré la grande simplification apportée par l'unidûnensionnalité, 

le problème suscité par l'interaction des spins n'a pu être résolu 

avec satisfaction que dans quelques rares cas. Endehors de la 

salution bien connue apportée au modèle d'Ising S ! - ou les spins 

ne peuvent prendre que deux positions: vers le haut ou vers le bas -

le cas d'une interaction absolument isotropique (Heisenberg) -

c'est-à-dire que l'interaction s'exerçant entre deux spins est la 

même dans tous les sens - le cas-limite d'un spin classique (S + oo) 

a pu être résolu. Dans ce modèle, les spins peuvent se,tourner 

librement dans l'espace. 

Le chapitre II de la thèse aborde le cheminement vers la solution, 

lorsqu'il s'agit d'une interaction anisotropique, d'ordre plus 

général, entre des spins classiques. L'idée de base ré~ide dans le 

formalisme de la matrice de transfert ouvrant la voie à une ou 

plusieurs comparaisons de propres valeurs de type intégral. On in

clique camment-à l'aide de méthodes numériques- il est possible 

d'obtenir une approximation satisfaisante des valeurs et des 

fonctions propres à ces comparaisons. 
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Le chapitre lil expose comment il est possible de déduire de ces 

valeurs et fonctions propres, les propriétés thermodynamiques du 

modèle. En outre, les résultats de plusieurs expériences réalisées 

sur ordinateur sont présentés, permettant de mieux connaître le 

comportement du modèle en fonction de diverses variables dont, entre 

autres, le champ magnétique externe ou l'ampleur de l'anisotropie. 

L'accent est placé ici sur la démonstration du comportement de 

"franchissement" (cross-over) entre des modèles différents, connne 

par exemple ceux de Heisenberg et d'Ising cités plus haut. 

La deuxième partie de la thèse relate un certain nombre d'ex

périences. 11 s'est avéré possible de faire croître des monocristaux 

dont les vecteurs de moments magnétiques - pour la plupart des ions 

Mn++, dans le cadre de cette thèse se situent dans des chaînes. 

Ces dernières sont séparées les unes des autres par des ions 

amagnétiques. Au sein de tels cristaux, l'énergie issue de I'inter

action magnétique entre des spins voisins, sur une même chaîne, est 

considérablement plus grande que celle qui se produit entre deux 

spins sur des chaînes différentes. C'est la raison pour laquelle ces 

systèmes sont : liaisons quasi-unidimensionne.ls. Sous 

l'influence des actions de faible intensité qui se produisent d'une 

chaîne à 1' autre, il se produi t, à très basses tempÊ:ratures - un état 

ordonné des moments dans le cristal. La transition inherente à la 

température de Néel TN est une grandeur experimentale pouvant 

aisément être déterminée. Cette grandeur constitue Ie thème principal 

des deux deruiers chapitres. 

Au chapitre IV, il est discuté de l'influence sur TN d'un certain 

nombre de paramètres, tels que le taux d'impurités. 

Le chapitre V donne un aper~u des expêriences qui ont êté menées, 

dans le cadre de la presente thèse et ayant trait à la dependance 

du champ de TN, c' est-à-di re le diagn:unme de phase magnétique, dans 

une serie de liaisons de Heisenberg quasi-unidimensionnels. 

L'accroissement anomal constate de TN dans un champ, trouve son 

origine dans le caractère unidimensionnel de ces systèmes. Par 

surcroît, les expériences ont révelé l'influence considerable exercée 

par 1 1 anisotropie. A l'aide de calculs numériques portant sur le 

modèle de spin anisotropique classique (II, III) et sur la base d'une 
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théorie relativement simple décrivant les actions de faible intensité 

s'exerçant entre les chaînes (IV), les diagrammes de phase ont fait 

l'objet d'une bonne description théorique. 

Bi,) deze wi Z ik al danken die hebben bijgedragen aan de 

zieriqe waarin tot stand is gekomen. Enkele 

van hen wil ik met name vermelden. 

- Dr.ir. Jan Hijmans die mij in de theor~e. 

in het bijzonder Sjef Roos en Ton Enkele stagiairs en 

Tinus, die ieder op hun 

hebben geleverd. 

wijze een bijdrage aan dit onderzoek 

- Ruth Cruyters die met vee de tekeningen heeft verzorgd. 

- Marja Rooijakkers en Marion Kassen die het vele, vaak lastige, type

werk voor hun rekening hebben genomen. 

- Maartje van der Oord en Henk Boersma die bereid waren hun weekeinde 

op te offeren voor het laatste korrektiewerk. 

- Marli en Jan Schuurmans voor een kontrole van de formules. 

- De leden van de groep magnetische ordeningsverschijnselen voor de 

plezierige samenwerking, in het 

Jos Schouten, die de vele 

promovendus ir. 

Zijn enorme inzet bij het laatste korrektiewerk is vermeldenswaard. 

Dr.ir. Klaas Kopinga, voor de vele interessantediskussiesen de 

goede raadgevingen. 

- Prof.dr.ir. Wim de Jonge voor de 

begeLeiding. 

128 

en stimulerende 



31-8-1950 Geboren te Eindhoven 

1968 Eindexamen Gymnasium B. Gemeentelijk Lyceum Eindhoven 

1968-19?5 Studie aan de Technische Hogeschool Eindhoven. 

Technische Natuurkunde. Afstudeerwerk onder Zeiding van 

dr. ir. F.J. van Ernpel in de sectie Fhysische Analyse 

Methoden. Onderwerp: 11Het meten van sublimatiesnelheden 

van vaste organische stoffen met behulp van een kwarts

mstal als mikrobalans". 

19?6-1980 Werkzaam aan de Technische Hogeschool Eindhoven. als 

wetenschappelijk medewerker in dienst van de Stichting 

voor Fundamenteel Onderzoek der Materie. in de groep 

Magnetische Ordeningaverschijnselen onde1• Zeiding van 

prof. dr. ir. W.J.M. de Jonge. 

129 



STELLINGEN 

behorende bij het proefschrift van F. Boersma 

I. De door Hone en Pires berekende cross-over in TMMC van Heisenberg 

gedrag naar XY gedrag kan ook worden aangetoond met behulp van 

de experimentele soortelijke warmte resultaten van de Jonge et al. 

Hone, D., Pires, A.S.T., 19??, Phys. Rev. 323. 

de Jonge, W.J.M., Swüste, C.H.W., Kopinga, K., Takeda, K., 19?5, 

Phys. Rev. B12, 5858. 

2. De bestaande verwarring in de benaming van magnetische modelsystemen 

kan voorkomen worden door een systematische klassifikatie van de 

modelhamiltonianen. 

Steiner, M., ViUain, J., Windsor, C., 19?6, Adv. Phys. 8?. 

Dit proefschrift, hoofdstuk II. 

3. Het verdient aanbeveling om zowel modelberekeningen als experimenten 

aan spingolfspektra van antiferromagneten te verrichten in de 

gehele kristallografische Brillouin-zone. 

Skalyo, J., Shirane, G., 1970, Phys. Rev. B~, 4632. 

Dietz, R.E., Walker, L.R., Hsu, F.S.L., Haemmerle, W.H., Vis, B., 

Chau, C.K., Weinstock, H;, 19?4, Sol. St. Comm. 1185. 

4. De verklaring van de "excess" soortelijke warmte vlak boven de 

ordeningstemperatuur in het ferromagnetische ketensysteem CHAC, 

zoals gesuggereerd door Schouten et al., is onjuist. 

Schouten, J.C., v.d.Geest, G.J., de Jonge, W.J.M., Kopinga, K., 1980, 

Phys. Lett. ?BA, 398. 

5. Aan de berekening van de polariseerbaarheid van niet-geordende 

vaste stoffen door Stephens liggen stilzwijgende veronderstellingen 

ten grondslag betreffendehet gedrag van de toestandsdichtheid, die 

twijfel doen rijzen aan zijn interpretatie van de meetgegevens. 

Stephens, R.B., 1976, Phys. Rev. B14, 754. 



6. Het lijkt gewenst om de methode beschreven door Madden en 

Ramanathan, waarmee het tijdstip bepaald kan worden waarop een 

mogelijke temperatuurverhoging ten gevolge van de toename van 

het co2-gehalte in de atmosfeer meetbaar zal zijn, toe te passen 

op de reeks van nederlandse klimaatgegevens. 

Madden, R.A., Ramanathan, V., 1980, Sciènce 209, 763. 

7. De gebruikelijke wijze om push-down automaten te definieren met 

de mogelijkheid €-stappen te verrichten vormt geen uitbreiding 

van de klasse van accepteerbare talen (d.i. de context-vrije talen) 

en is derhalve nodeloos ingewikkeld. 

"Introduction to automata theory, languages and computation", 

Hopc"'oft, J.E., Ullman, J.D., 1979 (Addison-Wesley Publ. Co.). 

8. Het huidige door de Nederlandse Bridge Bond gehanteerde systeem 

van meesterpunten met een onbeperkte geldigheidsduur, vormt geen 

geschikte maat voor de verhoudingen van de speelsterkte op een 

gegeven tijdstip. 

9. Het invoeren van lawaaibelasting voor voertuigen door een extra 

heffing op de benzine is niet in overeenstemming met de verhoudingen 

van de door de voertuigen geproduceerde hoeveelheden lawaai. 

10. De uitspraak van de volksmond dat Nederland een "regenland" is, 

is onjuist. 


