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Comments on “A theoretical model of the pressure field arising
from asymmetric intraglottal flows applied to a two-mass model
of the vocal folds” [J. Acoust. Soc. Am. 130, 389–403 (2011)] (L)

Avraham Hirschberga)

Department of Applied Physics, CC.3.01b, MTP Group, Technische Universiteit Eindhoven, Postbus 513,
5600 MB Eindhoven, Netherlands

(Received 9 April 2013; accepted 8 May 2013)

After demonstrating by means of an in vitro model experiment that the flow in the glottis can

become asymmetric, Erath et al. [J. Acoust. Soc. Am. 130, 389–403 (2011)] propose a theory to

estimate the resulting asymmetry in the lateral hydrodynamic force on the vocal folds. A wall-jet

attached to one side of the divergent downstream part of the glottis is considered. The model

assumes that the wall is a flat plate and that the jet separates at the glottal exit. They implement this

so-called Boundary Layer Estimation of Asymmetric Pressure force model in a lumped two mass

model of the vocal folds. This should allow them to study the impact of the asymmetry on voiced

sound production. A critical discussion of the merits and shortcomings of the model is provided. It

predicts discontinuities in the time dependency of the lateral force. It predicts this force to be inde-

pendent from the glottal opening, which is not reasonable. An alternative model is proposed, which

avoids these problems and predicts that there is a minimum glottal opening below which the wall-

jet does not separate from the wall at the glottal exit. This is in agreement with the experimental

results provided by Erath et al. VC 2013 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4807816]

PACS number(s): 43.70.Aj, 43.70.Bk, 43.70.Jt [ADP] Pages: 9–12

I. INTRODUCTION

In a series of recent papers Erath et al.1–3 consider the

interesting problem of the asymmetry of the flow in the

downstream part of the glottis during the closing phase of

the vocal fold oscillation cycle. The glottis is then a slit

shaped converging-diverging channel with a neck (width

amin) at the upstream side of the glottis. In first approxima-

tion the flow is two-dimensional (see Fig. 1). The down-

stream part can be described as a diffuser of length le
terminated by a strong widening. The diffuser part is

assumed to have straight walls at an angle jcaj with the chan-

nel axis (x-direction), where a ¼ L for left and a ¼ R for

right. At the beginning of the closing phase the opening

angle ðjcLj þ jcRjÞ is so small that the flow only separates

from the walls at the diffuser exit x ¼ le where the channel

height aðxÞ increases abruptly. A free jet is formed down-

stream of the glottis. The radius of curvature of the walls at

x ¼ le is Re. The angle of divergence (jcLj þ jcRj) of the

downstream part of the glottis increases as amin decreases

during the closing phase. Above a critical value of the diver-

gence angle ðjcLj þ jcRjÞ ’ p=15 flow separation occurs

within the diffuser. The separation points move toward the

neck of the glottis with increasing angle. Under steady flow

conditions in such a configuration the jet will tend to attach

to one of the walls of the diffuser (Fig. 1). This is the result

of entrainment of the fluid surrounding the jet by momentum

transfer from the jet. A small asymmetry results into a pres-

sure difference that bends the jet toward the closest wall. In

the case of the glottis the flow remains usually laminar in the

diffuser so that this is driven by viscous (molecular) momen-

tum transfer. When the jet attaches to one of the walls it

remains there. We have assumed attachment to the right wall

in Fig. 1 (a ¼ R).

For a curved wall a pressure gradient necessary to curve

the streamlines is established, resulting in a low pressure at

the wall on which the jet is attached. Hence the jet exerts a

transversal force on that wall. Once established this asym-

metric flow can be described, in first order approximation, as

a frictionless flow. Of course a viscous boundary layer will

grow between the jet and the wall to meet the no-slip viscous

boundary condition at the wall. The flow separation of the

attached jet from the wall is determined by the momentum

thickness h of this boundary layer and adverse pressure gra-

dient that occurs as the radius of curvature of the wall

increases. The build-up and maintenance of this asymmetric

flow is referred to as the Coanda effect.4–6 While Mittal

et al.3 does not like this terminology, we will use it because

it is the most commonly used by fluid dynamicists.

Asymmetry in the flow due to the Coanda effect was

first observed by Teager and Teager7 downstream of the

glottis in a static model of the upper airways (within the

mouth). The intraglottal Coanda effect was observed in

in vitro static models of the glottis by, among others,

Pelorson et al.8 and Scherer et al.9 It was argued by

Hofmans et al.10 that the time scale needed to establish such

an asymmetric flow was too long to allow asymmetry in

glottal flow. It is one of the merits of Erath et al.1 that they

have carried out experiments with an oscillating in vitro
model of vocal folds, demonstrating the existence of the

Coanda effect during the closing phase of the oscillation

a)Author to whom correspondence should be addressed. Electronic mail:

A.Hirschberg@tue.nl
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cycle. Once this fact was established, Erath et al.2 made an

attempt to estimate the impact of such an asymmetry on the

motion of the vocal folds and the sound production. They

have developed a semi-empirical model, which they call

Boundary Layer Estimation of Asymmetric Pressure

(BLEAP) aiming at calculating the transversal force on the

wall on which the jet is attached.2 Combining this with a

simplified two-mass lumped element model for the dynamics

of the vocal folds, they estimate the influence of the asym-

metry on the movement of the folds.2 Mittal et al.3 place this

work in a broader context and provide a review of literature

on the subject. The work done and, in particular, the use of a

simplified model allowing a quantitative discussion of the

problem is greatly appreciated.

The basic assumptions made by Erath et al.2 are sum-

marized in Sec. II, criticisms are provided in Sec. III, and an

alternative model with the same level of approximation is

provided in Sec. IV. The notation of Erath et al.2 is used.

II. BLEAP METHOD

The BLEAP model2 assumes that the downstream part

of the glottis can be approximated by a two-dimensional dif-

fuser with plane walls. Assuming jet attachment to the right

side (index a ¼ R) as shown in Fig. 1, the wall has an angle

cR > 0 with respect to the diffuser axis (x axis). Following

Erath et al.2 flow separation occurs at the neck x ¼ 0 during

the closing phase of the oscillation when the angle cR

becomes larger than p=30. At lower angles it is assumed that

there is no flow separation upstream of the diffuser exit

x ¼ le. When the wall-jet is formed, the authors assume a

frictionless, quasi-steady and incompressible flow in the jet

at the edge of the viscous boundary layer formed at the wall.

The pressure pðxÞ there is related by Erath et al.2 to the mag-

nitude of the local velocity UðxÞ in this frictionless core of

the jet by the equation of Bernoulli for an incompressible,

stationary, and frictionless flow

pðxÞ ¼ pi þ
1

2
q½U2

i � UðxÞ2�; (1)

where pi ¼ pð0Þ and Ui ¼ Uð0Þ refer to the flow at the neck

of the glottis. The pressure pe ¼ 0 at the exit of the diffuser

x ¼ le is taken as a reference. The jet separates there from

the wall and the pressure pðleÞ ¼ pe is assumed to be equal

to the pressure downstream of the glottis. The pressure along

the wall up to the neck is calculated from Eq. (1) by using a

fit of data obtained by means of Particle Image Velocimetry,

UðxÞ ¼ c0ðx� xeffÞn; (2)

where c0, xeff , and n are empirical fit constants. For simplic-

ity, in first order approximation these constants are assumed

to be independent of the glottis opening amin. Typically

Erath et al.2 find �0:09 � n � �0:04. This implies that the

velocity decreases along the jet. As a consequence the

pressure pðxÞ is predicted to increase with increasing x so

that pi < pe. At sufficiently high Reynolds numbers Re

¼ ½Uiamin=�� � 102 (with � the kinematic viscosity of air)

one expects a thin viscous boundary layer for which the

equations of Prandtl are valid.11,12 This implies a vanishing

normal pressure gradient @p=@y ¼ 0 so that the pressure at

the wall is equal to the pressure pðxÞ in the jet. As the angles

jcaj are small we do not distinguish here between the direc-

tion normal to the wall and the y-direction.

Erath et al.2 consider the normal pressure gradient

induced by the rotation of the wall and come to the conclu-

sion that it is negligible. They do consider the axial pressure

gradient due to the centrifugal acceleration xX2
z , where Xz is

the angular velocity of the wall. As they use Eq. (1) it is not

clear to the author whether they actually do correct for this

centrifugal effect. It seems, however, that neglecting this

term would be consistent with the use of a quasi-steady

approximation.

As a confirmation for the validity of their approach,

Erath et al.2 show that the viscous boundary layer profile is

correctly predicted from the measured velocity UðxÞ by

using a locally self-similar solution of Falkner and

Skan.11,13,14 As they find an adverse pressure gradient

@p=@x > 0 they worry about possible separation of this vis-

cous boundary layer within the diffuser. Using the method of

Thwaites,6,14,15 they come to the conclusion that this will not

occur within the glottis.

The force Ga; close per unit length of the vocal fold (z-

direction) acting on the wall is calculated by the integration

of pðxÞ,

Ga; close ¼
ðle

0

pðxÞdx; (3)

assumed to be valid when jcLj þ jcRj > p=15 and for

damin=dt < 0. This is the force per unit length of the vocal

folds.

III. CRITICISMS

Using the same argument as for the viscous boundary

layer one can demonstrate that the boundary layer approxi-

mation of Prandtl is also valid for a jet flow11,12,14 at a suffi-

ciently high Reynolds number Re ¼ Uiamin=�. The typical

FIG. 1. Sketch of the geometry of the glottis showing an asymmetric flow

due to attachment of the free jet downstream of the neck to the right wall of

the diverging part of the channel.
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Reynolds number in glottal flow is Re ¼ Oð103Þ. Actually

when le=ðaminReÞ � 1 the boundary layer cannot be distin-

guished from the jet and a self-similar wall-jet structure is

approached if we assume a flow along a flat plate. For a

wall-jet along a flat plate the boundary layer approximation

of Prandtl implies, as for the boundary layer, that the normal

gradient of the pressure vanishes, @p=@y ¼ 0. This conclu-

sion remains valid for a rotating flat plate. A pressure gradi-

ent @p=@y will be induced by the rotation of the wall and can

be described as a result of the Coriolis acceleration experi-

enced by an observer moving with the wall. The resulting

wall pressure can be estimated by

jDpCoriolisj ’ 2qjXzjUiamin: (4)

The neck width amin is used here as an estimation for the

wall-jet thickness because Erath et al.2 assume separation at

the neck (x ¼ 0). The authors neglect this effect and we will

accept this as it is consistent with the use of a quasi-steady

approximation in Eq. (1).

Erath et al.2 assume that when jcLj þ jcRj � p=15 the

flow separates at the neck x¼ 0 and a wall-jet is formed on

one of the walls for x > 0. Assuming flow separation at the

neck x ¼ 0 and assuming that the pressure on the left wall is

equal to pe ¼ pðleÞ, by applying Bernoulli [Eq. (1)] in com-

bination with Eq. (2). Erath et al.2 find a pressure pðxÞ < pe

in the wall-jet for ð0 � x < leÞ. At the neck they find

pi < pe. Hence they predict a transversal pressure disconti-

nuity across the shear layer separating the wall-jet from the

dead-water region (left of the jet in Fig. 1). This is physically

impossible because a shear layer (or streamline in a friction-

less model) cannot sustain a pressure difference, @p=@y ¼ 0.

In the separated flow region the pressure gradient is

negligible, because the velocity is low compared to that in

the wall-jet. Hence the pressure pðxÞ should be the same for

both walls [pðxÞ ¼ pe] if we assume that the wall is a flat

plate.

This contradiction is a consequence of the use of the

equation of Bernoulli [Eq. (1)] in the jet. If the observed

decrease of UðxÞ is due to viscous momentum transfer this

would explain this paradox. The equation of Bernoulli is not

valid. However part of the problem is due to the fact that

the wall-jet is formed downstream of the neck rather than

at the neck x ¼ 0 as assumed by Erath et al.2 We now con-

sider both aspects. The dimensionless parameter Reðamin=leÞ
¼Uia

2
min=ð�leÞ allows to estimate the effect of viscosity on

the wall-jet velocity UðxÞ for laminar flow conditions. When

Reðamin=leÞ � 10 the viscous boundary layers have reached

the jet centerline. This will typically occur for normal phona-

tion (Ui ¼ 20 m=s and le ’ 3 mm) when amin � 0:2 mm.

This corresponds to the phase condition t=Topen > 0:80 fol-

lowing the data shown in Fig. 3 of Erath et al.2 For shorter

times such as t=Topen ¼ 0:7 or 0:60 the flow separates down-

stream of the neck. This can explain the strong decrease of

UðxÞ just downstream of the neck, observed by Erath et al.2

Between the neck and the separation point x ¼ xs the equa-

tion of Bernoulli (1) can be used to estimate p(x); however,

the same pressure applies to both walls. More information

can be obtained by considering the study of Scherer et al.9

The flow conditions shown by Erath et al.2 for t=Topen ¼ 0:7
correspond to the experimental data and numerical simula-

tion provided by Scherer et al.9 Scherer et al.9 consider

steady flow conditions. In their in vitro model jcLj ¼ jcRj
¼ 5�. The jet separates from the left wall at about x ¼ le=3.

The difference in pressure shows that the left wall pressure

is very close to the exit pressure pe for x> le/3. The right

wall pressure pðxÞ is lower than pe. This effect is most pro-

nounced as the jet approaches the glottal exit where the wall

curvature becomes strong, just before the jet separates from

the right wall.

This confirms our assumption that a difference in pres-

sure between the right wall and the glottal exit is mainly due

to wall curvature or to the non-uniformity of the flow in the

neighborhood of the separation point (x ¼ xs). For simplicity

Erath et al.2 assume the fit constants n, c0, and xeff [in Eq.

(2)] to be independent of amin. As a consequence the pre-

dicted force Ga; close is almost independent of amin and dis-

plays a discontinuous behavior as amin ! 0. Also the

assumption that flow separation appears at the neck x ¼ 0

when jcRj þ jcRj > p=15 induces a discontinuous behavior

of Ga; close. Discontinuous time dependence of forces can

induce chaotic behavior, making conclusions on the impact

of asymmetry based on a two-mass lumped model rather

hazardous.

IV. A MODIFIED MODEL

Using the basic assumptions of Erath et al.:2 frictionless,

quasi-steady incompressible flow, we now propose an alter-

native model. We assume attachment of the free jet to the

right side of the diffuser and that the wall-jet separates from

the right wall at the glottal exit x> le. The jet width corre-

sponds to the diffuser width aðxÞ ¼ as at the position x ¼ xs

where the flow separates from the left wall (see Fig. 1). The

velocity UB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðpu � peÞ=q

p
in the jet is determined by

applying Bernoulli from a position upstream of the glottis

(where p ¼ pu) to the jet [where pðxÞ ’ pe]. Considering an

integral y-momentum balance, for the volume enclosed by

the control surface sketched in Fig. 1, we see that the jet

leaving the glottis with an angle cR at x ¼ le carries a y-mo-

mentum flux per unit length of the vocal folds,

Uy ¼ asqU2
BsincR: (5)

This must be induced by a force from the walls on the flow.

The reaction to this force is the net force of the flow on the

walls in the y-direction. Hence we have: GR;close ¼ �Uy.

This is actually the sum of the lateral forces (y-components)

acting on the right and left walls of the glottis, respectively.

As the deflection of the jet occurs around the separation

point x ¼ xs, which is the position where this force should be

applied, in a dynamical model, on the wall on which the jet

remains attached (right wall for the conditions shown in Fig.

1). Note that upstream from the separation point x < xs the

pressure pðxÞ can be estimated by using the equation of

Bernoulli (1) in combination with the equation of continuity

UðxÞaðxÞ ¼ UBas, where aðxÞ is the width of the glottal

channel. We assume here a quasi-one-dimensional flow
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[uniform velocity UðxÞ within a cross section]. The lateral

force on each wall (left and right) can be obtained by inte-

gration of the pressure pðxÞ along the wall. The y-component

of these forces (x < xs) have equal magnitudes and opposite

signs.

Obviously the main problem is to obtain an estimation

for the position xs of the separation point. A simplified

method to obtain such an estimate is the method of

Thwaites.6,14–16 The momentum thickness h of the viscous

boundary layer is estimated by using the expression of

Thwaites,

hðxÞ2 � hð0Þ2 ¼ 0:45�

UB

ðxs

0

as

aðxÞ

� �5

dx: (6)

In principle we should integrate over a coordinate s along

the wall. As we are using a Prandtl boundary layer approxi-

mation for the flow we can approximate this integration

along s by an integration along x. We also neglected here the

effect of viscous boundary layer growth on the velocity

UðxÞ, which is only valid for 6h=aðxÞ � 1. Using an itera-

tive procedure one can correct for this effect. We will ignore

this subtlety. Separation occurs when

ðh2=�ÞðdU=dxÞ ¼ �0:09: (7)

Assuming a diffuser with plane side wall, we have for small

opening angles

aðxÞ ¼ amin þ x sinðjcLj þ jcRjÞ; (8)

where we implicitly assumed a paraxial approximation

(small angles corresponding to Prandtl’s boundary layer

approximation). Combining Eqs. (6), (7), and (8) yields an

implicit equation for xs, which should be solved numerically.

An initial guess can be obtained by assuming a plane wall

behavior h ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�x=ð9UBÞ

p
without pressure gradient, which

combined with Eqs. (7) and (8) and yields an explicit expres-

sion for xs.

We finally consider the separation of the wall-jet at the

glottal channel exit, using the method of Thwaites.

Assuming a radius of curvature Re � as at x ¼ le we can

estimate the adverse pressure gradient experienced by the

wall boundary layer as

ðdp=dxÞe ’ qU2
Bas=R2

e : (9)

Using the plane wall approximation he ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�le=ð9UBÞ

p
, we

find from Eq. (7) that separation occurs at x ¼ le when

leas=R2
e ’ 0:8. This explains that for t=Topen ¼ 0:9 the wall-

jet does not separate from the wall at the wall exit in the

experiment shown in Fig. 3 of Erath et al.2 For t=Topen

¼ 0:80 we have leas=R2
e’leamin=R2

e ’ 0:9 and the jet sepa-

rates just downstream of x ¼ le. This example demonstrates

the power of the theory of Thwaites. When the jet follows the

wall further downstream than x ¼ le an additional force

should in principle be applied in the dynamical model at x ¼ le

to take into account the force induced on the wall by the bend-

ing of the jet at the exit of the glottis. As this only occurs for

very thin jets, this can probably be neglected. While very

crude, the proposed model does not display an unrealistic dis-

continuous behavior as the BLEAP model.
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