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Dit proefschrift is goedgekeurd door de promotoren en de samenstelling van de pro-
motiecommissie is als volgt:

voorzitter: prof.dr.ir. A.C.P.M. Backx
1e promotor: prof.dr.ir. P.P.J. van den Bosch
2e promotor: prof.dr. S. Weiland
leden: prof.dr.ir. T. Basten

prof.dr.ir. R. De Keyser (Ghent University)
prof.dr. P.J.F. Lucas (RUN)

adviseur(s): dr.ir. B.J.W. Waarsing (Océ Technologies B.V.)
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project with Océ-Technologies B.V.

This project is under the responsability of Embedded Systems
Innovation by TNO.

This dissertation has been completed in fulfillment of the requirements
of the Dutch Institute of Systems and Control DISC.

A catalogue record is available from the Eindhoven University of Technology Library.

Model-Based Control for Professional Printing Systems
by Carmen Cochior. – Eindhoven : Technische Universiteit Eindhoven, 2014
Proefschrift. – ISBN: 978-90-386-3615-3

Copyright c© 2014 by Carmen Cochior.

This thesis was prepared with the LATEX documentation system.
Cover Design: Verspaget & Bruinink, Nuenen, The Netherlands
Reproduction: Printservice, Eindhoven University of Technology



v

Summary

Model-Based Control for Professional Printing Systems

Professional printers are high-tech systems that produce, distribute and manage docu-
ments. In the last four decades, the professional printing industry has grown world-
wide, due to an increasing need of printers with high throughput at lower costs. The
key requirements for professional printing systems are productivity (effective number
of printed pages per minute), reliability (always operational), quality consistency (con-
stant high quality and color consistency on a large variety of media types), ease of use,
and the cost-of-ownership. Therefore, cost effective operation of these printing systems
is required. We focus in this thesis on professional electro-photography toner printers.
In line with this, this research aims to investigate, develop, and design a more efficient
operation of professional printers by employing control methods and optimization tech-
niques.

We focus on a printer control system for maximizing the performance in run-time for
a wide range of media characteristics and a wide variety of environmental circum-
stances, e.g. different environmental temperature, outlet power levels. The (known)
print queue consists of a number of print jobs, each job with a finite number of the
same media characteristics (paper sheet weight, paper sheet size, thermal properties,
mode-simplex/duplex). To maximize the productivity and to satisfy the print quality
constraints, future paper sheet properties need to be taken into account in the control
design. As a result, the printer control system should be adaptable with respect to vari-
ations in print queue, environmental temperature and maximum outlet power levels. By
using the future (know) characteristics of the paper sheets in the print queue, the control
performance can be improved.

The physical and dynamic behavior of professional printers is well represented by a
mathematical model in the class of systems with input-induced nonlinearities. Systems
with input-induced nonlinearities are systems that can be linearized with the input, as
operating point, hence they fit also the class of linear parameter-varying systems (LPV).
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The key characteristic that makes the difference between this class of system and general
LPV systems is the external trigger that determines the changes in the system dynamics.
The external trigger (i.e. print queue characteristics, environmental temperature, limita-
tion in the maximum power outlet) is an exogenous signal, which determines different
operating points of the system. These operating points of the system are called modes.

For this class of systems, model based designs are explored for improving the through-
put, reliability, robustness, stability, consistency and cost-efficiency. The economic per-
formance of professional printers introduces nonlinear, non-convex criterions, which
leads, in general, to time-varying operating conditions. The research focuses on the
problem of transition control when both economic performance and constraints of the
system are taken into account.

First, the state estimation problem for this class of systems is addressed. The estimated
states are necessary to allow state feedback model-based control designs. We propose
Luenberger-type state estimators. A switched estimator design and a robust estimator
design are proposed for this class of systems, to deal with different classes of parameter
variations of the system. Under different assumptions on the model, sufficient condi-
tions are derived for the estimation error dynamics to be globally asymptotically stable,
under arbitrary switching among modes. The convergence rate of the estimation error
dynamics is made flexible and adaptable by introducing a decay factor. In addition,
the influence of disturbance on the estimation error dynamics is minimized in the H∞

sense. In the Linear Matrix inequalities (LMI) framework, solutions are derived for
such estimators.

Second, the control problem for this class of systems is addressed, to maximize the
throughput of the professional printers, translated into a well defined economic crite-
rion, while satisfying the the print quality requirements and the imposed constraints.
The proposed control approach, based on a predictive controller, utilizes a centralized
formulation. This formulation allows finding an maximum throughput, supports adapt-
ability, and can guarantee constraints satisfaction. The feasibility and the stability of
this predictive control problem are not easy to prove since the economic criterion is non-
convex and the output reference trajectory, to be followed, depends on a time-varying
target. So, a full analysis for this problem does not yet exists. Different assumptions on
the model of the system are considered, to assess the analysis of the closed-loop perfor-
mance, in relation to similar control problems that have been solved in literature. As a
solution, a two-level decomposition control problem is addressed for systems with input
induced nonlinearities. The economic objective and the transition control are combined
into a two-stage control problem. The first level, called a reference generator, deter-
mines the optimal mode of the system using the economic objective in run-time. The
second level is a model predictive formulation (MPC) for tracking control. Under differ-
ent assumptions on the model used for control, the closed-loop properties are analyzed
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for an arbitrary switching sequence in between modes. Small computation time makes
the two-level decomposition control approaches attractive for real-life implementation.
Using an industry supplied simulation model of the professional electro-photography
printer, simulation examples show the effectiveness of the proposed approaches.

This thesis concludes with a general discussion regarding the developed solutions and
obtained results. This discussion provides also a series of recommendations for future
research on model-based control for professional printers.
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Chapter 1

Introduction

In this chapter we first present the motivation for the research addressed in this thesis.
Next, we introduce the research targets. A short overview of the methodology consid-
ered in this thesis and the main contributions are presented too.

1.1 Professional Electro-Photography Printers

Professional printers are high-tech systems that produce, distribute and manage docu-
ments. Printing is the process for reproducing text and images, typically with toner or
ink on a medium. In this thesis we focus on professional toner printers. The printer
takes a set of blank media and a digital file as input and produces a printed document as
output. Documents can be printed in color or black-and-white and in a variety of sizes
and weights.
In the last four decades, the professional printing industry has grown worldwide, due
to an increasing need of fast machines that can produce more prints at lower costs.
In spite of e-mail, e-readers, and tablets, we live in a time of a continually increasing
dependency on professional printing systems, often in an industrial setting, e.g. for
publishing and transaction printing. The market for this class of printers usually consists
of offices, publishers and the graphics industry. The users require faster and cheaper
machines, able to print on a large variety of media types. Therefore, a cost-effective
operation of these printing systems is required. Examples of professional printers are
given in Figure 1.1.
The key requirements for professional printing systems are throughput (effective num-
ber of printed pages per minute), reliability (always operational), quality consistency
(constant high quality and color consistency), and ease of use [8]. A way to assure fast
product development is to improve system flexibility, the ability to adapt in response to
an evolution of technology, and customer expectations. Systems should be easily modi-
fiable, take advantage of new hardware and software technology and quickly respond to
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Figure 1.1: Océ professional printers

customer expectations. Adaptations are required during the design-time of a machine
due to changing market requirements. Likewise, changes are required in run-time, i.e.
to cope with modifications in the environment or outlet power that influence the print
quality and consistency.
A challenging application for a printer control system deals with maximizing the per-
formance at run-time for a wide range of media characteristics and a wide variety of
environmental circumstances, e.g. different environmental temperature and different
outlet power levels. Hence, the development of professional printers is required to
achieve high-quality prints with high printing speed for an increasing range of paper
dimensions, weights, colors and textures. The quality of the prints depends, for ex-
ample, on multiple temperatures inside the printer at different places, transfer of toner
into the media, speed of the engine. Heavy and large paper sheets require much more
thermal energy (and so electric power) to reach a required print quality. An in-depth
understanding of the relation between the media characteristics and the printing process
is required, so as to achieve high performance.
In line with this, this research aims to investigate, develop, and design a more efficient
operation of professional printers by employing control methods and optimization tech-
niques. Model-based control techniques are investigated to cope with large variations in
the paper sheet characteristics, to achieve a low per-print cost (throughput maximization
and energy efficient) and high-quality prints under a large range of conditions. In the
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print queue different paper sheets with different characteristics are selected. By clev-
erly exploiting the knowledge of the print queue (future knowledge on the paper sheet
characteristics), the control system could anticipate on the future behavior/changes and
adapt for better performance.

1.2 Research targets

To maximize the throughput and to satisfy the print quality constraints, specific paper
sheet properties in the print queue need to be taken into account in the controller design.
In addition, the professional printers should be adaptable with respect to variations in
print queue, environmental temperature and maximum available power constraints. The
print queue consists of a number of print jobs, where each job consists of a finite num-
ber of print requests that involves the same media characteristics (paper weight, paper
size, thermal properties, mode- simplex/duplex). In this thesis it will be shown that by
explicitly anticipating on the characteristics of the jobs in the print queue, the controller
performance can be improved.
A dynamic model, representing a variety of subsystems involved in the printing process,
paper path and heat flow, is derived in this thesis to capture the thermal behavior. Such
a model is needed for model based control design. The model should adapt to the
paper sheet characteristics, environmental temperature, maximum available power, and
other components interacting with the paper path and heat flow, since they influence the
dynamics of the system.
These challenges lead to a number of explicit research goals that will be considered in
this thesis. Specifically,

1. describe an appropriate model which captures all relevant physical phenomena for
the paper path and heat flow, to characterize throughput and quality consistency
depending on the print queue. The model has to incorporate anticipations towards
forthcoming printer jobs.

2. derive appropriate controllers based on the model class defined at point 1. to improve
throughput, quality consistency, stability and robustness of a printer system.

1.3 Methodology and main contributions

1.3.1 Modeling

To address the first research target, a deterministic, nominal model will be derived to
represent and describe the paper path and heat flow systems and will allow to assess
throughput, quality consistency, stability, and robustness of a printer system. We are
only interested in models that can be easily adapted with changes in the paper sheet
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characteristics.

Using first-principle physical knowledge of the printer, we derive a time-continuous
lumped thermal model with temperature, power, and paper mass flow as variables and
thermal capacities, thermal resistances as parameters. The different paper sheets have
a major influence on the parameters of the printer model (thermal capacities and resis-
tances) and different power losses to the environment. Heavy and large sheets require
much more thermal energy (and so electric power for the heaters) to reach a required
temperature. The process behaves predictably, such that the resulting thermal states of
the system can be predicted a priori based on known initial condition and operating
conditions of the process (i.e. speed of the engine, distance between sheets, paper sheet
characteristics). So the influence of print queue characteristics can be directly incor-
porated in the dynamic model of the printer. The model of the system then becomes a
parameter-dependent model, incorporating the paper sheet characteristics.
The paper sheets entering the system are discrete events. Each of the paper sheet types
determines a different operating mode of the system (mode). As the time between two
paper sheets entering the printer in continuous run is much smaller than the thermal
time constants of the thermodynamic process, individual sheets can be represented by a
continuous paper mass flow.
The following important assumptions are made on the model of the professional printer:

• a lumped model is appropriate to capture all heaters and heat exchanges in the
printer sufficiently accurate, to model the heat flow;

• a continuous mass-flow is allowed, to model the paper path;

• the paper path and heat flow system are dynamically decoupled from the rest of
printer systems (e.g. transportation system, mechatronic systems) via the large
thermal time-constants of the printer;

• the operating point of the system is determined by the input print queue and two
of the inputs of the system, namely speed of the engine and distance between
sheets. Since the maximum available power and the environmental temperature
will determine changes in the speed of the engine and distance between sheets,
they are assumed to influence the operating point of the system as well. In each
operating point, the model of the system can be linearized;

• the paper path and heat flow system is sufficient to study throughput maximization
and quality consistency.

Based on these assumptions, we can model the thermodynamics of the professional
electro-photography printers with a mathematical model in the class of systems with
input-induced nonlinearities. Systems with input-induced nonlinearities are systems
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that can be linearized with the input as operating point, hence they can be incorporated
in the class of linear parameter-varying systems (LPV). If specific inputs are viewed as
parameters that affect the dynamics of a linear time-invariant dynamical system, then
its input-output behavior is generally nonlinear and we will refer to such parameter-
varying system as an input-induced nonlinear system. The key characteristic that makes
the difference between this class of system and general LPV systems is the external
trigger that determines the changes in the system dynamics (Fig. 1.2). The external
trigger (i.e. print queue characteristics, environmental temperature, limitation in the
maximum power outlet) is an exogenous signal, which determines different operating
points of the system. These operating points of the system will be called modes. The
model of the system switches arbitrarily between modes due to this external trigger.
The total number of modes is infinite. When the total number of modes is assumed to
be finite and known, the model can be and will be approximated as a switched linear
system.

internal trigger external trigger

NLPV

LPV

systems with
input-induced
nonlinearities

Figure 1.2: The class of systems with input-induced nonlinearities

1.3.2 Control approaches

For this class of systems the research target focuses on improving the throughput, qual-
ity consistency, stability, and robustness. In this thesis we are interested in finding the
best control designs to meet these requirements. Several approaches exist to cope with
different classes of parameter variations and disturbances to design advanced feedback
controllers. These approaches can be classified as Optimal, Robust and Adaptive de-
signs. They have the following characteristics:

• In an optimal design approach, the best controller is designed based on accu-
rate knowledge of the process, disturbances and a well defined quantitative per-
formance criterion. If the uncertainties are explicitly known, the controller is
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designed to be optimal in a well defined sense. But if the assumptions about
process or disturbances are not correct, the performance may deteriorate consid-
erably. This approach may therefore not be the best way to deal with uncertainty
or changing operating conditions when uncertainty manifests itself.

• A robust design explicitly accounts for expected deviations that can occur. A
controller is synthesized that delivers an acceptable performance even in the worst
expected situation. So, the design is inherently conservative and requires explicit
modeling of uncertainty. There is always a trade-off between robust stability and
robust performance. Typically, the price to be paid for increased robustness is a
reduction in achievable performance.

• An attractive alternative of a robust design is an adaptive design. Then, the
controller explicitly or implicitly takes into account the changing parameters or
changing disturbances and adapts itself to the new situation. Within this new sit-
uation the control system also adapts so as to achieve high performance. As it
adapts itself to changing parameters and disturbances, it is inherently robust. In
that sense adaptive control combines the advantages of optimal control (high per-
formance) with those of robust control. However, adaptive control may require
a high level of real time computations and guaranteeing performance can be an
issue.

To improve the performance of the professional printing systems, the user requirements
need to be translated into control objectives. Hence, the control designs for systems
with input-induced nonlinearities, which will be described in this thesis, include the
following requirements, to satisfy research targets:

• a control design to maximize the throughput of professional printers;

• a control design that is able to deal with future knowledge about the parameter
variations determined by the print queue characteristics;

• to include safety constraints, and suppression of known and unknown distur-
bances;

• a state estimator design for system state estimation (since not all the system states
are measurable in real time). The estimator design must cope with the parameter
variations determined by the external trigger.

State estimator design

The estimated states are necessary to allow state feedback model-based control designs
([86]). We will design estimators for systems with input-induced nonlinearities. We pro-
pose Luenberger-type state estimators, and we will derive sufficient conditions for the
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estimation error dynamics to be globally asymptotically stable, under arbitrary switch-
ing among modes.

Assuming the total number of modes to be known and finite, the model of the system
will be approximated with a switched linear system. A switched estimator design will
be considered, for which conditions to assure the asymptotic stability of the estimation
error dynamics will be derived, under arbitrary switching between modes. The perfor-
mance of the estimator design will be evaluated. Linear Matrix Inequalities (LMI) are
used to find solutions for such estimators.

For an infinite number of possible modes, we will assume that all modes shape a poly-
topic region. A robust estimator design will be proposed. The performance of the
estimators will be analyzed and robust stability is proven based on Lyapunov theory,
irrespective of the switching behavior in between modes determined by the external
trigger. LMIs are used to find solutions for such estimators.

Control design

The proposed control solution will be based on Model Predictive Control (MPC). The
MPC controller manipulates the inputs of the system to obtain desired performance
specifications on the output of the system. The performance is translated into a general
well defined cost function. The performance specifications include also safety con-
straints and suppression of known or unknown disturbances. Due to the ability of pre-
dicting future control scenarios, the future knowledge on the paper sheet characteristics
can be exploited for better performance. MPC is the best solution for constraints han-
dling ([65]).

The proposed solution will utilize a centralized formulation for systems with input-
induced nonlinearities, which will allow finding an optimum throughput, supports adapt-
ability, can guarantee constraints satisfaction. The feasibility and the stability of this
nonlinear MPC control problem are not easy to prove since the economic criterion is
non-convex and the output reference trajectory, to be followed, depends on a time-
varying target. So, a full analysis for this problem does not yet exist.

A two-level decomposition control problem will be addressed for systems with input
induced nonlinearities. The economic objective and the transition control will be com-
bined into a two-level control problem. Under the assumption that the total number of
modes is finite and known, the model of the system used for control switches in time
among linear submodels (modes), resulting in a switched linear model approximation.
The optimal operating point will be determined by the first level. The second level is
an MPC formulation for switched linear system, for which stability and performance
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will be analyzed. Robust stability will be analyzed as well, when the MPC is further
improved with a robust design.

1.4 Thesis outline

The thesis is structured as follows.

In Chapter 2 we present the professional electro-photography printer application. First
we present the printing process and the cycle of operations. We focus on the paper path
and the heat flow systems. The control challenges for the paper path and the heat flow
are introduced. The model of the system used for model-based design is derived using
first-principle physical knowledge of the system and measurements from experiments
carried out at the system. Finally, the class of systems with input-induced nonlinearities
is introduced, and appropriate model approximations are considered, for which suitable
control methods exist to satisfy our research targets.

In Chapter 3 we consider the state estimation problem for systems with input-induced
nonlinearities. State estimators estimate the current state of the system, based on the
model and the input-output data. This model of the system switches among submodels
(modes), where the switching is externally triggered. We propose Luenberger-type state
estimators, and derive sufficient conditions for the estimation error dynamics to be glob-
ally asymptotically stable, under arbitrary switching among modes, when the number
of the modes is known and is finite. For an infinite number of modes, a robust estimator
design is proposed, which allows incorporating a class of parametric uncertainties. The
performance of the estimators is analyzed and the stability is proven based on Lyapunov
theory, using the linear matrix inequalities framework.

In Chapter 4 we briefly introduce the concept of model predictive control. Next, we
present the theoretical framework for tracking control and economic MPC, which will
be used in this thesis for throughput maximization, output tracking and constraints han-
dling.

In Chapter 5 we address the problem of control structures for systems with input-
induced nonlinearities and we focus on the problem of transition control, when the
economic performance and the constraints of the system are taken into account. We
elaborate on the problem formulation, with emphasis on constraints, assumptions re-
quired for a well defined optimization problem, and the control objective that has to
be achieved. Next, we propose a centralized formulation for maximizing the economic
performance. The feasibility, the stability and performance of this MPC control law are
not yet analyzed since the economic criterion is non-convex and the output reference
trajectory, to be followed, depends on a time-varying target. Alternative implementa-
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tions are presented next, which allow closed-loop properties to be analyzed and which
are suitable for real-life implementations. Simulations using the centralized formulation
illustrate the effectiveness of the proposed control scheme, encouraging further devel-
opments.

In Chapter 6 we address the problem of two-level decomposition control for systems
with input induced nonlinearities. The economic objective and the transition control
are combined into a two-level control problem. The feedforward level determines the
optimal operating point (mode) of the system based on the online available information
from the sensors and print queue. The feedback level controls the dynamics of the sys-
tem around the operating point. We make the assumption that the model of the system
used for control switches among submodels (modes), where the switching is externally
triggered, and the total number of modes is known and finite, resulting in a switched
linear model approximation. With this, we develop an MPC formulation for tracking
control, which allows adaptability, stability and performance of the closed-loop to be
analyzed. Robust stability is analyzed next for a class of parametric uncertainties, when
the MPC is further improved for a robust design. Finally, simulations illustrate the effec-
tiveness of the proposed control scheme in comparison with the centralized formulation.

Finally, in Chapter 7 we present the conclusions of this thesis and possible directions
for future research.

1.5 Basic mathematical notation and definitions

In this section, some basic mathematical notations and standard definitions are recalled.

• R, R+, Z, Z+ denote the field of real numbers, the set of non-negative reals, the
set of integers, and the set of non-negative integers, respectively;

• for a real number a ∈R, |a| is the absolute value;

• norms: ‖ a ‖1= ∑
n
i=1 |ai| is the 1-norm; ‖ a ‖2=

√
∑

n
i=1 |ai|2 is the Euclidian norm;

• ‖ a ‖∞= maxi=1,..,n |ai| is the the infinity (maximum) norm;

• In denotes the identity matrix of dimensions n×n;

• for a matrix Z ∈Rn×m, ZT denotes its transpose, and Z−1 denotes its inverse;

• for a symmetric matrix Z ∈ Rn×n, Z � 0 denotes that Z is positive definite, i.e.
for all x ∈Rn \0 it holds that xT Zx > 0;

• for a symmetric matrix Z ∈ Rn×n, λmin(Z) and λmax(Z) are the smallest and the
largest eigenvalues of Z, respectively;
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• col operator stacks arguments in a vector according to u = col(u1,u2) :=
(

u1
u2

)
;

• the diag operator creates a diagonal matrix according to Z = diag(λ1, . . . ,λn) := λ1 · · · 0
... λ.

...
0 · · · λn

, Z ∈Rn×n;

• the time axis is denoted by T= [k,k+T ]∩Z, where k ∈Z+. That is T= {k,k+
1, . . . ,k +T} is the time axis at time instant k until k +T ;

• for a vector space X the signal space of all signals x :T→ X is denoted XT;

• for two vectors a ∈ Rn, b ∈ Rn then a ≤ b means ai ≤ bi, for i = 1, ..,n. The
inequalities ≥, <, > are defined similarly;

• the convex hull of N vectors xi ∈Rn is chull(x1, . . . ,xN) := {∑N
i=1 αixi | 0≤ αi ≤

1;∑
N
i=1 αi = 1}. The set is convex.
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Chapter 2

Modeling of heat flow and paper
path systems

2.1 Introduction

In this chapter we consider the state of the art of models for the professional electro-
photography printers.
We focus on the paper path and heat flow systems in a professional printer. Figure (2.1)
presents a schematic view of these two subsystems. The thermal process and the engine
speed play an important role both for the throughput and the quality of the prints. In
the fusing point, the toner is melted into the media, hence the temperature of fusing is
very important. When this temperature is too low, the toner will not penetrate the paper
sheet and can easily be removed from the paper sheet surface. If the temperature is too
high, the toner will melt to any surface and, not always at the intended positions on the
paper sheet.
The printing process depends on multiple temperature setpoints at different places, pre-
cise electro-magnetic conditions, transfer of toner into the media, speed of the engine,
and many other considerations. The objectives of professional printers are to achieve
high quality prints with high printing speed. To solve these demands, we investigate,
develop, and design a more efficient operation of heat flow and paper path systems by
employing control methods and optimization techniques.
In Section 2.2 we present the printing process with some technical details about the
fusing process. Section 2.3 presents a schematic view of the paper path and heat flow.
The challenges for the printing process are presented in Section 2.4. For model-based
control designs, a model of the process must be available, therefore Section 2.5 and
Section 2.6 focus on the modeling for control. Using data collected from the machine,
Section 2.7 presents techniques for estimating the parameters of the developed model.
Section 2.8 makes an introduction of the system with input-induced nonlinearities.
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Figure 2.1: Electro-photography printer : 1. Paper input; 2. Print engine: a. Paper path,
b. Printing process; 3. Finisher.

2.2 Printing process

2.2.1 Some history

Electrophotographic printing is often referred to as Xerography. This is a printing and
photocopying technique that operates with electrostatic charges ([81], [82], [90]). The
xerography process is the dominant method of reproducing images and printing com-
puter data and is used in photocopiers, laser printers and fax machines. The term derives
from the Greek words xeros, meaning dry and graphos, meaning writing, since no liquid
chemicals were involved in the process, unlike the conventional wet copying systems.
The xerographic process consists of creating an electrostatic image on a photoconduct-
ing drum or belt (toner transfer belt), developing that image with a toner, transfer that
image to a medium, typically paper, and then fusing the toner into the material.
Xerography was invented in 1938 by an american patent lawyer named Chester Carlson.
In the beginning, engineers considered the idea useless and several years passed before
the potential of the invention was appreciated by industry. The Battelle Memorial In-
stitute, a nonprofit organization, invested in Carlson’s research and eventually signed a
licensing agreement with a company called Haloid. Battelle and Haloid collaborated
in research and demonstrated the technique in 1948. Electrophotography was based on
two natural phenomena: materials of opposite electrical charge attract and some mate-
rials become better conductors of electricity when exposed to light. Carlson invented a
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six-step process to transfer an image from one surface to another using these phenom-
ena. The original xerography process allowed for reproducing or printing only grayscale
images. The Haloid Company developed the first compact office photocopier called the
”Xerox 914” in 1959. Haloid subsequently became Xerox.
In 1969, by modifying an existing xerographic copier, the first prototype of a laser
printer was developed. The laser printer was invented at Xerox by researcher Gary
Starkweather. Starkweather disabled the imaging system and created a spinning drum
with 8 mirrored sides, with a laser focused on the drum. Light from the laser would
bounce off the spinning drum, sweeping across the page as it traveled through the copier.
The first commercial implementation of a laser printer was the IBM 3800 in 1976, used
for high-volume printing of documents such as invoices and mailing labels. Due to high
costs, a small number of institutions could afford it.
The first laser printer designed for use in an office setting was released with the work-
station Xerox Star 8010 in 1981. After personal computers became more widespread,
the first laser printer intended for a mass market was the HP LaserJet 8ppm, released in
1984, using a Canon engine controlled by HP software. The HP LaserJet printer had
high print quality, could print horizontally or vertically, and produce graphics. The HP
LaserJet printer was quickly followed by laser printers from Brother Industries, IBM,
Apple Computer (with the LaserWriter) and others.
Xerography is used in most photocopying machines and in laser and LED printers.

2.2.2 Description of the printing process

Electrophotography is a complex digital printing technology, consisting of two critical
materials (toner and photoconductor), and six process steps. These steps are charging of
a photoconductor, exposing the photoconductor drum or belt to the image, development
of the latent image, transferring the image from the photoconductor to a sheet of paper
or any other printing media, fusing the developed image to the printing media and finally
cleaning any residual toner from the photoconducting drum or belt in preparation for the
next print ([34], [51], [39], [90]). We explain these steps in more detail.

Charging

In contrast to ink jet printers where the image is written directly to paper, in xerography,
the image is first written as a pattern of charge on a photoconductor. The photoconductor
consists of a thin layer of photoconductive material that is applied to a flexible belt or
drum, and is known also as the toner transfer belt (TTF). The purpose of the charging
subsystem is to uniformly charge the photoconductor. An electric field is established
within the photoconductor film. A charge distribution on the photoconductor surface
is generated by absorbtion of ionized gas molecules that arise from an electric corona
device. A corona discharge device usually consists of several thin wires, which are
strung within a metal enclosure. High voltage is applied to these wires, which generates
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Figure 2.2: Xerographic process - schematic view

an electric field around the wires. This voltage level is required to obtain a strong
enough electric field to attract the toner particles used in xerography. This electric field
ionizes the air molecules and results in charged ions. The charged ions are driven onto
the photoconductor surface. To avoid non-uniformities in the developed image, the
distribution on the surface of the photoconductor is important. The polarity depends on
the choice of the photoconductor material, its dielectric strength at positive or negative
voltages, and the polarity of the charged toner particles used to develop the image.

Exposure

The photoconductors have the essential property to become conductive when exposed
to light and they are insulative in the dark. Good insulating qualities are important so
that charge patterns can be retained for a period of time long enough to complete the
development process. While exposed to light, an electrostatic image pattern can be
formed on its surface by either optical or laser means. After charging, the photoconduc-
tor has a uniform surface potential associated with it. So the photoconductor is ready
for the image exposed on its surface. The imaged areas of the photoconductor remain
unexposed and charged, while the areas that receive light become neutralized. In the
neutralized areas the charge is drained away from the surface to the metallic ground.
Using lenses and mirrors, the printing systems and copy machines are able to expose
and form a latent image on the charged photoconductor. One technique is to scan the
document in synchronization with the photoconductor. Another one uses flash lamps
and optics that focus the image onto the photoconductor. The best known technique
uses lasers for image formation. The light is scanned laterally using a polygon mirror
rotated at a constant angular velocity. The electrostatic image can now be developed on
the surface of the photoconductor.
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Development

Once the electrostatic latent image is formed on the photoconductor, the next step is the
development. The image is converted into a visible one, by depositing charged toner
particles on the photoconductor. The toner is a pigmented powder used to develop the
image. Toner particles are usually made of copolymers and colorant and they have pre-
cisely controlled electrostatic properties and range in size between 5 to 10 micrometers.
The particles are charged by the phenomenon of static electricity. The charged insula-
tive toner particles are attracted by larger magnetic carrier particles that transport them
to the development zone. These carriers form brushes which are rotated by the magnetic
fields. The magnetic carrier has a thin dielectric skin so as to assure that the toner parti-
cles will not permanently stick. The developer carrier has an electric charge equal to the
charged area of the photoconductor, so toner will stick where the light has discharged
the photoconductor. The electric field associated with the charge pattern of the image
on the photoconductor exerts an electrostatic force on the charged toner, which adheres
to the image.

Transfer

The developed image is now ready to be transferred to a sheet of paper or to a different
printing media. The paper comes in contact with the photoconductor and with the aid
of a transfer corona unit, the image is transferred to the paper. The transfer corona unit
provides an attractive electric field. If a machine is using positive toner then it must use
a negative transfer corona unit. The charge must be strong enough to overcome the toner
adhesion to the photoconductor. The image is transferred with relatively high precision,
since the photoconductor rotates with the same speed as the printing media.

Fusing

After the image transfer, an important step is to make sure that the image stays on the
paper sheet. Before fusing, the toner-image can be easily disturbed or rubbed off from
the paper surface. Various methods of fusing include hot rolls pressure fusing, cold
pressure fusing, radiant fusing, flash fusing, and vapor fusing. The most common one
is the hot rollers fusing. This is accomplished by passing the paper through a pair of
rollers. A heated roll melts the toner, which is fused to the paper with the aid of pressure
from the second roll. These rollers are heated in advance. Typical fusing temperatures
are around 130 deg C. When a machine is first turned on, the warm-up time is meant to
preheat the fuser. Indeed, during warm-up, all the power available to the device is used
to heat the fuser as fast as possible.
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Cleaning

The toner transfer from the photoconductor to the paper is not 100 % efficient. The
toner particles that are not successfully transferred to the paper sheets must be removed
from the surface of the photoconductor, to not interfere with the corona charging and
the image exposure in the next printing cycle. A method to remove such toner particles
makes use of scraper blades or rotating brushes. An erase lamp and a corona unit are
also used. The corona unit has a polarity that is opposite to the main charging corona
device. The corona device neutralizes the surface charges and the erase lamp removes
the latent electrostatic image.

2.3 Schematic view of the paper path and the heat flow

Figure 2.3 presents a schematic view of the simplex paper path and the thermal process
inside a printer. It is assumed that the paper sheet enters the printer, with an environ-
mental temperature Tenv [K]. Paper sheets are heated up to a certain temperature Tpaperini

[K] while passing the HEX (heat-exchange) element. The heat transfer takes place be-
tween the new cold paper sheets entering the system, and the already fused hot sheets
leaving the system. The paper sheet passes a preheater element, with a temperature Tpreh
[K]. The paper sheet is controlled to a required minimum fusing temperature Tpaperout

[K]. The power used by the preheater is qpreh = iprehU [W], with ipreh [A] the current
and U [V] the voltage. The paper sheet and the toner meet in the fusing point, where
the toner is fused onto the paper sheet. The toner transfer belt (TTF) is controlled to
a required temperature TT T F [K], to enable the fusing process. The power used by the
TTF is qT T F = iT T FU [W]. The fusing temperature is Tf use [K] and it will determine the
quality of the prints. The fused paper sheets go again into the HEX element after which
they leave the system.

HEX PREHEATER TTFbelt

Tpaperini Tpaperout

Tpreh Tfuse

d

v

qpreh

qTTF

heating units

TTTF

mpap, cpap, l, b

Tenv

Figure 2.3: Schematic view of the paper path and the heat flow inside the printer

The thermal behavior of a device can be modeled with two constants, the thermal capac-
ity C [J/K] and the thermal resistance R [K/W]. The thermal capacity represents a buffer
of the thermal energy E = CT [J] with E the energy stored in that buffer, and T [K] the
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temperature. Basically, the following equations are valid with q [W] the thermal power
flow. The time derivative of the temperature is proportional to the net incoming power
flow q and the temperature difference ∆T between printer elements is also proportional
to the power flow q through the thermal resistor R. This leads to the equations:

Ṫ =
1
C

q; ∆T = Rq. (2.1)

Thermal power (heat) is transported in three different ways, namely by conduction,
convection, and radiation. The heat is transported by conduction through the mechanical
components. Heat flow is convected via the air flow, and radiated by hot surfaces. In
addition, heat is transported via the movement of objects in the printer, such as the
printing media or the transport system.
The speed of the engine is denoted by v [ m

s ] and the distance between sheets d [m].
These quantities will play an important role in determining the heat transport between
the elements of the printer and the paper sheets. So the dynamic behavior of the printer
is dependent on speed v and distance d.
Each individual sheet has its own characteristics determined by the mass of the paper
mpap [ kg

m2 ], the specific heat capacity of the sheet cpap [ J
kgK ], the length of the paper sheet

l [m] and the width of the paper sheet b [m].

2.4 Control challenges for professional printers

The main control objective for professional printers is to achieve the highest possible
throughput. The throughput is defined as the number of pages per minute ([PPM]) that
leave the printer and is denoted by Λ. That is,

Λ =
60v
l +d

(2.2)

Decreasing d or increasing v would result in an increase in throughput Λ. A sensitivity
analysis tells which inputs are the most important ones and most likely to affect system
behavior and/or predictions of the model. The absolute sensitivity of the function Λ to
variations in the input u = col(v,d) is given by

Sui =
∂Λ

∂ui
|OP (2.3)

where OP means that the partial derivative is evaluated at an Operating Point (OP)
depending on the fixed values of the inputs. Absolute-sensitivity functions are useful
for calculating output variations due to input variations and for assessing the times at
which an input has its largest or smallest effect. The partial derivatives of the throughput
function Λ, evaluated for v and d are:

Sv =
∂Λ

∂v
|OP =

60
l +d

(2.4)
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Sd =
∂Λ

∂d
|OP =

−60v
(l +d)2 (2.5)

Since in most of the cases |Sv| ≥ |Sd |, means that changing v will have more impact on
the throughput, than changing d.
Over a production cycle, we have to make a distinction between two important modes
M = {CS,CR} of the system:

• in cold start CS the printer has to be heated up before the first paper sheet can
be printed. During cold start the printer will run, but without paper sheets, to
get equally heated components and belts inside the printer. Without paper sheets,
the thermal capacities and resistances have considerable different values. The
initial temperatures inside the printer (so the system states x) will have the value
of the environmental temperature Tenv. In cold start, special attention needs to be
given to the first pages and the time required until the printing process can start.
Once the printing process starts, the system dynamics are influenced by many
nonlinearities.

• after the printing process starts, the printer reaches a different mode which is
called continuous run CR. Depending on the print jobs, the temperatures inside
the printer are highly influenced by the arrival of sheets into the printer. During
these changes the printing process should not be stopped. Control actions have to
be taken to assure a certain level of performance when switching between print
jobs. Also, if limitations in the maximum available power occur (due to another
process in the printer, e.g. use of scan) immediate control actions are required.
So in continuous run, the process will reach a steady-state mode only if nothing
will change during the printing process for a longer period of time. For the rest,
the dynamics of the printer are variable and directly influenced by the print jobs.

The following elements can be distinguished that interact with the printer:

• print jobs (print queue) are characterized by differences in paper sheets, each
characterized by its thermal and mechanical characteristics such as mass [kg/m2],
size (length l [m], width b [m]), humidity, surface. The characteristics of one
sheet will be represented by

θ = col(mpap, l,b,cpap)

Between jobs, but also within a print job, different sheets of paper can be se-
lected. This indicates that the temperatures in the printer are highly influenced by
the arrival of sheets into the printer. Heavy and large paper sheets require much
more thermal energy for the heaters to reach a required temperature of the fuse.
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From a control point of view these print jobs, stored in the print queue, will dis-
turb the thermal process considerably. The changes are fast (stepwise) and large.
Owing to the large thermal capacities in the printer and the limited amount of
electrical power, it is difficult to cope with these large changes. However, there
is one big advantage. The print jobs in the print queue are known in advance.
It is possible to anticipate the changes of the different sheets in the print queue.
When heavy sheets are expected, the temperature can already be raised to cope
with their higher demands for thermal power in the future. The major influence
of different sheets of paper are changing parameters of the printer (thermal ca-
pacities and resistances) and different power losses to the environment. So the
dynamics of the temperatures inside the printer are directly influenced by print
queue characteristics.

• The environmental temperature Tenv determines the thermal power loss of the
printer. The main influence is on the initial temperature of the paper sheets enter-
ing the system, so it has an influence over the temperature states of the system.
Although unmeasured, the environmental temperature will not change fast. A
controller has to compensate for the slow deviations in the environmental temper-
ature. The value of Tenv can be estimated to be in a certain interval, for example
15≤ Tenv ≤ 25.

The printer is subject to constraints. Most of them apply to actuator limitations and
physical bounds of the system.

• The most important constraint of the system is the fusing quality. Good qual-
ity means that the fusing temperature should be at a certain desired (print) job-
dependent temperature level (setpoint) for each different print jobs. The fusing
temperature is determined by the temperature of the printer subsystems and paper
sheets temperature in the fusing point. The error in the fuse temperature has to be
in between some bounds to not degrade the quality. The lower limit is the most
important, since a too low temperature means the toner will not penetrate the pa-
per. The upper limit is less important but also degrades the power consumption
of the printer (energy efficient).

• Protection of the power supply fuse. Sometimes, there is not sufficient power
available from the regular power outlet to allow printing at maximum desired
speed for any kind of media, while using at the same time all other printer mod-
ules. So the available power for heating up the system at any point in time is
limited by a varying maximum power. The maximum available power depends
on the power consumption of other machine functions. As in the fusing quality
case, control actions can compensate for these limitations. An important aspect
is to predict the amount of power required for a certain job to assure the fusing
quality. The variation of the maximum available power is unknown in advance.
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Maximum available power does not influence directly the dynamics of the sys-
tem, however it may lead to a necessary adjustment of speed of the engine and
the distance between sheets. If the available power is not sufficient to print at the
lowest speed v and maximum distance between sheets d, the printing process has
to be stopped until sufficient power becomes available.

• The speed is limited by a minimum and a maximum physical bound of the sys-
tem, but also the speed rate change at any time instant t is limited by a known
maximum.

• The distance between sheets is limited by a minimum and a maximum physical
bound of the system.

• All the temperatures and the input powers are limited by a minimum and a maxi-
mum value, due to the physical constraints of the printer.

2.5 System modeling for control

Modeling is the ability of creating mathematical descriptions of real systems (e.g. phys-
ical, chemical, electric). Such models can allow rapid prototyping, software testing, and
verification. A model can help to understand a system and to study the effects of differ-
ent components, and to make predictions about its behavior.
For control purposes, the models have to be relatively simple, but accurate enough,
to serve the purpose of the modeler. Depending on the intentions to use the model,
different parts of reality would be described. The most important task is to choose the
characteristics of the system that are necessary and sufficient to describe the process
accurately enough to suit the objectives. For this, an important decision involves the
selection of system boundaries. Everything outside these boundaries is classified as
environment of the system. If the selected boundaries are too narrow, important aspects
of the system are neglected. If they are too wide, the model can become too complex
and difficult to analyze.
For the printer system case study, several model representations are possible.

2.5.1 Lumped vs. spatially distributed systems

In a spatial distributed system, all dependent variables are functions of time, and they
typically satisfy partial differential equation (PDEs). They can describe physical pro-
cesses quite accurate but they are computationally complex. PDEs require fundamen-
tally different approaches in analysis and control design. An important reason to con-
sider spatially distributed systems is also related to the possibility to incorporate time
delays in the model. The system can be then represented with delay differential equa-
tions (DDEs). The design solutions for DDEs are different from solutions for ODEs
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problems, since DDEs require infinite dimensional state-space representations. Design-
ing adaptive controllers for PDEs and DDEs is in general a too restrictive requirement.

A lumped system is a system in which the dependent variables of interest are only a
function of time and have no spatial dependencies. In general, these variables satisfy a
set of ordinary differential equations (ODEs) with a finite number of parameters. Dis-
tributed elements are often represented by first-order or higher-order lumped elements.
For the professional printer system case study, the lumped model reduces the thermal
system to a finite number of lumped elements and assumes that the temperature differ-
ence inside each element is negligible. This approximation is useful to simplify complex
partial differential heat equations into a finite number of ODEs. The lumped model as-
sumes that the temperature within the element is spatially uniform, although its value
changes over time. The temperature within the element or part of a system, can then be
treated like a capacitative reservoir which absorbs and releases heat. Also, the system
is considered to be lumped from the point of view that all the operations occur one after
each other, without taking into account the spatial distribution. In between subsystems,
there is no heat lost in the environment, or among components of the system.

We will consider a lumped model for the system presented in the Fig. 2.3, to represent
the thermodynamics process, so the heat flow system. Due to the large thermal time con-
stants of the thermodynamic process, the delays present in the system can be considered
negligible, hence a more complex system representation will result in a complex con-
trol design and analysis, but with no major improvements. The approximation of each
component with one lumped element, instead of multiple elements, can be explained in
steady state by the physical principle law of energy conservation in the system.

2.5.2 Continuous mass flow vs. individual sheets

In a continuous mass flow model, the paper sheets are not modeled individually but
as a continuous paper mass flow, which interacts with the thermal components of the
printer. The paper sheets entering the system are discrete events. However, most of the
thermal aspects can be more easily described in a time-continuous domain, due to the
large thermal-time constants of the thermodynamic process. Also, the time between two
sheets that enter the machine in a continuous run is much smaller than the thermal-time
constants of the thermodynamic process.
This implies that the thermodynamic system deals with averaged paper sheets proper-
ties. So a coverage parameter can be defined:

l(i) =
l(i)

l(i)+d(i)
(2.6)

which represents the average cover of the sheets i (l length of the sheet i, d distance
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between paper sheets i and i−1), in the system, and helps in defining time-continuous
distances.

2.5.3 Simplex vs. Duplex

Simplex printing is the system presented in Fig. 2.3. The paper sheets enter the printer,
they are printed on one side, after which they leave the process. The control process
has to control the thermodynamics and the driving systems of the printer, to assure
maximum throughput and compliance to the constraints with the available resources.
For the simplex case, the print queue is an uncontrollable input to the system.
Duplex printing is a feature of printers that allows the automatic printing of a sheet of
paper on both sides. For duplex printing, the paper sheets printed on one side have be
returned in the print queue, and they will have a different temperature compared to the
paper sheets coming from the tray.
A duplex model could be the best representation of the real system, with individual
sheets and spatial distribution elements modeled also. But this will result in a very
complex model, for which limited control theory is developed. In this thesis we restrict
the design to the simplex case.

2.6 Grey-box model, lumped paper path and heat flow sim-
plex model

The following assumptions are made to derive the thermal model.

• The heat flow system is modeled as a lumped system, where the description of
spatially distributed thermal behavior is simplified to lumped thermal capacities
C and lumped thermal resistances R, and allows for further analysis of the system
properties;

• The paper sheets are modeled as a continuous paper mass flow, which interacts
with the HEX, preheater and the TTF belt. Since the time between two sheets that
enter the printer in continuous run is much smaller than all time constants of the
thermodynamic processes, this approximation is allowed;

• The paper path and heat flow system are decoupled from the remainder of the
printer systems (e.g. transportation system, mechatronic systems) via the large
thermal time-constants of the printer;

• The engine speed is the same in all points in the system;

• The maximum available power varies in time and is known just for the present
moment;
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• The operating point of the system is determined by the input print queue and two
of the inputs of the system, namely speed of the engine and distance between
sheets. Since maximum available power and the environmental temperature will
determine changes in the speed of the engine and distance between sheets, they
are assumed to influence the operating point of the system as well;

• In each operating point, the model of the system can be linearized;

• The paper path and heat flow system is sufficient to study throughput maximiza-
tion and quality consistency.

The vector of the inputs of the system is:

u :=


v
d

qpreh
qT T F

 (2.7)

where v is the speed of the engine, d is the distance between two paper sheets, qpreh is
the power used by the preheater, and qT T F is the power used by the TTF belt.
The outputs of the system including the estimated outputs, used for control, are:

y :=

 TT T F

Tpreh
Tf use

 (2.8)

where TT T F is the temperature of the TTF belt in the fusing point, Tpreh is the tempera-
ture of the preheater elements and, Tf use is the estimated fusing temperature.
The state vector is:

x :=


T1
T2
T3

Tpreh
Tpaperini

 (2.9)

where T1 is the temperature of the base TTF belt before the heating unit, T2 and T3
are the temperatures of other printer elements in contact with the TTF belt (i.e. image
rollers, groove cleaner), Tpreh is the temperature of the preheating element, and Tpaperini

is the temperature of the paper after the HEX element.
From the unknown disturbance category:

w := [Tenv] (2.10)

where Tenv is the estimated environmental temperature.
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The paper sheet characteristics are:

θ = col(mpap, l,b,cpap) (2.11)

as presented in Section 2.4.

2.6.1 Heat exchanger

The heat exchanger element HEX, is the first component of the process. It is not con-
nected to the power supply but assures the heat exchange between hot fused paper sheets
and new cold paper sheets entering the printer. In cold start, it has the environmental
temperature Tenv. Once the printing process starts, the fused paper sheet warm up the
HEX. An approximation of the influence of the HEX on the initial temperature of the
paper sheet Tpaperini exists. It depends on the paper mass flow properties (determined by
the paper sheet characteristics θ , speed of the engine v [m/s], distance between sheets d
[m]), the physical properties of the HEX (length of the HEX Lhex [m] and heat transfer
coefficient λhex [W/(m2K)], thermal conductivity λhexLhex [W/(mK)]), the TTF fusing
point characteristics (length B [m], thermal conductivity γFK/B [W/(mK)]), environ-
mental temperature Tenv, temperature of the paper sheets after preheating Tpaperout and
the temperature of the TTF belt in the fusing point TT T F . We have derived a dynamic
model for the Tpaperini .
In continuous run in steady-state, the initial paper sheet temperature Tpaperini satisfies:

Tpaperini = (1−η)Tenv +η(1−φ)Tpaperout +ηφTT T F (2.12)

where η =
λhexLhex

mpapvcpap

1+ λhexLhex
mpapvcpap

is defined as the efficiency of the HEX element and φ =
γFK

B
cpapvmpap

is defined as the relative contribution of the TTF belt compared with the preheater.

2.6.2 Preheater

Next, we consider the dynamics of the preheater. The preheater is modeled as a first or-
der system, with the thermal capacity Cpreh [J/K] and the thermal conductivity λprehLpreh
[W/(mK)] (length of the preheater Lpreh [m] and heat transfer coefficient λpreh [W/(m2K)
]). Let ε be a scaling factor to match the correct steady states around the interest work-
ing area, due to the possible other nonlinearities which could influence the process. The
preheater is then modeled by the equations ([8], [39]):

Ṫpreh =
1

Cpreh
(qpreh−ξ (Tpreh−Tpaperini)) (2.13)

where ξ = εmpaplbvcpap(1− e
−λprehLpreh
mpapvcpap ) 1

l+d . The input power to the preheater is qpreh.
The temperature of the paper sheet after preheating Tpaperout is then described by:

Tpaperout = Tpaperini +(Tpreh−Tpaperini)(1− e
−λprehLpreh
mpapvcpap ) (2.14)
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2.6.3 TTF belt

The variation of the TTF temperatures can be described by the following equations.
The temperature of the TTF belt can be measured only in one sensor point and yields
the measured temperature Tsensor. Several components interact with the TTF belt, but
since they do not have separate sensors for measurements, the representation of the TTF
belt is simplified.
Let T1 represent the temperature of the TTF belt before the heating unit. T2 and T3 are the
states of the components interacting with the TTF belt (e.g. cleaning drums, rollers). Is
is assumed that in steady-state, the temperatures, T1,T2,T3 will have the same value. The
temperature of the belt in the fusing point is given by TT T F and is a function of the base
belt temperature T1 before the heating, the power inserted into the belt by the heating
unit, and the power subtracted by the paper sheet in the fusing point. The temperature
TT T F is not measurable, but it is computable based on the sensor temperature Tsensor and
knowledge learned from documentation regarding the relation between the two points
on the TTF belt.
The TTF belt is heated up with the power qT T F . Since the heating unit is a radiator,
part of the the heat transfer from the heating unit to the TTF belt will be immediately
seen in the TTF belt temperature, and this term is a given by α

qT T F√
v for the TTF belt

temperature in the fusing point TT T F . In the sensor point, the heating unit influence is
represented by the term β

qT T F√
v . The amplitude of the radiated input power is inversely

related to the square root of the speed.
The connection between the thermal elements in the printer is done by the paper path.
After the preheating element, the paper sheet is in the fusing point and the printing
process occurs (temperature of the paper sheet before fusing Tpaperout ). In this point, the
TTF belt is in contact with the paper sheet. The characteristics of the paper sheets do
not influence the dynamics of the TTF belt (except for the temperature Tpaperout ), since
the contact point is very small and only the first layer of the paper sheet is warmed up
by the TTF belt. The power transferred onto the paper, in the fusing point, is qFK =
γFK(TT T F −Tpaperout ).
The dynamics of T1 are determined by the thermal capacities CT T F ,Croller,Cslow ([J/K])
and the thermal resistances RT T F2roller,RT T F2slow,Rleak ([K/W]). The efficiency of the
TTF belt is determined by ηT T F . Ṫ1

Ṫ2
Ṫ3

=

 −
1

CT T F
( 1

RT T F2roller
+ 1

RT T F2slow
+ 1

Rleak
) 1

CT T F RT T F2roller

1
CT T F RT T F2slow

1
CrollerRT T F2roller

− 1
CrollerRT T F2roller

0
1

CslowRT T F2slow
0 − 1

CslowRT T F2slow


 T1

T2
T3

+

 ηT T F
CT T F

0
0

qT T F +

 1
CT T F Rleak

0
0

Tenv

(2.15)
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TT T F = T1 +α
qT T F −qFK√

v

Tsensor = T1 +β
qT T F −qFK√

v

(2.16)

The fusing temperature Tf use is approximated by a function of the TT T F and Tpreh:

Tf use = h(TT T F ,Tpreh) (2.17)

The reference temperature for the fusing is a function of speed of the engine v, and
paper sheets characteristics θ :

Tf usere f = c1(θ)v+ c2(θ) (2.18)

where c1, c2 depend on print queue characteristics θ .
A second reference trajectory is defined for the preheater temperature Tpreh:

Tprehre f = c3(θ)v+ c4(θ) (2.19)

where c3, c4 depend on print queue characteristics θ .
We have incorporated the equations (2.12)-(2.16) in a state-space model representation
for the paper path and heat flow system, with the states (2.9), inputs (2.7), outputs (2.8),
and disturbances (2.10). This model will be used for model based design.

2.6.4 Constraints

The system constraints are defined as follows:

• The most important constraint of the system is the fusing quality, defined by the
error:

e f use(t) = Tf usere f (t)−Tf use(t) (2.20)

with Tf usere f and Tf use given by the equations (2.17) and (2.18). This error has to
be in between some bounds to guarantee the fusing quality. The higher limit is
the most important (too low fusing temperature):

e≤ e f use(t)≤ e for all t≥ 0 (2.21)

• There is not sufficient power available from the regular power outlet to allow
printing at maximum speed for any kind of media, while using all other printer
modules. So the available power for heating up the system at any point in time
limited by a varying maximum power qmax:

qpreh(t)+qT T F(t)≤ qmax(t) for all t≥ 0 (2.22)
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• The speed of the engine is limited by a minimum and a maximum physical bound
of the system. The speed rate change is limited by a known maximum vM, to
determine small speed changes:

v≤ v≤ v

|v̇(t)| ≤ vM for all t≥ 0
(2.23)

• The distance between sheets is limited by a minimum and a maximum physical
bound of the system:

d ≤ d(t)≤ d for all t≥ 0 (2.24)

• The temperatures - TT T F , Tpreh, Tf use, T1, T2, T3 and the powers- qpreh, qT T F , are
limited by a minimum and a maximum bound, due to the physical constraints of
the printer.

2.7 Parameter estimation

This section concerns the estimation of the parameters of the model presented with
the equations (2.12)-(2.16), based on collected data from a printer. In closed loop, the
system can be represented as in Fig. 2.4. Independent controllers are controlling the
temperatures of the preheater and the TTF belt. The temperatures inside the system
are measured only in two points: the temperature of the TTF belt at the sensor point
and the temperature of the preheater plate, ym(t) = col(Tsensor(t),Tpreh(t)). The powers
computed by the two controllers are measured also, um(t) = col(qT T F(t),qpreh(t)).

Tprehref +

-
Cpreh PREH

qpreh
Tpreh

TTTFref +

-
CTTF TTF

qTTF
Tsensor

HEX

TpaperoutTpaperiniTpaperenv

Tpaperfin

Tpaperfused

Figure 2.4: System in closed-loop

The estimated model needs to meet the following requirements:

• capture the correct heating up dynamics, since heating up is really important, to
not violate the lower bound on the fusing quality;
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• capture the correct steady-state solutions;

• for model based design, the transient behavior when heating up and cooling down
must be captured correctly, up to the length of a prediction horizon.

To identify the parameters of the model, the following decisions are required:

• structure of the model. Based on the physical knowledge about the system, the
number of delays, order, nonlinearities, representation of the model need to be
decided. Since the model (2.12)-(2.16) is build using physical knowledge of the
system, we select this model. It is assumed to have low complexity for control,
but still represent the essential dynamical characteristics of the real system;

• knowledge about the controllers involved in the loop. The controller structure
is partly know from documentation of the printer. The documentation yields a
very complex structure of the controllers, with many interactions with other sys-
tem modules. This makes the description of the real controller implementation
difficult. Hence, an approximation of the controller structure is selected;

• data generation. Experimental data will be collected from the machine, around
a specific operating point, taking into account the constraints of the operating
modes. The reference signal has to be persistent enough to catch the dynamics
of the system. With a constant input signal, only static behavior can be deter-
mined. Pulse responses and step responses better excite the dynamics. When
disturbances are present, it is important to know the character of the disturbances;

• choice of estimation method. Using the structure of the model and an appropri-
ate identification criterion, the parameters of the model are defined through an
optimization problem.

The system presented in Figure 2.3 and the associated model (equations (2.12)-(2.16))
neglect the interaction with other active thermal subsystems, like:

• the groove cleaner is a hot roll that removes any excess toner and paper dust from
the TTF belt. The power to heat up or cool down the groove cleaner heater is
controlled by a separate control system.

• the image drum provides the image to the belt, and this roll is cooled by a fan.

Since during the experiments these active control actions are not measured, in the model
approximation we assume the interaction on these systems passive, given by the states
T2 and T3, without separate control inputs.

The parameter estimation task will be done in two steps:
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Step 1. first propose a controller structure to model the unknown controllers involved
in the loop, and identify their parameters;

Step 2. with the identified controllers placed in closed-loop with the model, identify
the parameters of the model.

2.7.1 Structure of the model and of the controller

Structure of the model

Consider the model structure presented in Section 2.6 (2.12)-(2.16). It is necessary to
identify 10 parameters of the system. These are:

ρ = col(Cpreh,ε,CT T F ,Croller,Cslow,RT T F2roller,RT T F2slow,Rleak,α,β )

First two parameters are related with the preheating element, the other 8 parameters are
part of the TTF belt model.
The power inputs of the model qT T F and qpreh are in fact the outputs of the controller
involved in the loop.

Controller structure

An important task in the parameter estimation of the real process in closed-loop is to
estimate the controllers involved in the loop, Cpreh and CT T F . There are two separate
controllers acting on the preheater and the TTF belt, to bring the output of the system to
a required setpoint. The documentation describes a very complex structure of the con-
trollers, with many interactions with other system modules. Since no explicit controller
structure could be retrieved, we propose a reasonable controller structure.

For the preheater, the analysis of the system documentation suggests a PI controller.
There is a clear indication of the existence of a feedforward control structure in the
control scheme. An anti-windup structure ([14], [5]) is implemented also according to
the documentation.
Figure 2.5 presents the structure of the controller for preheater Ĉpreh. The input of the
controller is the error between the generated setpoint Tprehre f and the measured output
of the printer Tpreh. The output of the controller is denoted with q̂preh.
The model of preheater controller Ĉpreh can be described generically as:

sat(q̂preh) = min(max(q̂preh,qpreh),qpreh)

ė = f (e,col(Kpp ,Kip ,Ksp ,K f fp),col(Tprehre f ,Tpreh))

q̂preh = g(e,col(Kpp ,Kip ,Ksp ,K f fp),col(Tprehre f ,Tpreh))

(2.25)
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Figure 2.5: Estimation of the controller parameters for preheater

with sat representing a saturation function, e the state of the controller, and q̂preh the
estimated output of the controller. The functions f and g are two nonlinear functions
representing the controller dynamics, with the input given by col(Tprehre f ,Tpreh).
We need to identify 4 parameters of the controller Ĉpreh:

κ1 = col(Kpp ,Kip ,Ksp ,K f fp)

Figure 2.6 presents the structure of the controller estimation for TTF. The documenta-
tion reveals a very complex structure for the TTF, with many interactions with other
system modules. Since an exact representation of the control structure for the TTF can
not be reproduced, we approximate the control structure with a controller with anti-
windup effect and a feedforward gain, like in Fig. 2.6.
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Figure 2.6: Estimation of the controller parameters for TTF

The model of TTF belt controller ĈT T F can be described generically as:

sat(q̂T T F) = min(max(q̂T T F ,qT T F),qT T F)

ė = f (e,col(Kpt ,Kit ,Kst ,K f ft ),col(TT T Fre f ,Tsensor))

q̂T T F = g(e,col(Kpt ,Kit ,Kst ,K f ft ),col(TT T Fre f ,Tsensor))

(2.26)
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with sat representing a saturation function, e the state of the controller, and q̂T T F the
estimated output of the controller. The functions f and g are two nonlinear functions
representing the controller dynamics, with the input given by col(TT T Fre f ,Tsensor).
We need to identify 4 parameters of the controller ĈT T F :

κ2 = col(Kpt ,Kit ,Kst ,K f ft )

Consequently, we have to estimated 18 parameters for the model in closed-loop with
the controllers.

2.7.2 Experimental data

To do parameter estimation in closed-loop, experimental data is needed that is gener-
ated by independent excitations of the reference signals Tprehre f and TT T Fre f around an
operating point. The working range of the preheater and the TTF is between 80 and 105
[◦C].
Figure 2.7 represents the experimental data generated for this system in closed-loop:
temperature setpoint Tprehre f and TT T Fre f , controlled input um(t) = col(qT T F(t),qpreh(t))
[W] and controlled output ym(t) = col(Tsensor(t),Tpreh(t)) [◦C]. The setpoint and the
temperatures have been scaled with a factor 10, to match the power input scale. The
clock period has been set to 10 sec. As reference input for Tpreh and Tsensor we have taken
piecewise constant functions of time, assuming values between 80 and 105 degrees
Celsius with random switching times. The total length of the experiment is 670 sec.
The speed of the engine v and the distance between sheets d have been kept constant
on this interval. The mass of the paper was 80 [gr/m2] during all experiments. The
environmental conditions are assumed to be known.
A separate experiment was possible for the TTF belt temperature, in open-loop, with
an input step from 600W to 1000W in power (mass of the paper 80 [gr/m2], maximum
speed, environmental conditions known). The states of the preheater Tpreh and paper
Tpaperini are known during this experiment. The measurements are shown in Fig. 2.8.
The length of this experiment is 350 sec. The temperature of the belt in the fusing point
TT T F(t) is determined based on the temperature in the sensor point Tsensor, using the
system documentation.
The objective is to optimize the parameters of the system ρ , κ1 and κ2, using the avail-
able data. For the preheater, the data can be considered rich enough to identify the
dynamics and the steady-state solutions. For the TTF, the closed-loop measurements
include more information during transients but are poor in steady-state. This is, using
the two sets of measurements for the TTF can give a good indication of the capacities
determining the dynamics, and the resistances determining the steady-state solutions.
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Figure 2.7: Experimental data in closed-loop for Preheater (setpoint, Tpreh and qpreh),
and TTF (setpoint, Tsensor and qT T F )
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2.7.3 Choice of the estimation methods

Estimation method for the controller parameters

To estimate the parameters of the controllers, a Simulink model of the controller (repre-
senting the structure presented in the Section 2.7.1) and a fitting algorithm are used. The
input of the controller model is the error between the reference signal and the measured
output of the printer. It is required to optimize the parameters of the controller models κ1
and κ2 such that the output of the controllers model, q̂preh(t,κ1) and q̂T T F(t,κ2), fit the
experimental data, qpreh(t) and qT T F(t). The same algorithm applies for the preheater
and the TTF belt controller, so a generic notation will be used.
The identification criterion is the sum of squared errors between the measured data
qpreh,T T F(t) and the output of the controller model q̂preh,T T F(t,κ1,2) at each time t. N is
the length of the data set, so the best estimate is searched over the entire data set.

J(κ1,2) = Σ
N
t=1(qpreh,T T F(t)− q̂preh,T T F(t,κ1,2))2 (2.27)

The best estimate κ̂1,2 of the parameters set κ1,2 is:

κ̂1,2 = argminκ1,2J(κ1,2) (2.28)

As optimization algorithm, from Matlab, the function fmincon is used, with the sqp
algorithm. Sequential quadratic programming (SQP) [15] is an iterative method for
nonlinear optimization.

Estimation method for the printer model parameters

The schematic view of the parameter estimation using a fitting algorithm is presented
in Fig. 2.9. A Simulink model of the system in closed-loop has been used for estimat-
ing the parameters of the printer model. This model depends on the parameter vector
ρ presented in Section 2.7.1. The controllers in closed-loop are the estimated con-
trollers Ĉpreh and ĈT T F , identified at Step 1, on the basis of the same data set. The
Simulink model is fed with the reference signals used in the experimental data. It
is required to optimize the parameters of the printer models ρ such that the outputs
of the printer model, y(t,ρ) = col(T̂sensor(t,ρ), T̂preh(t,ρ)), fit the experimental data
ym(t) = col(Tsensor,Tpreh).
The identification criterion is the sum of squared errors between the measured data
ym(t) = col(Tsensor,Tpreh) and the output of the model y(t,ρ) = col(T̂sensor(t,ρ), T̂preh(t,
ρ)). Additionally, the minimization of the squared errors between the measured input
um(t) = col(qT T F ,qpreh) and the input computed by the controller u(t) = col(q̂T T F(t),
q̂preh(t)) is considered, with a penalty factor λest . Index i represents the number of the
inputs/outputs pair (so in our case i = 1,2, for preheater and TTF belt). N is the length
of the data set, so the best estimate is searched over the entire data set.

J(ρ) = Σ
N
t=1[(yim(t)− yi(t))2 +λest(uim(t)−ui(t))2] (2.29)
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Figure 2.9: The schematic view of the parameters estimation

The best estimate ρ̂ of the parameters ρ is obtained as:

ρ̂ = argminρJ(ρ) (2.30)

As optimization algorithm, from Matlab, the function fmincon is used, with the sqp
algorithm. Since the algorithm allows constraints, in the optimization process, bounds
can be set for the parameters ρ to limit the searching area of the solution.

For the TTF, a second set of data is available in open-loop. A parameter estimation of the
TTF parameters ρ ′ = col(CT T F ,Croller,Cslow,RT T F2roller,RT T F2slow,Rleak,α,β ) can be
done in open loop, using the Simulink model of the printer, to obtain a set of values for
ρ ′. The states of the preheater and paper sheet are known during this experiment. The
identification criterion is the sum of squared errors between the measured data Tsensor(t)
and the output of the model T̂sensor(t,ρ ′) at each time index t, plus the sum of squared
errors between TTF temperature in the fusing point TT T F(t) and the output of the model
T̂T T F(t,ρ ′). The best estimate is obtained by minimization of the identification criterion
over ρ ′.

2.7.4 Results of the parameter estimation

Controller estimation results (Step 1)

Given the controller structure for the preheater Ĉpreh, and the measured data presented
in Fig. 2.7, the controller gains κ1 = col(Kpp ,Kip ,Ksp ,K f fp) have been estimated.
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The results are presented in Fig. 2.10. As it can be seen, the identified power input q̂preh
matches the measured experimental data qpreh. A feedforward gain plays an important
role in compensating for the steady state errors.
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Figure 2.10: Estimation of the controller parameters for preheater

Given the controller structure for the TTF belt ĈT T F , and the measured data presented
in Fig. 2.7, the controller gains κ2 = col(Kpt ,Kit ,Kst ,K f ft ) are identified. The results
are presented in Fig. 2.11. The estimation results for the TTF controller are acceptable.
We focused on the estimation of the TTF power between [350− 1400] [W]. This also
explains that the misfit between the identified controller and the experimental data re-
sults at low power ranges is due to the lack of validity of the controller parameters in
the working range of TTF powers below this range.
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Figure 2.11: Estimation of the controller parameters for TTF

Printer model estimation results (Step 2)

Using the open loop data of the TTF belt (Fig. 2.8), first parameter estimation is done for
the TTF belt, yielding ρ ′ = col(CT T F ,Croller,Cslow,RT T F2roller,RT T F2slow,Rleak, α,β ).
For the closed-loop data, using the Simulink model of the printer (with the model struc-
ture presented in Section 2.7.1) and the identified controllers in Step 1, the parameters
of the printer ρ are fitted using the scheme from Fig. 2.9 and the Fitting algorithm (see
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2.7.3) in closed-loop. The initial condition for the TTF parameters are assumed to be the
values ρ ′ obtain on the basis of the open-loop data. With the new results obtained us-
ing the closed-loop data as initial condition, we have re-estimated the parameters of the
TTF ρ ′ on the basis of the open-loop data once more. We have repeated this procedure
several times, until the results converged to the measured response for the TTF.
For the TTF, to have a good estimated model in steady-state, the correct resistances
RT T F2roller, RT T F2slow, Rleak are considered to be the ones identified in open loop, to-
gether with the α and β factors. The thermal capacities CT T F , Croller, Cslow are taken
from the the closed-loop estimation approach, since they are influencing the dynamics
of the system. The eigenvalues of the TTF reveal a stable system.
As it can be seen in Fig. 2.12, the identified model in open-loop follows the experimental
data accurately, resulting in a good parameter estimation.
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Figure 2.12: Estimation of the model for TTF on the basis of the open-loop data

On the basis of the closed-loop data, the parameter estimation results are presented in
Fig. 2.13- 2.14.
The identified capacity for the preheater model Cpreh matches the documentation values,
which validates our model. The model is stable for control.
For the TTF belt, the model is stable for control. The TTF model captures the correct
steady-state values and the dynamics for heating up, but the model is faster in cooling
down than the real system. A possible reason for this error in cooling down is caused
by neglecting the input actions for the groove cleaner and image drum. These control



2.7. PARAMETER ESTIMATION 37

actions can not (of course) be captured by the present model. As it was presented in
Section 2.6.4, a too low temperature in the fusing point is not allowed, while a higher
temperature is acceptable. Consequently, capturing the correct heating up behavior is
more important than focusing on cooling down. Since the cooling down error becomes
large only after a longer horizon, this validates the model for our control purposes.
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Figure 2.13: Estimation of the model for preheater in closed-loop in comparison with
the experimental data
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Figure 2.14: Estimation of the model for TTF in closed-loop in comparison with the
experimental data

Remark 2.7.1. During experiments a direct identification method has been tested, to
estimate the parameters of the model on the basis of the input-output measurements,
um and ym, while neglecting the controllers involved in the loop, with unsatisfactory
results. Another tested method considered estimating both the controller parameters
and the model parameters in the same time. For this method the algorithm failed to
return estimates. This because, the available data is not sufficiently rich.
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2.8 Systems with input-induced nonlinearities

The physical and dynamic behavior of professional electro-photography printers is well
represented by the mathematical model presented in Section 2.6. A continuous time
compact representation of this model is:

ẋ(t) = f (x(t),u(t),θ(t),w(t))
y(t) = g(x(t),u(t),θ(t))

(2.31)

where x(t) ∈Rn is the system state vector, u(t) ∈Rm is the input vector, θ(t) ∈Rnθ is a
known parameter vector, w(t) ∈Rnw is the unknown disturbance vector, and y(t) ∈Rp

is the measured output of the system.
The following assumptions are made on this model:

a1 the model can be discretized in time sufficiently accurate;

a2 for all time t ≥ 0, the parameter vector θ(t) is an element of a finite set Θ =
{θ1, ...,θNθ

}, θ(i) ∈ Rnθ , where Nθ , represents the total number of possible out-
comes of the media characteristics for the professional printer;

a3 the input vector u(t) can be decomposed according to u(t) = col(ud(t),ul(t)), where
ud(t) = col(v(t),d(t)) is a controllable or uncontrollable input, depending on the
control design, and ul(t) = col(qT T F(t),qpreh(t)) is a controllable input;

a4 with this input decomposition, a parameter vector σ(t) = col(θ(t),ud(t)) of the sys-
tem can de defined, and the system can be linearized with this parameter vector;

a5 σ(t) is only determined by external variables: media characteristics θ(t), maximum
available power qmax and environmental temperature Tenv.

With these assumptions, this model belongs to the class of systems with input-induced
nonlinearities. Systems with input-induced nonlinearities are systems that can be lin-
earized with the input, as operating point, hence they can be incorporated in the class of
linear parameter-varying systems (LPV). If specific inputs are viewed as parameters that
affect the dynamics of a linear time-invariant dynamical system, then its input-output
behavior is generally nonlinear and we will refer to such parameter-varying system as
an input-induced nonlinear system.

Remark 2.8.1. The difference between LPV systems and systems with input induced
nonlinearities is represented by the external trigger signal that determines the variations
in the σ(t). In LPV systems, the parameter vector σ(t) can have a state dependency
σ(t) = κ(x(t)), hence is internally triggered. This case is not covered by systems with
input induced nonlinearities.
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The external trigger (i.e. print queue characteristics, environmental temperature, limita-
tion in the maximum available power) is an exogenous signal, which determines differ-
ent operating points of the system. These operating points of the system will be called
modes. The model of the system switches arbitrarily among these modes with this ex-
ternal trigger.

From now on we will consider discrete time models for design purposes, obtained by
discretizing the model (2.31) with discretization step Ts. Consider a nonlinear system
represented by a discrete time nonlinear parameter-varying (NLPV) model:

x(k +1) = f (x(k),u(k),θ(k),w(k))
y(k) = g(x(k),u(k),θ(k))

(2.32)

where x(k)∈Rn is the system state vector, u(k)∈Rm is the input vector, θ(k)∈Rnθ is a
known parameter vector, w(k) ∈Rnw is the unknown disturbance vector, and y(k) ∈Rp

is the measured output of the system. A linear parameter-varying formulation (LPV) of
the system (2.32) is given by the equations (2.33).

x(k +1) = A(ud(k),θ(k))x(k)+B(ud(k),θ(k))ul(k)+Bww(k)
y(k) = C(ud(k),θ(k))x(k)+D(ud(k),θ(k))ul(k)

(2.33)

The vector σ = col(ud ,θ) is called a parameter vector that induces the nonlinearities
of the system (2.33). The total number of modes determined by σ(k) is infinite. To
assist in finding control solutions to solve the control objectives, we explore model
approximations by considering different assumptions on the parameter vector σ(k), and
the implication on the control design.

Remark 2.8.2. For simplicity of notation, we assume Bw to be a constant matrix. The
control approaches designed in this thesis apply for Bwσ

, with σ = col(ud ,θ), as well.

Assumptions on the parameter vector

Consider the model description (2.33). The nonlinearities of the system are induced by
the variations in the input ud ∈ Ud , with Ud ⊂ U bounded set. A small analysis can be
done on the parameter vector θ ∈Θ and the input ud ∈Ud , to find model approximations
which are relevant to describe professional printers. Figure 2.15 presents all possible
assumptions which can be made on θ and ud . The notation SysIIN refers to systems
with input-induced nonlinearities.
As we can see, the case θ ∈ Θ = {θ1} is not taken into consideration since this model
approximation is not relevant for our control purposes. Model based design must be
investigated for professional printers to cope with large variation in the paper sheet
characteristics.
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Θ = {θ1} Θ = {θ1, . . . , θNθ} Θ ⊂ Rnθ

Ud = {ud1}

Ud = {ud1 , . . . , udNm
}

Ud ⊂ Rnmd

ΘUd

Sys IIN

(a)

(a)

(b)

(b)

(c)

Figure 2.15: Assumptions on the parameter vector σ = col(θ ,ud) for system with input-
induced nonlinearities

Case (a) assumes the input ud taking values in a finite set with known number of el-
ements ud ∈ Ud := {ud1 , . . . ,udNm

}. Together with θ ∈ Θ = {θ1, . . . ,θNθ
}, the model

of the system can be approximated with a hybrid system. Specifically, the parameter
vector σ = col(θ ,ud) is assumed to take value in a finite known set σ ∈Ud ×Θ. The
evolution of σ is determined by an exogenous signal (i.e. changes in paper sheet char-
acteristics, environmental temperature, maximum available power). The model of the
system (2.33) can be approximated, for example, with a switched linear model.
Case (b) considers an infinite class of paper sheet characteristics, in between admitted
bounds. This assumption is relevant in case of parametric uncertainties on θ and in-
put ud and/or a growing number of paper sheet characteristics. With the sets Θ ⊂ Rnθ

and Ud ⊂ Rmd bounded, the values of σ(k) can form a polytopic region, to incorpo-
rate all parameter variations in the system. The model of the system (2.33) can be
approximated, for example, with a linear parameter-varying model with parametric un-
certainties.
Case (c) considers an infinite class of paper sheet characteristics, in between admitted
bounds. With the control input ud restricted to a finite set of elements, the model is
assumed to be a complex hybrid model.

From this analysis it results that relevant models for professional printers are, for exam-
ple, the original model, namely the system with input induced-nonlinearities, a switched
linear model, and/or a linear parameter-varying model with parametric uncertainties.
Therefore, next assumptions on the the model of the system can be made:

a6 assume the inputs ud ∈Ud ⊂Rmd gridded uniformly in between minimum and max-
imum allowed bounds, resulting in ud ∈ Ud := {ud1 , . . . ,udNm

}. Then, the total
number of possible σ(k) is finite, taking values in a finite set with N = Nθ Nm

elements. Hence, the model of the system can be approximated with N linear ap-
proximations and σ can be redefined as a switching law to switch between these
linear approximations. The result is a switched linear system ([62], [60]). The
accuracy of the results depends on the size of the grid Nm. A trade-off has to
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be considered between the size of the grid, so accuracy of the results, and the
computational complexity.

In the context of professional printers, if both speed of the engine v and distance between
sheets d are gridded in a (uniform) grid between minimum and maximal values [v,v]×
[d,d] then the set Ud consists of Nm = nvnd pairs of points udi = col(vi,di). See Fig.
2.16. The constants nv and nd are the number of intervals for the inputs v and d.

v

d

1 nv

nd

Figure 2.16: Approximation of the continuous inputs ud(k) = col(v(k),d(k)) to a finite
set Ud = {ud1 , . . . ,udNm

}, udi = col(vi,di)

a7 assume all the changing parameters of the system, e.g. parameter vector θ and input
ud , shape a polytope of parameter variations in the system, ud ∈ Ud ⊂ Rmd , θ ∈
Θ⊂Rnθ bounded. Then, the total number of possible σ(k) is infinite. The model
of the system can be approximated, for example, with a parametric model with
parametric uncertainties ([31], [44], [83]). For this class of systems, irrespective
of the switching behavior of σ(k), as long as σ(k) remains within the feasible
bounds, control designs exists to guarantee robust performance and stability.

Assumptions a6 and a7 can be pictured as in Fig. 2.17. Consider the input-induced
nonlinear system (2.33), with the parameter vector σ(k) determined only by the inputs
ud(k) = col(v(k),d(k)), k ∈ Z+. The first picture presents the approximated grid Ud =
{ud1 , . . . ,udNm

} used for a switched linear model approximation (a6), while the second
picture is the polytope describing the polytopic region of ud , Ud ⊂Rmd , described by NV

vertices (a7). In the second case, the inputs ud(k) can move freely inside the polytope,
while in the switched case, they are restricted to a number of points Nm = nvnd . Both
assumptions have advantages and disadvantages, and they will be described in the state
estimation and control designs.

2.9 Conclusion

In this chapter, we have selected a model to represent sufficiently accurate the pro-
fessional printers, with low complexity for model-based control. Using first-principle
physical knowledge of the professional printer, we have derived a time-continuous
lumped thermal model for simplex printing.



42 MODELING OF HEAT FLOW AND PAPER PATH SYSTEMS
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Figure 2.17: Approximation of the continuous inputs ud(k) = col(v(k),d(k)) to a finite
set Ud = {ud1 , . . . ,udNm

} and a polytopic region Ud represented by NV corner points

Using experimental data collected from a printer, the parameter estimation task has
focused on the optimization of the parameters of the model such that the model captures
the correct transient behavior when heating up and the correct steady-state values. The
heating up dynamic behavior is important for the quality of the prints. The parameter
estimation results present a model which satisfies these requirements, which makes it
suitable for our control purposes.
The model of the system is approximated in the class of systems with input-induced
nonlinearities. An introduction of this class is done, together with different assumptions,
which allow for the model-based control problem to be solvable and achieve the control
objectives. In the next chapters, we will focus on this class of systems.



43

Chapter 3

State estimation designs for systems
with input-induced nonlinearities

This chapter addresses the problem of state estimator design for the class of systems
with input-induced nonlinearities. The model of this system switches in time among
submodels (modes), where the switching is externally triggered. The goal of state es-
timators is to obtain an estimate of the current state of the system, given a model and
the input-output data. The estimated states allow state feedback model-based optimal
controller designs. We propose Luenberger-type state estimators, and derive sufficient
conditions for the estimation error dynamics to be globally asymptotically stable, under
arbitrary switching among modes, when the total number of modes is finite and known.
An important issue in whether the stability and the performance of the estimated dynam-
ics are robust against perturbations and uncertainties in the parameters of the system. A
robust estimator design is proposed next, to solve the state estimation problem for an
infinite number of possible modes of this system. The performance of the estimators is
analyzed and the stability proven based on Lyapunov theory. Linear Matrix Inequalities
(LMI) framework is used for the synthesis of such estimators.

3.1 Introduction

State estimation problems show up in many applications, e.g. robotics, mechatronic
systems and production systems. For these systems accurate models can be obtained
from first principle models and/or by system identification methods if only a limited
number of variables are measured.
The research on professional printers has been focused on improving the performance
of the machine by controlling, for example, separate subsystems of the printer, so as to
achieve a desired behavior (e.g. [12], [37], [38], [50], [56]). Most of these developments
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start with the assumptions that an accurate quantitative model of the system is available,
and that all the states can be measured. Fewer studies have been dedicated to the state
estimation problem. The estimated states are necessary for state feedback controllers.
This chapter focuses on two state estimation problems for systems with input-induced
nonlinearities. Assuming the total number of system modes to be known and taking val-
ues in a finite known class, in the first situation we derive sufficient conditions for the
estimation error dynamics to be globally asymptotically stable, under arbitrary switch-
ing between these modes. In the second situation we focus on an infinite number of
modes of the system, resulting in a robust design. Robustness problems arise when a
good qualitative model of the plant is available but uncertainty exists with respect to the
numerical values of various parameters which change during operation.

3.2 Problem formulation

A system with input-induced nonlinearities can be modeled as:

x(k +1) = A(ud(k),θ(k))x(k)+B(ud(k),θ(k))ul(k)+Bww(k)
y(k) = C(ud(k),θ(k))x(k)+D(ud(k),θ(k))ul(k)

(3.1)

where x(k) ∈ Rn is the system state vector, u(k) ∈ Rm is the input vector that is parti-
tioned as u(k) = col(ud(k),ul(k)), θ(k) ∈ Rnθ is the known parameter vector, w(k) ∈
Rnw is the unknown disturbance vector, and y(k) ∈ Rp is the measured output of the
system.
Consider assumptions a2-a5 described in Section 2.8. Then σ(k) = col(θ(k),ud(k)) is
the parameter vector of the system that induces the nonlinearities of the system and
is externally triggered (3.1). The total number of parameter vectors σ(k) is infinite.
The new formulation of the system (3.1) with parameter vector σ(k) is given by the
equations (3.2).

x(k +1) = Aσ(k)x(k)+Bσ(k)ul(k)+Bww(k)

y(k) = Cσ(k)x(k)+Dσ(k)ul(k)
(3.2)

where σ(k) is the parameter vector.
A state estimator for the system (3.2) is a system that is described by:

x̂(k +1) = Aσ(k)x̂(k)+Bσ(k)ul(k)+Bwŵ(k)+L[ym(k)−Cσ(k)x̂(k)−Dσ(k)ul(k)] (3.3)

Note that state estimator (3.3) has ym(k) and ul(k) as inputs. The disturbance ŵ(k) has
an estimated (known) value. L is the estimator gain and, depending on the design, may
or may not be parameter dependent, i.e. depending on the parameter vector σ(k), Lσ(k).
The model of the system (3.2) and the estimator (3.3) switch arbitrary in time with
parameter θ(k) and the control input ud(k). If ud(k) is not restricted to a finite number
of possible outcomes, then the total number of possible σ(k) is infinite.
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The estimator is designed to estimate the states x(k) of (3.2) by states x̂(k) of (3.3). To
describe the error dynamics, define:

e := x− x̂ (3.4)

Then, the estimation error dynamics satisfy:

e(k +1) = (Aσ(k)−LCσ(k))e(k)+Bw(w(k)− ŵ(k)) (3.5)

So given the model of the system (3.2) together with input/output measurements, the
aim is to construct an estimator such that the current state x(k) is estimated accurately
by x̂(k) and the estimation error dynamics (3.5) remains stable under arbitrary switching
between values of the parameter vectors σ(k). Stability, performance and robustness of
the estimation error dynamics can be attained if the model of the system used for state
estimation problem is approximated with a switched linear model, using assumption
a6, or a linear parametric model with parametric uncertainties, using assumption a7
(presented in Section 2.8).

1) assume that all the entries of the inputs ud are gridded uniformly in between a min-
imum and a maximum allowed bound. Then, the total number of possible out-
comes of σ(k) is finite, taking values in a finite set with N elements. Hence, the
model of the system (3.2) and the state estimator (3.3) consists of N linear sys-
tems where σ is redefined as a switching law to switch between them. The result
is a switched estimator. The state estimator design focuses on determining the
estimator gains Lσ(k) in (3.3) such that the estimator can guarantee a maximum
achievable level of performance, under arbitrary switching between these linear
approximations. A trade-off has to be considered between the size of the grid, so
the accuracy of the results, and the computational complexity to design (3.3).

2) assume all the changing parameters of the system, i.e. parameter θ and input ud ,
assume values in a bounded polytopic region. The result is a linear parameter-
varying model with parametric uncertainties. Then, the state estimator design
focuses on determining the estimator gain L in (3.3) such that the estimator can
guarantee a maximum achievable level of performance, within the bounded poly-
topic region, irrespective of the switching behavior in between values of σ(k).

Next we will present the state estimator designs for these two cases.

3.3 LMI synthesis of a switched estimator

3.3.1 Introduction

The dynamic behavior of the system with input-induced nonlinearities (3.2) is well ap-
proximated by a mathematical model in the class of switched dynamical systems if the
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parameter vector σ(k) assumes values in a finite set with N elements. In that case, all
the linear submodels (modes) of the system are considered to be known.
Switched systems belong to a class of hybrid systems composed of several subsystems,
combined with switching laws that determine the active subsystem at each time instant.
Due to the large number of applications, switched systems attract a lot of attention in
the control community in the last few years (e.g. [62]). The research in this area focuses
on stability and switching stabilization, by deriving necessary and sufficient conditions
in designing stabilizing control laws ([19], [3]). A survey can be found in [63]. In the
Linear Matrix Inequalities (LMI) framework, a Lyapunov function is derived to test the
stability of such systems ([18], [83]).
This section focuses on the state estimation design problem for switched systems, with
attention to the stability and performance of the estimation error dynamics, such that
the state is approximated asymptotically.

3.3.2 Problem formulation

In the class of systems (3.2), stability, performance and robustness can be obtained if
the model of the system is approximated with an externally triggered switched linear
system. Specifically, if the input ud is restricted to assume values in a finite set, i.e.
ud(k) ∈ Ud = {ud1 , . . . ,udNm

}, and θ(k) is restricted to assume values in θ(k) ∈ Θ =
{θ1, . . . ,θNθ

}, then the model (3.2) can be considered as a piecewise linear system,
where Nθ and Nm are integers.

In the context of professional printers, if both speed v of the engine and distance d
between sheets are gridded in a (uniform) grid between minimum and maximal values
[v,v]× [d,d] then the set Ud consists of Nm = nvnd pairs of points udi = col(vi,di). The
constants nv and nd are the number of intervals for the inputs v and d. Here, vi and di

are determined as:

vi =
i−1

nv−1
v+(1− i−1

nv−1
)v

di =
i−1

nd−1
d +(1− i−1

nd−1
)d

(3.6)

Now a switching law σ is determined by col(θ ,ud), with θ ∈Θ and ud ∈Ud , to switch
between N = NmNθ linear approximations of system (3.2), when the operating point
changes over time. That is, σ is time dependent and denoted by σ(k). It is assumed that
an external mechanism will determine the operating point of the system, namely σ(k),
at each discrete time k, resulting in arbitrary switching in time in between modes. It is
assumed that at any time instant k only the current mode is known.
The attention is focused on the estimator design, since the stability and the accuracy of
a state feedback controller depends on the state estimation. So given a switched sys-
tem (3.2) together with input/output measurements, the aim is to construct an estimator
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such that the current state x(k) is estimated accurately by x̂(k) and the estimation error
dynamics remain stable under arbitrary switching in between σ(k).

3.3.3 State estimator design

Consider the discrete-time, switched linear system:

x(k +1) = Aσ(k)x(k)+Bσ(k)ul(k)+Bww(k)

y(k) = Cσ(k)x(k)+Dσ(k)ul(k)
(3.7)

where x(k) ∈ Rn is the system state vector, ul(k) ∈ Rml is the input vector, and y(k) ∈
Rp is the measured output of the system. Let σ : N→ {1,2, . . . ,N}, N = Nθ Nm be a
switching function that maps the discrete time instants into an index set {1,2, . . . ,N},
which is generated by a mapping Σ :Ud×Θ→{1,2, . . . ,N}, called the mode association
map, in the sense that σ(k) := Σ(ud(k),θ(k)). The switching sequence is arbitrary,
time-driven, and only the value of σ(k) is assumed to be available at each discrete time
k. Each of the indices corresponds to a different model of the system, i.e., Aσ(k) ∈
{A1, . . . ,AN}, Bσ(k) ∈ {B1, . . . ,BN}, Cσ(k) ∈ {C1, . . . ,CN}, and Dσ(k) ∈ {D1, . . . ,DN}.
σ(k) is called the active mode at sample time instant k.
A switching estimator for the system can be represented as:

x̂(k +1) = Aσ(k)x̂(k)+Bσ(k)ul(k)+Bwŵ(k)+Lσ(k)[ym(k)−Cσ(k)x̂(k)−Dσ(k)ul(k)]

(3.8)

It is assumed that ŵ ∈ Φ is an estimated disturbance trajectory, and that ŵ(k),k ∈ Z+,
is known. We will assume that at each time sample k the currently active mode σ(k) is
known. This means that the estimator gain Lσ(k) must be used when σ(k) is active.
The estimation error e = x− x̂ satisfies:

e(k +1) = (Aσ(k)−Lσ(k)Cσ(k))e(k)+Bw(w(k)− ŵ(k)) (3.9)

The estimator design focuses on determining estimator gains Li for each i∈{1,2, . . . ,N},
such that the estimation error dynamics (3.9) has fast convergence and is stable. We will
investigate the stability of the error dynamics (3.9). The second term in (3.9) is consid-
ered an external input to the error dynamics (3.9). If the disturbance w is known, we will
take ŵ = w which turns (3.9) in an autonomous system, only driven by the mismatch
e(0) = x(0)− x̂(0) of initial conditions between plant and estimator and the switching
sequence.
First, we will assume this to be the case, i.e. we assume that ŵ = w. The error dynamics
is then described by (3.10).

e(k +1) = (Aσ(k)−Lσ(k)Cσ(k))e(k) (3.10)

Second, the estimator design will be extended with an H∞ performance for the case
ŵ 6= w, to minimize the influence of the disturbance on the estimation error dynamics
(3.9).
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Stability

A necessary condition for stability is that all eigenvalues of Ai−LiCi belong to the open
unit disc C− = {z ∈ C| |z| < 1} for all i = 1, . . . ,N. This means that the condition on
the detectability of the pairs (Ai,Ci) is necessary for existence of a solution. A system
is detectable if and only if all unobservable states are stable. Thus even though not all
system states are observable, the ones that are not observable need to be stable.
To ensure Lyapunov stability of the error dynamics (3.10) it is not sufficient to stabilize
each of the modes separately, as the switching among several stable systems may still
yield unstable behavior ([19]). However, the following then shows that if a common
quadratic Lyapunov function of the form

V (e) = eT Pe, (3.11)

where P� 0 can be designed such that V (e(k+1))−V (e(k)) < 0 independent of switch-
ing signal σ(k) or initial condition of (3.10), then the origin of (3.10) is asymptotically
stable.
The next theorem ensures the stability of the given system (3.10) under arbitrary switch-
ing.

Theorem 3.3.1. ([3]) Consider the system (3.7) and the estimator (3.8). If there exist a
symmetric positive definite matrix P and estimator gains L1, . . . ,LN such that:

P = PT � 0

(Ai−LiCi)T P(Ai−LiCi)−P≺ 0, i = 1,2, . . . ,N,
(3.12)

then (3.10) is quadratically stable irrespective of the switching sequence σ(k)∈Θ×Ud .

Performance

If (3.12) is feasible then one way to assess performance of the estimator is to guarantee
the convergence rate of error dynamics with a decay rate ν , ([85]). Ideally, the decay rate
of the estimation error dynamics should be faster than the decay rate of the controller to
the setpoint, in a closed-loop situation.

Theorem 3.3.2. Let ν be a real number with 0≤ ν ≤ 1. Then the following statements
are equivalent:
1) the estimation error dynamics (3.10) is quadratically stable with decay rate ν satis-
fying

‖ e(k) ‖≤
√

λmax(P)
λmin(P)

ν
k ‖ e(0) ‖ (3.13)
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2) There exists P = PT � 0 satisfying

(Ai−LiCi)T P(Ai−LiCi)−ν
2P� 0, i = 1,2, . . . ,N. (3.14)

Conclude that the origin of the error dynamics is quadratically stable, global expo-
nentially stable and hence global asymptotically stable for all switching sequences
σ(k) ∈ Θ×Ud . Moreover, the decay rate ν does not depend on the switching signal
σ(k).

Proof. (ii)→(i) Suppose (3.14) holds. Then, for all k ≥ 0:

e(k)T (Ai−LiCi)T P(Ai−LiCi)e(k)≤ ν
2e(k)T Pe(k)

which is equivalent to e(k +1)T Pe(k +1)≤ ν2e(k)T Pe(k), which, in turn, is equivalent
to V (e(k +1))≤ ν2V (e(k)). This means that for all k ≥ 0, V (e(k))≤ ν2kV (e(0)).
Since λmin(P) ‖ e(k) ‖2≤ e(k)T Pe(k)≤ ν2ke(0)T Pe(0)≤ ν2kλmax(P) ‖ e(0) ‖2, we can
divide the latter expression by λmin(P). Taking square roots gives (3.13).

(i)→(ii) Suppose that (3.13) holds and let the system be quadratically stable. Define
the Lyapunov function V (e) = eT Pe. Since P � 0 it follows that λmin(P) > 0 and 0 <
λmin(P) ≤ λmax(P). Infer from (3.13) that λmin(P) ‖ e(k) ‖2≤ ν2kλmax(P) ‖ e(0) ‖2.
But then also V (e(k)) ≤ ν2kV (e(0)), for all k ≥ 0. The expression is equivalent to
V (e(k +1))≤ ν2V (e(k)), resulting in (3.14). �

LMI solution

The conditions (3.12) may be numerically verified using Linear Matric Inequalities
(LMIs) and a Schur complement ([18]). This yields a numerical scheme in which the
estimator gains Li, i = 1, . . . ,N are computed together with the common P, in (3.12).

Theorem 3.3.3. Assume 0 ≤ ν ≤ 1 and δ > δ > 0. If there exists P � 0 and Yi, i =
1,2, . . . ,N such that:(

ν2P (PAi−YiCi)T

(PAi−YiCi) P

)
� 0

P = PT � 0

0≺ δ I ≺ P≺ δ I

(3.15)

where i = 1,2, . . . ,N, then (3.14) holds with Li = P−1Yi, i = 1, . . . ,N. In particular, the
estimator achieves global exponential stability with decay rate ν of the origin of the
estimator error dynamics (3.10).
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Proof. The LMI is obtain by applying a Schur complement on (3.14) and considering
Yi = PLi. The decision variables ν , δ and δ determine an upper bound on the conver-
gence rate ν and the amplitude of the estimation error as shown in the proof of Theorem

3.3.2, independent of the switching signal σ(k), so as to achieve ‖ e(k) ‖≤
√

δ

δ
νk ‖

e(0) ‖. �

In particular, the gains of the switching estimator can be selected such that this bound
may be minimized and the decay rate ν influenced. The upper bound to the estimation
error is reduced to influence the eigenvalues of P, such that δ

δ
ν is minimum.

The search for matrices P, Yi, i = 1, . . . ,N is an LMI feasibility test on the inequalities
(3.15) that can be performed efficiently using dedicated solvers.
Hence, if the LMIs (3.15) are feasible, we have constructed a collection of estima-
tor gains Li, i = 1, . . . ,N that make the switched linear system stable under arbitrary
switching while the performance can be influenced in a proper way.

H∞ performance

Consider the system (3.9), for which the disturbance signal w(k)− ŵ(k) is non-zero.
That is, consider:

e(k +1) = (Ai−LiCi)e(k)+Bw(w(k)− ŵ(k)), i = 1, . . . ,N

z(k) = He(k)
(3.16)

where we will be particulary interested in the estimation error z.
The H∞ norm of a transfer function is the supremum of the maximum singular value
of the frequency response of the system, ‖ G ‖H∞

= supw λmax(G(iω)) ([89], [43]). For
(3.16), with some abuse of terminology, H∞ performance is in fact a L2 induced norm
bound on the input-output mapping, ‖z(k)‖2

‖w(k)−ŵ(k)‖2
over all switching signals σ(k) ∈ Θ×

Ud ([94]).

Definition 3.3.1. (L2-gain) The L2-gain of the system (3.16) is defined as the smallest
value γ∗ ≥ 0, such that

γ
∗ := sup

i∈{1,...,N}
sup

w−ŵ∈L2

‖ z(k) ‖2

‖ w(k)− ŵ(k) ‖2

for all 0 6= w(k)− ŵ(k) ∈ L2, all i ∈ {1, . . . ,N}, where z(k) is the output of the system
resulting from disturbance w(k)− ŵ(k) and initial condition e(0) = 0.

Definition 3.3.2. (H∞ optimization) The H∞ optimization problem is to find the smallest
value γ∞ ≥ 0, such that

γ∞ > γ
∗ ≥ 0

for all 0 6= w(k)− ŵ(k) ∈ L2, all i ∈ {1, . . . ,N}, such that:
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• the origin of the (3.16) is global exponentially stable in the absence of distur-
bances (w = ŵ), irrespective of the switching i ∈ {1, . . . ,N};

• L2 induced norm bound satisfies:

sup
i∈{1,...,N}

sup
w−ŵ∈L2

‖ z(k) ‖2

‖ w(k)− ŵ(k) ‖2
< γ∞

The estimation problem amounts to finding the estimator gains Li, i ∈ {1, . . . ,N} in
(3.16) so as to achieve this for γ∞ as small as possible.

The H∞ problem of system (3.16) admits an interpretation in terms of dissipativity of
the system with respect to a specific quadratic supply function.

Definition 3.3.3. We call (3.16) dissipative with respect to supply function s(w−ŵ,z) :=
γ2

∞ ‖ w− ŵ ‖2
2 − ‖ z ‖2

2, if there exists V :Rn→R+ such that

V (e(k +1))−V (e(k))≤ s(w(k)− ŵ(k),z(k)) (3.17)

for all k ≥ 0, all 0 6= w(k)− ŵ(k) ∈ L2, all i ∈ {1, . . . ,N}, and all initial conditions
e(0) = e0 of (3.16).

When V (e) = eT Pe is a quadratic form, then 3.17 is equivalent to saying that:

((Ai−LiCi)e(k)+Bw(w(k)− ŵ(k)))T P((Ai−LiCi)e(k)+Bw(w(k)− ŵ(k)))

−e(k)T Pe(k)≤ s(w(k)− ŵ(k),z(k))
(3.18)

or, equivalently,[
e(k)

w(k)− ŵ(k)

]T [ (Ai−LiCi)T P(Ai−LiCi)−P+HT H (Ai−LiCi)T PBw

BT
wP(Ai−LiCi) BT

wPBw− γ2
∞I

]
[

e(k)
w(k)− ŵ(k)

]
≤ 0

(3.19)

for all k ∈ Z+, all 0 6= w(k)− ŵ(k) ∈ L2, all i ∈ {1, . . . ,N}, and all initial conditions
e(0) = e0 of (3.16). Using the results obtained in [28], the following results are derived.

Theorem 3.3.4. ([28]) For the system (3.16), the following statements are equivalent:
• the H∞ optimization problem is solvable;
• There exist a P� 0 and Li, i ∈ {1, . . . ,N}, such that:

P− (Ai−LiCi)T P(Ai−LiCi)−HT H

−(Ai−LiCi)T PBw(γ2
∞I−BT

wPBw)−1BT
wP(Ai−LiCi)� 0

γ
2
∞I−BT

wPBw � 0

(3.20)
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The problem can be solved using LMIs and a Schur complement as shown in the fol-
lowing result.

Theorem 3.3.5. If there exists P� 0, Yi, i = 1,2, . . . ,N and γ∞ such that: P−HT H (PAi−YiCi)T (BT
w(PAi−YiCi))T

(PAi−YiCi) P 0
BT

w(PAi−YiCi) 0 (γ2
∞I−BT

wPBw)

� 0

P = PT � 0

γ
2
∞I−BT

wPBw � 0

(3.21)

then the H∞ optimization problem is solved with Li = P−1Yi, i = 1,2, . . . ,N.

Proof. The LMI is obtain by applying a Schur complement on (3.20) and considering
Yi = PLi, i = 1,2, . . . ,N.�

Again we can refine the previous results by also adding a decay rate ν to the error
dynamics (3.16) as follows.

Theorem 3.3.6. Let 0≤ ν ≤ 1. If there exist P� 0, Yi, i = 1,2, . . . ,N and γ∞ such that: ν2P−HT H (PAi−YiCi)T (BT
w(PAi−YiCi))T

(PAi−YiCi) P 0
BT

w(PAi−YiCi) 0 (γ2
∞I−BT

wPBw)

� 0

P = PT � 0

γ
2
∞I−BT

wPBw � 0

(3.22)

are feasible, then the estimation error dynamics (3.16) with estimator gains Li = P−1Yi

satisfy, for any switching sequence σ(k), the properties:

1. the exponential convergence property in the absence of the disturbance w = ŵ

‖ e(k) ‖≤
√

λmax(P)
λmin(P)

ν
k ‖ e(0) ‖, (3.23)

2. the induced error bound γ∞ ≥ 0,

sup
i∈{1,...,N}

sup
w−ŵ

‖ z ‖2

‖ w− ŵ ‖2
< γ∞ (3.24)

Proof. The global exponential stability property is analyzed in absence of the distur-
bance w− ŵ. This results in V (e(k+1))−V (e(k))≤ s(0,z(k)) < 0 for which the expo-
nential convergence property is derived and proved as in Theorem 3.3.2. The induced
error bound property is derived in Theorem 3.3.4 and Theorem 3.3.5. �
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Structured way of building the estimator

Multiple numerical methods have been designed to find a common quadratic Lyapunov
function for a finite number of stable linear time-invariant submodels. Although this
method is conservative in many applications, it is still a challenge to solve (3.12) in case
of a large number of subsystems N. The biggest challenge introduced by a large N is
the computational complexity. For large N the problem can become non computable,
although in reality the problem is feasible. Here, we present a structured way of building
a switched estimator, for systems with large N.

• If the number of possible subsystems N is large, a method to reduce the compu-
tational complexity is to first calculate the gain matrices Li, i = 1, . . . ,N, through
a solution of N discrete Riccati equations. Specifically, consider for i = 1, . . . ,N
the equations:

AiPiAT
i −Pi−AiPiCT

i (CiPiCT
i + R̄)−1CiPiAT

i +Q = 0

Li = PiCT
i (CiPiCT

i + R̄)−1,
(3.25)

where Q̄� 0 and R̄� 0 are the noise covariance matrices.

Now, with Li satisfying (3.25), we aim to solve (3.26), for finding the Lyapunov
matrix P, to prove quadratic stability of the switched system, as in Theorem 3.3.1.

P = PT � 0

(Ai−LiCi)T P(Ai−LiCi)−P≺ 0, i = 1,2, . . . ,N,
(3.26)

The following theorem provides the equivalence between this method and the LMI syn-
thesis (3.15).

Theorem 3.3.7. The feasibility of (3.26), over P� 0 and some given Li gains, is equiv-
alent to the feasibility of (3.15) over P � 0, 0 ≤ ν ≤ 1, δ , δ and Yi, i ∈ {1,2, . . . ,N}.

Proof :
• if (3.26) is feasible, it implies (3.15) to be feasible.
Suppose (3.26) is feasible for a P� 0 and some set of Li. Then there exist a 0≤ ν ≤ 1
such that

(Ai−LiCi)T P(Ai−LiCi)−P≺−(P−ν
2P)≺ 0 (3.27)

for i = 1,2, . . . ,N. ν could be taken as ν = λ where λmax(Ai− LiCi) < λ ≤ 1. Now
define Yi = LiP, i ∈ {1,2, . . . ,N}. Then (3.27) implies that:

(PAi−YiCi)T P−1(PAi−YiCi)−P≺−(P−ν
2P)≺ 0 (3.28)



54
STATE ESTIMATION DESIGNS FOR SYSTEMS WITH INPUT-INDUCED

NONLINEARITIES

Or, equivalently, ν2P− (PAi−YiCi)T P−1(PAi−YiCi)� 0. Now, apply a Schur comple-
ment of the latter inequality and set δ > λmax(P) (the maximal eigenvalue of P) and
δ < λmin(P) (the minimal eigenvalue of P) to infer (3.15). Hence, the LMI (3.15) is
feasible.
• if (3.15) is feasible, it implies (3.26) to be feasible.
Suppose (3.15) is feasible for (P � 0,ν > 0, Yi, δ , δ ), i ∈ {1,2, . . . ,N}. Then P � 0 so
that one can make a Schur complement of (3.15) to infer that P−1 exists and that (3.28)
holds. Now set Li = P−1Yi for i = 1, . . . ,N to obtain (3.27) which is, in fact (3.26). So,
(3.26) is feasible in P and Li for a P� 0. �

It follows that the estimator design (3.26) and the LMI synthesis are equivalent in terms
of feasibility. The key difference is that (3.15) has a higher computational complexity.

Remark 3.3.1. From the proof of the Theorem 3.3.7, an important property of the decay
rate ν is derived, λmax(Ai−LiCi) < ν . In accordance with the conclusions in Theorem
3.3.3, the gains of the switching estimator Li, i = 1, . . . ,N can be selected such that ν

can be influenced.

• A combination of the previous two methods, (3.26) and (3.15), leads to the com-
putation of an optimal estimator for a given system. The estimator gains Li,
i = 1, . . . ,N can be separated in two categories, depending on which situations
are most likely to occur in practice, so the most frequent operating points. Given
a probabilistic distribution over the total number of possible switches N, some
of the modes are more active than others. For the most active ones (dimmension
Nopt), the estimator gains can be computed using the method in (3.25). So for Nopt

situation, the estimator gains are optimally designed. The rest of the N−Nopt es-
timator gains will be computed using (3.15). In this way, the number of decision
variables in (3.15) is reduced, so the computational complexity decreases.

3.3.4 Conclusions

This section has discussed the application of a switching discrete estimator for state
estimation problem for a class of switched dynamical systems. We have proposed Lu-
enberger type of estimators. Two situations are considered in the synthesis, autonomous
estimation error dynamics and estimation error dynamics affected by a disturbance sig-
nal. Conditions to assure the asymptotic stability of the estimation error dynamics have
been derived, under arbitrary switching between modes. Extra conditions can be im-
posed to satisfy a maximum achievable level of performance, such as influencing the
decay rate and an H∞ performance to minimize the influence of the disturbance signal
on the output error dynamics. LMIs theory is used to compute these estimator gains.
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3.4 Robust state estimator design

3.4.1 Introduction

For a given uncertain input-induced nonlinear system, we now aim to construct an esti-
mator such that the current state is estimated accurately and the error dynamics remains
stable under arbitrary switching between an infinite number of modes. The switching
parameter vector σ(k) = col(θ(k),ud(k)) in (3.2) has an infinite number of values, with
θ ∈ Θ = {θ1, . . . ,θNθ

} and ud ∈ Ud ⊂ Rmd . If we assume all the changing parame-
ters of the system, i.e. parameter vector θ and input ud , to shape a polytopic region,
ud ∈ Ud ⊂Rmd , θ ∈ Θ⊂Rnθ , then the state estimation problem can be solved using a
robust design. Robustness problems arise when a good qualitative model of the plant is
available but uncertainty exists with respect to the numerical values of various parame-
ters which change during operation ([13]).
A robust estimator gain can be constructed using an affine parameter dependent repre-
sentation of the system with parametric uncertainties ([31], [44]). For a convex poly-
topic uncertainty approximation, in ([7]) an important theorem was derived, to reduce
the computational complexity and facilitate the search for solutions. In the Linear Ma-
trix inequalities (LMI) framework, a Lyapunov function can be derived to test the sta-
bility of such systems ([18], [83]).
The switched design therefore becomes more conservative, but it allows the analysis of
the impact of the behavior of the parameter vector σ on the estimation error dynamics
and the parametric uncertainties. It is the purpose of this section to make the design
robust against the conservative sampling of the parameter space.

3.4.2 Problem Formulation

In the class of systems with input-induced nonlinearities (3.2), the input ud(k) is not
necessarily restricted to a finite number of possible values like in Section 3.3. In that
case, the total number of possible σ(k) can be considered infinite.
Stability, performance and robustness can be attained if the model of the system used
for building the estimator gains is approximated, for example, with an affine parametric
formulation with parametric uncertainties. Since very small parameter variations may
have a major impact on the dynamics of the system, it is important to analyze parametric
uncertainty of the dynamical system.
So given an affine parametric formulation with parametric uncertainties together with
input/output measurements, the aim is to construct an estimator such that the current
state is estimated accurately and the system remains stable under arbitrary switching
and bounded parametric uncertainties.
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3.4.3 State Estimator Design

Consider the discrete-time, uncertain system S which assumes a representation:

x(k +1) = Aρ(σ(k))x(k)+Bρ(σ(k))ul(k)+Bww(k)

y(k) = Cρ(σ(k))x(k)+Dρ(σ(k))ul(k)
(3.29)

where x(k)∈Rn is the system state vector, ul(k)∈Rm is the input vector, and y(k)∈Rp

is the measured output of the system. The disturbance trajectory satisfies w(k) ∈ Φ,
the real disturbance trajectory. We are particulary interested in systems in which the
matrices affinely depend on parameter vector. The purpose of the composite function
ρ = ρ(σ) is to enable an affine dependency of (3.29) on the newly defined parameter
vector ρ . The composite function ρ(σ(k)) may or may not be time-varying, taking
values in an uncertainty set ϒ ⊆ Rnρ . The system S will be regarded as parameterized
by ρ ∈ ϒ in the sense that we identify ρ(σ(k)) with ρ(k). We assume that ϒ is a convex
set.
A state estimator for the system (3.29) can be represented as:

x̂(k +1) = Aρ(k)x̂(k)+Bρ(k)ul(k)+Bwŵ(k)+L[ym(k)−Cρ(k)x̂(k)−Dρ(k)ul(k)] (3.30)

Note that the estimator gain L does not depend on the switching sequence. The estima-
tion error e = x− x̂ satisfies:

e(k +1) = (Aρ(k)−LCρ(k))e(k)+Bw(w(k)− ŵ(k)) (3.31)

The state estimator design amounts to determining the estimator gain L, such that the es-
timation error dynamics has fast convergence and is stable, irrespective of the switching
behavior of σ(k).
We will investigate the stability of the error dynamics (3.31). The second term in (3.31)
is considered an external input to the error dynamics (3.31). If the noise input w is
known, we will take ŵ = w which turns (3.31) in an autonomous system, only driven
by the mismatch of initial conditions between plant and estimator, and the parametric
uncertainty. We will assume this to be the case, i.e., we assume that ŵ = w. The error
dynamics is then described by (3.32).

e(k +1) = (Aρ(k)−LCρ(k))e(k) (3.32)

That is, we consider an affine parameter dependent model of the system:

Aρ = A0 +ρ1A1 + . . .+ρnρ
Anρ

Bρ = B0 +ρ1B1 + . . .+ρnρ
Bnρ

Cρ = C0 +ρ1C1 + . . .+ρnρ
Cnρ

Dρ = D0 +ρ1D1 + . . .+ρnρ
Dnρ

(3.33)
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or, written in more compact form:

Sρ = S0 +ρ1S1 + . . .+ρnρ
Snρ

(3.34)

with:

Si :=
(

Ai Bi
Ci Di

)
, i = 1, . . . ,nρ (3.35)

the coefficient matrices associated with the system (3.29). The parametrization is done
in the new uncertain parameter vector ρ = [ρ1, . . . ,ρnρ

], with ρi, i = 1, . . . ,nρ indepen-
dent. Each uncertain parameter ρi, i = 1, . . . ,nρ assumes values in the intervals:

ρi ∈ (ρ
i
,ρ i), i = 1, . . . ,nρ (3.36)

where ρ
i

and ρ i are known lower and upper uncertainty bounds, determined based on
the lower and upper uncertainty bounds of the parameters in col(θ ,ud).
The uncertainty set ϒ is assumed to be the convex hull of a finite set ϒNV = {ρ1, . . . ,ρNV }
⊆ Rnρ , ϒ = chull(ϒNV ).
The affine parameter dependent model (3.34) forms a polytope of linear affine systems,
which can be described by the list of its vertices:

S j :=
(

A j B j

C j D j

)
, j = 1, . . . ,NV (3.37)

with NV = 2nρ the number of vertices.
This means that the system matrix Sρ , with ρ ∈ ϒ can be written as a convex combi-
nation of NV matrices S1, . . . ,SNV . So for any ρ ∈ ϒ there exists α j ∈ [0,1] such that
S(ρ) = ∑

NV
j=1 α jS j, where ∑

NV
j=1 α j = 1. Since Sρ is an affine function in ρ , with ρ ∈ ϒ,

then we can define now the space S = S(ϒ).
Thus, S is the convex hull of a finite set SNV where SNV = chull(S1, . . . ,SNV ), with
S j = S(ρ j), j = 1, . . . ,NV .
We will investigate the stability and performance of the error dynamics (3.32), of this
class of systems, described by S. An important issue in the design of state estimator in-
volves the question as to what extend the stability and the performance of the estimated
error dynamics are robust against perturbations and uncertainties in the parameters of
the system.

Stability

We will analyze the robust stability of the equilibrium point e∗= 0 of the error dynamics
(3.32). As can be seen from (3.32), the parameters ρ(k) vary with time, but they are
known to satisfy ρ(k) ∈ ϒ for all k ∈Z+.
To ensure stability of the error dynamics (3.32), the system is said to be quadratically
stable for all perturbations ρ(k) ∈ ϒ if there exists a quadratic Lyapunov function of the
form:

V (e) = eT Pe, (3.38)
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where P = PT � 0 such that:

V (e(k +1))−V (e(k)) < 0, for all k and all ρ(k) ∈ ϒ (3.39)

along the trajectories of (3.32), when e 6= 0. Then, the origin is a stable fixed point of
(3.32) in the Lyapunov sense.

Theorem 3.4.1. ([83]) Consider the system (3.29) and the state estimator (3.30). If
there exist a symmetric positive definite matrix P and estimator gain L such that:

P = PT � 0

(Aρ −LCρ)T P(Aρ −LCρ)−P≺ 0, for all ρ ∈ ϒ
(3.40)

then (3.32) is quadratically stable for all perturbations in the set, irrespective of the
switching behavior.

Therefore quadratic stability does in fact imply robust stability for arbitrary fast time-
varying parametric uncertainty. This test is conservative. The problem could become
less restrictive in case the bounds on the velocity of parameters are known (e.g. [44]).
The verification of the quadratic stability of the system places an infinite number of
constraints on the symmetric matrix P and the estimator gain L. To make the robust
stability problem numerically feasible, the verification test (3.40) can be performed on
the vertices of the polytope ([83]).

Theorem 3.4.2. ([83]) If (Aρ − LCρ) is affine in ρ and the uncertainty set ϒ is the
convex hull of a set ϒNV ⊆ Rnρ , ϒ = chull(ϒNV ), then (3.32) is quadratically stable for
all ρ ∈ ϒ if and only if there exists a symmetric matrix P and estimator gain L such that

P = PT � 0

(Aρ −LCρ)T P(Aρ −LCρ)−P≺ 0, for all k and all ρ ∈ ϒNV .
(3.41)

Performance

If (3.41) is feasible then the performance of the estimator can be translated into decay
rate of error dynamics. For a closed-loop control structure to give good performance, a
fast convergence and optimal design for the estimator is required. The convergence rate
of the estimator in closed-loop should be faster than the convergence of the controller
to the setpoint. The convergence of the estimator can be influence by introducing a new
coefficient in the Theorem 3.4.1, ([85]), as:
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Theorem 3.4.3. Considering ν , with 0 ≤ ν ≤ 1 the decay rate of the error dynamics,
then (3.32) is quadratically stable if and only if there exists a symmetric matrix P and
estimator gain L such that:

P = PT � 0

(Aρ −LCρ)T P(Aρ −LCρ)−ν
2P� 0 for all ρ ∈ ϒ.

(3.42)

Moreover, the error dynamics in (3.32) satisfy:

‖ e(k) ‖≤
√

λmax(P)
λmin(P)

ν
k ‖ e(0) ‖ for all ρ ∈ ϒ,k ∈Z+. (3.43)

We can conclude that the origin of the error dynamics is quadratically stable, globally
exponentially stable and hence globally asymptotically stable for all ρ ∈ ϒ. Moreover,
the decay rate is given by ν , and it does not depend on the perturbations ρ .

Proof. Starting from (3.42), for all k ∈Z+:

e(k)T (Aρ −LCρ)T P(Aρ −LCρ)e(k)≤ ν
2e(k)T Pe(k)

e(k +1)T Pe(t +1)≤ ν
2e(k)T Pe(k)

V (e(k +1))≤ ν
2V (e(k))

(3.44)

This means that for all k ≥ 0, V (e(k))≤ ν2kV (e(0)) and
λmin(P) ‖ e(k) ‖2≤ e(k)T Pe(k)≤ ν2ke(0)T Pe(0)≤ ν2kλmax(P) ‖ e(0) ‖2.
resulting in (3.43). �

LMI solution

The problem (3.42) can be solved with an LMI approach, by using a Schur complement
([18]). The problem can be extended with a convergence rate 0≤ ν ≤ 1, and two more
decision variables δ > δ > 0, to influence the performance of estimator. The variables
δ and δ determine an upper bound on the estimation error, as in (3.43), by influencing
the maximum and the minimum eigenvalues of the matrix P. The upper limit δ requires
minimization in the LMI, and ν and δ can be determined by iterations, until λmax(P)

λmin(P) ν is
minimum.

Theorem 3.4.4. Assume 0 ≤ ν ≤ 1 and δ > δ > 0. If there exists P = PT � 0 and Y
such that:

(
ν2P (PAρ −YCρ)T

(PAρ −YCρ) P

)
� 0

P = PT � 0

δ I � P� δ I, for all ρ ∈ ϒNV

(3.45)
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with the estimator gain defined as L = P−1Y , then the error dynamics (3.32) is globally
asymptotically stable and satisfy (3.43) for all time-varying parametric uncertainties
ρ(k) ∈ ϒ.

Proof. The LMI is obtain by applying the Schur complement on (3.42) and considering
Y = PL. The decision variables ν , δ and δ determine an upper bound on the estimation
error as shown in the proof of Theorem 3.4.3, independent on the perturbations ρ ∈ ϒ. �

Hence, if these LMIs are feasible, we have constructed an robust estimator that makes
the system globally asymptotically stable, while taking uncertainties in the parameters
into account. The decay rate of the error dynamics can be influenced, together with an
upper bound on the estimation error dynamics.

Robust performance

Consider the system (3.31), for which the disturbance signal w(k)− ŵ(k) is non-zero.
That is, consider:

e(k +1) = (Aρ(k)−LCρ(k))e(k)+Bw(w(k)− ŵ(k)),ρ ∈ ϒ

z(k) = He(k)
(3.46)

where we will be particulary interested in the estimation error z.
As presented in Section 3.3.3, for (3.46), with some abuse of terminology, H∞ perfor-
mance is in fact a L2 induced norm bound on the input - output mapping, ‖z(k)‖2

‖w(k)−ŵ(k)‖2
over all perturbations signals ρ ∈ ϒ.

Definition 3.4.1. (L2-gain) The L2-gain of the system (3.46) is defined as the smallest
value γ∗ ≥ 0, such that

γ
∗ := sup

ρ∈ϒ

sup
w−ŵ∈L2

‖ z(k) ‖2

‖ w(k)− ŵ(k) ‖2

for all 0 6= w(k)− ŵ(k) ∈ L2, all ρ ∈ ϒ, where z(k) is the output of the system resulting
from disturbance w(k)− ŵ(k) and initial condition e(0) = 0.

Definition 3.4.2. (H∞ problem) The H∞ optimization problem is to find the smallest
value γ∞ ≥ 0, such that

γ∞ > γ
∗ ≥ 0

for all 0 6= w(k)− ŵ(k) ∈ L2, all ρ ∈ ϒ, such that:

• the origin of the (3.46) is global exponentially stable in the absence of distur-
bances (w = ŵ), irrespective of the perturbations ρ ∈ ϒ;
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• L2 induced norm bound satisfies:

sup
ρ∈ϒ

sup
w−ŵ∈L2

‖ z(k) ‖2

‖ w(k)− ŵ(k) ‖2
< γ∞

The estimation problem amounts to finding the estimator gains L, in (3.46) so as to
achieve this for γ∞ as small as possible.

The H∞ problem of system (3.46) admits an interpretation in terms of dissipativity of
the system with respect to a specific quadratic supply function.

Definition 3.4.3. We call (3.46) dissipative with respect to supply function s(w−ŵ,z) :=
γ2

∞ ‖ w− ŵ ‖2
2 − ‖ z ‖2

2, if there exists V :Rn→R+ such that

V (e(k +1))−V (e(k))≤ s(w(k)− ŵ(k),z(k)) (3.47)

for all k≥ 0, all 0 6= w(k)− ŵ(k) ∈ L2, all ρ ∈ ϒ, and all initial conditions e(0) = e0 of
(3.46).

When V (e) = eT Pe is a quadratic form, then (3.47) is equivalent to saying that:

((Aρ(k)−LCρ(k))e(k)+Bw(w(k)− ŵ(k)))T P((Aρ(k)−LCρ(k))e(k)+Bw(w(k)−
−ŵ(k)))− e(k)T Pe(k)≤ s(w(k)− ŵ(k),z(k))

(3.48)

or, equivalently,[
e(k)

w(k)− ŵ(k)

]T

[
(Aρ(k)−LCρ(k))T P(Aρ(k)−LCρ(k))−P+HT H (Aρ(k)−LCρ(k))T PBw

BT
wP(Aρ(k)−LCρ(k)) BT

wPBw− γ2
∞I

]
[

e(k)
w(k)− ŵ(k)

]
≤ 0

(3.49)

for all k ∈ Z+, all 0 6= w(k)− ŵ(k) ∈ L2, all ρ ∈ ϒ, and all initial conditions e(0) = e0
of (3.46).

Theorem 3.4.5. ([43]) For the system (3.46), the following statements are equivalent:
• the H∞ optimization problem is solvable;
• There exist a P� 0 and L, for all ρ ∈ ϒ, such that:

P− (Aρ −LCρ)T P(Aρ −LCρ)−HT H

−(Aρ −LCρ)T PBw(γ2
∞I−BT

wPBw)−1BT
wP(Aρ −LCρ)� 0

γ
2
∞I−BT

wPBw � 0

(3.50)
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The above verification places an infinite number of constraints on the symmetric matrix
P, the estimator gain L and γ∞. To be able to make the problem numerically feasible,
the verification test can be performed on the vertices of the polytope, as presented in
Theorem 3.4.2. The problem can be solved using LMI’s and a Schur complement as
shown in the following result.

Theorem 3.4.6. Suppose that (Aρ −LCρ) is affine in the parameter ρ with ρ ∈ ϒ and
ϒ = chull(ϒNV ) is the convex hull of a finite set ϒNV of cardinality NV . If (P,Y,γ∞) satisfy
(3.51) defined below, then (P,L,γ∞), with L = P−1Y satisfies (3.50) for all ρ ∈ ϒ. P−HT H (PAρ −YCρ)T (BT

w(PAρ −YCρ))T

(PAρ −YCρ) P 0
BT

w(PAρ −YCρ) 0 (γ2
∞I−BT

wPBw)

� 0

P = PT � 0

γ
2
∞I−BT

wPBw � 0

for all ρ ∈ ϒNV

(3.51)

Proof. The LMI is obtain by applying a Schur complement on (3.50) and considering
Y = PL. �

Again we can refine the previous results by also adding a decay rate ν to the error
dynamics (3.46) as follows.

Theorem 3.4.7. Let 0≤ ν ≤ 1. If there exist P� 0, Y , and γ∞ such that: ν2P−HT H (PAρ −YCρ)T (BT
w(PAρ −YCρ))T

(PAρ −YCρ) P 0
BT

w(PAρ −YCρ) 0 (γ2
∞I−BT

wPBw)

� 0

P = PT � 0

γ
2
∞I−BT

wPBw � 0

for all ρ ∈ ϒNV

(3.52)

are feasible, then the estimation error dynamics (3.46) with estimator gains L = P−1Y
satisfy, for any perturbation ρ ∈ ϒ, the properties:

1. the exponential convergence property in the absence of the disturbance w = ŵ

‖ e(k) ‖≤
√

λmax(P)
λmin(P)

ν
k ‖ e(0) ‖, (3.53)
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2. the induced error bound γ∞ ≥ 0,

sup
ρ∈ϒ

sup
w−ŵ

‖ z ‖2

‖ w− ŵ ‖2
< γ∞ (3.54)

Proof. The global exponential stability property is analyzed in absence of the distur-
bance w− ŵ. This results in V (e(k+1))−V (e(k))≤ s(0,z(k)) < 0 for which the expo-
nential convergence property is derived and proved as in Theorem 3.4.3. The induced
error bound property is derived in Theorem 3.4.5 and Theorem 3.4.6.�

3.4.4 Conclusion

This section has discussed the application of robust discrete state estimators for state es-
timation of a class of parameter dependent systems. We have proposed Luenberger type
estimators. We have designed the estimator using an affine parameter dependent repre-
sentation of the system with parametric uncertainties. Conditions to assure the robust
stability of the estimation error have been derived. Extra conditions can be imposed to
satisfy a maximum achievable performance within the feasible bounds. Robust stability
is guaranteed irrespective of the changes in σ(k) over k ∈Z+ for (3.29).

3.5 Application of the state estimators on the heat flow and
paper path

Using the model of the system presented in the Chapter 2 and a Simulink model pro-
vided by the industrial partner, simulation examples will be presented next.

3.5.1 LMI synthesis of the switched estimator

Although the number of possible discrete combinations defined by the grid in which
σ(k) assumes its values is large, we will consider a solution and analysis of the control
problem where Θ is a finite set of Nθ = 5 elements, representing the five types of mass
of the paper. This, because the mass of the paper largely influences the state-space
representation of the system. Hence,

Θ := {θ1,θ2,θ3,θ4,θ5},
where

θ1 = col(80, l,b,cpap)

θ2 = col(120, l,b,cpap)

θ3 = col(160, l,b,cpap)
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θ4 = col(200, l,b,cpap)

θ5 = col(220, l,b,cpap)

The parameters l,b,cpap are assumed to be constant and known.
The grid presented in Fig. 2.16 has been selected with Nm = 234 elements. Together
with Θ, total number of modes is N = 1170.
The estimator gains Li, i ∈ {1, . . . ,1170} and the matrix P � 0 have been computed
jointly using the LMI synthesis (3.15), resulting in 17575 decision variables to be com-
puted, using sd pt3 solver ([88]) and Yalmip toolbox ([64]). The decay rate is computed
to be in this case ν = 0.997 and Pmax

Pmin
= 1.68.

Next, a new set of Li estimator gains, i ∈ {1, . . . ,1170} and the matrix P � 0 have
been computed jointly using the LMI synthesis (3.22), to introduce an H∞ optimization
problem in the estimator design, to minimize the influence of the disturbance signal,
w = Tenv on the estimation error dynamics. The results have been computed using sd pt3
solver ([88]) and Yalmip toolbox ([64]). The decay rate is computed to be in this case
ν = 0.997 and Pmax

Pmin
= 1.2 ·105. The L2 induced norm is computed to be γ∞ = 0.24.

3.5.2 LMI synthesis of the robust estimator

To compute the estimator gain L and a Lyapunov function for the robust estimator de-
sign in (3.45), the state space representation of the system obtained from the model
presented in Section 2.6 (2.12)-(2.16) must be approximated with an affine parameter
dependent form (3.33). The independent function ρ(σ) must incorporate all the uncer-
tainties introduced by the parameter vector σ = col(ud ,θ) = col(v,d,mpap, l,b,cpap),
such that the matrices of the state space representation affinely dependent of the new
function ρ . This is, 11 basis functions have been obtained:

ρ1(σ) = η (3.55)

ρ2(σ) = η(1− e
−λprehLpreh
mpapvcpap )

ρ3(σ) = ηφ(−1+
γ√

l +d +ϕ
)

ρ4(σ) = ηφ(−1+
γ√

l +d +ϕ
)e
−λprehLpreh
mpapvcpap

ρ5(σ) = mpaplbvcpap(1− e
−λprehLpreh
mpapvcpap )

1
l +d

ρ6(σ) = ηφ

√
l +d√

l +d +ϕ

ρ7(σ) = ηφ
α
√

l +d√
v(
√

l +d +ϕ
)
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ρ8(σ) =
√

l +d√
l +d +ϕ

ρ9(σ) =
γ√

l +d +ϕ

ρ10(σ) =
γ√

l +d +ϕ
e
−λprehLpreh
mpapvcpap

ρ11(σ) =
α
√

l +d√
v(
√

l +d +ϕ
)

with A0, . . . ,A11, B0, . . . ,B11, C0, . . . ,C11 and D0, . . . ,D11 constant matrices which do not
depend on σ elements, and η , φ , α , ϕ , γ , λhex, Lhex, λpreh, Lpreh some coefficients of
the system.
The robust estimator gain L and the matrix P have been computed using (3.45) on corner
points of the polytope ϒ created by the basis function ρ , so NV = 211 = 2048 vertices.
The results have been computed using Yalmip toolbox ([64]) and sd pt3 solver ([88]).
In (3.45), an iterative method has been considered, in finding the decay rate ν and δ .
The final results have been chosen such that λmax(P)

λmin(P) = 1.5 and ν = 0.998.

3.5.3 Case studies

We will consider two case studies, to compare the results of the three estimator designs
derived in Section 3.5.1 and Section 3.5.2: a switched estimator design, a switched
estimator design with H∞ performance, and a robust estimator design.

Case 1

The first case study considers the comparison between the switched estimator design
(3.15) and the robust estimator design (3.45), using a Simulink model provided by an
industrial partner (Fig. 3.1). The switched design is restricted to a finite set with N =
1170 elements. For a fair comparison of the two methods, only stepwise changes of
σ(k) in this finite set are considered.
As inputs for the state estimators, step random changes in θ (e.g. mass of the paper
mpap) and ud (speed of the engine v and distance between sheets d), have been simu-
lated (Fig. 3.2). The inputs ul have been chosen in the same manner, with step random
changes in between allowed bounds (Fig. 3.3), such that the resulting output tempera-
tures of the system are in between feasible bounds. Each sample k, k∈Z+, the measured
output of the plant ym(k), col(ud(k),θ(k)) and ul(k) are used to estimate the next state
x̂(k +1).
Figure 3.4 presents the estimation error x(k)− x̂(k) of the five states of the system, using
the two approaches. Here, x(k) is the state of the simulation model, and x̂(k) is the esti-
mated state. The initial value of the estimator states has been chosen with maximum 10
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Figure 3.1: Schematic view of the estimators application using a Simulink model of a
professional printer

[◦C] deviation from the initial values of the simulation model, to test the convergence of
the estimation error. The transient behavior is induced by the switches among subsys-
tems, due to changes in σ(k). The robust approach is designed for an infinite number
of system modes, determined by the values of σ . Hence, the robust approach considers
one estimation gain L for the full bounded polytopic region ϒ, which introduces con-
servatism in the design. So it is to be expected that the robust estimator will converge
slower to the real states of the system than the switched design, which considers N esti-
mator gains Li, i ∈ {1, . . . ,1170}, for each known σ . As it can be seen in the simulation
example, both estimator designs converge to the real state of the system. The switched
design is faster, as it assumes only a finite known number of system modes.

Case 2

The second case study focuses on the comparison between the switched estimator de-
sign (3.15), the switched estimator design with H∞ performance (3.22) and the robust
state estimator design (3.45). The switched estimator with H∞ performance is designed
to minimize the influence of the disturbance signal w = Tenv on the estimation error
dynamics. The environmental temperature Tenv determines in fact the temperature of
the paper sheets in the print queue. Hence, the second case study introduces variation
in the environmental temperature Tenv in the simulation model, with maximum 10 [◦C]
deviation from the estimated disturbance ŵ = T̂env = 25 [◦C], w− ŵ = Tenv− T̂env 6= 0.
The switched estimator (3.15) and the robust state estimator (3.45) are designed for a
known disturbance signal w− ŵ = Tenv− T̂env = 0. As inputs for the state estimators,
random step changes in θ (e.g. mass of the paper mpap) and ud (speed of the engine v
and distance between sheets d), have been simulated (Fig. 3.2). The inputs ul have been
chosen as in Case 1 (Fig. 3.3). In the same time, variations in the environmental tem-
perature are considered in the simulation model, as in Fig. 3.5. Each sample k, k ∈Z+,
the measured output of the plant ym(k), col(ud(k),θ(k)) and ul(k) are used to estimate
the next state x̂(k +1).
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Figure 3.2: Random step changes in the θ (e.g. mpap) and ud = col(v,d) inputs
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Figure 3.3: Random step changes in the inputs ul = col(qT T F ,qpreh)
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Figure 3.4: Estimated error for the two considered methods in Case 1, based on a
switched approximation and robust design. Initial estimation error is maximum 10 [◦C]
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Figure 3.5: Random step changes in w− ŵ (e.g. environmental temperature Tenv)

Figure 3.6 presents the estimation error x(k)− x̂(k) in the presence of a disturbance sig-
nal for the five states of the system, using the 3 approaches. The transient behavior is
induced by the switches among subsystems, due to changes in σ(k) and variations in
the disturbance signal Tenv. In transient, the estimation error is large for the switched es-
timator design with H∞ performance, due to high gains, but is minimum in steady state,
since it is an L2 induced norm on the disturbance-error mapping. The last state, Tpaperini

is the most sensitive at variations in the environmental temperature Tenv. This because,
the paper sheets are assumed to enter the system with the environmental temperature
Tenv. Step variations in Tenv and σ will be immediately visible in Tpaperini .

Discussion

We are interested in state estimation, as these states are used for feedback control de-
sign. The quality of the state estimator can be translated into the existence of the solution
(solvability of the problem), stability and fast convergence to the real states of the sys-
tem. Moreover, robustness of the estimator is a criterion for systems with input-induced
nonlinearities.
The existence of the solution can not be guaranteed in any of the considered designs.
The LMIs algorithms are not strong enough yet to affirm that a solution does not ex-
ist in case the considered solvers fail to return a matrix P and the estimator gain L, or
Li, i ∈ {1, . . . ,N} respectively. We can consider instead heuristic methods, to decrease
the number of decision variables, as presented in Section 3.3.3, to make the problem
computable.

The switched design and the robust design can assure asymptotic stability of the esti-
mation error dynamics in case a common matrix P exists, based on Lyapunov theory.
The existence of a Lyapunov function assures global asymptotic stability under arbi-
trary switches. Stability and performance depend on solvability of this problem. The
performance of the designs is translated into the decay rate ν of the estimation error
dynamics, to influence the convergence rate. The designs can be extended with an L2
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Figure 3.6: Estimated error for the 3 considered methods in Case 2, based on a switched
design, robust design, and switched design with H∞ performance. Testing the robustness
with respect to variation in the external disturbance Tenv
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induced norm, the so called H∞ performance, to minimize the influence of disturbances
on the estimation error.
Systems with input-induced nonlinearities assume an infinite number of modes of the
system, determined by the (bounded ) values of σ . In this case, the robust design is pre-
ferred, since for each discrete step k, the input ud is allowed to assume any value in the
bounded σ(k), instead of the sampling of the parameter space. Moreover, in the robust
design we can consider parameter uncertainties on all the elements of the parameter
vector σ , so uncertainties on all paper sheet characteristics θ := col(mpap, l,b,cpap).
This will result in a bounded polytopic region determined by the basis function ρ , with
a finite number of the corner points. Hence, the complexity of the feasibility test of the
LMI problem can be decreased. In (3.45), the robust design verifies NV = 2nρ LMIs,
while the switched design in (3.15) verifies N LMIs. The number of possible switches
N increases with each parameter that needs to be incorporated in the design, making
the problem more difficult to be computed. For the robust estimator, the computational
complexity does not change.

3.6 Conclusions

We have presented in this chapter state estimation design procedures for the class of
systems with input-induced nonlinearities. The proposed estimators are discrete time
Luenberger type. The model of this system switches in time among modes, where the
switching is externally triggered.
First, assuming the total number of modes of the system finite and known, a switched
state estimator has been considered. The model of the system is assumed to be a
switched linear system. Conditions to assure asymptotic stability of the estimation error
dynamics have been derived, under arbitrary switching between modes. Performance
of the estimator has been translated into the decay rate of the estimation error dynamics
and an H∞ norm that minimizes the influence of the external disturbance signal on the
estimation error.
Second, assuming the total number of modes of the system infinite but bounded, a ro-
bust estimator design has been considered, which allows incorporating a wide class of
parametric uncertainties. Robust stability is guaranteed based on Lyapunov theory. The
performance has been translated into the decay rate of the estimation error dynamics
and an H∞ performance. The approach introduces extra conservatism in the design
compared with the switched design, but it has the advantage of the computational com-
plexity and the freedom in assuming any switching sequence in between an infinite
number of modes.
The estimator synthesis problems have been formulated as LMIs solutions, which can
efficiently be solved using dedicated numerical solvers. The robust design has a compu-
tational advantage since the LMI feasibility test is performed on the corner points of the
bounded polytopic region. For the switched design, for a large number of modes N, the
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problem can easily become computationally infeasible although a solution may exist.
The proposed approaches have been tested on a professional printer. Simulation ex-
amples with the printing system show the effectiveness of the proposed approaches in
the presence of arbitrary switches between modes, resulting in large step variations in
the parameters of the system. The switched estimator is faster in convergence than the
robust design and assures a maximum achievable level of performance. The robust es-
timator design incorporates a wider class of parametric uncertainties, while assuring
robust stability for an infinite number of combinations between speed of the engine,
distance between paper sheets and the print queue characteristics.
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Chapter 4

Model predictive control

This chapter introduces a model predictive control problem for discrete time nonlinear
systems. Model predictive control is a suitable control strategy for professional printers.

4.1 Introduction

The combined electrical and thermal behavior of professional printers is nonlinear and
its dynamic behavior changes during a production cycle. This production cycle can be
considered over a day or several years. When the control design does not need to be
changed for several years, and when the machine keeps its performance on a required
level, non-adaptive controllers (e.g. PID controllers) are sufficient for control purposes.
When the printer dynamics evolve in a short period, for example due to changes in the
architecture, environmental conditions, or media characteristics, the control design has
to cope with these changes. This can be translated into controller adaptations, retuning
of the controller or a new design.
A challenging application for a printer control system deals with maximizing the per-
formance in run-time for a wide range of media characteristics and a wide variety of
environmental circumstances, e.g. different environmental temperatures, outlet power
levels. Hence, the development on professional printers is required to achieve high
quality prints with high printing speed for an increasing range of paper dimensions and
weights. A high performance controller can be obtained if it is possible to predict these
changes, to take fast actions and take care of the physical limitations in real time. In
the literature several approaches have been studied, and among them optimal control
theoretic approaches received most interest.
Model Predictive Control (MPC) (also referred as receding horizon control) is concep-
tually a natural method for generating feedback control actions for linear and nonlinear
systems subject to input, state and output constraints. Due to the ability of predicting
future control scenarios, the future knowledge on the paper sheet characteristics can
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be exploited for better performance. MPC is the best control technique for constraints
handeling (([65], [21], [78])). Therefore, model predictive control techniques are inves-
tigated to cope with large variations in the paper sheet characteristics, to achieve a low
per-print cost (throughput maximization and energy efficient) and high quality prints
under a large range of conditions. Economic considerations, tracking control and stabil-
ity are important aspects for model predictive control and an overview of these methods
is done in this chapter too.

4.2 Model predictive control

A controller manipulates the inputs of the system to obtain desired performance specifi-
cations on the outputs of the system. The performance specifications may include safety
constraints, a guaranteed level of performance, or suppression of known or unknown
disturbances. In optimal control problems, the control signal optimizes an objective
function (cost criterion). The objectives of the control system must be accomplished
taking into account the dynamics of the process, the effects of the disturbances and the
constraints.
One way to formulate an optimal control problem consists of finding a time-dependent
control law u(t) for a given system such that an objective function J is minimized while
satisfying constraints imposed by the system dynamics and/or system variables. Usu-
ally, the selection of the criterion J is a compromise between expressing desired goals
(good control behavior) and the ability of optimization techniques to locate optimal
solutions.
Model Predictive Control (MPC) (also referred as receding horizon control) is concep-
tually a natural method for generating feedback control actions for linear and nonlinear
systems subject to input, state and output constraints. More recently the method was ex-
tended also in the framework of hybrid systems. Since its development in 1980, model
predictive control (MPC) has become one of the most used control methods in industry,
since it can deal with nonlinear systems and constraints on the system. Compared with
other control methods, MPC has the ability to anticipate on future events and to take
control actions accordingly.
Early industrial MPC algorithms like identification and command IDCOM ([79]) or dy-
namic matrix control DMC ([30]) used a quadratic cost function while the constraints
were treated in an ad hoc fashion. The multistep multivariable adaptive regulator MUS-
MAR was the first MPC formulation based on a linear state-space model ([72]). It was
followed by extended predictive self-adaptive control EPSAC ([33]). The quadratic ma-
trix control scheme (QDMC) was one of the first algorithms to explicitly take constraints
into account ([45]). For nonlinear systems, first implementations were reported in ([57],
[70]). In the last few years, numerous publications deal with the development of algo-
rithms, with focus on feasibility, robustness, speed of calculation, incorporation of noise
models, and closed-loop stability ([65], [21], [78]). One of the first MPC approaches
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for hybrid systems has been reported in ([11]).
Model predictive control is a popular control method in industry due to its ability to
cope with hard constraints on all variables of the system. Other attractive properties of
the method include its easy tuning and its generalization to multivariable systems.

A possible MPC feedback control scheme is presented in Fig. 4.1.

θ
measured disturbances

setpoint

y

MPC PLANTactuators u

noise

d
unmeasured
disturbances

plant
output

y

measured output

Figure 4.1: Control loop with MPC

The plant is connected in a feedback loop with an MPC controller. Whenever there is
a major parameter variation that can be measured before it affects the process output,
combined feedforward and feedback control can improve performance of the control
design. The measured values of the parameters reduces the effect of the parameter vari-
ation on the process output (i.e. predictive control formulations for LPV systems [58],
[92]). Feedback compensates for inaccuracies in the process model, measurement er-
rors, and unmeasured disturbances.

In principle, based on the past inputs and outputs, but also on a future control scenario,
at each sample k, the system output y is predicted over a prediction horizon NP that
starts at sample k. A reference trajectory yre f is defined over the prediction horizon, to
force the process output to follow yre f . This information is used by the controller to
compute an optimal control input vector u over the prediction horizon, to minimize a
cost function J. Only the first time sample of the control input will be applied to the
system, and the remaining elements of the control input will be discarded. The same
procedure will be repeated at the next time sample. In this way a feedback mechanism
is introduced. This mechanism is referred to as the receding horizon implementation of
the controller ([65]).

The basic idea of MPC is depicted in Fig. 4.2. The lower plot represents the selected
inputs (dotted-line), while the upper plot presents the calculated output based on these
selected inputs.
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Figure 4.2: Model predictive control principles

The standard formulation of an MPC optimization problem can be written as follows:

min
uk

J(xk,uk)

subject to

ceq(xk,uk) = 0

c(xk,uk)≤ 0

(4.1)

where

• x(k) is the state vector at discrete time k;

• uk is the NP-tuple uk = col(u(k|k), . . . ,u(k+NP−1|k)) that consists of all control
variables to be applied over the prediction horizon [k, . . . ,k +NP−1];

• xk is the NP-tuple xk = col(x(k + 1|k), . . . ,x(k + NP|k)) that consists of all state
variables predicted over the prediction horizon [k, . . . ,k + NP] and starting from
the initial known condition x(k) at moment k, and by applying the input sequence
uk, to a model M of the system;

• ceq(xk,uk) = 0 represents a set of equality constraints;

• c(xk,uk)≤ 0 represents a set of inequality constraints.

The cost criterion is assumed to be a sum of a stage costs L(., .) defined over the pre-
diction horizon, with L :Rn×Rm→R satisfying L(0,0) = 0, and a terminal cost V (.),
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with V : Rn → R. Combining these two measures of performance we obtain the cost
function (objective function):

J(x(k),uk) = V (x(k +NP|k))+
NP−1

∑
i=0

L(x(k + i|k),u(k + i|k)) (4.2)

Moreover, if we consider the constraints x(k+ i)∈Ξ and u(k+ i)∈U, for i = 0, . . . ,NP−
1, with Ξ ⊆ Rn and U ⊆ Rm closed sets, the control objective can be formalized as
steering the state of the system in a target set, in a finite number of steps NP, while
minimizing the cost function J. The closed sets Ξ and U are in fact boundary constraints
on the states x(k + i) and on the inputs u(k + i), respective, i = 0, . . . ,NP− 1, so they
represent the inequalities constraints in (4.1).
Suppose that the above MPC optimization problem is solvable and let u∗k , (u∗(k +
0|k), . . . ,u∗(k + NP − 1|k)) denote the optimal solution at time k. The MPC control
action is obtained as follows:

uMPC(x(k),k) , u∗(k +0|k); k ∈Z+ (4.3)

which means that at time k only the first control input values of u∗k is implemented. This
process is repeated for time k+1, resulting in a receding horizon implementation of the
controller.
The main issue in MPC is the stability of the closed-loop. To address the problem of
performance of the MPC controller, stability issues must be taken into account. As
presented in the survey of ([69]), for linear and nonlinear systems many solutions to
stability problem have been developed. The most popular approach are the terminal cost
and constraint set methods, which require that the predicted state at the end of prediction
horizon, i.e. x(k + NP|k) is constrained inside a terminal set that has the equilibrium
point in its interior. For this class of systems, in ([69]) sufficient stabilization conditions
are derived, in terms of properties that a terminal cost V or a terminal set must satisfy.
These stabilizing conditions have been derived further in ([11], [16], [60]) for a special
class of hybrid systems in the MPC framework. Lyapunov theory is at the basis of
these studies. This theory was founded by Lyapunov in 1907. Sufficient conditions for
Lyapunov stability are presented in ([54]) and ([55]) and they are based on so-called
”Lyapunov functions”.

4.3 Reference tracking

For professional printers, tracking control under nonlinear behavior is an important chal-
lenge. To achieve high quality prints, the temperatures inside the printer must follow
a defined reference temperatures (i.e. the reference temperature for the fusing quality,
described by the equation (2.18)). These setpoints to be followed by the controller in
a closed-loop situation (Fig. 4.1) are functions of the operating point of the system, so
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functions of the paper sheet characteristics θ and speed v of the engine and distance d
between sheets. The changes in the operating point are determined by external triggers,
i.e. paper sheet characteristics in the print queue, the environmental temperature, the
maximum available power. The variation in these signals is arbitrary, thus the changes
in the references over a time sequence is arbitrary. The total number of operating points
of the system can be considered infinite. The stability and performance is required
around all operating points of the system.

In literature, tracking control problems with model predictive control mostly consider a
fixed steady-state, which in most of the cases is the origin. If operating points change
in time, the feasibility of a controller may be lost and the controller fails to track the
reference under nonlinear behavior. Obtaining general controllers with guarantees on
stability, feasibility, and robustness for constrained tracking of arbitrary, time-varying
references is, however, hard.
For a class of nonlinear systems, [42] considers a pseudo linearization of the system and
a parametrization of the setpoint for a parameter γ ∈ Γ, with γ known and constant. The
closed-loop properties can be guaranteed for all γ ∈ Γ.
In [41], the proposed controller features an additional artificial steady state to which the
system is driven. First, an artificial steady state and input are determined. Second, a cost
function is introduced that penalizes the error between the real state and the artificial
steady state and the real input and the steady state input. Third, an additional offset cost
is added to the cost function and penalizes the deviation between the artificial steady
state and the target steady state. The resulting cost function selects the best target for
the controller and can be considered as an online steady state optimizer. In this case, for
any possible changing reference trajectory, the closed-loop properties can be analyzed.
Another approach addressing the constrained tracking control problem under nonlinear
systems are the reference governors (RG), (e.g. [10]), [46]). These can be seen as
adding an artificial reference to the controller, so as to ensure the admissible evolution
of the system, converging to the desired reference. The idea of the reference governors
is to separate the issue of constraint satisfaction from the issue of designing a stable
closed-loop system. A reference governor is a nonlinear device which manipulates on-
line a command input to a primal compensated system , so as to satisfy constraints [41].
A drawback of this method is that the optimality of the MPC can be affected.
Most of the designed methods consider a perfect model of the system in which no ex-
ternal disturbances are present. If the plant is subject to a constant disturbance, MPC
will exhibit an offset. To overcome this issue, for an asymptotically constant reference
trajectory the system states can be augmented with an integrating disturbance (e.g. [74],
[66], [67]), with the role of a filter, to estimate and predict the mismatch between mea-
sured and predicted outputs in steady state. When a non-zero disturbance affects the
system, the steady-state ’target’ value of the state and input may need to be shifted in
order to cancel the effect of such a disturbance on the controlled variable. Hence, at



4.4. ECONOMIC MPC 79

each sample instant the estimated value of disturbance is used to compute a new steady-
state targets such that the controller can drive the controlled variables to the required
setpoint. For nonlinear systems, the method still requires more attention.

There are few studies considering time-varying targets under nonlinear behavior. As
mentioned in [40], time-varying targets cause difficulties in designing local control Lya-
punov functions since there are no general methods to construct Lyapunov function for
nonlinear systems.

4.4 Economic MPC

To achieve a low per-print cost (throughput maximization and energy efficient) and
high quality prints under a large range of conditions, model predictive control tech-
niques should integrate economic considerations in the control design. For professional
printers the economic criterion is given by the throughput. That is,

Λ =
60v
l +d

(4.4)

with v the speed of the engine, d the distance between sheets, and l the paper sheet
length, a component of the paper sheet characteristics θ . This criterion is a nonlin-
ear and non-convex function in the inputs (v,d) and the paper sheet characteristics
θ . Throughput maximization requires maximization of this criterion, together with the
tracking control, so as to achieve fusing quality.

In the last years the research in the MPC area focused on integrating general economic
considerations in the control design. Compared to traditional model predictive control
schemes, the economic MPC has the role of maximizing the profit of the system by
introducing the economic considerations directly in the MPC cost function. The eco-
nomic cost criterion of the system can be very different from the convex and quadratic
design criteria which are commonly used in control design (e.g. [4]). This approach will
lead in general to time-varying operating policies, when directly optimizing the process
economics.
Due to a possible nonconvexity of the costs as well as nonlinearity of the system dynam-
ics, the convergent behavior is not always optimal and/or as desired [4]. The tradeoff
between rate of convergence and economic performance is highlighted in [4].
The most dominant approach in the economic MPC area considers a two-layer ap-
proach. The upper layer is used to compute optimal process operating points taking
into account the economic performance considerations using a static model. This layer
communicates with a real-time optimization (RTO) system. The lower layer controls
the feedback loop to the economic optimal steady-state solutions computed by the up-
per layer. On the lower level, an MPC approach is considered, due to its ability of
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dealing with hard constraints and tracking control, which may vary in time. The closed-
loop MPC can be designed such that stability and feasibility can be guaranteed (e.g.
[71], [91], [6], [75], [76]).
A next step considered integrating steady-state RTO and MPC into a single level ap-
proach (e.g. [93], [1]). The economic performance optimization and the feedback loop
are solved simultaneously in a single optimization problem. The resulting problem
involves solving a nonlinear objective function subject to dynamics and steady-state
constraints. The implementation of the controller is based on extensive tuning for the
stability and performance to be influenced.
Other studies consider a dynamic model in the RTO level instead of the static model for
the economic evaluation. This layer interacts with the lower layer MPC (e.g. [53], [95]).
This approach recalculates the optimal setpoints for the linear MPC only if economic
benefits are possible. The performance approach depends on the interaction between
the two-layers, which use different dynamical models.
Recent studies consider incorporating general economic considerations directly in the
cost function of the MPC (e.g. [35], [32], [49], [59], [48]). The quadratic cost function
used in the standard MPC is replaced by an economic-based cost function. The research
focuses on possible implementations for the stability and feasibility of the closed-loop
to be guaranteed. Lyapunov-based techniques are integrated in the control design, in the
attempt to characterize the closed-loop properties.

Model predictive control design incorporating nonlinear and non-convex cost function
is still an open problem in literature.

4.5 Conclusions

In this chapter we have presented the concept of model predictive control which will be
later used in this thesis for achieving the user requirements on the professional printing
systems. From all these studies it can be concluded that there are few studies con-
sidering time-varying operating conditions and economic considerations for nonlinear
systems. The challenge of designing such systems arises from the difficulty in con-
structing suitable Lyapunov functions to analyze the closed-loop properties. Therefore,
there are no general control methods suitable for professional printers so as to achieve
the research targets.
In the next two chapters we will focus on techniques to integrate the economic consid-
erations into the MPC framework for professional printers. With learned ideas from the
existing techniques, presented in this chapter, we will analyze two possible implemen-
tations for professional printers. The focus of these control designs is on the trade-off
between performance, computation aspects and closed-loop properties. These two im-
plementations for professional printers can be pictured as in Fig. 4.3 and Fig. 4.4.
The first approach uses a centralized formulation which integrates the economic crite-
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rion directly in the cost function of the MPC, which directly will optimize the printer
throughput together with high quality prints. The second approach is a two-level de-
composition approach, composed by an RTO level and an MPC level. In this approach
the throughput maximization is separated from tracking control. State estimators are
required for the state estimation problem, since not all the states are measurable in real
time, and MPC is a state feedback controller technique.
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Tenv
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Figure 4.3: An MPC formulation for the professional printer, where the MPC cost func-
tion integrates economic considerations
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Figure 4.4: A two-level MPC approach for the professional printer, where the economic
considerations and the MPC cost function are combined into two-level control approach

Chapter 5 and Chapter 6 will present these two control problems.
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Chapter 5

Control structures for systems with
input-induced nonlinearities

This chapter addresses the problem of optimal control for a specific class of parameter-
varying systems, namely systems with input-induced nonlinearities, and focuses specif-
ically on the problem of transition control when both economic performance and con-
straints of the system have to be taken into account.
The research focuses on translating economic objectives into control objectives. In
model predictive control, this amounts to incorporating the economic considerations
into the MPC cost function, so as to optimize the closed-loop performance with respect
to general economic considerations for the class of systems with input-induced nonlin-
earities.
The focus in this chapter is on a centralized predictive control formulation, with the goal
of optimizing the system economics together with tracking control in a single formula-
tion. Several assumptions on the model of the plant are considered, so as to assess the
analysis of the closed-loop behavior. Using a professional printer case study, simulation
results illustrate the effectiveness of the centralized predictive controller.

5.1 Systems with input-induced nonlinearities

Consider a nonlinear system represented by a discrete time nonlinear parameter-varying
(NLPV) model:

x(k +1) = f (x(k),u(k),θ(k),w(k))
y(k) = g(x(k),u(k),θ(k))

(5.1)

where x(k) ∈ Rn is the system state vector, u(k) ∈ Rm is the input vector, θ(k) ∈ Rnθ

is a known parameter vector, w(k) ∈Rnw is the disturbance vector, and y(k) ∈Rp is the
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measured output of the system.
The parameter vector θ(k) belongs to the finite set θ(k) ∈ Θ = {θ1, ...,θNθ

}, where Nθ

represents the total number of possible outcomes of the parameter vector for the system.
Considering assumptions a2-a5 presented in Chapter 2, assume the input u is decom-
posed according to u = col(ud ,ul), ud ∈ Rmd , ul ∈ Rml . A linear parameter-varying
formulation of the system (5.1) is given by the equations (5.2).

x(k +1) = A(ud(k),θ(k))x(k)+B(ud(k),θ(k))ul(k)+Bww(k)
y(k) = C(ud(k),θ(k))x(k)+D(ud(k),θ(k))ul(k)

(5.2)

Specific inputs are viewed as time-dependent parameters that effect the dynamics of
a linear time-invariant dynamical system. The input-output behavior of the system is
generally nonlinear and we will refer to such parameter-varying system as an input-
induced nonlinear system.
We define the time axis at time instant k, with k ∈ Z+, as T = {k,k + 1, . . . ,k + NP},
running from k to k + NP, with NP a horizon. This is, for a vector space X the signal
space of all signals x :T→ X is denoted XT.
In this chapter we define and solve a control problem for this class of systems (5.2).
The performance specifications include safety constraints, an economic performance
criterion and suppression of known or unknown disturbances.

5.2 Problem formulation

In this section we investigate possibilities to increase the economic performance of the
system. The control objectives are described, together with the active constraints and
assumptions that are made on the model, such that a control problem can be formulated
and, subsequently, be solved.

5.2.1 Constraints

The following constraints can be distinguished:

c1 boundaries on the states, inputs, outputs and disturbances due to physical limitations
of the mechanical system: x(i)∈X, u(i)∈U, y(i)∈Y, w(i)∈Φ, where X⊂Rn,
U ⊂ Rm, Y ⊂ Rp, Φ ⊂ Rnw are closed and bounded sets, i ∈ T, T = {k,k +
1, . . . ,k +NP}, k ∈Z+;

c2 the rate of the inputs ud is bounded between a minimum and a maximum value, due
to mechanical limitations |ud(i)−ud(i−1)| ≤ udM , i ∈T;

c3 the sum of the inputs ul is limited by a time-varying umax(i), ‖ ul(i) ‖1≤ umax(i),
‖ ul(i) ‖1, ∑

ml
j=1 |ul j(i)|, i ∈T, where umax(i) satisfies assumption a11 below.
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For professional printers, constraint c1 is related to the physical limitations on the tem-
peratures inside the printer, input powers, speed of the engine, distance between sheets
and environmental temperature. Constraint c2 is a rate limitation for the printing speed.
Constraint c3 refers to the maximum available power qmax(i) which is limited in time.
It is assumed to be time-varying, since it depends on the total power availability for the
entire machine.

5.2.2 Assumptions

It is assumed that:

a8 the values θ(i) ∈Θ are known for i ∈T;

a9 w ∈ΦT is an estimated and known disturbance trajectory, such that w(i) = ŵ(i), i ∈
T is known;

a10 the initial condition x(0) = x0 is known and x0 ∈ X;

a11 umax(i) is assumed to be constant for i ∈T and equal to the known value at current
moment k, umax(k), so umax(i) = umax(k), i ∈T. This assumption is necessary for
the optimization problem to be well defined.

5.2.3 Control objectives

Consider the model of the system (5.2). The goal is to optimize dynamic plants of the
form (5.2) from an economic point of view. It is required to steer the system along a
time-varying output reference trajectory while maximizing the economic criterion. The
controller processes y to u and needs to achieve the tracking of the output reference
trajectory while respecting constraints, and taking disturbances into account.
The time-varying output reference trajectory is defined as yre f :T→ Y which is gener-
ated by a mapping

Yre f :T×Ud
T×Θ

T→ YT (5.3)

in the sense that:

yre f (i) = Yre f (i,ud(.),θ(.)), i ∈T. (5.4)

The economic criterion involves stage costs L :T→R+ of the form:

L(i) =
60v(i)

l(i)+d(i)
(5.5)

evaluated at time i∈T= {k,k+1, . . . ,k+NP}, k ∈Z+. Note that (v,d) are components
in the input vector ud and l is a component in θ . The stage cost reflects the throughput
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of the system at time i ∈T. The aim is to maximize throughput, which is formalized by
saying that we aim to maximize the function:

J : UT×Θ
T→R (5.6)

defined as:

J(u,θ) = ∑
i∈T

L(i) (5.7)

Note that u(i) ∈ U and θ(i) ∈ Θ, i ∈ T, with U and Θ bounded sets. Therefore, L(i) is
a bounded operator and hence J is a bounded operator.

5.2.4 Optimization problem

The control problem is formulated as finding the optimal input trajectory u ∈ UT such
that J(u,θ) is maximized over u ∈ UT, subject to the constraint that the output y of the
model (5.2) equals the reference trajectory yre f , i.e. y = yre f , and subject to constraints
c1− c3 and assumptions a8− a11. The optimization problem is feasible if a solution
u ∈ UT exists that maximizes J(u,θ) subject to all constraints.

sup
u∈UT

J(u,θ)

s.t. y(i) = yre f (i)
(5.2)

i ∈T
c1− c3

a8−a11

(5.8)

Remark 5.2.1. It is important to emphasize that yre f in (5.4) depends on a dedicated
component of the control vector ud . This means that yre f is not a fixed trajectory of
time in the optimization, but that, in fact, yre f is part of the optimization through its
dependence of ud .

If exact tracking of the output is not possible due to computational complexity, we
consider the relaxation ‖ y−yre f ‖∞,T, maxi∈T, j=1,...,p |y j(i)−yre f j

(i)|< ε , for all i∈T
and for some ε > 0. This increases the decision space of the solution by allowing a
deviation from the output reference trajectory.
The optimization problem can be redefined with the introduction of a penalty matrix Γ,
with the property Γ = ΓT � 0. This will result in a trade-off between maximizing L(i)
and penalizing the tracking error (y(i)− yre f (i)) for each i ∈ T. Consider then the new
extended stage cost:

M(i) =−L(i)+ ‖ y(i)− yre f (i) ‖2
Γ (5.9)
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We will mainly consider Γ = diag(λ1, . . . ,λp) ∈Rp, so that:

‖ y(i)− yre f (i) ‖2
Γ=


 y1(i)

...
yp(i)

−
 yre f 1(i)

...
yre f p

(i)




T  λ1 · · · 0
... λ.

...
0 · · · λp



 y1(i)

...
yp(i)

−
 yre f 1(i)

...
yre f p

(i)


= λ1(y1(i)− yre f 1(i))

2 + . . .+λp(yp(i)− yre f p
(i))2

(5.10)

We aim to optimize the function:

J : UT×Θ
T→R (5.11)

defined as:

J (u,θ) = ∑
i∈T

M(i) (5.12)

A solution to the given problem formulation can be described with a centralized predic-
tive controller formulation, which will be described in the next section.

5.3 Centralized MPC

In this section we propose a centralized nonlinear model predictive control solution that
will be used to optimize the performance of the system, expressed via (5.12). This for-
mulation is the most general one.

5.3.1 Centralized predictive formulation

We want to obtain a closed-loop/controlled system as a result of minimizing J (u,θ).
We consider a receding horizon optimization that, at time instant k, minimizes J (u,θ),
over u ∈ UT, while respecting constraints c1− c3, assumptions a8− a11 and using
model (5.2). Note that the relevant optimization horizon T = {k,k + 1, . . . ,k + NP}
depends on the current time instant k.
The optimal solution u∗k = col(u∗d ,u

∗
l ), with u∗k ∈ UT, at discrete time k, satisfies:

u∗k = argmin
u

k+NP

∑
i=k+1

[−L(i)+ ‖ y(i)− yre f (i) ‖2
Γ] (5.13)



88 CONTROL STRUCTURES FOR SYSTEMS WITH INPUT-INDUCED NONLINEARITIES

s.t. x(k) = xk

x(i+1) = f (x(i),u(i), ŵ(i),θ(i))
y(i) = g(x(i),u(i),θ(i))

i ∈T= {k, . . . ,k +NP}
x(i) ∈ X, u(i) ∈ U, y(i) ∈ Y

‖ ul(i) ‖1 ≤ umax(k)
|ud(i)−ud(i−1)| ≤ udM

The optimization is performed over the prediction horizon NP. At each time instant k,
the optimization requires setting the condition x(k) = xk, for any k ∈ Z+. The state xk
is computed by an estimator design of the form presented in Section 3.4.
The MPC receding horizon strategy now amounts to implementing only the first element
of u(k) = u∗k(k) at each time instant k. The remaining samples of the signal u∗k will be
discarded. The same procedure will be repeated at each time sample k ∈Z+.
This receding horizon implementation, together with the estimator design, define the
controller and the closed-loop system depicted in Fig. 5.1.

MPC
(Sys IIN)

Plant
(nonlinear

dynamic
model)

Estimator

θ

ud

u

y

x̂

ŵ w
umax

Figure 5.1: Centralized control scheme of the system

5.3.2 Properties of the closed-loop system

The feasibility of the MPC problem can be defined as the existence of a solution for the
optimization problem formulated in (5.13). We assume for each discrete time k ∈Z+ a
solution exists.

The stability of the MPC problem, formulated in (5.13), is not easy to prove since the
economic criterion L(i), i∈T is nonlinear non-convex function and the output reference
trajectory yre f (i), to be followed, depends on the input ud , so the optimization problem
depends on a time-varying target. The challenge of designing a stabilizing control law
for such systems comes from the difficulty in constructing suitable Lyapunov functions.
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A full analysis of problem (5.13) does not yet exist.

The performance of the controlled system can be translated into a trade-off between
the economic stage cost L(i) and the output tracking ‖ y(i)− yre f (i) ‖2

Γ
. They are both

user requirements for the controlled system. We are interested in maximizing L(i) while
minimizing the difference between the output of the system and its dedicated reference.
By tuning the penalty matrix Γ, we can set priorities in the optimization problem, such
that an optimal performance can be obtained.

The stability of the controlled system depends on the stability of the estimator design.
We assume the separation principle in the design of the estimator and the MPC con-
troller.

5.4 Closed loop analysis

Input-induced nonlinearities introduce challenges in the following two areas:

Economic performance in MPC

The economic criterion of (5.13) is different from the convex and quadratic design cri-
teria which are commonly used in MPC control design. This is a nonlinear and non-
convex function, so the existence of a global minimum can not be assured. Economic
criteria are usually addressed only at the level of setpoint planning.
As presented in Chapter 4, the most dominant approach in the area considers a two-
layer approach, that consists of an RTO (real time optimization) and a lower MPC. For
nonlinear plants, the nonlinear model is used for a steady-state economic evaluation.
A linearized model is used for tracking problems of the economically optimal steady
state in the face of disturbances ([76]). Typically, MPC uses a quadratic cost function
that penalizes the deviations of the outputs of the system from the optimal steady-state
values. For a quadratic cost function, the closed-loop MPC can be designed such that
stability and feasibility can be guaranteed for a suitable set of initial conditions via
Lyapunov functions. The stability is then proven under the assumption that the RTO
problem is feasible. In case of unreachable setpoints, a possible solution is an artificial
steady-state computed by an optimization layer between the MPC and RTO level, to
reduce the effects of modeling errors or possible disturbances.
Recent studies consider incorporating general economic considerations in the cost func-
tion of MPC, (e.g. [35], [77], [32], [49]).
For a class of nonlinear systems and economic stage costs, [32] constructs a suitable
Lyapunov function, and the optimal steady-state solution of the economic stage cost
is an asymptotically stable solution of the closed-loop system under economic MPC.
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The class of nonlinear systems is characterized by the verification of a strong duality
property of the steady-state problem (convex constraints and strictly convex economic
stage costs). This class includes linear systems with convex stage costs and provides
a Lyapunov function for this economic MPC. The MPC contains a terminal constraint
which requires that the closed-loop system state settles to a steady-state at the end of
the prediction horizon.
In [49], a model predictive controller (MPC) is designed, which is capable of optimiz-
ing closed-loop performance with respect to general economic considerations (possibly
nonconvex) for a class of nonlinear systems. The economic MPC optimizes a cost
function, which is related directly to the desired economic considerations and is not
necessarily dependent on a steady-state solution. The controller has two different oper-
ation modes. The first operation mode corresponds to the period in which the economic
cost function is optimized while the MPC maintains the closed-loop system state within
a predefined stability region. In the second operation mode the system is driven by the
economic MPC to a neighborhood of the origin. In the second operation mode, suitable
Lyapunov-based constraints are incorporated in the economic MPC design to guarantee
that the closed-loop system state is always bounded in the predefined stability region
and is ultimately bounded in a small region containing the origin. In the context of
chemical process control, a quadratic Lyapunov functions has been used and proved to
yield good estimates of the closed-loop stability region for the presented approach.

We consider in the nonlinear predictive formulation (5.13) an economic performance
which is nonlinear and nonconvex. The dynamic model used for prediction is a nonlin-
ear model. From an optimization point of view, this imposes challenges from multiple
perspectives:

• it is more difficult to find globally optimal solutions;

• from computation point of view, the nonlinear optimization algorithms require
more computation time. When the model is designed with many states and con-
straints, real life implementation are not possible anymore.

From the considered studies, the economic performance can be addressed at three levels:

• as part of the optimization cost function in the controller design, like in (5.13).
Including the economic performance in the cost function of the model predictive
control is a challenging problem. This method has the drawback that closed-loop
properties are difficult to be analyzed. Without a suitable Lyapunov function,
there is no guarantee that the controlled system will remain stable over the time.
Under nonconvex economic stage costs, the design of such functions is a difficult
task.

• as part of the optimization cost function in the top level of a hierarchical control
structure. The top level or the supervisory controller considers a less detailed
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model of the system, to set the trajectories for the low level controllers. This
method is in general computationally expensive, and due to interactions between
the two layers and the system nonlinearities, closed-loop properties can be ana-
lyzed only under certain assumptions.

• at the setpoint level, which determines the trajectories to be followed by the con-
troller. This method is well know in literature as Real time-optimization (RTO).
The setpoints are determined based on a static approximation of the model of the
system. The lower level employs feedback control systems to force the process
to track the designed setpoints. In particular these methods allow to analyze the
controlled system despite the fact that the economic cost function is non-convex.

Tracking formulations in MPC for time-varying targets

When the target changes, like yre f (i), i ∈ T in (5.13), the feasibility of the controller
may be lost and the controller fails to track the reference. There are few studies con-
sidering time-varying targets under nonlinear behavior, as presented in Chapter 4. One
way to guarantee stability of the closed-loop system under changing target operating
points is to employ control Lyapunov functions so as to enforce stability via terminal
constraints and end point penalties.
In ([40]), time-varying level sets of Lyapunov functions are designed as terminal re-
gions for tracking control problems of a constrained nonlinear systems. The reference
trajectory is assumed to be a priori known and asymptotically constant. It is assumed
that for all time-varying targets, the admissible reference inputs are also known, and
they are feasible solutions for the given system. Then the derivation of the Lyapunov
function and the controller is done based on the linearized system along the reference
trajectories, resulting in an linear-time varying system.
Given a general nonlinear system, in [42] the stability of a controlled nonlinear system
has been proven for a family of setpoints, represented by a set Γ, when a pseudolin-
earization of the system and a parametrization of the setpoint for a fixed set γ ∈ Γ is
possible. The problem is to determine one target set XT (γ) and one terminal penalty
term V (as an explicit function of γ), such that stability can be guaranteed for all fixed
γ ∈ Γ.
In the MPC formulation for tracking of a constrained nonlinear systems in [41], the fea-
sibility of the controlled system is guaranteed for any (possibly changing) output target
to be tracked and, if possible, the convergence of the output of the plant to the target.
This formulation implies an additional steady-state reference, to which a nonlinear sys-
tem in driven. In this formulation, the constraints do not depend on the desired output
reference, so the controller ensures feasibility for all reference values and drives the
system to the closest steady state while fulfilling the constraints. A number of methods
exists for computing the terminal constraints and end point penalties for the design of a
control law capable to locally asymptotically stabilize the system.
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The reference governors (RG) in [10] consider also adding an artificial reference, com-
puted at each sampling time, to ensure the feasibility of a nonlinear system, and the
convergence to the desired reference. The stability of the closed-loop is then separated
from the constraint satisfaction.

We consider in the centralized predictive formulation (5.13) a time-varying target tra-
jectory, yre f (i), i ∈ T dependent on the control input ud and the parameter vector θ .
From all these studies it can be concluded that the stability of the centralized predictive
formulation (5.13) can be analyzed when:

• the time-varying output reference trajectory yre f (i), i ∈ T is approximated to a
finite, known, class of constant references, for which suitable Lyapunov-based
constraints can be incorporated to enforce stability.

• when the desired reference is known and is asymptotically constant, an artifi-
cial reference can be computed at each sampling time (in general an admissible
steady-state solutions of the system), to ensure the evolution of the system, con-
verging to the desired reference, for which the stability can be analyzed.

• assuming that all time-varying targets are known, together with the reference in-
puts, and they are feasible solutions for the given system, a Lyapunov function
can be designed as in [40].

5.5 Alternative formulations

To analyze the closed-loop properties of the centralized predictive formulation (5.13),
different assumptions on the input ud and on the parameter vector θ can be made. Recall
that at any time instant k, (ud ,θ)∈ (Ud×Θ)T. The purpose of this section is to discover
possible implementations which allow closed-loop properties of the controlled system
to be analyzed, while maximizing the performance of the system, to make the controller
design suitable for real life implementations.

Economic criterion scenarios

Recall from Section 5.4, the economic performance can be addressed at three levels. In
the alternative formulations, we will address two of these choices.

• the economic criterion as part of the optimization cost function in the controller
design, like in (5.13). This formulation will be referred to as the centralized
approach.

• the economic criterion as part of the cost function of a setpoint generator, which
determines the trajectories to be followed by the controlled system. This formu-
lation will be referred to as the two-level decomposition approach.
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Model assumptions

Recall the model description in Section 2.8. The nonlinearities of the system are induced
by variations in the input ud ∈Ud , with Ud ⊂U, a closed and bounded set. Considering
further assumptions on the set Ud and the set Θ, like in the table presented in Fig.
2.15, we can assume a different model representation of the system, which could allow
a simplified solution of the problem formulation presented in Section 5.3. Figure 5.2
illustrates all assumptions which can be made on Ud and Θ, resulting in 9 cases.
Next we will discuss each of these study cases. The goal of these cases is to decompose
the problem formulation (5.13) into several problems, which allow the design of a con-
trolled system for which the stability can be analyzed and the performance optimized.
For each of these 9 cases, either a centralized or a two-level decomposed approach can
be considered, or both.

Θ = {θ1} Θ = {θ1, . . . , θNθ} Θ ⊂ Rnθ

Ud = {ud1}

Ud = {ud1 , . . . , udNm
}

Ud ⊂ Rnmd

ΘUd

Case 1 Case 2 Case 3

Case 4 Case 5 Case 6

Case 7 Case 8 Case 9

Figure 5.2: Assumptions on the parameter vector sets Ud and Θ, resulting 9 study cases

5.5.1 Case 1

Under this assumption, the model of the system becomes linear over the prediction
horizon T and the MPC problem reduces to a linear formulation with constraints. In
literature this case is fully analyzed and necessary and sufficient conditions are derived,
for the closed-loop properties of the controlled system to be analyzed (e.g. [65]). The
model is not relevant to solve our control objectives, hence we will not develop this case
further.

5.5.2 Case 2

This case assumes ud to be known and constant (hence the trajectory of ud ∈ UT is
constant over a prediction horizon T). The parameter vector θ assumes its values in
the set Θ over a prediction horizon, but the values are known (as stated in assumption
a8). Since the economic stage cost L(i) is a constant, for each i ∈ T, only the inputs
ul require control, subject to constraints. The reference yre f (i) will change step-wise
with θ(i), i ∈ T and the model of the system becomes piece-wise linear. This control
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problem is a simplified version of the centralized predictive formulation (5.13), but is
still a relevant control problem. For the professional printer, it studies the influence of
large variations in paper sheet characteristics on the controlled system. The throughput
is not optimized, but the quality of the prints can be optimized.
The optimal solution u∗k = u∗lk , at time instant k, satisfies:

u∗lk = argmin
ul

k+NP

∑
i=k+1

‖ y(i)− yre f (i) ‖2
Γ (5.14)

s.t. x(k) = xk

x(i+1) = A(θ(i))x(i)+B(θ(i))ul(i)+Bwŵ(i)
y(i) = C(θ(i))x(i)+D(θ(i))ul(i)

i ∈ {k, . . . ,k +NP}
x(i),∈ X ul(i), ∈ U y(i),∈ Y

‖ ul(i) ‖1 ≤ umax(k)

where xk = x̂(k|k) is the estimated state of the system at moment k. The estimator design
is similar to the Switched estimator design presented in Section 3.3. In a receding
horizon control scheme, only the first element of ul(k) = u∗lk(k) will be applied on the
system. The same procedure will be repeated at next samples.
Hence the optimization problem has the following characteristics:

• piece-wise linear system over the prediction horizon

• known reference over the prediction horizon, since θ(i), i ∈T are known

Figure 5.3 pictures the optimization problem of the MPC problem (5.14).
For this problem, as presented in Section 5.4, a class of setpoint families can be derived
based on θ ∈ Θ, and the stability of the closed-loop can be assessed by finding an
appropriate Lyapunov function as in [42]. The problem is to determine one target set
XT (θ) and one terminal penalty term V (as an explicit function of θ ), such that stability
can be guaranteed for all fixed θ ∈Θ.
For tracking control, a condition for the closed-loop properties to be analyzed, is that
the setpoints to be followed should be feasible steady-state solutions of the system, as
presented in Section 5.4. Since this condition is not always satisfied by the setpoints
yre f (i), i ∈ T, a solution for the MPC problem (5.14) is a two-level decomposition ap-
proach. This is, a setpoint generator computes the optimal static solutions, using a
static model of system, the corresponding θ(i) and yre f (i) for each i ∈ T, and con-
straints. These optimal static solutions form the new trajectory for the second level
control, which is an MPC formulation for tracking control. Then, Lyapunov theory can
be used to analyse the properties of the closed-loop system. A two-level decomposition
approach will be further explored in Chapter 6.
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k k + 1 k + 2 k + 3 k + 4 k + 5 k + 6 k + 7

θ1

θ2

θ3

Model(θ1) Model(θ2) Model(θ3)

prediction horizon NP

output reference(θ)

predicted output model

y

ul

k

controlled input

k

k

Figure 5.3: MPC prediction horizon when ud constant and known, and θ variable

5.5.3 Case 3

This case assumes ud to be known and constant (hence the trajectory of ud ∈ UT is
constant over a prediction horizon T). The parameter vector θ assumes its values in
a bounded set Θ ⊆ Rnθ . In fact, this case study considers an infinite class of paper
sheet characteristics for professional printers. This case study is relevant in the situation
of parametric uncertainties on θ and/or a growing number of paper sheet characteris-
tics. Then Θ ⊆Rnθ can form a polytopic region of parameter variations in the system.
The model of the system can be assumed, for example, to be a parametric model with
parametric uncertainties.
This control problem is a relevant control problem for an infinite class of paper sheet
characteristics for professional printers. The optimization problem of such MPC for-
mulation is in fact the optimization of the worst-case objective function with respect to
parameter uncertainties ([58], [61]). As in Case 2, for tracking control, a condition for
the closed-loop properties to be analyzed is that all setpoints to be feasible solutions of
the system. Since this condition is not always satisfied by the setpoints yre f (i), i ∈ T,
a solution for this control problem can be pictured with a two-level decomposition ap-
proach. A similar problem is explored in Chapter 6.

5.5.4 Case 4

This study assumes Θ to be a singleton set Θ = {θ1}. For professional printers, this case
does not study the influence of variations in the paper sheet properties on the controlled
system, so it is not a relevant control problem to achieve the research targets.
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5.5.5 Case 5

The parameter vector θ assumes its values in a known finite set Θ = {θ1, . . . ,θNθ
} and

the control input ud assumes its values in a finite known set Ud := {ud1 , . . . ,udNm
}, where

Nθ and Nm, are integers. This leads to a total number of N = Nθ Nm discrete values of
the pair (θ ,ud). The model representation becomes a hybrid model. A hybrid model is
a dynamic system that exhibits both continuous and discrete dynamic behavior, hence a
system that can both flow and jump. This case assumes then a model representation, for
example, in the class of switched linear systems.
This case study is relevant for professional printers since it studies the influence of
the changes in the paper sheet characteristics and it can optimize the throughput of
the machine in the same time, by proper controlling the control inputs u, with ud ∈
Ud = {ud1 , . . . ,udNm

}. The difference with the original control problem, the centralized
predictive formulation in Section 5.3, is the set Ud := {ud1 , . . . ,udNm

}.
Two control approaches are presented next to handle the economic performance crite-
rion, a centralized formulation and a two-level decomposition approach.

Case 5a: Centralized formulation - mixed-integer programming

We are interested in optimizing the throughput of the machine, so the stage costs L(i), i∈
T while minimizing the tracking control error y(i)− yre f (i), i ∈ T, in the presence of
constraints. The algorithm has to be adapted such that control input ud is searched in
a discrete set Ud = {ud1 , . . . ,udNm

}. An integer problem is a mathematical optimization
problem in which the optimization variables can take only integer values.
The optimal solution u∗k = col(u∗d ,u

∗
l ), with u∗l ∈UTl ,Ul ⊂Rml , u∗d ∈UT

d ,Ud := {ud1 , . . .,
udNm
} at discrete time k, satisfies:

u∗k = argmin
u

k+NP

∑
i=k+1

[−L(i)+ ‖ y(i)− yre f (i) ‖2
Γ]

s.t. x(k) = xk

x(i+1) = f (x(i),ud(i),ul(i), ŵ(i),θ(i))
y(i) = g(x(i),ud(i),ul(i),θ(i))

i ∈ {k, . . . ,k +NP}
x(i) ∈ X, y(i) ∈ Y, ul(i) ∈ Ul

ud ∈Ud := {ud1 , . . . ,udNm
}

‖ ul(i) ‖1 ≤ umax(k)

(5.15)

At each time instant k, the optimization requires setting the condition x(k) = xk, for any
k ∈ Z+. The vector xk can be estimated by a robust estimator design, as presented in
Section 3.4. The MPC receding horizon strategy now amounts to implementing only
the first element of u(k) = u∗k(k) at each time instant k. The remaining samples of the
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signal u∗k will be discarded. The same procedure will be repeated at each time sample
k ∈Z+.

The algorithms used to solve (5.15) are known as Mixed Integer Nonlinear Program-
ming (MINLP). MINLP problems are difficult to solve because they combine all the
difficulties of both of their subclasses: the combinatorial nature of mixed integer pro-
grams (MIP) and the difficulty in solving nonconvex, nonlinear programs. Theoretical
algorithmic ideas for solving MINLP have been researched for many years, but a practi-
cal implementation is much more difficult. Due to memory limitations, efficient numer-
ical linear algebra routines, suitable algorithmic tolerances, and determining general-
purpose solvers, the MINLP problems are challenging tasks. An overview of methods
and algorithms dealing with MINLP problems can be found in [20], [9]. Besides the
computational issues, stability and performance of the resulting MPC closed-loop sys-
tem are difficult to be analyzed.

Case 5b: Two-level decomposition

This case intends to separate the economic performance and tracking control, so as
to achieve throughput maximization, and the closed-loop properties of the controlled
system to be analyzed. Figure 5.4 presents a control alternative for (5.13). A reference
generator computes the optimal inputs ud and static references re f based on known θ ,
such that the constraints and the economic performance are satisfied, using a nonlinear
static model of (5.2). So the economic performance is addressed on the setpoint level.

Controller
(switched

linear model
(σ))

Plant
(non-linear

dynamic

model)

Estimator

θ

ul

y

x̂

w
generator
Reference

ŵ

(swl;σ)

(non-linear

static model)

σ
u∗dref

ŵ

ω̂

umax umax

Figure 5.4: Control structure for two-level decomposition

On the second level is an MPC formulation for tracking control. The model used for
control assumes N linear approximations of the system (5.2) (around ud and θ ). A
switching law σ : Z+ → {1,2, . . . ,N}, (where N = Nθ Nm > 1 is the number of sys-
tem modes determined by the pair (θ ,ud)), can be defined, to switch in between linear
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subsystems according to σ(k) = Σ(θ(k),ud(k)) ∈Θ×Ud :

x(k +1) = Aσ(k)x(k)+Bσ(k)ul(k)+Bwŵ(k)

y(k) = Cσ(k)x(k)+Dσ(k)ul(k)
(5.16)

The MPC controller and the estimator are designed in this case based on the switched
linear model approximation (5.16), so as to achieve stability and performance for any
switching signal σ . This case study will be explored in detail in Chapter 6.

5.5.6 Case 6

This case combines the ideas of parametric uncertainties from Case 3 and the mixed-
integer programming ideas from Case 5. Hence, the control problem is too difficult to
be fully analyse.

5.5.7 Case 7

This case assumes Θ being a singleton set Θ = {θ1}, hence it is not a relevant control
problem to achieve the research targets.

5.5.8 Case 8

This is the original control problem, discussed already in Section 5.1-5.3.

5.5.9 Case 9

In this case we assume the input ud to be a controllable input, with ud ∈ Ud ⊆ Rmd .
The parameter vector θ can take any values in a set Θ ⊆ Rnθ , a bounded set. In fact,
this case considers an infinite class of paper sheet characteristics for the professional
printers. This case is relevant in the situation of parametric uncertainties on θ and ud
and/or a growing number of paper sheet characteristics. Then Θ ⊆Rnθ and Ud ⊆Rmd

can be characterize by a polytopic region of parameter variations in the system. As in
Case 3, the model of the system can be assumed, for example, to be a parametric model,
with parametric uncertainties.
This control problem is a relevant control problem for an infinite class of paper sheet
characteristics and/or uncertainties in the system for the professional printers. A solu-
tion for this control problem can be pictured with a two-level decomposition approach
and it will explored in Chapter 6.

5.6 Simulation examples for centralized MPC

This section presents the simulation results for the centralized predictive formulation
presented in this chapter, described by equations (5.13). For this method the analysis
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of the closed-loop properties has revealed the fact that stability, feasibility and robust-
ness of the method can not be guaranteed. This section has the purpose to show several
results of the implementation for a case scenario, using different tunings of the param-
eters, to illustrate the effectiveness of the method in practice. A Simulink model of the
printer has been used for the simulations.

5.6.1 Scenario

The model of the printer can be described with (5.2), with

x = col(T1,T2,T3,Tpreh,Tpaperini) (5.17)

denoting the states of the model, where T1,T2 and T3 are the states of the TTF belt. The
input is the vector

u = col(v,d,qT T F ,qpreh) (5.18)

that is decomposed as u = col(ud ,ul), with ud = col(v,d), ul = col(qT T F ,qpreh). The
output vector y is given by

y = col(TT T F ,Tpreh,Tf use). (5.19)

The unknown disturbance signal w in (5.2) is the environment temperature w = [Tenv].

The main control objective is to achieve the highest throughput, defined in (2.2), Λ =
60v
l+d , while satisfying a well defined print quality requirements. In the cost function of
the centralized predictive formulation (5.13), the economic stage cost L is the through-
put Λ.
The fusing quality is defined by the error:

e f use = Tf usere f −Tf use (5.20)

with Tf usere f given by the equation

Tf use = h(TT T F ,Tpreh) (5.21)

and the reference temperature Tf usere f :

Tf usere f = c1(θ)v+ c2(θ) (5.22)

where c1, c2 depend on print queue characteristics θ , and v is part of input ud vector.
This error has to be between some bounds to not degrade the quality. The upper limit is
the most important one as presented in Section 2.6.4.
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At the same time, but with less priority, the preheater temperature Tpreh has to follow
a reference trajectory Tprehre f , a function of the paper sheets properties θ , and speed v.
The second tracking error is defined as:

epreh = Tprehre f −Tpreh (5.23)

with Tpreh defined in equation (2.13). The reference trajectory is given by:

Tprehre f = c3(θ)v+ c4(θ) (5.24)

where c3, c4 depend on print queue characteristics θ , and v is part of input ud vector.
In the cost function of the centralized predictive formulation (5.13) the output tracking
is represented by e f use and epreh. Since for TT T F there is no specific reference trajectory,
we will assume eT T F = 0. The goal of the controller is maximizing the throughput Λ

while the output temperatures Tf use and Tpreh follow the reference temperatures, Tf usere f

and Tprehre f respectively, and satisfying the rest of the constraints.

The controlled system must cope with large random step variations in the print queue, so
step variation in θ ∈Θ and maximum available power qmax. Both, θ and qmax determine
in fact, indirectly, the speed v of the engine and the distance d between paper sheets.
Although the number of possible paper sheet properties is large, to help in finding a so-
lution and analysis of the control problem, we will consider θ being a finite set of Nθ = 5
elements, given five types of mass of paper. The mass of paper is most influencing the
dynamics of the system. We assume constant values for l,b,cpap.

Θ := {θ1 = col(80, l,b,cpap),θ2 = col(120, l,b,cpap),θ3 = col(160, l,b,cpap),
θ4 = col(200, l,b,cpap),θ5 = col(220, l,b,cpap)}

(5.25)

We consider a scenario with piece-wise step variations in θ , with θ ∈ Θ (Fig. 5.5),
and in the same time piece-wise step variations in the maximum available power qmax

(Fig. 5.6). We take piece-wise constant functions of time assuming values in between
minimum and maximum allowed bounds with random switching times.

5.6.2 Tuning

The centralized predictive formulation has several tuning parameters:

• the prediction horizon NP, can be chosen based on the length of the print queue.
As it was assumed from the beginning, we are able to know the print queue char-
acteristics. We set NP = 6. A longer prediction horizon could improve the numer-
ical results, but it has the big disadvantage of the computational complexity.

• the penalty matrix Γ = diag(λ1,λ2,λ3) ∈Rp plays the role of a weighting factor
in the optimization problem for the output tracking, with y = col(TT T F ,Tpreh,Tf use).
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Figure 5.5: Random variation in θ , e.q. mass variation [gr/m2]
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Figure 5.6: Random variation in maximum available power qmax, ([W])

A trade off is made between throughput maximization L(i) and output tracking
y(i)− yre f (i), i ∈ T. For a λ(.) small, the tracking error does not play an im-
portant role in the cost function, while for increasing values of λ(.) the tracking
error becomes dominant. Reference tracking is required for two of the output
temperatures of the system, fusing temperature Tf use and preheater temperature
Tpreh. Since we have assumed eT T F = 0, we take λ1 = 0. The fusing temperature
must have higher priority, compared to the preheater tracking error, since it de-
termines the print quality. So scenarios will be considered in simulation, to show
the influence of the penalty variables:

nMPC1. Tf use has high priority λ3 = 11 and Tpreh has low priority λ2 = 0.1,
resulting in Γ = diag(0,0.1,11). The ratio in between λ3 and λ2 is λ3

λ2
= 110.

nMPC2. Tf use has high priority λ3 = 11 and Tpreh has higher priority then the
previous case λ2 = 3.6, resulting in Γ = diag(0,3.6,11). The ratio in be-
tween λ3 and λ2 is λ3

λ2
= 3.



102CONTROL STRUCTURES FOR SYSTEMS WITH INPUT-INDUCED NONLINEARITIES

5.6.3 Results

The fifth order, nonlinear dynamic discrete model (5.2) has been used to compute the
prediction of the output, sampling time Ts = 0.5sec.
Figures 5.7-5.8 present the results for the throughput Λ and fusing error e f use for the
two different tunings considered in Section 5.6.2. Both controllers have been tuned
such that the error in the fuse is optimized. The spikes in the e f use are induced by the
step variations in the reference Tf usere f .
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Figure 5.7: Throughput Λ for nMPC for the two different tunings
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Figure 5.8: Fuse error e f use for nMPC for the two different tunings

The throughput Λ has been adjusted online according to the available resources, to meet
the control and user requirements, using nonlinear optimization techniques. The aver-
age throughput for the considered interval is 109 PPM for nMPC1 and 101 for nMPC2.
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The first tuning, nMPC1, considers Tf use with the highest priority into following the
setpoint, so λ3 = 11 and Tpreh has the lowest priority λ2 = 0.1. Higher throughput is
therefore considered to be more important than preheater temperature Tpreh to converge
on the setpoint. The references for the Tf use and Tpreh are both functions of the paper
sheets properties θ , and speed v. There are three possible options to heat up the pre-
heater: to allocate more power, to decrease the speed of the engine v or to increase the
distance between paper sheets d. When cooling down, the input power must be de-
creased, speed of the engine increased, or distance between sheets decreased. By speed
v, or distance d modifications, the thermal power transferred into the paper is modified,
hence also the temperature of the preheater. If we require for Tpreh to follow accurately
the setpoint, the controller has three options: to allocate more power (if available), to
modify the speed of the engine v or to modify distance between sheets d. Both speed of
the engine v and distance between sheets determine also the throughput Λ. Therefore,
this will result in smaller throughput.
The fusing temperature Tf use is required to converge fast to the setpoint Tf usere f , for e f use

to be in between bounds, to not degrade the quality of the prints. Tf use is a function of
Tpreh and TT T F . If the controller is able to compensate for the error in the preheating
temperature Tpreh with the temperature of the TTF belt TT T F , then the user requirements
and control requirements are achieved successfully. The TTF belt temperature TT T F is
in this case a free output of the system which has the only requirement to be between
allowed bounds, due to the physical limitations of the printer.

The second tuning, nMPC2, considers Tf use with high priority λ3 = 11 and Tpreh with
more priority λ2 = 3.6, compared to the previous case. In this case, it is to be expected
that throughput Λ will be lower than nMPC1, since the speed of the engine v is adjusted
such that Tf use converges on the setpoint and Tpreh has to converge to the setpoint also,
if possible.

Figures (5.9)-(5.10) present the variation in the temperatures inside the printer and vari-
ation in the control inputs, computed by the centralized predictive formulation nMPC1.
The setpoint variation is influenced by the speed variation and paper sheets properties.
The speed of the engine v and the distance between sheets d are adjusted online each
discrete step k ∈ Z+ for the fusing quality to not be lost. The controller accurately fol-
lows the Tf usere f , while the error in the preheater temperature is allowed to be large. The
controller takes into consideration the hard constraints on the outputs of the system, and
this is visible in the TTF temperature TT T F . The constraints on the controlled inputs are
also important requirements. As it can be seen in the preheater power qpreh and speed
of the engine v, the physical bounds are respected. At the same time, the hard constraint
in the maximum available power is not violated.

Figures (5.11)-(5.12) present the variation in the temperatures inside the printer and
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variation in the control inputs, computed by the centralized predictive formulation
nMPC2. The controller accurately follows the Tf usere f , but this time the error in the pre-
heater temperature is smaller. The error in the preheating temperature, when printing
thick paper sheets, is induced by the lack of power, qmax. When more power is available,
the error can be reduced to zero in steady state. The inputs are computed dynamically
such that the control and systems requirements are met, while respecting all the imposed
constraints.

From these simulation results we can conclude that depending on the tuning of the pa-
rameters in the centralized predictive formulation, the performance of the professional
printers can be influenced. The throughput Λ is increased by a smart choice of resource
distribution inside the printer. Due to the prediction capabilities, it can take actions in
advance, for the constraints to not be violated and the performance of the system to be
increased.
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Figure 5.9: Temperature variation y = col(TT T F ,Tpreh,Tf use) inside the printer when
controlled with nMPC-tuning1
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Figure 5.11: Temperature variation y = col(TT T F ,Tpreh,Tf use) inside printer when con-
trolled with nMPC-tuning2
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5.7 Conclusions

This chapter discusses a centralized predictive formulation for systems with input-
induced nonlinearities. We have proposed a centralized predictive controller to max-
imize the economic criterion while satisfying all constraints. Currently, there are no
analytical tools available to guarantee stability and robustness of this control design for
this class of systems. By posing assumptions on the parameter vector θ and the control
input ud , the stability, feasibility and robustness of the controlled system can be studied
and proven.
The centralized predictive formulation has been implemented in simulations for a pro-
fessional printer case study. In simulated situations, the controller satisfied print quality
requirements and yielded maximum throughput in spite of large variations in the input
paper queue and power limitation. We have illustrated that the developed controller
dynamically modifies the setpoints and at the same time drives the system towards the
setpoints while all constraints are satisfied, and the economic performance is maxi-
mized. The performance of the centralized formulation can be influenced by different
tunings, which can be defined as a Pareto front (Fig. 5.13). Maximizing the throughput
Λ results in a larger error in the fusing quality e f use and/or larger error in the preheater
temperature epreh. From the two considered tunings in simulation, the results showed
an 8% increase in throughput, by clever distribution of the available input power in be-
tween the controlled subsystems of the printer. The performed simulations illustrate the
effectiveness of the proposed centralized predictive formulation.

Λ

efuse, epreh

minimum error

maximum throughput

Figure 5.13: The performance Pareto front defined by the tuning of the centralized
predictive formulation



108CONTROL STRUCTURES FOR SYSTEMS WITH INPUT-INDUCED NONLINEARITIES



109

Chapter 6

Two-level decomposition control

This chapter addresses the problem of two-level decomposition control for systems with
input induced nonlinearities. The economic objective and the transition control are com-
bined into a two-level control problem. The first level determines the optimal operating
point of the system based on the online available information from the sensors (e.g.
print queue characteristics, maximum available power). The second level controls the
dynamics around the setpoint determined by the operating point.

6.1 Introduction

To optimize plants with respect to their economic performance, the research has been
focused on translating economic objectives into control objectives. Various studies have
been carried out to decompose the control objectives into two levels ([71], [10], [77]).
The first level is used to generate setpoints using an economic criterion. The second
level controls the system to these setpoints and maintains the robust tracking of the set-
points. PID controllers have been used to control the dynamics, but more recently these
controllers have been largely replaced by model predictive controllers (MPC) ([65],
[77], [80]). When large transitions between setpoints are required, tracking control of
a constrained nonlinear system is a challenging problem. Many studies have focused
on closed-loop properties and different solutions have been proposed to solve tracking
problems under nonlinear behavior ([76], [41], [40]).
In this chapter, a two-level decomposition is presented that assures economic perfor-
mance of the system. Stability and robustness of the closed-loop are analyzed with
respect to arbitrary switching between operating points. Using a professional printer
case study, simulation results illustrate the effectiveness of this approach.
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6.2 Problem formulation

Consider an system with input induced-nonlinearities defined in (6.1) below, where the
input u = col(ud ,ul) is decomposed according to assumptions a2-a5 (Section 2.8), and
col(ud ,θ) is called a parameter vector that induces the nonlinearities of the system:

x(k +1) = A(ud(k),θ(k))x(k)+B(ud(k),θ(k))ul(k)+Bww(k)
y(k) = C(ud(k),θ(k))x(k)+D(ud(k),θ(k))ul(k)

(6.1)

Here, x(k) ∈Rn is the system state vector, u(k) = col(ud(k),ul(k)) ∈Rm (ud(k) ∈Rmd ,
ul(k) ∈Rml ) is the input vector, θ(k) ∈Rnθ is a known parameter vector, w(k) ∈Rnw is
the unknown disturbance vector, and y(k)∈Rp is the output of the system. For any time
sample k ∈Z+, the parameter vector θ(k) is an element of a finite set Θ = {θ1, ...,θNθ

},
with θ(i) ∈Rnθ , i ∈ {1, . . . ,Nθ}, Nθ an integer.
If we assume ud ∈Ud , with Ud = {ud1 , . . . ,udNm

} a finite set, then system (6.1) can be
approximated by a switched linear model, as in assumption a6 (Section 2.8), resulting
in:

x(k +1) = Aσ(k)x(k)+Bσ(k)ul(k)+Bww(k)

y(k) = Cσ(k)x(k)+Dσ(k)ul(k)
(6.2)

In this case, σ : Z+ → {1,2, . . . ,N} can be defined as a switching function that maps
discrete time into an index set {1,2, . . . ,N}, with N = Nθ Nm, which is generated by a
mapping

Σ : Ud×Θ→{1,2, . . . ,N},
that is assumed to be bijective. In that case:

σ(k) := Σ(ud(k),θ(k)).

The total number of linear approximations of system (6.1) is N = NmNθ . The switching
sequence is arbitrary, time-driven, and only the value of σ(k) is assumed to be avail-
able at each discrete time k. Each of the indices corresponds to a different model of
the system, i.e., Aσ(k) ∈ {A1, . . . ,AN}, Bσ(k) ∈ {B1, . . . ,BN}, Cσ(k) ∈ {C1, . . . ,CN}, and
Dσ(k) ∈ {D1, . . . ,DN}. σ(k) is the active mode at sample time instant k.

Figure 6.1 presents a control alternative for the centralized predictive formulation pic-
tured in Fig. 5.1.

The reference generator amounts to finding, in feedforward, the optimal inputs u∗d based
on a known parameter vector θ , a known maximum limitation in the control input umax

and estimated disturbance ŵ, such that constraints c1-c3 and control objectives defined
in Section 5.2 are satisfied. Here, ud can take any value in Ud ∈Rmd . The model inside
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Figure 6.1: Control structure for two-level decomposition

the controller and the estimator depend on the actual values for ud or θ , so mode σ(k).
The computed references re f are used as setpoints in the feedback-loop, and they are
feasible static solution of the system.

In the feedback loop, the optimization problem amounts to finding the optimal inputs
ul , such that the output of the system y follows a computed (known) reference trajectory
re f , while taking into account constraints c1-c3 and assumptions a8-a11 defined in
Section 5.2. Together with the switched estimator design presented in Section 3.3, the
feedback loop assumes the role of a tracking system in which stability properties and
robustness are attained irrespective of the switching.

6.3 Theoretical framework

In this section the model predictive control problem is described for the specific class
of switched linear systems (6.2). The goal of this controller design is to obtain a closed-
loop system which is stable, while obtaining a certain level of performance.

6.3.1 Switched systems

Switched systems of the form (6.2) belong to a class of hybrid systems ([62], [60]). The
discrete switched systems are given by:

ζ (k +1) = fσ(k)(ζ (k),u(k)) (6.3)

where ζ (k)∈Rnζ and u(k)∈ Rm denotes the state vector and the input vector at discrete
time k ∈ Z+ and where σ : Z+ → {1, . . . ,N} is the switching signal that determines
which vector field fi, i = 1, . . . ,N is active at time k ∈ Z+. It is assumed that functions
fi, i = 1, . . . ,N are sufficiently smooth, but otherwise arbitrary nonlinear functions fi :
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Rnζ ×Rm → Rnζ . For a fixed value of σ , the system (6.3) describes a non-switching
system, which is called a subsystem or mode of the switched system.

6.3.2 Nominal stability conditions for switched systems

Necessary and sufficient stability conditions for switched system can be explained easily
by considering the autonomous switched linear system:

ζ (k +1) = Aσ(k)ζ (k) (6.4)

where ζ (k) ∈ Ξ⊂Rnζ is the state vector and with σ(k) an arbitrary switching function
σ : Z+→ {1,2, . . . ,N}, determined by time. For this system ζ ∗ = 0 is a fixed point of
the system, i.e. all vector fields have an equilibrium in zero independent of the switching
signal. Suppose that all the matrices Aσ(k) are Hurwitz. To prove the asymptotic stability
of ζ ∗ = 0, it is required to prove that all flows that initiate sufficiently close to ζ ∗ = 0
at time k0 ∈Z+ from any initial condition ζ0 = ζ (0) ∈ Ξ, remain as close as desired to
ζ ∗= 0, for all k≥ k0, for all switching sequences, and the region of attraction associated
with ζ ∗ = 0 coincides with Ξ. The following example shows that asymptotic stability
of the origin ζ ∗ = 0 is not guaranteed if all the modes happen to be asymptotically
stable. That is, Ai Hurwitz for all i = 1, . . . ,N does not imply the origin of (6.4) to be
asymptotically stable.

Example 6.3.1. Consider the switching system ζ̇ (t) = Aσ(t)ζ (t) where σ(t) ∈ {1,2} is
arbitrary σ :Z+→{1,2} and

A1 =
[
−1 10
−100 −1

]
; A2 =

[
−1 100
−10 −1

]
Then A1, A2 are Hurwitz and the phase plane of the two modes is depicted in Fig. 6.2(a).
By choosing a specific switching times between the two σ(t) ∈ {1,2}, the evolution of
the system may look like in Fig. 6.2(b). This clearly indicates an exponential growing
behavior, moving away from the equilibrium fixed point ζ ∗ = 0. Hence, the switched
system is not stable, while the modes are.
More specifically, consider two quadratic Lyapunov functions for the individual modes.
Say V1(ζ ) = ζ T P1ζ , V2(ζ ) = ζ T P2ζ , with P1 � 0 and P2 � 0. Then AT

1 P1 + P1A1 ≺ 0
and AT

2 P2 + P2A2 ≺ 0. Assume P1 6= P2. Then, for an arbitrary initial condition there
always exists switching times τ1,τ2, . . ., such that ζ (τ1)T P1ζ (τ1) < ζ (τ1)T P2ζ (τ1) <
ζ (τ2)T P1ζ (τ2) < ζ (τ3)T P2ζ (τ3). Since P1 � 0, and P2 � 0 this implies that ‖ ζ (τi) ‖→
∞ as τi → ∞, i.e. the sequence diverges. Hence, the system can still exhibit unstable
behavior.

In fact, the previous example shows that the existence of a common Lyapunov function
for the subsystems assures the stability of the switched system (6.3).
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Figure 6.2: Example on unstable behavior for a switched system

Definition 6.3.1. Given a Lyapunov function, as defined in (A.0.1). The function V :
Rnζ → R+ is called a common Lyapunov function for the family of switched systems
(6.3), if V is positive definite radially unbounded and it satisfies:

V ( fi(ζ ,u))−V (ζ ) < 0, for all ζ 6= 0,u 6= 0 and for all i = 1, . . . ,N. (6.5)

Theorem 6.3.1 ([68]). If the modes of the switched system (6.3) share a common Lya-
punov function, then the origin of the switched system is globally asymptotically stable.

For the switched linear system of the form (6.4), the stability can be derived using a
quadratic Lyapunov function V (ζ ) = ζ T Pζ with P� 0.

Theorem 6.3.2 ([68]). Given the system (6.4), if there exists P� 0, such that

AT
i PAi−P≺ 0, for all i ∈ {1,2, . . . ,N},

then V :Rnζ →R+ defined by V (ζ ) = ζ T Pζ , is a common Lyapunov function for (6.4)
and the origin ζ ∗ = 0 is a stable fixed point in the Lyapunov sense for the switched
system (6.4).

In particular, when a common Lyapunov function exists, we have the guarantee that the
level sets Vo := {ζ |ζ T Pζ ≤ o} are positive invariant sets irrespective of the switching
sequence. So for any initial condition ζ0 ∈ Vo means that ζ (t) ∈ Vo for all t ≥ 0.

The implication of the Theorem 6.3.2 is that the verification of the existence of P � 0
subject to AT

i PAi−P≺ 0, for all i ∈ {1,2, . . . ,N} can be numerically verified in a very
efficient manner. This means that Theorem 6.3.2 is interesting from a numerical point
of view.
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6.3.3 MPC formulation for a switched system

Consider the discrete-time switched nonlinear system (6.3):

ζ (k +1) = fσ(k)(ζ (k),u(k)) (6.6)

where ζ (k) ∈ Ξ ⊆ Rnζ is the state, u(k) ∈ U ⊆ Rm is the control input at the discrete
time k ∈ Z+, and fσ :Rnζ ×Rm→Rnζ is an arbitrary nonlinear function. The switch-
ing signal is time-driven and given by σ(k), and it allows arbitrary switching between N
different nonlinear approximations of the dynamics of the system. The sets Ξ and U are
assumed to be compact sets. We assume, for simplicity, that the origin is an equilibrium
fixed point for the given system with u = 0, meaning that fσ(k)(0,0) = 0.

For a fixed prediction horizon NP ∈ Z+, let xk(ζk,uk,σσσ k) , (ζ (k + 1|k), . . . ,ζ (k +
NP|k)) denote the state sequence generated by the system (6.6) from the initial state
ζ (k + 0|k) , ζk and by applying the input sequence uk , (u(k + 0|k), . . . ,u(k + NP−
1|k)) ∈ UNP , UNP , U× . . .×U, and assuming the switching sequence σσσ k = {σ(k +
0|k),σ(k +1|k), . . . ,σ(k +NP−1|k)}. Furthermore, letXT ⊆ Ξ denote a desired target
set that contains the origin.

Definition 6.3.2. The class of admissible input sequences at discrete time k, defined
with respect toXT , the state ζk ∈ Ξ, and the switching sequence σσσ k, is:

UNP(ζk,σσσ k,k) , {uk ∈ UNP |xk(ζk,uk,σσσ k) ∈ Ξ
NP ,ζ (k +NP|k) ∈XT} (6.7)

The MPC optimization problem can now be formulated as:

Problem 6.3.1. Let the target setXT ⊆ Ξ and NP ∈Z+ be given and let V :Rnζ →R+
with V (0) = 0 and let L :Rnζ ×Rm→R+ with L(0,0) = 0 be mappings. At time k∈Z+,
let ζk ∈ Ξ and σσσ k be given. Minimize the cost function:

JMPC(ζk,uk,σσσ k) , V (ζ (k +NP|k))+
NP−1

∑
i=0

L(ζ (k + i|k),u(k + i|k)), (6.8)

where ζ (k + i|k) is generated with prediction model (6.6), over all input sequences
uk ∈UNP(ζk,σσσ k,k).

The mappings V (.) and L(.) are called the terminal cost and the stage cost.

For given switching sequence σσσ k and initial condition ζk, the MPC value function cor-
responding to Problem 6.3.1 is:

VMPC(ζk,σσσ k) , inf
uk∈UNP (ζk,σσσ k,k)

JMPC(ζk,uk,σσσ k) (6.9)
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Feasibility

Definition 6.3.3. An initial state ζk ∈ Ξ is called feasible at time k with respect to a
given switching sequence σσσ k if UNP(ζk,σσσ k,k) 6= /0. Define X f (NP,σσσ k,k) ⊆ Ξ as the
collection of all such initial states.

Definition 6.3.4. Problem 6.3.1 is said to be feasible with respect to an initial state
ζk ∈ Ξ and a given switching sequence σσσ k if UNP(ζk,σσσ k,k) 6= /0. Or equivalently, ζk ∈
X f (NP,σσσ k,k).

Definition 6.3.5. An initial state ζk ∈ Ξ is called feasible at time k independent of
the switching sequence σσσ k if UNP(ζk,σσσ k,k) 6= /0 for all possible switching sequences
σσσ k = {σ(k|k),σ(k+1|k), . . . ,σ(k+NP−1|k)}. DefineX f (NP,k)⊆ Ξ as the collection
of all such initial states.

Definition 6.3.6. Problem 6.3.1 is said to be feasible with respect to a state ζk ∈ Ξ

independent of the switching sequence σσσ k if ζk is feasible at time k independent of σσσ k,
i.e. if ζk ∈X f (NP,k)⊆ Ξ.

Definition 6.3.7. An initial state ζ0 ∈ Ξ is called feasible with respect to a complete
switching sequence σσσ = {σ0,σ1, . . . ,σ∞}= {σ(k)|k ∈Z+} if UNP(ζ (k),σσσ k,k) 6= /0 for
all k∈Z+, where ζ (k) is generated by (6.6) and where σσσ k = {σ(k),σ(k+1), . . . ,σ(k+
NP−1)} is the restriction of σσσ to the time interval [k,k+NP−1]. DefineX f (NP,σσσ)⊆Ξ

as the collection of all such initial states.

Definition 6.3.8. Problem 6.3.1 is said to be feasible with respect to the initial state
ζ0 ∈ Ξ and a complete switching sequence σσσ if ζ0 ∈X f (NP,σσσ).

Definition 6.3.9. An initial state ζ0 ∈ Ξ is called feasible independent of the complete
switching sequence σσσ if ζ0 ∈X f (NP,σσσ)⊆ Ξ for all complete switching sequences σσσ =
{σ0,σ1, . . . ,σ∞} = {σ(k)|k ∈ Z+}. Define X f (NP) ⊆ Ξ as the collection of all such
initial states.

With these definitions, the next lemmas can be stated regarding the set of feasible states
with respect to Problem 6.3.1:

Lemma 6.3.1. The set of feasible states with respect to Problem 6.3.1 satisfy next prop-
erties:

a. X f (NP)⊂X f (NP,σσσ) for all complete switching sequences σσσ = {σ0,σ1, . . . ,σ∞}=
{σ(k)|k ∈Z+};

b. X f (NP)⊂X f (NP,k) for all k ∈Z+;

c. X f (NP,k)⊂X f (NP,σσσ k,k) for all switching sequences σσσ k and all k ∈Z+;
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d. X f (NP)⊂X f (NP,σσσ k,k) for all switching sequences σσσ k and all k ∈Z+;

e. X f (NP,k) =X f (NP, l) for any k, l ∈Z+;

f. If for any σ ∈ {1,2, . . . ,N} there holds fσ (XT ,U)⊂XT , then:

f1. X f (NP)⊂X f (NP +1);

f2. X f (NP,σσσ)⊂X f (NP +1,σσσ) for any complete switching sequence σσσ = {σ0,σ1,
. . . ,σ∞}= {σ(k)|k ∈Z+};

f3. X f (NP,σσσ k,k)⊂X f (NP +1,σσσ k+1,k) for any switching sequence σσσ k and any
k ∈Z+.

Proof. The a.,b. and c. points can be derived directly from the definitions.
d. Let us consider an initial state ζ0 ∈X f (NP). We need to show that ζ0 ∈X f (NP,σσσ k,k)
for any switching sequence σσσ k and any k ∈Z+.
Let k ∈ Z+ be any arbitrary time sample, and let σσσ0 = (σ(0), . . . ,σ(NP−1)) be an ar-
bitrary sequence. Then, there exists u0 ∈UNP(ζ0,σσσ0,0) that generates x0(ζ0,u0,σσσ0) =
(ζ (1), . . . ,ζ (NP)) starting from ζ (0) = ζ0, u0 ∈ UNP , x0 ∈ ΞNP and ζ (NP) ∈XT .
Let qk denote the k−shift operator and define σσσ k := qkσσσ0, uk := qku0, and xk = qkx0.
Then, by the time invariance of the system, uk ∈ UNP , xk ∈ ΞNP and ζ (NP) ∈XT , with
ζ (k) = ζ0, ζ (k +1) = fσ(k)(ζ (k),u(k)). Hence ζ0 ∈X f (NP,σσσ k,k).
e. Let us consider an initial state ζ0 ∈X f (NP,k). We need to show that ζ0 ∈X f (NP, l)
for any k, l ∈ Z+. On the same reasoning considered at point d, let ql−k denote the
l− k−shift operator and define σσσ l := ql−kσσσ k, ul := ql−kuk, and xl = ql−kxk. Then, by
the time invariance of the system, ζ0 ∈X f (NP, l).
f1. If fσ (ζ ,u) ∈XT for any σ ∈ {1,2, . . . ,N}, for any ζ ∈XT and for any u ∈ U, then
the feasibility of an initial state ζ0 ∈X f (NP) implies that for any complete switching
sequence σσσ there exists u0 ∈ UNP(ζ0,σσσ0,0). Now, let ũ ∈ U be an input such that
fσ(NP)(ζ (NP), ũ) ∈XT . Since by initial assumption fσ (XT ,U) ⊂XT , this means that
∀ζ ∈XT , ∀u∈U and ∀σ ∈ {1,2, . . . ,N} it holds that fσ (ζ ,u)∈XT . Hence, such ũ∈U
exists.

Let u :=
{

u0 for k = 0, . . . ,NP−1
ũ for k = NP

and

σσσ :=
{

σσσ0 for k = 0, . . . ,NP−1
σ(NP) for k = NP

Then u ∈UNP+1, x(ζ0,u,σσσ) , (ζ (1|0), . . . ,ζ (NP +1|0)) ∈ ΞNP+1 and ζ (NP +1) ∈XT .
Hence, u ∈UNP+1(ζ0,σσσ ,0) which shows that ζ0 ∈X f (NP +1).
The points f2 and f3 are proven in a similar way. �

For given switching sequence σσσ k and initial condition ζk ∈X f (NP,σσσ k), it is assumed
that there exists an optimal sequence of controls u∗k , (u∗(k+0|k), . . . ,u∗(k+NP−1|k))
to solve the Problem 6.3.1. Hence, VMPC(ζk,σσσ k) = JMPC(ζk,u∗k ,σσσ k).
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The MPC control law is defined as:

uMPC(k) := uMPC(ζ (k),σσσ k) , u∗(k +0|k); k ∈Z+ (6.10)

Theorem 6.3.3. (Feasibility) Suppose that fσ (XT ,U)⊂XT holds for all σ ∈{1,2, . . .,N}.
Then for any complete sequence σσσ = {σ0,σ1, . . . ,σ∞} = {σ(k)|k ∈ Z+} we have that
feasibility of Problem 6.3.1 at time k implies feasibility of Problem 6.3.1 at time k +1.

Proof. Let σσσ be an arbitrary complete sequence, and let σσσ k be a restriction of σσσ on the
interval [k,k+NP−1], σσσ k = σσσ |[k,k+NP−1]. Let ζk ∈X f (NP,σσσ k,k) be an initial condition
at time k. Suppose that fσ (XT ,U)⊂XT holds for all σ ∈ {1,2, . . . ,N}. Then, Problem
6.3.1 is feasible at time k in the sense that there exists an optimal sequence u∗k , (u∗(k+
0|k), . . . ,u∗(k +NP−1|k)) that minimizes JMPC(ζk,u∗k ,σσσ k). Let uMPC(k) , u∗(k +0|k)
be the first element of this sequence which is implemented, and let ζk+1 := ζ (k +1) be
the corresponding obtained state of system (6.6) with ζk+1 := fσ(k)(ζk,uMPC(k)). Then
ζk+1 ∈ Ξ and we claim that ζk+1 ∈X f (NP,σσσ k+1,k + 1) where σσσ k+1 = σσσ |[k+1,k+NP] is
the restriction of the complete sequence σσσ to the time window [k +1,k +NP].
Define uk+1 , (u∗(k+1|k), . . . ,u∗(k+NP−1|k), ũ) where ũ∈U is arbitrary. Let xk+1 =
(ζ (k + 2), . . . ,ζ (NP + 1)) be the state trajectory corresponding to system (6.6) by ap-
plying the input uk+1, switching sequence σσσ k+1, starting from the initial condition
ζ (k + 1) = ζk+1. Then uk+1 ∈ UNP , xk+1 ∈ ΞNP and by assumption ζ (k + NP + 1) =
fσ(k+NP)(ζ (k + NP), ũ) ∈XT . This shows that the terminal state ζ (k + NP + 1) lies in
the target set. Hence, ζk+1 ∈X f (NP,σσσ k+1,k + 1), which proves that Problem 6.3.1 is
feasible at time k +1. �

Stabilization conditions for the MPC under arbitrary switching

We are interested in the closed-loop behavior of the system (6.6), when the MPC con-
trol law (6.10) is applied to the system. The following theorem has been obtained by
combining previous results on stability of discrete-time nonlinear systems [69], with
the results derived in [60] for hybrid systems. It was presented in [69], that to asses
stability of the closed-loop system is required to incorporate a suitable terminal cost
V (·), an associated control law h(·) and a suitable target set XT in the optimal control
problem of the MPC. We define a state feedback control law which is considered to be
applied on the system as hσ : Rnζ → Rm, a nonlinear function with hσ (0) = 0. The
function σ : Z+→ {1, . . . ,N} determines which vector field hi, i = 1, . . . ,N is active at
time k ∈Z+. ConsiderXU = {ζ ∈ Ξ|hi(ζ ) ∈U,∀i = 1, . . . ,N} the safe set with respect
to state constraints for h(.).

Lemma 6.3.2 (Lyapunov stability theorem). Let N be an open neighborhood of the
origin. Consider the autonomous system ζk+1 = g(ζ (k)), with g(0) = 0. If there exists a
function W :X→R+, W (0) = 0, together with continuous, strictly increasing functions
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α1,α2,α3 :R+→R+ with α1(0) = 0,α2(0) = 0,α3(0) = 0 such that:

(a) W (ζ )≥ α1(‖ ζ ‖) for all ζ ∈X
(b) W (ζ )≤ α2(‖ ζ ‖) for all ζ ∈N

(c) W (g(ζ ))−W (ζ )≤−α3(‖ ζ ‖) for all ζ ∈X
(6.11)

then the fixed point at the origin of the system is asymptotically stable in the Lyapunov
sense inX.

Proof. See Theorem 2.2.4 in [60]. �
Theorem 6.3.4. Let uk = hσ(k)(ζ (k)) be a state feedback control such that the terminal
set XT ⊆ XU , with 0 ∈ int(XT ) is a positively invariant set for the system in closed-
loop with uk = hσ(k)(ζ (k)),k ∈ Z+. Let N be an open neighborhood of the origin.
Suppose that there exist continuous, strictly increasing functions α1,α2 : R+ → R+
with α1(0) = 0,α2(0) = 0 such that:

(i) L(ζ ,u)≥ α1(‖ ζ ‖) for all ζ ∈X f (NP), all u ∈ U

(ii) V (ζ )≤ α2(‖ ζ ‖) for all ζ ∈N

(iii) V ( fi(ζ ,hi(ζ )))−V (ζ )+L(ζ ,hi(ζ ))≤ 0 for all ζ ∈XT and for ∀i ∈ {1, . . . ,N}
(6.12)

Further, suppose that for every k ∈ Z+ the MPC control law uMPC(k) is determined
under the assumption that the switching sequence σσσ k is unknown but constant over
[k,k + NP− 1], i.e. σσσ k = (ik, . . . , ik) with ik ∈ {1, . . . ,N}. Then the origin of the MPC
closed-loop system is asymptotically stable in the Lyapunov sense for initial conditions
inX f (NP).

Proof. Let ζ ∈X f (NP) be a feasible initial condition and suppose that at time k ∈ Z+
the switching sequence σσσ k = (ik, . . . , ik) with ik ∈ {1, . . . ,N} is unknown but constant.
To simplify the notation let:

VMPC,ik(ζ ) = VMPC(ζ ,σσσ k) = inf
uk∈UNP (ζk,σσσ k,k)

JMPC(ζ ,uk,σσσ k) (6.13)

and let u∗k , (uMPC(ζ , ik),u∗(k + 1|k), . . . ,u∗(k +NP−1|k)) be the corresponding opti-
mal control sequence.
Define W :X f (NP)→R+ by:

W (ζ ) := min
i∈{1,...,N}

VMPC,i(ζ ) (6.14)

We claim that W serves as Lyapunov function for the closed-loop system defined by
(6.6) and the MPC control law (6.10). To prove this, we verify the conditions (a),(b),(c)
in Lemma 6.3.2 for the evolution defined by (6.6), (6.10) and σσσ k = (ik, . . . , ik).
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First, by the definition of the cost function and the optimal values, we infer from (i)
that:

VMPC,ik(ζ )≥ L(ζ ,uMPC(ζ , ik))≥ α1(‖ ζ ‖). (6.15)

Hence, also for the minimal value, we obtain:

W (ζ ) := min
ik

VMPC,ik(ζ )≥ α1(‖ ζ ‖) (6.16)

for all ζ ∈X f (NP). This is condition (a) in Lemma 6.3.2.
Second, let xk , (ζk+1|k, . . . ,ζk+NP|k) be a state trajectory generated by the system ζk+1 =
fik(ζk,hik(ζk)) with initial condition ζk|k = ζ . Then, using assumption (iii), we have
that:

V (ζk+1|k)−V (ζk|k)+L(ζk|k,hik(ζk|k)≤ 0

...

V (ζk+NP|k)−V (ζk+NP−1|k)+L(ζk+NP−1|k,hik(ζk+NP−1|k))≤ 0

Adding the inequalities together, we infer that:

J(ζ ,uk,σσσ k)≤V (ζ )

where uk = (hik(ζk|k), . . . ,hik(ζk+NP−1|k)) and, as before, σσσ k = (ik, . . . , ik). Using as-
sumption (ii), it thus follows that for all ζ ∈XT and all ik ∈ {1, . . . ,N}:

VMPC,ik(ζ )≤ J(ζ ,uk,σσσ k)≤V (ζ )≤ α2(‖ ζ ‖) (6.17)

Since ik ∈ {1, . . . ,N} is arbitrary, it follows:

W (ζ )≤VMPC,ik(ζ )≤ α2(‖ ζ ‖) for all ζ ∈XT (6.18)

which is condition (b) in Lemma 6.3.2.
Thirdly, the optimality condition implies that for all ζk ∈X f (NP) there holds

W (ζk+1)−W (ζk) = min
ik+1

VMPC,ik+1(ζk+1)−min
ik

VMPC,ik(ζk)

=min
ik+1

J(ζk+1,u∗k+1,σσσ k+1)−min
ik

J(ζk,u∗k ,σσσ k)

≤J(ζk+1,uk+1,σσσ k+1)−min
ik

J(ζk,u∗k ,σσσ k)

=J(ζk+1,uk+1,σσσ k+1)− J(ζk,u∗k , i
∗
k)

=−L(ζk,uMPC(ζk, i∗k))+V (ζk+NP+1|k+1)

−V (ζ ∗k+NP|k)+L(ζ ∗k+NP|k,hi∗k (ζ
∗
k+NP|k))

(6.19)
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where we used that σσσ k = (ik, . . . , ik), σσσ k+1 = (ik+1, . . . , ik+1) and where the first inequal-
ity holds for any ik+1 ∈ {1, . . . ,N} and any sequence uk+1. Let i∗k = {i∗k , . . . , i∗k} be a se-
quence of switching signals i∗k where i∗k assumes the minimum of J(ζk,u∗k ,σσσ k). That is,
minik J(ζk,u∗k ,σσσ k) = J(ζk,u∗k , i

∗
k). Further let x∗k = (ζ ∗k+1, . . . ,ζ

∗
k+NP

) be the optimal state
trajectory that satisfies ζ ∗k+1 = fi∗k (ζ

∗
k ,u∗k) with initial condition ζ ∗k = ζk. Suppose that

u∗k is u∗k = (uMPC(ζ , i∗k),u
∗(k +1|k), . . . ,u∗(k +NP−1|k)). The last equality in (6.19) is

obtained by taking the input uk+1 = (u∗(k + 1|k), . . . ,u∗(k + NP− 1|k),hi∗k (ζ
∗
k+NP

)). In
(6.19) we infer that:

J(ζk+1,uk+1,σσσ k+1)− J(ζk,u∗k , i
∗
k)

=V (ζk+NP+1|k+1)+
NP−1

∑
i=0

L(ζk+1+i|k+1,u(k +1+ i|k +1, ik+1))

−V (ζ ∗k+NP|k)−
NP−1

∑
i=0

L(ζ ∗k+i|k,u
∗(k + i|k, i∗k))

=V (ζk+NP+1|k+1)+L(ζ ∗k+NP|k,hi∗k (ζ
∗
k+NP|k))

−V (ζ ∗k+NP|k)−L(ζk,uMPC(ζk, i∗k))

(6.20)

where ζk+NP+1 = fi∗k (ζ
∗
k+NP

,hi∗k (ζ
∗
k+NP

)), and ζk+1 = ζ ∗k+1.
Now apply assumption (iii) in (6.19) to infer that:

W (ζk+1)−W (ζk)≤−L(ζk,uMPC(ζk, i∗k))≤−α1(‖ ζ ‖) (6.21)

and so, in particular,

W ( fik(ζ ,uMPC(ζ , ik)))−W (ζk)≤−α1(‖ ζ ‖) (6.22)

which is condition (c) in Lemma 6.3.2.
Now conclude from Lemma 6.3.2 that the origin is asymptotically stable. �

6.4 Reference generator

The reference generator is a static feedforward control law, that determines the current
mode σ(k) together with the static target references for the feedback loop. We will
indicate with the subscript ()s the static target values (us,xs,ys) of the variables u, x,
y, respectively. As before, a separation of the control input is considered, with us =
col(uds ,uls). For given θ(k), umax(k), estimated disturbance ŵs(k), the previous value
obtained for uds , uds(k− 1), and constraints c1-c3 presented in Section 5.2, the static
target values (us,xs,ys) satisfy:

u∗s (k) = arg min
us∈U

[−L(k)+ ‖ ys(k)−Yre f (k,uds(k),θ(k)) ‖2
Γ] (6.23)
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s.t. xs(k) = f (xs(k),us(k), ŵs(k),θ(k))
ys(k) = g(xs(k),us(k),θ(k))
xs(k) ∈ X us(k) ∈ U ys(k) ∈ Y

‖ uls(k) ‖1 ≤ umax(k)
ud ≤ uds(k)−uds(k−1)≤ ud

where the functions L(k) and Yre f (k,uds(k),θ(k)) have been defined in Section 5.2. In
particular, for any sample time k this results in the static target y∗s (k) that is used as
references re f in the feedback loop (Fig. 6.1).

Remark 6.4.1. The optimization problem in (6.23) is performed for given values of
θ(k), umax(k), ŵ(k), at time k. If for k ∈ Z+ they will not change their values, this
means that (u∗s (k),y

∗
s (k),x

∗
s (k)) will remain constant for k ∈ Z+, resulting in constant

references for the feedback loop in Fig. 6.1.

Remark 6.4.2. Under the assumption that each sample time k we know in advance all
θ(i), with i ∈ {k, . . . ,k + NP}, since just one value for θ(k) can be considered in the
static optimization problem in (6.23), it is important to analyze all options for the best
θ(k):

• assuming θ(k) in (6.23) equal to the first known element in the list θ(i), with
i ∈ {k, . . . ,k+NP}, means that each time instant k only the next paper sheet char-
acteristics, to be printed, is taken into account for reference generation. Since the
thermal time-constants of the system are large, there is no guarantee that the best
performance will be obtained for the next paper sheet to be printed (the controlled
system is not able to reach the setpoint fast enough). At the same time, it limits
the possibility of taking actions for next paper sheets, so limits the predictability
and advance actions;

• assuming θ(k) in (6.23) equal to the last known element in the list θ(i), with
i ∈ {k, . . . ,k+NP}, θ(k) = θ(k+NP), means that the economic performance will
be optimized and the reference trajectories will be set based on the last paper
sheet characteristics in the print queue, disregarding the characteristics of the
remaining paper sheets in the print queue. Assuming fast changes in the print
queue characteristics compared with the printer dynamics, this approach may
not be the best option;

• if θ is considered to be an average between future known paper characteristics,
θ(k) = 1

NP
∑i∈{k,...,k+NP} θ(i), then the economic performance of the system can

be optimized with respect to future print queue characteristics, and control ac-
tions can be taken in advance, with respect to all paper sheet characteristics in
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the print queue.

It is practical to take θ(k) to be an average value θ(k) = 1
NP

∑i∈{k,...,k+NP} θ(i), with
θ(k) rounded to the nearest value in the set {θ1, ...,θNθ

}. The input u∗ds
(k) is the result

of the static optimization (6.23) and is rounded to the nearest value in the set Ud =
{ud1 , ..,udNm

}. The current mode is set to σ(k) = (θ(k),u∗ds
(k)).

6.5 Feedback loop

The feedback loop consists of an interconnection of a switching plant with a linear
switched MPC in which the static setpoints vary over time. We assume that the pairs
(Aσ(k),Bσ(k)) in (6.2) are controllable and the pairs (Cσ(k),Aσ(k)) are observable, for all
k ∈Z+ and all switching signals σ(k).
To obtain offset-free tracking with MPC ([2], [65], [66], [67]), for a constant refer-
ence trajectory, the system model is augmented with a disturbance model, to estimate
and predict the mismatch between measured and predicted outputs. The most popular
method consists of augmenting the model of the plant with an artificial disturbance,
which must be estimated together with the system state. This disturbance can account
for a possible model mismatch or for the presence of real unknown exogenous signals.
When a non-zero disturbance affects the system, the static ’target’ value of the state
and input may need to be shifted in order to cancel the effect of such a disturbance
on the controlled variable. Hence, at each sample instant we use the estimate of the
disturbance and compute the new static targets such that the controller can drive the
controlled variables to the required setpoint. The same augmented model of the plant
will be used for model based prediction in the controller. The estimated disturbances
are uses also to predict outputs over the prediction horizon. The disturbance model can
be found in [66]. It is applicable in case of constant unknown disturbances and stable
plants ([65]). We assume an extended model structure derived from (6.2), by adding
Aω ,Cω , representing a disturbance model, with ω(k +1) = ω(k):

x(k +1) = Aσ(k)x(k)+Bσ(k)ul(k)+Bwŵ(k)+Aωω(k),

ω(k +1) = ω(k),
y(k) = Cσ(k)x(k)+Dσ(k)ul(k)+Cωω(k),

(6.24)

In more compact notation, ξ = col(x,ω) is the state of the system (6.24) with the ma-
trices:

Ae(k) =
[

Aσ(k) Aω

0 I

]
, Be(k) =

[
Bσ(k)

0

]
, Bwe(k) =

[
Bw

0

]
,

Ce(k) =
[

Cσ(k) Cω

]
, De(k) =

[
Dσ(k)

]
,
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An estimator is build to estimate the system states x̂(k) and disturbances ω̂(k). The
state and disturbance estimates are used to initialize the MPC problem. The estimator
structure, used to estimate the states of the system, is:

ξ̂ (k +1|k) = Ae(k)ξ̂ (k|k)+Be(k)ul(k)+Bweŵs(k)

+Le(k)[y(k)−Ce(k)ξ̂ (k|k)−De(k)ul(k)]
(6.25)

with Le(k) = col(Lσ(k),Lω) chosen such that the estimator error ξ (k)− ξ̂ (k) has faster
convergence and is stable for each sequence σ(k) ∈ Θ×Ud . To ensure stability of the
estimation error dynamics, with a scenario that allows arbitrary switching of σ(k), one
achieves guaranteed stability of the estimation error dynamics if a common Lyapunov
function can be found for each of the modes determined by σ(k)∈Θ×Ud , as in Section
3.3. We assume the separation principle between the estimator design and the controller
design.
At time k we assume ŵs(k), θ(k), umax(k) given and solve (6.23), resulting in y∗s (k).
With this desired output target y∗s (k), ŵs(k), and the estimated unknown disturbance
ω̂(k), we compute the static ’target’ values of the state, input and output, (xs(k), uls(k),
ys(k)). They satisfy the algebraic steady state condition: Aσ(k)− I Bσ(k) 0

Cσ(k) Dσ(k) 0
Cσ(k) Dσ(k) −I

 xs(k)
uls(k)
ys(k)

=

 −Aω −Bw 0
−Cω 0 I
−Cω 0 0

 ω̂(k)
ŵs(k)
y∗s (k)

 (6.26)

The MPC control action at time k is obtained by solving the optimization problem:

min
4ul(k|k)..4ul(k+NP−1|k)

∥∥∥∥[ x(k +NP′ |k)− xs(k)
ul(k +NP′−1|k)−uls(k)

]∥∥∥∥2

Pcont

+
NP′−1

∑
i=1

[
‖y(k + i|k)− ys(k)‖2

Q +‖ul(k + i|k)−uls(k)‖2
Ru

+‖4ul(k + i|k)‖2
R

] (6.27)

s.t. x(k) = x̂(k),
ω(k) = ω̂(k),

ul(i) = ul(k−1)+
i

∑
j=k
4ul( j)

x(i+1) = Aσ(k)x(i)+Bσ(k)ul(i)+Bwŵs(i)+Aωω(i),

ω(i+1) = ω(i),
y(i) = Cσ(k)x(i)+Dσ(k)ul(i)+Cωω(i),

i ∈ {k, ..,k +NP′}
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x(i) ∈ X, ul(i) ∈ U, y(i) ∈ Y

‖ ul(i) ‖1 ≤ umax(k)

where ys(k),xs(k) and uls(k) are computed in (6.26).
In the MPC problem (6.27), Q� 0,R� 0,Ru� 0 and Pcont � 0 are the weighting factors.
Pcont is a terminal penalty of the terminal cost to assure the stability of the closed-loop
under arbitrary switching σ(k).

Definition 6.5.1. Now, the optimal control law, implemented at time k is:

uMPC(k) := ul(k−1)+4u∗l (k|k) (6.28)

with4u∗l (k|k) the first element of the computed sequence4u∗l (k|k), . . . ,
4u∗l (k +NP′−1|k).
Inside one prediction horizon [k,k+NP′ ], the reference and the constraints of the system
are assumed to be constant, so the MPC problem reduces to determine the inputs ul(i) =
ul(k−1)+4u∗l (i|k), that will bring the outputs on the system as fast as possible to the
required setpoint, i ∈ {k, . . . ,k +NP′−1}.
Remark 6.5.1. To incorporate the time-dependent constraint ‖ ul(i) ‖1≤ umax(k), i ∈
{k, ..,k +NP′ −1}, in the feasibility results of Theorem (6.3.3) we propose to define the
set

Umin := U∩{u| ‖ ul(i) ‖1≤ umax(k) for all k ∈Z+}
Obviously, Umin⊆U and we will assume that the sequence umax(k) is such that Umin 6= /0.
Apply Theorem 6.3.3 with U replaced by Umin to get guaranteed feasibility under a
power constraint on the inputs.

6.6 Computation of the terminal cost for MPC

To assess and analyze the stability of the closed-loop system using the MPC solution
(6.27), we need to refer to Problem 6.3.1 and Theorem 6.3.4. Each mode of the discrete
time switched system (6.6) is in this case a linear function parameterized by σ(k). The
task is to derive Pcont such that the assumptions in Theorem 6.3.4 are satisfied for all
switching signals σ(k) in Ud ×Θ and for a suitable Lyapunov function and a local
control law hσ (.).
The ingredients to assess the stability of (6.27) are derived based on the error dynamics
system. For this, define the increments:

δx(k) , x(k)− xs(k)

δy(k) , y(k)− ys(k)

δul(k) , ul(k)−uls(k).

(6.29)
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In terms of these increments, the system (6.24) evolves according to:

δx(k +1) = Aσ(k)δx(k)+Bσ(k)δul(k)

δy(k) = Cσ(k)δx(k)+Dσ(k)δul(k)
(6.30)

where we note that the disturbances ω(k) and ŵs(k) disappear from (6.30) since we
assumed them to have constant values.
In the MPC solution (6.27) the optimization is performed over the input increments
4ul(k), instead of penalizing the input δul(k), as in a standard LQ problem. To bring
the problem (6.27) in LQ form using the incremental variables, while keeping the input
as the increments4ul(k), we introduce a new state variable in the error dynamics (6.30)
and rewrite the equations as:[

δx(k +1)
δul(k)

]
=
[

Aσ(k) Bσ(k)
0 I

][
δx(k)

δul(k−1)

]
+
[

Bσ(k)
I

]
4ul(k)[

δy(k)
δul(k)

]
=
[

Cσ(k) Dσ(k)
0 I

][
δx(k)

δul(k−1)

]
+
[

Dσ(k)
I

]
4ul(k)

(6.31)

Note that, this system is driven by the increments4ul(k) rather than δul(k). To simplify
the notation, we define:

ζ (k) =
[

δx(k)
δul(k−1)

]
Aσ(k) =

[
Aσ(k) Bσ(k)

0 I

]
Bσ(k) =

[
Bσ(k)

I

]
Cσ(k) =

[
Cσ(k) Dσ(k)

0 I

]
Dσ(k) =

[
Dσ(k)

I

] (6.32)

resulting in the error dynamics system:

ζ (k +1) = Aσ(k)ζ (k)+Bσ(k)4ul(k)[
δy(k)
δul(k)

]
= Cσ(k)ζ (k)+Dσ(k)4ul(k)

(6.33)

That is, the discrete time switched system (6.6) becomes a switched linear approxima-
tion (6.33), with input4ul(k), and the state ζ (k) ∈ Ξ⊆Rn+ml .
In (6.27), the stage cost and the terminal cost are defined as quadratic functions:

Lk(ζ ,4ul) := ‖y− ys(k)‖2
Q +‖ul−uls(k)‖2

Ru
+‖4ul‖2

R

Vk(ζ ) :=
∥∥∥ζ −ζ s(k)

∥∥∥2

Pcont

where ζ s(k) = col(xs(k),uls(k)).
We define the function h(.) as a state-feedback control law, the optimal control law for
an unconstrained infinite horizon LQ problem:

4ul(k) = hσ(k)(ζ (k)) ,−Kσ(k)ζ (k) (6.34)
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with Kσ(k) a parameter dependent state-feedback gain matrix. In closed-loop, the system
is:

ζ (k +1) = (Aσ(k)−Bσ(k)Kσ(k))ζ (k)[
δy(k)
δul(k)

]
= (Cσ(k)−Dσ(k)Kσ(k))ζ (k)

(6.35)

Theorem 6.6.1. If ω(k) and ŵs(k) are (un)known constant disturbances, then for every
initial condition, for every switching sequence σσσ k and every input4ul , the cost criterion
(6.36) defined below is equivalent with the cost criterion of the MPC problem (6.27).

JMPC := ζ (k +NP′ |k)T Pcontζ (k +NP′ |k)+
NP′−1

∑
i=1
{
[

δy(k + i|k)
δul(k + i|k)

]T [ Q 0
0 Ru

][
δy(k + i|k)
δul(k + i|k)

]
+4ul(k + i|k)T R4ul(k + i|k)}

(6.36)

The implication is that is equivalent to minimize (6.36) such that an optimal 4ul
∗ is

obtained, to define the optimal MPC control law (6.28).

Proof. In (6.36),
[

δy(k + i|k)
δul(k + i|k)

]
is generated by a model (6.33), derived from (6.24),

for a known switching sequence σσσ k = {σ(k|k), . . . ,σ(k+NP′−1|k))}, over all input se-
quences uk = {4ul(k|k), . . . ,4ul(k +NP′−1|k)}. The resulting stage cost and terminal
cost are:

Lk(ζ (k + i|k),4ul(k + i|k)) =
[

δy(k+i|k)
δul(k+i|k)

]T [Q 0
0 Ru

][
δy(k+i|k)
δul(k+i|k)

]
+

4ul
T (k + i|k)R4ul(k + i|k)

Vk(ζ ) = ζ (k +NP′ |k)T Pcontζ (k +NP′ |k).�

Under arbitrary switching (determined by σ(k)) and the MPC control law (6.36), we
are interested in finding a common quadratic Lyapunov function that assumes the form
V (ζ ) = ζ T Pζ , with P = PT � 0. Following the ideas from Theorem 6.3.2, for all
switching signals σ in {1, . . . ,N}, then V (ζ ) = ζ T Pζ is a Lyapunov function that
achieves stability of the origin of the controlled system (6.35). In practice, the follow-
ing theorem provides sufficient conditions on the feedback gains to achieve Lyapunov
stability of the origin for the switched system.
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Theorem 6.6.2. Suppose that Q, Ru, R are positive definite. If there exist a symmetric
positive definite matrix P and control gains K1, . . . ,KN such that:

P = PT � 0

(Ai−BiKi)T P(Ai−BiKi)−P≺−(Ci−DiKi)T
[

Q 0
0 Ru

]
(Ci−DiKi)−KT

i RKi,

for all i = 1,2, . . . ,N,

(6.37)

then the origin of the MPC closed-loop system is a stable fixed point in the Lyapunov
sense, for all switching signals σ ∈Ud×Θ.

Proof. Application of Theorem 6.3.2. �

Next, we present a method that can be used to solve the nonlinear matrix inequality
(6.37).

Theorem 6.6.3. Suppose that Q, Ru, R are positive definite. Define Q =
[

Q 0
0 Ru

]
and

consider the inequalities (6.38) defined below:

Z � 0
Z (CiZ−DiYi)T Y T

i (AiZ−BiYi)T

(CiZ−DiYi) Q−1 0 0
Yi 0 R−1 0

(AiZ−BiYi) 0 0 Z

� 0

for all i ∈ {1,2, . . . ,N}

(6.38)

in the unknowns Z and Yi, i ∈ {1,2, . . . ,N}). Then:
(i) if P,Ki, satisfy (6.37) for i ∈ {1,2, . . . ,N} then Z = P−1, Yi = KiP−1, i ∈ {1,2, . . . ,N}
satisfy (6.38).
(ii) if Z,Yi, satisfy (6.38) for i ∈ {1,2, . . . ,N} then P = Z−1, Ki = YiZ−1, i ∈ {1,2, . . . ,N}
satisfy (6.37).

Proof : The second inequality in (6.37) can be transformed into LMIs by pre-multiplying
and post-multiplying by P−1, making use of the notations Z = P−1, Yi = KiP−1, i ∈
{1,2, . . . ,N}, and by applying the Schur complement. �

For the above stage cost and terminal costs it holds that:

L(ζ ,4ul)≥ min
∀σ∈Ud×Θ

λmin((Cσ −Dσ Kσ )T Q(Cσ −Dσ Kσ )) ‖ ζ ‖2
2

with Q =
[

Q 0
0 Ru

]
, for all ζ ∈Rn+ml , for all σ ∈Ud×Θ and all4ul ∈Rml . More-

over,
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V (ζ )≤ λmax(Pcont) ‖ ζ ‖2
2

for all ζ ∈ Rn+ml . Therefore, assumptions 1 and 2 are satisfied in Theorem 6.3.4 with
α1(‖ ζ ‖) , minσ∈Ud×Θ λmin((Cσ −Dσ Kσ )T Q (Cσ −Dσ Kσ )) ‖ ζ ‖2

2 and α2(‖ ζ ‖) ,
λmax(Pcont) ‖ ζ ‖2

2.
Then, with Pcont = P in (6.36), the design yields that the origin of the MPC closed-loop
system is an asymptotically stable fixed point for all switching signals σ ∈Ud×Θ.
So, stability and feasibility can be derived for the two-level decomposition (based on a
switched model of the system), but not optimality in the sense of achieving the same
solution as (5.13).

6.7 Robust MPC design

The design focuses on the robustness of the MPC problem, present in (6.27), for any
changes in the switching signal σ(k). The problem (6.27) assumes that inside one pre-
diction horizon the switching signal σ(k) remains constant. The stability is guaranteed
for any σ(k) ∈ Θ×Ud , but not robustness with respect to any possible future changes,
perturbations, uncertainties in specific parameters of the system. The robust stability
can be guaranteed by deriving a specific terminal cost in the MPC problem (6.27) for a
bounded level of uncertainties in the switching parameter vector.
A robust design is achieved by computing the end-point penalty in (6.27), such that
the controller is stable and robust, irrespective of the switching behavior of σ(k). This
is, inside one prediction horizon, for NP′−1 samples we assume an arbitrary switching
signal σ(k), and the end-point penalty on the state is determined for a (known) region of
parametric uncertainties, to incorporate any possible (bounded) changes in σ . With this
assumption, the closed-loop properties can be analyzed not only for a finite and known
number of possible switches σ(k) in Θ×Ud . The values of the switching signal σ are
now assumed to belong to a polytopic region, as in assumption 7 in Section 2.8. This
means that the model of the system, used for predictions, becomes a linear parametric
model with parametric uncertainties, with u∗ds

∈ Ud ⊂Rmd , θ ∈Θ⊂Rnθ bounded.

The ingredients to assess the robust stability of the MPC problem (6.27) are derived
based on the error dynamics system (6.29) - (6.33). Since the error dynamics system
does not affinely depend on the switching parameter vector σ(k), we consider a discrete-
time uncertain system S which assumes the representation:

ζ (k +1) = Aρ(σ(k))ζ (k)+Bρ(σ(k))4ul(k)[
δy(k)
δul(k)

]
= Cρ(σ(k))ζ (k)+Dρ(σ(k))4ul(k)

(6.39)

where ζ (k) ∈ Ξ ⊆ Rn+ml is the system state vector, as in (6.33),4ul(k) ∈ U ⊆ Rml is
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the input vector, and col(δy(k),δul(k)) ∈ Rp+ml is the output of the system. The pur-
pose of the composite function ρ(k) = ρ(σ(k)) is to enable an affine dependency of
(6.39) on the newly defined parameter vector ρ (see Section 3.4 and Section 3.5). The
composite function ρ(σ(k)) may or may not be time-varying, and takes values in an un-
certainty set ϒ⊆Rnρ . The system S will be regarded as parameterized by ρ ∈ ϒ in the
sense that we identify ρ(σ(k)) with ρ(k). We will assume that ϒ is a convex set. The
parametrization is done in the new uncertain parameter vector ρ = [ρ1, . . . ,ρnρ

]. Each
uncertain parameter ρi, i = 1, . . . ,nρ , assumes values in the interval ρi ∈ (ρ

i
,ρ i), i =

1, . . . ,nρ , where ρ
i

and ρ i are known lower and upper bounds. The bounds ρ
i

and
ρ i are taken such that ρi(σ(k)) = [ρ

i
,ρ i] for all possible values of σ(k). Correspond-

ingly ϒ = ∏
nρ

i=1[ρ i
,ρ i] is polytopic and, in fact, equal to the convex hull of the corner

points ϒNV = {ρ1, . . . ,ρNV } ⊆ Rnρ of ∏
nρ

i=1[ρ i
,ρ i]. That is ϒ = chull(ρ1, . . . ,ρNV ), with

NV = 2nρ .

For the MPC control problem described in Problem 6.3.1, the class of admissible input
sequence at discrete moment k, defined with respect to a target set XT , an initial state
ζ (k) ∈ Ξ and the parametric uncertainty sequence ρρρk = {ρ(k|k),ρ(k + 1|k), . . . ,ρ(k +
NP−1|k)} ([61]), is:

UNP(ζ (k),ρρρk,k) , {uk ∈UNP |xk(ζ (k),uk,ρρρk)∈Ξ
NP ,ζ (k+NP|k)∈XT ,∀ρρρk ∈ ϒ

NP}
(6.40)

with uk , (4ul(k+0|k), . . . ,4ul(k+NP−1|k))∈UNP the input sequence, xk(ζ (k),uk,
ρρρk) , (ζ (k + 1|k), . . . ,ζ (k + NP|k)) the state sequence generated from the initial state
ζ (k) and by applying the input sequence uk, and assuming the parametric uncertainty
sequence ρρρk.
The MPC value function (6.41) corresponding to Problem 6.3.1 is in this case:

VMPC(ζ (k),ρρρk) , sup
ρρρk∈ϒT

inf
uk∈UNP (ζ (k),ρρρk,k)

JMPC(ζ (k),uk,ρρρk) (6.41)

for all initial condition ζ (k) and arbitrary perturbation sequences ρρρk. So the minimiza-
tion of the objective function JMPC is in fact the minimization of the worst-case objective
function with respect to parameter perturbation ρ ∈ ϒ.

We wish to construct a robust state-feedback control law for the system (6.39) as:

4ul(k) = h(ζ ) ,−Kζ (k) (6.42)

with K the state-feedback robust gain matrix, independent of ρ , such that the system in
closed-loop is robustly stable for all ρ(k) in the uncertainty set ϒ, k ∈ Z+, irrespective
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of the switching behavior. The closed-loop system is then described by (6.43).

ζ (k +1) = (Aρ(k)−Bρ(k)K)ζ (k)[
δy(k)
δul(k)

]
= (Cρ(k)−Dρ(k)K)ζ (k)

(6.43)

The cost function of the MPC problem (6.27) can be rewritten as:

JMPC = ζ (k +NP′ |k)T Pcontζ (k +NP′ |k)+
NP′−1

∑
i=1
{
[

δy(k + i|k)
δul(k + i|k)

]T [ Q 0
0 Ru

][
δy(k + i|k)
δul(k + i|k)

]
+4ul(k + i|k)T R4ul(k + i|k)}

(6.44)

where
[

δy(k + i|k)
δul(k + i|k)

]
is generated by a model (6.39), for a perturbation sequence ρρρk,

over all input sequences uk = {4ul(k|k), . . . , 4ul(k +NP′−1|k)}. The resulting stage
cost and terminal cost are:

Lk(ζ (k + i|k),4ul(k + i|k)) =
[

δy(k+i|k)
δul(k+i|k)

]T [Q 0
0 Ru

][
δy(k+i|k)
δul(k+i|k)

]
+

4ul
T (k + i|k)R4ul(k + i|k)

Vk(ζ ) = ζ (k +NP′ |k)T Pcontζ (k +NP′ |k).

We will investigate the stability and performance of the closed-loop system (6.43).

Stability

We will analyze the robust stability of the equilibrium point ζ ∗ = 0 of the closed-loop
system (6.43). As can be seen from (6.43), the parameter ρ(k) varies with time, and is
known to satisfy ρ(k) ∈ ϒ for all k ∈Z+.
To ensure stability of the closed-loop dynamics (6.43), the system is said to be quadrat-
ically stable for all perturbations ρ(k) ∈ ϒ if there exists a quadratic Lyapunov function
that assumes the form V (ζ ) = ζ T Pζ , with P = PT � 0. If it exists, we take Pcont = P as
the cost in the end point penalty in (6.44). This means that V satisfies:

V (ζ (k +1))−V (ζ (k))≤−
[

δy(k)
δul(k)

]T [ Q 0
0 Ru

][
δy(k)
δul(k)

]
−4ul(k)

T R4ul(k)

for all k and all ρ(k) ∈ ϒ
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(6.45)

along the trajectories of (6.43). The origin is a stable fixed point of (6.43) in the Lya-
punov sense.

Theorem 6.7.1. ([58]) If there exist a symmetric positive definite matrix P and a state-
feedback controller gain K such that:

P = PT � 0

(Aρ −BρK)T P(Aρ −BρK)−P≺−(Cρ −DρK)T
[

Q 0
0 Ru

]
(Cρ −DρK)−KT RK,

for all ρ ∈ ϒ

(6.46)

then the origin of (6.43) is a stable equilibrium point in the Lyapunov sense for all
perturbations ρ(k) ∈ ϒ, irrespective of the switching behavior.

Therefore quadratic stability does in fact imply robust stability for arbitrary time-varying
parametric uncertainties. The verification of the quadratic stability of the system places
an infinite number of constraints on the symmetric matrix P and the controller gain K.
To make the robust stability problem numerically feasible, the verification test (6.46)
can be performed on the vertices of the polytope.

Theorem 6.7.2. Suppose that Aρ ,Bρ ,Cρ ,Dρ are affine in the parameter ρ with ρ ∈ ϒ

and ϒ = chull(ϒNV ) is the convex hull of a finite set ϒNV of cardinality NV . Then (6.46)
is feasible in (P,K) for all ρ ∈ ϒ if and only if

P = PT � 0

(Aρ −BρK)T P(Aρ −BρK)−P≺−(Cρ −DρK)T
[

Q 0
0 Ru

]
(Cρ −DρK)−KT RK,

for all ρ ∈ ϒNV

(6.47)

Proof. The indirect implication of this statement is trivial satisfied since ϒNV ⊂ ϒ.
To see the direct part, first observe that the second inequality in (6.47) can be written as

F(ρ) :=

Aρ −BρK
Cρ −DρK

I

T P 0 0
0 Q 0
0 0 KRK−P

Aρ −BρK
Cρ −DρK

I

≺ 0

for all ρ ∈ ϒNV

(6.48)

with Q =
[

Q 0
0 Ru

]
.
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Since (Aρ ,Bρ ,Cρ ,Dρ) are affine functions of ρ , P � 0 and Q � 0, it follows that F is
a convex function of ρ . Let ρ ∈ ϒ be arbitrary. Since ϒ = chull(ϒNV ) there exists non-
negative constants αi, i = 1, . . . ,NV such that ∑

NV
i=1 αi = 1 and ρ = ∑

NV
i=1 αiρ

i and where
we write ϒNV = {ρ1, . . . ,ρNV }. That is, ρ can be written as the convex combination of
elements in ϒNV . Now, (6.48) and the convexity of F yield that

F(ρ) = F(
NV

∑
i=1

αiρ
i)�

NV

∑
i=1

Aρ i−Bρ iK
Cρ i−Dρ iK

I

T P 0 0
0 Q 0
0 0 KRK−P

Aρ i−Bρ iK
Cρ i−Dρ iK

I

≺ 0

(6.49)

where we used the hypothesis (6.48) and the fact that αi ≥ 0. Hence F(ρ) ≺ 0 for any
ρ ∈ ϒ which, in fact, is (6.46). �

Next, we present a method that can be used to solve the nonlinear matrix inequality
(6.47).

Theorem 6.7.3. Let Q =
[

Q 0
0 Ru

]
. Then (6.47) is feasible in (P,K) if and only if (6.50)

defined below is feasible in (Z,Y).
Z (CρZ−DρY )T Y T (AρZ−BρY )T

(CρZ−DρY ) Q−1 0 0
Y 0 R−1 0

(AρZ−BρY ) 0 0 Z

� 0for all ρ ∈ ϒNV .

(6.50)

Specifically,
(i) if (P,K) satisfies (6.47) then (Z,Y ) = (P−1,KP−1) satisfies (6.50);
(ii) if (Z,Y ) satisfies (6.50) then (P,K) = (Z−1,Y Z−1) satisfies (6.47).

Proof : The second equation in (6.47) can be transformed into LMIs by pre-multiplying
and post-multiplying by P−1, making use of the notations Z = P−1, Y = KP−1, and
applying a Schur complement. �

Then, with Pcont = P in (6.44), the design yields that the origin of the MPC closed-
loop system is robustly stable for all perturbations in the set ρ ∈ ϒ, independent of the
switches.
So, stability and robustness can be derived for the two-level decomposition (based on an
affine parametric model with parametric uncertainties), but not optimality in the sense
of achieving the same solution as (5.13).
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6.8 Simulation examples on heat flow and paper path

This section presents the simulation results for the two-level decomposition formula-
tion present in Fig. 6.1 for the switched design and robust design. For these control
designs the analysis of the closed-loop properties revealed that stability, feasibility and
robustness can be guaranteed. This section has the purpose to show different results
of the implementation for the printer system, to prove the effectiveness of the methods
in practice, in comparison to the results obtained for the centralized formulation. A
Simulink model of the printer has been used for simulations, as presented in Chapter 5.

6.8.1 Scenario

The model of the professional printer can be described with (6.2), with the states of the
state-space model:

x = col(T1,T2,T3,Tpreh,Tpaperini) (6.51)

as presented in Section 2.6. The input vector is:

u = col(v,d,qT T F ,qpreh) (6.52)

and ud = col(v,d), ul = col(qT T F ,qpreh). The output vector is:

y = col(TT T F ,Tpreh,Tf use). (6.53)

The unknown disturbance signal is considered to be the environment temperature

w = [Tenv] (6.54)

To obtain the switched linear system approximation, necessary for the MPC problem
(6.27), we will consider the paper sheet characteristics θ = col(mpap, l,b, cpap) being a
finite set of Nθ = 5 elements, given five most used paper masses mpap. This, because
the mass of the paper largely influences the state-space representation of the system.
Hence,

Θ := {θ1,θ2,θ3,θ4,θ5},
where

θ1 = col(80, l,b,cpap)

θ2 = col(120, l,b,cpap)

θ3 = col(160, l,b,cpap)

θ4 = col(200, l,b,cpap)

θ5 = col(220, l,b,cpap)
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The parameters l,b,cpap are assumed to be constant. The grid presented in Fig. 2.16 has
been selected with Nm = 234 elements, thus the discrete set Ud = {ud1 , . . . ,udNm

} con-
tains Nm = 234 pairs of elements col(v,d) in between the allowed bounds, v≤ v≤ v and
d ≤ d ≤ d. Together with Θ, the total number of modes of the switched linear system is
N = 1170. The switching function σ maps time in this discrete set σ ∈Ud×Θ.

The closed-loop system must cope with random step variation in the input print queue,
so step variation in θ ∈Θ and step variations in the maximum available power qmax. The
maximum available power determines in fact, indirectly, the speed v of the engine and
the distance d between paper sheets. In simulations, for θ and qmax we take piecewise
constant functions of time assuming values in between minimum and maximum allowed
bounds with random switching times. To have an appropriate comparison with the
centralized formulation presented in Section 5.5, this values for θ and qmax are the same
as presented in Section 5.5, Fig. 5.5 and Fig. 5.6.

6.8.2 Reference generator

The reference generator (6.23) computes online (each discrete time k, k ∈Z+) the max-
imum throughput Λ in steady-state, together with σ(k) and the references re f for the
feedback loop. The inputs for this reference generator are the paper properties char-
acteristics θ already scheduled in the print queue, so NP = 6, the value for the maxi-
mum available power qmax, and an estimation of value of the environmental temperature
ŵ = Tenv. As mentioned in Section 5.6, we assume NP = 6 to be the maximum number
of paper sheets in the print queue. It is practical to take θ(k) to be an average value
θ(k) = 1

NP
∑i∈{k,...,k+NP} θ(i), with θ(k) rounded to the nearest values in Θ. We take

Tenv = 25 [◦C]. The optimization is performed over the input vector us using a discrete
static model of the state-space representation obtained in Section 2.6 (2.12)-(2.16). The
discretization step is Ts = 0.5. Each discrete time k, k ∈Z+, the initial condition for the
optimization is selected to be the previous computed value u∗s (k−1).
The optimization algorithm used for computations is the sequential quadratic program-
ming method, incorporated in the Matlab Optimization toolbox, and implemented via
the function fmincon ([15]).

6.8.3 Tuning MPC

The MPC problem (6.27) has several tuning parameters:

• the prediction horizon of the MPC controller NP′ . Taking a sufficiently long hori-
zon, the controller can ”see” in advance a potential constraint and take action for
the constraint to not be violated. So we will consider in this case a prediction
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horizon N′P = 20 samples. A long prediction horizon increases the computational
complexity.

• the control horizon can be chosen smaller than the prediction horizon for the
computation complexity to be reduced. In our case the control horizon has to
be equal to the prediction horizon, due to final penalty computation to assess
stability, so NC = 20.

• weight matrices Q, R, Ru are positive definite symmetric matrices with the role
of penalizing deviations in the outputs and the inputs of the system from the
reference. Between the outputs of the system, they determine also the prior-
ity order of reaching the setpoint. The following values are used in simulations
Q = diag(1,10,500), R = diag(0.01,0.01) and Ru = diag(0.0001,0.0001).

In this chapter we have presented two methods for the MPC design used in the two-level
decomposition approach presented in Fig. 6.1.

The first method derives an MPC solution, such that the MPC closed-loop system is
stable for any switching signal σ taking values in a finite known set, so σ ∈Ud ×Θ,
with Ud = {ud1 , . . . ,udNm

} and Θ = {θ1, . . . ,θNθ
}. The stability is guaranteed for any

switching sequence in this set. This method will be referred to as switched two-level
decomposition approach (switchedTLD) from now on. To enforce stability of the MPC
closed-loop system for any switching signal σ ∈Ud×Θ, a common Lyapunov function
is designed and the associated matrix P is used as end point penalty in the cost function
(6.36), Pcont = P. For all N = 1170 realization of the switched system (6.33) and using
the numerical values considered for Q, R, Ru, we have determined the common matrix
Pcont and the associated state-feedback gains Ki, i ∈ 1, . . . ,1170. The Yalmip toolbox
([64]) and the sd pt3 solver ([88]) have been used for computation of the required LMIs
in Theorem 6.6.3.

The second method derives an MPC solution, such that the MPC closed-loop system is
robustly stable for any switching signal σ taking values in bounded set, so σ ∈Ud×Θ,
with ud ∈ Ud ⊂ Rmd , θ ∈ Θ ⊂ Rnθ bounded. This results in an infinite number of re-
alization for σ . The robust stability is guaranteed for any switching sequence in this
set. This method will be referred to as robust two-level decomposition approach (ro-
bustTLD) from now on. To enforce robust stability of the MPC closed-loop system for
any switching signal σ in the bounded set, a common Lyapunov function is designed
and the associated matrix P is used as end point penalty in the cost function (6.44). To
compute the robust controller gain K and a matrix P in Theorem 6.7.3, the state space
representation of the system has been approximated with an affine parameter dependent
model (see Section 3.5.2). The independent function ρ(σ) incorporate all the uncertain-
ties of the parameter vector col(ud ,θ) = col(v,d,mpap, l,b,cpap), such that the matrices
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of the MPC closed-loop system (6.43) affinely dependent of the new function ρ . This
is, 11 basis function have been obtained. The state-feedback gain K and the Lyapunov
matrix P have been derived with Theorem 6.7.3 using the corner points of the polytope
ϒ created by the basis function ρ , so NV = 211 = 2048 vertices. The results have been
computed using the Yalmip toolbox and sedumi ([87]) solver.

6.8.4 Results

We will present the simulation results obtained for the scenario presented in Fig. 5.5 and
Fig. 5.6, with large random step variations in the paper sheet characteristics in the print
queue (e.g mass of the paper mpap) and large random step variations in the maximum
available power qmax. The hard constraint on the maximum available power does not
allow printing at maximum speed for all types of paper, resulting in large variations in
the speed v of the engine and distance d in between sheets.

Figures 6.3-6.4 present the results for the throughput Λ and fusing error e f use for swiched-
TLD and robustTLD, in comparison to the results obtained in Section 5.6, nMPC1 and
nMPC2.

The throughput Λ has been adjusted each time instant k according to θ(k) and qmax(k),
to meet the constraints c1-c3 and the control objectives in steady-state, and using the
assumptions a8-a11. The average throughput for the considered interval is 95 PPM. For
swichedTLD and robustTLD the throughput is equal since the references are computed
using the same information. In comparison with the results obtained with the centralized
predictive formulations nMPC1 and nMPC2, swichedTLD and robustTLD have lower
throughput. This result can be influenced by the tuning of the Reference generator, by
clever distribution of the available input power in between the controlled subsystems of
the printer in steady-state.

Together with the throughput Λ, the reference generator determines the mode of the
system σ(k) and the associated static target values, used as references in the second level
control. The second level control consists of an MPC controller and a state estimator,
both tuned to guarantee stability for arbitrary switching sequence in between σ . Each
time instant k, the switched estimator estimates the next state of the system. This state
is used to initialize the MPC problem. The MPC computes dynamically the inputs ul
such that the output temperatures of the system y converge to their setpoints as fast
as possible. The fusing temperature Tf use has priority in reaching the setpoint, to not
degrade the quality.
For swichedTLD, the error in the fuse quality is within specs. During transients, the
optimality can be lost, since not all inputs are computed dynamically (e.g ud = col(v,d)
is computed statically in the reference generator). The end-point penalty of the MPC
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problem is determined for a known finite set of switching signal, and this introduces
conservatism in the design. Due to large variations in v and d, the step changes in the
setpoints re f are really large, resulting in a possible degradation of the fusing quality.
Incorporating in the reference generator the future known paper sheet characteristics as
θ(k) = 1

NP
∑i∈{k,...,k+NP} θ(i), the setpoints are changed gradually. This helps in reducing
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Figure 6.3: Throughput Λ for the two-level decomposition approaches (swichedTLD
and robustTLD) in comparison to the centralized predictive formulation (nMPC1 and
nMPC2)
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Figure 6.4: Fuse error e f use for the two-level decomposition approaches (swichedTLD
and robustTLD) in comparison to the centralized predictive formulation (nMPC1 and
nMPC2)

For robustTLD, the error in the fuse quality is within specs most of the time. Dur-
ing transients, optimality can be lost, since not all inputs are computed dynamically
(e.g ud = col(v,d) is computed statically in the reference generator). The end-point



138 TWO-LEVEL DECOMPOSITION CONTROL

penalty of this MPC problem is determined for a worst-case scenario. This introduces
even more conservatism in the design compared with the swichedTLD and prevents fast
convergence to the setpoint. This method is more conservative than swichedTLD, but
allows an infinite number of modes of the system. The advantage of the robustTLD is
the robust guaranteed stability of the MPC closed-loop system for any arbitrary switches
in between an infinite number of system modes.
In comparison with nMPC1 and nMPC2, the error in the fusing quality for swichedTLD
and robustTLD is larger, but within specs most of the time. The simulated examples
present extreme situations. Each discrete time k, the centralized formulations nMPC1
and nMPC2 take into consideration the actual values for the paper sheet characteristics
in the print queue θ(i), i ∈ {k, . . . ,k + NP}, swichedTLD assumes an average value for
paper sheet characteristics in the print queue θ(k) = 1

NP
∑i∈{k,...,k+NP} θ(i), and robust-

TLD is designed to incorporated any variations in θ .
Figures (6.5)-(6.6) present the variation in the temperatures inside the printer and vari-
ation in the control inputs, computed by the switchedTLD. The setpoint variation is
determined by the speed variation and paper sheets characteristics. The speed of the
engine v and the distance between sheets d are adjusted each discrete step k ∈ Z+ as-
suming a static situation. The controlled system follows the computed references, but
with priority for the fusing temperature Tf use to converges first on the setpoint. Since
Tf use is a function of TT T F and Tpreh, this results in a trade-off between TT T F and Tpreh,
so a power distribution qT T F and qpreh trade-off, to guaranteed minimum e f use. The
MPC controller dynamically computes the inputs ul = col(qT T F ,qpreh) such that the
fusing error e f use in minimized and the power constraint and physical bound constraints
are not violated. The controller takes into consideration the physical bound constraints
on the outputs and inputs of the system, due to physical limitations of the system. As
it can be seen in the preheater power qpreh, the speed of the engine v and the distance
between paper sheets d, the physical bounds are respected. At the same time, the hard
constraint in the maximum available power is not violated.
Figures (6.7) - (6.8) present the variation in the temperatures inside the printer and
variation in the control inputs, computed by the robustTLD. The controlled system
follows the computed references, but with priority for the fusing temperature Tf use to
converges first on the setpoint. The MPC controller dynamically computes the inputs
ul = col(qT T F ,qpreh) such that the fusing error e f use in minimized and the power con-
straint and physical bound constraints are not violated.

An advantage of the robust design robustTLD is computational complexity. For switched-
TLD, when N is large, the LMI problem could become not computable, although a
solution might exist. The number of total modes N increases with each value of the
components in the parameter vector σ . For robustTLD, the number of the corner points
of the polytypic region NV does not change for a growing number of paper sheet charac-
teristics, for example, so the number of LMIs to compute the end-point penalty remains
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the same.
The advantage of both switchedTLD and robustTLD designs is the needed computa-
tion time in run-time. All the estimator gains and the controller gains are computed
offline in advance and the results are stored in lookup tables. A fast searching algorithm
determines the required gains online, depending on knows values of σ(k). Dedicated
solvers for quadratic programming are used to determine online the controlled inputs,
for which the computation time is within a sample time Ts = 0.5. These solvers are part
of the Optimization toolbox in Matlab ([29]).

The disadvantage of these control schemes is the loss of optimality and constraint satis-
faction of the solution when large transitions in between setpoints are required. Due to
limited maximum available power and slow dynamics, when switching between two set-
points, the error in the fuse e f use could become large, since the controlled system can not
converge fast enough to the new setpoint. Using extra constraints in the reference gen-
erator, the error e f use can be always in between bounds. Such constraint can be imposed
on the deviation of the setpoint from the current measured output of the system y. By re-
quiring in the setpoint generator an extra constraint, such as |Tf use(k)−Tf usere f (k)| ≤ ι ,
with ι ∈ Z+, we limit the possibility of the reference generator to generate setpoints
which deviate too much from the measured output of the system. This will result in a
decrease of throughput Λ, but guaranteed fusing quality.

6.9 Conclusions

This chapter addressed the problem of two-level decomposition control for systems
with input induced nonlinearities. The economic objective and the transition control
have been combined into a two-level control problem.
The upper reference generator level determines in feedforward the optimal mode of the
system based on the online available information from the sensors (i.e. print queue,
maximum available power), and using a static model of the system. The lower MPC
feedback level controls the dynamics of the system around the references determined
by the mode. We assume that the model of the system used for control switches among
modes, where the switching is externally triggered. Assuming the total number of
modes to be known and finite, the result is a switched linear design. With this as-
sumption, we have developed an MPC formulation for tracking control, which allows
adaptability, stability and performance of the closed-loop to be analyzed and the syn-
thesis of an appropriate controller. Assuming the the total number of modes infinite but
bounded, the result has been formalized in a MPC robust design. In this design, robust
stability has been analyzed.
Performed simulations have illustrated the effectiveness of the proposed control scheme
in comparison to the centralized predictive formulation. The two-level decomposition
approach has proved to be an effective method for professional printers. The stabil-
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ity and robustness can be derived for the two-level decomposition approaches, but not
optimality in the sense of achieving the same solution as the centralized predictive for-
mulation. Since the computation time is within the sampling time, this makes it suitable
for real-life implementations.
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Figure 6.5: Temperatures variation y = col(TT T F ,Tpreh,Tf use) inside the printer when
controlled with the switched two-level decomposition approach (switchedTLD)
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Figure 6.6: Control actions u = col(qT T F ,qpreh,v,d) computed by the switched two-
level decomposition approach (switchedTLD)
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Figure 6.7: Temperatures variation y = col(TT T F ,Tpreh,Tf use) inside the printer when
controlled with the robust two-level decomposition approach (robustTLD)
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Chapter 7

Conclusions and recommendations

In this chapter, the main conclusions of this thesis are presented. In addition, we discuss
a number of remaining open problems and we will give some recommendations for
future research.

7.1 Conclusions

The research targets of this thesis were twofold. Firstly, to derive an appropriate model
which captures all relevant physical phenomena for the paper path and heat flow sys-
tems for a professional printer to analyze throughput and print quality. Secondly, to
derive appropriate model-based controllers to achieve the user requirements: maximiz-
ing throughput, achieve the print quality requirements, stability and robustness of a
printer system. This research aimed to investigate, develop, and design a more efficient
operation of professional printers by employing control methods.

The main contributions of the thesis are the following:

• We have modeled the thermodynamic system of professional electro-photography
printers sufficiently accurate to analyze throughput and print quality in sufficient
detail. The mathematical model is in the class of systems with input-induced
nonlinearities. This model can be linearized with the input, as operating point.
Each operating point represents a mode of the system, and is characterized by the
paper sheet characteristics, speed of the printer engine and distance between print-
ing media. The model switches among submodels (modes), where the switching
is externally triggered by variations in the paper sheet characteristics in the print
queue, limitation in the power outlet, and environmental temperature.

• For this class of systems with input-induced nonlinearities, we have designed appro-
priate state estimators. A full analysis of the Lyapunov stability for the estimation
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error dynamics is performed, and the performance has been evaluated. Specifi-
cally:

◦ assuming the total number of modes of the system known and finite (for ex-
ample, a finite number of combinations between samples of paper sheets
characteristics, speeds of the engine, and distance between paper sheets),
the model of the system was approximated with a switched linear system.
A switched estimator has been designed, for which conditions have been
derived to assure the asymptotic stability of the estimation error dynamics,
under arbitrary switching between modes. The convergence rate of the esti-
mation error dynamics has been made flexible and adaptable by introducing
a decay factor. In addition, the influence of an external disturbances on the
estimation error dynamics has been minimized in the H∞ sense.

◦ for an infinite number of possible modes, we assumed the total number of
modes to form a polytopic region of parametric uncertainties. The model
of the system has been approximated with an affine parametric model with
parametric uncertainties. A robust estimator has been designed, which al-
lows incorporating of a wide class of parametric uncertainties. The robust
stability of the estimation error dynamics was proven based on Lyapunov
theory for any arbitrary switching sequence between system modes. The
performance of the estimator design was evaluated by introducing a decay
rate factor, to influence the convergence rate of the estimation error dynam-
ics, and an H∞ performance criteria, to minimize the influence of external
disturbances on the output error dynamics.

• For the class of systems with input-induced nonlinearities, we have designed appro-
priate model-based controllers, to maximize the throughput of the professional
printers, while satisfying the the print quality requirements and the imposed con-
straints. The throughput is translated into a general nonlinear non-convex eco-
nomic criterion. Specifically:

◦ we have proposed a centralized model predictive formulation for systems with
input-induced nonlinearities, to determine an optimal throughput, support
adaptability, and guarantee constraint satisfaction. A full analysis of the
closed-loop properties for this problem formulation does, however, not yet
exist. The feasibility and the stability of this MPC control problem are not
easy to prove since the economic criterion is non-convex and the output
reference trajectory, to be followed, depends on a time-varying target.

◦we have proposed a two-level decomposition control problem for systems with
input induced nonlinearities. The economic criterion and the transition con-
trol have been separated into a two-level control problem. The first level is
a reference generator, that determines the optimal mode of the system. The
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second level is a model predictive formulation for tracking control. Small
computation time makes this control approach attractive for real-life imple-
mentation.

� assuming the total number of modes finite and known, the model of the
system used for control has been approximated with a switched linear
system. For an arbitrary switching sequence, the closed-loop properties
of this MPC formulation have been analyzed.

� in the case of an infinite number of modes, we carried out a model ap-
proximation in the class of affine parametric models with parametric
uncertainties. Under this assumption, robust stability of the closed-loop
system has been analyzed.

The estimation and control approaches we developed for professional printers can also
be applied to other similar systems, in the class of systems with input-induced non-
linearities. The theory that is developed in this thesis involves estimators and control
design for the class of systems with input-induced nonlinearities. In addition, we devel-
oped theory to verify stability, robust stability, rate of convergence of estimates, and H∞

performance of estimators. We emphasize that these results have generic value and that
their application is not restricted to professional printing systems.

For professional electro-photography printers, these proposed control techniques will
improve the throughput and the quality, compared to the present control approaches.
Robustness is considered with respect to uncertainties in paper sheet properties, speed of
the engine, distance between paper sheets only. Issues like faults, paper jam, mechanical
faults, electrical faults, model uncertainties with respect to machine parameters are not
included in the robustness considerations studied in this work. Besides the quantitative
results on stability, robustness and performance, these control techniques improve the
design process. Specifically:

• the proposed control approaches offer a structured design methodology. This means
that in one consistent and transparent problem formulation, all aspects concerning
the operation of a professional printer can be taken into account;

• we have designed models, estimators and control methods to reduce development
time;

• this structured design method support maintainability and adaptability.

7.2 Recommendations

In this section we briefly present some open control problems that still have to be solved
for the professional electro-photography printer considered in this thesis. Additionally,
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we give some recommendations for future research.

• the reference generator. The disadvantage of a two-level decomposition control
scheme, presented in Chapter 6, is the loss of optimality of the solution when
a large transitions between references is required. The references are computed
by a reference generator, using the available information regarding the print queue
characteristics, maximum available outlet power and the environmental tempera-
ture. In some situations, when switching between two references, the error in the
fusing could become large, since the closed-loop system is not able to converge
fast enough to the new setpoints. By imposing extra constraints in the reference
generator, for example, on the deviation between the setpoint from the online
measured output of the system, the error can be reduced. This will result in a
decrease in throughput, but guarantees fusing quality.

• numerical optimization algorithms. The solution of the centralized predictive formu-
lation in Chapter 5 employs numerical methods to solve optimal control problems.
To solve nonlinear, nonsmooth optimization problems, a typical solver performs
a local search, starting from an initial searching point. As a consequence, only
locally optimal solutions are found. One way to overcome this problem is to use
multiple initial points, and hence use multi-run optimization solvers.

• model validation. The model predictive control formulation depends on a dynamic
model of the system. Hence, this control technique is sensitive for model uncer-
tainties and unmodeled dynamics. Before the implementation of these controllers,
the model that is used for control should be validated with experimental data. The
model should also incorporate the other two control inputs (mentioned in Chap-
ter 2) acting on the thermodynamic system of the printers, not included in the
presented model. The influence of these control actions is visible when cooling
down the system. When more experimental data is available, the model should be
validated in the presence of print queue variations and environmental temperature
changes.

• the economic criterion and setpoint specifications. The complexity of the optimiza-
tion problem that is formulated in Chapter 5 is caused by:

◦ the throughput of the printer is expressed in terms of a nonlinear and non-
convex function;

◦ the output reference trajectory, actually depends on a time-varying target.

It is very difficult to find suitable Lyapunov functions for such systems. Moreover,
the numerical solvers used for the computations, require in general large compu-
tation times to determine the optimal input trajectories. To reduce the complexity
of the control design, the throughput can be expressed in terms of a convex linear
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function. More importantly, the setpoint functions, used to determine the quality
of the prints, should be independent of the control input. Splitting the setpoint for
the fusing temperature into two independent setpoints for the preheater and TTF
belt, would result in a simplified problem formulation, for which a full analysis
could be done.

• add sensors to measure the fusing temperature and/or the temperature of the paper
sheets after HEX. To increase the throughput and quality, one can make design
changes of the system, such as placing a new sensor in the system, to measure the
fusing temperature. This would increase the performance of the control scheme
and reduce the complexity of the problem. Another sensor that could be placed in
the system should measure the temperature of the paper after the HEX element.
In the presented control structure, the temperature of the paper sheets after HEX
is estimated and modeled. This estimation introduces uncertainties in the con-
trol design, increases the complexity of the model. Hence it has an impact over
the quality of the prints and energy efficiency of the printer. Knowing the exact
temperature of the paper sheets after HEX, we can determine more accurately the
states of the system, and/or generate better operating points of the system in a
two-level decomposition approach.

New directions for future research

Currently, the control approach assume a fixed order of the paper sheets in the print
queue. However, one can increase the throughput of the printers while at the same time
satisfying the print quality requirements, if scheduling of the paper sheets in the print
queue is possible. For the control design, this has a number of major implications:

• an event-driven model. To incorporate individual paper sheet characteristics in the
control design, an event-driven model is necessary for the paper path and heat
flow system of a professional electro-photography printer. In such a model, indi-
vidual paper sheets are considered as events that interact with the continuous-time
thermodynamic system of the printer. This model introduces a spatial distribu-
tion in the system. Event-triggered control design is a natural extension of such a
modeling framework.

• centralized model predictive scheduling and control. Using an event-driven model,
one needs to develop efficient model-based control methods to maximize the
throughput of the printers while satisfying the print quality constraints. The result
would be a centralized model predictive scheduling and control. This optimiza-
tion problem will have multiple objectives: to determine the maximum through-
put for a sequence of paper sheets while satisfying the print quality constraints
and, at the same time, to determine an optimal sequence of paper sheets.
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Appendix A

Nominal stability conditions

In this appendix some classical stability properties are discussed, such as Lyapunov
stability, for discrete-time nonlinear systems ([54], [55], [60], [84]).
Let Ξ be a set called the state space and T ⊆Z+. A flow is a mapping φ : T×T×Ξ→Ξ

which satisfies the:
(a) consistency property: φ(k,k,x) = x for all k ∈ T and x ∈ Ξ and the
(b) semi-group property: φ(k1,k−1,x0) = φ(k1,k0,φ(k0,k−1,x0)) for all k−1 ≤ k0 ≤ k1
and x0 ∈ Ξ.
A state evolution map satisfies properties (a)-(b) and is therefore a flow. The evolution
of the flow is completely determined by the initial state. Let us denote by φ(k,k0,x0)
the solution at time k with initial condition x(k0) = x0.

An element x∗ ∈ Ξ is a fixed point and an equilibrium point for a system

x(k +1) = f (x(k),k) (A.1)

(with f : Ξ× T → Ξ a function) if f (x∗,k) = x∗, for all k ∈ T . The fixed points are
properties of system of form (A.1) that remain in x∗ once they are situated there.

Lyapunov stability of a fixed point x∗ expresses to what extend an other trajectory
φ(k,k0,x0), starting in the initial point x0, while lies in the neighborhood of x∗ at time
k0, remains or get close to φ(k,k0,x∗) for all k ∈ Z+, k ≥ k0.

Definition A.0.1. (Lyapunov stability) Let φ : T ×T ×Ξ→ Ξ be a flow and suppose
T =Z+ and Ξ is a normed vector space. The fixed point x∗ is said to be:

(a) stable (in the sense of Lyapunov) if given any ε > 0 and k0 ∈ T , there exist δ =
δ (ε,k0) > 0 such that:

‖ x0− x∗ ‖≤ δ ⇒‖ φ(k,k0,x0)− x∗ ‖≤ ε for all k ≥ k0 (A.2)
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(b) attractive if for all k0 ∈ T , there exist δ = δ (k0) > 0 with the property that

‖ x0− x∗ ‖≤ δ ⇒ lim
k→∞

‖ φ(k,k0,x0)− x∗ ‖= 0. (A.3)

(c) asymptotically stable (in the sense of Lyapunov) if it is both stable (in the sense of
Lyapunov) and attractive.

(d) unstable if it is not stable(in the sense of Lyapunov).

(e) exponentially stable if for all k0 ∈ T there exist δ = δ (k0),ς = ς(k0) > 0 and ν ∈
[0,1) such that:

‖ x0− x∗ ‖≤ δ ⇒‖ φ(k,k0,x0)− x∗ ‖≤ ς ‖ x0− x∗ ‖ ν
k−k0 , for all k ≥ k0 (A.4)

The stability, attractive stability and asymptotic stability notions can be pictured as in
Fig. A.1-A.3 :
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Figure A.1: Lyapunov stability definition
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Figure A.2: Lyapunov attractive definition

A fixed point is stable if the graphs of all flows that initiate sufficiently close to x∗ at
time k0, remain as close as desired to x∗, for all time k ≥ k0. The region of attraction
associated with a fixed point x∗ is defined to be the set of all initial states x0 ∈ Ξ for
which the map φ(k,k0,x0)→ x∗ as k→ ∞. If this region does not depend on time k0, it
is said to be uniform , if it coincides with Ξ, then x∗ is globally attractive. Similarly, the
stability regions, the asymptotic stability regions and the exponential stability regions
can be defined, associated with x∗. If they do not depend on k0, they said to be uniform.
If these regions cover the entire state space Ξ, then the fixed point is called globally
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Figure A.3: Lyapunov asymptotic stability definition

stable, globally asymptotically stable, or globally exponentially stable, respectively.

Definition A.0.2. (Invariant set) A setX⊂ Ξ is called a positive invariant set of a flow
φ if x0 ∈X implies that there exist a k0 ∈ T such that φ(k,k0,x0) ∈X for all discrete
time k ≥ k0.

Definition A.0.3. (Definite functions) Consider the invariant setX⊂Rn with the fixed
point x∗ in its interior, and T ⊆R. A function V :X×T →R is said to be:

(i) positive definite with respect to the fixed point x∗ if there exists a continuous, strictly
increasing function a : R+→ R+ with a(0) = 0 such that V (x,k) ≥ a(‖x− x∗‖)
for all (x,k) ∈X×T .

(ii) positive semi-definite if V (x,k)≥ 0 for all (x,k) ∈X×T .

(iii) descrescent if there exists a continuous, strictly increasing function b :R+→R+
with b(0) = 0 such that V (x,k)≤ b(‖x− x∗‖) for all (x,k) ∈X×T .

(iv) negative definite (around x∗) or negative semi-definite if −V is positive definite or
positive semi-definite, respectively.

Theorem A.0.1. (Lyapunov functions) Let Ξ ∈ Rn be a bounded positively invariant
set for the system (A.1) that contains an open neighborhood of the fixed point x∗ and
let a,b and c be strictly increasing functions ( a,b,c :R+→R+ with a(0) = 0,b(0) =
0,c(0) = 0). Suppose there exists a function V : Ξ×T →R such that:

V (x,k)≥ a(‖x− x∗‖),
V (x,k)≤ b(‖x− x∗‖),

V (φ(k,k0,x0),k)−V (x,k)≤−c(‖x− x∗‖)
(A.5)

for all (x,k) ∈ Ξ×T .
Then x∗ is asymptotically stable in the Lyapunov sense in Ξ.
The function V is called a Lyapunov function.
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Appendix B

Glossary

HEX heat exchanger element
preh preheating element
TTF toner transfer belt
fuse fusing point
MPC model predictive control
LMI linear matrix inequalities
obs observer
switchedTLD switched two level decomposition design
robustTLD robust two level decomposition design
nMPC centralized predictive formulation
sw switched
ref reference
argmin argument of a minimum value
diag a diagonal matrix
chull a convex hull
sat saturation function
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