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Summary

Multiscale mechanics of delamination in stretchable electronics

Stretchable electronics are nowadays applied in a variety of novel products, ranging from
electronic textiles to biomedical applications. These devices typically consist of stiff
electrical components embedded in a flexible matrix, which gives the product its over-
all stretchability. To overcome the problems related to the difference in stretchability
of the copper wiring and the rubber substrate, several strategies for patterning of the
copper wiring have been proposed, such as a horseshoe shaped pattern. Even though
the stretchability is improved drastically by these patterns, it has been shown that the
weak spot of the system is the copper-rubber interface, where delamination is a precursor
to failure of the device. Experimental observations have led to the conclusion that in
these samples, delamination occurs through fibrillation of the rubber at the interface.
This process involves the formation, elongation and failure of rubber fibrils. High values
for the macroscopic work of separation have been obtained from peel tests, while the
microscopic adhesion energy is several orders of magnitude lower. The identification and
quantification of the mechanisms that govern the macroscopic work of separation is lack-
ing. Unraveling the gap between the macroscopic separation energy and the microscopic
adhesion energy will eventually enable the realization of highly reliable interfaces.

In this thesis, the effect of the fibrillation micromechanics on the macroscopic interface
properties is quantified in a progressive manner. To this end, micromechanical fibril
models have been developed. Through the use of a multiscale model, the macroscopic
interface behavior is extracted from the micro-model. Several dissipative mechanisms
are investigated, and their relative contribution to the macroscopic interfacial work of
separation is analyzed.

Macroscopically, the interface is described using continuum cohesive zone elements. First,
it was shown that finite thickness cohesive zone models are not in rotational equilibrium
in the case that the traction vector is not aligned with the opening vector. It was shown
that the error can become substantial when the ratio of the critical opening length over
the cohesive zone length is large.

iii



iv Summary

Next, a micromechanical model was developed, focusing on the growth of a nucleated
rubber fibril up to the moment of failure. The analysis incorporated drawing of material
from the bulk layer in the vicinity of the interface into the fibril. Several micromechan-
ical contributions to the macroscopic work of separation have been identified. It was
concluded that the intrinsic adhesion energy only constitutes a small amount of the total
dissipated energy at the macroscopic scale. In this model setting, not accounting for
energy loss in the bulk material further away from the fibril, the main fraction of the
work of separation consists of elastically stored energy in the fibril, which is dissipated
through dynamic release upon instantaneous fibril failure. The resulting macroscopic
cohesive zone parameters were quantitatively coupled to the micromechanical quantities.
Yet, the macroscopic work of separation from the micro-model still underestimated the
high work of separation measured in peel tests.

Therefore, the next step was to identify the missing contribution of the fibril mechanics to
the work of separation. Since the stresses and strains in the fibril are well beyond typical
bulk values, it is imperative to establish an accurate hyperelastic constitutive model.
To this end, a single fibril experiment was carried out. In the experiment, the applied
load, and the evolving geometry of a single rubber fibril were measured, which enabled
a detailed comparison with the models, providing the necessary data for a parameter
assessment. Based on the resulting constitutive model, single fibril simulations were
performed, taking into account the highly nonlinear material response at large strains.
The fibril response up to reaching the critical stress was analyzed. The contribution of
the dissipated energy directly resulting from dynamic energy release at fibril failure to
the overall work of separation was quantified. It was concluded that the incorporation
of a proper nonlinear hyperelastic constitutive model resulted in an improved work of
separation, however still a decade smaller than the expected value.

Finally, the energy loss in the bulk layer surrounding the fibrils was systematically inves-
tigated, using an idealized representation of the fibrillar microstructure. Using idealized
loading conditions, it was shown that incorporation of the spatial discreteness of the
fibrils is essential for the energy loss in the bulk layer adjacent to the fibrils. For more
realistic loading conditions, it was demonstrated that a larger bulk volume is deformed.
These results provide a mechanistic understanding of the physics involved with interface
delamination through fibrillation, and also revealed an intrinsic shortcoming of conven-
tional cohesive zone formulations. Finally, it was shown that the thus determined energy
stored in the lift-off geometry of a peel test provides a quantitative explanation for the
high work of separation measured for these interfaces.



Samenvatting

Multischaal mechanica van delaminatie in oprekbare elektronica

Oprekbare elektronica wordt tegenwoordig toegepast in diverse innovatieve applicaties,
variërend van elektronisch textiel tot biomedische toepassingen. Typisch bestaan deze
applicaties uit stijve elektronische componenten, die zijn ingebed in een flexibel mate-
riaal. Dit materiaal zorgt voor de rekbaarheid van het product. Om de problemen,
gerelateerd aan het verschil in rekbaarheid tussen de koperen geleiders en het rubber
substraat, op te lossen zijn meerdere strategieën voorgesteld, waarbij de koperen gelei-
ders in een patroon geplaatst worden. Een voorbeeld hiervan is het hoefijzerpatroon.
De toepassing van dergelijke patronen verhoogt de rekbaarheid radicaal. Desalniettemin
blijkt de grenslaag tussen het koper en rubber het zwakke punt van het systeem; het
delamineren van deze grenslaag is een voorbode van het falen van het product. Expe-
rimentele resultaten hebben tot de conclusie geleid dat, in de betreffende proefstukken,
delaminatie plaatsvindt via fibrillatie van het rubber op de grenslaag. Fibrillatie is een
proces dat het vormen, verlengen en falen van rubber fibrillen behelst. In experimenten
zijn hoge waardes voor de macroscopische separatie-energie gemeten, terwijl de micro-
scopische adhesie-energie enkele ordes van grootte kleiner is. Identificatie en kwantificatie
van de mechanismes die de macroscopische separatie-energie controleren ontbreekt mo-
menteel. Het begrijpen van het verschil tussen de macroscopische separatie-energie en
de microscopische adhesie-energie zal het uiteindelijk mogelijk maken zeer betrouwbare
grenslagen te realiseren.

In dit proefschrift wordt het effect van de fibrillatie-micromechanica op de macrosco-
pische grenslaag-eigenschappen op een progressieve manier gekwantificeerd. Hiertoe zijn
micromechanische fibrilmodellen ontwikkeld. Door middel van het gebruik van een multi-
schaalmodel wordt het macroscopische grenslaaggedrag uit het micromodel bepaald. Ver-
scheidene dissipatieve mechanismes worden bestudeerd, en hun relatieve bijdrage aan de
macroscopische separatie-energie wordt geanalyseerd.

Macroscopisch wordt de grenslaag gemodelleerd met zogenaamde ‘cohesive zone’ ele-
menten. Allereerst is er aangetoond dat cohesive zone modellen met een eindige dikte
niet in rotatie-evenwicht zijn als de tractievector niet uitgelijnd is met de openingsvec-
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vi Samenvatting

tor. De gemaakte fout kan significant worden als de verhouding tussen de kritische
openingslengte en de cohesive zone-lengte groot is.

Vervolgens werd een micromechanisch model ontwikkeld, gericht op de groei van een
geinitieerde rubber fibril tot het moment van falen. De analyse bevatte het trekken van
materiaal uit de bulklaag, in de nabijheid van de grenslaag, in de fibril. Verscheidene mi-
cromechanische bijdragen aan de macroscopische separatie-energie zijn gëıdentificeerd.
De conclusie was dat de intrinsieke adhesie-energie slechts een klein deel van de to-
taal gedissipeerde energie op de macroschaal uitmaakt. In het gebruikte model, waarin
geen rekening werd gehouden met energieverlies in de bulklaag verder weg van de fibril,
bestond de belangrijkste bijdrage aan de macroscopische separatie-energie uit elastisch
opgeslagen energie in de fibril, die via dynamisch loslaten wordt gedissipeerd bij het in-
stantaan falen van de fibril. De resulterende macroscopische cohesive zone parameters
waren op een kwantitatieve manier gekoppeld aan de micromechanische waardes. Toch
bleek de uit het micromodel bepaalde macroscopische separatie-energie de waardes voor
de separatie-energie die gemeten zijn in peltesten te onderschatten.

Daarom was de volgende stap het identificeren van de ontbrekende bijdrage van de fi-
brilmechanica aan de separatie-energie. Aangezien de spanningen en rekken in de fibril
veel groter zijn dan typische waarden voor bulkmateriaal, is het noodzakelijk een accu-
raat hyperelastisch constitutief model te bepalen. Daartoe is een één-fibrilexperiment
uitgevoerd. In dit experiment zijn de aangebrachte belasting en de evoluerende fibril-
geometrie gemeten, wat een nauwkeurige vergelijking met de modellen mogelijk maakte,
resulterend in de benodigde data voor het beoordelen van de gebruikte parameters. Op
basis van het resulterende constitutief model zijn één-fibrilsimulaties uitgevoerd, waarbij
rekening werd gehouden met het sterk niet-lineaire materiaalgedrag bij grote rekken. Het
fibrilgedrag tot het bereiken van de kritische spanning is geanalyseerd. De bijdrage van
de gedissipeerde energie, rechtstreeks resulterend uit dynamisch loslaten bij het falen van
de fibril, aan de totale separatie-energie is gekwantificeerd. Hieruit bleek dat het gebruik
van een passend niet-linear hyperelastisch constitutief model resulteert in een verbeterde
waarde voor de separatie-energie, maar de verkregen waarde is nog altijd één orde van
grootte kleiner dan de verwachte waarde.

Ten slotte is het energieverlies in de bulklaag, omliggend aan de fibrillen, systematisch
onderzocht. Hierbij is gebruik gemaakt van een gëıdealiseerde representatie van de fibril-
microstructuur. Voor gëıdealiseerde belastingscondities is aangetoond dat het in rekening
brengen van de ruimtelijke discreetheid van de fibrillen essentieel is voor het energieverlies
in de bulklaag aangrenzend aan de fibrillen. Voor realistischere belastingscondities de-
formeert een groter bulkvolume. Deze resultaten leiden tot een fundamenteel begrip van
de fysica van grenslaag-delaminatie via fibrillatie. Verder is ook een intrinsieke tekort-
koming van cohesive zone formuleringen blootgelegd. Uiteindelijk is aangetoond dat de
energie, opgeslagen in de lokale pelfront-geometrie van een peltest, een kwantitatieve
verklaring geeft voor de hoge waardes voor de separatie-energie die gemeten zijn voor
deze grenslagen.



Chapter 1

Introduction

1.1 Background and motivation

1.1.1 Stretchable electronics

Stretchable electronics are nowadays finding application in electronic textiles and biomed-
ical diagnostic devices, such as epidermal electronic systems [53], stretchable optoelec-
tronics [88], and advanced surgical tools [52], see Fig. 1.1. These applications benefit
from the increased design freedom and comfort offered by devices that are deformable,
as opposed to the conventional stiff semiconductor microelectronics. Stretchable electron-
ics typically consist of semiconductor islands, embedded in highly compliant substrates,
often made of a rubber material. The electrical connectivity is achieved through thin
metal interconnect lines.

Figure 1.1: Stretchable electronics examples (after [52–54, 88]). Left: ‘tattoo’ for health monitoring.
Middle: an electronic ‘eyeball’ camera. Right: balloon catheter with integrated electronics.

1



2 1 Introduction

1.1.2 Challenges

The mechanical integrity of the conductor lines is one of the main reliability issues for
stretchable electronics, since fracture of the conductor lines, as discussed by Gonzalez
et al. [33], Li and Suo [63], will lead to immediate failure of the product due to the loss
of electrical functionality. An important aspect in designing stretchable electronics is the
large difference in material properties (e.g. stiffness, strength) between the conductor lines
and the compliant substrate. Whereas the rubber substrate typically deformes reversibly
up to at least 100% stretch, common metal conductors have very limited elastic ranges.

One way to address this issue, is to use mechanistic patterns, all of which reduce the
local stretch in the conductor lines with respect to the applied global stretch. Examples
of these patterns are shown in Fig. 1.2. The zig-zag pattern can accommodate strains of
up to 60% without metal failure [40] and the horseshoe shape can be deformed to strains
of over 100% without metal failure [41].

Figure 1.2: Mechanistic patterns to reduce the local stretch in the conductor lines (after [42]). Left:
zigzag patterned interconnect embedded in a compliant substrate. Right: scanning electron microscopy
image of a horseshoe patterned interconnect.

For these patterns, it has been observed that the reliability of the product is mainly dic-
tated by the integrity of the interface between the conductor lines and the substrate. Lu
et al. [69] discuss that, as long as the interface is intact, the strain in the conductor lines
is delocalized by the substrate. Delamination may act as a precursor to necking of the
metal and subsequently to fracture, thus leading to electrical failure [69]. Furthermore,
Hsu et al. [41] point out that delamination may cause exposure of the interconnect to the
environment, possibly leading to premature metal failure due to the effect of for example
humidity or salt corrosion. Based on these observations, Hsu et al. [41] redefined the
stretchability of a device in terms of the onset of interfacial delamination, instead of the
observed loss of electrical functionality. Understanding interface delamination is there-
fore of key importance for designing reliable stretchable electronics. Previous work in the
literature has shown that these interfaces delaminate through fibrillation [40–42, 108], as
shown in Fig. 1.3 for both the zigzag and horseshoe patterned interconnect.
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Figure 1.3: Scanning electron microscopy images reveal that the interface delaminates through fibril-
lation (after [42, 108]). Left: zigzag pattern. Right: horseshoe pattern.

1.2 Delamination through fibrillation

Dedicated experiments have been used to study interface delamination through fibrilla-
tion, which involves the formation, growth, and failure of rubber fibrils [38]. For example,
[38, 76, 108] performed peel tests on copper-rubber interfacial systems and the results
were analyzed at multiple scales, see Fig. 1.4. At the macroscale, load displacement
curves were measured. Mesoscopic analyses focused on the geometry of the peel front.
Finally, at the microscale, in situ visualization of the fibrillating peel front was performed
using scanning electron microscopy. This enabled the determination of properties such
as fibril spacing and length.

Figure 1.4: Analysis of a peel test at multiple scales (after [76, 108]). At the macroscale (left), the force
F and displacement u were recorded. The mesoscale analysis (middle) focused on the lift-off geometry.
At the microscale (right), in situ visualization of the peel front was performed.

To gain insight in the mechanical factors that trigger delamination, macroscopic finite
element models have been used. In these models, the delamination process is described
using cohesive zone (CZ) elements, see Fig. 1.5. The constitutive relation of a CZ element
is a traction-separation law (TSL), which sets the interfacial traction T associated with
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an interfacial separation ∆. A commonly used TSL is the exponential law [106]. It is
characterized by three parameters, the work of separation Γc, the strength Tmax, and
the critical opening length δ, of which two are independent.

Figure 1.5: The interface is commonly modeled with cohesive zone elements (left). The exponen-
tial traction-separation law (right) describes the interfacial traction T associated with the interfacial
separation ∆ and it is characterized by two independent parameters.

The CZ model parameters are identified from the experimental data. Assuming that no
dissipation takes place in the bulk materials, Γc can be determined directly from the
steady state peel force. Tmax can be determined from the local peel geometry. In earlier
work on delamination in copper-rubber interfaces this macroscopic approach proved to be
successful [38, 108]. Good correspondence between the model and the experiments was
observed in terms of the load displacement curve, local peel geometry, and the location
of delamination, see Fig. 1.6.

Figure 1.6: Numerical model results (after [38, 108]) are in agreement with the experimental results in
terms of the load-displacement curve of a peel test (left), the local peel geometry of a peel test (middle),
and the location of delamination for a stretched zigzag patterned interconnect (right).

If dissipation in the bulk materials needs to be accounted for, a different approach needs
to be followed, since then Γc can not be determined directly from the steady state peel
force. For example, in their work on PET-steel interfaces, Van den Bosch et al. [107]
first related the critical opening length δ to the observed fibril length and then fitted
the model response on the load displacement curve to obtain the work of separation Γc.
Alternatively, both parameters might be determined simultaneously.

However, several debatable issues persist, due to the fact that the dissipative phenomena
at all scales are lumped into a single macroscopic interface law. First, there is no clear
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quantitative relation between the obtained CZ parameters and the observed fibrillation
micromechanics. In fact, it was demonstrated by Hoefnagels et al. [38] that the maximum
occurring fibril length in the delamination front was about 6 times smaller than the
obtained CZ critical opening length δ. Fitting the critical opening length to the fibril
length (c.f. [107]) would result in a complete mismatch for the local peel geometry.

Furthermore, the work of separation is strongly dependent on the loading case [7, 108],
i.e. different experimental set-ups may lead to completely different values for the work
of separation. A CZ model can not possibly capture this dependency. Consequently it
does not provide predictive capabilities for different loading cases, severely limiting the
practical use of the obtained interface parameters. Moreover, high values of the work
of separation have been obtained experimentally (as high as 1 kJ/m2 [38, 108]), clearly
several orders of magnitude larger than the intrinsic adhesion energy (typically in the
order of 0.1-1.0 J/m2 [12, 14]). It remains unclear which dissipative mechanisms related to
fibrillation cause this difference of three orders of magnitude. Although it is hypothesized
that the microscale rubber fibrillation and subsequent fracture is the main explanation
[108], no convincing quantitative proof exists. Consequently, the CZ interface properties
can not be properly interpreted from a physical perspective. In order to engineer tough
interfaces, a mechanistic understanding of the interface physics is required and to this
end, the relevant dissipative mechanisms need to be identified.

1.3 Objective and outline

This thesis aims to analyze the physical dissipative mechanisms during copper-rubber
interface delamination. Special emphasis is put on unraveling the multiscale character
of the origin of the high work of separation measured in peel tests. The different con-
tributions to the macroscopic energy will be identified in a progressive manner using
homogenization methods.

Macroscopically, the interface is modeled using cohesive zone models. Traditionally,
these models are used for material systems where the interface can be modeled having
an initially zero thickness. However, due to the large deformations associated with the
fibrillation process, the volume of the interface matters at the macroscale, and conse-
quently the cohesive zone should be given an initial thickness. Cohesive zone models
having an initial thickness impose some restrictions on the interfacial constitutive law to
satisfy rotational equilibrium. In chapter 2, these restrictions are derived and the errors
resulting from not respecting these are quantified.

Then, in chapter 3, the interface computational homogenization framework is developed,
resulting in a quantitative coupling between the macroscopic cohesive zone parameters
and the micromechanical quantities. In the single fibril micro model, physical small scale
phenomena such as debonding are taken into account. The fibril deforms both through
stretching of the material and drawing of rubber material from the adjacent bulk into
the fibril. The micromechanical contributions to the macroscopic work of separation are
identified. It is concluded that the intrinsic adhesion energy only contributes a small
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amount to the total dissipated energy. The main fraction of the work of separation
consists of elastically stored energy in the fibril, that is dissipated through dynamical
release upon instantaneous fibril debonding.

Next, in chapter 4, the stress upsweep at large deformations of the rubber is taken
into account in the model and its contribution to the stored energy (that is lost in
an unstable manner upon reaching the failure criterion) is quantified. Since the fibril
deformations are well beyond typical bulk deformations for which the rubber material
has been characterized, the applicability of the adopted constitutive law and material
parameters are assessed using a numerical-experimental approach at the level of a single
fibril. Furthermore, the fibril fracture stress, which serves as the failure criterion in the
model, is extracted from the experiment. The microscale dissipative mechanisms lead
to an overall work of separation that is at least an order of magnitude larger than the
intrinsic adhesion energy. Yet, the obtained total dissipation largely underestimates the
work of separation, as measured in a peel test.

In chapter 5 the interaction between both scales is investigated, accounting for the dis-
crete spatial nature of the fibrils and their interaction with the adjacent macroscale
bulk layer. Motivated by its limited contribution in terms of energy dissipation, the
microscale behavior is accounted for in an idealized way. It is shown that, for loading
conditions resembling peel testing, a significant amount of energy is stored in the macro-
scopic lift-off geometry. Upon fibril failure this energy is released in an unstable fashion
and consequently it contributes to the overall work of separation. This effect has not
been identified before, since classical cohesive zone formulations can not account for the
spatial discreteness of the fibrils, which is here shown to be essential. This analysis pro-
vides a quantitative understanding of the high work of separation measured in peel tests
for this particular interface.

Finally, in chapter 6, the main results of the thesis are summarized. The implications
and limitations of the developed framework are discussed and some directions for future
work are given.



Chapter 2

On the lack of rotational equilibrium
in cohesive zone elements

Reproduced from: B.G. Vossen, P.J.G. Schreurs, O. van der Sluis, and M.G.D. Geers. On

the lack of rotational equilibrium in cohesive zone elements. Computer Methods in Applied

Mechanics and Engineering, 254:146-153, 2013.

Abstract

This chapter unravels an intrinsic shortcoming of several cohesive zone models, whereby
commonly adopted traction-separation laws do not necessarily satisfy rotational equilib-
rium at the cohesive element level. The necessary condition to ensure rotational equilib-
rium is derived. To demonstrate the error that is caused by the lack of rotational equilib-
rium, examples for three traction-separation laws are shown, for both homogeneous and
inhomogeneous deformation. For a large range of values of the critical opening length the
error scales almost linearly with this critical opening length. For large critical opening
length the error may even become significant, requiring the use of a traction-separation
law that satisfies the condition for rotational equilibrium.

2.1 Introduction

Since the early work by Dugdale on ductile materials [20] and on quasi-brittle materials
by Barenblatt [5], cohesive zone models have been used extensively to describe failure in
a wide variety of materials and interfacial systems, see e.g. [82, 103, 114]. Research has
been done on e.g. metallic materials [95], composite materials [21, 61, 62], and failure in

7
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polymer/metal interfaces [38, 86, 87, 106, 108], possibly involving large deformations in
the failure zone.

In literature much attention has been given to different aspects of cohesive zone modeling.
For example, the shape of the traction-separation law [1, 8], influence of mode-mixity
[62], numerical issues [2, 15, 89, 109], large deformations [106] and thermodynamical
consistency [74, 83] have been studied. However, one important point that has not yet
been addressed, concerns the rotational equilibrium when using cohesive zone models.

Cohesive zone formulations are based on a traction continuity condition. Whilst this
approach naturally satisfies the balance of forces, the rotational equilibrium is not nec-
essarily satisfied, as demonstrated in this chapter.

The requirement on the traction-separation law in order to satisfy rotational equilibrium
at the structural level is derived. Demonstration problems show the influence of the
lack of rotational equilibrium on the obtained results in the case of uniform and non-
uniform deformation. Especially when the critical opening length is large, the lack of
rotational equilibrium may be a real concern for practical applications. Examples of such
applications, where the rotational equilibrium might require some detailed consideration,
can be found in e.g. [16, 87, 101]. Cohesive zone laws that do not suffer from this intrinsic
shortcoming are also identified.

2.2 Problem statement

In cohesive zone models, the material behavior is described by a traction-opening relation
instead of the classical stress-strain relation used in a continuum. Rotational equilibrium
in a non-polar continuum is equivalent with the requirement that the Cauchy stress tensor
is symmetric. For cohesive zone models this can not be enforced as the full stress tensor
is not available. The only equilibrium requirement in cohesive zone models is continuity
of tractions. Note that, for large deformations, this should be a force equilibrium and
not a traction equilibrium [106]. However, as demonstrated in this section, traction (or
force) equilibrium is not a sufficient condition to obtain rotational equilibrium as well,
i.e. the sum of all moments does not necessarily vanish in the deformed configuration.

2.2.1 Demonstration problem

The demonstration problem is shown in Fig. 2.1. It consists of a single planar cohesive
zone with length L and unit out-of-plane thickness. Initially the top and bottom plane
coincide. It should be emphasized that the length L relates to the structural length, not
to the element size. Later, the influence of the structural length L is addressed and it is
also shown that the analysis does not depend on the element size.

During deformation the top and bottom plane remain parallel and of the same length, i.e.
the cohesive zone element deforms homogeneously. The displacement of each point on
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the top plane is described by the vector ~∆ = ~∆n + ~∆t, where (n) and (t) indicate normal
and tangential direction respectively. The angle of the opening vector with respect to
the y-axis is denoted by β.

~ex

~ey

~xT

~xB

β ~∆

L

L

~et

~en

~TT

~TB

Figure 2.1: Homogeneously deformed cohesive zone element.

The moment with respect to an arbitrary point in space is calculated as

~M = ~MT + ~MB (2.1)

where

~MT =

L∫
0

~xT × ~TT dx (2.2)

~MB =

L∫
0

~xB × ~TB dx (2.3)

In this expression ~TT and ~TB are the Cauchy tractions acting on the top and bottom
planes of the cohesive zone respectively and × is the cross product. The tractions are
typically determined through the use of a so-called traction-separation law (TSL), relating
the traction to the opening of the cohesive zone. It is common practice to decompose
the traction into its normal (n) and tangential (t) components.

2.2.2 TSL condition for rotational equilibrium

From the expression for the total moment, equation (2.1), a requirement on the traction-
separation law to obtain rotational equilibrium can be easily derived. Using ~xT = ~xB +~∆,
and traction continuity (~T ≡ ~TT = −~TB), equation 2.1 can be written as
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~M = ~MT + ~MB (2.4)

=

L∫
0

(~xT × ~T − ~xB × ~T ) dx (2.5)

=

L∫
0

(~∆× ~T ) dx (2.6)

and since, in this part, a homogeneous deformation state is considered the integrand is
constant and the moment only vanishes when

∆t

∆n
=
Tt

Tn
(2.7)

It can thus be concluded that the traction vector should be aligned with the opening
vector to obtain a zero residual moment. In section 2.5 it is shown that this condition
also yields rotational equilibrium in the case of non-homogeneous deformation.

It should be noted that such aligned traction vectors also exist in some specific TSLs,
e.g. [73, 106]. However, to the authors’ knowledge, the relation between rotational
equilibrium and alignment of TSL has not been reported or exploited before. Note that
the traction-opening alignment of the TSL does not imply that mode dependency can
not be accounted for, as was shown for example in [107].

2.2.3 Residual moment

For aligned TSLs the residual moment automatically vanishes. However, for non-aligned
TSLs there is a residual moment, as illustrated here. For demonstration purposes, three
different TSLs are next considered of which the decoupled responses are shown in Fig. 2.2,
i.e. Tn(∆n,∆t = 0) (left pictures) and Tt(∆t,∆n = 0) (right pictures). The expressions
for these traction-opening relations are listed in 2.7. In the Tvergaard [102] model,
α determines the ratio of the maximum tangential traction to the maximum normal
traction: α = Tt,max/Tn,max. It is important to note the different definitions of the δ
parameters. For the Tvergaard and Geubelle & Baylor [27] models these parameters give
the opening at which complete failure occurs whereas for the improved Xu-Needleman
[105] these are related to the opening at which the traction reaches its maximum value.
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Figure 2.2: Decoupled response of traction-separation laws used in this study; a) quadratic, Tvergaard
(T) b) bi-linear, Geubelle & Baylor (G & B) c) exponential, improved Xu-Needleman (I X-N).

The moment, as determined from equation (2.1), is plotted in Fig. 2.3 as a function of
the effective opening length ∆ =

√
∆2

n + ∆2
t for different values of the loading angle β

(see Fig. 2.1). The cohesive zone parameters are listed in Table 2.1 and the length L is
taken equal to 1 mm. From Fig. 2.3 it becomes clear that the residual moment is not
zero, except in pure mode I or mode II loading, corresponding to β = 0 and β = π/2,
respectively.
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(c) Improved Xu-Needleman

Figure 2.3: Residual moment for different loading angles. β = 0 (black solid), β = π/8 (red solid),
β = π/4 (black dashed), β = 3π/8 (red dashed, coincides with β = π/8 for Tvergaard and Geubelle &
Baylor), β = π/2 (black solid, coincides with β = 0).

Table 2.1: Cohesive zone parameters

Tvergaard Geubelle & Baylor Improved Xu-Needleman

Tn,max = 10 MPa Tn,max = 10 MPa Tn,max = 10 MPa
Tt,max = 1 MPa Tt,max = 1 MPa Tt,max = 1 MPa
δnc = 1µm δnc = 1µm δn = 1µm
δtc = 1µm δtc = 1µm δt = 1µm
Γn = 5.625 J/m2 Γn = 4.5 J/m2 Γn = 27.18 J/m2

Γt = 0.5625 J/m2 Γt = 0.45 J/m2 Γt = 1.166 J/m2

sinit = 0.9

2.3 Error formulation

In the previous sections it was shown that a cohesive zone element is only in rotational
equilibrium if the traction is aligned with the opening. However, cohesive zone models
employing non-aligned traction-separation laws have been used extensively in the lit-
erature for a wide range of applications. To assess the accuracy of these models it is
necessary to qualify and quantify the consequence of this deficiency.

2.3.1 Equivalent continuum

For the analysis, a continuum model is used that reveals the same traction-opening
behavior as the cohesive zone model. Because of the symmetry of the stress tensor
the continuum remains in rotational equilibrium. Note that the connection between a
regular continuum and a cohesive zone model is not new (e.g. [75]), but in this chapter
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the continuum behavior is defined such that it mimics the cohesive zone response instead
of vice versa.

a) b)

ββ ~∆~∆

LL

~Tcz,B

~Tcz,T

~ey,~en

~ex,~et
~nL

~nR

~Tcont,L

σ

~Tcont,B

~Tcont,T

~Tcont,R

Figure 2.4: (a) Cohesive zone model, characterized by Tn and Tt, and (b) corresponding continuum
model, characterized by the Cauchy stress tensor σ and tractions on all four boundaries.

The deformed cohesive zone model and the deformed equivalent continuum model are
shown in Fig. 2.4a and b respectively. The continuum model is formulated such that
for a given opening vector ~∆, the same traction as obtained in the CZ is recovered.
No stress-strain type constitutive relation is used, since the stress state will be directly
reconstructed (and completed) from the traction vectors in the CZ.

To obtain the corresponding continuum constitutive behavior the same kinematics are
imposed on both models. The deformation is homogeneous, resulting in a uniform open-
ing and traction vector in the cohesive zone model and a uniform stress tensor in the
continuum model. The stress tensor for the continuum is defined such that the stress
vector on the top/bottom plane of the continuum equals the traction vector on the
top/bottom plane of the cohesive zone.

~Tcz,T = ~Tcont,T (2.8)

where

~Tcz,T = Tt~ex + Tn~ey (2.9)
~Tcont,T = σyx~ex + σyy~ey (2.10)

Using the symmetry of the stress tensor results in

σyx = σxy = Tt (2.11)
σyy = Tn (2.12)

The only unknown component is σxx, which in principle is undetermined.

However, for the comparison between the continuum and the cohesive zone model the
most convenient choice is to make the traction vector on the left and right edge of the
continuum vanish in the case of an aligned TSL. Using this requirement σxx can be
determined as follows

~Tcont,L = σ · ~nL = (σxxnLx + σxynLy)~ex + (σyxnLx + σyynLy)~ey = ~0 (2.13)
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σxx = −σxy
nLy

nLx
= σxy

∆t

∆n
(2.14)

where nLx and nLy are the x- and y-component of the normal vector on the left edge
of the continuum respectively. The obtained expression for σxx is then used for both
aligned and non-aligned TSL. It is important to realize that this choice implies that the
x-component of the traction vector on the left and right edge of the continuum is always
zero, also for non-aligned TSL. The y-component of the traction vector on the left and
right edge of the continuum is in general non-zero, except for aligned TSL. Note that
using the traction on the right edge instead of the left edge results in the same expression
for σxx.

The difference between the cohesive zone model and its equivalent continuum model is the
fact that the continuum model does have a traction on the left and right edge (whenever
the traction is not aligned with the opening), whereas this component is non-existing in
the cohesive zone model.

For the given kinematics and stress tensor, the tractions on the top (and bottom) of
the cohesive zone and its equivalent continuum are equal. The tractions on the left and
right edge of the continuum are equal but of opposite sign. Therefore, the dissipation
(‘work of separation’) in both models is equal, independent of the choice for σxx, and
also independent of the thickness of the equivalent continuum.

Furthermore, for the particular choice for σxx the cohesive zone model and the continuum
model give exactly the same response when the traction vector is aligned with the opening
vector.

2.3.2 Boundary conditions

For the analysis the cohesive zone opening vector is considered at the moment where
the residual moment reaches its maximum value. To determine this opening vector the
derivative of the residual moment expression with respect to the opening in normal and
tangential direction is calculated and set to zero. From this expression the ‘maximum
residual moment opening ’ is determined. The expressions for these openings are listed
in Table 2.2 for all three TSLs.

Table 2.2: Maximum residual moment opening

Model ∆n ∆t remarks

T 1/
√

8 δnc 1/
√

8 δtc
G & B 1/

√
8 δnc 1/

√
8 δtc for sinit ≥ 0.5

I X-N 2a+b+
√

(20a2−4ab+b2)

4a δn 1/
√

2 δt a = δn Tt,max

√
( 1

2 exp (1))
2a+b−

√
(20a2−4ab+b2)

4a δn 1/
√

2 δt b = δt Tn,max exp (1)
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It can be observed that the expressions for the ‘maximum residual moment opening ’ for
the Tvergaard model and Geubelle & Baylor model are straightforward and only depend
on the critical opening length δc. As shown later, the value of the error however, depends
on all the cohesive zone parameters. For these two models, when δnc = δtc, the maximum
residual moment corresponds to an opening angle of π/4, see also Fig. 2.3.

The result for the improved Xu-Needleman model is more complex, due to the more
complicated coupling between normal and tangential tractions and openings. This is
represented by the presence of two expressions for the ‘maximum residual moment open-
ing ’, where one represents the opening corresponding to the maximum and the other to
the minimum residual moment. Additionally both solutions depend on all cohesive zone
parameters.

2.3.3 Error definition

Based on the aforementioned models, a quantitative comparison is performed by analyz-
ing finite element results. To this end, the calculated nodal forces for both models are
used. Both models are discretized using 4 node elements. The number of integration
points is not relevant since the deformation and stress are uniform.

The error in the nodal forces is defined as

E =

∑
i

||~fcz,i − ~fcont,i||∑
i

||~fcont,i||
i = 1, . . . , nnodes (2.15)

where ~fcz,i and ~fcont,i are the forces in node i in the cohesive zone and continuum
respectively, and nnodes is the number of nodes. To emphasize the role of the residual
moment, it is noted that, for the deformation considered above, the error can also be
expressed as

E =
2|| ~M ||

L
∑
i

||~fcont,i||
i = 1, . . . , nnodes (2.16)

With the choice made for σxx, the x-components of the nodal forces in the continuum
model agree exactly with the nodal forces in the cohesive zone model, which leaves only
an error in the y-components of the forces.

2.4 Error analysis

The error E, equation 2.15, is calculated as a function of the cohesive zone parameters.
The influence of the discretization on the results is also discussed.
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2.4.1 Influence of cohesive zone parameters

Fig. 2.5 shows the error for the Tvergaard model as a function of the ratio of the critical
opening length δc to the length L. Fig. 2.5a shows the error as a function of δnc/L whereas
Fig. 2.5b shows the error as a function of δtc/L. These results are obtained for a single
element only. The values of the cohesive zone parameters are indicated. For each set of
cohesive zone parameters, the corresponding cohesive zone opening is determined by the
expressions given in Table 2.2. This opening is applied to both the cohesive zone and
equivalent continuum model and the error is calculated according to equation (2.15). For
the Tvergaard model, the value of the maximum traction Tn,max does not influence the
relative error, therefore it is not varied in the analysis.

From Fig. 2.5a it can be observed that the error remains almost constant when δnc/L
is smaller than a characteristic value, while for higher values of δnc/L the error scales
almost linearly with δnc/L. The characteristic transition between the two regimes is
accompanied by a vanishing error, which corresponds to a combination of δ and α that
results in a traction vector that is perfectly aligned with the opening vector.

Fig. 2.5a also reveals that for large values of δnc/L the error becomes independent of
δtc/L. For small values of δnc/L the error is solely determined by α and δtc/L, where a
nearly linear dependence on δtc/L can be observed.

In Fig. 2.5b a similar observation can be made, for small values of δtc/L the error mainly
depends on δnc/L and α, with a nearly linear dependence on δnc/L. For larger values of
δtc/L the error is determined by α and it scales linearly with δtc/L. Again, the vanishing
error corresponds to a traction vector that is aligned with the opening vector.

These observations can be explained by considering the expression for the error, equation
2.16. To arrive at a scaling relation for the error, characteristic values for the traction
and opening vector are used. Tn,max and αTn,max are taken as characteristic tractions
in the normal and tangential direction respectively. For the opening vector δnc and δtc
are used as characteristic values. Inserting these values in the expression for the residual
moment, equation 2.6, and using L2

√
T 2

n,max + α2T 2
n,max as characteristic expression for

the denominator in 2.16 (remember the unit out-of-plane thickness), the error can be
shown to scale approximately as

E ∼ |δtc − αδnc|
L
√

1 + α2
(2.17)

This scaling relation agrees well with the observed trends in the error plots; it describes
the plateau and upslope, it captures the vanishing error for aligned traction vectors, the
dependence on L is present and the influence of α on the error is also visible.
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Figure 2.5: Tvergaard model: error as function of (a) critical normal opening length and (b) critical
tangential opening length.
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Figure 2.6: Geubelle & Baylor (a) and improved Xu-Needleman (b) model: error as func-
tion of critical opening length. For all curves, where δ is the relevant critical opening length:
Black dashed line: δ/L = 1e-3, Tn,max = 10 MPa, Tt,max = 1 MPa. Black solid line: δ/L = 1e-4,
Tn,max = 10 MPa, Tt,max = 1 MPa. Red dashed line: δ/L = 1e-3, Tn,max = 1 MPa, Tt,max = 10 MPa.
Red solid line: δ/L = 1e-4, Tn,max = 1 MPa, Tt,max = 10 MPa.

The results for the Geubelle & Baylor model are shown in Fig. 2.6a. Results look similar
to the results obtained for the Tvergaard model. This is due to the fact that the ratio of
Tt,max to Tn,max in the Geubelle & Baylor model resembles α in the Tvergaard model,
which are taken the same for both models. The small differences in absolute values can
be attributed to the different shape of the TSL for the Tvergaard and Geubelle & Baylor
model.

For the improved Xu-Needleman case there are two solutions for a stationary residual
moment (see Table 2.2). Only the solution that corresponds to the maximum value of the
error is considered here, which depends on the cohesive zone parameters. In this chapter,
we consider the solution that corresponds to a positive normal opening only. The error
is plotted in Fig. 2.6b. Again, the figures reveal a similar trend to previous results. The
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major difference is the fact that there is here no combination of parameters that leads
to a zero error. This means that, for each value of the cohesive zone parameter values
in the improved Xu-Needleman model, the cohesive zone may deform with a residual
moment that is non-zero. This is due to the intrinsic coupling between normal and
tangential traction, which also resulted in two expressions for the ‘maximum residual
moment opening ’. If the residual moment corresponding to one expression approaches
zero, the residual moment according to the other expression is non-zero.

Another, quantitative, difference is caused by the different meaning of the δ parameter
amongst the models, as emphasized earlier. For the improved Xu-Needleman model the
actual opening is larger for a given δ/L when compared to the other two models, which
leads to a higher residual moment.

2.4.2 Influence of discretization

The results shown so far were obtained for a single element. Here, the influence of
the discretization on the error is discussed, i.e. how does the error change when more
elements are used to discretize the problem. For this purpose the one element solution is
compared with a five-element mesh. The particular cohesive zone parameter values and
TSL used in this example are not important, since the analysis is qualitatively relevant
for all choices for the parameter values and TSL.

The nodal forces in y-direction (remember that there is no error in the forces in x-
direction) for the cohesive zone element are shown in Fig. 2.7 (top row) for an arbitrarily
chosen set of parameter values. In this case the Tvergaard model is used with the
following parameter values: σmax = 10 MPa, α = 0.1, δnc = 0.1 mm, δtc = 0.1 mm, L
= 1 mm. Fig. 2.7a shows the one-element case, Fig. 2.7b the five-element case and Fig.
2.7c one of the elements from the five element solution. In the bottom row the results
for the equivalent continuum are shown.

The nodal forces in the continuum, bottom Fig. 2.7a, are not uniform. This is caused
by the non-zero traction in y-direction on the left and right edge of the continuum. The
nodal forces are composed of a contribution of the traction on all the edges. The tractions
on the top and bottom are uniform, whereas the tractions on the left and right edge are
equal, but of opposite sign, leading to non-uniform nodal forces. For the cohesive zone,
top Fig. 2.7a, there is no traction on the left and right edge and the only contribution
to the nodal forces comes from the traction on the top and bottom, leading to a uniform
distribution of the nodal forces (violating rotational equilibrium).
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Figure 2.7: Nodal forces in y-direction for different discretizations. Top: cohesive zone. Bottom:
equivalent continuum.

Note that the error (the difference in nodal forces between the cohesive zone and the
equivalent continuum) at the interior nodes of the fine mesh is zero. Consider one of
the elements from the five-element mesh, as shown in top and bottom of Fig. 2.7c for
the cohesive zone and continuum respectively. Obviously, the sum of the two forces on
the top and bottom plane are equal for both models, thereby canceling the error at the
interior nodes. The error persists in the corner nodes, where there is no summation of
nodal forces with a neighboring element.

It is important to emphasize that the absolute error (||~fcz − ~fcont||) in the corner nodes
is independent of the discretization. Indeed, the error results from the lack of traction
on the undefined left and right edges in the cohesive zone. This effect is independent
of the discretization. The total relative error (2.15) is only slightly dependent on the
discretization through the limited dependence of the denumerator on the discretization.
Upon convergence through mesh refinement, the relative error remains constant as well.

Although the discretization does not influence the error induced by the residual moment,
other aspects of cohesive zone modeling still require careful consideration of the element
size. For example, the discretization needs to be fine enough to properly resolve the
cohesive zone. Furthermore, the numerical stability is dependent on a proper mesh
size [22].

2.5 Inhomogeneous deformation

Next, inhomogeneous deformation cases are analyzed. This is important, since in most
practical applications inhomogeneous deformation of cohesive zones occurs. To this end,
a similar, yet slightly modified analysis is pursued.
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2.5.1 Analysis

Equivalent inhomogeneous continuum

The non-uniform case requires a more detailed analysis. The expressions for the CZ-
continuum traction equivalence (equations 2.9-2.12) are no longer global but need to
be evaluated locally. To obtain full equivalence, the integration scheme for both the
cohesive zone and continuum element is changed to a Newton-Cotes scheme, i.e. the
integration points are located at the nodes. This is necessary because the equivalence
is enforced through the edges and the stress tensor varies in the element. The cohesive
zone element is integrated using two integration points and for the continuum element
four integration points are used. The traction equivalence is enforced in the integration
points, as indicated in Fig. 2.8 by ~TT and ~TB , which is sufficient for the considered
integration scheme.

Another point to be addressed is the traction on the left and right edge of the continuum.
For a complete specification of the continuum, a choice needs to be made for these
tractions. For the homogeneous deformation the x-component of the traction was set
to zero. However, for inhomogeneous deformation this is not adequate since the local
(tangential-normal) basis rotates. Therefore, the component of the edge traction vector,
in the direction of the tangential basis vector is set to zero. In Fig. 2.8 this component
is indicated by ~TR,et. Note that this does not imply that the shear component of the
edge traction vector equals zero. This choice is consistent with the choice made for
homogeneous deformation, i.e. when the angle θ, see Fig. 2.8, is zero, this choice yields
the same results as for the homogeneous deformation. Furthermore, for an aligned TSL,
the cohesive zone and equivalent continuum nodal forces remain equivalent.

replacemen

~TB,1
~TB,2

~TT,1

~TT,2

θ

~∆ih

~en

~et

~TR,en

~TR,et

Figure 2.8: Inhomogeneous deformation of an equivalent continuum element.
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Boundary conditions

The inhomogeneous deformation is applied by imposing a displacement and rotation to
the top plane, see Fig. 2.9a. The length of the top and bottom plane remains unchanged
during deformation.

a) b)
~en

~et

~ey

~ex

~ey

~ex~∆ih
~∆h

θ

L L

LL

Figure 2.9: a) Inhomogeneous deformation. b) Homogeneous deformation for comparison.

The influence of inhomogeneity is studied by comparing a homogeneously deformed and
an inhomogeneously deformed model. To allow for a fair comparison, the inhomogeneous
deformation is applied such that the average opening vector is equal to the opening vector
in the homogeneous case,

1
L

∫
L

∆˜ ih dL = ∆˜h (2.18)

where ∆˜ ih are the components of the inhomogeneous opening vector in tangential-normal
coordinates (for inhomogeneous deformation the tangential-normal basis and the global
(x-y) basis no longer coincide), see Fig. 2.9a, and ∆˜h are the components of the homo-
geneous opening vector in the global (x-y) coordinates, see Fig. 2.9b.

(a) (b)

~∆ih
~∆ih

θ

θ

Figure 2.10: a) Small normal opening, elements inside out (dark grey). b) Larger normal opening, no
elements inside out, for the same rotation θ.
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For the homogeneous deformation, the opening vector at which the residual moment
attained its maximum value is considered. For the inhomogeneous deformation case the
(magnitude of the) opening vector determines the maximum angle θ that can be realized
without turning elements inside out, see Fig. 2.10. To obtain larger angles the results
shown in the next section require a larger normal opening. For comparison purposes, the
opening vector is then adopted accordingly for the homogeneous case.

2.5.2 Results

Using the equivalent continuum, the error can be calculated similar to the homogeneous
deformation case. More than one element is necessary to capture the traction-opening
relation for the inhomogeneous case, and therefore a sufficiently fine mesh is used.

The comparison is done for a single TSL and set of parameter values. The Tvergaard
model is used and the parameter values are Tn,max = 10 MPa, α = 0.1, δnc/L = 1,
∆n/δnc = 1.5/

√
8, ∆t/δtc = 1/

√
8. The normal opening is 1.5 times the ‘maximum

residual moment opening ’ from section 2.3.2, which is necessary to realize large rotation
angles. Furthermore the ratio δnc/L is high, also to achieve large rotation angles.

In Fig. 2.11, the red line shows the error for the homogeneous case as a function of the
ratio δtc/L. The grey curves represent inhomogeneous deformation, where increasing the
angle θ leads to a higher error.
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Figure 2.11: Error in nodal forces. Homogeneous deformation (red line) and inhomogeneous deforma-
tion (grey lines, curves shown for θ = π/40, π/8, π/5, π/4).
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The error for the inhomogeneous deformation is clearly similar to the one obtained for
the homogeneous case. With increasing angle θ, the error increases. For an angle of
π/4 the error approximately doubles. Numerical experiments were performed for other
TSLs and several different parameter values. The influence of inhomogeneity remains
relatively limited, i.e. the value of the error does not change orders of magnitude. The
dependence of the error on the inhomogeneity is also influenced by the actual opening of
the cohesive zone, i.e. for other (average) opening vectors the influence of inhomogeneity
can change. Nevertheless, also for other opening vectors, numerical simulations confirm
the limited increase of the error shown in Fig. 2.11. Like for the homogeneous case, the
error goes to zero for cohesive zone parameter values that enforce a traction vector that
is aligned with the opening vector.

For an inhomogeneously deformed process zone the traction, and thus the error due
to the residual moment, evolves within the process zone. For the TSLs studied in this
chapter the largest error occurs in the front region of the process zone, where the traction
is increasing with increasing opening.

2.6 Discussion

In this chapter the error in the nodal forces as a result of the lack of rotational equilibrium
in cohesive zone models has been shown for several traction-separation laws and values
for the cohesive zone parameters. It was shown that in a large range for the critical
opening length the error in the nodal force scales linearly with either the normal or
tangential critical opening length.

All results shown represent the situation where the residual moment is maximal. In prac-
tical applications the error that occurs will therefore be smaller, since the cohesive zone
opening does not necessarily obtain this ‘maximum residual moment opening ’ value. For
example, as was shown, the error is zero in pure mode I and mode II loading independent
of the cohesive zone parameter values.

The error is clearly dependent on the cohesive zone parameter values. Apart from the
dependence of the error on the maximum tractions, and especially the ratio between the
maximum traction in normal and tangential direction, an important result of this chapter
is that the use of cohesive zone models may introduce significant errors whenever used to
describe interfaces having a large δ/L ratio. This is caused by the fact that, in reducing
a continuum to a cohesive zone, the tractions on the edges are discarded. The smaller
these edges are with respect to the length of the model, the smaller the error is and vice
versa. In fact, this statement is consistent to the assumption under which cohesive zone
models are derived, namely that the thickness of the underlying continuum interface must
remain very small with respect to its other dimensions, e.g. [75]. When the thickness of
the underlying continuum interface is large, leading to a large critical opening length,
describing this interface by a cohesive zone formulation is not sufficient to capture all the
relevant kinematics and energetics (notably the tractions on the left and right edge) and
will thus produce erroneous results. An extended cohesive zone description, in which the
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energetics also depend on the relative rotations in the CZ (involving a CZ moment) may
be of interest for solving the lack of rotational equilibrium.

For inhomogeneous deformation it was observed that inhomogeneity does not significantly
increase the error in the uniform case. However, for inhomogeneous deformation the
length L can be considered to be governed by the length of the process zone and this in
turn is determined by the angle under which the cohesive zone is opened. This means
that for cohesive zones loaded under a large angle, the ratio of δ/L is relatively large
and therefore the error may not be negligible. So, even though the influence of the
inhomogeneity itself may remain limited, the influence of the decrease in L still causes
the error to increase.

It is important to realize that, in this chapter, the length L could be chosen freely, whereas
in real life applications (involving both cohesive zone and bulk elements) the size of the
process zone is a result of, among others, the combination of bulk and cohesive zone
parameters.

Finally, note that an error in the nodal forces may impact the solution aimed for. Estab-
lishing force equilibrium with these error affected cz forces, forces the adjacent (contin-
uum) elements to deform differently. Note that the use of bulk elements does not balance
the lack of rotational equilibrium. This may seem surprising, but rotational equilibrium
in bulk elements is only locally enforced through the symmetry of the Cauchy stress ten-
sor. The presence of bulk elements does not repair the lack of moment equilibrium in the
adjacent cohesive zones and as a result the global structure does not satisfy rotational
equilibrium. Any simple FE calculation illustrates this intrinsic problem.

The resulting error induced in the continuum may lead to significant deviations in for
example stresses in the bulk material, even though the dissipation in the interface itself
might change only marginally or not at all.

For elastic bulk materials the effect of these deviations may remain small when the
process zone is small compared to the dimensions of the structure. However, it would
be interesting to see how the dissipation in inelastic bulk materials is influenced by the
erroneous cz forces. Yet, such studies would require the analysis to be adapted in such
a way that it can correctly describe in-plane stretch, and more importantly, different
stretches of the top and bottom plane.

The methodology developed in this chapter does not permit to have these different
stretches since the equivalent continuum cannot be constructed in that case. The Cauchy
traction equilibrium typically used in cohesive zones does not lead to force equilibrium
when the top and bottom plane do not have the same length. In cohesive zones, this
deficiency is circumvented by integrating over the mid-surface, but this cannot be done
for the equivalent continuum defined in this chapter.
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2.7 Conclusions

In this chapter it was shown that cohesive zone elements do generally not satisfy rota-
tional equilibrium for arbitrary traction-separation laws. A simple requirement on the
traction-separation law to satisfy rotational equilibrium was derived, i.e. that the traction
vector should be aligned with the opening vector.

For traction-separation laws not satisfying this requirement, the error in the nodal forces
can be neglected as long as the ratio of the critical opening length to the length of
the process zone is small. However, when this ratio increases the error becomes larger
and may eventually become significant. A traction-separation law in which the traction
vector is aligned with the opening vector does not suffer from this problem and is therefore
preferable from an equilibrium perspective.
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Traction-opening relations

The traction-opening relations used in this chapter are listed here for completeness.

Tvergaard model

λ =
√(∆n

δnc

)2

+
(∆t

δtc

)2

(2.19)

F =
27
4
Tn,max(1− 2λ+ λ2) for 0 ≤ λ ≤ 1 (2.20)

Tn =
∆n

δnc
F (λ) (2.21)

Tt = α
∆t

δtc
F (λ) (2.22)

Geubelle & Baylor model

∆˜ = [∆n/δnc,∆t/δtc] (2.23)
s = min(smin,max(0, 1− |∆˜ |2)) (2.24)

where | |2 denotes the Euclidean norm. (2.25)

Tn =
s

1− s
∆˜n Tn,max (2.26)

Tt =
s

1− s
∆˜ t Tt,max (2.27)

Improved Xu-Needleman model

Tn = Tn,max exp(1)
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Chapter 3

Multiscale modeling of delamination
through fibrillation

Reproduced from: B.G. Vossen, P.J.G. Schreurs, O. van der Sluis, and M.G.D. Geers.

Multi-scale modelling of delamination through fibrillation. Journal of the Mechanics and

Physics of Solids, 66(1):117-132, 2014.

Abstract

Copper-rubber interfaces show extensive rubber fibrillation at the microscale during de-
lamination. This constitutes a major problem for identifying unambiguous interface
properties, as the micromechanics of rubber fibrillation is not taken into account in
conventional (macroscopic) interface characterization methods. As a result, a signifi-
cant mismatch exists between micromechanical experimental observations, such as fibril
length, and the obtained macroscopic cohesive zone parameters.

In this chapter, the fibrillation micromechanics is explicitly taken into account in the
macroscopic interface description through the use of a multiscale interface model by
means of computational homogenization. In the micro-model physical small scale phe-
nomena such as fibril deformation and debonding are taken into account. The resulting
macroscopic cohesive zone parameters are quantitatively coupled to the micromechanical
quantities.

The micro-model results show the growth of a fibril, including the drawing of material
from the bulk into the fibril, which is accompanied by large strains that are well beyond
typical bulk strain values. The micromechanical contributions to the macroscopic work
of separation are identified. It is concluded that the intrinsic adhesion energy only

27
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constitutes a small amount of the total dissipated energy. The main fraction of the work
of separation consists of elastically stored energy in the fibril, that is dissipated through
dynamical release upon instantaneous fibril debonding. Up to the moment of debonding,
the fibril micromechanics is virtually unaffected by the intrinsic adhesion properties. The
influence of the intrinsic adhesion parameters on the moment of debonding is shown.

3.1 Introduction

Adhesion is a subject of large interest, both from an industrial and scientific point of
view. A recent problem is the adhesion in copper-rubber interfaces, such as applied in
stretchable electronics. Stretchable electronics are typically found in electronic textiles
and biomedical applications [10, 33, 51, 64, 97]. In general, stretchable electronic de-
vices are constructed from small rigid semiconductor islands interconnected by metal,
usually copper, conductor lines. These interconnects are embedded in a highly compli-
ant substrate, typically a rubber material. It has been shown that delamination of the
copper-rubber interface is a precursor to (mechanical and/or electrical) failure of the
device [41]. Experimental observations have led to the conclusion that in these sam-
ples, delamination occurs through fibrillation of the rubber. This process involves the
formation, elongation and failure of rubber fibrils [38].

Because of the detrimental effect of delamination on the performance and life time of the
product, knowledge of the interface properties is of key importance for the development
of new products. Usually, interface properties are determined through macroscopic (finite
element) modeling using cohesive zone (CZ) elements, where a pre-defined constitutive
relation between the interface opening and traction (the traction-separation law, or TSL)
is employed. By fitting this model on experimental data the CZ parameters are obtained.
In earlier work on delamination in copper-rubber interfaces this macroscopic approach
proved to be successful [38, 108]. Good correspondence between the fitted model and the
experiments was observed in terms of load-displacement curve, local peel geometry, and
the location of the onset of delamination.

However, several issues limit the applicability of these models. The first concern is the
lack of a clear quantitative relation between the obtained cohesive zone parameters and
the observed fibrillation micromechanics. In fact, it was observed by Hoefnagels et al. [38]
that the occurring fibril length was about 6 times smaller than the obtained cohesive zone
critical opening length. This makes it difficult to scrutinize the physical meaning of the
established cohesive zone parameters. This problem is caused by the fact that adhesion
is a multiscale phenomenon, whereas it is projected on a single scale when pursuing
a macroscopic approach as illustrated in Fig. 3.1. Evidently, the micromechanics of
fibrillation in the experiment is not accounted for in the macroscale model. In particular,
all micro-mechanisms in the vicinity of the interface are lumped into the CZ model,
leading to the mentioned mismatch between microscopic experimental observations and
macroscale interface parameters.
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Rubber

Copper

copper

rubber

Figure 3.1: Peel test. Left: finite element model. Right: In situ SEM image of fibrillation during a
peel test.

Because of the fibrillation process, the macroscopic interfacial dissipation (work of sep-
aration) consists not only of the thermodynamic work of de-adhesion between the two
materials (i.e. resulting from the intrinsic adhesion), but also of the energy dissipated
in the fibrillation process [7, 12, 13, 60]. This can lead to work of separation values
that are several orders of magnitude larger than the thermodynamic work of de-adhesion
[38, 108].

Associated to this, and severely limiting the practical use of the obtained interface param-
eters, is the fact that the fibrillation micromechanics, and thus the associated dissipation,
depend on the loading conditions [7, 108]. As a result, the obtained macroscale inter-
face properties are system properties instead of interface properties. This problem can
only be resolved by taking into account the fibrillation micromechanics in the macroscale
interface description. This encompasses the development of a model of the fibrillation
micromechanics and a method to couple this model to the macroscopic interface descrip-
tion.

To address the above-mentioned issues, a multiscale interface method is used. Microme-
chanical modeling of crack growth in viscoelastic media was achieved through an an-
alytical description of the fibrillation process by Allen and Searcy [4]. In the present
chapter, the multiscale interface concept introduced by Matous̆ et al. [71] is used. The
method has later been used to describe a variety of interfaces, see e.g. Cid Alvaro et al.
[9], Hirschberger et al. [37], Verhoosel et al. [110]. The method was initially developed to
describe adhesive layers with known thickness. However, since there is no adhesive layer
in the copper-rubber interface, some modifications need to be made.

In the multiscale method the macroscale interface is still described by a cohesive zone
formulation. However, the TSL is no longer defined a priori, but it is obtained from a
micro-model through a numerical homogenization scheme. Hence, this method allows
the explicit modeling of the fibrillation micromechanics and simultaneous application
of the obtained response at the macroscale. Clearly, in this way the obtained TSL is
quantitatively coupled to the micromechanical quantities, e.g. maximum fibril length.
Since no closed form solution is aimed for in this chapter, it is more appropriate to refer
to a ‘traction-separation response’ rather than a TSL.
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The fibrillation micromechanics has received considerable attention, especially for vis-
coelastic pressure-sensitive adhesives (PSAs). Zosel [119] and later Creton and co-workers
used tack tests to gain insight in the parameters that control the fibrillation process, see
e.g. Brown et al. [7], Lakrout et al. [60], Shull and Creton [94]. In their tests a rigid
cylindrical punch was brought into contact with a layer of PSA, and after establishing
good contact the punch was retracted. Their experiments show that the fibrillation pro-
cess consists of several phases. The first phase is homogeneous deformation of the film,
after which cavities nucleate at the interface between the two materials. Increasing the
loading leads to the growth of these cavities. Consequently, a fibrillar structure is formed.
Finally the interface fails either by fracture of the fibrils or by debonding of the foot of
the fibril from the substrate. It was observed that the combination of interface and ma-
terial parameters determines whether the PSA fibrillates during retraction of the punch,
however, a quantative prediction of the fibrillation process parameters (e.g. dissipation,
maximum stress) could not be provided [7].

One of the reasons the process is quantitatively not properly understood is the (ex-
tremely) large deformations in the fibrils. Indeed, strains of 1450% have been observed
by Horgnies et al. [39], which need to be taken into account [12]. Other authors at-
tempted to model fibrillation in PSAs by assuming the fibrils to extend through the
entire thickness of the adhesive layer [65, 115, 118]. However, in stretchable electronics
there is no adhesive layer, since the rubber itself adheres to the copper, meaning that the
fibrils are actually drawn from the rubber material. Therefore the highly inhomogeneous
deformation associated with the drawing of the material from the bulk layer into the
fibril needs to be considered. Krishnan and Hui [58, 59] studied the deformation of a
soft solid in contact with a rigid substrate. The observed deformations closely resembled
the shape of a fibril, but an analysis towards macroscopic interface properties was not
carried out.

Failure during fibrillation occurs either by fracture of the fibril or by debonding of the
fibril from the substrate. In this work, we focus on debonding only, which is considered
hard to describe [11, 12], since it requires an accurate description of the local geometry
of the fibril near the interface. Glassmaker et al. [32] described a particular debonding
mechanism, namely frictional sliding of the foot of a viscoelastic fibril. However, they
note that fibrils of elastic materials, such as rubber in stretchable electronics, basically fail
without foot sliding [32], making this failure mode unlikely to occur in rubbery materials.

This introduction emphasizes that fibrillation during delamination is a subject of great
interest, and that several mechanisms have been studied separately. In this work, a
micro-model is developed that addresses the complex interplay between several of these
individual mechanisms. To this end, the large deformations associated with the formation
of fibrils are incorporated. Furthermore the intrinsic adhesion between copper and rubber
is taken into account. This permits to study the relation between the rubber material,
the intrinsic adhesion and the resulting fibrillation, which gives insight in some funda-
mental aspects of the fibrillation process. By exploiting the multiscale interface method,
a clear relation between the fibrillation micromechanics and the resulting macroscopic
interface properties is recovered. Eventually, once all relevant microscopic mechanisms
are identified and incorporated in the micro-model, this method will also reduce the need
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to do separate time consuming interface characterization experiments for each loading
condition and microstructural variation. This, however, has not yet been achieved in the
current work.

The outline of this chapter is as follows: first, the multiscale interface model is sum-
marized. Then the micro-model is introduced in detail. Next, numerical examples are
shown for the micro-model, especially focusing on the fibrillation process. The relation
between the microscale phenomena and the macroscale interface properties is presented.
The influence of several physical microscale parameters on the results is analyzed. A
multiscale model of a peel test is carried out, incorporating the obtained micro-model
results and demonstrating the suitability of the method. Finally, the implications of the
results and limitations of the model are discussed.

3.2 Multiscale interface model

Since the first order multiscale interface method has been extensively described in the
recent literature, only the main aspects are summarized in this section and illustrated
in Fig. 3.2. For more detailed information, the reader is referred to Cid Alvaro et al.
[9], Hirschberger et al. [37], Matous̆ et al. [71], Verhoosel et al. [110]. The physical prob-
lem is discretized using the finite element method. At the macroscale the interface (with
predefined geometry) is modeled with cohesive zone elements of which the traction-
separation response is obtained from the underlying micromechanical model. The cohe-
sive zone opening vector ~∆M is imposed on the micro-model in an average sense. For
this purpose, an equivalent macroscopic deformation gradient tensor is defined as

FM = I +
~∆M ⊗ ~NM

H0,M
(3.1)

where the subscript M indicates macroscale, and ⊗ denotes the dyadic vector product.
~NM is the initial cohesive zone normal vector and H0,M is the initial macroscopic cohesive
zone height, see Fig. 3.3.

Figure 3.2: Schematic overview of the multiscale interface model. Left: macroscale. Right: micro-
model.
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Since there is no homogenization in the direction perpendicular to the interface, the
height of the micro-model needs to be taken into account at the macroscale by setting
H0,M = H0,m, where H0,m is the initial micro-model height (the subscript m denotes
microscale quantities). Through this coupling it is assured that the micro-model volume
is only accounted for once. If H0,M is small with respect to the other macroscopic
dimensions, the initial macroscopic cohesive zone thickness could be taken to be zero, as
was done by e.g. Hirschberger et al. [37], resulting in a negligible error. Since there is no
adhesive layer, the initial micro-model height is not straightforward to define. The height
should be chosen such that the micromechanical mechanisms can fully develop within
the micro-model. For the system under consideration, this means that the height should
be chosen such that sufficient bulk material is present for a well-developed fibril to be
drawn from the bulk. For this chapter, a numerical investigation has been performed to
identify the appropriate height to accommodate this.

rubber

copper

~NM
~∆M

H0,M

Figure 3.3: Macroscopic cohesive zone element properties, used in the definition for the equivalent
deformation gradient tensor.

The averaging procedure complies with continuum computational homogenization schemes
from the literature, see for example [56]. The macroscopic deformation is imposed on
the micro-model through the kinematic averaging relation

FM =
1

V0,m

∫
V0,m

Fm dV0,m (3.2)

where V0,m is the initial micro-model volume and Fm is the microscopic deformation
gradient tensor.

The micro-model is in equilibrium. In the absence of body forces, the Cauchy stress
tensor satisfies

~∇ · σm = ~0 in Vm (3.3)

The corresponding boundary conditions should enforce the averaging relation 3.2. Dirich-
let boundary conditions are applied, which can be be periodic, fully prescribed, or a
combination of these [100].

The last step is the calculation of the macroscopic traction vector from the micro-model.
For consistency, this is done through the use of the Hill-Mandel energy condition, stating
that the virtual work done on the macroscale should be equal to the volume averaged
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virtual work at the microscale. For the multiscale interface model this condition can be
formulated as

δWM = δWm (3.4)

where

δWM = ~tM · δ~∆M (3.5)

δWm =
H0,m

V0,m

∫
V0,m

Pm : δFT
m dV0,m (3.6)

with Pm the first Piola-Kirchhoff stress tensor. After some manipulations we obtain

~tM = PM · ~NM (3.7)

in which the macroscopic first Piola-Kirchhoff stress tensor PM is defined by

PM =
1

V0,m

∫
Γ0,m

~pm ⊗ ~Xm dΓ0,m (3.8)

In this relation, ~pm is the first Piola-Kirchhoff traction vector on the micro-model bound-
ary, ~Xm is the corresponding initial position vector and Γ0,m is the initial micro-model
boundary. The traction vector can be calculated efficiently in a finite element framework,
since it involves only basic operations with the nodal reaction forces at the boundaries
of the micro-model,

~tM =
1

V0,m

nnodes∑
i=1

[~fi,m ⊗ ~Xi,m] · ~NM (3.9)

where nnodes is the number of boundary nodes with a reaction force ~fi,m in the micro-
model.

The expression for the macroscopic consistent tangential stiffness matrix reads

δ~tM = A · δ~∆M (3.10)

which is given by

A =
1

H0,mV0,m
[ ~NM ⊗ ~NM ] :

nnodes∑
i=1

nnodes∑
j=1

[ ~Xj,m ⊗ ~Xi,m]⊗ K̄(ij)
m (3.11)

where K̄m is the reduced stiffness matrix of the micro-model. The straightforward, but
tedious, derivation of the reduced stiffness matrix has been described in the literature
for interface and bulk homogenization problems [37, 56].
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3.2.1 Micro-model geometry and boundary conditions

The fibrillation process in stretchable electronics has been studied experimentally by
creating tailored samples [38, 108]. The samples consisted of a copper substrate and a
rubber (in this case poly(dimethylsiloxane) (PDMS)) that was cast onto the substrate.
After casting the samples were cured. The casting and curing enforces the shape of
the rubber to follow the copper geometry quite exactly, assuming perfect wetting. In
Hoefnagels et al. [38], a cross section of the sample was made before testing, clearly
revealing the geometry of the interface, see Fig. 3.4. The approximately 2-5 µm deep
roughness profile can be clearly identified.

Figure 3.4: Cross section of a peel test sample before testing, with copper (bottom) and rubber (top)
clearly visible.

Ideally, the full 3D geometry of the system should be taken into account. However, be-
cause of the complex evolving shapes, especially at the microscale, 3D simulations are still
too demanding. For the present qualitative analysis, a planar geometry is used instead.
Preliminary simulations on fibrillar structures revealed that a plane strain assumption is
to be preferred to describe the relevant phenomena (a plane stress assumption is inade-
quate near the constrained boundaries).

During testing, the fibrils can be loaded in a mixed mode opening condition [112]. How-
ever, in Van den Bosch et al. [107] it was observed that the dependency of the interface
behavior on the loading angle of the interface (and thus on the local loading angle of the
fibrils) was negligibly small. Based on this, only remote mode I loading of the micro-
model is considered and the results obtained for this mode angle are expected to be
representative for the fibrillation process. In the micro-model, a single fibril is here con-
sidered, which is assumed to be representative for the neighboring fibrils. This allows to
get a good understanding of the fibrillation process, whilst keeping the computational
costs relatively low. In combination with mode I loading, only half of the fibril needs to
be modeled.
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Figure 3.5: (a) Fibrils connected to substrate in roughness valleys. (b) Idealized representation. (c)
Single fibril micro-model with symmetric boundary conditions. The copper substrate is not modeled
and therefore not shown.

In the experiments it was observed that the fibrils are mainly connected to the substrate
in the ‘valleys’ of the roughness profile [77], as illustrated in Fig. 3.5a and 3.5b. Based
on this observation, the adhesion of a nucleated fibril is restricted to the valleys of the
roughness profile. Performing the analysis on a nucleated fibril overcomes the complex
analysis of prior void initiation.

The full geometry of the micro-model is shown in Fig. 3.5c. The sample dimensions are
based on experimental observations, as shown in Fig. 3.4. Since there is no homoge-
nization in the direction perpendicular to the interface, the micro-model height directly
influences the resulting TSR. Therefore, the TSR is unique for the microscale.

Since the copper is much stiffer than the rubber, the substrate does not need to be
modeled. As can be observed, the roughness of the substrate is taken into account in
a simplified way in the initial rubber geometry. Symmetric boundary conditions are
imposed on the left and right side of the micro-model. The displacement of the top and
bottom are fully prescribed according to the macroscopic deformation.

3.2.2 PDMS characterization

The PDMS material is described by a hyperelastic material model, which is commonly
used to describe large deformation of rubbers. The response of the material is indepen-
dent of strain rate and deformation history and no energy is dissipated. The material
behavior is characterized by the strain energy density function W . A compressible neo-
Hookean material model is used, for which W is given by

W = κ [(J − 1)− ln(J)] +
G

2
[tr(C)− 2 ln(J)− 3] (3.12)
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where κ and G are the bulk and shear modulus respectively, J = det(F) is the volume
change ratio, and C = FT · F is the right Cauchy-Green deformation tensor. From the
strain energy density function, the Kirchhoff stress tensor τ can be derived:

τ = 2F · ∂W
∂C
· FT = κ(J − 1)I +G(B̄− I) (3.13)

with B̄ = J−2/3F · FT the isochoric Finger tensor.

Using the experimental data obtained by Van der Sluis et al. [108], the shear modulus is
obtained as G = 0.35 MPa. The bulk modulus κ is taken such that the initial Poisson’s
ratio equals ν = 0.49, representing near incompressibility of the material. This corre-
sponds to κ = 17.6 MPa. It can be seen in Fig. 3.6 that the model corresponds quite
well to the experimental data up to strains of 150%. Section 3.3.1 discusses the validity
of the model for the strains occurring in the fibrils.

Plane strain model
Plane strain experiment

Figure 3.6: Experimental data [108] and fitted model response.

3.2.3 Intrinsic adhesion

The fibrillation process is largely controlled by the intrinsic adhesion properties between
the copper and rubber. In the literature, the microscale interface is often described by a
single critical energy release rate, e.g. [7, 12, 13], implicating that the interface behavior
is mode independent. For weak intrinsic bonding, the rubber debonds without much
deformation, whereas for strong bonding, fibrillation occurs [7, 11, 12].

Here, the intrinsic adhesion is characterized by two parameters: the intrinsic adhesion
energy Γm and the maximum traction Tmax

m . The intrinsic adhesion energy typically has
a value in the order of 0.1 to 1 J/m2 [12, 14]. In this chapter, Γm is varied between
0.1 J/m2 and 0.5 J/m2 while the maximum traction Tmax

m was varied between 0.2 MPa
and 2.5 MPa. This range was found to be sufficient to capture all salient features of the
fibrillation process.
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The copper-rubber interface is described by means of microscale cohesive zone elements.
For the intrinsic adhesion, a predefined traction-separation law is used. The shape com-
monly adopted for this law is the exponential one [106], which is characterized by two
interface parameters Γm and Tmax

m for mode independent interface behavior. The ex-
pression for the cohesive zone traction is

~Tm =
Γm

δc
m

~∆m

δc
m

exp
(−|~∆m|

δc
m

)
(3.14)

where ~∆m is the cohesive zone opening vector and δc
m the critical opening length given

by δc
m = Γm/(exp(1)Tmax

m ). The interface law is shown in Fig. 3.7, where the relevant
interface parameters are indicated. Unloading of the cohesive zone occurs by elastic
unloading to the origin, as shown in the figure.

Figure 3.7: Exponential, mode independent, traction-separation law.

3.2.4 Numerical implementation

The problem is numerically solved using an incremental-iterative finite element based
solution algorithm. The rubber geometry is discretized with four node, bilinear displace-
ment quadrilateral elements. Volumetric locking, a typical phenomenon for (nearly)
incompressible materials, is prevented by using selective reduced integration. The in-
terface between copper and rubber is discretized with four node, linear cohesive zone
elements.

The initial mesh is refined in the area where the largest deformation gradients occur. The
size of all elements is chosen such that the stresses are captured accurately. Because the
elements become highly distorted in the highly deformed regions of the model, already
for small applied displacements, an adaptive remeshing scheme is used.

For the considered range of intrinsic adhesion parameters limit points may occur in
the quasi-static equilibrium path. When snap-back limit points occur, displacement
controlled Newton-Raphson solution procedures are not able to trace the equilibrium path
beyond the limit point. To resolve this issue, local weighted subplane control methods
have been developed [3, 24]. Here, a local subplane control method is employed that uses
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the damage in the cohesive zone as control function. Since the damage can only increase,
the subplane does not show limit points.

3.3 Results

In this section, first the interplay between intrinsic adhesion and fibril deformation is
illustrated. In addition, the influence of the intrinsic adhesion properties on the macro-
scopic interface properties is discussed.

3.3.1 Micromechanics of fibrillation

The deformed micro-model is shown in Fig. 3.8. Macroscopic mode I loading is applied to
the micro-model through an imposed displacement in normal direction. In this example,
the intrinsic adhesion parameter values are Γm = 0.2 J/m2 and Tmax

m = 2.5 MPa. For
these parameter values all relevant phenomena, included in the model, occur. The colors
in the figures represent the maximum principal true strain. Because of the near incom-
pressibility of the material and the plane strain assumption, the maximum and minimum
strain fields are quite similar, except for the sign. Therefore, the minimum strain fields
are not shown. The motion of selected material points is tracked by the dots.

(a) 0 (b) 0.13 (c) 0.23 (d) 0.41 (e) 0.69 (f) 1.03

0.0

0.5

1.0

1.5

2.0

Figure 3.8: Several stages of the fibrillation process. Colors indicate maximum principal true strain.
Picture captions show the applied macroscopic deformation ∆M/H0,m.

Fig. 3.8 reveals the growth of a fibril from an initially undeformed stress-free state up
to the moment of debonding of the fibril from the substrate. In the first stages of
deformation, the fibril and its foot are formed through the growth of the predefined
cavity. Similar foot shapes have been observed in tack test experiments [32]. Upon
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increasing the applied macro deformation, the fibril elongates. The motion of individual
material points shows that the elongation of the fibril takes place both by local stretching
of the material in the fibril, and by drawing new material from the bulk into the fibril,
which has also been observed in the formation of craze fibrils in polymers [6, 57]. Also,
it is clear that the deformation is highly inhomogeneous. In the bulk, the strains are
rather low, whereas within the fibril, the material is deformed to a high extent. The foot
evolves towards a sharp tip.

The figures show that the strains may exceed the region of validity for the adopted Neo-
Hookean material model. For these levels of strain, the limited extensibility of the rubber
network might start to play a role. For quantitatively more accurate results, the hard-
ening effect should be taken into account. Suitable models for this include the Ogden
model [80] and the Gent model [25], where the latter truly takes the limiting extensibility
of the network into account. However, it is expected that the qualitative micromechanics
will not change significantly when employing a quantitatively more accurate hyperelastic
model. This hypothesis is supported by the results for rubber/adhesive punch contact by
Krishnan and Hui [58], where it is remarked that relevant features such as stress distri-
bution and deformed shape are similar for a Neo-Hookean and exponentially hardening
material model.

The strain in some of the points that were tracked is shown in Fig. 3.9. These points
were selected such that different aspects of the deformation regime are revealed. Clearly,
the deformation within the fibril is large compared to the bulk deformation, where the
strains do not exceed approximately 0.2. The deformation also remains small in the
center of the fibril foot.

Applied deformation ∆M/H0,m [-]
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x

(a) Local maximum principal true strain.
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(b) Selected ma-
terial points.

Figure 3.9: Evolution of the local maximum principal true strain in selected material points.

The model enables to study the debonding of the fibril from the substrate and the
associated competition between stretching and debonding. To this end, the opening
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profile along the fibril-substrate interface as function of ∆M is shown in Fig. 3.10. The
cohesive zone opening in the center of the fibril (x = L) initially increases slowly. At
some point the opening starts to rise quickly, but the critical opening length is reached
first at the tip of the fibril foot (x = 0). Thus, for these parameter values, debonding
does not initiate in the center, but at the tip of the foot.

∆M

Interface position x/L [-]

C
oh

es
iv

e
zo

n
e

op
en

in
g

∆
m

/δ
c m

[-
]

x

L

rubber

Figure 3.10: Cohesive zone opening along the microscale interface, for increasing values of the macro-
scopic opening ∆M .

This debonding mechanism is shown in more detail in Fig. 3.11. Here, the microscale
cohesive zone elements are shown, with their respective traction values indicated by grey
contour bands. Initially, for small applied deformation, the traction is relatively low.
Upon increasing the displacement, the cohesive zone opening increases and the fibril
elongates simultaneously, due to the local stress increase. The sharp fibril tip is clearly
visible. When the microscale cohesive zone traction reaches its maximum (at the critical
opening δc

m), debonding initiates. The crack becomes rapidly unstable thereafter, which
in almost all cases leads to instantaneous debonding of the fibril from the substrate.
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(a) ∆M
H0,m

= 0 (b) ∆M
H0,m

= 0.13

(c) ∆M
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= 0.23 (d) ∆M
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= 0.41

(e) ∆M
H0,m

= 0.69 (f) ∆M
H0,m
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Cohesive zone traction Tm/Tmax
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Figure 3.11: Debonding of the fibril from the substrate initiates at the tip of the fibril foot.

These pictures reveal that fibril debonding occurs in a non-uniform manner, which leads
to a mixed mode loading condition in the cohesive zone elements. To illustrate this, the
opening mode angle, defined as ψ = arctan(∆t/∆n), is shown in Fig. 3.12 for several
values of the applied deformation. In the center of the foot of the fibril (x = L), the
microscale interface is loaded purely in mode I, but closer to the fibril tip the loading
gradually changes to mode II. Near the fibril edge, the opening angle again decreases.
So, even though macroscopically the fibril is loaded in pure mode I, microscopically, the
interface is loaded by almost the entire range of mode mixities. If experimental data on
the mode mixity dependency at the fine scale becomes available, this might be important
to include.
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Figure 3.12: Cohesive zone opening angle along the microscale interface, for increasing values of the
macroscopic opening ∆M .

From the deformed micro-model the macroscopic traction-separation response can be
determined from equation 3.9. It should be noted that, even though the micro-model
only consists of a single fibril, the full homogenization framework as outlined in section
3.2 is used to determine the macroscopic traction. In Fig. 3.13, and further on, only
the normal component of the homogenized traction, denoted by TM , is considered. The
tangential component of the homogenized traction vector vanishes because of the micro-
model symmetry and loading conditions. The insets show the deformed micro-model for
several values of the macroscopic opening. Although the shape of the TSR looks similar
to the intrinsic material behavior, it is comprised of a wide range of stress and strain
values occurring in the highly non-uniformly deforming fibril. As such, it represents the
drawing of material from the bulk into the fibril and the extensive stretching of the fibril
material, typical for the complex fibrillation process. The indicated maximum opening
corresponds to the displacement where snapback occurs in the simulation; at this point,
the interface debonds instantaneously. Similarly, almost instantaneous debonding was
also predicted by the model of Glassmaker et al. [32] for elastic fibrils. Full tracing of
the snapback path would be difficult, but more importantly not very useful, as will be
argued later. Only a limited part of the snapback path is shown, which is almost on top
of the initial loading curve.
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Figure 3.13: Homogenized traction-separation response. Insets show several stages of deformation.
The macroscopic work of separation ΓM is the grey area below the traction curve.

After the fibril debonds from the substrate, the load carrying capacity vanishes and
all energy is released. For the majority of the microscale interface parameter values,
the energy stored in the system before debonding is larger than the energy required to
break the interface between fibril and substrate. As a result, the debonding of the fibril
from the substrate is an unstable process. Unstable debonding of a fibrillar material
from a substrate was studied before, and it was hypothesized that the energy stored
in the fibrils at the moment of debonding is quickly lost [30, 44, 46, 48, 49, 84, 98,
117]. Upon debonding of the fibrils, deformation waves travel through the material, and
because the material is not ideally elastic, the energy is gradually dissipated in a dynamic
manner. Experimental work on fibrillar structures seems to support this hypothesis, e.g.
Glassmaker et al. [30]. In fact, this mechanism explains the inconsistency between the
two scales in terms of dissipation. Peel tests on copper-rubber interfaces show work of
separation values orders of magnitude larger than the intrinsic adhesion energy. This
indicates that the fibrillation process leads to additional dissipation that can neither be
captured by the hyperelastic non-dissipative material description, nor by the intrinsic
adhesion, thereby supporting the above-mentioned hypothesis.

Hence, all energy stored in the fibril at the moment of debonding gets lost if the debond-
ing process is unstable and all elastically released energy contributes to the overall work
of separation. This also means that full tracing of the equilibrium snapback path is not
required. Since the energy stored in the fibril at the moment of unstable debonding,
is considered to be lost, the actual snapback path does not provide additional informa-
tion. From the obtained curve the total (macroscopic) work of separation ΓM can be
determined, indicated in Fig. 3.13 by the grey area below the traction-opening curve.
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For this example, the total work of separation equals ΓM = 3.5 J/m2, while the intrinsic
adhesion energy was Γm = 0.2 J/m2. Note that the total work of separation is lower
than observed in macroscale peel tests; this will be commented on in section 3.4. The
intrinsic adhesion only applies to the actually bonded part of the interface, whereas
at the macroscale, this adhesion energy would be associated with the total interfacial
area, i.e. an apparent adhesion area. In this case, where the width of the micro-model
is 6 µm and the fine scale adhesion only applies to a width of 2.5 µm, the intrinsic
adhesion energy would be revealed macroscopically as Γm,app = (2.5/6.0) · 0.2 J/m2 =
0.08 J/m2. This scale issue further increases the difference between intrinsic adhesion
energy and macroscopically observed work of separation. This again emphasizes the
multiscale character of adhesion, and the resulting mismatch between the two scales
if not accounted for properly. In conclusion, it appears that the macroscopic work of
separation consists mainly of energy released from the fibrils and its connecting bulk
material.

3.3.2 Influence of intrinsic adhesion parameters

In Fig. 3.14 the fibril shape is shown, for Γm = 0.2 J/m2 and different values of Tmax
m at

the moment that the macroscopic traction reaches its maximum value. The deformation
of the fibril is then maximal due to the fact that the debonding occurs instantaneously.
Clearly, changing the maximum traction has a profound effect on the fibrillation pro-
cess. For low values of Tmax

m the material debonds with little deformation as almost no
fibrillation is observed.

(a) Tmax
m = 0.2MPa (b) Tmax

m = 0.5MPa (c) Tmax
m = 1.0MPa (d) Tmax

m = 1.5MPa (e) Tmax
m = 2.0MPa

Figure 3.14: Fibril shape at the onset of debonding.

Interestingly, the final geometries for different values of the maximum traction look simi-
lar to the fibril geometry for Tmax

m = 2.5 MPa at the corresponding applied deformation,
see Fig. 3.8. Only the final geometries for Tmax

m = 0.2 MPa and Tmax
m = 0.5 MPa are

different from the corresponding geometry for Tmax
m = 2.5 MPa. Clearly, Tmax

m is impor-
tant for determining the moment of debonding. This ability to establish the debonding
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stress is an important feature of the model. However, up to the moment of debonding,
the fibril mechanics is virtually unaffected by the maximum traction. This is because
there is only a difference in stiffness in the cohesive zone which does not contribute a lot
since this stiffness is significantly larger than the bulk stiffness. Only in the vicinity of
the intrinsic interface an effect can be observed, but this has little impact on the fibril
geometry and the homogenized traction curves, shown in Fig. 3.15. Clearly, up to the
moment of debonding, the tractions coincide, except for Tmax

m = 0.2 MPa and Tmax
m =

0.5 MPa, which is consistent with the difference observed for the fibril geometry. Theo-
retically, if the fibril would be perfectly bonded to the substrate, the TSR would follow
the same path, but continue indefinitely if there is no other failure mechanism in the
model. Note that, for Tmax

m = 0.2 MPa, the debonding is stable (no snapback occurs),
i.e. the energy dissipation fully recovers the intrinsic adhesion energy Γm.
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m = 0.2 MPa
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Figure 3.15: Homogenized traction up to the moment of instantaneous debonding, for different values
of Tmax

m .

The dependence of the macroscopic work of separation ΓM on the maximum traction
Tmax

m is summarized in Fig. 3.16. For stable debonding (Tmax
m = 0.2 MPa) ΓM only

consists of the intrinsic adhesion energy, ΓM/Γm,app = 1. Upon increasing Tmax
m , the

work of separation increases. Since the intrinsic microscale adhesion energy is constant
for these results, this can only occur through an increase in the elastically stored and
subsequently released energy. For higher Tmax

m , the fibrils are stretched further (see Fig.
3.14), through which more energy is stored in the fibril. From these results it is clear
that Tmax

m has a profound influence on the macroscopic dissipation ΓM .
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Figure 3.16: ΓM/Γm,app as a function of Tmax
m for Γm = 0.2 J/m2. Insets show the fully deformed

micro-model, at the onset of debonding. The squares indicate the real data points, the curve is interpo-
lated for visual purposes.

The influence of the intrinsic adhesion energy Γm on the macroscopic dissipation is shown
in Fig. 3.17. The value of Γm has little effect on the results. The results clearly show
that, independent of the value for Γm, Tmax

m is the dominant parameter in the fibrillation
process. For interfaces between elastic materials the maximum traction is generally
considered to be not important, since the only energy dissipation takes place in the
interface. However, as shown in this chapter, when the dynamic release of elastically
stored energy is accounted for in the dissipation properly, the maximum traction may
play a vital role.

Figure 3.17: ΓM/Γm,app as a function of Tmax
m for several values of Γm. The squares indicate the real

data points, the curves are interpolated for visual purposes.
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3.3.3 Multiscale example

To conclude this section, a multiscale simulation of a peel test is shown. The macroscopic
geometry of the test is shown in Fig. 3.18. It consists of a rubber substrate and a copper
film. The copper film is peeled from the rubber at a fixed angle of 90◦. At the bottom of
the PDMS substrate, all degrees of freedom are fixed, which corresponds to an experiment
where the substrate is glued to the setup. A plane strain geometry is assumed, with a
thickness equal t = 1 mm. The initial height of the micro-model is taken into account
at the macroscale through the initial finite cohesive zone height H0,m. The bulk PDMS
layer on top is adapted in height accordingly. For the PDMS rubber the Neo-Hookean
material model described earlier is used. The copper is modeled using a standard isotropic
elasticity model. The modulus of elasticity and Poisson’s ratio are given by E = 120 GPa
and ν = 0.3 respectively.

30 mm

PDMS substrate

Cohesive zone elements

Copper film

1 mm - H0,m

18 µm

Uy

H0,m

Imperfection

3 mm

Figure 3.18: Sketch of the macroscopic peel test geometry (not to scale).

As explained earlier, the macroscopic traction-separation response directly results from
the microscale simulations, in which the following intrinsic fine scale adhesion properties
are used: Tmax

m = 2.5 MPa and Γm = 0.2 J/m2. The traction-separation response is
mode independent, i.e. the response obtained from the mode I micro-model is used for
all occurring mode mixities. This implies that the traction vector is aligned with the
cohesive zone opening vector.

Obviously, the homogenized traction-separation response may lead to instabilities at the
macroscale, because of the abrupt drop in traction when the fibril debonds. Therefore an
element erosion technique is adopted, where the cohesive zone elements are removed from
the simulation once the traction vanishes. This technique inevitably results in oscillations
in the load-displacement curve.
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(a) Uy = 5 mm (b) Uy = 10 mm (c) Uy = 20 mm

Figure 3.19: Illustration of subsequent deformation stages during peeling. For visualization purposes
the cohesive zone elements and element edges are not shown.

Fig. 3.19 shows typical geometries during peel off. Increasing the displacement leads to a
steady state peel geometry, picture 3.19c. The inset shows a zoom of the geometry at Uy

= 20 mm. The lift-off geometry is clearly visible, albeit less pronounced than observed
experimentally [108]. One of the advantages of the applied multiscale method is that
no more tractions act on the macroscopic interface for openings greater than the critical
fibril length. Traditional TSL formulations may result in spurious interface tractions
in the wake of the (experimentally observed) critical fibril length separation. This is
caused by the adopted TSL shape and the mentioned mismatch between cohesive zone
parameters and fibril mechanics.

From the simulation, the load-displacement curve, shown in Fig. 3.20 is obtained. Ini-
tially, the force increases rapidly, corresponding to the initial bending of the copper.
As the cohesive zones start to delaminate, the force gradually decreases until a steady
state plateau is obtained. The oscillations associated with the sudden drop in the micro-
mechanically determined traction-separation response are visible.

The work of separation can be directly determined from the plateau force Pf . Since the
film and substrate deform elastically and since the film stiffness is high compared with
the substrate stiffness, only interface fracture contributes to dissipation and the work of
separation for a 90◦ peel test can be determined as

Γ =
Pf

t
(3.15)

which for the present case results in: Γ = 3.6 J/m2. Because of the sudden drop in the
traction-separation response, a prohibitively fine mesh is required to fully recover purely
the macroscale cohesive energy (ΓM = 3.5 J/m2 in this example).
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Figure 3.20: Numerical load-displacement curve.

3.4 Conclusions

A multiscale interface model was developed to describe the fibrillation micromechanics
in a delaminating copper-rubber interface. The macroscopic interface description uses
a traction-separation law, which is obtained directly from the micro-model through a
consistent computational homogenization scheme. Using this approach, a concurrent
macroscale and microscale analysis is possible.

At the micro-level, several essential aspects of the fibrillation process were included. De-
parting from a nucleated fibril, the growth of the fibril from a material layer by drawing
material from the bulk into the fibril was described. The strains in the fibril are well
beyond typical bulk values and the material is in a highly inhomogeneous deformation
state. Furthermore, the model enables to study the contribution of the intrinsic adhesion
energy to the macroscopic work of separation. It was found that, for the copper-rubber
interface under consideration, the main contribution to the work of separation results
from the dynamic release of elastically stored energy when the fibril debonds from the
substrate. Typically, this unstable debonding mode occurs nearly instantaneously and
therefore the stored energy is lost through dynamical dissipative processes. The fibrilla-
tion process is largely controlled by the intrinsic interface maximum traction Tmax

m . The
intrinsic adhesion energy Γm appears to be less important in the current model setting.

To arrive at a quantitative description of all relevant dissipative mechanisms at the
microscale, several aspects need to be addressed. First, the currently employed Neo-
Hookean material model does not capture the network locking typical for rubbers at
very high strains. Examples of more suitable models are the Ogden model and the Gent
model. Clearly, the experimental characterization of fibrils at the considered dimensions
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is a challenge. Taking the strain hardening into account will lead to an increase in the
macroscopic work of separation. Furthermore, the influence of roughness needs to be
taken into account in a more sophisticated way. It is known that roughness can lead
to mechanical interlocking or anchoring [60], which means that the rubber material is
physically locked in the copper, as illustrated in Fig. 3.21. In the idealized roughness
profile, this effect was not taken into account, but it might play an important role in
delaying the moment of debonding, leading to larger fibril stretches. The fibrils that
were observed for Tmax

m = 2.5 MPa are moderately stretched (approximately 10 µm)
compared to experimental observations (20 µm to 60 µm, see Hoefnagels et al. [38]).
Increasing the fibril stretch also leads to a further increase in the macroscopic work of
separation.

At the macro-level, the traction-separation response showed a clear relation to the fib-
rillation micromechanics. In the peel test model this resulted in a traction profile that
showed no spurious modes. Future work focuses on incorporating additional relevant dis-
sipative mechanisms in the micro-model. Consequently, this method will accommodate
direct prediction and application of interface properties for a variety of loading conditions
and microstructural features.

Figure 3.21: Mechanical interlocking during fibrillation.
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On the role of fibril mechanics in the
work of separation of fibrillating

interfaces
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Abstract

High values for the work of separation have been reported in peel tests on fibrillating
interfacial systems. The exact origin of these high values is not properly understood, since
it remains unclear which dissipative mechanisms related to fibrillation cause a significant
increase in the work of separation. In this chapter, the contribution of fibril mechanics
to the work of separation is quantified. To this end, a micromechanical model of a single
fibril is used, in which the growth of a nucleated fibril up to the moment of fracture is
described. The initial geometry is varied to reflect the variability in the substrate profile.
It is observed that the stresses and strains that occur in the model are well beyond
typical bulk values. Given the large variation in measured stress-strain curves for rubber
materials reported in the literature, a small scale single fibril experiment is performed
to assess the applicability of reported bulk material parameters to this problem. The
obtained experimental response falls well within the model bandwidth for the range
of material parameters from the literature. Furthermore, the fibril rupture strength,
which serves as the failure criterion in the model, is extracted from the experiment.
From the micromechanical model results, it appears that, for the considered range of
material properties, the work of separation is mainly influenced by the rupture strength.

51
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Furthermore, the initial geometry has a profound influence on the obtained work of
separation. It is concluded that the work of separation determined from the micro-model
is significantly larger than the intrinsic adhesion energy, yet it remains still an order of
magnitude smaller than the values reported in the literature. For the considered system
this indicates that, although it has a significant contribution, fibril deformation is not
the only contribution to the high work of separation.

4.1 Introduction

A challenge in stretchable electronics is to accommodate the large difference in stiffness
between the copper conductors and the compliant substrate, which is typically made of
a rubber material. It is observed that the reliability of the device is dictated by the
integrity of the copper-rubber interface, since failure of the interface triggers localization
of deformation in the metal interconnect, as suggested by Lu et al. [69], followed by
fracture, and ultimately to loss of the electronical functionality. Furthermore, interface
delamination may entail exposure of the interconnect to the environment, which can also
lead to early failure [41]. Previous work has shown that interface delamination mainly
occurs through fibrillation. This process involves the formation, growth, and failure of
rubber fibrils [38].

Clearly, improving stretchable electronics reliability requires good understanding of the
interface properties. Previously, macroscopic finite element models have been used to
obtain the interface properties. In these models, the interface is described using cohesive
zone elements and the parameters are obtained through fitting of the model response
on the measured response in peel tests. Using this approach, high values of the work
of separation were obtained [76, 108] with an adequate correspondence between model
and experiment. From a physical perspective, some discrepancies resulting from this ap-
proach persist, stemming from the fact that all dissipative mechanisms are lumped in the
macroscopic interface properties. There is no clear relation between the obtained cohesive
zone parameters and the observed fibrillation micromechanics: in fact, the cohesive zone
critical opening length was approximately 6 times larger than the observed maximum
fibril length [38]. Furthermore, using a common traction-separation law (TSL), such as
the exponential one, leads to spurious tractions on the interface, i.e. non-zero tractions
are acting on parts of the interface where complete failure occurred in the experiment.

To overcome these concerns, a multiscale interface model was developed in chapter 3. In
this model, the macroscopic interface is still modeled with cohesive zone elements. Yet,
instead of using a predefined TSL, the traction-separation response (TSR) is obtained
from an underlying micro-model. In the micro-model, relevant mechanisms such as fibril
growth and debonding are incorporated. Mode I loading was imposed on a nucleated
single fibril and the fibril growth was studied up to instantaneous debonding of the
fibril from the substrate, for various values of the microscale interface properties. It was
shown that for most values of the microscale interface parameters, the macroscopically
observed work of separation consists mainly of elastically stored energy in the fibril, which
is dissipated through dynamical release upon instantaneous fibril debonding. Using this
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approach, both of the mentioned shortcomings were addressed: the TSR showed a clear
relation with the fibrillation micromechanics, and, as a result, spurious tractions acting
on the interface at the macroscale were absent.

Nevertheless, even though the developed model was a clear improvement over the classical
single scale models in a qualitative sense, the results did not fully correspond to the
experiments in a quantitative manner. Most importantly, the micro-model could not
explain the origin of the high work of separation measured in peel tests. The macroscopic
work of separation obtained from the micro-model was in the order of 2 to 3.5 J/m2,
whereas experimental values of 300 J/m2 [76] up to 1000 J/m2 [108] have been reported.
Even though the micro-model revealed a work of separation that was almost two orders
of magnitude larger than the microscale adhesion energy, still two decades remain to be
bridged in order to match the experiments.

Tack experiments have been used to gain insight into the mechanics of fibrillation and
the corresponding work of separation in (typically) pressure sensitive adhesives, see for
example references [7, 12, 60, 94, 99, 116]. In a tack test, mode I loading is imposed
on the material. Upon loading, the adhesive fibrillates and the work of separation can
be determined straightforwardly from the measured force-displacement response, e.g.
[7, 60]. However, due to the difference in material behavior and in the size of the fibrils,
the results of the tack experiments are of limited relevance for an improved quantitative
understanding of the work of separation in the peel tests considered in this work.

In this chapter, the energetic contribution of fibril mechanics to the work of separation
will be analyzed in a rigorous way. Very large deformations are observed in the micro-
model (principal true strain up to 2), which necessitates a material model that captures
the strain hardening due to locking of the rubber network at large deformations. For
this purpose, the Ogden model [80] will be used to describe the mechanical behavior of
the fibrils, since it accurately captures the stress upsweep.

Literature data on material parameters for rubber materials show a large variation. Fur-
thermore, since the stresses and strains in the model are well beyond typical bulk values,
it is imperative to critically assess the applicability of bulk material parameters from
the literature to this deformation regime. To this end, a single fibril experiment is pro-
posed. In the experiment, the applied load, and the evolving geometry of a single rubber
fibril are measured, which enables a detailed comparison with the model, providing the
necessary data for a parameter assessment in the model.

Based on the resulting constitutive model, single fibril simulations are performed. The
fibril response up to reaching the critical stress is analyzed and the work of separation is
determined. Furthermore, the influence of the initial geometry and the material param-
eters on the work of separation is analyzed. The contribution of the dissipated energy
directly resulting from fibril deformation to the overall work of separation is quantified.

The outline of this chapter is as follows: first, the single fibril experiment used for the
model assessment is introduced, along with the experimental results and the extracted
failure criterion. Using the single fibril experiment, the adequacy of the constitutive
model is analyzed. Based on the resulting model, the macroscopic work of separation
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is determined and the influence of the material parameters and the initial geometry is
shown. Finally, the implications and limitations of the fibril model are discussed.

4.2 Single fibril experiment

The aim of the single fibril experiment is to process and test a fibril in a controllable
way. Furthermore, the extension of the fibril should proceed in a similar manner as
in peel tests, meaning that the fibril should be drawn from the bulk material. This
requirement excludes several microscale experiments on fibrillar structures, which consist
of pre-existing micropillars that are subsequently loaded, see for example [17, 34]. In this
chapter, a single fibril is drawn using an approach inspired by Uricanu et al. [104]. Here,
an AFM tip is brought into contact with a gel. Upon retraction, due to partial wetting
of the tip by the soft gel, a bridge is formed between the tip and the bulk layer. The
deformation during retraction resembles the drawing of a fibril.

4.2.1 Sample preparation

The experiments are performed on poly(dimethylsiloxane) (PDMS) samples (Sylgard
184 R©, Dow Corning, USA), using a base polymer to curing agent mixing ratio of 10:1.
Hollow tips are fabricated from glass tubes (Kwik-Fil borosilicate glass, outer diameter
1 mm; inner diameter 0.58 mm, World Precision Instruments, USA) on a Flaming Brown
Micropipette Puller (Heat 556; Pull 25; Velocity 5; Sutter Instruments Company, USA).
The tip is attached to an aluminium cantilever having length 75.0 mm, width 3.01 mm,
and thickness 0.47 mm, resulting in a stiffness of 13.0 N/m. After mixing and degassing,
the PDMS is poured into an aluminium container with dimensions of height 1.84 mm,
diameter 10 mm, while minimizing trapped air. Using a micro-precision stage, the con-
tainer is moved towards the tip in order to form a capillary bridge, as shown in Fig.
4.1. PDMS also flows into the tip, which results in a mechanical interlocking between
the PDMS and the tip after curing. The PDMS is cured for 1 h through the use of a
dedicated heating stage positioned directly underneath the PDMS container. The tem-
perature at the top surface of the PDMS is measured to be 100 ◦C which is sufficient for
complete curing. After curing, the heating stage is turned off and the PDMS is allowed
to cool down to room temperature (25 ◦C) for 20 minutes. During curing and cooling the
tip remains just immersed in the PDMS, while carefully correcting for thermal shrinkage.
The immersion depth (Fig. 4.1b) was observed to influence the results, which proved to
be challenging in performing the experiments. Both too shallow and too deep immersion
led to premature failure. Finally, three successful experiments could be performed, of
which one will be analyzed in more detail.
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b) c)a) d)

Figure 4.1: Fibril drawing using a hollow glass tip attached to a cantilever with known stiffness
(cantilever not shown). (a) Initial state, uncured PDMS. (b) Tip touches PDMS and a capillary bridge
forms. PDMS also flows into the hollow tip. The PDMS is being cured in this state. (c) Load is applied
and a fibril is drawn. (d) The fibril fractures.

4.2.2 Load application and measurement

After cooling down to room temperature, the load is applied through the reversed dis-
placement of the PDMS container at a rate of 30 µm/s. Upon moving the PDMS con-
tainer, a single PDMS fibril forms between the tip and the bulk PDMS, see Fig. 4.1c.
Upon increasing the load, the fibril elongates until fracture, Fig. 4.1d.

The experiment is visualized using a Zeiss V20 optical microscope coupled to an Axiocam
HR camera, which records 3 frames per second. In the images, the movement of the tip is
tracked using global digital image correlation (GDIC, Neggers et al. [78]), which, for the
present analysis, is optimized to deal with sparse patterns and rigid body displacements.
From the movement of the tip, the load on the fibril is calculated using the cantilever
stiffness. Given the experimental DIC displacement error and cantilever stiffness error,
the approximate accuracy of the force sensor is 2 µN, which is sufficiently accurate for
the present purpose.

4.2.3 Results

Fig. 4.2 shows the growth of a fibril from the initial state (a), similar to Fig. 4.1b.
Lowering the PDMS container initiates a fibril (b), and a slight misalignment of the tip
can be observed. With increasing load the material, initially adhering to the tip, debonds
from the tip, leaving a small noticeable protrusion on the fibril, indicated by the arrow
in (c). From here on, two mechanisms occur simultaneously upon increasing the load.
The initial fibril (below the protrusion) is stretched further, and, above the protrusion,
material is drawn from within the tip. This is accompanied by local debonding of the
interface between the PDMS and the glass tip, shown in stage (d) and (e). Stage (e)
shows the last frame before the fibril fractures. The fractured fibril is shown in stage (f).
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Figure 4.2: Single fibril experiment. The PDMS shows up black due to the lighting used. The PDMS
material that was initially adhering to the tip, debonds from the tip, leaving a small noticeable protrusion
on the fibril, indicated by the arrow in (c). From here onwards, material gets drawn from within the
hollow tip into the fibril, while simultaneously the initial fibril (below the dark protrusion) is stretched
further.

The load versus extension curve is shown in Fig. 4.3. The extension is the difference be-
tween the applied displacement at the base of the PDMS container and the displacement
of the tip. At an extension of approximately 75 µm, a drop in load can be observed,
associated with the debonding of the protrusion from the tip. Furthermore the load
shows some oscillations which are most likely due to local debonding of the material
from within the tip.
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Figure 4.3: Load-extension curve for the single fibril experiment. The dots indicate the data points.

Failure criterion

The critical stress at fracture is extracted from the fibril experiment. To this purpose,
the average true stress in the smallest cross-section is calculated. The contour of the
fibril is tracked using a grey value thresholding method, and the minimum diameter is
determined from this data, as indicated in Fig. 4.4a.

Figure 4.4: (a) Minimum diameter of the fibril, used to determine the critical stress. (b) Maximum
cross-sectional true stress in the fibril.

The maximum average true stress is shown in Fig. 4.4b. Initially the stress increases
smoothly, and again at an extension of 75 µm, a change in the curve can be observed.
From here on, the maximum stress occurs above the protrusion, in the material that
was initially within the tip. From this data, the critical true stress is determined as
tc = 30.0 MPa.
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4.3 Material model

4.3.1 Constitutive model

The PDMS is modeled using a hyperelastic Ogden material model, which is suitable
to describe rubbers since it accurately captures the strain hardening typically observed
at large strains. The particular form used here is due to Maas et al. [70] and is a
generalization of the form by Ogden [81, p. 222]. The strain energy density function W
reads

W =
1
2
κ(J − 1)2 +

N∑
k=1

ck
m2

k

(
λmk

1 + λmk
2 + λmk

3 − 3−mk ln J
)

(4.1)

where λi are the principal stretches, J = det(F) is the volume change ratio with F the
deformation gradient tensor, and ck and mk are material parameters. Note the square in
the denominator term m2

k, which leads to a slightly different definition of ck compared
to the conventional incompressible Ogden model. κ is essentially a penalty parameter
to enforce the near incompressibility of the material. N denotes the number of terms;
N = 2 is used for all simulations in this chapter. From the strain energy density
function the Cauchy stress tensor σ can be determined as follows:

σ =
3∑

i=1

σi ~ni~ni (4.2)

where ~ni are the eigenvectors of the Finger tensor B and the principal stresses σi are
given by

σi = κ(J − 1) +
N∑

k=1

1
J

ck
mk

(
λmk

i − 1
)

(4.3)

4.3.2 Constitutive parameters

The material parameters ck and mk can be obtained through mechanical testing, e.g. uni-
axial loading and planar loading. However, it is known that the curing conditions (curing
time and temperature) may significantly affect the PDMS properties [26, 50, 67]. To ac-
count for this influence, a range of material parameter values is considered, representing
the large spread in experimental data reported in the literature. The material param-
eters are listed in table 4.1 and Fig. 4.5 shows the corresponding stress-strain curves.
In this figure, materials 1 and 5 represent experimental data for Sylgard 184 from the
literature (differently cured). Material 3 is representative for Sylgard 186, which is also
a commonly used rubber in stretchable electronics. Material curves 2 and 4 are added
to cover the full range of stress-strain curves. For all material parameter value sets, κ
is taken such that the initial Poisson’s ratio equals ν = 0.49, representing near incom-
pressibility of the material. In the literature, higher values of the Poisson’s ratio have
been used in the modeling of rubber materials, and for some loading conditions slight
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changes in the Poisson’s ratio near the fully incompressible limit (ν = 0.5) can have a
significant influence on the results [18]. However, using higher values of κ (corresponding
to an increase in the Poisson’s ratio) had no significant influence on the results presented
in this chapter.

Table 4.1: Material parameters used in the simulations. The parameters c1 and c2 are adjusted to
account for the slightly different formulation of the Ogden model compared to the one used in the
corresponding references.

Mat. Reference m1 c1 m2 c2 κ
- (MPa) - (MPa) (MPa)

1 Gerratt et al. [26] 7.9 0.156 0.0801 1.033 29.15
2 This chapter 7.35 0.016 0.8 0.682 17.11
3 Van der Sluis et al.

[108], Sylgard 186
6.8 0.00783 0.799 0.682 16.91

4 This chapter 5.4 0.023 0.8 0.682 17.28
5 Kim et al. [55] 3.81166 0.1567 6.371 ·10−10 4.045 · 10−8 3.84

Figure 4.5: Stress-strain model response for material parameters considered in this chapter. Materials
1 and 5 represent Sylgard 184 data from the literature (differently cured) and material 3 represents
Sylgard 186 data from the literature.

4.3.3 Numerical-experimental assessment

The single fibril experiment is simulated with a dedicated finite element model. The
initial discretization is constructed from the stress-free experimental geometry, as shown
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in Fig. 4.6. The tip is not modeled explicitly, implying that the analysis does not in-
corporate the material that flows into the tip during sample preparation. Including this
material (that is not distinguishable in the initial images) in the analysis would only
have a minor effect on the results. The displacement is imposed on the fibril, at the top
of the computational domain, through frictionless boundary conditions. Consequently,
contraction of the fibril was not restricted at the top of the computational domain, which
corresponded best with the experimental conditions, thereby enabling a valid comparison.

Figure 4.6: Initial model geometry. Left: sample geometry; right: model geometry including the mesh.

The problem is numerically solved using an incremental-iterative finite element based
solution algorithm. The geometry is discretized using eight node, quadratic quadrilat-
eral axisymmetrical elements. Reduced integration is used to prevent volumetric element
locking due to the near incompressibility of the material. Because the finite element mesh
becomes distorted in highly deformed regions, even for relatively small applied displace-
ments, an adaptive remeshing scheme is adopted. The Ogden model is implemented
as a user element subroutine in MSC.Marc (MSC Software, 2005, USA). The adaptive
remeshing scheme is implemented in Matlab (The Mathworks, 2011, USA), using GMSH
[28] to generate a high quality quadrilateral mesh.

A numerical-experimental comparison is made in terms of deformed geometry. For this
purpose, the deformed model is projected on top of the experimental images just before
the fibril fractures, see Fig. 4.7. In each subfigure, the force on the fibril in the model
and the force measured in the experiment are equal. Note that the analysis only pertains
to the relevant experimental geometry, located below the protrusion. Because of the
slight misalignment in the setup, the fibril shows a small angle, making a quantitative
comparison on the geometry difficult. A full 3D simulation could resolve this issue, but
the influence of the misalignment on the results is expected to be negligible. Therefore
the comparison is focused on the length of the fibril (indicated by the arrows in Fig.
4.7) and the geometry of the fibril and the ‘bulk’. These images clearly show that the
experimental response is well within or close to the bandwidth of the model results
obtained with bulk material parameters from the literature.
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Figure 4.7: Deformed mesh shown on experimental images at equal load, last frame before the fibril
fractures, corresponding to the different material models.

The minimum fibril diameter as a function of the load in the fibril is shown in Fig.
4.8a for both the experiment and the different models. The experimental results are
within or at the lower limit of the model bandwidth, which, given the noise level and
difference between the experiment and simulation (e.g. tip misalignment), supports the
applicability of the numerical model.

Figure 4.8: (a) Minimum fibril diameter vs. fibril load. (b) Minimum fibril diameter used in the
comparison between model and experiment.

The comparison presented in this section was based on a single experiment. Due to the
difference in initial geometry, each experiment resulted in a different load-extension curve,
excluding direct comparison between experiments. The use of dedicated finite element
models can overcome this, however, accurate determination of the initial geometry proved
to be too unreliable for two of the three successful experiments. For this reason, only
one experiment is discussed in this chapter. However, information on the two other
experiments is available: once a mature fibril formed, the rupture strength, which will
be shown to be an important parameter, was observed to be quite reproducible. It could
easily be obtained for all three successful experiments and it was observed that all three
values are in the range of 25 MPa to 30 MPa, i.e. showing a relatively low variability.
Therefore, the presented experimental results are believed to be sufficiently reliable.



62 4 On the role of fibril mechanics in the work of separation of fibrillating interfaces

4.4 Single fibril simulations

4.4.1 Micromechanical model

The single fibril geometry is largely based on the micro-model developed in chapter 3.
The main aspects are summarized in this section, whereby two significant changes are
made. Since only mode I loading on a single fibril is considered and the fibril deforms in
a more or less axisymmetric shape in the peel test experiment, an axisymmetric formu-
lation seems quantitatively more appropriate than the previously adopted plane strain
geometry. Furthermore, the interface is considered infinitely strong, but frictionless,
which is represented in the boundary conditions. This choice alleviates the numerical
issues related to element distortion near the fibril foot. It does, however, mean that the
smallest cross section is now located at the interface. When accounting for the fibril foot,
the smallest cross section is located just above the fibril foot. However, since the smallest
cross section in both cases can contract in a similar way, the influence on the results is
expected to be small. Furthermore, in Krishnan and Hui [58] it was shown that the type
of boundary conditions (frictionless or completely fixed) only has a limited influence on
the overall load-extension behavior. Finally, in chapter 3, the dissipated adhesive energy
was shown to be negligible, corroborating this choice. Fibril failure is modeled through a
critical stress criterion, which is extracted from the single fibril experiment, as described
in section 4.2.3. In the absence of relevant experimental data the critical stress is taken
equal for all materials. This assumption may be debatable and it will be commented on
in section 4.5. Once the average stress in the smallest cross-section reaches the critical
stress, failure is assumed to occur instantaneously, which is consistent with the previous
results. Since all material parameter sets may be relevant, the analyses are performed
for all.

Figure 4.9: (a) SEM image of fibrillation, approximately 30 µm long fibrils are visible. (b) Idealized
representation of the fibril geometry. (c) Single fibril model (not to scale).

Fig. 4.9a shows a SEM image of a peel test [76]. The fibrils and the copper roughness
profile are clearly visible. Based on experimental observations, void nucleation is expected
to occur on top of a roughness peak. Therefore, the adhesion of a nucleated fibril is
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restricted to the roughness valley, as illustrated in Fig. 4.9b. The micro-model geometry
is shown in Fig. 4.9c. Due to the large difference in stiffness between the copper and
rubber, the copper substrate is not modeled. To reflect the variability in fibril properties
observed in peel tests, a range of values for the initial fibril dimensions is used. The
parameters are varied between 2µm ≤ t ≤ 5µm; 1µm ≤ R ≤ 5µm; 1µm ≤ h ≤ 7µm.
The influence of these parameters on the macroscopic (work of separation) properties is
investigated.

In order to obtain the macroscopic interface properties from the single fibril micro-model,
a multiscale interface model is used [9, 37, 71, 110, 111]. From this scheme, the macro-
scopic traction vector ~TM can be determined for each macroscopic opening vector ~um,
which is the displacement applied to the micro-model. Note that in this chapter, the
deformation is restricted to pure mode I loading, i.e. ~um only has a normal component.
From the Hill energy condition, the macroscopic traction vector ~TM can be determined.
For the considered micro-model boundary conditions, it is simply the average traction at
the top of the micro-model.

4.4.2 Results

b) c) d) e)a)
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Figure 4.10: Several stages of the fibrillation process. Colors indicate the maximum principal true
strain. Applied deformation (a) um = 0µm (b) um = 6.3µm (c) um = 12.6µm (d) um = 18.9µm
(e) um = 25.2µm.

The results for the micro-model geometry described in section 4.4.1 are shown in this
section. Fig. 4.10 shows a representative example of the growth of a fibril from an
initially stress-free undeformed state up to the moment when the cross-sectional true
stress reaches the critical value. The displacement of selected material points is illustrated
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by the dots. In this figure, material parameter set 4 is used and the geometry parameters
are t = 4µm, R = 2µm, h = 4µm. For visualization purposes not the entire micro-model
is shown. The colors indicate the maximum principal true strain. As indicated in Fig.
4.10e, the final fibril length obtained is 26.2µm, which corresponds well with the fibril
length observed in peel tests, see Fig. 4.9a. Note that the fibril length is generally not
exactly equal to the applied displacement um, although the two quantities are closely
related.

From the micro-model simulation the macroscopic traction-separation response (TSR) is
obtained, see Fig. 4.11. The strain hardening at large deformations is prominent. From
the TSR the macroscopic work of separation is determined as the shaded area under the
curve,

ΓM =

umax
m∫
0

TM dum (4.4)

For this example, this results in ΓM = 10.0 J/m2.

Figure 4.11: Homogenized traction-separation response obtained from the single fibril micro-model.
The macroscopic work of separation is the grey area under the curve.

Fig. 4.12 shows the work of separation as a function of the geometrical parameters. In
each subfigure, one parameter is varied while the other two are kept constant. The
nominal parameters correspond to the parameters used for Fig. 4.10. Increasing the
initial fibril thickness t leads to an increase in the work of separation, whereas increasing
R and fibril spacing h leads to a decrease in the work of separation.
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Figure 4.12: Influence of geometrical variations on the work of separation. Material parameter set 4
is used and the nominal geometry parameters are t = 4µm, R = 2µm, h = 4µm. The data points are
indicated by ×. The simulations for R = 5µm and h = 1µm did not converge up to the critical stress.

Fig. 4.13 shows the traction-separation responses for the five considered material param-
eters sets, for the same geometry (t = 4µm, R = 2µm, h = 4µm). The simulations for
material 5 did not converge up to the critical stress for this geometry, due to excessive
local element distortions. Therefore, the tail of this curve for this material is estimated
by extrapolation towards the failure criterion. As expected, the applied displacement
required to reach the critical stress is larger for the more compliant materials. Even
though the critical stress is equal for all simulations, the resulting maximum homoge-
nized traction is not. This is due to the fact that the critical stress is first reached in
the smallest cross-section, which is smaller for longer fibrils. Therefore, even though the
cross-sectional stress is the same at the moment of failure, the force is smaller for the
more compliant materials, which results in a lower maximum homogenized traction.

Figure 4.13: Influence of material parameters on the traction-separation response. The geometry
parameters are t = 4µm, R = 2µm, h = 4µm. The circles indicate failure, where the critical stress is
reached in the smallest cross-section of the fibril.
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Figure 4.14: Influence of material parameters on the work of separation.

From the traction-separation responses the work of separation is calculated and the
results are shown in Fig. 4.14. The work of separation is not significantly influenced
by the value of most material parameters, i.e. the critical stress is the only important
material parameter controlling the work of separation in the fibrillation process. For other
geometries, similar results were obtained. The maximum work of separation obtained in
the present simulations is ΓM = 18.2 J/m2.

4.5 Conclusions and discussion

In this chapter, a single fibril micro-model was used to analyze the role of fibril de-
formation and its contribution to the high work of separation measured in peel tests
on PDMS-copper samples. To this end, a recently proposed micro-model was extended
with a quantitatively more realistic material model and an experimentally informed fail-
ure criterion. The applicability of the model was assessed by a single fibril experiment,
revealing that the stresses and deformations can be adequately predicted using bulk ma-
terial parameter values that are in line with the literature. A significant increase with
respect to the values obtained with the previous model (2 - 3.5 J/m2) by almost one
order of magnitude to approximately 20 J/m2 in the work of separation is a key result.
However, these results also suggest that the energy loss due to fibril growth is not the
main contribution to the work of separation.

At the microscale, the model assumed a nucleated fibril. Based on experimental obser-
vations, void nucleation was hypothesized to occur on top of the roughness peaks and
accordingly, the adhesion at this site was ignored. This implies that the hydrostatic
pressure build up leading to void formation was excluded from the analysis. Due to the
near incompressibility of the material only a limited deformation is required to reach a
significant stress level. So even though the stress associated with nucleation might be
relatively high, its contribution to the work of separation is expected to be quantitatively
insignificant. The lack of adhesion at the top of the roughness peak also means that the
adhesion energy at this particular location is not accounted for. Still, the related area is
small and the adhesion energy is too low (typically 0.1 - 1 J/m2) to provide a meaningful
contribution to the macroscopic work of separation.
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Through application of a normal load, the cavity evolves to a fibril. Upon increasing
the load, the fibril elongates by drawing of material from the bulk into the fibril and by
stretching of the material within the fibril. Finally, fracture occurred instantaneously,
releasing the elastically stored energy. Since the fracture is an unstable process, the
released energy is lost and consequently contributes to the work of separation.

During fibril growth, the deformation and stress in the model are well beyond typical bulk
values reported in the literature [26, 55, 90]. To ensure that the growth of the fibril can be
described using these bulk parameter values, a single fibril experiment was performed and
the results were compared to a dedicated model. An adequate correspondence between
experiment and model was obtained. It was concluded that the level of deformation and
stress in the model are still in a range that can be described with continuum mechanics,
using a stress-strain law that is within the experimental range from the literature.

The interface was modeled to fail instantaneously upon reaching the critical stress, whose
value was derived from the single fibril experiment. The adhesive energy was neglected
in this model setting, since it was shown in chapter 3 that its contribution to the total
work of separation is negligible.

From the verified micro-model, the influence of the initial geometry on the work of
separation was studied. As expected, increasing the initial fibril thickness triggers an
increase in the work of separation. An increase in the spacing between fibrils and the
height of the roughness peak entails an increased area of the micro-model, and as a result,
the work of separation decreases.

For a given geometry, the material parameter values have a strong influence on the
resulting traction-separation response. For a stiff material, the critical stress is reached
at limited fibril length, at a high homogenized traction. For a compliant material, the
fibril grows longer before reaching the critical stress. Since the stresses are lower for a
given fibril length for a compliant material, with a cross-section that reduces in width,
the maximum homogenized traction is lower for a compliant material compared to a stiff
material. As a result, for a given value of the critical stress, the work of separation remains
relatively unaffected by the other material parameter values, only by the geometrical
parameters. Yet, the critical assumption underlying this result is that the critical stress
is independent of the material behavior, which remains debatable. For example, Liu
et al. [67] observed that the curing temperature has a large influence on the modulus of
PDMS, and that with increasing modulus the ultimate tensile strength also increases.
This shows that a stiffer material might indeed present a higher critical stress. Clearly,
changing the critical stress will have an effect on the obtained values for the work of
separation. However, preliminary simulation results reveal that the conclusions do not
change as long as the critical stress is taken in a realistic range.

In the present analysis, fibril deformation is modeled with a suitable material model
that accounts for the large deformations occurring in the process. A significant increase
of the work of separation was recovered with respect to the previous model. Yet, one
more decade needs to be bridged to match the peel test results and close the gap in
understanding the origin of the work of separation. Apparently, at least one mechanism
that is not yet included in the model, is dominating the work of separation in peel tests.
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Literature on pressure sensitive adhesives [7] suggests such a possible mechanism, namely
the formation of secondary cavities in the material layer just above the fibrils. However,
only a small volume is associated with it. Therefore, an increase in the work of separation
by an order of magnitude through this mechanism seems unrealistic. An alternative
mechanism that might be significant is the excess of energy loss at the macroscale (not
captured in the macroscale model of a peel test), due to the discrete fibril failure at
the microscale. Since the macroscopic layer thickness is relatively large, even a limited
amount of deformation could lead to a significant energy storage.
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Energy dissipation through
fibrillating interfaces: why

discreteness matters
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Energy dissipation through fibrillating interfaces: why discreteness matters. submitted.

Abstract

High values for the work of separation have been reported in the literature for peel
tests involving fibrillating interfaces. However, the underlying mechanisms responsible
for these high values are not properly understood. In this chapter, the energy loss in
the bulk layer surrounding the fibrils is systematically investigated, using an idealized
representation of the microstructure. Using idealized loading conditions, it is shown
that the spatial discreteness of the fibrils is essential for the energy loss in the bulk
layer adjacent to the fibrils. For more realistic loading conditions, it is shown that a
larger bulk volume is deformed. These results provide a mechanistic understanding of
the physics involved with interface delamination through fibrillation. This also reveals
an intrinsic shortcoming of conventional cohesive zone formulations. Finally, it is shown
that the energy stored in the lift-off geometry of a peel test can provide a quantitative
explanation for the high work of separation measured for these interfaces.

69
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5.1 Introduction

Stretchable electronics are nowadays applied in a variety of novel products, ranging from
electronic textiles to biomedical applications [10, 33, 51–53, 64, 88, 97]. These devices
typically consist of electrical components embedded in a flexible matrix, which gives
the product its overall stretchability. To overcome the problems intrinsically related
to the difference in stretchability of the copper wiring and the rubber substrate, several
patterning strategies have been developed, such as a horseshoe shaped pattern. Yet, these
devices can only sustain a limited deformation and it has been shown that the weak spot
of the system is the copper-rubber interface, where delamination is a precursor to failure
of the device [41, 69].

Clearly, understanding the interface behavior is of key importance to engineer reliable
products. Dedicated experiments on interfacial systems provide an insight in the interface
mechanics. It has been observed that the interface delaminates through fibrillation, a
process that involves the formation, elongation and rupture of rubber fibrils [38], as
shown in Fig. 5.1. High values for the work of separation have been reported for peel
tests [38, 76, 108], the origin of which remains unclear. Unraveling this problem is of key
importance for interfacial engineering of stretchable electronics.

Figure 5.1: In situ scanning electron microscopy observation of fibrillation in a peel test.

In chapter 3, the micromechanical contributions (fibril level) to the macroscale work of
separation have been investigated. To this end, a multiscale interface framework was
used, where the macroscale interface description was extracted from a micromechanical
model. At the microscale, the fibrillation process was modeled explicitly using a single
fibril model. Mode I loading was applied to a nucleated fibril, and the response was
investigated up to the moment of fibril failure. In chapter 4, the highly nonlinear mate-
rial response at large strains was taken into account and the results were experimentally
assessed using a single fibril experiment. The dissipated energy mainly consisted of elas-
tically stored energy, that is lost through dynamical release upon unstable fibril failure.
Even though the resulting work of separation was almost 2 orders of magnitude larger
than typical values for the microscale adhesion energy, the fibrillation micromechanics
alone can not explain the high work of separation reported for peel tests on copper-rubber
interfaces.
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In the present work, the analysis is extended to incorporate the energy loss in the sur-
rounding bulk material, resulting from the microscale discrete fibril failure. Since the
fibril micromechanics only has a limited contribution in terms of energy dissipation, its
behavior is accounted for in a idealized way, retaining the essential qualitative proper-
ties. Upon loading, a fibril fails instantaneously once the critical load is reached, which
is consistent with our micromechanical results of chapters 3 and 4.

The most straightforward way to incorporate the effect of discrete fibrils in a model
would be to model each fibril as a spring, where the (nonlinear) force-extension behavior
of the spring can be determined from a micromechanical simulation. However, a major
issue with such an approach is that application of spring elements can trigger large mesh
distortions in the surrounding bulk material to which the fibrils are attached, due to the
localized force at each corresponding node in the bulk material. When the localized bulk
deformations remain small, the spring model can be adopted successfully, even though
the stress field near the spring element will not be adequately resolved in most cases.
Examples of the use of spring elements can be found in the modeling of fracture tests
[113] and the modeling of adhesively bonded joints [36]. Note that for these applications
the failure was in fact continuous instead of instantaneous. In our application, large
deformations are present in the vicinity of the fibril, so the spring model is not suited for
the present analyses.

To prevent this issue, the fibrils are modeled as a fully resolved fibrillar structure. A
vast body of literature on fibrillar structures exists, see for example the review paper
by Jagota and Hui [49]. Two main classes of fibrillar structures can be distinguished.
The first class refers to fibrillar structures that are in direct contact with the substrate,
resulting in the loss of elastically stored energy in the fibril upon detachment, which
is the main dissipative mechanism in these systems. Jagota and Bennison [48] used
such a system to study adhesion enhancement induced by a fibrillar structure. Later,
Glassmaker et al. [29], Hui et al. [44] studied the contact and adhesion between a PDMS
fibrillar structure and a rigid substrate, mainly focusing on the relation between the pull-
off stress and the properties of the fibrils. The adhesion enhancement has been studied in
more detail by e.g. Glassmaker et al. [30], Shen and Soh [93], Tang et al. [98]. Typically,
the energy loss is calculated analytically assuming linear elastic material behavior, which
enables to directly establish the amount of energy in a fibril based on a given (simple)
geometry loaded to a certain stress. Guidoni et al. [35] used finite strain elasticity to
determine the energetical contribution of the fibrils.

In the second class a terminal film is used between the fibrillar structure and the substrate.
Due to the terminal film, the crack gets arrested between fibrils, since almost no load
is transferred to the interfacial region between fibrils. This geometry has been studied
by several authors, e.g. Glassmaker et al. [31], Liu et al. [66], Noderer et al. [79], Shen
et al. [91, 92]. In short, the analysis involves determining the evolution of the energy
release rate at the terminal film-substrate interface. Increasing fibril spacing leads to a
reduction in the energy release rate and therefore to an apparent increase in the work
of separation, e.g. Shen et al. [92]. However, for large fibril spacings the analysis breaks
down, since other mechanisms, which are not included in the model, start to dominate the
problem. Additionally, and perhaps more importantly, is the fact that in the considered
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peel tests on copper-rubber interfaces no terminal film is present. Since the analyses in
the mentioned references are completely based on the presence of this film, the literature
on film-terminated geometries is of limited relevance to our work.

Returning to the first class, where the fibrillar structure is in direct contact with the
substrate, all references seem to have one aspect in common: they do not account for
the energy storage and loss in the bulk layer surrounding the fibrillar structure. Al-
though Glassmaker et al. [30] observed a discrepancy between their theoretical model
and experimental data (attributed to (viscoelastic) energy loss in the bulk region outside
the fibrils), they did not explore this effect further, and their analysis mainly focused
on the role of energy loss within the fibril. Furthermore, following the work of Noderer
et al. [79], the effect of the deformation of the backing layer was accounted for in a small
strain, linear elasticity setting by Guidoni et al. [35] in their work on contact compliance
of fibrillar structures. Long et al. [68] used a continuous elastic foundation to model the
discrete fibrils and used linear elasticity theory to relate the pull-off force of a fibrillar
array to the thickness of the surrounding bulk layer. However, the contribution of the
deformation of the bulk layer to the total energy loss was not analyzed, nor quantified, in
these studies. In this chapter, the effect of the deformation of the bulk layer on the en-
ergy loss will be investigated through nonlinear finite element simulations of the fibrillar
structure including the bulk layer, which has not been carried out before.

First, using a mode I analysis in which all fibrils fail simultaneously, we will demonstrate
that the combination of discrete spacing with unstable failure of the fibrils is essential for
the energy loss in the bulk. The influence of the spacing on the energy loss in the fibrils
will be detailed quantitatively. Then, preserving the discrete character of the system, the
energy loss in the bulk is determined for more realistic loading conditions, i.e. sequential
fibril failure. Due to the less confined geometry, a much larger volume of material deforms.
Upon fibril failure, a significant amount of energy in this volume is released in an unstable
manner, leading to a significantly larger energy loss compared to the simultaneous failure
case. This mechanism provides a physical and qualitative explanation of the high work
of separation measured in peel tests. Both mode I and mixed mode loading conditions
are considered and again the effect of the fibril spacing and width is investigated. This
part also demonstrates an intrinsic shortcoming of continuum cohesive zone models when
applied to highly compliant systems for which the discrete character is essential. Finally,
the influence of the failure stress on the results will be demonstrated, showing promising
results towards a quantitative understanding of the high work of separation measured in
peel tests for this particular interface.

5.2 Model overview

In this section, the model geometry and the loading conditions are described in detail.
First, a schematic overview of the geometry and corresponding dimensions is presented.
Next, the material parameters and the failure criterion are described. Finally, the ap-
plied loading is considered in more detail. Two distinct cases will be considered, i.e.
simultaneous failure of all fibrils or sequential failure (fibril by fibril).
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5.2.1 Geometry

The model geometry is schematically shown in Fig. 5.2. A plane strain geometry is
adopted, with out-of-plane thickness t, which will be taken as unity in the remainder of
this chapter. It consists of a bulk layer with height H = 1 mm, which corresponds to
the layer height used in the experiments by Van der Sluis et al. [108]. The bulk layer is
attached to the substrate through a fibrillar structure.

All fibrils are assumed to be in perfect adhesion with the flat copper substrate, which is a
model idealization that simplifies the analysis. For these geometries, substrate roughness
may be a limiting factor for establishing adhesion and for the interfacial properties in
general, e.g. Hui et al. [45, 46], Porwal and Hui [85], Tang et al. [98]. Furthermore, when
the fibrils are long and thin, they may stick laterally before adhering to the substrate
[29, 43, 84, 96], limiting the adhesion area and possibly deteriorating the interface prop-
erties. The resulting fibrillar structure is a geometrically idealized representation of a
more complex process. During copper-rubber interface delamination, fibrils are drawn
from the bulk material instead of being pre-existent. The fact that the fibrils are always
under tension makes lateral sticking unlikely. However, even if lateral sticking occurs
during fibril drawing, this will not reduce the adhesion properties, since these are es-
tablished before the fibrils stick to each other. Furthermore, the roughness does not
limit the adhesion area, since the rubber is casted onto the copper in an uncured state
and subsequently cured. The casting and curing enforces the shape of the rubber to
accommodate the copper geometry quite exactly, assuming perfect wetting. Hence, the
assumption of perfect adhesion is appropriate for the considered samples.

Since the stiffness of the substrate is much higher than the PDMS stiffness, the substrate
is not explicitly modeled. The substrate/fibril interaction is described by means of ap-
propriate loading conditions on the fibril. Each fibril has identical properties: height
Hf = 10µm, and width w. The spacing between fibrils is h. The influence of w on
the energy loss in the bulk will be studied in detail. A discrete structure with the fibril
width equal to the spacing, h = w, thus all having identical load carrying surface, is used
throughout this chapter for a balanced comparison.

substrate

intrinsic�interfacial�strength�pc

Hf�=�0.01�mm�

w h

H�=�1�mm

Figure 5.2: Overview of the fibrillar geometry (not to scale).
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5.2.2 Material properties

The fibril material is modeled using an Ogden formulation, which captures the strain
hardening typically observed for rubbers at large strains. The strain energy density
function W (per unit undeformed volume) is given by [70]

W =
1
2
κ(J − 1)2 +

N∑
k=1

ck
m2

k

(
λmk

1 + λmk
2 + λmk

3 − 3−mk ln J
)

(5.1)

where λi are the principal stretches, J = det(F) is the volume change ratio, F the
deformation gradient tensor, and ck and mk are material parameters. N denotes the
number of terms; N = 2 is used for all simulations in this chapter. κ is the bulk
modulus, which is essentially a penalty parameter to enforce the near incompressibility
of the material. Its value is taken such that the initial Poisson’s ratio equals ν = 0.499.
From the strain energy density function the Cauchy stress tensor σ can be determined
as:

σ =
3∑

i=1

σi ~ni~ni (5.2)

where ~ni are the eigenvectors of the Finger tensor B and the principal stresses σi are
given by

σi = κ(J − 1) +
N∑

k=1

1
J

ck
mk

(
λmk

i − 1
)

(5.3)

The material parameters are listed in Table 5.1, and they are representative for Sylgard
186, which is a commonly used rubber in stretchable electronics.

Table 5.1: Material parameters used in the simulations.

Material Reference m1 c1 m2 c2 κ
- - (MPa) - (MPa) (MPa)

Sylgard 186 Van der Sluis et al. [108] 6.8 0.00783 0.799 0.682 172.14

Failure criterion

Since the fibrillar structure in this chapter is an idealized representation of drawn fibrils,
the intrinsic adhesion represents a more complex mechanism, which also includes adhesive
mechanisms such as mechanical interlocking of the rubber in the roughness profile of the
copper substrate. The fibrils are assumed to fail instantaneously once the magnitude of
the average first Piola-Kirchhoff stress p (force per unit undeformed area) on the fibril’s
extremity reaches the critical stress pc. A value of pc = 2 MPa is here adopted, which
is motivated by the results of the micromechanical analysis of chapter 4, revealing all
characteristic features of the debonding process. The influence of its value on the results
will be shown in section 5.5.
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5.2.3 Loading conditions

Two distinctive loading cases are considered. The first case is simultaneous failure of all
fibrils under mode I loading. This loading case is often considered in the literature on
fibrillar structures, where it is named equal load sharing (ELS) [44]. For this loading
case and boundary conditions, the bulk layer is highly confined. This loading mode can
be fully analyzed by means of a single fibril, with appropriate boundary conditions, as
shown in Fig. 5.3a. The effect of the fibril width w on the energy loss in both the fibril
and the bulk will be analyzed. The fibril extremity is displaced in vertical direction until
the failure criterion is reached.

w h
2

F,�u substrate

(a) (b)

F,�u

Crack�direction

Figure 5.3: (a) Simultaneous failure of all fibrils can be simulated using a single fibril. (b) For sequential
failure, load is applied through the use of a contact body, indicated by the dashed line, oriented at a
loading angle θ. The crack propagates from right to left and the fibrils that have already failed are not
shown.

The second case is sequential failure of the fibrils. In a peel test, the fibrils do not
fail simultaneously, rather they fail sequentially as the peel front progresses through the
interface. This implies that the material is less confined than in the mode I simultaneous
failure case, since material can be drawn to the peel front from the adjacent bulk layer.
Both mode I and mixed mode sequential failure of the fibrils will be analyzed. The
loading conditions are shown schematically in Fig. 5.3b. To assure steady state peeling
conditions, the crack front is placed in the center of the geometry. The snapped fibrils
at the right of the crack front do not carry any load and are therefore not modeled (the
crack front travels from right to left in Fig. 5.3b). A contact body is displaced under
an angle θ. Once the body touches a fibril extremity, the fibril extremity is attached to
the contact body. Consequently, the fibril stretches until the failure criterion is reached.
To ensure sequential failure for the mode I case, the load is applied under a tiny angle
(θ = 1◦).

The substrate/fibril interaction is captured through appropriate boundary conditions
that are directly applied to the fibrils, enabling free contraction and rotation of the fibril
extremity. Krishnan and Hui [58] showed that the type of boundary conditions applied
at the fibril extremity has a limited influence on the resulting response under mode I
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loading. Moreover, since this chapter focuses on the bulk behavior, whereby boundary
conditions are applied at the fibril extremity, i.e. away from the bulk, their influence on
the final results are expected to be negligible.

5.3 Simultaneous fibril failure

An example of the deforming geometry is shown in Fig. 5.4. The fibril width w equals
0.01 mm. The colors indicate the strain energy density (SED). Upon reaching the fail-
ure criterion, the total SED in both the fibril and the bulk is determined. Both terms
constitute the total amount of energy that is stored throughout the loading process, and
subsequently released upon unstable failure (i.e. dissipated). If the failure would be sta-
ble, the energy would be recovered gradually and the only term in the work of separation
would be the intrinsic adhesion energy (if all materials are elastic). In the present anal-
ysis, for the considered failure criterion, the failure is always unstable, consistent with
the results of chapter 3 and all the elastically stored energy contributes to the work of
separation upon fibril failure.

Figure 5.4: Part of the model for several loading stages for the simultaneous failure case. The fibril
width w = 0.01 mm. The colors indicate the strain energy density W [N/mm2]. The (deforming)
boundary between the fibril and the bulk layer is indicated by the solid black line.
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5.3.1 Analytical approximations

First, assuming simple stress and deformation states, analytical approximations and
scaling laws for the energy loss in both the bulk and the fibril will be established.

Fibril energy loss

The fibril is assumed to be in a plane strain tension state, see Fig. 5.5a. This assumption
is similar to Glassmaker et al. [30], Guidoni et al. [35], Shen and Soh [93], Tang et al.
[98], yet the fact a nearly incompressible (as opposed to fully incompressible) finite strain
constitutive model is used here, necessitates solving the equations iteratively. The trans-
verse stress σx is equal to zero, and the tensile Cauchy stress σy is equal to pc/λx (recall
that pc is the critical first Piola-Kirchhoff stress):

σx = κ(J − 1) +
N∑

k=1

1
J

ck
mk

(
λmk

x − 1
)

= 0

σy = κ(J − 1) +
N∑

k=1

1
J

ck
mk

(
λmk

y − 1
)

= pc/λx

(5.4)

Solving the coupled equations (5.4) yields the principal stretches λx and λy. Inserting
these values in the expression for the strain energy density W , equation (5.1), allows to
calculate Wf (λx, λy) for the plane strain tension state. Note that the obtained value
for Wf does not depend on the geometrical parameters. The corresponding work of
separation is simply the amount of released energy (strain energy density multiplied by
the undeformed volume) divided by the total interfacial area (recall the unit thickness).

Γf = Wf (λx, λy)
Hf w

w + h
= Wf (λx, λy)

Hf

2
(5.5)

Bulk energy loss

At a sufficiently large distance from the fibrils, the stress state in the layer is uniform,
where the Cauchy stress in the loading direction is simply pc/2 (since w = h and λx = 1),
shown in Fig. 5.5b. Following the same approach as before, the stored energy in this layer
can be determined. For this, the following equation is solved

σy = κ(λy − 1) +
N∑

k=1

1
J

ck
mk

(
λmk

y − 1
)

= pc/2 (5.6)

where λx equals = 1 due to the boundary conditions. Solving this equation for λy and
inserting the result in the strain energy density W , equation (5.1), allows to calculate
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Wbc(λx = 1, λy) for the highly confined bulk layer. If the complete layer is in a homoge-
neous stress state, the contribution to the work of separation is simply a constant, given
by

Γbc = Wbc(λx = 1, λy)
H (w + h)
w + h

= Wbc(λx = 1, λy)H (5.7)

Figure 5.5: (a) Plane strain tension state in the fibril. (b) At a sufficiently large distance from the
fibril, the bulk layer deforms homogeneously. (c) The bulk volume that is affected by the fibril scales
approximately with w2 in the adopted plane strain geometry. α and β are scaling constants whose values
are virtually independent of w for the considered range of parameters.

However, close to the fibrils, the deformation in the bulk layer is not homogeneous, since
it is strongly influenced by the presence of the fibrils, see Fig. 5.5c. The relevant length
scale for the bulk volume that is affected by the fibrils is the fibril width w, since changing
the fibril length does not significantly affect the bulk deformation. Then, a simple scaling
analysis reveals that doubling w leads to a square increase in the deformed volume (plane
strain, constant thickness). Consequently the absolute amount of stored energy in the
bulk layer near the fibrils Gbulk scales with the fibril width squared. Note that the
absolute value of Gbulk can not be determined explicitly, but only its dependence on the
fibril width. The interfacial area only scales with w. Therefore, the work of separation
can be formulated as follows

Γbf =
Gbulk

w + h
∝ w2

2w
=
w

2
(5.8)
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Overall, the following behavior is expected:

• For small fibril widths, the volume that is affected by the fibrils is small, and the
main fraction of the work of separation originates from the homogeneously stressed
bulk layer, c.f. equation (5.7).

• For large fibril widths, the volume that is affected by the fibrils is large, and the
energy lost in the deformed bulk volume near the fibrils constitutes the major
contribution to the work of separation, c.f. equation (5.8).

5.3.2 Numerical results

Fig. 5.6a shows both the numerical and analytical values for the work of separation Γf ,
resulting from the fibril contribution only. Clearly, this part of the work of separation
can be adequately predicted (assuming plane strain tension). In addition, as one would
expect from equation (5.5), changing the fibril width w has no influence on the value of
Γf . Note that these conclusions might change when the aspect ratio w/Hf is increased
further, a regime that is not further investigated in this chapter.
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Figure 5.6: Work of separation for simultaneous fibril failure from (a) the fibril Γf and (b) the bulk
Γbc + Γbf . The dashed lines represent the analytical estimates, the solid lines are the numerical results,
where the squares indicate the data points.

Fig. 5.6b plots the work of separation resulting from energy loss in the bulk as a function
of the fibril width w. The two regimes are clearly visible. The horizontal dashed line
represents the homogeneous solution Γbc, obtained with equation (5.7). Increasing the
fibril width leads to convergence of the slope of the curve to 1, corresponding to Γbf in
equation (5.8).

This figure reveals that the absolute value of the spacing between the fibrils is important
for the energy loss in the bulk (recall that for all simulations w = h). Refining the fibril
discreteness (by reducing h and w), the additional energy loss in the bulk due to the fibrils
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converges to zero, and the only bulk term in the work of separation originates from the
homogeneously deformed bulk layer. However, the analysis shows that, for large fibril
discreteness, the energy loss in the bulk due to the fibrils might be significantly larger
than the homogeneous component. Therefore, it is essential to properly account for the
discrete character of the system.

5.3.3 Importance of bulk energy loss

For the interfacial systems considered, it has been shown in chapters 3 and 4 that the
energy loss in the fibrils is not the main dissipative mechanism. Nevertheless, it is
interesting to analyze which parameters determine which term, fibril or bulk, is important
and which modeling implications this entails. For this purpose, the relative contributions
of the fibril energy loss and the bulk energy loss are considered in more detail.

Fig. 5.6a and Fig. 5.6b show that the bulk energy loss becomes the dominant term for
fibril widths larger than approximately w = 0.01 mm. However, equation 5.5 indicates
that the fibril energy loss scales linearly with the fibril height Hf , whereas the bulk
energy loss is virtually unaffected by the fibril height. Consequently, changing the initial
fibril height will change the ratio between fibril and bulk energy loss. The relevance of
each mechanism therefore depends on all the geometrical parameters. In case the bulk
energy loss is important, it needs to be properly accounted for. Yet, if the fibril energy
loss is dominant, the discrete character of the system does not need to be preserved, since
the fibril width has no significant influence on the work of separation resulting from the
fibrils (Fig. 5.6a).

In addition to the geometry, for a multi-material system, the material properties also
play a role in determining the relative contribution of both terms. If the bulk and the
fibril have different properties (e.g. stiffness), the ratio between the two stiffnesses will
determine the contributions of both terms. Clearly, also in this case the geometrical
parameters matter. When the stiffness of the fibril is much larger than the bulk stiff-
ness, most of the energy storage will take place in the bulk and it needs to be properly
accounted for. Conversely, if the fibril stiffness is much smaller than the bulk stiffness,
the energy storage in the fibril will dominate the work of separation and this mechanism
is virtually unaffected by the fibril width.

5.4 Sequential fibril failure

In this section, the results for sequential failure of the fibrillar interface (schematically
shown in Fig. 5.3b) are presented. First, the results for mode I sequential failure are
presented and compared to the results for the simultaneous mode I failure case. The
influence of the loading angle on the results is analyzed thereafter.
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5.4.1 Mode I analysis

Fig. 5.7 shows an example of the deformed geometry, the colors indicate the SED. It can
be observed that material is drawn to the peel front from the adjacent bulk material.
Once the failure criterion is reached in a fibril (Fig. 5.7a), the strain energy in that
fibril and the strain energy in the rest of the model is determined. The fibril is released
(Fig. 5.7b) and the strain energy is again determined for both the failed fibril and the
remainder of the structure. From the change in strain energy (Fig. 5.7c shows the SED
after failure minus the SED before failure, projected on the geometry before failure),
the energy loss in the fibril and the energy loss in the bulk is calculated. Note that the
energy loss takes place in the bulk layer surrounding the critical fibril, as expected (‘SED
decrease’ in the figure). After failure, the strain energy in the next fibril increases (‘SED
increase’ in the figure).

Figure 5.7: Sequential failure of the fibrillar interface, illustration shown for w = 0.01 mm. The colors
indicate the SED [N/mm2]; the negative values only apply to figure c. (a) The fibril reaches the failure
criterion. (b) The geometry after instantaneous failure of the critical fibril. (c) SED after failure minus
the SED before failure, projected on the geometry before failure. Some of the SED decrease near the
failed fibril is recovered by the bulk surrounding the next fibril.

First, the energy release in the fibril is quantified. Fig. 5.8a shows the work of separation
resulting from the fibril energy loss for various fibril widths. For the smallest fibril widths,
the model was reduced in horizontal dimension to keep computational times within rea-
sonable limits. Comparing Fig. 5.6a and Fig. 5.8a shows that both the sequential and
simultaneous failure cases result in almost identical results for the fibril energy loss. Ap-
parently the individual fibrils are in a plane strain tension state upon failure for both
loading cases.

Chapters 3 and 4 revealed that, for the interfaces considered, the energy loss in the fibrils
is not the main dissipative mechanism. Additionally, the energy loss in the fibrils can be
predicted analytically for the fibrillar structure considered in this chapter. Therefore, in
the remainder of this chapter we will only focus on the bulk energy loss resulting from
the discrete loading by the fibrils.
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Figure 5.8: Work of separation for mode I sequential fibril failure from (a) the fibril and (b) the bulk.
The dashed line represents the analytical estimate, the solid lines are the numerical results, where the
squares indicate the data points.

Similar to section 5.3.1, the bulk energy loss is expected to scale with the fibril width.
Fig. 5.8b shows the bulk energy loss. The slope of the curve is approximately 1, but
different from simultaneous fibril failure since no plateau (corresponding to a uniformly
deformed bulk layer) is present for small w. Apparently, the energy stored in the layer,
further away from the fibrils, is not released in an unstable manner, but rather recovered
by the load bearing part of the structure in a stable manner, therefore not dissipated
and not contributing to the work of separation.

Comparing Fig. 5.6b and Fig. 5.8b, it is clear that for large w, sequential fibril failure
leads to an increase in the bulk energy loss by approximately a factor of 4 compared to
simultaneous fibril failure. These results show that the spatial discreteness of the system
is essential, since the energy loss in the bulk depends on the interfacial discreteness. This
also means that classical, continuum, cohesive zone elements can not be trivially used
to model such an interfacial system, since the cohesive zone elements do not properly
account for the spatial discreteness.

5.4.2 Influence of loading angle

Peel tests can be performed under various loading angles. For example, Neggers [76]
performed both 0◦ and 90◦ peel tests on (fibrillating) PDMS-copper interfaces. In this
section, the influence of the loading angle is investigated for w = 0.01 mm. Fig. 5.9 shows
the deformed geometry for several loading angles. For all loading angles, a volume of
bulk material is highly deformed near the critical fibril. At a larger distance to the crack
front, an increase in loading angle leads to a decrease in the number of load-carrying
fibrils, and consequently to the deformation of the bulk layer.
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Figure 5.9: Influence of the loading angle on the delamination mechanics, illustration shown for
w = 0.01 mm. The colors indicate the SED [N/mm2]. (a) The fibril reaches the failure criterion.
(b) The geometry after instantaneous failure of the critical fibril. (c) SED after failure minus the SED
before failure, projected on the geometry before failure.

From these simulations, the bulk contribution to the work of separation is determined,
see Fig. 5.10. No significant influence of the loading angle is visible. At first glance this
may seem surprising, since mode dependency is common for interface fracture toughness
values [47]. However, for fibrillating interfaces, peel test experiments reveal only a neg-
ligible mode dependency [76, 107], where it should be noted that the loading conditions
between these experiments and the present simulations are not identical. Nevertheless,
the experimental results provide evidence for the relative loading angle insensitivity found
in the model. Moreover, the numerical results provide a qualitative explanation for the
experimental results. For all applied loading angles, the bulk volume adjacent to the
‘critical’ fibril is relatively free to deform. Since the load exerted by the fibril on the bulk
is equal for all loading angles, the amount of energy stored and released in an unstable
manner in the bulk is not significantly affected by the loading angle. Indeed, Fig. 5.9c
shows that the volume where the majority of the energy loss occurs, is more or less of
equal size for all loading angles. On the other hand, the loading state further away from
the ‘crack front’ is completely different for different loading angles. However, the unstable
bulk energy release mainly occurs in the vicinity of the failing fibril, not in the material
further away; otherwise a clear effect of the loading angle would have been visible.
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Figure 5.10: The bulk work of separation is not significantly influenced by the loading angle.

5.5 Influence of the failure stress

In this section the influence of the critical stress pc on the results is investigated for
sequential failure. To study the influence of the critical stress, a loading angle of 45◦

is used. The choice for this loading angle originates from observations in earlier work,
where it was shown that the peel force in a 90◦ peel test is actually transferred through
the interface at an angle of approximately 45◦ [76]. Furthermore, the critical stress has
a strong influence on the height of the peel front [38]. For larger loading angles, the
lift-off geometry identified experimentally is clearly visible in the simulation results. To
illustrate this, the case w = 0.01 mm is considered. The critical stress is varied between
pc = 0.5 MPa and pc = 4 MPa. The deformed geometries are shown in Fig. 5.11. For
pc = 0.5 MPa hardly any lift-off geometry is present. Increasing the critical stress leads
to an increase in the peel front height.
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Figure 5.11: The critical stress pc has a strong influence on the delamination mechanics, illustration
shown for w = 0.01 mm. The colors indicate the SED [N/mm2]; note the different scale on the strain
energy density colorbar. (a) The fibril reaches the failure criterion. (b) The geometry after instantaneous
failure of the critical fibril. (c) SED after failure minus the SED before failure, projected on the geometry
before failure.

Fig. 5.12a shows the bulk work of separation as a function of the critical stress. The
critical stress strongly influences the work of separation. However, the slope of the curve
slightly decreases with increasing critical stress. This is caused by the hardening in
the rubber material response. For sufficiently high values of pc the material response is
highly nonlinear and only a minor increase in deformation (accompanied by only a small
increase in energy storage) is required to achieve considerably higher stress levels.
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height.

The deformed geometries show that the peel front height increases with increasing critical
stress. The peel front height (as defined as indicated in the inset of the figure) versus
the critical stress is shown in in Fig. 5.12b. The shape of the curve is similar to that of
the work of separation, and consistent with the explanations given.

5.6 Peel test results revisited

To investigate whether there is a relation between the peel front height and the work of
separation, several fibril width values are considered. For each fibril width, the critical
stress is varied between pc = 0.5 MPa and pc = 4 MPa. Fig. 5.13 depicts the work of
separation as a function of the peel front height, for all investigated fibril widths. Even
though the slopes of the curves are not completely identical, the data reveals an adequate
match. Although not shown in this chapter, for other ratio’s of h/w similar curves were
obtained. As expected, for a given critical stress, the smallest fibril width results in the
smallest peel front height and thus the smallest work of separation. This implies that the
fibril dimensions determine the stress level required to obtain a certain peel front height.
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Figure 5.13: Work of separation versus the peel front height for several fibril widths. Extrapolation of
the results indicates an adequate match with the experimental data obtained for 90◦ peel tests of the
same PDMS grade, indicated by the circles.

These results suggest that, independent of the fibril morphology, the peel front height
can be used to predict the work of separation. In fact, the energy stored in the lift-off
geometry appears to be the main factor controlling the work of separation. Indeed, the
available experimental data on 90◦ peel tests of the same PDMS grade (indicated by
the circles in Fig. 5.13) supports this hypothesis. Note that the simulation results only
concern the bulk work of separation, whereas the experimental results also include the
contribution of the fibrils, which was shown to be in the order of 10 J/m2 in chapter 4.
Neggers [76] reported a work of separation of 100 J/m2 at a peel front height of approx-
imately 0.2 mm, although they used a PDMS layer with a height of 0.75 mm instead of
1 mm. For this peel front height, without knowledge of the exact fibrillar microstructure,
the model data used here suggests a work of separation of 89 J/m2, which is reasonably
close to the experimental value, especially considering the absence of the fibril contribu-
tion in the model result. Using a different substrate, they measured a work of separation
of 300 J/m2 at a peel front height of approximately 0.5 mm. Extrapolation of the present
results leads to 356 J/m2 for this case. Finally, using a PDMS layer with the same height
as used here, Van der Sluis et al. [108] reported 1343± 51 J/m2 at a peel front height of
1.31 ± 0.02 mm. The extrapolation used here suggests a value of 1499 J/m2, which is
again a good quantitative approximation of the experimentally measured value.
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5.7 Conclusions and discussion

This chapter presents a systematic investigation of the effect of spatial discreteness cou-
pled with unstable failure on the work of separation in fibrillating interfaces. Emphasis
is put on the macroscale energy loss induced by the microscale fibril failure. First, the
relevance and importance of the spatial discreteness is established for idealized loading
conditions. Then, more realistic loading conditions are employed to gain a mechanistic
understanding of the physics involved with interface delamination through fibrillation,
identifying a previously missing dissipative mechanism. The relevant controlling param-
eter is the critical stress. Finally, it is demonstrated that this mechanism, through the
energy stored in the lift-off geometry, provides a quantitative explanation for the high
work of separation measured for these interfaces, independent of the exact fibril mor-
phology.

The hypothesis that the lift-off geometry suffices to predict the work of separation ap-
parently contradicts the statement that microscale discreteness is essential. However,
without properly accounting for the discrete character of the microstructure, unrealisti-
cally high values for the interface strength would be required.

For a spatially discrete system, such as the considered fibrillating interface, the energy
stored throughout the fibril and its vicinity, is released at some distance from the re-
maining strained part of the sample. Deformation waves travel through the (damping)
material and part of the released energy will be dissipated and contribute to the work
of separation, as demonstrated in this chapter. For a continuous interface, the released
strain energy is transferred to the directly adjacent strained part of the structure [30]
and the energy loss mechanism is less efficient. Classical continuum cohesive zone mod-
els notably suffer from this issue, since they can not account for the spatial discreteness.
For the simultaneous fibril failure case, when properly accounting for the instantaneous
fibril failure, the bulk energy loss can be adequately captured with cohesive zone for-
mulations, since no stored energy remains in the sample after simultaneous failure of all
fibrils. However, for cohesive zone modeling of sequential failure, the strained material is
continuously linked to the material releasing energy, and as a result the only contribution
to the work of separation originates from the cohesive zone itself, as can also be observed
in the results of chapter 3.

Previous work on peel tests on fibrillating interfaces used cohesive zone formulations
[38, 108], which do not account for the spatial discreteness, nor the unstable fibril failure
mechanism. Both aspects are essential for the energy loss contributed by the bulk.
Consequently, assuming no dissipation in the bulk rubber material, all experimentally
measured dissipation is lumped into the interface. The governing model parameter is
the cohesive zone work of separation, whereas this chapter clearly shows that the critical
stress is the most important physical parameter. Even though an apparent overall good
agreement between cohesive zone models and experiments is claimed, the physics of the
problem is not properly captured.
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The analysis carried out assumed a 2D plane strain geometry. Quantitatively predicting
3D effects is not straightforward. However, it is not expected that such a 3D extension
would lead to a significant increase in the microscale energy loss. Additionally, since the
results indicate that precise knowledge of the microstructure is not required to predict
the work of separation for a given peel geometry, using a more accurate representation
of the microstructure is not expected to alter the main findings and conclusions of this
chapter. Nevertheless, the required critical stress level to obtain a given peel front height
may be affected.





Chapter 6

Discussion

Interfacial delamination is a major problem for stretchable electronics reliability, since
delamination is a precursor to failure of the product. The main delamination mechanism
is fibrillation, which involves the formation, elongation, and failure of rubber fibrils. High
values for the work of separation have been measured in peel tests. Understanding the
origin of these values is of key importance towards engineering of reliable stretchable
electronic devices. This thesis aimed to identify and investigate the relevant dissipative
mechanisms during fibrillation, by means of a multiscale numerical approach.

6.1 Main results

6.1.1 Micromechanical model

The micromechanical analysis focused on the behavior of a single fibril, which was macro-
scopically loaded up to failure in mode I loading conditions. Only mode I loading was
considered, since it has previously been shown that the influence of the loading angle on
the work of separation in peel tests for fibrillating copper-PDMS interfaces is negligible
[76, 107]. Consequently, the complex interplay between the rubber material behavior, the
intrinsic adhesion, and the resulting fibrillation was studied in chapter 3. It was shown
that the fibril forms through stretching of the fibril, and by drawing of new material from
the adjacent bulk material. Upon reaching the failure criterion, the fibril debonds in an
unstable manner. Consequently, even though the adopted hyperelastic material descrip-
tion is non-dissipative in itself, all elastically stored energy is lost through dynamical
release. This process was shown to be the main dissipative mechanism, resulting in a
work of separation of Γ = 3.5 J/m2. Furthermore, variation of the intrinsic adhesion pa-
rameters showed that it is the adhesion strength Tmax, rather than the adhesion energy,
that governs this dissipative mechanism.

91
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In chapter 4, the typical stress upsweep of rubbers at large deformations was taken into
account and fibril fracture was considered as the limiting failure mechanism. For either
debonding or fracture the failure becomes unstable, and consequently all the elastically
stored energy in the fibril is lost. Consequently, the actual fracture mechanism is not
essential for the resulting dissipation. The rupture strength was obtained from a single
fibril experiment, and an adequate agreement between the experimental and model re-
sults was obtained, confirming the relevance of the applied constitutive description. The
results indicated that, for a given rupture strength, the microscale work of separation is
not significantly affected by the other material parameters, emphasizing the role of the
rupture strength. A significant increase in the work of separation compared to the results
of chapter 3 was observed (to Γ = 18.2 J/m2). Nevertheless, the results revealed that the
energy storage and subsequent release at the microscale is insufficient to explain the high
values for the work of separation measured in peel tests, contrary to the hypothesis that
the microscale rubber fibrillation and subsequent fracture is the main explanation [108].

6.1.2 Scale transition

Cohesive zone approach

The multiscale method presented in chapter 3 is based on a macroscale continuum co-
hesive zone formulation. Instead of applying a predefined traction-separation law, the
macroscopic interface description uses a traction-separation response, obtained directly
from the micro-model through a consistent computational homogenization scheme. The
main advantage of this method is that the macroscopic traction-separation response di-
rectly results from the fibrillation micromechanics, and it naturally incorporates all the
microscale mechanisms accounted for in the micro-model. It ensures that the traction-
separation response depends on the micromechanical loading conditions, which is an
obvious advantage compared to classical single scale cohesive zone approaches.

Because the micro-model has a finite thickness, its volume was accounted for at the
macroscale; for initially zero thickness cohesive zone elements, the micro-model volume
(and dissipation therein) would be accounted for twice (once at the microscale and once at
the macroscale). However, for cohesive zones having an initial thickness, some issues may
arise concerning their rotational equilibrium. Typically, in finite element formulations,
rotational equilibrium is only enforced locally in bulk elements through the symmetry of
the Cauchy stress tensor, and therefore a lack of rotational equilibrium in the cohesive
zones will propagate to the global level. Chapter 2 quantified the error resulting from the
lack of rotational equilibrium and showed that, for an aligned traction vector, rotational
equilibrium in the cohesive zone is unconditionally satisfied, resulting in a zero error.
Because of the fibrillar microstructure, it can be assumed that the traction vector is
approximately aligned with the opening vector (fibrils can only transfer load along their
axis [106]) and the resulting error for the system considered in this thesis will be negligible.
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Discrete approach

The microscale dissipation in a fibril remains relatively small due to the fact that the
associated volume is small. However, at the macroscale, a much larger volume deforms
during delamination. Energy loss in the macroscopic lift-off geometry, surrounding the
delamination front (not incorporated in the micro-model), was accounted for in chapter 5
by retaining the spatially discrete character at the macroscale. The microscale response
was accounted for in an idealized manner, which is accurate enough to capture the
essential mechanics. The results showed that changing the width of the fibrils, while
keeping the ratio of the fibril spacing to the fibril width constant (to vary the discreteness
for the same amount of rubber bonded to copper), has a profound effect on the resulting
work of separation. The work of separation resulting from the local bulk deformation
induced by the fibrils scales with the width of the fibrils; increasing the fibril width (and
spacing) leads to a profound increase in the work of separation.

It was shown that a significant amount of energy can be stored and released in an unstable
manner in the lift-off geometry. The value of the failure stress has a major impact on
the results; an increase in the failure stress is accompanied by an increase of the lift-off
geometry height (and thus to the deformed volume). Consequently, this leads to an
increase in the work of separation. Furthermore the model adequately reproduced the
relative loading angle insensitivity found in experiments on fibrillating interfaces [76, 107].
The energy loss in the lift-off geometry provides a good explanation for this behavior,
consistent with the results of chapter 3 and 4.

The main result of this chapter is that the energy stored in the lift-off geometry can
provide a quantitative explanation for the high values of the work of separation measured
in peel tests on copper-PDMS systems (extrapolation of the model data to higher values
of the failure stress resulted in Γ = 1.3 kJ/m2). In fact, it was shown that the work of
separation is independent of the precise fibril morphology for a given lift-off geometry
height, comfirming the importance of the energy stored in the lift-off geometry.

6.2 Retrospect and outlook

6.2.1 Micromechanical model

It was shown that the fibril failure stress is the key micromechanical parameter, both
for failure through debonding and failure through fracture. In the case of debonding, a
mechanism that was not taken into account in this thesis is mechanical interlocking [119].
The samples are created by casting the rubber onto the copper substrate and subsequent
curing. During casting, rubber flows into the copper valleys and it forms a mechanical
interlock. The interlocking effectively provides a high bonding strength, which can be
higher than the intrinsic interface strength. In fact, when the effective bonding strength
approaches the fracture strength of the fibril, the dominant failure mode may switch from
debonding to fracture. This failure mode has been observed experimentally, highlighted
by the fact that experimental analysis of the peeled-off fracture surfaces revealed a large
amount of rubber present on the copper film [76].
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In chapter 4, a single fibril experiment was used to assess the relevance of the adopted
constitutive model, based on an Ogden formulation. An aspect that was not accounted
for in the model is the effect of the growth of the fibril surface; the adopted formulation
only considered bulk terms. Indeed, surface terms are typically considered to be relevant
at nanoscale dimensions [19, 23, 72], whereas the fibrils have dimensions in the order of
µm (both in the peel test and the single fibril experiment).

Another aspect that was not considered in either the single fibril experiment or the model,
is cavitation, which is the initial phase of fibrillation. The model geometry reflected an
initially nucleated fibril, which avoids the analysis of prior void initiation. Even though
the cavitation is a key mechanism for the initiation of the fibrillation process [60, 119], it
does not seem to be important in terms of dissipation. For a fully bonded material layer,
the stress at the top of the roughness peaks will rapidly increase upon loading, leading to
low energy storage before cavity formation, as cavitation is a stress-driven mechanism.
In fact, Lakrout et al. [60] showed that the majority of the energy is lost in the growth
of the fibrils, instead of during the cavitation phase, which confirms this assumption.

Overall, an adequate agreement between the single fibril experiment and the model was
obtained in terms of the forces and deformed local geometry, indicating that no relevant
mechanisms of the single fibril experiment are missing in the model.

The fibril rupture strength was extracted from the experiment in chapter 4. Even though
the numerical results are in adequate agreement with the single fibril experiment, it was
shown in chapter 5 that the actual rupture strength might still be underestimated, since
extrapolation of the results (to higher rupture strength levels) is necessary to obtain the
actual lift-off height obtained in experiments.

An open issue related to the rupture strength is the material behavior, and more specif-
ically the material behavior at large strain rates. A hyperelastic material model was
adopted, which is suitable for PDMS at the relatively low strain rates occurring dur-
ing typical characterization experiments [108], in which no significant hysteresis was
observed. The material model was also shown to be adequate for the single fibril exper-
iment in chapter 4. However, the strain rates in the fibrils in a peel test may go beyond
the rates for which the characterization experiments were performed. For example, if
the fibril is assumed to deform at the same speed as the clamp displacement rate (e.g.
100 µm/s) to a final fibril length of 30 µm, a simple estimate based on the single fibril
model indicates that a final stretch ratio λ = 7 corresponds to an elongation rate of
approximately λ̇ = 23/s. This high strain rate could lead to a change in material be-
havior, and perhaps to a (significantly) higher stress at fracture. It would probably also
lead to a rate dependent interface behavior, which has been observed for other material
systems [76]. Unfortunately, no relevant experimental data is available for the material
system considered in this thesis. This characterization remains a major challenge, since
obtaining strain rates comparable to those during the peel test, in a controlled setting,
is problematic from multiple perspectives. Most importantly, it is difficult to precisely
control the (high) strain rate at the microscale. In addition, only optical microscopy can
be used, since the scanning rate of the SEM is too low to produce any useful images
during the fast experiment.
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6.2.2 Scale transition

Several key mechanisms to provide tough interfaces at the macroscopic level of the copper-
PDMS system were identified. Energy loss occurs through the release of elastically stored
energy in the fibrils in an unstable manner. The energy in a fibril is lost upon failure and
consequently contributes to the work of separation. Furthermore, for a spatially discrete
system, loss of elastically stored energy also occurs in the bulk material. For realistic
loading conditions, a significant amount of energy is stored, and released, in the lift-off
geometry. This, in fact, was observed to be the main contribution to the overall work of
separation. Clearly, this mechanism is more efficient for highly compliant materials, such
as the rubber considered in this thesis. Finally, a strong attachment of the fibril to the
substrate is required (high failure stress), otherwise the interface can not carry enough
load to deform the bulk layer significantly.

The cohesive zone multiscale method applied in chapters 3 and 4 naturally incorporates
all the microscale mechanisms, accounted for in the micro-model, in the macroscale
traction-separation response. It ensures that the traction-separation response depends
on the micromechanical loading conditions, which is an advantage compared to classical
single scale cohesive zone approaches. However, it still relies on a continuous macroscopic
interface description and thus can not account for the spatial discreteness of the system
at the macroscale. Therefore, the released strain energy in the bulk material is not
dissipative at all (i.e. it is fully recovered). Consequently, the only contribution to the
macroscopic work of separation originates from the cohesive zone, i.e. the micro-model
dissipation, and the energy loss in the macroscopic lift-off geometry is not properly
captured. This implies that classical cohesive zone approaches should not be used to
model interfacial systems for which energy loss due to spatial discreteness is essential, such
as the copper-PDMS system. Otherwise, to obtain a good match between the experiment
and the model in terms of the load-displacement curve, all measured dissipation needs to
be lumped into the cohesive zone work of separation. Even though an apparent overall
good agreement between cohesive zone models and experiments is claimed using this
approach [38, 108], the physics of the problem is not properly captured.

It was shown that the microstructure, both in terms of geometry and rupture strength,
is of key importance for the obtained lift-off geometry and thus the work of separation,
indicating the importance of accurately accounting for the microstructure at the macro
level. However, the models in chapter 5, using a highly idealized representation of the fib-
rils, already contain a significant amount of degrees of freedom. Incorporation of a more
advanced micro-model will therefore prove to be unfeasible from a computational point
of view. Furthermore, all results in this thesis have been obtained for 2D or axisymmetric
geometries. For a single fibril loaded under mode I this can be justified, however, to prop-
erly account for the micromechanical phenomena, an extension to 3D seems necessary.
This will add to the computational load and a straightforward extension to a 3D con-
tinuum setting at the macro level is impossible with the current state of computational
power. Therefore, alternative modeling strategies will need to be developed.
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6.3 Conclusions

The results presented in this thesis provide new insights in the main dissipative mech-
anisms of delamination through fibrillation, and in fact have the potential to revise the
methods on the bases of which these interfaces are investigated and characterized. A
quantitative understanding of the high work of separation measured in peel tests for
these interfaces is obtained. In conclusion, the key findings of this thesis, valid for the
copper-PDMS system, are:

• The elastically stored energy in the fibril is lost upon instantaneous fibril failure.
The contribution of this mechanism to the overall work of separation is one order
larger than the adhesion energy, but still small relative to the total macroscopic
value.

• The spatial discreteness of the fibrils is essential for the energy loss in the bulk
material. The energy loss in the macroscopic lift-off geometry can explain the high
values of the work of separation measured in peel tests for fibrillating copper-rubber
interfaces.

• The relevant microscopic controlling parameter is the failure stress, both for failure
through debonding of the fibril and for failure through fibril fracture.

• Classical cohesive zone formulations can not capture the spatial discreteness of
the fibrils and therefore do not adequately model systems for which the spatial
discreteness is essential.

• Rotational equilibrium is generally not satisfied for a cohesive zone with a finite
thickness. For an aligned traction vector, rotational equilibrium is unconditionally
satisfied.
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