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Summary
Mechanics of phase boundaries in multiphase steels

Economic and environmental issues are leading to innovations throughout the industry.

For example, in the automotive industry an important aspect is the weight reduction of a car.

The challenge is to use materials with low weight, yet with a high resistance to deformation for

safety reasons. This challenge has led to the development of Advanced High Strength Steels, e.g.

Dual Phase (DP) steels. These steels have a complex microstructure which is induced during

their production. The microstructure of DP steels consists of a soft ferrite matrix embedding

harder martensite islands, leading to a higher strength and hardening compared to solely ferrite.

Understanding this influence is the key to developing new, better suited materials and more

predictive material models for use in the industry.

The goal to be realized in this thesis, is to understand the role played by dislocation transport

and dislocation interactions, especially near the phase boundary, in the typical behavior of

advanced steels, like DP steels. As dislocations are the carriers of plastic deformation in metals,

microstructural influences which affect their motion have an important effect on the resulting

macroscopic response.

For reasons of transparency and simplicity, the model representing a DP microstructure is limited

to an idealized two-phase laminate of a soft and a hard phase, i.e. one in which the dislocations

move easily and one in which they experience a significantly higher drag resistance. An implicit

finite element implementation for the continuum crystal plasticity model including dislocation

transport was derived, using a refined continuum expression for the short-range dislocation

interactions.

Material and geometrical parameters are varied to investigate their effect on the overall material

response. In addition, the interface properties of the phase boundary are varied, ranging from a

transparent boundary to an impenetrable barrier for dislocations. In between these extreme cases,

the interface behavior is modeled as an additional constitutive equation dictating the dislocation

flux as a function of the driving force exerted by the interaction with the surrounding dislocations.

The result of the continuum dislocation transport model is compared to classical averaging

techniques, e.g. Taylor and Sachs averaging.

The continuum dislocation transport model reveals a composite behavior that cannot be captured

by classical averaging methods. Despite the idealization, the characteristic behavior of DP steel

could be captured, such as the low yield stress and a high amount of gradual hardening. Moreover,

interesting size effects emerge due to the dislocation transport, even in the absence of a discrete,

physical phase boundary in the model. The transport of dislocations and the resulting interactions

appear to be important factors for accurately predicting material and size effects in poly-crystalline

metals. Different single and double slip system orientations give rise to different long-range

stresses, affecting the formation of boundary layers at the phase boundaries, and ultimately, the

overall material behavior.
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CHAPTER1
Introduction

1.1 Background & Motivation

Economic and environmental issues have an impact on the engineering of many industrial prod-

ucts. The automotive industry is no exception; the need for stronger, yet lighter materials increases

as car manufacturers wish their vehicles to be lightweight, e.g. for fuel efficiency and material cost,

while at the same time improving the car’s safety [Beardmore, 1981]. An ideal material is strong,

and ductile with high energy absorption capabilities. However, there is a trade-off between strength

and total elongation, characterizing brittle or ductile behavior, where strong materials are often un-

able to deform significantly prior to failure, while ductile materials often are unable to reach a high

strength.

The need to improve these materials has led to the development of steels with a mixture of proper-

ties of brittle and ductile phases. Within the class of Advanced High Strength Steels (AHSS), Dual

Phase (DP) steels are a typical example. These steels consist of a combined ferritic and marten-

sitic microstructure, schematically depicted in Figure 1.1. Ferrite is a relatively soft phase, used

in conventional forming steels like Interstitial Free (IF) and mild steels, whereas martensite is a

harder, yet more brittle phase. While martensitic steels are usually not suitable for use in auto-

motive applications due to their low formability, the addition of a martensitic phase in a ferritic

matrix results in an overall increase in yield strength and hardening compared to purely ferritic

steels [Balliger and Gladman, 1981, Sarosiek and Owen, 1984]. This enables lightweight structures

which nevertheless have a high resistance to deformation, resulting in safe and fuel-efficient cars.

Microstructural parameters such as the size and volume fraction of martensite islands in the ma-

terial have an influence on the overall properties. However, optimizing the material by varying

the geometry and volume fraction of the phases experimentally, such that the desired properties

are obtained, is time, effort and material consuming. Therefore, numerical models are desired

to predict qualitative and quantitative effects on the macro scale, based on the properties of the

microstructure [Wan et al., 1981, Jiang et al., 1995]. It should include the relevant underlying me-

chanics characterizing the plastic behavior of such multi-phase poly-crystalline metals, in order to

qualify and quantify the macroscopic material response using a computational model. Capturing

the multi-scale nature of plastic deformation and the relevant mechanics on each scale is not a

straightforward task.

1



2 Chapter 1. Introduction

Figure 1.1: Schematic representation of Dual Phase (DP) steel, where the grains in
black are the martensite islands and the grains in grey represents the
softer ferrite phase.

1.2 Microstructural modelling

The crystal plasticity framework developed in the early 70’s ([Lee, 1969, Rice, 1971,

Hill and Rice, 1972]) proved to be a powerful theoretical framework for describing the be-

havior of crystalline materials. The basic approach is the decomposition of the deformation

in an elastic and a plastic part [Lee, 1969]. The plastic contribution to the total deformation

is the result of plastic slip on distinct slip systems. The orientations of the slip system in

each individual crystal is explicitly taken into account, such that the anisotropic nature of

(poly-)crystalline metals is captured naturally. However, the introduction of new materials,

which rely on the interaction of multiple phases to achieve superior properties, highlighted the

drawbacks of conventional crystal plasticity models. A large body of experimental and theoretical

work demonstrated that size effects in material modeling become important when microstruc-

tural features and dimensions are changed [Fleck et al., 1994, Fleck and Hutchinson, 1997,

Arzt, 1998, Nix and Gao, 1998, Stölken and Evans, 1998, Klein et al., 2001, Geers et al., 2006,

Janssen et al., 2008, Geers et al., 2009]. Despite the incorporation of a certain degree of discrete-

ness of plastic deformation and the anisotropic behavior of individual crystals, the classical crystal

plasticity framework is not capable of modeling these size effects. These size effects are important

in order to explain the different macroscopic responses of DP steels as the microstructure is

changed. This clearly indicates that some underlying microstructural mechanisms of plasticity are

missing in such classical approaches.

These insights have lead to a class of higher-order (crystal) plasticity models, which ex-

tends the classical plastic formulation by including a dependence on the gradients of

plastic strain (phenomenologically) related to the presence and storage of dislocations in

the material [Aifantis, 1984a, Mühlhaus and Alfantis, 1991, Fleck and Hutchinson, 1997,

Gao et al., 1999, Arsenlis and Parks, 1999, Acharya and Bassani, 2000, Shu et al., 2001,

Gurtin, 2002, Gudmundson, 2004]. In addition, different models were developed including im-

plicitly the transport of dislocations on glide planes [Groma and Balogh, 1997, Groma et al., 2003,

Hochrainer et al., 2007, Kratochvíl and Sedlac̆ek, 2008]. Plasticity of a material occurs naturally
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as a result of the collective motion of dislocations. In any case, to include a physically correct

model for plastic deformation on a large scale, the underlying mechanisms governing the behavior

of dislocations should be properly included in a continuum model.

1.3 Continuum modelling of dislocations

In 1934, Orowan [Orowan, 1934], Polanyi [Polanyi, 1934] and Taylor [Taylor, 1934] reasoned that

plastic deformation could be explained in terms of the motion of dislocations. A dislocation is a

line defect in the atomic lattice, and the motion of these defects results in permanent deformation

of the lattice. Thus, plastic deformation of a metal is the result of the collective motion of disloca-

tions. Understanding the behavior of dislocations is key for realistic modeling. However, relating

the scale where individual dislocations can be tracked andmodeled [Amodeo and Ghoniem, 1990a,

Amodeo and Ghoniem, 1990b, van der Giessen and Needleman, 1995] to the scale where the mi-

crostructure is resolved is not straightforward.

In order to model the effect of dislocations onmacroscopic plastic deformation, a scale transition is

needed between the length scales of individual dislocations, the microstructure and the application.

Nye [Nye, 1953] described a connection between certain deformation modes of a single crystal and

the net amount of dislocations present in the crystal, instead of looking at a single dislocation. The

pioneering work of Kroner [Kroner, 1962], Mura [Mura, 1987] and Kosevich [Kosevich, 1979], using

the observations of Nye [Nye, 1953], enabled a continuum description of dislocations in terms of a

continuous plastic distortion of the crystal lattice. This distortion itself is assumed not to generate

any stress, but gives rise to lattice incompatibility. Therefore, the lattice must deform elastically

in order to restore the overall compatibility, and it is this elastic deformation which gives rise to a

stress field, which is easily obtained by solving a straightforward elasticity problem.

The continuum theory for dislocations was originally developed for individual, or at least a small

amount of dislocations. Although the theory can be used for the continuum representation of a

large collection of dislocations to some extent, dislocations on a large scale cannot be trivially col-

lected in a single dislocation density to correctly describe plastic behavior of a material, as not

all dislocations contribute in the same way [Ashby, 1970, Fleck and Hutchinson, 1997]. Ashby

[Ashby, 1970], derived a direct relation between deformation and work hardening (or strain harden-

ing) of a crystal and the underlying density of dislocations. This density was divided in two types,

the so called Geometrically Necessary Dislocations (GNDs) and Statistically Stored Dislocations

(SSDs). GNDs are dislocations that are accumulated when non-homogeneous deformation results

in lattice incompatibility; a relation thus exists between gradients of plastic deformation and the

GND density. On the other hand, SSDs are dislocations which are accumulated by random mutual

events in a crystal, e.g. nucleation, multiplication, annihilation. There is no clear geometrical rela-

tion describing the accumulation of SSDs, hence the term Statistically Stored.

In addition, it was reasoned by Ashby [Ashby, 1970] that both types of dislocations are obstacles for

the motion of other dislocations, leading to short-range interactions (by the repelling or attractive

nature of dislocations) and long-range interactions, which is the result of the (collective) internal

stress field of accumulated (geometrically necessary) dislocations. Due to the short-range inter-

actions, dislocations can form a barrier which restricts the motion of other dislocations, thereby

restricting plastic deformation. These interactions may result in the observed work-hardening (or

strain-hardening) of the material.
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The resulting long-range stress field induced by the presence of a GND density, is naturally cap-

tured in a continuum crystal plasticity framework. However, by representing the dislocations in a

density, the information of the local underlying dislocation structure is lost. This implies that the

short-range stress field resulting from the individual arrangement of dislocations is missing. This

short-range effect is local, yet important in microstructures, e.g.in the case of dislocation pile-ups,

where dislocation interactions matter.

1.4 Dislocations at the phase boundary

The effect of dislocation interactions and pile-ups is exploited in Dual-Phase steels, where the pres-

ence of the harder martensitic phase and the phase boundaries constitute obstacles to dislocation

motion [Werner and Stüwe, 1985]. At the interface between the ferrite and martensite, the rela-

tively harder martensite islands obstruct the motion of incoming dislocations, thus resulting in a

boundary layer of piled-up dislocations. These dislocations are of the GND type, because they ac-

commodate the difference in plastic deformation between the ferrite and the martensite phase, by

allowing the lattice of the ferrite to undergo a certain curvature. Because of their repelling nature

these dislocations form an obstacle for other moving dislocations. Therefore, a higher stress must

be applied for plastic deformation to occur and this can be observed macroscopically as additional

hardening. The material hardening increases with a finer microstructure, i.e. smaller grain or

phase sizes, due to the net increase of interfacial surfaces on which dislocations will impinge.

The second consequence is that the pile-up against the martensite boundary results

in a higher (local) stress in the martensite phase. This may cause the marten-

site to yield, decreasing the additional hardening and strength of the material. In

some cases, the higher stresses can result in the de-cohesion of the phase boundaries

and thus result in the initiation of damage. Including the influence of (pile-ups of)

dislocations is an important consideration in predictive, computational models. Stud-

ies of dislocation pile-ups [Chou and Li, 1969, Pande et al., 1972, Voskoboinikov et al., 2007b,

Voskoboinikov et al., 2007a, Kochmann and Le, 2008, Roy et al., 2008, Baskaran et al., 2010,

Mesarovic et al., 2010, Schouwenaars et al., 2010] indicate that it is possible, but not trivial to in-

clude the correct behavior of structured dislocations. Roy et al. [Roy et al., 2008] show that there is

a difference between a discrete and continuum analysis in the modeling of dislocation pile-ups, es-

pecially regarding short-range interactions between dislocations. A pile-up of dislocations against a

barrier cannot be correctly captured by a continuum description in which the dislocation defects are

completely smeared in space. A certain amount of discreteness in the continuum approximation is

required for a non-vanishing short-range stress field governing the pile-up behavior. Furthermore,

the accumulation of these short-range stresses may become a significant contribution to the driving

force on dislocations. In order to capture a realistic behavior in a continuummodel, especially near

a boundary, both long-range and short-range dislocation interactions should be correctly accounted

for.
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1.5 Aim & Scope of this thesis

Themain objective in this thesis, is to understand the role of dislocation transport and interactions,

especially near a phase boundary, and to unravel its contribution to the behavior of advanced steels,

like DP steels, which rely on such microstructural features to enhance the overall performance.

Investigating the role of dislocations is indispensable for a qualitative and quantitative analysis

of the properties of these materials on the application scale. The transport of dislocations and

their corresponding interactions with obstacles are explicitly taken into account, to ensure that

hardening and size effects are adequately retrieved.

Based on the work on the modeling of dislocation transport in a continuum statistically formu-

lated framework [Zorski, 1968, Groma and Balogh, 1997, Zaiser, 2001, Groma et al., 2003,

Yefimov et al., 2004, Kratochvíl and Sedlac̆ek, 2008] and the observations found in

[Roy et al., 2008, Geers et al., 2009], it is imperative for a predictive, macroscopic model to

account for the relevant fine-scale details to obtain an accurate representation of the underlying

mechanics. The approach adopted here is to derive the continuum constitutive equations for the

(collective) motion of dislocations through the upscaling of the behavior of individual dislocations.

To achieve the goal, focus is first put on the actual transport of dislocations on their glide planes.

A continuum expression for the short-range dislocation interactions will be formulated next in

order to enable the correct pile-up behavior against boundaries. The Finite Element Method

(FEM) is used to solve the governing equations in the framework of crystal plasticity. As the

governing equations include transient and non-linear constitutive behavior, an implicit and

iterative solution strategy is adopted. Upon establishing such a numerical (FEM) framework, the

influence of dislocation transport and interactions on the macroscopic material response should

be investigated.

To focus on the role of dislocation transport and dislocation interactions, an idealized periodic

two-phase laminate is considered, containing both a hard and a soft phase. The idealization of the

microstructure and underlying dislocation configuration leads to a simple, yet insightful model,

allowing for a qualitative analysis of the role dislocation transport and dislocation interactions on

the overall material behavior. The effect of dislocation transport and short-range interactions is

then studied on a single slip system, for both a transparent phase boundary and a phase boundary

which induces an additional resistance to dislocation motion. Finally, the effect of additional slip

systems in the material on the dislocation transport and the resulting macroscopic response is

explored.

1.6 Outline

Throughout this thesis a continuum model for dislocation transport is adopted, which gradually

builds up in complexity in each subsequent chapter. Starting in Chapter 2, the governing equa-

tions for dislocation transport in single slip are established and implemented in a finite element

framework. Furthermore, an extension is made for the continuum expression of the short-range

dislocation interactions to include all dislocation interactions in the considered configuration. In

Chapter 3, the dislocation transport is embedded in a single slip crystal plasticity formulation to

investigate the effect of microstructural variations on the macroscopic response of an idealized
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two-phase material. The material consists of a soft phase and a hard phase, with a contrast of plas-

tic deformation resistance between the phases. This idealized two-phase laminate is extended in

Chapter 4 to include a resistant interface between the phases, providing an additional, and perhaps

a more realistic, barrier to dislocation motion, and hence plastic deformation. The effect of the

interfacial parameters is investigated next. Chapter 5 further extends the model towards a more

realistic description of plastic behavior of two-phase material, by accounting for multiple slip sys-

tems. The interactions between dislocations and an oblique interface and between dislocations on

other slip systems are considered. In Chapter 6, the thesis closes with a summary of the most

important findings and concluding remarks. In addition, the limitations of the assumptions made

and the resulting model are discussed.



CHAPTER2
Extended modelling of dislocation

transport-formulation and finite element
implementation1

In the past decade, several higher-order crystal plasticity models have been developed to properly capture

size effects, dislocation pile-up and patterning. In this chapter, we consider a formulation which accounts

for the presence and behavior of both positive and negative dislocations in terms of densities. We derive

an implicit finite element implementation for the continuum crystal plasticity model including dislocation

transport, using a generalized continuum expression for the short-range dislocation interactions, by dis-

cretizing the two governing non-linear transport equations in time and space. The resulting non-linear

algebraic equations are solved by an incremental-iterative solution scheme. We compare the resulting nu-

merical solutions with discrete dislocation simulations. This analysis shows the capabilities of the implicit

FEM framework to solve continuum dislocation transport in crystal plasticity with the added energetic

dislocation interactions.

2.1 Introduction

Crystal plasticity models are nowadays employed in a wide range of engineering applications,

and the finite element method is commonly adopted in numerical models employing them

[Roters et al., 2010]. In particular, they allow one to study the effect of microstructural morphol-

ogy of poly-crystalline materials. Relevant mechanisms such as anisotropy and plastic deformation

along discrete slip planes, as found in crystalline materials, are captured in a natural fashion.

However, other mechanisms such as size effects cannot be described by classical crystal plasticity

[Lee, 1969, Rice, 1971]. Therefore, much attention has recently been given to the incorporation of

strain gradient effects in crystal plasticity models.

Physically, the plastic slip on glide planes is the result of the collective motion of disloca-

tions [Orowan, 1934]. On a continuum scale many higher-order phenomenological models ex-

ist which capture, rather than describe, the behavior of a large collection of dislocations. The

work of Nye [Nye, 1953] provided a basis for such continuum models by introducing a disloca-

1Based on: Extended modelling of dislocation transport-formulation and finite element implementation,
Dogge, M.M.W., Peerlings, R.H.J., Geers, M.G.D., 2014, Int. J. Mech. Sci., Submitted

7
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tion density tensor, representing the accumulation of dislocations when non-homogeneous de-

formation results in lattice incompatibility. The notion of Geometrically Necessary Dislocations

(GNDs) was used to relate spatial gradients of strain to the presence of dislocations [Ashby, 1970].

GNDs, emanating from strain gradients, can be used in a phenomenological way to e.g. el-

evate the strengthening of a slip system [Shu and Fleck, 1999] or to increase the free energy

of a system [Gurtin, 2002, Menzel and Steinmann, 2000], leading to additional balance equa-

tions for the plastic slip. Based on these theories, numerical models were developed includ-

ing the effect of dislocations on the plastic behavior of the material, either as strain gradients

[Bargmann et al., 2010, Anand et al., 2005, Ekh et al., 2007] or as additional degrees-of-freedom

[Evers et al., 2004a].

In this chapter, we consider another class of higher-order crystal plasticity models, in which

the presence and transport of dislocations is included more directly via dislocation densities.

A crucial element in such models is the way they account for short-range dislocation interac-

tions [Roy et al., 2008]. Such models may for instance be formulated using statistical mechan-

ics arguments [Groma et al., 2003]. Here, however, we demonstrate that if the short-range in-

teraction term is derived from an idealized dislocation configuration, it takes a slightly more

general form, which apart from the usual gradient of GND density also contains a gradient of

the total dislocation density. By upscaling the dislocation interactions in this idealized config-

uration we include all dislocation interactions in the continuum expression for the short-range

stresses. This expression is used in the governing equations for the transport of dislocation

densities, as adopted from the models taking into account the evolution of dislocation densities

[Groma et al., 2003, Yefimov et al., 2004, Geers et al., 2009].

The resulting initial boundary value problem contains two non-linear, coupled PDEs. In order to

solve these equations numerically, they are discretised in space using the finite element method. In

[Yefimov et al., 2004] the semi-discrete transport equations are solved using an explicit temporal

discretisation. This however introduces the constraint of small time-steps in order to have stable

numerical solutions.

A second objective of the present chapter is therefore to formulate a fully implicit solution strat-

egy, based on a backward Euler time integration. The obtained non-linear algebraic equations are

then linearized and solved using a Newton-Raphson procedure. The evolution of the dislocation

transport is thus simulated by an incremental-iterative scheme. Results obtained with this imple-

mentation are compared to discrete dislocation calculations in order to study its validity.

The outline of this chapter is as follows. In Section 2.2 the governing equations for dislocation

transport in single slip are summarized. In Section 2.3 the numerical implementation of these

equations is detailed. In Section 2.4 we simulate some examples of dislocation transport and we

compare this framework with simulations of discrete dislocations. In Section 2.5 the conclusions

are presented.
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2.2 Governing equations for the transport of dislocation

densities

2.2.1 Governing equations

In a crystal plasticity framework the plastic deformation is the result of plastic slip on distinct glide

planes, and depends on the amount and orientation of such (active) slip systems. Using a small

deformation assumption, for a single glide plane the total deformation can be expressed as:

γ = γe + γp. (2.1)

Here, u(x, t) is the displacement, whereas γe and γp represent the elastic and plastic deformation

respectively. The stress due to this deformation is a result of the elastic deformation only. Adopting

Hooke’s law the following relation for the elastic deformation is obtained:

γe =
τ

G
, (2.2)

where τ is the shear stress acting on a glide plane and G the shear modulus. The framework is

complete when an expression for the plastic slip γp is formulated. The choice for γp here is derived

from the Orowan relation [Orowan, 1934], which states that the plastic slip rate γ̇p is determined

by a the flux of dislocations:

γ̇p = bΦ. (2.3)

Here, b is the length of the Burgers vector and Φ a dislocation flux. An appropriate expression is

required for the dislocation transport on a glide plane accompanying the dislocation flux.

2.2.2 Dislocation balance equations

In a continuum framework one refrains from keeping track of all individual dislocations and their

positions. Instead, we describe the dislocations in terms of densities. We first choose to de-

scribe a collection of positive and negative infinite straight edge dislocations by positive densities

ρ+(x, t), ρ−(x, t), where x is the coordinate along the slip system and t indicates time. Unifor-

mity is assumed in all directions perpendicular to the x-axis, so that a one-dimensional problem

remains. The resulting equations are subsequently reformulated in terms of the total and GND

densities ρ(x, t) and κ(x, t).

We consider the transport of a fixed number of positive and negative dislocations in a single slip

system without creation and annihilation. The transport equations for the densities of positive and

negative dislocations then read:

∂ρ+

∂t
+
∂Φ+

∂x
= 0, (2.4)

∂ρ−

∂t
+
∂Φ−

∂x
= 0, (2.5)

where Φ+ and Φ− are the fluxes of positive and negative dislocations, respectively, which still

depend on ρ+ and ρ−. To solve these transient PDEs we need initial and boundary conditions. The
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initial conditions are given by an initial density profile for both positive and negative densities, i.e.

ρ+(x, t = 0), ρ−(x, t = 0) . For an impenetrable barrier there can be no dislocation transport;

therefore at such a boundary there is no flux: Φ+ = Φ− = 0. In the case of a free surface the

dislocation densities vanish at this boundary.

The fluxes in (2.4) and (2.5) can be expressed as:

Φ± = ρ±v± =
±bρ±
B

(

τ + σ±
int

)

, (2.6)

where the + sign holds for positive dislocations and the − sign for negative. For the velocity v±

a linear drag law is adopted, such that the velocity depends linearly on the forces acting on the

dislocations. Here, b is the length of the relevant Burgers vector, the sign depending on the sign of

the dislocation, B is the drag coefficient, τ the shear stress acting on the glide plane and σint is the

short-range dislocation interaction stress.

The shear stress τ includes the stress due to the net incompatibility introduced by a large

number of dislocations, as well as any externally applied loading. These stresses are natu-

rally recovered in a crystal plasticity framework by the incompatibility of plastic deformation

[Nye, 1953, Cleveringa et al., 1997, Arsenlis and Parks, 2002]. As the focus here lies on the trans-

port of dislocations, we take τ to be a constant, both in time and space. This is a valid assumption

due to mechanical equilibrium in the material and for a stress-controlled deformation. The short-

range interaction stress is the continuum equivalent of the interaction stresses between individual

dislocations. To close the PDEs (2.4) and (2.5), we still need to establish the dependence of σint on

the dislocation densities ρ+(x) and ρ−(x).

2.2.3 Upscaling of the short-range interaction stress

The short-range dislocation interactions can be described by local gradients in the GND density, as

formulated in [Groma et al., 2003, Yefimov et al., 2004] using dislocation pair correlation. How-

ever, here we generalize the model by allowing for all dislocation gradients to contribute to the

interaction stress. To formulate our continuum expression for the short-range internal stress we

take into account the interactions between all dislocations as follows.

The starting point of the derivation is an idealized dislocation configuration of a single slip system

in an infinite medium, containing infinite positive and negative dislocation walls with a constant

vertical spacing h. The periodic dislocation wall (tilt wall) configuration studied here does not

generate any long range stress, and is therefore suitable to characterize the short-range nature of

the interaction stresses [Roy et al., 2008]. In this analysis we do not take into account dislocation

sources and we avoid annihilation by assuming that no two dislocations of opposite sign exist on

the same glide plane. However, the horizontal distribution of positive and negative walls can be

arbitrary. Furthermore, we consider all walls to be mobile.

We consider the total interaction stress on both a positive and a negative wall. If there are many

walls within a horizontal distance of±h from a particular wall, i.e. the horizontal distance between

walls is much smaller than the vertical spacing h within the wall, we can assume a continuous

distribution of dislocation walls. Then, we can rewrite the discrete sum of individual interaction

stresses in a continuum equivalent for the total interaction stresses on a positive and negative wall
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as follows:

σ±
int(x) =

∫ ∞

−∞
hρ+(x− ξ)σ±+(ξ)dξ +

∫ ∞

−∞
hρ−(x− ξ)σ±−(ξ)dξ . (2.7)

In this expression, σ±− and σ±+ are the interaction stresses acting on a positive or negative dis-

location wall due to another, positive or negative wall respectively, at a distance ξ to the left. The

integral runs from−∞ to∞, taking into account all interactions and assuming a continuous distri-

bution of dislocations with infinitesimally small distances. The linear densities hρ± are a measure

for the local number of walls.

The shear stress of an infinite periodic wall of positive edge dislocations is given by

[Hirth and Lothe, 1992]:

σ =
πGb

(1− ν)h

x̃ (cosh 2πx̃ cos 2πỹ − 1)

(cosh 2πx̃− cos 2πỹ)2
, (2.8)

with G and ν the shear modulus and Poisson’s ratio respectively, and x̃ = x/h and ỹ = y/h

the normalized distances to an arbitrary dislocation within the wall. In the special case where all

positive walls have the same vertical position y = 0, all negative walls are shifted with respect to

them by a distance h/2 and positive and negative walls occur alternatingly with equal horizontal

spacing, as shown in Fig.2.1, the obtained configuration is a Taylor lattice.

+∞

−∞

1

2
h

h

h +∞−∞
x

y

Figure 2.1: Taylor lattice with infinite positive and negative dislocation walls. The
negative walls are shifted h/2 with respect to the positive walls

In an infinite medium this configuration is stable. In this case, the positive and negative dislo-

cations are not pairs from the same dislocation loop, but should be thought of as coming from

different sources on different slip planes. Therefore, in this region dislocations do not annihilate.

In the more general case considered here where the horizontal distribution of the walls is governed

by two independent densities ρ+ and ρ−, walls of different signs do not necessarily alternate and

the configuration obtained is no longer necessarily a Taylor lattice. However, the vertical separation

between positive and negative dislocations is preserved. It avoids annihilation between positive and

negative dislocations and the underlying assumption is that two dislocations of opposite sign on

the same glide plane would annihilate so quickly, that they contribute little to plastic slip. Further-

more, dislocations on the same glide plane are likely to have been emitted by the same source. In
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other words: if a positive dislocation is found on a certain glide plane, adjacent dislocations on the

same glide plane are more likely to be also positive than negative. It is worth pointing out that the

correlation between dislocations - which admittedly may be partially exaggerated - also implies that

the dislocation configuration surrounding an arbitrary positive dislocation is different from that of

a negative dislocation and different interaction forces may thus be experienced by them.

Using this configuration, we can derive from Equation (2.8):

σ++ = −σ−− = σ(x̃, ỹ = 0) =
πḠb

h

x̃

sinh2 πx̃
, (2.9)

σ+− = −σ−+ = σ(x̃, ỹ = 1/2) =
πḠb

h

x̃

cosh2 πx̃
, (2.10)

where Ḡ = G/(2(1− ν)).

Furthermore, the dislocation density at position (x− ξ) is estimated by a first order Taylor approx-

imation around point x for both ρ+ and ρ−:

ρ±(x− ξ) = ρ±(x)− ξ
∂ρ±

∂x
. (2.11)

If we substitute the expressions (2.9),(2.10) and (2.11) in Equation (2.7) and compute the resulting

integrals, we obtain expressions for the total interaction stresses acting on a positive and a negative

dislocation which may be written as:

σ±
int(x) = ∓ Ḡbh

2

6

(

2
∂ρ±

∂x
+
∂ρ∓

∂x

)

. (2.12)

Finally, if we substitute (2.12) in (2.6) we obtain the following expression for the dislocation fluxes:

Φ± = ρ±
±bτ
B

− ρ±
Ḡb2h2

6B

(

2
∂ρ±

∂x
+
∂ρ∓

∂x

)

. (2.13)

Using (2.13) in (2.4) and (2.5) respectively, these PDEs are fully expressed in terms of ρ+(x, t) and

ρ−(x, t) and we can thus calculate the evolution of the positive and negative dislocation densities.

It is worth noting that the governing equations are objective with respect to a change of sign of

dislocations - as is to be expected. This can easily be verified by substituting (2.13) in (2.4) and

(2.5), subsequently exchanging ρ+ and ρ− while replacing b by −b, and observing that the same

governing equations are recovered.

2.2.4 Formulation in terms of total dislocation and GND densities

In order to more easily relate the dislocation densities to relevant and meaningful (macroscopic)

properties, e.g. incompatibility and hardening, we rewrite the dislocation densities in terms of

the total dislocation density ρ, and the Geometrically Necessary Dislocation density κ. The GNDs

are dislocations which are required to conform to the overall deformation, i.e. they characterize

the incompatibility introduced by plastic slip [Nye, 1953]. The remaining dislocations are called

Statistically Stored Dislocations (SSDs); they do not have a net geometrical contribution. The total

density then reads:

ρ = ρSSD + |κ|. (2.14)
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Because of this relation, we only need two quantities to describe the evolution of all dislocations.

A convenient choice is the combination of ρ and κ, because they have a clearer physical meaning

and they can be easily related to the densities of positive and negative dislocations:

ρ = ρ+ + ρ−, (2.15)

κ = ρ+ − ρ−. (2.16)

Using the above relations we can determine the transport equations for ρ and κ by adding (2.5) to

(2.4) and subtracting (2.5) from (2.4) respectively:

∂ρ

∂t
+
∂Φκ

∂x
= 0, (2.17)

∂κ

∂t
+
∂Φρ

∂x
= 0, (2.18)

whereΦκ = Φ++Φ− and Φρ = Φ+−Φ−. The latter characterises the total flow of Burgers vector,

irrespective of the sign of the dislocations which carry it, and thus the plastic slip rate. The former

gives the net flow of Burgers vector. Using (2.15) and (2.16) and the fluxes for positive and negative

dislocations (2.13), the fluxes Φρ and Φρ can be expressed in terms of ρ and κ as:

Φκ =
bτ

B
κ− Ḡb2h2

12B

(

3ρ
∂ρ

∂x
+ κ

∂κ

∂x

)

, (2.19)

Φρ =
bτ

B
ρ− Ḡb2h2

12B

(

ρ
∂κ

∂x
+ 3κ

∂ρ

∂x

)

. (2.20)

Eqs. (2.17)-(2.20) are a closed set of equations in terms of ρ and κ.

Based on this model we can derive other models found in literature, by using a different assump-

tion for the upscaling of the interaction stress. If we only take into account the interactions between

walls of the same sign, i.e. σ++ and σ−−, the second term in the resulting interaction stresses in

(2.12) vanishes. This leads to an expression for the short-range interaction stress in (2.19) and

(2.20) only in terms of gradients of GNDs, as in References [Gurtin, 2002, Evers et al., 2004a].

The length scale introduced in these references then equals the slip plane spacing h. Furthermore,

if we limit ourselves to only interactions between nearest neighboring dislocations instead of tak-

ing into account all interactions in x-direction, and to dislocations on a single slip plane instead of

walls, we obtain the interactions of References [Groma et al., 2003, Yefimov et al., 2004]. In this

formulation the length-scale is no longer a constant, but depends on the local dislocation density.

2.3 Implementation

For the numerical implementation of ourmodel we need to solve the transport equations (2.17) and

(2.18) for the total dislocation and GND densities. Although these equations are of a convection-

diffusion nature, no stabilization is applied here. Most stabilization techniques use the addition of

artificial diffusion. Here, the expression for the short-range dislocation interactions is of a diffusive

nature. If one is to study these interactions in detail, addition of stabilizing diffusion can be of

influence on the results. Therefore, no stabilization is introduced and care was taken choosing a

sufficiently small element size and time step to ensure stability.
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2.3.1 Time discretisation

First, the transient terms in the transport equations are discretised using a finite difference ap-

proach. For the temporal discretisation the implicit, backward Euler method is used:

ρ− ρ(t)

∆t
+
∂Φκ

∂x
= 0, (2.21)

κ− κ(t)

∆t
+
∂Φρ

∂x
= 0. (2.22)

The symbols with superscript (t) represent the values at the previous time step. For brevity we

dropped the superscript (t + ∆t) for the values at the end of the current time step. This implicit

time integration is used for additional stability and accuracy.

2.3.2 Spatial discretisation

For the spatial discretisation, the Galerkin method is adopted. By multiplying Eqs. (2.21) and (2.22)

by test functions ψρ and ψκ, and integrating the resulting expression over the domain (0, L) the

weighted residuals formulation is obtained. Subsequently, integration by parts is applied, resulting

in the weak forms:
∫ L

0

(

ψρ
ρ− ρ(t)

∆t
− dψρ

dx
Φκ

)

dx+ ψρΦκ|L0 = 0, (2.23)

∫ L

0

(

ψκ
κ− κ(t)

∆t
− dψκ

dx
Φρ

)

dx+ ψκΦρ|L0 = 0. (2.24)

The degrees-of-freedom ρ, κ and the test functions ψρ, ψκ are discretised using the same shape

functions N
~
:

ρ = N
~

T ρ
~
, ψρ = ψ

~

T

ρ
N
~
,

κ = N
~

Tκ
~
, ψκ = ψ

~

T

κ
N
~
. (2.25)

Substituting these discretised variables in the weak forms (2.23) and (2.24) and requiring that they

hold for all ψ
~ρ

and ψ
~κ

we obtain:

R
~ ρ =

∫ L

0

(

N
~

ρ− ρ(t)

∆t
− dN

~
dx

Φκ

)

dx+ N
~
Φκ|L0 = 0

~
, (2.26)

R
~ κ =

∫ L

0

(

N
~

κ− κ(t)

∆t
− dN

~
dx

Φρ

)

dx+ N
~
Φρ|L0 = 0

~
. (2.27)

Note that the dislocation densities ρ, κ and the fluxes Φρ,κ can be expressed in terms of the discre-

tised values ρ
~
, κ
~
by using (2.25), (2.19) and (2.20).

2.3.3 Linearization

The expressions (2.19) and (2.20) for the fluxes are non-linear; therefore an iterative solution strat-

egy is used to solve equations (2.26) and (2.27). Here we use the Newton-Raphson method and we
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thus need to linearize the equations. This implies that we substitute for ρ and κ:

ρ = ρ(i) + δρ,

κ = κ(i) + δκ,

where (i) and δ denote the estimate obtained from the previous iteration and a variation (or iter-

ative correction), respectively. The iterative updates for the fluxes δΦρ and δΦκ are obtained by

linearizing (2.19) and (2.20) with respect to the degrees-of-freedom ρ, κ, giving:

δΦκ =
bτ

B
δκ− Ḡb2h2

12B

(

3
∂ρ(i)

∂x
δρ+ 3ρ(i)

∂δρ

∂x
+
∂κ(i)

∂x
δκ+ κ(i) ∂δκ

∂x

)

,

δΦρ =
bτ

B
δρ− Ḡb2h2

12B

(

∂κ(i)

∂x
δρ+ 3κ(i) ∂δρ

∂x
+ 3

∂ρ(i)

∂x
δκ+ ρ(i)

∂δκ

∂x

)

.

After discretisation and linearization we obtain the following linear system of equations for the

iterative corrections:
[

Kρρ Kρκ

Kκρ Kκκ

][

δρ
~δκ
~

]

= −
[

R
~
i
ρ

R
~
i
κ

]

, (2.28)

with:

Kρρ =

∫ L

0

(

1

∆t
N
~
N
~

T +
dN
~
dx

Ḡb2h2

4B

∂ρ(i)

∂x
N
~

T +
dN
~
dx

Ḡb2h2

4B
ρ(i)

dN
~

T

dx

)

dx,

Kρκ =

∫ L

0

(

−dN~
dx

bτ

B
N
~

T dx+
dN
~
dx

Ḡb2h2

12B

∂κ(i)

∂x
N
~

T +
dN
~
dx

Ḡb2h2

12B
κ(i) dN

~
T

dx

)

dx,

Kκρ =

∫ L

0

(

−dN~
dx

bτ

B
N
~

T +
dN
~
dx

Ḡb2h2

12B

∂κ(i)

∂x
N
~

T +
dN
~
dx

Ḡb2h2

4B
κ(i) dN

~
T

dx

)

dx,

Kκκ =

∫ L

0

(

1

∆t
N
~
N
~

T +
dN
~
dx

Ḡb2h2

4B

∂ρ(i)

∂x
N
~

T +
dN
~
dx

Ḡb2h2

12B
ρ(i)

dN
~

T

dx

)

dx.

When an appropriate numerical integration scheme, e.g. Gaussian integration, to approximate the

above integrals is chosen, the residualsR
~
and the tangentsK can be constructed element-wise and

assembled in order to solve Equation (2.28). In this work, linear shape functions, and a two-point

Gauss integration scheme are chosen.

2.4 Simulations and results

In this section we compare results obtained with the continuum dislocation transport equations

with fully discrete simulations. The problem investigated is shown in Fig. 2.2. We consider a

domain of length L within an infinite elastic medium with parallel slip planes on which disloca-

tions are organized in vertical walls with a constant vertical spacing of h. The positive and negative

dislocation walls are arranged such that the negative walls are shifted with h/2 with respect to the

positive walls. Both the positive and negative dislocation walls can be arbitrarily distributed in the

horizontal direction, as determined by their respective densities. An external shear stress τ is ap-

plied to the system. This shear stress is considered to be constant along the slip system for both

the continuum and the discrete framework, because of equilibrium and because the long-range
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+∞
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L

Figure 2.2: Infinite vertical dislocation walls with both positive and negative signs
in a domain with length L. The distribution of walls is determined by
the density profile. The boundaries are either impenetrable or free. An
external shear stress is applied.

stresses for infinite dislocation walls vanish. We can therefore focus on the transport of disloca-

tions in single slip.

After rescaling the material parameters in the governing equations, the relevant parameters are the

ratios b/h, L/h and τ/Ḡ. In the simulations a fixed ratio of b/h = 1/200 is used. The ratios L/h

and σ/Ḡ vary between the simulations. The number of finite elements used is 200. For the choice

of the time step size, first a characteristic time can be estimated using the dislocation velocity. This

velocity is determined by the linear drag law, only using the applied stress. Using this relation an

upper bound for the time step can be estimated, i.e. ∆t ≈ hv−1 ≈ B/(bτ ). An appropriate time

step size should be much lower than this value to obtain accurate results.

In the discrete simulations the position of each individual wall is updated using the same linear

drag law adopted in the continuum framework. The driving force in the expression for the dislo-

cation velocity is a function of the applied shear stress on the glide plane and the interaction stress

acting on the wall as a result of all other dislocations. The total interaction stress is the sum of the

individual stress fields expressed in (2.8), with the appropriate Burgers vector sign and distance to

the considered wall substituted for each dislocation wall.

Unless otherwise indicated, the boundaries of our domain are impenetrable barriers to disloca-

tion motion. It is natural to say that the dislocation velocity is zero at these boundaries. For the

continuum model this means that the boundary terms vanish, i.e. Φρ(x = 0) = Φρ(x = L) =

Φκ(x = 0) = Φκ(x = L) = 0. In the discrete dislocation simulations, immobile dislocations of

the relevant sign are placed on all slip planes at such boundaries. The singular stress field emitted

by them prevents the mobile dislocations within the domain from reaching the boundary.
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2.4.1 Double pile-up of positive and negative dislocations.

First, the initial dislocation configuration is chosen such that a Taylor lattice configuration is ob-

tained as in Fig. 2.2, in which positive and negative walls are evenly distributed and alternating.

This corresponds in the continuum model with ρ = ρSSD, κ = 0 as the initial condition. We first

apply a constant shear stress on the domain, resulting in a double pile-up against the impenetra-

ble barriers at the two ends of the domain. The stress is chosen such that it is high enough for

a negative wall to pass a positive wall. A ratio of τ/Ḡ = 1/20 is adopted. The length of the do-

main is L = 20h. There are 128 dislocation walls present in the domain, and the uniform initial

dislocation density profile is chosen accordingly.
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Figure 2.3: The evolution of an initially uniform dislocation density profile (dashed
lines) containing both positive and negative walls under the influence
of an applied shear stress. A double pile-up results, with positive and
negative walls at opposite sides. Both the SSD (top) and GND (bottom)
densities are shown.

The evolution of the double pile-up is shown in Fig. 2.3. The density of SSDs, ρSSD, decreases as

the positive and negative walls are moving in opposite directions due to the applied shear stress.

At the same time the density of GNDs increases at the boundaries, such that a linear profile is

obtained, as explored in more detail in Section 2.4.2.

In order to study mesh convergence, the number of elements used in this simulation is varied.

As shown in Fig. 2.4, when the number of elements is increased the solution converges to a cer-

tain density profile and the oscillations which are visible in the solutions for coarser discretizations

disappear. Note that the number of elements giving a stable solution would be lower if a stabiliza-

tion had been applied. However, as can be seen in Fig. 2.4, stabilization is not required to yield

meaningful results. Even with an element size in the order of the vertical dislocation spacing h the

density profile converges. The dislocation-dislocation interactions ensure a natural stabilization,

especially in the range of domain sizes considered here.
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Figure 2.4: The influence of the number of elements m on the steady state dislo-
cation density profiles of a double pile-up of positive and negative dis-
locations. Increasing the number of elements results in convergence
towards a (stable) solution.
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Next, the applied shear stress is removed, after which the accumulated interaction stresses are

driving the dislocation walls back towards a uniform distribution. In Fig. 2.5, we can see the

evolution of the dislocation density towards this equilibrium configuration.
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Figure 2.5: Evolution of the density after release of the stress. The dashed line
indicates the initial density profile for this simulation, obtained after
the pile-up of dislocations against the impenetrable boundaries. The
dislocation walls recover their equilibrium positions.

Fig. 2.6 compares the final, equilibrium solutions of the pile-up and release cases with a discrete

simulation, showing an adequate agreement. The continuum model captures the linear part of the

double pile-up well and after release of the stress the equilibrium distribution is recovered quite

accurately.

The above simulations involved a large number of walls. With fewer dislocation walls, see in Fig.

2.7 for the case of 32 walls, the agreement between the discrete and continuum model is poorer

when the stress is removed after the formation of a pile-up. For a smaller number of dislocations,

the interaction stress is not high enough for the walls of opposing sign to pass each other and a dif-

ferent, non-uniform equilibrium solution results. Although the walls are redistributed, the positive

and negative walls remain separated. This effect is not captured by the continuum model, where

the densities return to their initial distribution. The use of first-order derivatives in the continuum

expression for the interaction stress dictates that without an applied stress the dislocation velocity

vanishes only when the gradients of the densities are zero. This triggers the uniformly distributed

SSD density. A limitation of the continuum model therefore is that a sufficient number of dislo-

cations must be present in order to accurately capture the behavior of the dislocation walls. If not,

the continuum assumption does not apply.
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Figure 2.6: The steady state solutions of the total dislocation density for: (1) the
double pile-up and (2) after the stress is released. The continuum so-
lution is compared with a discrete simulation.
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Figure 2.7: The steady state solutions of the total dislocation density (top) and the
GND density (middle) when the stress is released after the double pile-
up. In this case the number of dislocation walls is reduced to 32. The
continuum solution is compared with a discrete simulation. The posi-
tions of the individual positive and negative walls are also shown (bot-
tom).



2.4. Simulations and results 21

2.4.2 Pile-up of positive walls

Now, we compare the new model with previous work and analyze its behavior at the boundaries,

in addition to the effect of the number of dislocation walls present. We study the case presented

in [Roy et al., 2008] and [de Geus et al., 2013] in which positive walls pile-up against a hard barrier,

here located at x = 0. This implies as boundary condition Φρ(x = 0) = Φκ(x = 0) = 0.

Furthermore, we consider only positive dislocation walls in the domain. This corresponds with

ρ = κ, ρSSD = 0 in the continuum model.

The length of the domain is L = 10h. First, a uniform distribution of positive walls is considered

with an applied shear stress according to τ/Ḡ = −1/20. This results in a pile-up of dislocation

walls for which the evolution is shown in Fig. 2.8. The applied stress pushes the dislocation walls

towards the barrier, while at the same time the dislocation walls repel each other. This results in a

pile-up against the barrier. The interaction stress emanates from the gradient of the density. In the

final equilibrium state, this interaction stress must compensate the externally applied stress −τ
which is constant. Therefore, a linear pile-up is predicted [de Geus et al., 2013].
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Figure 2.8: Pile-up of an initially uniform distribution of positive dislocations
(dashed line) against an impenetrable barrier.

In Fig. 2.9, the equilibrium solution is shown for the present model and fully discrete simula-

tions with different numbers of dislocations and thus initial densities. The results observed in Fig.

2.9 are consistent with the results found in [de Geus et al., 2013]. The comparison between the

continuum and discrete simulations is quite good for a large number of dislocations and at some

distance from the barrier. However, if we decrease the number of walls below a certain limit, the

continuum model no longer captures the discrete wall distribution, as the dislocations do not dis-

tribute linearly near the boundary. For all cases, the agreement in the region close to the boundary

is poorer, because a boundary layer appears where the discrete nature of the dislocation walls is

dominant. The assumptions made in deriving the continuum model do not hold in this region.

In the expression for the velocity only the gradient of the density is related to the applied stress;
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Figure 2.9: The pile-up of positive dislocation walls against an impenetrable bar-
rier, predicted by the present continuum model and discrete disloca-
tion simulations. The number of walls is varied.

therefore it is unable to capture the 1√
x
behavior near the obstacle. However, the linear part of the

pile-up, as explained in [de Geus et al., 2013], is captured accurately, i.e. the gradient of the density

corresponds well between the discrete and continuum case. The absolute difference in density is a

result of dislocation conservation in the domain. The area below the continuous and discrete data

must be constant and equal. Because the continuum model is unable to capture the sharp peak

near the boundary, the density in the region away from the boundary is higher.

2.4.3 Non-uniform distribution of positive and negative walls

To illustrate the effect of taking into account all short-range interaction stresses, and not only those

between dislocations of the same sign, we consider equal numbers of positive and negative walls,

corresponding in the continuum case with a distribution of SSDs, i.e. ρ = ρSSD, κ = 0. Initially,

these walls are not horizontally equispaced, but have a non-uniform distribution as illustrated by

the dashed curve in Fig. 2.10. In the center of our domain more walls are present, their number

decreasing closer to the boundaries. The integral of the initial density profile corresponds with 89

dislocation walls. The boundaries are impenetrable barriers. No external stress is applied, such

that the interactions between walls, due to the gradients in densities, constitute the only driving

forces for dislocation motion. The length of the domain is L = 60h.

In Fig. 2.10, the evolution of the SSD density is shown. The driving force of the dislocation den-

sity, i.e. the gradient in the density profile, results in mutually repelling walls and the spreading

of the density distribution. The density profile is evolving to its equilibrium configuration, i.e. a

uniformly distributed dislocation density. We next compare the present model to a discrete dislo-

cation simulation as well as a continuum model including only GND interactions using the same

number of walls, see Fig. 2.11.
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Figure 2.10: The evolution of an initially non-uniformly distributed SSD density
(dashed line). Due to the repulsive interaction stresses, the density
profile evolves to a uniformly distributed density.
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Figure 2.11: The steady state result of an initially non-uniformly distributed SSD
density. The present model is here compared with discrete disloca-
tion simulations and with a continuum model containing GND inter-
actions only.
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In the present model (marked "all interactions") the dislocation walls tend to repel each other,

thereby rearranging into a uniform distribution as is also observed in the discrete simulation. The

offset between the discrete and the present continuum simulations is caused by the boundary con-

dition in the discrete simulations. In the discrete simulation the impenetrable barrier is modeled

by the addition of immobile dislocations. Two additional dislocation walls, one of each sign, are

pinned at each boundary of the domain to ensure that no dislocations leave the domain. This result

in an additional contribution to the interaction stress at the boundary and a slightly higher discrete

density in the bulk.

The initial wall distribution (in which no GNDs are present) does not evolve for the model with

only GND interactions. This model only includes the gradient of the GND density as a driving

force for dislocation motion, which is obviously absent in the initial state. In the new, "all inter-

actions" model the interactions between positive and negative walls is properly included via the

gradient of the total dislocation density.

2.4.4 Outflow of dislocations

In the final example we replace the barrier at x = 0 by a free outflow condition, regardless of the

sign of the dislocations. A free boundary in the continuum framework is modeled by a Dirichlet

condition on the densities, i.e. ρ(0) = κ(0) = 0. Furthermore, no stress is applied and the length

of the domain is set to L = 10h. Our purpose is merely to illustrate the effect of accounting for

all short-range dislocation interactions (as opposed to only GNDs) on the ability to model outflow.

No comparison is therefore made with discrete simulations and only a qualitative analysis of the

continuum models is performed.
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Figure 2.12: The evolution of the outflow of dislocations, initially uniformly dis-
tributed (dashed line), when a free boundary (at x = 0) is present.

Fig. 2.12 shows a decrease in dislocation density near the boundary for the newly proposed model.

The model with GND interactions only is unable to capture the outflow of dislocations, because
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there are no (gradients of) GNDs to generate the driving force in that formulation. In a qualitative

sense the model presented here is thus capable of capturing dislocation outflow.

2.5 Conclusion and discussion

Starting from an idealized dislocation configuration, a continuum model for dislocation transport

in single slip has been derived, including (short-range) dislocation-dislocation interactions. The

driving force in the transport equations emanates from the behavior of discrete dislocation walls.

Whereas the long-range stresses in the driving force can be captured naturally in a continuum

model, the short-range stresses are to be determined from the individual interactions between dis-

locations. These short-range stresses in the presented continuum model depend on the gradient

of GND and total dislocation density, as opposed to other models found in literature in which they

depend only on the gradient of GND density.

The resulting equations are non-linear transient PDE’s. They are numerically solved by temporal

and spatial discretisation and by adopting an incremental-iterative solution procedure. We develop

a fully implicit scheme here, in contrast with the explicit time integration generally used in the

literature. This framework was shown to convergence to a solution with a relatively low number of

elements. In this study, no stabilization was used for the transport equations, because this could

interfere with the presence of the short-range dislocation interactions.

The behavior of individual dislocation walls in a single slip system is captured adequately by our

continuum model. However, a limitation of our model is its continuum nature, requiring a suffi-

cient number of dislocation walls in the domain. A continuum description is unable to capture the

distribution of dislocation walls when there is only a limited number of dislocations. The deriva-

tion of the interaction stress assumes that the walls are continuously distributed in the direction of

the slip plane. In the case of a pile-up of walls against an impenetrable barrier, the linear part of

the pile-up is captured accurately if the number of walls is sufficiently high. When the stress is re-

moved in the case of a double pile-up, a continuum model cannot capture the discrete distribution

when the number of dislocation walls is small.

It is shown that the short-range dislocation interactions can be easily implemented in an implicit

finite element model for continuum dislocation transport. Although the current governing equa-

tions are formulated in terms of an idealized single-slip formulation, this framework can be ex-

tended for use in the modeling of (poly-)crystalline materials.





CHAPTER3

On the role of dislocation transport in the
plastic response of an idealised two-phase

material1

As dislocations are the carriers of plastic deformation in metals, microstructural influences which affect

their motion have an important effect on the resulting macroscopic response. In this chapter, we employ a

continuum model of dislocation transport embedded in a crystal plasticity framework, in order to exam-

ine the effect of spatial variations in the resistance experienced by dislocations on the overall mechanical

response of the material. For reasons of transparency and simplicity, the model is limited to single slip

in an idealized two-phase laminate of a soft and a hard phase, i.e. one in which the dislocations move

easily and one in which they experience a significantly higher drag resistance. The dislocation content and

distribution, the size of the microstructure, the volume fractions and the resistance to plastic deformation

are varied to investigate their effect on the overall material response. The result of the continuum disloca-

tion transport model is compared to classical averaging techniques, e.g. Taylor and Sachs averaging. The

continuum dislocation transport model reveals a composite behavior that cannot be captured by classical

averaging methods, Moreover, interesting size effects emerge due to the dislocation transport. The trans-

port of dislocations and the resulting interactions appear to be important factors for accurately predicting

material and size effects in poly-crystalline metals.

3.1 Introduction

Plasticity of metals is mainly governed by the motion of dislocations, i.e. defects in the crystal lat-

tice. The presence of dislocations gives rise to internal stresses in the material, which influence

the motion of other dislocations. The accumulation of these internal stresses by interactions be-

tween dislocations and obstacles, such as pinned dislocations or internal boundaries, may restrict

the motion of dislocations, thereby impeding plastic deformation. Such internal stresses are in-

trinsically long-range and may thus result in scale-dependent effects such as grain size effects in

metals [Arzt, 1998, Stölken and Evans, 1998], e.g. the Hall-Petch effect [Hall, 1951, Petch, 1953].

Multi-phase materials rely on this phenomena, through the presence of relatively harder phases

1Based on: On the role of dislocation transport in the plastic response of an idealised two-phase material,
Dogge, M.M.W., Peerlings, R.H.J., Geers, M.G.D., 2014, JMPS., Submitted
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that reduce the motion of dislocations. This effect is used for example in Dual Phase steels, where

adding a harder martensitic phase in a softer ferrite matrix restricts the plastic deformation, as

dislocations pile-up against the martensite. This dislocation pile-up results in an accumulation of

internal stresses, generating an additional barrier to approaching dislocations. As a result, a strong

hardening behavior is observed. It is well known that changes in the morphology - and in particular

in the size of the hard phase particles - may have a pronounced effect on the material’s hardening

response. The dislocation transport governing the plastic behavior is affected by the microstruc-

ture; alterations at this scale will change the resulting plastic behavior at the engineering scale.

This chapter aims to investigate the effect of dislocation transport and dislocation interactions on

the overall behavior of materials like Dual Phase steels. The impact of miscrostructural changes

on the overall material response will be assessed as well. In particular, we are interested in effects

which cannot be captured by conventional models used to predict the overall response of poly-

crystalline metals, e.g. Taylor and Sachs averaging of scale independent crystal plasticity. In order

to gain a better understanding and insight in the mechanisms governing the behavior of dislo-

cation transport in a multi-phase material, a simplified microstructural configuration is used: a

two-phase laminate containing a single slip system as used in the literature for different purposes

[Sedlác̆ek and Forest, 2000, Forest and Sedlác̆ek, 2003, Arsenlis et al., 2004, Yefimov et al., 2004,

Forest, 2008, Cordero et al., 2010, Aslan et al., 2011, Taupin et al., 2012]. In the present case, the

hard phase is plastically deformable, as opposed to earlier studies, where the hard phase could

only deform elastically, i.e. we allow for dislocation transport in both phases. The slip system in

the two phases is assumed to be aligned and the boundary between them is considered to be fully

transparent, such that dislocations can move freely from one phase to the other. Therefore, the

fact that the phase boundary itself may act as an additional barrier is disregarded in this analy-

sis and we focus on the effect of the contrast between the two phases on dislocation interactions

and the resulting reduction of dislocation mobility. Although this assumption seems to be an

over-simplification, recent experimental evidence shows that under certain hot-rolled production

processes the close-packed planes of martensite en ferrite in DP steels can exhibit a parallel rela-

tionship [Sakai et al., 2013].

This simple, idealized configuration provides the possibility to study the effect of dislocation trans-

port and interactions on the overall material behavior, in direct comparison with classical averaging

methods. Microstructural parameters such as the volume ratio between the two phases, strength

of the hard phase and the size of the periodic microstructure are varied to investigate their effect

on the resulting behavior of the laminate on the macro-scale.

To study the mechanics of the two-phase laminate, a numerical continuum model describing dis-

location transport is used in a crystal plasticity framework. Crystal plasticity is a widely used

technique to model crystalline metals at the level of a single grain or an aggregate of grains

[Roters et al., 2010]. In recent years, advanced crystal plasticity models have been developed ac-

counting for the underlying mechanisms due to the presence of dislocations in strain gradient

frameworks, such as [Evers et al., 2004b, Gurtin, 2002]. Although these models include a physi-

cally based description of dislocations in the material, the majority of these models do not explicitly

characterize the physical motion of dislocations in the material. Instead, dislocations are often

tacitly assumed to be available where required, e.g. to accommodate incompatibility in the strain

fields [Nye, 1953].

However, physically based models are nowadays available which explicitly take into account the
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evolution and transport of dislocations on slip planes, e.g. [Yefimov et al., 2004, Aifantis, 1984b,

Groma et al., 2003, Arsenlis and Parks, 2002]. In addition to the conventional equilibrium equa-

tion, balance equations for dislocation transport in single slip are adopted here, based on the

equations in 2.2. The governing equations are quite similar to the dislocation transport model

of Groma and co-workers [Yefimov et al., 2004, Groma et al., 2003, Arsenlis and Parks, 2002]. In

this model, the presence of dislocations is captured by a total dislocation density and a density of

geometrically necessary, or excess, dislocations. The evolution of the dislocation densities is gov-

erned by transport equations, driven by both the externally applied stresses and the interactions

between dislocations. Continuum expressions are used for the interaction stresses between dislo-

cations [Yefimov et al., 2004, Groma et al., 2003].

Although the proposed model constitutes an idealization of a complex two-phase microstructure,

implying assumptions that deviate from the real microstructure of a multi-phase steel, the impor-

tant phenomena observed in such materials are present and can be studied in detail and system-

atically. The simplicity of the model enables a thorough and detailed investigation of dislocation

transport and pile-ups, independently of the existence of a more complex morphology. This study

contributes to an improved understanding of the behavior of these complex materials and the pe-

culiar role of dislocation transport in the resulting response.

The structure of this chapter is as follows. In Section 3.2 the used configuration and constitutive

models are explained. Section 3.3 focuses on the study of dislocation transport in a two-phase

laminate for a reference case, while in Section 3.4 the microstructural variations are explored. In

Section 3.5, a two-phase laminate is subjected to cyclic deformation. In Section 3.6 the conclusions

and discussions are presented.

3.2 Idealized two-phase microstructure considered

3.2.1 Geometry and applied deformation

In order to gain understanding of the role of dislocation transport on the general macroscopic

behavior of a crystalline material, we consider a simplified representation of a complex microstruc-

ture: a two-phase laminate as shown in Figure 3.1. The soft (white) phase and hard (black) phase

alternate periodically with a period L in the x-direction. In the perpendicular y and z directions

the phases are extended uniformly to ±∞. The laminate undergoes an overall shear deformation

Γ(t). In this configuration, periodicity in x direction and uniformity in y and z directions reduce

the model to a one-dimensional problem on a periodic unit cell of length L, as indicated in the

figure. The shear deformation on this unit cell results in vertical displacements u(x, t). Plastic

deformation may result due to dislocation transport on a single slip system, perpendicular to the

interface. This interface is assumed to remain vertical; note that this can be ensured by applying a

rigid rotation when required.

The amount of hard phase in the laminate is determined by its volume fraction φ. Both phases

have the same elastic constants. The domain contains an initial edge dislocation density distribu-

tion described by the initially uniform total and Geometrically Necessary Dislocation (GND) den-

sities, ρ0, κ0 respectively. Dislocations are always mobile and conserved, i.e. no creation and/or

annihilation is considered. The material behavior of the two phases differs in terms of the drag
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Figure 3.1: Periodic two-phase laminate material consisting of a soft (white) and a
hard phase (black). The volume ratio is determined by the volume frac-
tion of the hard phase φ. Transport of dislocations of both signs occurs
on a single slip system. The two phases have a different drag resistance
B. Initial total dislocation ρ(x, 0) and GND distributions κ(x, 0) are
present in the material. A shear deformation Γ is applied, such that the
unit cell deforms as sketched.

resistance B, i.e. the resistance against dislocation motion, which in the hard phase is higher than

in the soft phase. This drag resistance B is a continuum representation of the underlying mech-

anisms restricting dislocation motion on a lower scale, e.g. phonon drag, lattice friction and, on

a higher scale, various obstacles. The scale of the individual dislocation is not resolved and the

mesoscopic drag resistance captures these effects in an averaged sense. The boundary between the

two phases is considered fully transparent, i.e. dislocations are able to move from one phase to the

other without additional resistance. This assumption implies that the glide planes in both phases

are aligned. The only mechanism acting at the phase boundary is the dislocations interacting with

each other. On the left and right boundaries of the unit cell periodic boundary conditions are ap-

plied for the dislocation densities as well as the vertical displacement u(x, t), with u(L, t) = LΓ(t)

and u(0, t) = 0.

3.2.2 Single slip crystal plasticity framework

A small-deformation dislocation transport based crystal plasticity framework is used to model the

simplified two-phase material. As in conventional crystal plasticity, the total deformation γ is de-

composed into elastic and plastic contributions,

∂u

∂x
= γ = γe + γp. (3.1)
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The elastic part of the deformation results in a shear stress τ = Gγe, or using (3.1),

τ = G

(

∂u

∂x
− γp

)

, (3.2)

with τ the shear stress on a slip plane and G the shear modulus. The shear stress must satisfy

equilibrium, which here reduces to
∂τ

∂x
= 0. (3.3)

The framework is complete once an expression for the plastic slip γp has been formulated. For this

purpose we employ the Orowan relation [Orowan, 1934], which states that the plastic slip rate γ̇p is

determined by the flux of dislocations, such that:

γ̇p = bΦρ, (3.4)

where Φρ is the total flux of dislocations in terms of number of dislocations per unit of height and

time and b is the length of the Burgers vector. To obtain a closed system, an expression for the flux

of dislocations is required, either by using averaging arguments or by considering the transport of

dislocations. The latter option is adopted here, since the paper aims to investigate the explicit role

of transport. The dislocation transport equations to describe the evolution of positive and negative

infinite edge dislocations in single slip are:

∂ρ

∂t
+
∂Φκ

∂x
= 0, (3.5)

∂κ

∂t
+
∂Φρ

∂x
= 0, (3.6)

where ρ and κ are the densities of all dislocations and the GNDs, respectively. The GND density κ

is a signed quantity representing the net dislocation density. The total dislocation density ρ consists

of both the GNDs and the Statistically Stored Dislocations (SSDs). The SSD density is a measure

for the dislocations which do not contribute to an overall incompatibility and is determined by

ρSSD = ρ−|κ|. The fluxesΦρ andΦκ are the fluxes of the total and net Burgers vector, respectively.

They are given in terms of (gradients of) ρ and κ by the following expressions:

Φκ = κ
bτ

B
− Ḡl2b2

12B

(

3ρ
∂ρ

∂x
+ κ

∂κ

∂x

)

, (3.7)

Φρ = ρ
bτ

B
− Ḡl2b2

12B

(

3κ
∂ρ

∂x
+ ρ

∂κ

∂x

)

. (3.8)

Here, Ḡ is an elastic (shear) modulus, defined as Ḡ = G/(2(1− ν)) and B(x) the drag resistance;

l is a length scale which is characteristic of the dislocation interactions. A linear drag law has been

adopted to relate the dislocation velocity to the Peach-Koehler force acting on it. The drag resis-

tance depends on the position in the domain in a piece-wise constant manner, as both phases have

a different drag coefficient Bh(ard) and Bs(oft) respectively. Both phases immediately yield as soon

as the stress is applied. However, a difference in slip activity (i.e. plastic strain rate) emanates from

the difference in drag resistance between the two phases. The dislocation densities and their fluxes

are continuous across the phase boundary. This assumes that sufficient dislocations are present

on both sides of the boundary to regard them as a continuous distribution. Therefore, no special

attention is required to model the phase boundary.
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The first parts of expressions (3.7) and (3.8) represent the effect of the long-range stress, resulting

from the applied stress and the stress resulting from the net incompatibility accompanying the

dislocation population. The second term represents the short-range dislocation-dislocation inter-

actions. An idealized configuration of infinite dislocation walls was used to derive this continuum

expression for the short-range stress, as found in Section 2.2.

With these equations a closed system is obtained for dislocation transport in single slip, expressed

in terms of the vertical displacements u(x, t) and the total dislocation and GND densities ρ(x, t)

and κ(x, t).

3.2.3 Numerical implementation

For the numerical implementation of the model, the equilibrium equation (3.3) and the transport

equations for the total dislocation and GND densities, (3.5) and (3.6), need to be solved for the

given boundary conditions. The finite element method is used to discretise the equations in space.

For the temporal discretisation a backward Euler finite difference method is adopted, resulting in

a fully implicit FEM framework.

To obtain the weighted residual formulation, the governing equations are multiplied with corre-

sponding test functions and integrated over the domain (0, L). The terms containing τ,Φρ,Φκ

are then integrated by parts to lower the order of derivation. When the weighting functions are

spatially discretised, and the implicit time integration scheme is adopted, the following coupled set

of non-linear algebraic equations is obtained:

R
~ u = −

∫ L

0

dN
~ u

dx
τ dx+ N

~ uτ |L0 = 0
~
, (3.9)

R
~ ρ =

∫ L

0

(

N
~ ρ

1

∆t

(

ρ− ρt
)

−
dN
~

T
ρ

dx
Φκ

)

dx+ N
~ ρΦκ

∣

∣

L

0
= 0

~
, (3.10)

R
~ κ =

∫ L

0

(

N
~ κ

1

∆t

(

κ− κt
)

− dN
~

T
κ

dx
Φρ

)

dx+ N
~ κΦρ|L0 = 0

~
. (3.11)

The symbols with superscript t represent the values at the previous time step. For brevity, the

superscript (t+∆t) is omitted for the values at the current time step. The stress and fluxes depend

on the (gradients of) displacement and densities in a non-linear manner, requiring an iterative

solution strategy using the conventional Newton-Raphson approach. Quadratic shape functions

are used to discretise the displacements u and linear shape functions for the dislocation densities

ρ and κ. No stabilization is applied to the transport equations. Therefore, the element and time

step sizes must be carefully chosen. The time step is always taken smaller than the characteristic

time t0 = B/Gρ0b
2. The element size should be a fraction of the characteristic interaction length

scale l.

3.2.4 Conventional crystal plasticity model

A conventional crystal plasticity model is retrieved by neglecting the effect of dislocation transport

and assuming that the dislocation distribution remains uniform, constant and equal to the initial

value ρ0. Introducing this assumption in (3.7) and (3.8) we have Φκ = 0 and Φρ = bτρ0/B.



3.3. Results for the reference case 33

For this simple model, we can solve the laminate problem analytically. To this end, first consider a

single phase to which a shear rate Γ̇ is applied. Combining the above with (3.2) and (3.4) we have

Γ̇ =
1

G
τ̇ +

b2ρ0
B

τ. (3.12)

Introducing a characteristic time constant t0 = B

Gρ0b
2 , the solution can be written as

τ (t) = GΓ̇t0
(

1− e
− t

t0

)

. (3.13)

Using Taylor averaging the two phases are subjected to the same deformation. This case represents

the classical upper bound of the material’s response. Each phase yields a different stress. Using

the rule of mixtures the total stress for the given deformation equals:

τ (t) = GΓ̇
(

(1− φ) ts
(

1− e
− t

ts

)

+ φth
(

1− e
− t

th

))

, (3.14)

where the time constants ts, th are associated with the drag resistances Bs and Bh of the soft and

hard phase, respectively.

The Taylor average does not satisfy the equilibrium equation (3.3) as the stresses predicted in the

two phases are different. The exact solution in this particular case is delivered by the Sachs (or

isostress) average, in which the two phases are subjected to the same stress. The constant stress

requires the deformation to be redistributed between both phases:

τ̇ +
1

ts
τ = Gγ̇s, (3.15)

τ̇ +
1

th
τ = Gγ̇h. (3.16)

The resulting stress is obtained by using the rule of mixtures for the strain distribution:

γ̇ = (1− φ) γ̇s + φγ̇h, (3.17)

which, using γ̇ = Γ̇, results in:

τ (t) = GΓ̇teff
(

1− e
− t

teff

)

, (3.18)

with 1
teff

= (1−φ)
ts

+ φ

th
. The Sachs average is the classical lower bound of the material’s response,

whereby the softer phase undergoes most deformation, as the stress state is uniform.

3.3 Results for the reference case

A reference configuration is considered in order to gain insight in the motion of dislocations under

a shear deformation with constant shear rate Γ̇. The parameters of the reference configuration are:

L φ l ρ0 κ0 Bh Γ̇

500b 0.3 50b 2 · 10−3/b2 0 10Bs 5 · 10−4
(

Gb2ρ0
)

/Bs
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The initial dislocation density distribution is chosen uniform across both phases and consists only

of SSDs. Both the volume fraction φ and the drag coefficient Bh of the hard phase are chosen such

that a high contrast between the phases emerges.

On the left hand side in Figure 3.2, the stress-strain response of the reference case is shown.

For comparison purposes, the responses of the individual phases as well as the Taylor and Sachs

bounds are also shown. On the right hand side, snapshots of the dislocation density evolution are

shown. The labels (a,b,c,d) of the density profiles correspond with the labels (a,b,c,d) of the markers

in the stress-strain curve. The spatial distribution of the total (top), SSD (middle) and GND (bot-

tom) densities are visualized, where ρSSD = ρ− |κ|. The dislocation densities are normalized with

the initial total dislocation density ρ0 to emphasize the density evolution. The characteristic stress

τ0 is determined by the steady-state stress of the soft phase, i.e. (3.13), given by τ0 = Γ̇Bs

ρ0b
2 . The

characteristic strain is given by Γ0 = ρ0bl, which is the amount of slip generated by dislocations at

a density ρ0 with Burgers vector b when they move over a distance l.
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Figure 3.2: The stress-strain response (left) of the individual hard en soft phases
and the two-phase laminate reference configuration using the classical
Taylor (isostrain) and Sachs (isostress) averaging methods and the dis-
location transport model. For the dislocation transport model different
snapshots of the dislocation density evolution are shown (right). The
different labels indicate different density profiles, corresponding to the
position on the stress-strain curve of the dislocation transport model.

In Figure 3.2, it is observed that even though the model is a simplified representation of a two-

phase material, the characteristic response is similar to that observed in e.g. DP steels, i.e. a low

yield stress and a significant amount of of hardening - remarkably more than predicted by the con-

ventional Taylor and Sachs estimates. In the Sachs averaging method, a larger, easier deformation



3.4. Parameter study 35

of the soft phase occurs compared to the hard phase. Therefore, the stress-strain response is close

to the response of the soft phase. In the Taylor average, the material response is harder. These aver-

aging techniques are usually considered as the upper and lower bounds. More advanced averaging

models are generally a mixture of these models. However, as can be observed, the dislocation trans-

port model does not follow either of these classical bounds, and even exceeds the "upper bound"

given by the Taylor average.

The origin of this behavior resides in the dislocation transport through the material. Initially, the

stress in the material is low, because dislocations can move relatively easily through the soft phase,

yielding the almost uniform dislocation density profiles in Figure 3.2. As a consequence, the soft

phase undergoes most of the deformation, causing a Sachs-like response for a small amount of

deformation. Within the soft phase, the positive and negative dislocations move in opposite direc-

tions. Consequently, although the phase boundary is fully transparent, GNDs pile-up against it in

the soft phase. Dislocations move slower in the harder phase; therefore the dislocations present

there act as a barrier to approaching dislocations, thereby restricting plastic deformation. On the

other hand, this pile-up generates a higher internal stress, causing the dislocations on the opposite

side of the boundary to accelerate in the hard phase. The increased hardening due to the pile-up

breaks down when the accumulated internal stress at the boundary is sufficiently large to enable

plastic deformation in the hard phase.

Although the dislocations can redistribute between the phases, this effect seems relatively small,

indicated by the total dislocation density profile which does not change significantly during evolu-

tion. When steady-state is reached, there are more dislocations in the hard phase. This is due to the

higher drag resistance which implies that the dislocation velocity is lower and more dislocations

are thus needed to realize the same flux as in the soft phase.

When comparing the transport model with the classical methods, the Taylor model appears to be

a better approximation compared to the Sachs average in this case, despite the initial Sachs-like

response. In the Sachs average, the soft phase undergoes most deformation, causing a relatively

soft response as the hard phase does not deform as much. In the dislocation transport model,

for the slip system orientation considered here, the dislocations are forced to move through the

hard phase, generating additional resistance. In the Taylor model, the hard phase is also forced

to deform. If the slip planes would be oriented parallel to the interface, the expected behavior is

the Sachs response, because dislocations are not hindered by the phase boundary. As a result, no

internal stress is generated as additional resistance to their motion.

In conventional crystal plasticity models, stress equilibrium is enforced. Therefore, the response

for the present configuration would be in line with the Sachs averaging method. These models lack

the interaction between plastic slip in the different crystals. Therefore, these models are unable to

predict the observed hardening behavior of this configuration.

3.4 Parameter study

A parameter study is conducted to investigate the effect of the different parameters on the observed,

overall behaviour of the two-phase laminate. The obtained results are normalized with the steady-

state stress response for the soft phase in the reference case, given by the characteristic stress τ0
and the characteristic strain Γ0. Although the individual parameters are changed in this study, τ0
and Γ0 are kept constant and consistent with the reference case.
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3.4.1 Influence of the drag resistance ratio

The "hardness" of each phase is governed by its respective drag coefficient B. This coefficient

is a continuum representation of the resistance against dislocation motion. Plastic deformation

is limited through an increased drag coefficient. The difference in "hardness" of the phases is

determined by the ratio in drag coefficients Bh/Bs. This ratio is changed by increasing the drag

resistance of the hard phase Bh from Bh = 1Bs up to Bh = 30Bs , while keeping the other

parameters, including Bs, constant.

The initial response is the same for all cases, as shown in Figure 3.3 on the left hand side, because

the dislocations can move relatively easily through a large portion of the material. However, the

initial hardening rate increases with the resistance. The dislocations pile up against the phase

boundaries, and with increasing resistance the pile-up becomes more pronounced, as shown on the

right hand side in Figure 3.3, where the density profiles are shown. Therefore, the stress needed to

deform the material is higher for an increased drag resistance. However, when the pile-up becomes

sufficiently large, the accompanying internal stresses are high enough for the dislocations in the

hard phase to move away from the boundary.
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Figure 3.3: The stress-strain response of the two-phase laminate and dislocation
density distributions for different drag resistances Bh of the hard phase.
A higher ratio results in a higher stress needed to deform the material
plastically. Also, there is a stronger pile-up of dislocations when the
drag resistance is higher. The dash-dotted curves indicate the limit case
where the hard phase is assumed to deform elastically.

When the drag resistance is higher, more dislocations are required in the pile-up region to over-

come the barrier near the interface. The stress response is higher, since insufficient dislocations are

present to carry plastic deformation in the phases, indicated by a high GND density at the bound-

ary and low SSD density in the center. When the accumulated stress is high enough, dislocations

can move to the other phase, and plastic deformation is again possible, relaxing the material and
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lowering the stress response. This effect explains the peak in the response for high Bh.

As a limit case, the hard phase is considered to deform elastically only, as indicated by the dash-

dotted curve in Figure 3.3. This corresponds with a confined soft phase, with dislocations un-

able to penetrate the hard phase. It results in a restricted amount of dislocation motion, and

therefore a restricted plastic deformation [Sedlác̆ek and Forest, 2000, Forest and Sedlác̆ek, 2003,

Arsenlis et al., 2004, Yefimov et al., 2004, Forest, 2008, Cordero et al., 2010, Aslan et al., 2011,

Taupin et al., 2012].

In Figure 3.4, the steady state stress is plotted as a function of the drag ratio on a logarithmic scale

for the dislocation transport model and the Taylor and Sachs averages. Because the drag resistance

of the hard phase is changed, both the dislocation transport model and the Taylor average show

an increased steady state stress. For the Sachs average, the steady-state stress remains practically

independent of this ratio, because the soft phase accommodates most of the plastic deformation.
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Figure 3.4: The stress as a function of the drag ratio, comparing the dislocation
transport model to the classical averaging methods and the response of
the single phases.

Note that for low Bh/Bs ratios, the dislocation transport model follows the Taylor bound. The

drag resistances of the phases are comparable and therefore the additional resistance caused by

the dislocations near the boundary is easily overcome. When the drag resistance of the hard phase

increases, around Bh/Bs = 5, the increased resistance as a consequence of the dislocation pile-

up starts to play a role in the overall strength of the material, exceeding the Taylor bound. When

further increasing the drag resistance, the response of the transport model approaches the Taylor

bound again, since the effect of the additional resistance caused by the dislocation interactions near

the boundary diminishes with respect to the hardness increase of the hard phase.

3.4.2 Influence of volume fraction φ

The amount of hard phase in the material is determined by the volume fraction φ. Figure 3.5 reveals

that when the volume fraction φ of the hard phase is increased, the stress needed to deform the
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material also increases. With an increasing volume fraction, more stress is needed for deformation,

due to the higher hard phase content. Although the initial hardening rate is higher for a higher

volume fraction, the material ceases to harden sooner. With increasing φ, the interactions between

dislocations in the different phases become less dominant with respect to the resistance of the

hard phase. This is noticeable in the GND density profile, where the pile-up is the highest for an

even mixture of the phases. This indicates that for a steady hardening behavior the material should

contain amixture of both phases. The total dislocation density profiles reveal that the redistribution

between the phases is limited.
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Figure 3.5: The stress-strain response and the GND distributions of the two-phase
laminate for different volume fractions of the hard phase. The stress
response is higher for a larger fraction of hard phase.

The comparison of the steady state stress for the different models as a function of the volume

fraction is given in Figure 3.6. The Taylor average scales linearly with increasing volume fraction.

In the case of Sachs averaging the response is mainly determined by the soft phase, up to the point

that the volume fraction of the soft material is too small to accommodate most deformation.

For all other volume fractions, the dislocation transport model shows a higher response than the

classical upper bound, i.e. the Taylor average. The difference between the Taylor and dislocation

transport model is small in the cases where one of the phases occupies only a small portion of the

material. The effect of the boundary here is small compared to the overall dislocation behavior in

the bulk material. However, when the volume fractions of both phases become comparable the

effect of dislocation interactions near the phase boundary is higher. The pile-up of dislocations

now has a stronger effect on the motion of dislocations in the bulk, thereby hindering plastic

deformation and increasing the required stress (relative to Taylor).
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Figure 3.6: The stress as function of the volume fraction of the hard phase, compar-
ing the dislocation transport model to the classical averaging methods.

3.4.3 Influence of the microstructural length scale

Another important parameter is the period of the microstructure L. This is a representation of

the microstructural grain size, which is known to have a significant effect on the overall macro-

scopic response. In general, the smaller the grains, the stronger the material, cf. the Hall-Petch

effect [Hall, 1951, Petch, 1953]. This effect is roughly due to a higher density of boundaries in the

material. The grain boundaries may act as a (temporary) barrier against dislocation motion, and

therefore more boundaries imply a higher resistance. In the considered laminate the boundaries

are transparent. However, due to the presence of a second, harder phase a similar effect occurs,

despite that the volume fraction of this phase is kept constant.

In Figure 3.7, the evolution of the stress response for different domain sizes L is shown on the

left hand side, whereas on the right hand side the corresponding steady-state density profiles are

depicted. All other parameters are kept constant, including the length-scale associated with the

dislocation interactions. For large sizes there is a clear polarization of dislocations in the soft phase,

indicated by the low SSD density. Furthermore, the redistribution of dislocations between the

phases is more pronounced. The initial stress response is lower, because dislocations can travel a

longer distance in the soft phase, without encountering the barriers resulting from the hard phase.

Therefore, for an increasing grain size the initial deformation shows a Sachs-like stress response.

However, the stress peak upon further deformation is higher, because dislocations also need to

travel further to accumulate at the boundary between the phases, in order to generate the required

internal stress to drive the dislocations through the hard phase. For smaller L, the separation of

the two pile-ups becomes less pronounced. The yield stress at an offset strain of 0.2% increases

with decreasing size, but the steady state stress decreases with decreasing size from a certain strain

onward. Therefore, these two regions, i.e. the yield and the steady state behavior, are investigated

and explained in more detail below.
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Figure 3.7: The stress strain response of the two-phase material, and the corre-
sponding GND distributions, when the size of the period is changed.
When reducing the period of the microstructure, a Hall-Petch type of
behavior can be observed, i.e. smaller is stronger. However, with fur-
ther decrease of the length the stress decreases again, reflecting an in-
verse Hall-Petch type behavior.

10
0

10
1

10
2

10
−3

10
−2

10
−1

10
0

10
1

L/l

(τ
y
−

τ ∞
)/
τ 0 1.1

1

Figure 3.8: The stress at an offset strain of 0.2% plotted as function of the domain
length on a logarithmic scale. Here, τ∞ is the yield stress for L → ∞.
A Hall-Petch type relation is fitted through the data points. Although
the stress does not scale with the square root of the microstructural
size, the trend is comparable, i.e. smaller is stronger.
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Figure 3.8 shows the yield stress τy of the considered material as a function of the microstructural

length L. This yield stress τy is the stress at an offset strain of 0.2% for the overall plastic strain,

determined by subtracting the elastic strain, i.e. γp = γ−τ/G. As can be observed, the yield stress

increases with decreasing L, which is consistent with a Hall-Petch type behavior of poly-crystalline

metals. However, the classical Hall-Petch relation states that the yield stress scales with one over

the square root of the length, i.e. an exponent of ≈ −0.5. In this case, an exponent of ≈ −1

is retrieved. A similar trend was also found in the material considered in [Cordero et al., 2010].

The deviation from this exponent for large values of L is explained by the fact that the difference

τ02 − τ∞ becomes small when approaching the response of τ∞.
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Figure 3.9: The steady state stress as function of the microstructural size. Both
classical averaging methods do not show a size dependency, while the
dislocation transport reveals a size effect. For large domain sizes a Hall-
Petch-like behavior appears. However, for small sizes an opposite trend
is observed, as the stress decreases for smaller domain sizes.

Another interesting case is the steady state behavior of the material for different microstructural

sizes. In Figure 3.9, the steady state stress is plotted as a function of the domain size L on a log-

arithmic scale, for the dislocation transport model and the classical averaging methods. Note that

the classical averaging methods do not capture any size effects.

When the domain size decreases, the stress needed to conform the applied deformation increases

initially. However, from a certain size onward the steady-state stress actually decreases again with

further decreasing domain size. This effect has been observed in nano-materials, where it is de-

noted as an inverse, or reverse, Hall-Petch effect [Chokshi et al., 1989]. The decrease here results

from dislocation interactions, which become more pronounced for smaller sizes. The domain

size L approaches - or becomes smaller than - the characteristic pile-up length of the dislocations

present in the domain. This means that the stress felt by dislocations in the different phases is

larger, creating a higher driving force on dislocations. The boundary between the two phases acts

less as a barrier against dislocation motion, resulting in a lower applied stress needed for disloca-
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tion transport in the harder phase. Also, the dislocation interactions act over a large part of the

domain. The pile-up length is in the order of or larger than the microstructural length, i.e. the in-

teractions influence dislocations in the other phase. These interactions now act over a large part of

the material, and are strong enough to prevent dislocations from forming a sub-structure such as

a pile-up. Therefore, the material tends towards a mixture of the two phases, whereby the driving

force on a dislocation becomes uniform in the phases. Therefore, the Taylor limit is approached

for small sizes.

In Figure 3.10, the steady state stress is plotted as a function of L on a logarithmic scale. Straight

lines have been fitted through the data points, for both the Hall-Petch-like effect and the inverse

thereof, using a power law expression of the length. The corresponding exponents are indicated in

the figure, and a smooth transition between the two regimes is observed. Note that in the steady

state case, the exponent in the “smaller is stronger” region complies with a Hall-Petch relation.
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Figure 3.10: The steady state stress as function of the microstructural length of the
material on a logarithmic scale. For large L the Hall-Petch relation
is approach with an exponent of ≈ 0.6. For small L, an inverse ef-
fect is observed, where the steady state stress decreases as the length
decreases.

3.4.4 Influence of the initial dislocation content

The capability of a metal to deform plastically is directly related to the number of dislocations

present in the metal, in particular when all dislocations are conserved and mobile. Figure 3.11

shows the stress response of the laminate when the initial dislocation density ρ0 is changed. For

the same deformation, a lower stress is required when more dislocations are present. Plastic de-

formation is more difficult when the number of dislocations is limited, requiring a higher stress to

deform the material.
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Figure 3.11: The stress-strain response (left) and the GND distribution in steady-
state (right) of the two-phase laminate. The curves show the response
and distribution for changing the initial (uniformly distributed) dislo-
cation density. When more dislocations are present the required stress
is lower, and the GND density profile reveals less pronounced pile-ups.

When more dislocations are present, the interaction stress is also sufficient to overcome the barrier

near the phase boundary. The peak in the curve for the lowest considered density is due to the

pile-up of dislocations near the boundary. As less dislocations are present in the material, more

time and stress is needed to accumulate sufficient dislocations to generate the stress needed for

dislocations to move in the hard phase. As dislocations are moving through the hard phase, the

stress drops when they enter the soft phase, where transport is easier again.

3.4.5 Influence of the initial dislocation distribution

In the reference configuration, an initially uniform dislocation density distribution is used. This

implies that dislocations are equally spaced and that dislocations are present in both the hard and

soft phase. Two additional cases are investigated, where dislocations either all start in the soft

phase, or in the hard phase. In both cases the dislocations are distributed in a bell-shaped spa-

tial distribution in order to enforce continuity at the phase boundary and to ensure smoothness.

In each case, the total number of dislocations remains unchanged, corresponding to a uniform

distribution of ρ0 = 2.13/l2 . The initial density is lower than the value considered previously to

avoid excessive non-physical density gradients when all dislocations are initially located in the hard

phase.

The stress response of the material for different initial dislocation distributions is shown in Figure

3.12. For the uniform case, fewer dislocations are thus available to account for plastic deformation.

As a result, the stress response is higher and a peak can be observed when sufficient dislocations

have traveled to the hard phase to make plastic deformation easier. If all dislocations start in the
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Figure 3.12: The stress-strain response (left) and the GND distribution in steady-
state (right) of the two-phase laminate. The lines here show the behav-
ior of the material: when the initial dislocation distribution is uniform,
marked with ’u’; when all dislocations start in the soft phase, indicated
by ’s’; when all dislocations start in the hard phase, labeled with ’h’.
The total number of dislocations is the same in all these cases.

soft phase, plastic deformation is initially easier, i.e. the response is lower. The initial strain burst

is due to the additional driving force from the non-uniform initial distribution of the dislocation

density. The continuum expression for the driving force depends on density gradients, which are

obviously present in the initial distribution. The stress peak is higher, because no dislocations start

in the hard phase. When dislocations are piling up against the boundary, plasticity stagnates. As

there are only few dislocations present near the boundary and none in the bulk of the hard phase,

plastic deformation here is difficult and the hard phase deforms only elastically, until additional

dislocations enter the hard phase.

When all dislocation start in the hard phase, the initial response is higher. Plastic deformation

is more difficult due to slower dislocation motion and this cannot be compensated by flow in the

soft phase, as no dislocations are present there. A large drop in stress is observed next, when

dislocations enter the soft phase and continue to glide. Then, the already reported hardening

behavior takes over as dislocations travel through the soft phase and pile-up against the hard phase.

The total dislocation content and material parameters are identical for all three cases. Therefore, it

is no surprise that the steady-state response and dislocation distribution are identical, even though

the evolution is different.
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3.5 Dislocation transport in cyclic deformation

The reference configuration, with its corresponding parameters, is now subjected to cyclic loading

to investigate the effect of dislocation transport and interactions on the unloading - and reloading

- response of the two-phase material. This deformation is applied to both the dislocation transport

model and the conventional model without transport, the latter with a uniform and constant dislo-

cation density.

Figure 3.13 reveals that the dislocation transport and interaction causes a strong Bauschinger effect,

whereas the conventional model shows the same behavior in forward and reverse loading. During

loading the dislocations pile-up against the hard phase, causing an increase in stress required to

deform the material due to the dislocation interactions. These repulsive interactions add addi-

tional driving forces to the dislocation motion when the loading is reversed. A natural back-stress

therefore emerges. When the loading is reversed, the yield stress is lower than the conventional

model as the material deforms plastically more easily, even at positive stress. When the dislocations

pile-up against the opposite boundary, a hardening behavior is again observed.
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Figure 3.13: The stress response (left) of a two-phase laminate undergoing cyclic
loading, with (solid line) and without dislocation transport (dashed
line). The model with dislocation transport corresponds with the ref-
erence case in Section 3.3. The corresponding evolution of the dis-
location densities for the dislocation transport model are also shown
(right). The curves a,b,c,d in the density profiles correspond with the
labels a,b,c,d in the stress-strain curve.

The profiles of the dislocation densities are shown for the initial state (a), when the material is

loaded (b), after the loading is reversed to the same amount of strain (c) and when the material

is deformed back to the original shape (d). Starting from a uniform distribution of the disloca-

tion density (a), the dislocations pile-up against the phase boundary. Eventually these interaction

stresses are sufficiently high to overcome the stress barrier, caused by the dislocations near the
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phase boundary. Upon further loading the dislocations are transported through the hard phase,

where they accumulate due to the higher resistance against dislocation motion (b), thereby en-

abling plastic deformation of the hard phase. Upon load reversal, the repulsive nature of the

dislocation interactions adds additional driving forces on the dislocations, thereby lowering the

stress required to deform the material in the opposite direction, even though more dislocations are

present in the hard phase with a higher drag coefficient. Upon further (reversed) deformation, the

dislocations pile-up against the opposite boundary, leading to a change of the sign of the GNDs

(c). When the material is now reloaded in the other direction, there is no resulting applied strain

(d), but the initial dislocation distribution is not fully recovered. There are SSDs present, since all

GNDs now move to the opposite direction and meet in the center, resulting in a SSD density.

Although the total dislocation density distribution is comparable, GNDs remain at the boundaries

after a cycle, as opposed to no GNDs at the start of the first cycle. This results in residual internal

stresses caused by the dislocation interactions, affecting the next cycle of deformation.

These effects are also visible in Figure 3.14, where the average number of dislocations, both for

the total density ρ (middle) and the GND density κ (bottom), is shown for each individual phase

during three loading cycles. These averages are computed by ρ̄h = nρ,h/Ll, and ρ̄
s and κ̄h,s are de-

fined accordingly, where n is the number of corresponding dislocations. For the latter quantity, no

distinction is made between positive and negative dislocation, so it represents all GNDs. The top

diagram shows the stress response of the material as a function of the cumulative applied strain.
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Figure 3.14: The stress plotted against the absolute applied strain for cyclic defor-
mation of the material (top) and the evolution of the total number of to-
tal dislocations (middle) and GNDs (bottom) in the individual phases.
Here, the dashed curves represent the dislocations in the hard phase
and the solid curves the densities in the soft phase.

It is also worth noting that in this case the amount of (cumulative) strain required to reach a steady

state situation is comparable to the monotonic loading case in Figure 3.2.
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3.6 Conclusion and discussion

As a contribution to the physical understanding of relevant mechanisms governing the behavior of

dislocations in two-phase metals, a simple insightful model was used based on a two-phase peri-

odic laminate. The material consists of two phases, distinguished by a different resistance against

dislocation motion, such that a hard and a soft phase are obtained. The constitutive behavior was

determined by a physically-based crystal plasticity framework, where the plastic behavior is gov-

erned by the transport of dislocations on a single slip system.

Even though the boundary between the phases was modeled as ’transparent’, the characteristic

behavior of a two-phase metal was recovered. The interactions between dislocations in the different

phases naturally gives rise to the typical hardening behavior, not captured by classical Taylor and

Sachs averages. These latter techniques do not include the interaction between the phases, and the

role of dislocation transport of dislocations through the lattice.

By varying material and morphological parameters describing the material, the overall response

of the material can be influenced. As the carriers of plastic deformation, the dislocation content,

and distribution, have a large role on the plastic behavior of the material, although the latter shows

no difference for the steady state behavior. With increasing volume fraction, the stress required to

deform the material increases, reaching its maximum for the highest volume fraction of the hard

phase. However, a steady hardening rate requires a more even mixture of the two phases. An

increase in drag resistance ratio increases the stress needed to deform the material. A higher drag

resistance of the hard phase approaches the behavior for the elastic limit, when dislocations are

unable to leave the soft phase and pile-up against an impenetrable wall. The dislocation content

and distribution also have an impact on the plastic behavior of the material. Plastic deformation

is easier when more dislocations are present, thereby lowering the stress response of the material.

The initial spatial dislocation distribution mainly influences the initial response of the material.

The considered dislocation transport model also reveals size effects, which cannot be captured by

the classical methods. The dislocation interactions near the phase boundary naturally lead to size

effects. The yield stress as a function of the domain size follows a Hall-Petch-like behavior. For the

steady-state stress two regions can be distinguished here. For large domain sizes, a classical Hall-

Petch-like behavior is observed, although with an exponent in the order of unity. For decreasing

sizes however, a decrease in steady state stress results. The overlap of the dislocation pile-ups at

opposite boundaries gives rise to additional internal stresses, which easily overcome the resistance

of the hard phase.

Cyclic deformation of the material reveals the role of dislocation transport, and more importantly

their interactions, in the observed Bauschinger effect. Dislocation pile-ups against the phase

boundary lead to hardening of the material, while at the same time these pile-ups promote de-

formation of the material when the loading is reversed.

Despite the simplifications made relative to a poly-crystalline metal with a complex microstructure,

typical physical characteristics can be qualitatively captured by this simple two-phase periodic lam-

inate. This result enables a better understanding of the relevant mechanisms characterizing the

material behavior. The dislocation redistribution in the phases and the resulting interactions are

important in predicting stress-strain response of such metals.





CHAPTER4

Interface modeling in continuum
dislocation transport1

Predictive microstructural models of poly-crystalline materials require a correct description of the mechan-

ical behavior of internal boundaries, e.g. grain, phase and twin boundaries. Dislocations are the carriers

of plastic deformation and the presence of internal boundaries restricts their motion. Interactions between

dislocations and the resistance to their motion caused by the interfaces give rise to hardening and size

effects, which should therefore be considered. In this chapter, a continuum dislocation transport model in

single slip is used to model a two-phase laminated microstructure containing (plastically) hard and soft

phases. The phase boundary constitutes an interface in the model. The transport equations require conti-

nuity of the dislocation flux throughout the domain. Expressions for the dislocation flux in the bulk as a

function of the dislocation densities and their gradients are readily available in the literature. However, the

interface requires an additional constitutive model for the dislocation flux passing through it. Such a model

is derived here from the interactions of infinite dislocation walls on both sides of the parallel boundary. A

qualitative analysis is performed to reveal the effect of interface, material and geometrical parameters on

the overall response of a two-phase laminate. The presence of the interface in the two-phase laminate gives

rise to the observed characteristic hardening of dual-phase materials as well as to size effects.

4.1 Introduction

The mechanics of materials on smaller length scales becomes increasingly important as the in-

trinsic microstructural size effects result from the ratio of different microstructural length scales,

e.g. Hall-Petch, Friedel and Orowan effects [Sevillano et al., 2001, Geers et al., 2006]. In this case,

classical continuum models describing the material behavior fail to capture relevant mechanics

governing plastic behavior. Another aspect is that by altering the microstructure of materials their

properties may be influenced. Therefore, in order to derive predictive models for these materials,

relevant mechanics on the microstructural level should be included.

On the microstructural scale, the behavior of (collections of) dislocations dictates plastic be-

havior. The understanding and correct description of the dislocations, including their inter-

actions with interfaces, is therefore key for predicting the resulting engineering properties

1Based on: Interface modeling in continuum dislocation transport, Dogge, M.M.W., Peerlings, R.H.J.,
Geers, M.G.D., 2014, Submitted
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[Shen et al., 1988]. When the motion of dislocations is restricted, the material is unable to de-

form plastically, thereby enhancing the strength of the material. Grain, phase and twin bound-

aries are examples of interfaces where dislocation motion is partially impeded. The presence

of such interfaces explains experimentally observed size effects [Lasalmonie and Strudel, 1986,

Arzt, 1998, Aldazabal and Sevillano, 2004, Hansen, 2004]. They are often induced by strain

gradients due to the pile-up of dislocations against boundaries [Smyshlyaev and Fleck, 1996,

Fleck and Hutchinson, 1997]. Internal boundaries act as barriers to dislocation motion, because a

mismatch in glide plane orientation or differences in the underlying crystal lattices locally increase

the stress required to transport dislocations through the lattice. As more dislocations accumulate

near such a boundary, the repulsive stress exerted by them increases, resulting in a pile-up against

the boundary [Roy et al., 2008]. Depending on the accumulated stress field, dislocations can inter-

act with a boundary in a number of ways, e.g. transmission, absorption, nucleation or stagnation.

They can further act as barriers to dislocation motion, assist in overcoming the resistance of the

boundary, as well as activate sources in the neighboring grain. When the interface spacing de-

creases, the effects of these interactions are becoming more pronounced.

The objective of this chapter is to develop an interface model that describes and captures the effect

of interfaces on dislocation transport, including relevant interaction mechanisms between disloca-

tions and interfaces, to improve the predictive capabilities of crystal plasticity models.

In lower-scale models like Molecular Dynamics [Zhang and Wang, 1996, de Koning et al., 2003,

Li et al., 1998] and Discrete Dislocation Dynamics [Balint et al., 2008, Li et al., 2009], the in-

teraction of dislocations can be modeled in an accurate way, because each individual dislo-

cation (or atom) is resolved. However, in a continuum description the resolution is lim-

ited to the level of densities of dislocations and the effect of dislocation motion and interac-

tions with other dislocations and interfaces must be incorporated at this level. Many con-

tinuum frameworks have been proposed which include dislocation and boundary mechanics,

see References [Cermelli and Gurtin, 2002, Gudmundson, 2004, Ma et al., 2006, Gurtin, 2008,

Roters et al., 2010, van Beers et al., 2013].

However, the majority of these models do not explicitly take into account the transport of dis-

locations, but solve for the (plastic) incompatibility due to plastic slip, and relate the gradi-

ents in plastic slip to the presence of GNDs. Nonetheless, there are continuum models avail-

able considering the plastic deformation as the result of dislocation motion [Groma et al., 2003,

Kratochvíl and Sedlac̆ek, 2008, Sedlac̆ek et al., 2007, Hochrainer et al., 2007]. Based thereon, a

continuum dislocation transport model [Groma et al., 2003, Yefimov et al., 2004] is adopted here,

modeling the transport of dislocations on their glide planes both in the bulk and across the bound-

ary. In Chapter 2 a Finite Element Method (FEM) framework was developed to solve the resulting

transport equations in single slip, including an extended description of the relevant short-range

dislocation-dislocation interactions. This model was used to study the effect of dislocation trans-

port, and especially the dislocation interactions, on the response of a two-phase laminate in Section

3.2.1. Themicrostructure considered consisted of a soft and a hard phase with identical elastic prop-

erties, but different plastic properties, i.e. a different resistance to dislocation motion. However, in

this two-phase microstructure the boundary between the two phases was considered transparent,

i.e. dislocations are transmitted from one phase to the other without penalty. In spite of this obvi-

ous simplification, size effects could still be observed due to the dislocation-dislocation interactions

near the interface, as dislocation motion was more restricted in the harder of the two phases.
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In this chapter, the continuum dislocation transport framework is extended by treating the inter-

face as an additional barrier to dislocation motion, which is physically more relevant. An interface

element is developed for this purpose and the dislocation transport through this interface is gov-

erned by an additional constitutive relation for the dislocation flux in this interface element. The

transmitted interface flux depends on the difference in dislocation density at both sides of the in-

terface. To derive an expression for this dependence, an idealized configuration of infinite edge

dislocation walls is used, where the negative walls are shifted with respect to the positive walls by

half of the internal wall spacing. This approach is inspired by the methods presented in Chapter

2, where interactions in the bulk material were investigated. Using regularized dislocation stress

fields [Cai et al., 2006], and adopting continuous densities in order to characterize the horizontal

spacing of the walls, an expression for the interaction stress at the interface is derived. This stress

drives the dislocation flux against a resistance, which is assumed to be purely viscous and linear in

the dislocation velocity.

The resulting contribution of this interface model is first examined in a single-phase material with

a single interface between two identical phases, i.e. a ’grain boundary’. The extended model is

then used to model the dislocation transport in a simplified two-phase laminate in which, unlike

in Chapter 3, the phases are now separated by a discrete phase boundary which presents additional

resistance against dislocation motion. In addition to the bulk properties, the influence of interfacial

properties on the macroscopic material response is investigated.

The outline of this chapter is as follows. In Section 4.2 the microstructural configuration, the used

continuummodel for dislocation transport and the novel interface model are discussed. In Section

4.3 the role of the interface resistance is investigated for identical phases separated by a boundary.

In Section 4.4 the influence of the interface on the response of a simplified two-phase laminate is

investigated, along with a parameter study of the interfacial, bulk and geometrical effects. Finally,

in Section 4.5 the conclusions are presented.

4.2 Interface modelling in continuum dislocation transport

4.2.1 Microstructural model

An idealized representation of a two-phase microstructure is used as the starting point in the anal-

ysis of the interface model [Cordero et al., 2010]. The simplified two-phase configuration used is

shown in Figure 4.1. A unit cell of length L is deformed at a constant shear rate Γ̇, resulting in

vertical displacements u(x) in the material. On the boundaries of the unit cell periodic boundary

conditions are applied.

There are two phases present in the material, a soft and a hard phase. The amount of hard phase

is determined by its volume fraction φ. Both phases have the same elastic constants, but differ in

plastic behavior, which is determined by the drag resistance B, i.e. the resistance against disloca-

tion motion. The soft phase has a drag resistance Bs and the hard phase has a drag resistance of

Bh. The drag resistance is considered as a scalar representation of the resistance against disloca-

tion motion, representing all underlying physical contributions. The domain contains an initial

dislocation density distribution of straight edge dislocations on a slip system perpendicular to the

interface, consisting of the initial total and Geometrically Necessary Dislocation (GND) densities,
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Figure 4.1: Periodic two-phase laminated material, based on the configuration in
Section 3.2.1, containing a soft (white) and a hard phase (grey), with in-
terfaces in between. The amount of hard phase is determined by the
volume fraction φ. Transport of dislocations of both signs occurs on a
single slip system, with slip plane spacing h. The two phases have a dif-
ferent drag resistance B, i.e. Bs for the soft phase and Bh for the hard
phase. The interface has its own resistance. Initial distributions are
present of the total dislocation density ρ(x, 0) and GND density κ(x, 0).
An overall shear rate Γ̇ is applied, such that the unit cell deforms with
vertical displacements u(x).
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ρ0, κ0 respectively. Dislocations are all considered mobile and their number is conserved, i.e. no

creation and/or annihilation is considered.

The presence of a phase boundary affects the dislocation transport and the dislocation densities

may differ considerably between the two sides of an interface. This difference in density, and the

resulting difference in repulsion by dislocations on both sides of he interface, is due to the drag

resistance Bi of the interface.

4.2.2 Governing bulk equations

A summary of the governing equations for dislocation transport in single slip in the bulk material,

i.e. at sufficient distance from the interfaces, is presented, see Section 3.2.2 for a more detailed

discussion. The governing equations, i.e. mechanical equilibrium and balances of the total and

GND densities, read

∂τ

∂x
= 0, (4.1)

∂ρ

∂t
+
∂Φκ

∂x
= 0, (4.2)

∂κ

∂t
+
∂Φρ

∂x
= 0. (4.3)

Here, τ is the macroscopic shear stress, ρ and κ are the total dislocation and GND densities,

and the fluxes Φρ and Φκ characterize the total flow and net flow of Burgers vector, respectively.

No dislocation sources and sinks are considered; these mechanisms may however be added in a

straightforward fashion on the right hand side in (4.2).

For determining the macroscopic stress a small deformation crystal plasticity approach is used

with an additive split between the elastic and plastic strains. The stress tensor is coupled to elastic

strain tensor through Hooke’s law. The dislocation fluxes are based on a linear drag law relating

dislocation velocity to the forces acting upon them. The resulting constitutive equations for the

shear stress and the dislocation fluxes are:

τ = G

(

∂u

∂x
− γp

)

, (4.4)
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Φρ = ρ
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B

(

(S2 + C2)κ
∂ρ

∂x
+ (S2 − C2)ρ

∂κ

∂x

)

. (4.6)

In (4.4), τ is the shear stress, γp the plastic slip and G is the shear modulus. The plastic slip rate

is determined from the Orowan relation γ̇p = bΦρ. In the expressions for the dislocation fluxes

(4.5)-(4.6), b is the length of the Burgers vector, B the drag resistance, h the vertical spacing of

active slip planes and Ḡ = G/(2(1−ν)) is the generalized shear modulus, with ν the Poisson’s ra-

tio. The transport equations and flux expressions are of a similar nature as in [Groma et al., 2003].

The main difference is the assumption of an idealized underlying dislocation structure, giving rise

to a different interaction length scale. The first term in (4.5)-(4.6) is the long-range interaction

stress acting on dislocations and is determined by the overall stress-state in the material caused by

elastic deformation, according to (4.4). The second term represents the short-range dislocation-

dislocation interaction. In this expression, the interactions arise as a result of gradients in the
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total and GND densities. The coefficients S2 and C2 are the continuum equivalents of the in-

teractions between dislocation walls of the same sign (S2) and dislocations of opposite sign (C2).

These expressions are derived from the underlying dislocation configuration. The expressions of

the dislocation interactions are derived in detail in Section 2.2. However, the derivation is repeated

below with a more general expression for the short-range interactions, i.e. the coefficients S2 and

C2, to clarify the subsequent derivation of the dislocation interactions in the interface in Section

4.2.4. The governing equations (4.1)-(4.3) plus (4.4)-(4.6) form a closed system for the bulk mate-

rial, with the accompanying degrees-of-freedom u, ρ, κ. A finite element solution method can be

used to solve this system, when appropriate boundary and interface conditions are chosen.

4.2.3 Derivation of the interaction stress terms

Following Section 2.2, an approach to derive the short-range interaction coefficients based on an

idealized dislocation arrangement is adopted. A regular dislocation configuration is used, consist-

ing of infinite vertical walls of positive and negative dislocations, with a constant internal spacing

h. Both types of walls are shifted vertically by h/2 with respect to each other, such that only one

type of dislocation resides on each glide plane. To formulate a model at the continuum scale, it is

assumed that many dislocation walls are present. If there are many walls within a distance of ±h
from a particular wall, i.e. the horizontal distance between walls is much smaller than the vertical

spacing h in a wall, a continuous distribution of dislocation walls may be assumed. This allows to

rewrite the discrete sum of individual interaction stresses as a continuum equivalent for the total

interaction stresses on a positive and negative dislocation as follows:

σ±
int =

∫ ∞

−∞
hρ+(x+ ξ)σ±+(−ξ)dξ +

∫ ∞

−∞
hρ−(x+ ξ)σ±−(−ξ)dξ. (4.7)

In this expression, ρ+ and ρ− are the densities of positive and negative dislocations and σαβ(x)

are the interaction stresses acting on a dislocation at position x (which has sign α) emanating

from another dislocation (of sign β) at the origin. The linear densities hρ± are a measure for the

local number of walls. To estimate the dislocation density in (4.7) at a position x + ξ, a Taylor

approximation for the dislocation density is applied:

ρ±(x+ ξ) = ρ±(x) + ξ
∂ρ±

∂x
+ ..., (4.8)

such that the expression for the interaction stress can be computed as a function of ρ± and their

gradients, i.e. visualized in Figure 4.2.

The shear stress of a dislocation wall with constant vertical dislocation spacing h is known

[Hirth and Lothe, 1992]. Due to the periodicity of this stress field in y-direction and the adopted

dislocation configuration, only the shear stresses on two planes are required, with the y-coordinates

y = 0 and y = h/2, corresponding with σ±± and σ±∓, respectively. However, as shown in Sec-

tion 2.2, the conventional expressions for σ±± are singular. This is not necessarily a problem in

the bulk, where ρ±(x) is continuous and the singularities near the origin cancel in the integra-

tion according to (4.7). However, for the treatment of interfaces (next section), this singularity is

problematic and we therefore remove it by regularizing the stress field of a wall. This essentially

implies that the dislocation core is distributed over a certain core radius, instead of being located
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Figure 4.2: Schematic overview of the dislocation density profile in the bulk (a)
and near the interface (b). In the bulk the density profile is continu-
ous (a), therefore the gradient of the density is used as a measure for
the dislocation interactions. The dislocation density near the interface
(b) is discontinuous. For the interactions, at the interface the densi-
ties on both sides of the interface are used as a characteristic measure.
An interface element with zero thickness is inserted at the position of
the interface in the computational implementation. The interface is
described by a constitutive model inserted in the element.

at a single point, thereby making the stress field non-singular. In [Cai et al., 2006] the stress field

of a single dislocation is regularized, which corresponds with the Peierls-Nabarro stress field along

the slip plane [Peierls, 1940, Nabarro, 1947]. This expression can be used in the derivation of the

stress field of a dislocation wall as described in [Hirth and Lothe, 1992].

The positions y = 0 and y = h/2, and the respective signs for the Burgers vector b, are substi-

tuted in the expression for the shear stress of a dislocation wall. Doing so, the expression for the

interaction stress between the walls of the same sign and same glide plane and the expression for

interactions of opposite signed walls on shifted glide planes are then obtained as follows:

σ++ = −σ−− =
πḠb

h

x̃

sinh2 π
√
x̃2 + r̃2

, (4.9)

σ+− = −σ−+ =
πḠb

h

x̃

cosh2 π
√
x̃2 + r̃2

, (4.10)

where x̃ = x/h is the normalized position of the interacting dislocation. The parameter r̃ = r/h

is the normalized core distribution radius. In Figure 4.3, the influence of this parameter is shown

on the shear stress σ++ = −σ−−, where the increase of this value decreases the stress in the core

area defined by r̃.

Substituting the Taylor approximation for the dislocation density (4.8) and the expressions for the

dislocation wall stresses (4.9)-(4.10) in (4.7), the interaction stresses on a positive and negative wall

can be computed. Note that due to anti-symmetry of the dislocation wall stress fields all even-order

terms in (4.8) vanish upon integration. Truncating after the first non-trivial term, we obtain the



56 Chapter 4. Interface modeling in continuum dislocation transport

−0.2 −0.15 −0.1 −0.05 0 0.05 0.1 0.15 0.2
−3

−2

−1

0

1

2

3

r̃ = 0

r̃ = 1
10

r̃ = 1
5

x
h

σ
x
y
h

π
G
b

Figure 4.3: Influence of the parameter r̃, i.e. the normalized core radius, on the
dislocation wall stress field σ++.

following expressions for σ± that depend on ∂ρ±

∂x
:

σ± = ∓2πḠbh2

(

S2
∂ρ±

∂x
+ C2

∂ρ∓

∂x

)

, (4.11)

where the short-range interaction coefficients S2 and C2, are defined as:

S2 =

∫ ∞

0

ξ̃2

sinh2 π

√

ξ̃2 + r̃2
dξ̃,

C2 =

∫ ∞

0

ξ̃2

cosh2 π

√

ξ̃2 + r̃2
dξ̃,

which can be computed numerically. Note that when no regularization is used , i.e. r̃ = 0, the

expressions for the interaction stresses and dislocation fluxes used in Section 2.2 are recovered.

By adopting a linear drag law for the dislocation velocity, and by separating the long-range and

short-range contributions to the dislocation driving force, the fluxes for positive and negative dis-

locations can be expressed as:

Φ± = ρ±v± =
±bρ±
B

τ − 2πḠb2h2ρ±

B

(

S2
∂ρ±

∂x
+ C2

∂ρ∓

∂x

)

. (4.12)

By finally expressing the positive and negative dislocation densities in the total and GND densities,

i.e. ρ+ = 1
2
(ρ+ κ) and ρ− = 1

2
(ρ− κ) and using the definitions for the total and GND fluxes

Φκ = Φ+ + Φ− and Φρ = Φ+ − Φ−, one obtains the expressions (4.5) and (4.6).
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4.2.4 Interface flux

Constitutive equations for the interface fluxes are derived next. For this purpose, the stresses acting

on both a positive and negative dislocation wall positioned exactly at the interface are considered.

Here, the interactions between dislocations are expected to constitute the major driving force for

dislocation motion, i.e. the contribution of the macroscopic stress τ can be neglected at the inter-

face.

For the dislocation interactions in the bulk, given by (4.7), the integral runs from−∞ to∞, taking

into account all interactions and assuming a continuous distribution of dislocations. However, at

the interface the dislocation density can be discontinuous, as depicted in Figure 4.2b. This implies

that the distances between the walls on one side of the interface can be different compared to the

other side. Therefore, the integral has to be split to account for the difference in densities around

the interface. Assuming that the two phases surrounding the interface have the same elastic prop-

erties, one finds:

σ±
int =

∫ 0

−∞
hρ+(x− + ξ)σ±+(−ξ)dξ +

∫ 0

−∞
hρ−(x− + ξ)σ±−(−ξ)dξ

+

∫ ∞

0

hρ+(x+ + ξ)σ±+(−ξ)dξ +
∫ ∞

0

hρ−(x+ + ξ)σ±−(−ξ)dξ. (4.13)

Here, x− and x+ indicate the left and right side of the interfaces. The regularized dislocation wall

stress fields are used, and for the dislocation densities the Taylor expansion (4.8) is used separately

at both sides of the interface. Note that upon inserting these expressions in (4.13) the zero-order

term does not vanish (unlike in the bulk case) and it thus constitutes the leading term. Truncating

after this term results in:

σ± = ∓πḠbh
(

S1∆ρ
± + C1∆ρ

∓) , (4.14)

where ∆ρ± = ρ±(x+)− ρ±(x−) and:

S1 =

∫ ∞

0

ξ̃

sinh2 π

√

ξ̃2 + r̃2
dξ̃,

C1 =

∫ ∞

0

ξ̃

cosh2 π

√

ξ̃2 + r̃2
dξ̃.

Using again the linear drag law for the dislocation velocity, the corresponding dislocation fluxes

are:

Φ± = ρ±v± = −ρ̄±πḠb
2h

Bi

(

S1∆ρ
± +C1∆ρ

∓) , (4.15)

whereBi is the interface drag resistance. Here, ρ̄± are the average positive and negative dislocation

densities at the interface, defined as ρ̄± =
(

ρ±(x+) + ρ±(x−)
)

/2. The average dislocation density

is used in the definition for the dislocation flux, as it is a measure for the available dislocations at

the interface.

In order to calculate the fluxes for the equations governing the transport of the total dislocation

density ρ and the GND density κ, we add and subtract respectively the contributions of the positive
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and negative dislocations, leading to:

Φκ = −πḠb
2h

2Bi

(

(S1 +C1)ρ̄∆ρ+ (S1 − C1)κ̄∆κ
)

, (4.16)

Φρ = −πḠb
2h

2Bi

(

(S1 +C1)κ̄∆ρ+ (S1 − C1)ρ̄∆κ
)

. (4.17)

These are the fluxes of dislocations across the interface, where Φκ is the flux of GNDs through

the boundary (i.e. the flux of dislocations resulting in a net Burgers vector), and Φρ the total

flux of Burgers vector through the interface. Due to the viscous nature of the dislocation velocity

description, dislocations are continuously moving through the interface under the influence of the

internal stress accumulated near the boundary. However, a higher drag resistance Bi results in a

higher stress required to cause the same dislocation flow through the interface.

4.2.5 Numerical implementation

For the numerical implementation of the derived model, the equilibrium equation (4.1) and the

transport equations for both the total dislocation (4.2) and GND (4.3) densities are discretised by

the finite element method. To implement the interface numerically in a FEM analysis, a cohesive

zone-like approach is followed. An additional interface element with zero thickness is inserted

by adding a node at the same spatial coordinate as the interface node. The displacement is con-

sidered continuous across this interface, i.e. there is no interface sliding and/or opening, but the

dislocation densities can be discontinuous. The transport of dislocations through the interface is

described by the fluxes (4.16)-(4.17) computed in this interface element.

To obtain the weighted residual formulation, the governing equations are multiplied with corre-

sponding test functions ψ and integrated over the domain (0, L). The expressions for τ,Φρ,Φκ

are then integrated by parts to lower the order of derivation. When the weighting functions are spa-

tially discretized, and an implicit time integration is adopted for the time derivatives, the following

discrete formulation results, for an arbitrary number of interfaces mi:

R
~ u =

∫ L

0

dN
~ u

dx
τ dx− N

~ uτ |L0 +

mi
∑

i=1

N
~ uτ |x

+

x− = 0
~
, (4.18)

R
~ ρ =

∫ L

0

(

N
~ ρ

1

∆t

(

ρ− ρt
)

−
dN
~

T
ρ

dx
Φκ

)

dx+ N
~ ρΦκ

∣

∣

L

0
−

mi
∑

i=1

N
~ ρ Φκ|x

+
i

x
−

i

= 0
~
, (4.19)

R
~ κ =

∫ L

0

(

N
~ κ

1

∆t

(

κ− κt
)

− dN
~

T
κ

dx
Φρ

)

dx+ N
~ κΦρ|L0 −

mi
∑

i=1

N
~ κ Φρ|x

+
i

x
−

i

= 0
~
. (4.20)

The symbols with superscript t represent the values at the previous time step. For brevity, the

superscript (t+∆t) is dropped for the values at the current time step. The shape functions N
~
are

the usual piece-wise polynomials; a quadratic interpolation for u is used in all examples hereafter.

For the dislocation densities ρ and κ, a linear interpolation is used. The sets of shape functions

associated with the interfaces in the interface element contain two functions per interface: one

which increases to unity towards the interface and then drops to zero, and which is associated with

the left side of the interface, and one which jumps to unity and then decreases gradually on the

next element, associated with the right side of the interface. Using these shape functions also for
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the corresponding weighting functions automatically results in the correct assembly of the bulk

and interface contributions in (4.19)-(4.20).

The expressions for the stress and fluxes are non-linear and hence a Newton-Raphson iterative

solution strategy is adopted to solve equations (4.18)-(4.20). No stabilization is applied for the the

transport equations. Therefore, the element and time step sizes must be carefully chosen. The

time step in the simulations is taken smaller than the characteristic time t0 = B/Gρ0b
2. The

element size should be a fraction of the characteristic interaction length scale h.

4.3 Illustration of the interface behavior - single phase ma-

terial

To analyze the influence of interfaces in the material on the dislocation transport and ultimately on

the macroscopic response, first a periodic set of interfaces in a single phase is modeled. A periodic

unit cell is used containing a single phase and one interface. This allows a detailed study of the

dislocation transport across the interface. The parameters used in these simulations are shown in

Table 4.1. Starting from a uniform dislocation density distribution, a constant shear deformation

rate is applied on the unit cell.

L h ρ0 κ0 Bi r̃ Γ̇

1000b 50b 1.2 · 10−3/b2 0 10Bs 5b 8.33 · 10−4
(

Gb2ρ0
)

/Bs

Table 4.1: List of parameters and their values used in the single phase model with
interfaces.

4.3.1 Reference configuration

The resulting stress response as function of the shear strain for a single phase material with and

without an interface is shown in Figure 4.4. Also shown are the density profiles of the total dislo-

cations, GNDs and SSDs, where the SSD density is computed as ρSSD = ρ− |κ|.
The macroscopic stress and strain are normalized with a characteristic stress and strain respec-

tively. The characteristic stress τ0 is determined by the steady-state stress of the single-phase mate-

rial without interfaces, given by τ0 = Γ̇Bs

ρ0b
2 . The characteristic strain is given by Γ0 = ρ0bh, which

is the amount of slip generated by the initial dislocation density ρ0 of dislocations with Burgers

vector b when they move over a distance h.

Clearly, the interface acts as a barrier for approaching dislocations, as GNDs are accumulating

near and pile-up against the interface. At the same time the SSD density drops, since SSDs are

’split’ into their positive and negative parts to generate GNDs - remember that the total number

of dislocations is preserved. As the stress increases, the pile-up stabilizes as dislocations are now

able to move through the interface due to the accumulated internal stress. Accordingly, the stress

response approaches its steady-state level.
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Figure 4.4: Stress-strain response (left) of a single phase material with (solid line)
and without (dashed line) an interface, and the corresponding snap-
shots of density profiles of the material with interfaces (right).
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Figure 4.5: Interface fluxes in a single phase material containing one interface per
unit cell.
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Figure 4.5 shows that the total dislocation density flow across the interface, Φρ, increases and

reaches a steady state, indicating that when the plastic slip rate remains constant a macroscopic

steady state is reached. There is no net flow of Burgers vectorΦκ, since the present configuration is

a symmetric problem, whereby the flow of positive dislocations equals the opposite flow of negative

dislocations.

4.3.2 Effect of interface drag resistance

The interface behavior is determined by a linear drag law, meaning that there is always some

dislocation flow through the boundary. An important parameter determining this behavior of the

interface is the drag resistance in the interface Bi, indicating the resistance of the boundary against

dislocation motion. The influence of this parameter is shown in Figure 4.6.
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Figure 4.6: Stress-strain response of a single phase material with interfaces (left)
and the corresponding snapshots of density profiles (right), when
steady-state is reached, for different interface resistances Bi.

By increasing the interface resistance Bi the dislocations are more restricted to move through the

interface. Therefore, the stress response is higher, a phenomenon also picked up in strain gradient

models including an elastic-plastic interface [Fredriksson and P Gudmundson, 2007]. Note that

more accumulation of dislocations occurs near the interface, both for the total dislocation and

GND densities. For a high interface resistance, two distinct plastic regimes can be observed. First,

an almost linear hardening occurs when the dislocations are still piling-up against the interface,

whereby the flux through the interface is limited. When the pile-up becomes strong enough to

push dislocations through the interface, an ideally plastic regime is established. Figure 4.7 reveals

that the initial dislocation flux is lower for a higher resistance. This means that plastic flow is more
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limited, which implies a higher stress response for the applied deformation. As a result, the steady

state is reached at a later stage, as a higher accumulated stress is required to move dislocations, for

which a stronger pile-up is needed. Again, there is no GND flux in the interface due to material

symmetry.
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Figure 4.7: Interface flux for different values of Bi.

4.3.3 Effect of domain size

An important characteristic of materials containing interfaces is the induced size effect. It is gener-

ally observed that when the grain size of a poly-crystalline material is smaller, the strength is higher,

i.e. the Hall-Petch effect [Hall, 1951, Petch, 1953]. In the current model, by varying the size L of

the unit cell the spacing of the interfaces can be changed. In Figure 4.8, the effect of period length

on the macroscopic stress response is shown. Obviously, "smaller is stronger" also holds here. By

decreasing L, the length of the pile-up relative to the period length increases and its influence on

approaching dislocations is higher; as a result more stress is required to deform the material.

In Figure 4.9, the resulting size effect is shown, where the steady state stress increases by decreas-

ing grain size. The idealized interface model captures some characteristic effects of materials with

internal boundaries, like the observed size effects. The exponent here is ≈ −1, as also found in

earlier analyses, e.g. Section 3.4.3 and Reference [Cordero et al., 2010].

4.4 Two-phase laminate

The role of the interface is next investigated for a simplified two-phase material, as visualized in

Figure 4.1, in order to study the effect of material, geometrical and interfacial parameters on the
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Figure 4.8: Stress-strain response of a single phase material with interfaces (left)
and the corresponding snapshots of density profiles (right), when
steady-state is reached, for different domain sizes L.
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overall material response. The material consists of a hard and a soft phase, separated by interfaces,

with an identical interfacial drag resistance governing their plastic behavior. A constant shear rate

is applied to the unit cell and the dislocation transport along the glide planes and through the

interfaces is governed by the corresponding constitutive relations for the fluxes.

4.4.1 Reference configuration

In the reference case both phases have the same elastic properties, but different resistances against

plastic deformation, i.e. more restrictive in the hard phase. Both interfaces have identical plastic

properties. The parameters used in the reference case are shown in Table 4.2. All dislocations start

L φ h r̃ ρ0 κ0 Bh Bi Γ̇

1000b 0.3 50b 5b 1.2 · 10−3/b2 0 3Bs 10Bs 8.33 · 10−4
(

Gb2ρ0
)

/Bs

Table 4.2: List of parameters and their values used in the two-phase model with
interfaces.

as SSDs from a uniform distribution. In Figure 4.10, the stress-strain evolution of the reference

configuration is shown on the left. On the right of Figure 4.10, snapshots of the dislocation density

profiles are shown, the colors corresponding with the colors of the markers on the stress-strain

curve.

Initially, dislocations of opposite sign pile-up against opposite boundaries, both in the hard and

the soft phase. As dislocation motion is restricted by the accumulation of internal stresses, the

stress required to deform the material increases. As the pile-up increases, the accumulated stress

balances the resistance of the interface and the interaction stress of neighboring dislocations, after

which the flow of dislocations through the interface increases.

The peak indicates the relaxation of the material when dislocations can leave the hard phase due

to sufficient accumulation of dislocations to flow through the boundary. Note that because of the

linear drag law, dislocations continuously flow through the interface, even though slowly at the

start. This can be noticed in the initial behavior.

In the soft phase, dislocations can move more freely; therefore the SSD density is low as dislo-

cations are not hindered in the center and they form GNDs at the boundaries where they are ob-

structed. In the hard phase there is an accumulation of SSDs, because the higher drag resistance

keeps the dislocations in the hard phase longer, since they move more slowly. Also, the competi-

tion between the pile-ups in the hard phase and the inflow of dislocations of opposite sign at that

particular boundary ensures that effectively there are almost no GNDs at these boundaries in the

hard phase.

In Figure 4.11 the corresponding dislocation interface fluxes Φρ and Φκ are plotted for both in-

terfaces. The flux of total dislocations is the same in both interfaces. The flow of GNDs is of the

same magnitude, but of opposite sign, because at each boundary in the soft phase dislocations of

opposite sign pile-up against it. This pile-up generates the driving force through the interface and

is higher than the flow of dislocations of opposite sign from the hard to the soft phase. An opposite

signed GND flux at the two interfaces is the result.
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Figure 4.10: Evolution of the stress-strain response (left) and dislocation density
profiles (right) of the two-phase laminate reference configuration. The
different markers in the stress-strain curve correspond with a snap-
shot of the density profile.
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There is a clear correlation between the stress response and the interface fluxes. The fluctuations

in the total dislocation density flux (Figure 4.11, left) correspond with the fluctuations in the stress

response (Figure 4.10, left). The drop in stress after the peak corresponds with the reversal of the

GND flow, where dislocations of opposite sign flow through the boundary. Steady state is reached

when the flux of total dislocations does not change anymore and there is no GND flux through the

interfaces, indicating a balance of dislocations of opposite sign through the interface.

4.4.2 Influence of the interface resistance

An important factor dictating the material behavior is the resistance of the interface to dislocation

motion. If the interface resistance is high, the stress required for dislocations to flow to the other

phase is also high. Therefore, the material is harder to deform. In Figure 4.12 the stress-strain

response of the material is shown for different interface resistances Bi, with the corresponding

steady state dislocation density profiles.

By increasing the interface resistance, both the peak stress and steady state stress increases. The

dislocation pile-ups against the interfaces become more pronounced, increasing the stress required

for dislocations to move. Also, in the soft phase the SSD density decreases with increasing resis-

tance, but in the hard phase the density fluctuates as function of the resistance. First, the density

increases since dislocations are longer trapped in the harder phase as the resistance increases.

However, at a certain point this density decreases, because the boundaries are so hard that more

dislocations are required near the boundary to elevate the induced internal stress. This causes a

larger polarization of dislocations, which is also visible in the change in GND density profile. The

higher the resistance, the more pronounced the transition in GND density.

4.4.3 Influence of the hard phase resistance

The hardness of the second, harder phase is another parameter which influences the material

behavior. By increasing the drag coefficient Bh of the second phase, the dislocation motion in

that phase is more restricted, requiring more stress to account for the applied deformation, as

illustrated in Figure 4.13. In addition to the obstruction at the interface, the dislocations travel

slower through the hard phase. Dislocations start to accumulate more in the hard phase, because

they cannot leave this phase easily. A consequence is, that in the soft phase no dislocations are left

to accommodate the plastic deformation. As all dislocations in the soft phase are GNDs pile-ing up

against the corresponding interface, almost no SSDs are observed in the soft phase.

4.4.4 Influence of volume fraction of hard phase

The amount of second phase in the material is determined by the volume fraction φ. Naturally,

when more hard phase is present in the material, the stress response upon deformation is harder,

see Figure 4.14 where the stress response of the material is plotted for different volume fractions

φ. Due to equilibrium, the same higher stress is present in the soft phase. As the distance to

the interface decreases with increasing φ, the density at the interface increases and there are less

dislocations in the soft phase to flow through the interface. At the same time, the dislocations

at the opposite side move away from the boundary. With increasing φ, also the gradients and
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Figure 4.12: The influence of the interface drag resistance Bi on the stress re-
sponse of the laminate (left) and the steady state density profiles
(right).
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separation of dislocations in the soft phase become more pronounced. Dislocations need to move

much smaller distances to reach the boundary and all available dislocations are required to increase

the pile-up stress to force sufficient dislocation flow through the boundary. For a low φ, there are

almost no GNDs in the hard phase.
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Figure 4.14: Influence of the volume fraction φ of second phase on the stress-strain
response.

4.4.5 Influence of the microstructural length

In poly-crystalline materials size effects are typical, usually implying smaller is stronger. In order

to explore this feature, the size of the periodic unit cell is varied, i.e. changing the size of both

phases. Figure 4.15 confirms the strengthening effect as size decreases. Although the dislocation

redistribution between the soft and the hard phase is smaller, the influence of the pile-up against

the interface is more pronounced, as the length of this pile-up remains more or less constant. The

dislocations encounter the interfaces earlier, because the travel distance decreases, strengthening

the material.

The total dislocation flux is initially lower for large L, because dislocations need to travel longer

to encounter the interfaces. As the material size increases, it takes longer to reach a steady state

flow. As a result, it takes longer for the GND flux to stabilize as dislocations need to travel longer

through the hard phase.

Figure 4.16 shows the steady state stresses as function of the length L, revealing the size effect

quantitatively. An exponent ≈ −1 results, as in Section 4.3.3 and Reference [Cordero et al., 2010].
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Figure 4.15: Stress-strain response of the material for different lengths L of the
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4.5 Conclusion

As the structural length scale approaches the material’s intrinsic length scale, micro-mechanical

phenomena become more pronounced. Continuum models, like enriched crystal plasticity mod-

els, are a valid option to model suchmicrostructures, provided that the underlying mechanisms are

properly included in the continuum description. Various observed macroscopic effects, like size

effects and characteristic hardening behavior of multi-phase steels, are caused by the interactions

of dislocations with obstacles, e.g. other dislocations and internal boundaries.

As the transport of dislocations in the bulk material is relatively well understood, the interaction

between dislocations and interfaces, e.g. grain or phase boundaries, can be quite complex. There-

fore, the goal of this paper was to propose a continuum description for the transport of dislocations

through an interface, by means of an interface element. In this interface element, a dislocation flux

was derived based on an idealized dislocation arrangement, used earlier to derive the continuum

expressions for short-range dislocation interactions.

In order to study the effect of dislocation transport on the overall response of a metal, a simplified

microstructural configuration was considered. First, a periodic unit cell was chosen containing a

single phase and an interface, to investigate the effect of such an interface on the dislocation fluxes,

including variations of the interface parameters. By changing the interface resistance, the strength

and hardening of the material is affected, while changing the period length revealed that the model

captures well-known size effects.

Next, an idealized representation of a multi-phase material was considered. A periodic two-phase

laminate was chosen, containing both plastically soft and hard phases. The difference in plastic

behavior is determined by the different drag resistances to dislocation motion, i.e. plastic deforma-

tion.

It was shown that the presence of interfaces surrounding the phases has an additional effect on

the overall behavior of the material, in addition to the difference in plastic behavior of both phases

(for transparent interfaces, see Sections 3.3 and 3.4). The interface acts as a barrier to dislocation

motion, independent of the (difference in) properties of the surrounding phase(s). The size effects

and hardening behavior typically observed in a two-phase material are qualitatively identified using

the simplified two-phase laminate including additional interface descriptions.

This description entails a more realistic representation of a two-phase material, without the need

for a (unrealistic) higher hardness of a second phase. Relevant phenomena observed at the macro

scale could be explained in terms of dislocation transport and their interactions on the microstruc-

ture scale, despite the idealization of the model.

The proposed descriptions for the dislocation interactions and dislocation transport, both in the

bulk and the interface, can be generalized towards a more realistic material representation with

multiple slip systems and more realistic morphologies.



CHAPTER5

Continuum dislocation transport in
multiple slip1

Predictive models for poly-crystalline metals require the correct implementation of the underlying mecha-

nisms governing plastic behavior, i.e. dislocation motion. In a crystal plasticity framework, the discrete

nature of plastic slip is taken into account naturally, as well as the effect of grain orientation. The presence

of (a collection of) dislocations may induce an accumulation of internal stresses caused by the plastic dis-

tortion, i.e. long-range stresses. Moreover, the stress emanating from individual dislocations also interact

with other nearby dislocations, i.e. short-range stresses. Including these effects in a continuum model is

important to account for the effect of dislocation pile-ups and their influence on the material behavior. The

goal of this chapter is to formulate continuum expressions for these dislocation interactions in a multi-slip

framework, based on the analysis of discrete dislocation interactions. A continuum dislocation transport

model is incorporated in a crystal plasticity formulation, taking into account the transport of dislocations

on the glide planes. In order to investigate the influence of dislocation motion and their interactions on

the material’s macroscopic response, an idealized two-phase laminate is considered. The effect of the slip

system orientation on the dislocation density distribution evolution is shown, for a single slip system as

well as for two slip systems in a symmetric and a non-symmetric configuration. Different slip system ori-

entations, and combinations thereof, give rise to different long-range stresses in addition to the short-range

interactions, affecting the formation of boundary layers at the phase boundaries due to dislocation pile-ups

and interactions, resulting in corresponding differences in the overall material behavior.

5.1 Introduction

In recent years, there is a growing demand for truly predictive, computational models to optimize

currently available materials, and develop new ones. An example of a class of materials supporting

this demand are the Advanced High Strength Steels (AHSS). By changing microstructural features

in these materials, e.g. second phases, twin boundaries or transformation induced plasticity

(TRIP), the overall, macroscopic properties can be improved. Such advanced metallic materials

owe their enhanced properties to a controlled restriction of the motion of dislocations, i.e. the

carriers of plastic deformation. For a predictive computational model, the correct description of

1Based on: On the role of long-range and short-range dislocation interactions in continuum dislocation
transport in single and double slip, Dogge, M.M.W., Peerlings, R.H.J., Geers, M.G.D., 2014, in preparation.
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this restricted motion of dislocations is therefore imperative.

Computational crystal plasticity models are widely available to model materials on the microstruc-

tural level, where most of the relevant phenomena occur [Roters et al., 2010]. However, classical

crystal plasticity models are local in nature, and therefore fail to capture size effects due to grain

refinement or the effect of additional microstructural features [Hall, 1951, Petch, 1953, Arzt, 1998].

Ample work has been done on relating geometrically necessary dislocations to gradients

of strain [Ashby, 1970], giving rise to strain gradient crystal plasticity models capable of

predicting size and microstructural effects [Shu and Fleck, 1999, Arsenlis and Parks, 2002,

Gurtin, 2002, Evers et al., 2004b, Bardella, 2006]. However, there are also continuum models

available describing the transport of dislocation densities on their glide planes more explicitly

[Groma et al., 2003, Yefimov et al., 2004, Schulz et al., 2014]. These models allow to analyze

the effect of dislocation motion on the plastic behavior of a metal, including the explicit role of

microstructural constraints on that motion.

In these models the driving force on dislocations is determined by their underlying in-

teractions, as observed in discrete dislocation dynamics [Amodeo and Ghoniem, 1990a,

van der Giessen and Needleman, 1995]. The presence of multiple dislocations is accompanied

by a net lattice incompatibility, giving rise to long-range stresses. In addition, dislocations also

interact with other neighboring dislocations, regardless in which configuration, which also lead

to stresses that are short-range in nature. A key factor in the aforementioned models is the

incorporation of these short-range stresses, caused by dislocation-dislocation interactions, giving

rise to pronounced effects by the accumulation of these stresses [Roy et al., 2008].

The derivation of the short-range dislocation interactions in previous work was based on the

interactions between infinite walls of straight positive and negative edge dislocation, see Chapter

2. In single slip, with the net Burgers vector parallel to the slip direction for edge dislocations,

this configuration is viable to compute the short-range interactions, as the stress field emitted

from a dislocation wall is already short-range in nature. A crystal plasticity framework was

adopted considering the plastic deformation caused by the transport of dislocations, based on

the governing equations used in [Groma et al., 2003], including a generalized expression for the

short-range interactions to model the behavior of an idealized two-phase laminate, as in Chapters

3 and 4. The analysis revealed the importance of taking into account the short-range interactions

in the continuum expressions, resulting in the emergence of size effects and a stronger hardening

response typically observed in Dual Phase steels. However, these analyses were done accounting

for dislocation transport on a single slip system perpendicular to the phase boundary.

The goal here is to extend this analysis, by incorporating the effect of the slip system orientation

with respect to the phase boundary, and by adding an additional slip system, affecting both

the dislocation transport and dislocation interactions and hence the resulting overall material

response. The orientation effect is first investigated for a two-phase laminate, with a plastically

soft and a hard phase, with different slip orientations for the single slip system. Next, the response

of the single slip assumption is compared to a (symmetric and non-symmetric) double slip

configuration for different orientations. Dislocations can only move on their own glide planes; the

orientation of a slip system does not change between the different phases.

When considering dislocation transport on multiple slip systems, the orientation of the slip system

is no longer perpendicular to the interface, i.e. an oblique wall results. The stress fields of such

an oblique wall are given in [Mikuriya, 1964], where they were used to represent a grain boundary
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as a compound tilt wall. In addition to the short-range dislocation interactions already accounted

for in the description for dislocation transport found in Chapter 3, this dislocation configuration

gives rise to long-range stresses as well. These long-range interactions directly contribute to the

dislocation driving force, thereby affecting the motion of dislocations elsewhere in the material.

For the short-range interaction stresses on a slip system the same configuration is adopted as

in Chapter 2, having a particular arrangement of positive and negative dislocation walls. The

interaction stress is then derived in a similar fashion as in Chapter 2. The resulting interaction

stress is included in the description for the dislocation flux.

In other strain gradient models, latent short-range interactions between dislocations

on different planes are taken into account [Evers et al., 2004b, Bayley et al., 2006,

Yefimov and Van Der Giessen, 2005]. However, these approaches do not apply to the deriva-

tion of the short-range stresses for dislocation walls. For the interactions between dislocations

of different slip systems, the average interaction stress emanating from a dislocation wall is

considered here. This leads to a vanishing net contribution for the short-range latent interactions

coupling different slip systems. A consequence is that dislocations on a slip system do not

encounter additional energetic barriers to their motion, caused by the presence of dislocations

residing on other slip systems.

The outline of this Chapter is as follows. In Section 5.2, the crystal plasticity framework is

addressed, including dislocation transport and the resulting (long-range and short-range) interac-

tions. In Section 5.3, a two-phase laminate is analyzed containing a single slip system with different

orientations, and two slip systems oriented in both symmetrical and non-symmetrical double

slip. The dislocation transport, interactions and the overall material response are investigated. In

Section 5.4, the results are discussed and the conclusions presented.

5.2 Continuum dislocation transport for multiple slip sys-

tems

5.2.1 Microstructure and loading conditions

The role of dislocation transport and the presence of a second, harder phase on the macroscopic be-

havior of a two-phase material was previously investigated for single slip, see Chapters 3 and 4. The

analysis was based on the dislocation transport on a single slip system perpendicular to the phase

boundary, see also [Forest and Sedlác̆ek, 2003, Arsenlis et al., 2004, Cordero et al., 2010], with a

purely elastic second phase. In order to extend the insight in the role of dislocation transport in

these two-phase materials, a second slip system is added, such that different slip orientations and

corresponding dislocation distributions are enabled. In Figure 5.1, the considered microstructural

configuration is schematically depicted. As a special case, a single slip system with different orien-

tations with respect to the phase boundary is also considered.

The model consists of a periodic unit cell of length L, containing both hard (gray) and soft (white)

phases with the same elastic constants. The plastic properties of the phases are distinct and deter-

mined by their different drag resistance B(h) (for the hard phase) andB(s) (in the soft phase). This

drag resistance is a continuum representation of the underlying mechanisms obstructing disloca-
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Figure 5.1: A schematic illustration of a periodic two-phase laminate, containing
plastically soft and hard phases, the content of the latter is determined
by its volume fraction φ. The unit cell of length L undergoes a shear
deformation Γ. The material consists of two slip systems with their
respective orientations and initial dislocation densities ρ0 and κ0. The
phase boundary is considered transparent, such that dislocations can
move through the boundary without additional resistance, whereby the
two phases have the same slip system orientations.
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tion motion, e.g. lattice friction, phonon drag, precipitates, etc. The volume fraction φ determines

the amount of hard phase present in the material. The phase boundary is considered fully trans-

parent, i.e. dislocations can glide from one phase to the other with no additional resistance.

In order to consider the role of orientation of the slip system in this two-phase laminate, a crys-

tal plasticity approach is adopted, which naturally allows for slip system orientation and multiple

slip systems. For simplicity, the slip system orientations in both phases are taken identical. This

assumption implies that conservation of Burgers vector at the phase boundary is automatically sat-

isfied, i.e. no net Burgers vector accumulates at the interface and hence no special treatment is

required for dislocation transmission.

Each slip system present in the material has its own initial dislocation density distribution of pos-

itive and negative edge dislocations, characterized by an initial total dislocation and Geometrically

Necessary Dislocation (GND) density, ρ0, κ0 respectively. The GNDs are dislocations that induce a

net lattice curvature, i.e. a net resulting Burgers vector. All dislocations are considered to be mobile

and dislocation transport is considered to be conservative, i.e. there is no creation or annihilation

of dislocations. Furthermore, there is no cross-slip.

The y and z directions are periodic, reducing the governing equations to depend on the horizontal

x-coordinate only. This implies for the average normal strains εyy = εzz = 0. Furthermore, the

average normal strains in horizontal and vertical direction vanishes. An overall shear deformation

Γ(t), using a constant shear rate Γ̇, is applied on the unit cell. The applied deformation can still

result in both vertical and horizontal displacements, due to the plastic deformation occurring as a

result of dislocation transport on slip systems with different orientations. Periodicity of dislocation

densities and suppression of horizontal displacements is enforced on the boundaries of the unit

cell, and vertical displacements uy(x, t), are prescribed as uy(L, t) = LΓ(t) and uy(0, t) = 0.

5.2.2 Dislocation transport in crystal plasticity

To include the slip plane orientation in the microstructure of the two-phase laminate, a crystal

plasticity plasticity formulation is adopted, where the plastic deformation occurs on distinct slip

systems. Mechanical equilibrium must be satisfied, i.e.:

~∇ · σ = ~0. (5.1)

For the constitutive equation Hooke’s law is used, relating the stress σ to the elastic deformation

ε
e. Using a small strain assumption, the total strain is decomposed in an additive way, resulting

in:

σ = 4
C : (ε− ε

p) , (5.2)

with 4
C the isotropic elastic stiffness tensor and ε and ε

p the total and plastic strain respectively.

The total and plastic strains are defined as the symmetric parts of the gradient of displacement ~u

and the plastic distortionB
p:

ε =
1

2

(

~∇~u+
(

~∇~u
)T
)

, (5.3)

ε
p =

1

2

(

B
p + (Bp)T

)

. (5.4)
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The plastic distortion B
p is determined by the total amount of plastic slip γp on each slip plane α,

characterised by its slip plane normal ~n and direction ~s:

B
p =

#α
∑

α=1

γ(α)
p ~n(α)~s(α), (5.5)

with ~n(α) and ~s(α) expressed in the Cartesian x, y-frame as:

~n(α) = − cos(θ(α))~ex + sin(θ(α))~ey, (5.6)

~s(α) = sin(θ(α))~ex + cos(θ(α))~ey, (5.7)

where θ is the slip plane angle. Using the assumptions of periodicity in y,- and z-direction, induced

by the configuration explained in Section 5.2.1, no variations exist in those directions, i.e. ux,y =

ux,z = uy,y = uy,z = 0. Furthermore, the equilibrium equation (5.1) reduces to:

∂σxx

∂x
= 0, (5.8)

∂σxy

∂x
= 0. (5.9)

Using (5.2)-(5.7) and the periodicity assumption, the stress fields can be expressed as:

σxx = (λ+ 2µ)
∂ux

∂x
+ µ

#α
∑

α=1

γ(α)
p sin(2θ(α)), (5.10)

σxy = µ
∂uy

∂x
+ µ

#α
∑

α=1

γ(α)
p cos(2θ(α)), (5.11)

σyy = λ
∂ux

∂x
− µ

#α
∑

α=1

γ(α)
p sin(2θ(α)), (5.12)

with λ and µ the Lamé constants. The plastic deformation is now included in the constitutive

model and occurs on distinct slip systems. A description for the plastic slips γ(α)
p is required to

complete the framework. Plastic deformation is the result of the motion of dislocations. Therefore,

the plastic slip on a glide plane is the result of the transport of dislocations on that glide plane.

The plastic slip rate on a glide plane is related to the total flux of dislocations Φ(α)
ρ via the Orowan

relation:

γ̇(α)
p = bΦ(α)

ρ , (5.13)

where b is the length of the Burgers vector. To determine the dislocation flux, the trans-

port equations of dislocations on glide plane (α) is solved, as in Chapter 2 and References

[Groma et al., 2003, Yefimov et al., 2004], where the flux exists on each glide plane with direction

~s. Using periodicity in y-direction and relation (5.6) and (5.7), the transport equations for disloca-

tions on each glide plane in the x, y-frame are:

∂ρ(α)

∂t
+ sin(θ(α))

∂Φ
(α)
κ

∂x
= 0, (5.14)

∂κ(α)

∂t
+ sin(θ(α))

∂Φ
(α)
ρ

∂x
= 0, (5.15)
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with ρ the total dislocation density and κ the excess dislocation density with corresponding fluxes

for the total Burgers vector Φρ and the net Burgers vector Φκ. The derivative of the dislocation

fluxes in direction ~s is expressed with respect to the x-coordinate; hence the appearance of the factor

sin θ(α). The fluxes Φρ and Φκ are derived from the fluxes of positive and negative dislocations, i.e.

Φρ = Φ+ +Φ− and Φκ = Φ+ −Φ−, as in Chapter 2. The driving forces governing the dislocation

fluxes are derived from the behavior of discrete dislocations and the forces acting thereon in the

next sections.

5.2.3 Dislocation configuration

In order to up-scale the behavior of individual, discrete dislocations, the underlying disloca-

tion configuration must be analyzed, especially the discrete nature of the glide planes present

[Roy et al., 2008]. Although the glide planes containing the positive and negative dislocations are

vertically shifted with respect to each other, on the continuum scale the discrete differentiation be-

tween positive and negative glide planes is not explicitly resolved. The dislocation configuration is

considered uniform, with no spatial fluctuations, in the vertical direction.

The assumption of uniformity in the vertical direction implies that the dislocation distributions on

the continuum scale may be thought of as infinite periodic vertical walls of infinitesimal edge dis-

locations. The resulting stress field has been derived in [Hirth and Lothe, 1992]. However, in this

case the slip systems can have a different orientation with respect to the phase boundary. To satisfy

the vertical periodicity the dislocation walls must remain parallel to the boundary. To achieve this,

the dislocations remain on their corresponding glide planes, with the direction of their Burgers

vector in the direction of the slip system, and are shifted on their glide plane to remain in a verti-

cally straight wall configuration, with the same internal wall spacing. The dislocations are rotated,

according to the slip system orientation, within their vertical wall, as depicted in Figure 5.2. Here,

the slip system is characterized by the direction ~s, the normal ~n and the angle θ between the direc-

tion and the vertical y axis. The dislocations remain arranged in vertical walls and the positive and

negative dislocations reside on their respective slip systems.

The expression for the stress field of such an oblique wall can be found in Reference

[Mikuriya, 1964], where this particular dislocation configuration is used to model a compound

tilt wall. The full 2-D expressions for the stresses of an oblique positive edge dislocation wall are:

σxy = − Ḡb
2h

(R sin 3θ + S cos 3θ − T sin 2θ cos θ − U cos 2θ cos θ) , (5.16)

σxx = − Ḡb
2h

(

R cos 3θ − S sin 3θ + 2T cos3 θ + U(sin 3θ + 2 sin3 θ)
)

, (5.17)

σyy =
Ḡb

2h
(R cos 3θ − S sin 3θ + T sin 2θ sin θ + U cos 2θ sin θ) , (5.18)
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Figure 5.2: An illustration of the dislocation wall configuration in a single slip sys-
tem with slip direction ~s, its normal ~n and orientation defined by the
angle θ with respect to the y-axis.

with Ḡ = G/(2(1− ν)) the elastic (shear) modulus and h the internal wall spacing, and where:

R = qπ
cosh 2qπ cos 2pπ − 1
(

sinh2 qπ + sin2 pπ
)2 ,

S = qπ
sinh 2qπ sin 2pπ

(

sinh2 qπ + sin2 pπ
)2 ,

T =
sinh 2q

sinh2 qπ + sin2 pπ
,

U =
sin 2pπ

sinh2 qπ + sin2 pπ
.

Using the expressions q = x/h and p = y/h the stress field of the dislocation wall is obtained

in terms of the material x, y coordinate system. To obtain the stress fields with respect to the slip

system orientation, the expressions q = (x cos θ + y sin θ)/h and p = (x sin θ − y cos θ)/h are

substituted. Using y = 0 and y = (h sin θ)/2 in the above expressions, with the corresponding

sign of the Burgers vector, the stresses are obtained acting on dislocations on the same glide plane

and shifted glide plane respectively, using the considered dislocation configuration.

In Figure 5.3, the shear stress field σxy of a positive oblique dislocation wall is shown on the left.

The right hand side shows the shear stress emanating from the oblique positive wall acting on the

glide plane it resides (solid line) and on the shifted glide plane (dashed line). Note that the stress

field resulting from a negative dislocation wall can be obtained by using the corresponding sign of

the Burgers vector.

As can be seen, the stress field of an oblique dislocation wall gives rises to a long-range stress, as

the stress field converges to a finite value for sufficiently large distances from the wall. In Figure

5.4, the interaction stress field emitted by an angular dislocation wall is schematically divided in a
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Figure 5.3: The shear stress field of an oblique dislocation wall of positive edge dis-
locations plotted on the left hand side, with the glide planes of positive
dislocations (solid) and negative dislocations (dashed) schematically vi-
sualized. On the right hand side the shear stress, acting on the glide
plane with direction ~s through the origin (solid line) and on a shifted
glide plane (dashed line), is plotted.

long-range and a short-range part. Both contributions are important and have to be considered in

the continuum expression for the interaction stress driving dislocation motion.

5.2.4 Long-range stress

Figure 5.3 reveals that the current dislocation configuration of oblique dislocation walls give rise to

both long-range and short-range interaction stresses. The long-range stress is easily computed via

the expressions for the dislocation stress field, as for large distances away from the wall only the

component T in (5.16) converges to a finite value, i.e. ±2, with a different sign at each side of the

dislocation wall due to anti-symmetry of the stress field, while the other parameters converge to

zero. The long-range stress as a function of the orientation angle θ is therefore:

σlong
xy = ±(Ḡb/h) sin 2θ cos θ. (5.19)

This long-range part of the stress is captured naturally by the adopted crystal plasticity for-

mulation, by taking into account the plastic distortion due to the (gradients of) plastic slip

[Nye, 1953, Ashby, 1970] in the constitutive equation for the stress, i.e. (5.2). By decomposing

the Burgers vector of the oblique wall ~b along its glide plane into its normal x, y-components,

dislocations in a vertical wall with Burgers vector b sin θ perpendicular to the array and with Burg-

ers vector b cos θ parallel to the wall are obtained, corresponding with the (discrete) short-range

and (continuum) long-range nature of the angular wall respectively [Nicola et al., 2005]. Using the

plastic distortion of a continuous dislocation array with Burgers vector b cos θ parallel to the wall

and the corresponding displacement field, one can show that the equilibrium (5.1) holds, and (5.19)

results. Another consequence is that the long-range interactions between dislocations on other
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Figure 5.4: The shear stress plotted along the glide planes of a positive dislocation
wall. The total interaction stress (solid line) and its short-range part
(dashed line) are plotted, where the latter is obtained by subtracting the
long-range stress from the total stress (dotted line).

slip systems act as an additional driving force on dislocations, as the resolved shear stress on a slip

plane naturally contains the long-range contributions.

5.2.5 Short-range stress

Although the long-range stress is captured by the crystal plasticity framework, the short-range

stress, as indicated in Figure 5.4, is missing in the classical crystal plasticity approach. This

needs to be resolved in order to obtain a correct description for the dislocation interactions. As

shown in Figure 5.4, by subtracting the long-range contribution, i.e. (5.19) (already captured in

the crystal plasticity framework), the short-range contribution of an oblique wall is retrieved. The

remaining part represents the discrete nature of the dislocation walls, which is a measure for the

short-range dislocation interactions that are not captured in a classical crystal plasticity framework

[Roy et al., 2008, Geers et al., 2009].

To account for the short-range interactions in the continuum dislocation driving forces, the ap-

proach followed in Chapters 2 and 4 is adopted. In a single slip system the planes of positive

and negative dislocations are shifted with respect to each other and only dislocations of the same

sign reside thereon, such that the interaction stress in between the glide planes is not relevant. By

considering a continuous distribution of dislocations, the interaction stress on both a positive and

negative wall can be described by:

σ±
int(s) =

∫ ∞

−∞
hρ+(s− ξs)σ

±+(ξs)dξs +

∫ ∞

−∞
hρ−(s− ξs)σ

±−(ξs)dξs , (5.20)

with s the coordinate along the glide plane and σ±− and σ±+ the interaction stresses acting on

a positive or negative dislocation wall due to another, positive or negative wall respectively, at a
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distance ξs to the left. The integral runs from −∞ to ∞, taking into account all interactions and

assuming a continuous distribution of dislocations with infinitesimally small distances. The linear

densities hρ± are a measure for the local number of walls, i.e. wall densities. By substituting the

short-range part of (5.16), i.e. by subtracting (5.19), in (5.20) with corresponding vertical coordinates

representing the different glide planes of positive and negative dislocations, one can derive the

continuum expression for the short-range interaction stress, further elaborated in Section 5.2.7.

5.2.6 Interaction between slip systems

To include the short-range interactions between dislocations on different slip systems, one can

project the contributions for the interaction stress obtained from a single slip system on other

slip system in a phenomenological way [Evers et al., 2004b, Yefimov and Van Der Giessen, 2005],

or even include the full dislocation interaction stress state caused by dislocation gradients on all

slip systems [Bayley et al., 2006]. However, a unique, discrete local configuration with more than

one slip system cannot be defined for dislocation walls. While the orientation of the slip systems

is known, the underlying dislocation configuration to determine the interaction stresses is only

defined for each slip system. In other words, the relative vertical position between dislocations on

different slip systems is not uniquely determined - and in fact varies with their horizontal distance,

see Figure 5.5. Therefore, an option to restore uniqueness is to consider the average response of all

possible dislocation positions.
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Figure 5.5: On the left hand side the shear stress field of an oblique wall is plot-
ted. The solid lines indicate the glide planes on which the dislocations
within the wall reside. The dashed line indicates the specific horizon-
tal position x = h/4 on which the shear stress is plotted on the right
hand side for one period, along the vertical y-axis. One period in vertical
direction is bounded by the circles in both figures. The dashed-dotted
line represents a different slip system with arbitrary positioning with
respect to the other slip system.

Due to the periodic nature of a dislocation wall, only the positions in one period are taken into
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account, as shown in Figure 5.5, where on the left hand side one period of the shear stress in be-

tween the solid glide planes is indicated. The stress in this region is averaged in vertical direction

for each horizontal position to compute the average interaction stress induced by a family of ver-

tically shifted dislocation walls at the corresponding position. The shear stress along the vertical

y-coordinate at a specific horizontal position x = h/4 is plotted on the right hand side of Figure

5.5 as an example. The plot clearly shows a periodic stress response. The mean value of this stress

is zero, implying that the average stress due to all possible vertical wall positions vanishes. This re-

sult holds for all horizontal positions within the bounded region, resulting in an overall vanishing

latent interaction stress. Although only the shear stress is analyzed, similar results are obtained for

the other stress components. Therefore, in the absence of a unique, discrete underlying dislocation

configuration for multiple slip systems, the net effect of the short-range interactions between dislo-

cations on different slip systems vanishes. The result is that dislocations on different slip systems

on average do not interact locally, only globally through their long-range contributions.

5.2.7 Resulting driving force and flux

The driving force on dislocations in the expression for the flux consists of three parts, a stress

resulting from the applied stress on the material, the long-range stresses emanating from the

dislocations, i.e. a mesoscopic stress contribution, and the short-range dislocation interaction

stresses. The long-range stresses are the result of the continuous wall assumption and the cor-

responding interaction stress, while the short-range stress captures the discrete nature of a dislo-

cation wall. Both the applied stress and the long-range interaction stress are captured naturally,

whereas the short-range dislocation interaction stresses ( important to capture dislocation pile-ups

[Roy et al., 2008, Geers et al., 2009] ) require an additional contribution to the dislocation driving

force, i.e. (5.20).

The continuum expression for the dislocation fluxes were derived earlier for single slip in Chapters

2 and 4. Adopting a first-order Taylor approximation for the dislocation density in (5.20) and the

corresponding expressions for the oblique dislocation wall stresses, the interaction stresses on a

positive and negative wall can be computed as:

σ±(s) = ∓2πḠbh2

(

S2
∂ρ±

∂s
+ C2

∂ρ∓

∂s

)

. (5.21)

The coefficients S2 and C2, as defined in Chapter 4, are the continuum equivalents of the inter-

actions in one slip system between dislocation walls of the same sign sharing the same slip plane

(S2) and the shifted walls of opposite sign (C2):

S2 =

∫ ∞

0

ξ̃sσ
±±(−ξs)dξ̃s,

C2 =

∫ ∞

0

ξ̃sσ
±∓(−ξs)dξ̃s,

where σ±+, σ±− are the shear stress fields emanating from a positive or negative dislocation act-

ing on the considered wall at the origin, and ξ̃s = ξs/h the normalised distance to that particular

wall.

By adopting a linear drag law for the dislocation velocity, and by separating the long-range and
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short-range contributions to the dislocation driving force, the fluxes for positive and negative dis-

locations can be expressed as:

Φ±(s) = ρ±v± =
±bρ±
B

τs − 2πḠb2h2ρ±

B

(

S2
∂ρ±

∂s
+C2

∂ρ∓

∂s

)

. (5.22)

By expressing the positive and negative dislocation densities in the total and GND densities, i.e.

ρ+ = 1
2
(ρ+ κ) and ρ− = 1

2
(ρ− κ) and using the definitions for the total and GND fluxes

Φκ = Φ+ +Φ− and Φρ = Φ+ −Φ−, one obtains the expressions for the horizontal fluxes on each

slip system, omitting the slip system index (α):

Φκ(x) = κ
bτs
B

− h2b sin(θ)

B

(

(S2 + C2)ρ
∂ρ

∂x
+ (S2 − C2)κ

∂κ

∂x

)

, (5.23)

Φρ(x) = ρ
bτs
B

− h2b sin(θ)

B

(

(S2 + C2)κ
∂ρ

∂x
+ (S2 − C2)ρ

∂κ

∂x

)

, (5.24)

with B the drag coefficient, which is different in each phase. The resolved shear stress τs is the

projection of the stress on the corresponding glide plane:

τs = ~n · σ · ~s, (5.25)

= − sin(2θ) (σyy − σxx)− cos(2θ)σxy. (5.26)

By substituting (5.23)-(5.24) in (5.14)-(5.15) one can solve for dislocation transport on each slip sys-

tem.

5.2.8 Numerical implementation

The equilibrium equations (5.8)-(5.9) and the dislocation transport equations (5.14)-(5.15), together

with the expressions for the stresses (5.10)-(5.11) and dislocation fluxes (5.23)-(5.24), now form a

closed set of non-linear equations. To solve these, a finite element method is used to spatially

discretize the governing equations. An implicit time integration scheme is adopted for the time

derivatives, resulting in the following non-linear algebraic set of equations:

R
~ ux

=

∫ L

0

dN
~ u

dx
σxx dx− N

~ uσxx|L0 , (5.27)

R
~ uy

=

∫ L

0

dN
~ u

dx
σxy dx− N

~ uσxy|L0 , (5.28)

R
~
(α)
ρ =

∫ L

0

(

N
~ ρ

1

∆t

(

ρ(α) − ρt,(α)
)

−
dN
~

T
ρ

dx
sin θ(α)Φ(α)

κ

)

dx

+ N
~ ρ sin θ

(α)Φ(α)
κ

∣

∣

∣

L

0
, (5.29)

R
~
(α)
κ =

∫ L

0

(

N
~ κ

1

∆t

(

κ(α) − κt,(α)
)

− dN
~

T
κ

dx
sin θ(α)Φ(α)

ρ

)

dx

+ N
~ κ sin θ(α)Φ(α)

ρ

∣

∣

∣

L

0
, (5.30)
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with N
~ u the shape functions for the displacements ux and uy and N

~ ρ and N
~ κ those for the dis-

location densities ρ and κ. Here, quadratic shape functions are used to discretise the displace-

ments and linear shape functions for the dislocation densities. Note that Equations (5.29) and

(5.30) are required for each slip system in the material, i.e. requiring corresponding degrees-of-

freedom ρ(α) and κ(α) for each slip system. Furthermore, a Newton-Raphson iterative solution

strategy is adopted, requiring linearization of the system of equations. The tangents required in

the Newton-Raphson scheme are obtained by differentiation of (5.27)-(5.30) with respect to the

degrees-of-freedom. The resulting system of linear equations is solved in a standard manner and

degrees-of-freedom are iteratively updated each increment. No stabilization is applied to the trans-

port equations, so the element and time step sizes must be carefully chosen. The time step should

be smaller than the characteristic time for dislocation motion t0 = B/Gρ0b
2. The element size

should be a fraction of the characteristic interaction length scale, determined by the internal wall

spacing h.

5.3 Simulation of a two-phase laminate

As a simplified configuration of a Dual Phase steel microstructure, a periodic two-phase laminate

is considered, see Figure 5.1. First, a single slip system is considered with an arbitrary orientation.

Next, two slip systems are considered with either a symmetric or non-symmetric double slip config-

uration. Both phases have the same number of slip systems and the same slip system orientations.

The material parameters used for the simulations are shown in Table 5.1.

L h ρ
(α)
0 κ

(α)
0 φ Bh Γ̇ ν

500b 50b 2 · 10
−3/b2 0 0.3 10Bs 5 · 10

−4
(

Gb2ρ0
)

/Bs 0.3

Table 5.1: List of parameters and their values used in the two-phase laminate.

5.3.1 Single Slip

First a single slip system with an arbitrary angle is considered. Figure 5.6 shows the overall shear

stress (σxy) response of the material for a given deformation (left) and the corresponding total

dislocation (top right) and GND density (bottom right) profiles at Γ/Γ0 = 0.1 for different values

of θ. Figure 5.7 shows the corresponding overall normal stresses σxx (left) and σyy (right). As

mechanical equilibrium forces the normal stress σxx to be constant in the material, i.e.(5.8), the

overall stress-strain plot is shown on the left hand side. As there are no restrictions on σyy, this

quantity can be computed with (5.12) and the stress profile is shown on the right hand side for a

given level of deformation, i.e. Γ/Γ0 = 0.1. The characteristic stress τ0 = Γ̇Bs

ρ0b
2 is determined by

the steady-state stress of the soft phase with a single slip system aligned perpendicular to the phase

boundary, i.e. θ = 90◦. The characteristic strain is given by Γ0 = ρ0bh, which is the amount of

slip generated by the initial dislocation density ρ0 of dislocations with Burgers vector b when they

move over a distance h.
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Figure 5.6: The shear stress-strain curve plotted for a two-phase laminate as a func-
tion of the orientation of its single slip system (left); the correspond-
ing steady state total dislocation (top right) and GND densities (bottom
right).

Figure 5.6 reveals a higher shear stress response for decreasing orientation angle θ, correspond-

ing with a slip system aligned perpendicular to the phase boundary. An orientation angle of

θ = 0◦ corresponds with a slip system aligned parallel to the boundary. The decrease of

the orientation angle from 90◦ leads to the generation of long-range stresses, captured in a

higher elastic response of the material. This result is consistent with the observations made

in [Shu et al., 2001, Bittencourt et al., 2003, Sedlác̆ek and Werner, 2004] for a constrained shear

strip.

A reason for the higher overall shear stress, compared to the orthogonal slip system, is that the

deformation is restricted in both normal directions through the boundary conditions and the as-

sumption of periodicity, i.e. εxx = εyy = 0. These restrictions, especially the vertical constraint,

induce additional elastic stresses. These long-range stresses accumulate with further deformation.

Therefore no steady-state solution is obtained, except in the case of θ = 90◦, where the long-range

stresses vanish.

Furthermore, the decrease in orientation angle results in a weaker pile-up against the phase bound-

ary, with a shorter GND density peak. The reduction of the GND pile-up results from the increase

in long-range interaction stresses for an inclined dislocation wall, within the range of orientation

angles considered here. The required internal stress for dislocations to approach the harder phase

is lower. For a slip system perpendicular to the boundary, i.e. θ = 90◦, there are no long-range

stresses. Dislocations with opposite signs move in opposite direction relatively easily, hence the

more distributed GND density profile and the low shear stress response.

In Figure 5.7 the normal stresses σxx and σyy are shown. The evolution of σxx is plotted on the

left, where (5.8) enforces this component to be uniform in space. The normal component σyy

is not uniform, therefore its profile is shown for Γ/Γ0 = 0.1. Note that both the normal stress

components σxx and σyy first increase with decreasing angle until θ = 70◦, where they start to
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Figure 5.7: The normal stresses in a two-phase laminate for differently oriented
single slip systems. On the left hand side the stress-strain curve for
the σxx is shown, as mechanical equilibrium (5.8) enforces σxx to be
spatially uniform. On the right hand side the profile of σyy for Γ/Γ0 =
0.1 is shown, which is computed by (5.12).

decrease. This is induced by the (gradients of) horizontal displacements ux and the corresponding

reaction forces due to the constraints on these displacements at the boundaries.

The profile of σyy for Γ/Γ0 = 0.1 on the right of Figure 5.7 shows that the normal stress σyy is

lower in the hard phase. Dislocation motion, and thus plastic slip, is smaller in the hard phase,

such that the accumulation of elastic stresses is lower than in the soft phase.

5.3.2 Symmetric double slip system

Two active slip systems are now considered in the material oriented such that a symmetric double

slip system is obtained. The orientation angle θ is defined in Figure 5.2. For a given orientation

angle θ, this implies that θ(1) = θ and θ(2) = 180◦ − θ for the two slip systems in a symmetric

double slip configuration, see also Figure 5.1. This symmetry enforces an equal distribution of

plastic slip on both slip systems. Therefore, the normal components of the stress tensor vanish,

as well as the long-range interactions, and the only remaining relevant stress component is the

shear stress. As a consequence, (5.8) is automatically satisfied, reducing the system of equations

to be solved. The effect of different angles θ on the material response is explored. The results are

compared to the single slip case with orthogonal slip orientation (θ = 90◦). For the symmetric

double slip case, the sum of the dislocation densities on both slip systems is used for comparison

purposes.

In Figure 5.8, the stress-strain response of a two-phase material with different slip orientation

angles is shown on the left and the corresponding steady-state total dislocation and GND density

profiles on the right.

The overall stress response of the material is higher with decreasing orientation angle, and higher
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Figure 5.8: Shear stress-strain plot (left) and corresponding steady-state dislocation
density profiles (right) for a two-phase laminate with a symmetric dou-
ble slip configuration. Each curve represents a different orientation
angle. The results are compared to the orthogonal single slip case with
the sum of both dislocation densities, indicated by the dashed lines.

than the orthogonal single slip case with equal dislocation content. Due to the absence of this accu-

mulation of elastic stresses, a steady-state situation can be reached. The stress levels scale with the

Schmid factor, i.e. τs/σxy = cos 2θ, indicating that a higher applied stress is required to obtain the

same resolved shear stress to drive dislocation motion. At the same time, the effective horizontal

dislocation flux in the material decreases. Moreover, the pile-up of dislocations against the phase

boundary and the redistribution of dislocations between the phases increases, as a result of the

increased effective resistance.

Comparing the response of the symmetric double slip orientations with a single slip system

with the same orientation, i.e. Figure 5.6, reveals that the shear stress response is lower for

a larger range of strains Γ/Γ0, as the long-range interactions and the resulting accumulation

of elastic stresses are not present in the symmetric double slip configuration. These find-

ings are qualitatively in accordance with the results in [Shu et al., 2001, Bittencourt et al., 2003,

Sedlác̆ek and Werner, 2004] for a constrained shear strip, where a higher stress response was ob-

served for a single slip system, compared to symmetric double slip.

Although quantitatively the stress response is different for an orthogonal single slip system, be-

cause dislocations move differently through the material, it can capture the relevant mechanisms

in a two-phase laminate qualitatively.

5.3.3 Non-symmetric double slip system

Two active slip systems in the two-phase laminate with non-symmetric orientations are considered

next. As the plastic slip can be different on each slip system, the normal stresses do not vanish as

in the case of symmetric double slip. Therefore, both equilibrium equations need to be solved.



88 Chapter 5. Continuum dislocation transport in multiple slip

Two different cases are simulated: (40◦, 100◦) and (60◦, 100◦). Figure 5.9 shows the overall shear

stress response and corresponding dislocation density profiles when the shear stress reaches a

steady state level. Despite the non-symmetric orientation of the two slip systems, a steady state

situation can be reached for dislocation transport in the same fashion as in the symmetric case. In

the dislocation density plots the profiles on the 40◦ slip system or the 60◦ slip system are indicated

by a solid line, while the dashed lines give the profiles on the system at 100◦; the color indicates

the different sets of orientations.
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Figure 5.9: Shear stress-strain plot (left) and corresponding steady-state dislocation
density profiles (right) for a two-phase laminate containing two non-
symmetric slip systems. The color of the curves indicate the different
sets of orientations performed. In the dislocation density profiles the
colors correspond with the sets of orientations and the solid and dashed
lines correspond with the different slip systems.

The decrease of the orientation angle θ(1) from 60◦ to 40◦ leads to an increase of the stress, as

explained in the previous case. As the slip systems are not symmetric they carry different amounts

of plastic deformation, resulting in different dislocation density profiles as shown in Figure 5.9 on

the right hand side. For the slip system at θ = 40◦ shows the sign of the GND density profile

is flipped (related to θ = 60◦), as the driving force on dislocations, i.e. the resolved shear stress,

changes direction. As a result, dislocations travel in opposite directions compared to the other

orientations.

The normal components of the stress are shown in Figure 5.10, i.e. the evolution of σxx and the

steady-state profile σyy.

Compared to the stresses obtained in the single slip case, i.e. Figures 5.6 and 5.7, the stress levels

in the double slip case, i.e. Figures 5.9 and 5.10, are generally lower and level off. The steady

state solution minimizes the accumulation of internal (elastic) stress caused by the deformation

constraints and the long-range stresses, by rearranging the dislocation density on each slip plane

individually. However, due to the mismatch in plastic slip on each slip system, the dislocations may

still accumulate some elastic stress, as dislocations need to be transported towards a dislocation
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Figure 5.10: The normal components of the stress, i.e. σxx (left) and σyy (right)
for a periodic two-phase laminate with two slip systems in a non-
symmetrical configuration.

configuration that minimizes the stresses.

For the case (60◦, 100◦), the two slip systems are close to a symmetric orientation. Therefore, the

normal stresses are small, as the plastic slips are almost identical. However, in the harder phase the

plastic slip is larger due to the different drag resistances, such that σyy is larger in the hard phase.

When the slip system orientation deviates more from a symmetric orientation, i.e. as in the case

for (40◦, 100◦) the plastic slip on each slip system differs more, leading to long-range interactions.

Yet, compared to the single slip case a steady state situation is always reached here, because the

dislocations on the additional slip system can relieve the (long-range) stresses.

5.4 Conclusion and discussion

In order to obtain computational models predicting the plastic behavior of advanced steels such

as Dual Phase steels, insight is required into the relevant mechanisms governing the behavior of

dislocations in such metals. A simplified, insightful, model of a periodic two-phase laminate was

adopted, representing the microstructure of Dual Phase steel. The two-phase laminate consists of

a plastically soft and a hard phase, with a fully transparent phase boundary. Both phases have iden-

tical elastic properties and slip system orientations. The difference in hardness of the two phases

is determined by the drag resistance, i.e. resistance to dislocation motion. This model was used

in previous work (see e.g. Chapters 3-4) to qualitatively study the effect of dislocation transport in

single slip on the overall plastic response of the two-phase laminate.

In this work the effects of slip system orientation, as well as the effect of a second slip system, on

dislocation transport and the overall material behavior of a two-phase laminate was explored, in-

cluding the effect of the short-range and long-range stresses resulting from the evolving dislocation

configuration.
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A crystal plasticity framework was adopted to naturally include the slip system orientations, and

the plastic deformation of the material is captured by dislocation transport on each slip system. An

idealized underlying dislocation configuration is used to derive the governing equations for disloca-

tion transport, including short-range dislocation-dislocation interactions on each slip system. The

dislocations on each slip system also influence dislocations on the other slip system through their

long-range interactions introduced by the slip system orientation. The short-range interactions

between dislocations are confined to each slip system separately, as the average latent interaction

stress within the internal wall spacing vanishes. The overall material response of the two-phase

laminate with an additional slip system was investigated and compared with the response obtained

for a single slip system oriented perpendicular to the phase boundary. The effect of different orien-

tation angles was investigated, for single slip as well as symmetric and non-symmetric double slip.

The dislocations on a single slip system in the two-phase laminate with different slip orientations

generate long-range stresses and an accumulation of short-range stresses, causing a higher stress

response for lower orientation angles. Due to the higher driving forces on dislocations, the pile-up

of GNDs is lower, as the short-range stress accumulation required to transmit dislocations to the

harder phase is lower. The addition of a second slip system, in a symmetric double slip configu-

ration, reveals a reduced stress response and a less pronounced GND pile-up, in accordance with

the literature [Shu et al., 2001, Bittencourt et al., 2003, Sedlác̆ek and Werner, 2004]. The normal

stress components, as well as the long-range stresses induced by the dislocation configuration,

vanish for symmetric double slip. A symmetric double slip configuration effectively reduces the

resistance to dislocation motion.

A decrease of the orientation angle θ, i.e. a larger slip system rotation with respect to the phase

boundary, gives rise to a decrease in horizontal dislocation flux. The consequences are a larger

pile-up of GNDs against the phase boundary, causing additional hardening, and more dislocation

redistribution between the phases. Compared to a single slip approximation oriented orthogonal

to the interface, the evolution of the material is quantitatively different. However, qualitatively the

same mechanisms are recovered, as the increase in dislocation density is eventually countered by

the additional effective resistance to dislocation motion. In Chapter 3 the change of material pa-

rameters on the material response is explored in single slip with θ = 90◦. The effective change of

resistance as a consequence of adding another slip system can be compared by a change in drag

resistance for both phases as done in Chapter 3.

In the case of a non-symmetric double slip configuration, the effect on the dislocation density dis-

tribution becomes apparent. The non-symmetry of the slip systems gives rise to normal stresses,

which vanish when symmetric double slip is considered, although a steady state level is reached.

The stress in the hard phase remains significant, especially in cases with large orientation differ-

ences, as more (slower) dislocations are present in the hard phase to accommodate the deforma-

tion.

To further enhance the dislocation transport model, additional short-range latent interactions be-

tween different slip systems may be considered, e.g. by upscaling interaction stresses for a par-

ticular choice of the underlying dislocation configuration [Yefimov et al., 2004, Evers et al., 2004b,

Bayley et al., 2006]. Physical arguments for such a particular choice are not at hand, which jus-

tified the solution proposed here. A different approach could be to influence the drag resistance

locally to reflect the passage of dislocations on other slip systems, which gives a dissipative latent

interaction.
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In general, the slip system orientations are different between both phases. In order to incorporate

this effect, proper interface conditions must be included at the phase boundary, addressing both

the Burgers vector conservation, absorption in the boundary and nucleation from the boundary.

Despite the idealizing assumptions made here, the qualitative analysis of a two-phase laminate with

two slip systems is meaningful and the effect of long-range stresses on the behavior of dislocation

transport is explored, revealing a pronounced influence on the overall material response.





CHAPTER6

Conclusion & Discussion

Microstructural features are important to consider in the modeling of most engineering materials,

as many materials owe their superior properties to their specific microstructure. The plastic

behavior of metals and alloys can be influenced for example by changing characteristic sizes

and/or additional phases. Dislocations are the carrier of plastic deformation, and predicting their

behavior is therefore the key to understanding the overall macroscopic properties of metallic

materials. On the scale of individual dislocations their behavior is well understood. However,

predicting on a larger scale the effect of a collection of dislocations is more difficult, especially to

capture the required details when dislocation motion, i.e. plastic deformation, is hindered.

The objective formulated in this thesis was to gain understanding of the role of dislocation

transport and dislocation interactions with various obstacles hindering plastic deformation and

thereby changing the material performance. Emphasis was put on the behavior of dislocations

near phase boundaries in Dual Phase (DP) steels, which is important for understanding and

altering the typical hardening properties.

Although many models are available accurately describing the behavior of individual dislocations,

i.e. discrete dislocation models, the number of dislocations used is limited due to computational

costs. In that perspective, a continuum description is more potent to use in models describing

the material behavior on the application or engineering level, provided the continuum model

describes the relevant underlying dislocation mechanics sufficiently accurate.

Here, a constitutive model and a numerical framework have been developed for capturing

dislocation transport on a continuum scale, where dislocations are described with a (continuum)

total and GND density to characterize the (averaged) underlying structure. A crystal plasticity finite

element method (CPFEM) was adopted to solve the governing equations. The plastic deformation

in a material is the result of dislocation motion on glide planes. In order to include sufficient

fine-scale details in the continuum description, an idealized underlying dislocation configuration

was considered to derive the driving forces on the dislocations in a deterministic closed-form.

These driving forces contain long-range and short-range contributions due to the presence of

(a collection of) dislocations. The long-range interactions are captured naturally in the crystal

plasticity framework in the long-range elastic fields, through the induced plastic distortion as a

result of plastic slip on glide planes. The short-range interactions recover the fine-scale details of

the discrete nature of dislocations and their interactions, and depend on the gradient of the GND

and total dislocation density. The comparison between the continuum and discrete descriptions of

these short-range interactions was found to be satisfactory in the case of a pile-up of dislocations
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against a barrier. An additional gradient term of the total dislocation density, previously not

considered in other dislocation transport models, enriches the description of the short-range

stresses in situations where dislocations are of a SSD nature. The resulting equations governing

dislocation transport are non-linear transient PDEs. To solve these equations in a FEM framework,

a fully implicit scheme was adopted for the temporal and spatial discretization of the equations,

resulting in an incremental-iterative solution procedure. Although the discrete dislocation model

considered here can effectively predict the same dislocation density profile, the continuum

description of dislocation transport is more suitable to include in continuum models on the

engineering scale, e.g. crystal plasticity models resolving the poly-crystalline microstructures,

where a larger number of dislocations is present.

In order to investigate the relevant mechanics of dislocations in a continuum model, an

idealized representation of DP steel was considered. For the idealized microstructure, a periodic

two-phase laminate consisting of a plastically soft and a hard phase was adopted, distinguished

by a different resistance against dislocation motion. The amount of hard phase in the material

is determined by its volume fraction. The size of the phase is determined by the length of the

unit cell, i.e. the length of one period. On each slip system an initial total and GND dislocation

density is chosen. these fields vary spatially and the total amount of dislocations is conserved upon

loading. The phase boundary can be fully transparent or, more realistically, present an additional

resistance to dislocation motion with its own constitutive behavior for dislocation transmission,

driven by the interactions caused by neighbouring dislocations.

This idealized, yet insightful, two-phase model allows to individually investigate the influ-

ence of material, morphological and interfacial parameters on the overall, macroscopic response

of the laminate. The results revealed that the transport of dislocations, and more importantly

their interactions, affects the plastic behavior and size effects not captured by classical averaging

models. As dislocation transport is hindered in the hard phase, the stress required to deform the

material is higher. In addition, pile-up of GNDs can be observed at the phase boundaries, caused

by the interactions of dislocations near the boundary, thereby further increasing the resistance.

Even with a transparent boundary, the interactions between dislocations considerably restrict

the motion of dislocations near the phase boundary. The pile-up against the boundary strongly

influences the material response. The resulting overall response of the two-phase model even

exceeds the classical bounds ignoring the transport and interactions of dislocations. Furthermore,

a Hall-Petch type behavior was observed when the period length was decreased, i.e. a smaller is

stronger effect. However, upon decreasing the grain size below a characteristic pile-up length, an

inverse Hall-Petch effect was obtained. Moreover, a Bauschinger effect could be captured by cyclic

deformation of the laminate, as the internal stress accumulation caused by the pile-up enhances

the motion of dislocations and plastic deformation upon load reversal.

Although some of the fine-scale details are included in the continuum model by the up-

scaling of dislocation-dislocation interactions, preserving influences of the discrete nature, the

underlying discrete dislocation configuration is also idealized. Only edge dislocations were

considered and they were arranged in straight walls. Furthermore, dislocations of opposite

sign were positioned on different glide planes using annihilation arguments. This particular
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configuration, i.e. a Taylor-like lattice, implies that dislocations of opposite signs give rise to

repulsive interactions. Therefore, an overestimation, or upper bound, of repulsive interactions is

achieved. In addition, this configuration does not allow for dislocation annihilation and dislocation

dipoles cannot be emitted from sources. This conservative system ensures that the required

generation of GNDs originates from the separation of SSDs elsewhere in the material, leading to

a higher stress response as dislocations may not be instantaneously available where necessary.

Furthermore, the idealized model is qualitative only, and therefore unable to quantitatively predict

material properties by changing the microstructure. Although the model is capable of including

multiple slip systems, including dislocation transport, it still lacks the full crystallographic features

of DP steel. Despite, the assumption of uniformity in the vertical direction, which forces the

dislocations to move through the hard phase, the governing equations for dislocation transport

can still be used on more complex microstructures.

A lot of mechanics on the scale of individual dislocations are not taken into account, e.g.

dislocation climb, pinning, which can become important when considering real microstructures

and their 3-D crystallographic details. As a consequence of the linear drag law, often used in

discrete dislocation dynamics, dislocations are also considered to remain mobile in the continuum

description. By using a single, constant drag coefficient local dissipative phenomena on the scale

of individual dislocations cannot be captured. In addition, dislocation sources and sinks are not

considered, treating an average dislocation transport without local creation and/or annihilation of

dislocations. By extending the constitutive behavior for dislocation transport further, additional

mechanisms such as the creation and/or annihilation of dislocations, dislocation climb and local

patterning may be implemented.

The continuum description of aforementioned mechanisms can be derived in the same fashion

as done in this work, i.e. upscaling from a (idealized) dislocation configuration, or even in a

phenomenological way. The resulting constitutive behavior can then be included in the transport

equations and implemented in the derived Finite Element framework. Furthermore, the current

continuum model is capable of describing dislocation transport on a slip system with an arbitrary

orientation angle. Although in the current analysis up to two slip systems are included, extension

towards more slip systems, even in a 3-D microstructure, can be done with a few minor adjust-

ments in the FE framework. A complication, however, is the description and implementation

of the latent interactions, i.e. the short-range interactions between dislocations on different slip

systems. The FE framework uses an implicit time integration and an iterative solution scheme,

therefore the description of the tangent matrices may become very complex, as the short-range

dislocation interactions depend on the dislocation densities on all surrounding slip planes.

The interface mechanics used in the current model only transports dislocations to neighboring

grains/phases with the same orientation, under the influence of dislocation interactions near

the boundary. By changing the interface behavior and including interface conditions to ensure

conservation of Burgers vector, transport to grains/phases with different orientations is also

possible. In addition, more energetic or dissipative mechanisms can be included in the interface

flux by changing its behavior.

Despite the simplifying assumptions in this model, typical physical characteristics that are

relevant for a DP steel could be qualitatively captured, due to the addition of fine-scale details in

the dislocation interactions. This result enables a better understanding of the role of dislocation
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transport and the relevant mechanisms characterizing the material behavior. The provided insight

gained on the role of dislocation transport and interactions can be used to develop a predictive

model or enhance current available models. In addition, the currently developed continuum

model can be extended to include the aforementioned dislocation mechanisms or microstructural

modeling required for a predictive model.

For a computational model to quantitatively predict the overall, macroscopic response of a

(metallic) material on the application or engineering level, a sufficiently accurate description is

required of many mechanisms spanning many different length scales. As computational costs

currently limits the use of many fine-scaled details on the microstructural level (or even below) in

models on the application level, the mechanics on these lower scales must therefore be upscaled

towards expressions serving higher scales. Therefore, idealizing (a part of) reality to qualitatively

isolate and investigate the role of specific mechanisms can be a helpful to assist in this process,

as done in this thesis. This idealization is instrumental in identifying the relevant and important

key mechanisms governing the material behavior, as a computational approximation of reality will

never be fully exact.
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Samenvatting
Zowel economische als milieukwesties leiden tot innovaties in de industrie. In bijvoorbeeld de

auto-industrie is een belangrijk aspect de gewichtsbesparing van een auto. De uitdaging is om

gebruik te maken van materialen met een laag gewicht, maar vanwege veiligheidsredenen met

een hoge weerstand tegen vervorming. Deze uitdaging heeft geleid tot de ontwikkeling van bij-

voorbeeld Dual Phase (DP) staalsoorten. Deze staalsoorten hebben een complexe microstructuur,

welke wordt geïnduceerd tijdens de productie. De microstructuur van DP staal bestaat uit een ma-

trix van relatief zacht ferriet, met eilanden van harder martensiet, waardoor een hogere sterkte en

versteviging wordt verkregen dan met uitsluitend ferriet. Het begrijpen van de invloed van deze

samenstelling is van essentieel belang bij het ontwikkelen van nieuwe, betere materialen en betere

voorspellende materiaalmodellen voor gebruik in de industrie.

Het doel dat in dit proefschrift moet worden gerealiseerd, is het begrijpen van de invloed van het

transport en de interacties van dislocaties (vooral in de buurt van de fase grens) op het typische

gedrag van geavanceerde staalsoorten zoals DP staal. Aangezien dislocaties de dragers zijn van

plastische vervorming in metalen, bepalen microstructurele invloeden op de beweging van deze

dislocaties grotendeels het resulterende macroscopische gedrag.

Om de analyse eenvoudig en vooral transparant te houden, is het model van een DP microstruc-

tuur beperkt tot een geïdealiseerd twee-fasen laminaat met een zachte en een harde fase. In de

zachte fase kunnen de dislocaties gemakkelijk bewegen en in de harde fase ervaren zij een sig-

nificant hogere weerstand. Een eindige elementen implementatie is afgeleid voor het transport

van dislocaties, met daarbij een verfijnde uitdrukking voor de onderlinge dislocatie interacties.

Materiële en geometrische parameters worden gevarieerd om het effect op het materiaalgedrag te

onderzoeken. Ook worden de eigenschappen van de fasegrens gevarieerd, van transparant tot een

ondoordringbare barrière voor dislocaties. Daartussen wordt het dislocatie transport door de fase-

grens gemodelleerd als een extra constitutieve vergelijking, onder invloed van de interacties met

de omringende dislocaties.

Het resultaat van het dislocatie transportmodel wordt vergeleken met klassieke modellen (Taylor

en Sachs methoden). Het dislocatie transport model onthult een samengesteld gedrag, dat niet kan

worden voorspeld door de klassieke modellen. Ondanks de idealisatie van de microstructuur kan

het karakteristieke gedrag van DP staal worden opgepikt, zoals de lage vloeispanning en een grote

hoeveelheid geleidelijke versteviging. Bovendien komen interessante lengte-schaal effecten naar

voren door het transport van dislocaties, zelfs in afwezigheid van een discrete, fysieke fasegrens in

het model.

Het transport van dislocaties en de resulterende interacties blijken belangrijke invloeden te zijn

op het gedrag van poly-kristallijne metalen. Verschillend georiënteerde slip systemen, zowel voor

een enkele glijvlak als voor meerdere, geven aanleiding tot verschillende interne spanningen in het

materiaal. Deze spanningen hebben effect op de vorming van grenslagen dichtbij de fase grenzen,

en daarbij op het resulterende materiaalgedrag.
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